
2h ergasÐa Mhqanik c I (2010-2011)
1 : DaqtulÐdi m�zac m = 1 kineÐtai perasmèno se
leÐo sÔrma pou èqei to sq ma thc ekjetik c speÐ-
rac. Sto s¸ma askoÔntai dÔo dun�meic: h k�jeth

antÐdrash apì to sÔrma ~N kai dÔnamh ~F par�llhlh
sthn taqÔthta ~v. H jèsh tou s¸matoc (se karte-
sianèc suntetagmènec Oxy sto epÐpedo thc troqi�c)
san sun�rthsh tou qrìnou t eÐnai

x(t) =
λ cos t + sin t

1 + λ2
eλt, y(t) =

λ sin t− cos t

1 + λ2
eλt,

ìpou λ stajer�.
(a) Poio to monadiaÐo t̂(t) sth for� kÐnhshc, poia
h gwnÐa metaxÔ taqÔthtac ~v kai jèshc ~r kai poia h
epitrìqia sunist¸sa thc epit�qunshc ~aε(t)?
(b) Poia h kentromìloc sunist¸sa thc epit�qunshc
~aκ(t), poio to monadiaÐo n̂(t) proc to kèntro kampu-
lìthtac thc troqi�c kai poia h aktÐna kampulìthtac
R(t)?
(g) BreÐte tic dun�meic ~N kai ~F se k�je qrìno t.
DeÐxte ìti to mètro touc eÐnai an�logo thc apìsta-
shc

√
x2 + y2 tou s¸matoc apì to O.

(d) Poio to mètro thc taqÔthtac se k�je qrìno? An

λ < 0, autìc pou askeÐ thn dÔnamh ~F dÐnei   paÐrnei
enèrgeia apì to daqtulÐdi? Pìso eÐnai to èrgo thc
~F gia thn kÐnhsh apì t = 0 wc t = ln 2/|λ|?
(e) DeÐxte ìti to mètro twn dun�mewn ~N kai ~F eÐnai
an�logo tou mètrou thc taqÔthtac. MporoÔme loi-

pìn na gr�youme ~F = −b~v kai ~N = ~v × q ~B, me q ~B
èna stajerì di�nusma k�jeto sto epÐpedo kÐnhshc,

dhlad  q ~B = qBẑ. 'Etsi, h exÐswsh tou Newton

gr�fetai m~a = −b~v + ~v × q ~B. Anafèrate èna �llo
fusikì prìblhma gia to opoÐo isqÔei aut  h exÐsw-
sh. Poia ta b kai qB ¸ste to s¸ma na mporèsei
na ektelèsei thn troqi� sq matoc ekjetik c speÐrac
pou dìjhke?

2 : Omogen c kÔboc akm c h kai puknìthtac ρκ kra-
teÐtai bujismènoc mèsa se ugrì puknìthtac ρυ = 2ρκ

me thn p�nw èdra tou na brÐsketai sthn epif�neia tou
ugroÔ. Gia t = 0 o kÔboc af netai na kinhjeÐ k�tw
apì thn epÐdrash tou b�rouc tou ρκh

3g, thc �nwshc
kai thc antÐstashc apì to ugrì, h opoÐa up�rqei
mìno ìtan h mprost� èdra (aut  pou brÐsketai sth
for� thc taqÔthtac) eÐnai bujismènh. H �nwsh eÐnai
ρυh

2g (x + h/2) an to kèntro tou kÔbou èqei buji-
steÐ kat� x ∈ (−h/2, h/2) kai ρυh

3g an x > h/2. H
antÐstash eÐnai 1

2
ρυh

2v2, ìpou v = ẋ h taqÔthta tou
kÔbou.
(a) DeÐxte ìti an metr�me m kh se h, m�zec se ρκh

3

kai qrìnouc se
√

h/g, oi adi�statec exis¸seic kÐnh-

shc eÐnai

a =



1
−2x− v2

−2x
−1− v2

−1 + v2

an x < −1/2 ,
an − 1/2 < x < 1/2 kai v ≥ 0 ,
an − 1/2 < x < 1/2 kai v ≤ 0 ,
an x > 1/2 kai v ≥ 0 ,
an x > 1/2 kai v ≤ 0 ,

ìpou a = v̇ = ẍ h epit�qunsh (dhlad  mporoÔme na
jèsoume h = ρκ = g = 1).
(b) DeÐxte ìti apì thn arqik  jèsh x0 = 1/2 o kÔ-
boc ja anèbei mèqri th jèsh −x0, ja katèbei mè-
qri th jèsh x1, ja anèbei mèqri th jèsh −x1, ja
katèbei mèqri th jèsh x2, k.o.k., ìpou ta xn brÐ-
skontai apì thn anadromik  sqèsh (1− 2xn) e2xn =
(1 + 2xn−1) e−2xn−1 , me n = 1, 2, 3, . . .1

Upìdeixh: SkefteÐte ti eÐdouc kÐnhsh eÐnai h ano-
dik , en¸ gia tic kajìdouc breÐte thn taqÔthta sa
sun�rthsh thc jèshc x gia na upologÐsete tic jè-
seic ìpou h taqÔthta stigmiaÐa mhdenÐzetai.

DÐnetai ìti h diaforik  v
dv

dx
= Av2 + Bx èqei lÔsh

v2 = Ce2Ax − B

A
x− B

2A2
.

(g) DeÐxte ìti h qronik  di�rkeia k�je anì-
dou eÐnai π/

√
2 ≈ 2.2214, en¸ h qronik 

di�rkeia thc n−ost c kajìdou eÐnai ∆tn =∫ xn

−xn−1

dx√
1− 2x− (1 + 2xn−1) e−2(x+xn−1)

, me n =

1, 2, 3, . . .2

(d) Sqedi�ste thn x(t) kai to di�gramma f�shc gia
thn kÐnhsh tou kÔbou.

3 : 'Estw ~F =
(a + 1) z (xx̂ + yŷ) + (az2 − x2 − y2) ẑ

(x2 + y2 + z2)b+1

ìpou a, b stajerèc me b > 0.

(a) Poio to èrgo thc ~F gia mia kleist  diadro-
m  sq matoc tetrag¸nou me korufèc ta A(0, 0, 1),
B(1, 0, 1), G(1, 1, 1), D(0, 1, 1) kai for� kÐnhshc
A→B→G→D→A?
(b) Gia poia sqèsh twn a kai b h dÔnamh eÐnai sun-
thrhtik ? Poia h sun�rthsh dunamik c enèrgeiac
V (x, y, z)?
(g) Poia h èkfrash thc ~F se sfairikèc kai kulin-
drikèc suntetagmènec?

4 : 'Estw dÔnamh ~F =
a cos θ

r3
r̂ +

sin θ

r3
θ̂, se sfairi-

kèc suntetagmènec (r , θ , φ), ìpou a stajer�.
(a) BreÐte to èrgo thc dÔnamhc aut c gia tic akì-
loujec diadromèc:
(a1) Apì to shmeÐo A(x = 1 , y = 0 , z = 0) sto
shmeÐo B(x = 0 , y = 1 , z = 0) p�nw sto tetarto-

1Arijmhtik� prokÔptei (x1, x2, . . .) ≈ (0.2968, 0.2120, 0.1650, 0.1352, 0.1145, 0.0993, 0.0877, 0.0785, 0.0710, . . . ).
2Arijmhtik� prokÔptei (∆t1,∆t2, . . .) ≈ (2.2786, 2.2451, 2.2345, 2.2298, 2.2272, 2.2257, 2.2247, 2.2240, . . . ).
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2h ergasÐa Mhqanik c I (2010-2011)
kÔklio x2 + y2 = 1 , z = 0.
(a2) Apì to shmeÐo B(x = 0 , y = 1 , z = 0) sto
shmeÐo C(x = 0 , y = 0 , z = 1) p�nw sto tetartokÔ-
klio y2 + z2 = 1 , x = 0.
(a3) Apì to shmeÐo C(x = 0 , y = 0 , z = 1) sto
shmeÐo A(x = 1 , y = 0 , z = 0) p�nw sto tetartokÔ-
klio x2 + z2 = 1 , y = 0.
(a4) Apì to shmeÐo C(x = 0 , y = 0 , z = 1) sto
shmeÐo A(x = 1 , y = 0 , z = 0) p�nw sthn eujeÐa
z = 1− x , y = 0.
(a5) Apì to shmeÐo C(x = 0 , y = 0 , z = 1) sto
shmeÐo A(x = 1 , y = 0 , z = 0) p�nw sth diadrom 
pou apoteleÐtai apì to tm ma apì to C sthn arq 
twn axìnwn O kai apì to O sto A.
(a6) Apì to shmeÐo C(x = 0 , y = 0 , z = 1) sto
shmeÐo A(x = 1 , y = 0 , z = 0) p�nw sth dia-
drom  pou apoteleÐtai apì thn hmieujeÐa apì to
C sto D(x = 0 , y = 0 , z = R) me R → ∞,
apì tm ma kÔklou x2 + z2 = R2 , y = 0 mèqri to
E(x = R , y = 0 , z = 0) kai apì to E sto A p�nw
sthn eujeÐa y = 0 , z = 0.
(b) Apì ta apotelèsmat� sac sta prohgoÔmena erw-

t mata breÐte gia poia tim  thc stajer�c a Ðswc h ~F
eÐnai sunthrhtik . EÐnai pr�gmati sunthrhtik  gia
aut  thn tim  thc a? An nai breÐte thn dunamik 
enèrgeia V (r , θ , φ) kai upologÐste ta èrga stic dia-
dromèc tou erwt matoc (a) qrhsimopoi¸ntac thn V .

5 : DaqtulÐdi m�zac m = 1 mporeÐ na kineÐtai
qwrÐc tribèc perasmèno se orizìntio sÔrma sq ma-
toc r = cos φ (se polikèc suntetagmènec). Arqi-
k� (t = 0) af netai apì th jèsh φ = 0 na ki-
nhjeÐ k�tw apì thn epÐdrash tou pedÐou dÔnamhc
~F = 2xyx̂ + x2ŷ.
(a) Poia h taqÔthta tou s¸matoc san sun�rthsh thc
jèshc?
(b) Gr�yte to olokl rwma pou dÐnei th sqèsh t =
t(φ).
(g) Poia h dÔnamh pou askeÐ to sÔrma sto daqtulÐ-
di?
(d) Perigr�yte thn kÐnhsh mèqri t →∞.

6 : Se èna jematikì p�rko (luna park) èna tren�ki
(roller coaster) ekteleÐ katakìrufh pl rh troqi� h
opoÐa èqei mègisto Ôyoc h kai gÐnetai me trìpo ¸ste

na mhn askeÐtai dÔnamh apì tic r�gec sta bagìnia
sth jèsh mègistou Ôyouc. To tren�ki jewreÐtai sh-
meiakì s¸ma kai oi tribèc agnooÔntai.
(a) An h troqi� eÐnai kuklik  (aktÐnac R = h/2)
breÐte th mègisth epit�qunsh twn anabat¸n (se mo-
n�dec g). Se poio shmeÐo ulopoieÐtai?
(b) H epilog  kuklik c troqi�c èqei dÔo shmanti-
k� meionekt mata: (i) h epit�qunsh apokt� akariaÐ-
a thn mègisth tim  thc kai (ii) h mègisth aut  ti-
m  eÐnai polÔ uyhl . Mia kalÔterh epilog  tro-
qi�c eÐnai tm ma klwjoeidoÔc kampÔlhc, ìpwc au-
t  tou sq matoc, h opoÐa èqei parametrik  exÐswsh

x(s) =
∫ s

0
cos

(
πs2

s2
top

)
ds, y(s) =

∫ s

0
sin

(
πs2

s2
top

)
ds,

me s to m koc p�nw sthn kampÔlh kai stop stajer�.
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DeÐxte thn basik  idiìthta thc klwjoeidoÔc: h kam-
pulìthta (1/R) aux�netai grammik� me to m koc s.
Upìdeixh: BreÐte to monadiaÐo t̂ p�nw sthn kampÔlh

kai qrhsimopoi ste thn
dt̂

ds
=

n̂

R
.

BreÐte thn èkfrash thc epit�qunshc (to gr�fhm�
thc dÐnetai parak�tw) kai sqoli�ste tic diaforèc me
thn kuklik  troqi�.
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2h ergasÐa Mhqanik c I (2010-2011)
LUSEIS:

1 : Oi dosmènec sqèseic gia ta x(t), y(t) dÐnoun
sin t eλt = x + λy
cos t eλt = λx− y

}
⇔ e(λ+i)t = (λ + i)(x + iy).

Jètontac x+iy = $eiφ (polikèc suntetagmènec) kai

λ + i =
1

sin µ
eiµ me λ = cot µ, µ ∈ (0 , π), gr�foume

sin µ et cot µeit = $ei(φ+µ) ⇔
{

$ = sin µ et cot µ

φ = t− µ
ApaleÐfontac to qrìno blèpoume ìti h troqi� eÐnai
ekjetik  (  logarijmik  ìpwc alli¸c lègetai) speÐ-

ra $ = $0 eλφ me $0 =
1√

1 + λ2
eλ arccotλ.

ẋ = cos t eλt, ẏ = sin t eλt,
ẍ = (λ cos t− sin t) eλt, ÿ = (λ sin t + cos t) eλt.

~r = xx̂+yŷ = eλt (λ cos t + sin t)x̂ + (λ sin t− cos t)ŷ

1 + λ2
,

~v = ẋx̂ + ẏŷ = eλt(cos t x̂ + sin t ŷ),
~a = ẍx̂+ÿŷ = eλt [(λ cos t− sin t)x̂ + (λ sin t + cos t)ŷ].

(a) t̂ =
~v

|~v|
= cos t x̂ + sin t ŷ, diìti |~v| = eλt.

cos(~̂v , ~r) =
~v · ~r
|~v| |~r|

=
λ√

1 + λ2
, diìti |~r| = eλt

√
1 + λ2

.

Jètontac λ = cot µ, µ ∈ (0 , π), brÐskoume ìti h gw-

nÐa (~̂v , ~r) metaxÔ taqÔthtac kai jèshc eÐnai stajer 
kai Ðsh me µ = arccotλ.
~aε = (~a · t̂)t̂ = λeλt(cos t x̂ + sin t ŷ).
(b) ~aκ = ~a− ~aε = eλt (− sin t x̂ + cos t ŷ).

n̂ =
~aκ

|~aκ|
= − sin t x̂ + cos t ŷ, diìti |~aκ| = eλt.

|~aκ| =
v2

R
⇔ R =

v2

|~aκ|
= eλt.

(g) m~a = ~N + ~F me ~N ‖ n̂ kai ~F ‖ t̂. 'Ara
~N = m~aκ = eλtn̂, ~F = m~aε = λeλtt̂.
Ta mètra twn dun�mewn | ~N | = eλt, |~F | = |λ|eλt.

AfoÔ |~r| =
eλt

√
1 + λ2

⇔ eλt =
√

1 + λ2|~r|, eÐnai

| ~N | =
√

1 + λ2|~r|, |~F | = |λ|
√

1 + λ2|~r|.
(d) |~v| = eλt.

Gia λ < 0, h kinhtik  enèrgeia
m

2
v2 =

1

2
e−2|λ|t mei¸-

netai me to qrìno, opìte to èrgo thc dÔnamhc ~F eÐnai

arnhtikì (to èrgo thc ~N eÐnai mhdèn afoÔ ~N⊥~v).

'Ara autìc pou askeÐ thn dÔnamh ~F paÐrnei enèrgeia.

Alli¸c: Apì ~F = λeλtt̂ faÐnetai ìti ~F ↗↙ ~v gia
λ < 0 kai �ra WF < 0.
H kinhtik  enèrgeia gia t = 0 eÐnai

1

2
kai gia t =

ln 2

|λ|
eÐnai

1

2
e2λ ln 2/|λ| λ<0

=
1

2
e−2 ln 2 =

1

2
eln 2−2

=
1

8
.

'Ara WF =
1

8
− 1

2
= −3

8
.

Alli¸c: WF =
∫

~F ·~vdt =
∫ ln 2

|λ|

0
λeλtt̂ ·eλtt̂dt = −3

8
.

(e) AfoÔ |~v| = eλt, eÐnai | ~N | = |~v|, |~F | = |λ||~v|.
H dÔnamh ~F = λeλtt̂ = λ~v, diìti ~v = eλtt̂.

AnalÔontac thn ~N par�llhla kai k�jeta sthn ta-

qÔthta ~N = ( ~N · ~t)︸ ︷︷ ︸
0

~t + t̂×( ~N × t̂)︸ ︷︷ ︸
eλtn̂×t̂=−eλtẑ

= −~v × ẑ.

Alli¸c: To monadiaÐo n̂ = − sin t x̂ + cos t ŷ =

−t̂× ẑ, opìte ~N = eλtn̂ = −eλtt̂× ẑ = −~v × ẑ.
'Ena prìblhma pou perigr�fetai apì thn m~a =
−b~v + q~v × (Bẑ) eÐnai kÐnhsh s¸matoc m�zac m kai
fortÐou q se magnhtikì pedÐo Bẑ, upì thn epÐdrash
antÐstashc mètrou an�logou tou mètrou thc taqÔth-
tac. Gia b = −λm kai qB = −m h exÐswsh gr�fetai

~a = λ~v − ~v × ẑ = ~F + ~N kai h troqi� mporeÐ na eÐ-
nai h ekjetik  speÐra pou dìjhke (arkeÐ oi arqikèc
sunj kec na eÐnai kat�llhlec).
H genik  lÔsh thc exÐswshc ~a = λ~v − ~v × ẑ eÐ-

nai


x = x0 + Deλt cos(t− µ)
y = y0 + Deλt sin(t− µ)
z = z0 + Ceλt

 (h apìdeixh ako-

loujeÐ). Gia arqikèc sunj kec x =
λ

1 + λ2
, y =

− 1

1 + λ2
, z = 0, ẋ = 1, ẏ = ż = 0 prokÔptei

x0 = y0 = z0 = C = 0, sin µ = D =
1√

1 + λ2
,

cos µ =
λ√

1 + λ2
odhg¸ntac sth dosmènh speÐra.

Apìdeixh: ~a = λ~v − ~v × ẑ ⇔


ẍ = λẋ− ẏ ¬

ÿ = λẏ + ẋ ­

z̈ = λż ®
H ® eÐnai grammik  omogen c exÐswsh me staje-
roÔc suntelestèc. Dokim�zontac ekjetikèc lÔseic
eξt brÐskoume ξ2 = λξ ⇔ ξ = 0   λ, opìte h genik 
lÔsh eÐnai z = z0 + Ceλt.
H ¬ ; ẏ = λẋ − ẍ kai antikajist¸ntac sthn ­

;
...
x −2λẍ + (λ2 + 1) ẋ = 0, dhl. h x(t) ikanopoieÐ

mia grammik  omogen  exÐswsh me stajeroÔc sunte-
lestèc. Dokim�zontac ekjetikèc lÔseic eξt brÐskou-
me ξ3−2λξ2+(λ2 + 1) ξ = 0 ⇔ ξ = 0   λ+i   λ−i,
opìte h genik  lÔsh eÐnai x = x0 + D+eλteit +
D−eλteit   x = x0 +Deλt cos(t−µ). Antikajist¸n-
tac sthn ¬ ; ẏ = Dλeλt sin(t− µ) + Deλt cos(t−
µ) ⇔ y = y0 + Deλt sin(t− µ).
'Enac �lloc trìpoc na lujeÐ to sÔsthma twn ¬, ­

eÐnai na orÐsoume th migadik  metablht  ζ = x + iy
kai na gr�youme tic exis¸seic autèc san ζ̈ = λζ̇+iζ̇.
Dokim�zontac ekjetikèc lÔseic eξt brÐskoume ξ2 =
(λ + i)ξ ⇔ ξ = 0   λ + i, opìte h genik  lÔsh eÐ-
nai ζ = ζ0 + ζ1e

(λ+i)t. Me ζ0 = x0 + iy0 kai ζ1 =
De−iµ brÐskoume x + iy = x0 + iy0 + Deλtei(t−µ) ⇔{

x = x0 + Deλt cos(t− µ)
y = y0 + Deλt sin(t− µ)
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2h ergasÐa Mhqanik c I (2010-2011)
'Enac trÐtoc trìpoc na lÔsoume thn exÐswsh
~a = λ~v − ~v × ẑ eÐnai na th gr�youme san

d2

dt2

 x
y
z

+

 −λ 1 0
−1 −λ 0
0 0 −λ

 d

dt

 x
y
z

 = 0.

Aut  dèqetai lÔseic

 x
y
z

 =

 Cx

Cy

Cz

 eξt.

H antikat�stash dÐnei ξ2 − λξ ξ 0
−ξ ξ2 − λξ 0
0 0 ξ2 − λξ


 Cx

Cy

Cz

 = 0.

Gia na eÐnai h lÔsh mh mhdenik  prèpei na mhdenÐze-

tai h orÐzousa

∣∣∣∣∣∣∣
ξ2 − λξ ξ 0
−ξ ξ2 − λξ 0
0 0 ξ2 − λξ

∣∣∣∣∣∣∣ = 0 ⇔

ξ3(ξ−λ)(ξ−λ−i)(ξ−λ+i) = 0. Gia k�je ξ brÐskou-
me tic sqèseic metaxÔ twn Cx, Cy, Cz. 'Etsi prokÔ-
ptoun èxi anex�rthtec lÔseic twn opoÐwn h epallhlÐa
dÐnei thn genik  lÔsh: x

y
z

 = x0

 1
0
0

 + y0

 0
1
0

 + z0

 0
0
1

 +

C

 0
0
1

 eλt +D1

 1
−i
0

 e(λ+i)t +D2

 1
i
0

 e(λ−i)t.

Jètontac D1 =
1

2
De−iµ, D2 =

1

2
Deiµ (h morf  aut 

apaiteÐtai ¸ste h lÔsh na eÐnai pragmatik ) katal -
goume sthn Ðdia lÔsh me tic prohgoÔmenec mejìdouc.

2 : (a) H kÐnhsh eÐnai monodi�stath (katakìrufh).
'Estw �xonac x me for� proc ta k�tw kai arq  sthn
epif�neia tou ugroÔ. H jèsh tou kÔbou kajorÐzetai
apì th jèsh tou kèntrou tou ~r = xx̂. TaqÔthta
~v = vx̂ = ẋx̂, epit�qunsh ~a = ax̂ = v̇x̂ = ẍx̂.
ExÐswsh kÐnhshc:
• ma = ρκh

3g an o kÔboc eÐnai olìklhroc èxw
apì to ugrì, dhl. x < −h/2.

• ma = ρκh
3g − ρυh

2g (x + h/2) − 1
2
ρυh

2v2 an
o kÔboc katebaÐnei v ≥ 0 kai mèroc tou, all�
ìqi olìklhroc, brÐsketai mèsa sto ugrì, dhl.
−h/2 < x < h/2.

• ma = ρκh
3g−ρυh

2g (x + h/2) an o kÔboc ane-
baÐnei v ≤ 0 (opìte den up�rqei antÐstash apì
to ugrì) kai mèroc tou, all� ìqi olìklhroc,
brÐsketai mèsa sto ugrì, dhl. −h/2 < x <
h/2.

• ma = ρκh
3g − ρυh

2gh − 1
2
ρυh

2v2 an o kÔboc
katebaÐnei v ≥ 0 kai olìklhroc brÐsketai mèsa
sto ugrì, dhl. x > h/2.

• ma = ρκh
3g − ρυh

2gh + 1
2
ρυh

2v2 an o kÔboc
anebaÐnei v ≤ 0 kai olìklhroc brÐsketai mèsa
sto ugrì, dhl. x > h/2.

Antikajist¸ntac m = ρκh
3 kai ρυ = 2ρκ èqoume

a =



g an x < −h/2

−2gx

h
− v2

h
an − h/2 ≤ x ≤ h/2 kai v ≥ 0

−2gx

h
an − h/2 ≤ x ≤ h/2 kai v ≤ 0

−g − v2

h
an x ≥ h/2 kai v ≥ 0

−g +
v2

h
an x ≥ h/2 kai v ≤ 0

Antikajist¸ntac x = hx′ , t =

√
h

g
t′,

v =
dx

dt
=

h√
h

g

dx′

dt′
=
√

gh v′,

a =
d2x

dt2
=

h(√
h

g

)2

d2x′

dt′2
= g a′,

h exÐswsh kÐnhshc gr�fetai, di¸qnontac touc tìnouc
(afoÔ k�noume tic antikatast�seic):

a =



1 an x ≤ −1/2
−2x− v2 an − 1/2 ≤ x ≤ 1/2 kai v ≥ 0
−2x an − 1/2 ≤ x ≤ 1/2 kai v ≤ 0

−1− v2 an x ≥ 1/2 kai v ≥ 0
−1 + v2 an x ≥ 1/2 kai v ≤ 0

Oi parap�nw sqèseic eÐnai Ðdiec me autèc pou ja
proèkuptan jètontac apl� h = ρκ = g = 1 stic
arqikèc exis¸seic.
(b) 'Otan afejeÐ o kÔboc apì thn arqik  jèsh x0 =
1/2 ja arqÐsei na anebaÐnei (h �nwsh eÐnai megalÔte-
rh tou b�rouc). Kat� thn �nodo (v ≤ 0) ja isqÔei
ẍ = −2x opìte h kÐnhsh eÐnai mèroc grammik c ar-
monik c tal�ntwshc me ω =

√
2. Se qrìno mis c

periìdou π/ω = π/
√

2 o kÔboc ja ft�sei sth jè-
sh x = −x0 = −1/2 ìpou ja stamat sei stigmiaÐa.
(Kaj' ìlo to di�sthma autì o kÔboc eÐnai merik� bu-
jismènoc, −1/2 ≤ x ≤ 1/2, opìte isqÔei h sqèsh
thc armonik c tal�ntwshc ẍ = −2x.)
Sth jèsh x = −1/2 to b�roc uperisqÔei thc �nwshc
kai o kÔboc ja arqÐsei na katebaÐnei akolouj¸ntac
to nìmo a = −2x−v2. Ja ft�sei se shmeÐo x1 ìpou
stigmiaÐa ja stamat sei. EÐnai x1 < 1/2 diìti lìgw
thc antÐstashc h kÐnhsh ja èqei mikrìterh èktash
apì thn antÐstoiqh armonik  tal�ntwsh. Sth sunè-
qeia ja anèbei ektel¸ntac mis  armonik  tal�ntwsh
(ẍ = −2x) kai se qrìno π/

√
2 ja ft�sei sto sh-

meÐo −x1. Sth sunèqeia ja katèbei mèqri shmeÐo x2

akolouj¸ntac thn a = −2x− v2, k.o.k.

Gia na broÔme ta shmeÐa ìpou stamat� o kÔboc
katebaÐnontac prèpei na broÔme th sqèsh taqÔth-
tac me jèsh. 'Estw meletoÔme th n−ost  k�jo-
do pou xekin� apì to x = −xn−1 kai stamat� sto
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x = xn. Jètoume a =
dv

dt
=

dv

dx

dx

dt
= v

dv

dx
opì-

te v
dv

dx
= −2x − v2. SÔmfwna me thn upìdeixh h

lÔsh thc eÐnai v2 = De−2x − 2x + 1, ìpou D sta-
jer� olokl rwshc pou prosdiorÐzetai apì tic arqi-
kèc sunj kec. Gia x = −xn−1 eÐnai v = 0, opìte
D = − (2xn−1 + 1) e−2xn−1 . H taqÔthta eÐnai loi-

pìn v =
√

1− 2x− (2xn−1 + 1) e−2(x+xn−1) kai ja
mhdenisteÐ sto shmeÐo xn to opoÐo eÐnai lÔsh thc
(1− 2xn) e2xn = (1 + 2xn−1) e−2xn−1 .
GnwrÐzontac to x0 = 1/2 eÐnai (1− 2x1) e2x1 =
2e−1 me arijmhtik  lÔsh x1 = 0.2968. GnwrÐ-
zontac to x1 eÐnai (1− 2x2) e2x2 = (1 + 2x1) e−2x1

me arijmhtik  lÔsh x2 = 0.2120. 'Omoia pro-
kÔptoun kai oi timèc twn x3 = 0.1650, x4 =
0.1352, x5 = 0.1145, x6 = 0.0993, x7 = 0.0877,
x8 = 0.0785, x9 = 0.0710. To parak�tw sq -
ma deÐqnei mia grafik  mèjodo eÔreshc twn xn.

 0.7

 0.8

 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5
x0x1x2x3x4x5x6...

(1+2x) e-2x

(1-2x) e2x

(g) K�je �nodoc diarkeÐ mis  perÐodo thc armonik c
tal�ntwshc ẍ = −2x, dhl. qrìno π/

√
2 = 2.2214.

O qrìnoc thc n−ost c kajìdou eÐnai ∆tn =∫ xn

−xn−1

dx

v
=
∫ xn

−xn−1

dx√
1− 2x− (2xn−1 + 1) e−2(x+xn−1)

.

Arijmhtik� prokÔptoun oi qrìnoi 2.2786, 2.2451,
2.2345, 2.2298, 2.2272, 2.2257, 2.2247, 2.2240 gia
tic pr¸tec okt¸ kajìdouc.
Oi qrìnoi ∆tn eÐnai p�nta megalÔteroi apì ton
qrìno π/

√
2 = 2.2214 pou antistoiqeÐ sthn mis 

tal�ntwsh qwrÐc antÐstash kai plhsi�zoun aut  thn
tim  se meg�la n. Gia na to deÐxoume autì, mporoÔme
na broÔme ton antÐstoiqo qrìno gia thn kÐnhsh me
a = −ω2x − λv2 (h kajodik  kÐnhsh tou kÔbou an-
tistoiqeÐ se ω =

√
2, λ = 1, en¸ h tal�ntwsh qwrÐc

antÐstash se ω =
√

2, λ = 0). BrÐskoume
∆tn
π/ω

=
√

2 λ

π

∫ xn

−xn−1

dx√
1− 2λx− (2λxn−1 + 1) e−2(λx+λxn−1)

.

All�zontac metablht  x = y′xn−1 kai orÐzon-

tac µ = 2λxn−1 èqoume
∆tn
π/ω

= f(µ) =

µ

π
√

2

∫ y

−1

dy′√
1− µy′ − (µ + 1)e−µy′−µ

, me y =
xn

xn−1

th lÔsh thc (1− µy)eµy = (1 + µ)e−µ. To parak�-
tw sq ma deÐqnei thn lÔsh thc exÐswshc aut c y(µ)
kaj¸c kai th sun�rthsh f(µ).

 0

 0.5

 1

 1.5

 2

 2.5

 0  5  10  15  20  25  30
µ

f(µ)

y(µ)

(d) AkoloujeÐ to gr�fhma thc x(t) kai h kampÔlh
sto di�gramma f�shc gia thn kÐnhsh tou kÔbou.

-0.5

 0

 0.5

 0  1  2  3  4  5  6  7  8  9  10

x

t /(π/21/2) 

-0.5

 0

 0.5

-0.5  0  0.5

v

x

3 : (a) Gia th diadrom  A→B eÐnai y = 0,
z = 1. MporoÔme na gr�youme ~r = xx̂ + ẑ
me to x na metab�lletai apì x = 0 se x = 1,

d~r = dxx̂, ~F =
(a + 1) xx̂ + (a− x2) ẑ

(x2 + 1)b+1 , ~F · d~r =

(a + 1) x

(x2 + 1)b+1dx, opìte WAB =
∫ 1

0

(a + 1) x

(x2 + 1)b+1dx. EÐ-
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nai
∫ xdx

(x2 + 1)b+1 =
1

2

∫ (
x2 + 1

)−b−1
d
(
x2 + 1

)
=

− 1

2b

(
x2 + 1

)−b
, �ra WAB =

[
− a + 1

2b (x2 + 1)b

]1

0

=

a + 1

2b

(
1− 1

2b

)
.

Gia th diadrom  B→G eÐnai x = 1, z = 1,

d~r = dyŷ, ~F · d~r =
(a + 1) y

(y2 + 2)b+1dy, opìte

WBΓ =
∫ 1

0

(a + 1) y

(y2 + 2)b+1dy =

[
− a + 1

2b (y2 + 2)b

]1

0

=

a + 1

2b

(
1

2b
− 1

3b

)
.

Gia th diadrom  G→D eÐnai y = 1, z = 1,

d~r = dxx̂, ~F · d~r =
(a + 1) x

(x2 + 2)b+1dx, opìte WΓ∆ =∫ 0

1

(a + 1) x

(x2 + 2)b+1dx = −WBΓ = −a + 1

2b

(
1

2b
− 1

3b

)
.

Gia th diadrom  D→A eÐnai x = 0, z = 1,

d~r = dyŷ, ~F · d~r =
(a + 1) y

(y2 + 1)b+1dy, opìte W∆A =∫ 0

1

(a + 1) y

(y2 + 1)b+1dy = −WAB = −a + 1

2b

(
1− 1

2b

)
.

To sunolikì èrgo gia thn kleist  diadrom  eÐnai
WABΓ∆A = WAB + WBΓ + WΓ∆ + W∆A = 0.
(b) H dÔnamh eÐnai sunthrhtik  an up�rqei sun�rth-
sh dunamik c enèrgeiac V (x, y, z) tètoia ¸ste

~F = −~∇V ⇔



∂V

∂x
= − (a + 1) zx

(x2 + y2 + z2)b+1 ¬

∂V

∂y
= − (a + 1) zy

(x2 + y2 + z2)b+1 ­

∂V

∂z
=

x2 + y2 − az2

(x2 + y2 + z2)b+1 ®

¬ ; V (x, y, z) = −
[∫ (a + 1) zxdx

(x2 + y2 + z2)b+1

]
y,z stajer�

=

−(a + 1) z

2

∫ (
x2 + y2 + z2

)−b−1
d
(
x2 + y2 + z2

)
⇔

V (x, y, z) =
(a + 1) z

2b (x2 + y2 + z2)b + C(y, z)

Antikajist¸ntac sthn ­ ;
∂C
∂y

= 0 ⇔ C = C(z),

dhl. V (x, y, z) =
(a + 1) z

2b (x2 + y2 + z2)b + C(z).

Antikajist¸ntac sthn ® ;
dC
dz

=
1− a + 1

2b
(x2 + y2 + z2)b .

To aristerì mèloc eÐnai sun�rthsh tou z en¸ to
dexÐ mèloc eÐnai sun�rthsh tou x2 + y2 + z2. AfoÔ
oi metablhtèc z kai x2 + y2 + z2 eÐnai anex�rthtec
prèpei a + 1 = 2b kai C = stajer�.

Epomènwc h dÔnamh ~F eÐnai sunthrhtik  an a =
2b − 1 kai h sun�rthsh dunamik c enèrgeiac eÐnai

V (x, y, z) =
z

(x2 + y2 + z2)b + stajer�.

To an h ~F eÐnai sunthrhtik  ja mporoÔse na eleg-

qjeÐ mèsw tou strobilismoÔ thc. Pr�gmati ~∇× ~F =∣∣∣∣∣∣∣∣∣∣∣∣

x̂ ŷ ẑ
∂

∂x

∂

∂y

∂

∂z
(a + 1) zx

(x2 + y2 + z2)b+1

(a + 1) zy

(x2 + y2 + z2)b+1

az2 − x2 − y2

(x2 + y2 + z2)b+1

∣∣∣∣∣∣∣∣∣∣∣∣
=

(2b− a− 1) (yx̂− xŷ)

(x2 + y2 + z2)b+1 kai eÐnai ~∇× ~F = 0 mìno

an a = 2b − 1. An akoloujoÔsame autì ton trìpo,
sth sunèqeia ja èprepe na broÔme thn sun�rthsh

V apì th sqèsh ~F = −~∇V ìpwc parap�nw. H
mình diafor� eÐna ìti t¸ra gnwrÐzoume ìti up�rqei
sÐgoura lÔsh gia a = 2b− 1, k�ti pou mac exasfa-

lÐzei o mhdenismìc tou strobilismoÔ thc ~F . Autìc
o èlegqoc mporeÐ na paralhfjeÐ, afoÔ h Ôparxh

lÔshc thc exÐswshc ~F = −~∇V eÐnai tautìqrona kai
apìdeixh ìti h dÔnamh eÐnai sunthrhtik .
(g) Se kulindrikèc x2 + y2 = $2, xx̂ + yŷ = $$̂,

opìte ~F =
(a + 1) z$$̂ + (az2 −$2) ẑ

($2 + z2)b+1 .

Se sfairikèc x = r sin θ cos φ, y = r sin θ sin φ,

z = r cos θ, x̂ = (x̂ · r̂)r̂ + (x̂ · θ̂)θ̂ + (x̂ · φ̂)φ̂ =
sin θ cos φ r̂ + cos θ cos φ θ̂ − sin φ φ̂, ŷ = (ŷ · r̂)r̂ +
(ŷ·θ̂)θ̂+(ŷ·φ̂)φ̂ = sin θ sin φ r̂+cos θ sin φ θ̂+cos φ φ̂,
ẑ = (ẑ · r̂)r̂ + (ẑ · θ̂)θ̂ + (ẑ · φ̂)φ̂ = cos θ r̂ − sin θ θ̂,

opìte ~F =
a cos θ r̂ + sin θ θ̂

r2b
.

H èkfrash thc dÔnamhc eÐnai aploÔsterh stic sfai-
rikèc suntetagmènec. Ja mporoÔsame na apant -
soume sto er¸thma (b) qrhsimopoi¸ntac aut  thn
èkfrash, dhl. na y�xoume gia sun�rthsh V (r , θ , φ)

tètoia ¸ste ~F = −~∇V ⇔



∂V

∂r
= −a cos θ

r2b
¯

1

r

∂V

∂θ
= −sin θ

r2b
°

1

r sin θ

∂V

∂φ
= 0 ±

± ; V = V (r, θ).

° ; V =
cos θ

r2b−1
+ C(r) kai me antikat�stash sthn

¯ ;
dC
dr

= (2b− 1− a)
cos θ

r2b
, opìte sumperaÐnoume

ìti prèpei a = 2b− 1 kai C = stajer�. Epomènwc h
dÔnamh eÐnai sunthrhtik  gia a = 2b−1 kai h dunami-

k  enèrgeia eÐnai V =
cos θ

ra
+ stajer� (apotèlesma

Ðdio me to V (x, y, z) =
z

(x2 + y2 + z2)b + stajer�).

4 : (a1) Mia bolik  parametrik  graf  thc dia-
drom c eÐnai se sfairikèc (h epilog  twn sfairik¸n
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boleÔei kai gia to lìgo ìti h dÔnamh eÐnai dosmè-
nh se sfairikèc) x = cos φ, y = sin φ, z = 0,
me φ ∈ (0, π/2). EÐnai ~r = cos φ x̂ + sin φ ŷ,

d~r = (− sin φ x̂ + cos φ ŷ)dφ = dφ φ̂
To Ðdio prokÔptei qrhsimopoi¸ntac to d~r = dr r̂ +

rdθ θ̂ + r sin θdφ φ̂ twn sfairik¸n, p�nw sthn kam-
pÔlh r = 1, θ = π/2.
~F · d~r = 0. 'Ara WAB = 0.
(a2) x = 0, y = sin θ, z = cos θ, me to θ na metab�l-
letai apì π/2 sto shmeÐo B, se 0 sto shmeÐo C. EÐnai

~r = sin θ ŷ+cos θ ẑ, d~r = (cos θ ŷ−sin θ ẑ)dθ = dθ θ̂.
To Ðdio prokÔptei qrhsimopoi¸ntac to d~r = dr r̂ +

rdθ θ̂ + r sin θdφ φ̂ twn sfairik¸n, p�nw sthn kam-
pÔlh r = 1, φ = π/2.

~F · d~r = sin θ dθ. 'Ara WBC =
∫ 0

π/2
sin θ dθ = −1.

(a3) x = sin θ, y = 0, z = cos θ, me to θ na metab�l-
letai apì 0 sto shmeÐo C, se π/2 sto A. EÐnai ~r =

sin θ x̂ + cos θ ẑ, d~r = (cos θ x̂− sin θ ẑ)dθ = dθ θ̂.
To Ðdio prokÔptei qrhsimopoi¸ntac to d~r = dr r̂ +

rdθ θ̂ + r sin θdφ φ̂ twn sfairik¸n, p�nw sthn kam-
pÔlh r = 1, φ = 0.

~F · d~r = sin θ dθ. 'Ara WCA =
∫ π/2

0
sin θ dθ = 1.

(a4) An dialèxoume na perigr�youme thn troqi� se
sfairikèc (k�ti pou boleÔei afoÔ h dÔnamh dÐnetai
se sfairikèc), h exÐsws  thc eÐnai
r cos θ︸ ︷︷ ︸

z

= 1− r sin θ cos φ︸ ︷︷ ︸
x

, r sin θ sin φ︸ ︷︷ ︸
y

= 0, dhl.

r =
1

sin θ + cos θ
, φ = 0, me to θ na metab�lletai

apì 0 sto shmeÐo C, se π/2 sto shmeÐo A.

d~r = dr r̂ + rdθ θ̂ + r sin θdφ φ̂ =[
d

dθ

(
1

sin θ + cos θ

)
r̂ +

1

sin θ + cos θ
θ̂

]
dθ =[

sin θ − cos θ

(sin θ + cos θ)2 r̂ +
1

sin θ + cos θ
θ̂

]
dθ, ~F · d~r =[

a cos θ
(
sin2 θ − cos2 θ

)
+ sin θ (sin θ + cos θ)2

]
dθ.

Gr�fontac sin2 θ − cos2 θ = 2 sin2 θ − 1 kai
(sin θ + cos θ)2 = 1 + 2 sin θ cos θ brÐskoume WCA =∫ π/2

0
a
(
2 sin2 θ − 1

)
cos θdθ︸ ︷︷ ︸

d sin θ

+2
∫ π/2

0
sin2 θ cos θdθ︸ ︷︷ ︸

d sin θ

+
∫ π/2

0
sin θdθ =

5− a

3
.

An dialègame kartesianèc, ja ekfr�zame to ~r =
xx̂ + (1− x)ẑ, d~r = (x̂− ẑ)dx,

~F · d~r =
a cos θ

r3
r̂ · (x̂− ẑ)dx+

sin θ

r3
θ̂ · (x̂− ẑ)dx. Me

r̂ · x̂ = sin θ (diìti φ = 0), r̂ · ẑ = cos θ, θ̂ · x̂ = cos θ,

θ̂ · ẑ = − sin θ, cos θ =
z

r
=

1− x

r
, sin θ =

√
x2 + y2

r
=

x

r
(diìti x ≥ 0), r =

√
x2 + (1− x)2,

brÐskoume ~F · d~r =
a(−2x2 + 3x− 1) + x

(2x2 − 2x + 1)5/2
dx

kai WCA =
∫ 1

0

a(−2x2 + 3x− 1) + x

(2x2 − 2x + 1)5/2
dx

ξ=2x−1
====

−a
√

2
∫ 1

−1

dξ

(ξ2 + 1)3/2
+ (a + 1)

√
2
∫ 1

−1

ξdξ

(ξ2 + 1)5/2
+

(a + 1)
√

2
∫ 1

−1

dξ

(ξ2 + 1)5/2
. To olokl rw-

ma
∫ 1

−1

dξ

(ξ2 + 1)3/2

ξ=tan w
====

∫ π/4

−π/4
cos wdw =

√
2. 'Omoia

∫ 1

−1

dξ

(ξ2 + 1)5/2

ξ=tan w
====∫ π/4

−π/4
cos3 wdw =

∫ π/4

−π/4

(
1− sin2 w

)
cos wdw︸ ︷︷ ︸

d sin w

=

[
sin w − sin3 w

3

]π/4

−π/4

=
5

3
√

2
, en¸

∫ 1

−1

ξdξ

(ξ2 + 1)5/2
=

0 (olokl rwma peritt c sun�rthshc se di�sthma
summetrikì gÔrw apì to 0). Antikajist¸ntac

brÐskoume WCA =
5− a

3
.

(a5) Gia th diadrom  C → O eÐnai θ = 0, d~r = drr̂,

~F · d~r =
a

r3
dr kai to èrgo WCO =

∫ 0

1

a

r3
dr =[

− a

2r2

]0
1
apeirÐzetai. To apotèlesma autì bèbaia

den eÐnai apodektì. O apeirismìc thc dÔnamhc sto
r = 0 odhgeÐ ston apeirismì tou èrgou. An jèloume
na perigr�youme swst� thn kÐnhsh kont� to r = 0
prèpei na eÐmaste pio prosektikoÐ sthn perigraf 
thc dÔnamhc.
'Ena aploÔstero par�deigma me apeirismì tètoiou eÐ-
douc eÐnai h kÐnhsh m�zac m se barutikì pedÐo m�-
zac M h opoÐa brÐsketai sto r = 0. H dÔnamh eÐnai

−GMm

r2
r̂ kai o apeirismìc thc sto r = 0 dÐnei epÐshc

apeirismoÔc sto èrgo gia kÐnhsh pou p.q. katal gei
sto r = 0. H swst  èkfrash ìmwc thc dÔnamhc
den apeirÐzetai sto r = 0. Gia na th broÔme prèpei
na upologÐsoume to pedÐo thc M sto eswterikì thc
kai to apotèlesma den apeirÐzetai (p.q. an h katano-
m  thc m�zac M eÐnai sfairik� summetrik  prokÔptei
mhdenik  dÔnamh sto kèntro thc).
'Enac trìpoc na parak�myoume to prìblhma eÐnai
na tropopoi soume th diadrom  kont� sto shmeÐ-
o apeirismoÔ. 'Estw sto sugkekrimèno prìblhma
ìti to s¸ma xekin� apì to C, kineÐtai eujÔgram-
ma mèqri to shmeÐo O′(x = 0, y = 0, z = ε) me
ε → 0+, ekteleÐ mia troqi� tetartokuklÐou aktÐ-
nac ε mèqri to shmeÐo O′′(x = ε, y = 0, z = 0) kai
sth sunèqeia kineÐtai eujÔgramma mèqri to shmeÐo A.

Sto pr¸to tm ma WCO′ =
[
− a

2r2

]ε
1

=
a

2

(
1− 1

ε2

)
.

Sto deÔtero tm ma r = ε, φ = 0, d~r = εdθ θ̂,
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WO′O′′ =
∫ O′′

O′
~F · d~r =

∫ π/2

0

sin θ

ε2
dθ =

1

ε2
. Sto trÐ-

to tm ma θ = π/2, φ = 0, d~r = drr̂, ~F · d~r = 0
kai �ra WO′′A = 0. To sunolikì èrgo eÐnai

WCA = WCO′ + WO′O′′ + WO′′A =
a

2
+

2− a

2ε2
. O

apeirismìc apofeÔgetai gia a = 2.
(a6) Gia th diadrom  C → D eÐnai θ = 0, d~r = drr̂,
~F · d~r =

a

r3
dr kai to èrgo WCD =

∫ ∞

1

a

r3
dr =[

− a

2r2

]∞
1

=
a

2
.

Sto tm ma DE eÐnai ~F = 0 (afoÔ R → ∞), opìte
WDE = 0.
Sto tm ma EA eÐnai θ = π/2, φ = 0, d~r = drr̂,
~F · d~r = 0, opìte WEA = 0.

To sunolikì èrgo eÐnai WCA =
a

2
.

(b) An h dÔnamh eÐnai sunthrhtik  prèpei to èrgo
thc se opoiad pote diadrom  na exart�tai mìno apì
ta �kra thc kai ìqi to sq ma thc. Sta erwt ma-
ta (a3) kai (a4) èqoume upologÐsei to èrgo se dÔo
diadromèc apì to C sto A. Aut� eÐnai Ðsa mìno an
a = 2. Epomènwc gia aut  thn tim  thc a endèqetai
h dÔnamh na eÐnai sunthrhtik .
Sto Ðdio sumpèrasma katal goume apì thn ap�nth-
sh sto er¸thma (a5), to opoÐo deÐqnei ìti to èrgo
eÐnai peperasmèno mìno gia a = 2 (up�rqoun sÐgoura
diadromèc apì to C sto A stic opoÐec to èrgo den
apeirÐzetai). 'Omoia, an sugkrÐnoume ta apotelèsma-
ta tou (a5) kai (a6).
H dÔnamh eÐnai upoperÐptwsh thc dÔnamhc thc �skh-
shc 3 , gia b = 3/2. Sthn �skhsh ekeÐnh deÐxame
ìti h dÔnamh eÐnai sunthrhtik  an a = 2b−1 = 2, me
sun�rthsh dunamik c enèrgeiac (gia a = 2, b = 3/2)

V =
cos θ

r2
, jewr¸ntac mhdenik  thn aujaÐreth pro-

sjetik  stajer�.
H tim  thc dunamik c enèrgeiac sta di�fora shmeÐa:
VA = V (r = 1, θ = π/2) = 0,
VB = V (r = 1, θ = π/2) = 0,
VC = V (r = 1, θ = 0) = 1,
VO′ = V (r = ε, θ = 0) = 1/ε2,
VO′′ = V (r = ε, θ = π/2) = 0,
VD = lim

R→∞
V (r = R, θ = 0) = 0.

VE = lim
R→∞

V (r = R, θ = π/2) = 0,

en¸ sto shmeÐo O h tim c thc eÐnai aprosdiìristh
(lìgw kai thc ex�rthshc apì to θ).
'Etsi prokÔptoun ta èrga:
WAB = VA − VB = 0,
WBC = VB − VC = −1,
WCA = VC − VA = 1,
WCO′ = VC − VO′ = 1− 1/ε2,
WO′O′′ = VO′ − VO′′ = 1/ε2,

WO′′A = VO′′ − VA = 0,
WCD = VC − VD = 1,
WDE = VD − VE = 0,
WEA = VE − VA = 0.

5 : H jèsh tou daqtulidioÔ eÐnai ~r = r cos φ x̂ +
r sin φ ŷ = cos2 φ x̂ + sin φ cos φ ŷ.
To sÔrma eÐnai kuklikì, afoÔ apaleÐfontac to φ apì
tic x = cos2 φ = 1

2
+ 1

2
cos(2φ), y = sin φ cos φ =

1
2
sin(2φ) brÐskoume

(
x− 1

2

)2
+ y2 =

(
1
2

)2
, exÐswsh

kÔklou me kèntro to x = 1
2
, y = 0 kai aktÐna 1

2
.

H taqÔtht� tou ~v = ~̇r = −2 sin φ cos φφ̇ x̂ +(
cos2 φ− sin2 φ

)
φ̇ ŷ = [− sin(2φ) x̂ + cos(2φ) ŷ] φ̇.

Arqik� φ = 0 kai to s¸ma ja arqÐsei na kineÐtai proc

megalÔtera φ lìgw thc ~F |t=0 = ŷ. EÐnai |~v| = |φ̇| =
φ̇ gia φ̇ ≥ 0 kai t̂ = ~v/|~v| = − sin(2φ) x̂+cos(2φ) ŷ.
Ta Ðdia prokÔptoun an qrhsimopoi soume poli-

kèc suntetagmènec ~r = rr̂, ~v = ṙr̂ + rφ̇φ̂ =(
− sin φ r̂ + cos φ φ̂

)
φ̇.

(a) Sto daqtulÐdi askoÔntai duo dun�meic, h k�je-

th antÐdrash apì to sÔrma ~N kai h dÔnamh ~F . To
mètro thc taqÔthtac mporeÐ na brejeÐ apì je¸rhma
metabol c kinhtik c enèrgeiac. EÐnai WN = 0 (h
~N k�jeth sthn kÐnhsh) en¸ h eÔresh tou WF ja

aplopoihjeÐ an h ~F eÐnai sunthrhtik . Y�qnoume gia
sun�rthsh dunamik c enèrgeiac V (x, y) tètoia ¸ste

~F = −~∇V ⇔


∂V

∂x
= −2xy ¬

∂V

∂y
= −x2 ­

¬ ; V (x, y) = −
[∫

2xydx
]
y stajerì

= −x2y + C(y)

Antikajist¸ntac sthn ­ ; C = stajer�. Epomè-

nwc h ~F eÐnai sunthrhtik  kai h sun�rthsh dunamik c
enèrgeiac eÐnai, mhdenÐzontac thn aujaÐreth prosje-
tik  stajer�, V (x, y) = −x2y.
Sthn arqik  jèsh φ = 0 eÐnai x = 1, y = 0 opìte
V (φ = 0) = 0 kai afoÔ to daqtulÐdi eÐnai akÐnh-
to (mhdenik  kinhtik  enèrgeia) h olik  tou enèr-
geia eÐnai E = 0. Sth jèsh φ ìpou x = cos2 φ,
y = sin φ cos φ eÐnai V (φ) = − cos5 φ sin φ. To èrgo
WF = V (0) − V (φ) = cos5 φ sin φ all�zei thn kinh-

tik  enèrgeia apì 0 se
mv2

2
= WF = cos5 φ sin φ ⇔

|~v| =
√

2 cos5 φ sin φ. (To Ðdio prokÔptei apì diat -

rhsh enèrgeiac
mv2

2
+ V = E.)

H taqÔthta eÐnai loipìn ~v =
√

2 cos5 φ sin φ t̂, me
t̂ = − sin(2φ) x̂ + cos(2φ) ŷ.
'Enac deÔteroc trìpoc na lujeÐ h �skhsh eÐnai na

broÔme �mesa to èrgo thc dÔnamhc ~F qwrÐc na deÐ-
xoume ìti eÐnai sunthrhtik : AfoÔ ~r = r cos φ x̂+
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r sin φ ŷ = cos2 φ x̂ + sin φ cos φ ŷ eÐnai d~r =[
−2 sin φ cos φ x̂ +

(
cos2 φ− sin2 φ

)
ŷ
]
dφ opìte

~F · d~r =
(
cos6 φ− 5 sin2 φ cos4 φ

)
dφ kai WF =∫ φ

0

(
cos6 φ− 5 cos4 φ sin2 φ

)
dφ = cos5 φ sin φ. To

WF isoÔtai me thn kinhtik  enèrgeia mv2/2.
'Enac trÐtoc trìpoc eÐnai na qrhsimopoi -
soume kateujeÐan thn exÐswsh NeÔtwna

m~a = ~F + ~N . EÐnai ~r = cos2 φ x̂ +
sin φ cos φ ŷ, ~v = [− sin(2φ) x̂ + cos(2φ) ŷ] φ̇,
~a = ~̇v = [− sin(2φ) x̂ + cos(2φ) ŷ] φ̈ −
2 [cos(2φ) x̂ + sin(2φ) ŷ] (φ̇)2. (To pr¸to mèroc
eÐnai h epitrìqia kai to deÔtero h kentromì-
loc sunist¸sec thc epit�qunshc.) H dÔnamh
~F = 2xyx̂+x2ŷ = 2 cos3 φ sin φ x̂+cos4 φ ŷ. Gia na
di¸xoume thn ~N pollaplasi�zoume eswterik� me to
t̂ = ~v/|~v| (  isodÔnama analÔoume thn exÐswsh tou
NeÔtwna stic t̂ kai n̂ dieujÔnseic, me n̂ = ẑ × t̂):
φ̈ = −2 cos3 φ sin φ sin(2φ) + cos4 φ cos(2φ) ⇔
φ̈ = cos6 φ− 5 cos4 φ sin2 φ. Me φ̇ = v kai φ̈ = v

dv

dφ

prokÔptei v
dv

dφ
= cos6 φ − 5 cos4 φ sin2 φ ⇔∫ v

0
vdv =

∫ φ

0

(
cos6 φ− 5 cos4 φ sin2 φ

)
dφ ⇔

v2

2
= cos5 φ sin φ

v≥0⇔ v =
√

2 cos5 φ sin φ.

(b) Apì |~v| =
√

2 cos5 φ sin φ kai |~v| = φ̇ èqou-

me
dφ

dt
=
√

2 cos5 φ sin φ ⇔
∫ φ

0

dφ√
2 cos5 φ sin φ

=∫ t

0
dt ⇔ t =

∫ φ

0

dφ√
2 cos5 φ sin φ

.

To Ðdio prokÔptei apì diat rhsh enèrgeiac
mv2

2
+

V (φ) = E
v=φ̇>0⇐⇒ φ̇ =

√
2 [E − V (φ)] antikajist¸n-

tac E = 0 kai V (φ) = − cos5 φ sin φ.
(g) H dÔnamh pou askeÐ to sÔrma sto daqtulÐdi ja

brejeÐ apì to nìmo NeÔtwna ~N = m~a − ~F . H dÔ-

namh ~F = 2xyx̂ + x2ŷ = 2 cos3 φ sin φ x̂ + cos4 φ ŷ
kai h epit�qunsh ja brejeÐ paragwgÐzontac thn ta-
qÔthta. 'Eqoume brei ~v = φ̇ t̂ me φ̇ =

√
2 cos5 φ sin φ

kai t̂ = − sin(2φ) x̂ + cos(2φ) ŷ. 'Ara ~a = v̇ =(
cos6 φ− 5 cos4 φ sin2 φ

)
[− sin(2φ) x̂ + cos(2φ) ŷ]+

4 cos5 φ sin φ [− cos(2φ) x̂− sin(2φ) ŷ]. Antikaji-

st¸ntac prokÔptei ~N = 2 sin φ cos2 φ (5 cos2 φ− 1) n̂,
ìpou n̂ = − cos(2φ) x̂ − sin(2φ) ŷ. ('Opwc perimè-

name h ~N eÐnai k�jeth sto t̂, t̂ · ~N = 0.)
To Ðdio prokÔptei an prob�loume thn exÐswsh NeÔ-
twna p�nw sto monadiaÐo n̂ = ẑ × t̂ k�jeta sthn
kÐnhsh.
(d) Apì to di�gramma thc V (φ) pou akoloujeÐ
blèpoume ìti ta ìria kÐnhshc eÐnai ta φ = 0 kai
φ = π/2 (afoÔ h enèrgeia eÐnai E = 0 kai apì
mv2

2
+ V (φ) = E èqoume V (φ) ≤ E).

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

0 π/2 π
φ

V(φ)

E

To daqtulÐdi xekin� apì to φ = 0 kai proqwr� proc
to φ = π/2 ìpou h taqÔtht� tou ja mhdenisteÐ xan�.
AfoÔ sto φ = π/2 kai h taqÔthta kai h {dÔnamh}

−dV

dφ
eÐnai mhdèn (to φ = π/2 eÐnai astajèc shmeÐo

isorropÐac), to s¸ma ja qreiasteÐ �peiro qrìno na
ft�sei sto φ = π/2.3

Autì deÐqnei ìti se ìlh thn kÐnhsh (kai ìqi mìno
sto arqikì st�dio) isqÔei φ̇ ≥ 0 kai epÐshc ìti h
exÐswsh tou sÔrmatoc se polikèc r = cos φ eÐnai
kal¸c orismènh afoÔ p�nta isqÔei 0 ≤ φ ≤ π/2 kai
�ra r ≥ 0.
To ìti o qrìnoc kÐnhshc apì to φ = 0 sto φ = π/2
eÐnai �peiroc faÐnetai kai apì thn sqèsh metaxÔ
t − φ pou èqoume brei. O qrìnoc autìc eÐnai

t0→π/2 =
∫ π/2

0

dφ√
2 cos5 φ sin φ

= ∞. 'Enac trì-

poc gia na deÐxoume ìti to olokl rwma apoklÐnei
eÐnai na exet�soume th suneisfor� miac mikr c pe-
rioq c gÔrw apì to φ = π/2 ìpou o paronoma-
st c mhdenÐzetai:4 Gia φ ≈ π/2 eÐnai cos5 φ sin φ =

sin5
(

π

2
− φ

)
cos

(
π

2
− φ

)
≈
(

π

2
− φ

)5

kai �ra

3Apì th diat rhsh enèrgeiac prokÔptei ìti kont� se shmeÐo φ = φ0 eÐnai φ̇ =
√

2 [E − V (φ)]. Sta shmeÐa mhdenismoÔ thc
taqÔthtac eÐnai E− V (φ0) = 0. An h {dÔnamh} −V ′(φ0) 6= 0 h taqÔthta kaj¸c to φ plhsi�zei thn tim  φ0 pèftei sto mhdèn

san φ̇ ≈
√
−2V ′(φ0) (φ− φ0) kai o qrìnoc

∫ φ0 dφ

φ̇
eÐnai peperasmènoc. An ìmwc −V ′(φ0) = 0 h taqÔthta pèftei sto mhdèn

san φ̇ ≈
√
−V ′′(φ0) (φ− φ0)

2 (  akìma pio gr gora an V ′′(φ0) = 0) kai o qrìnoc

∫ φ0 dφ

φ̇
eÐnai �peiroc.

4O paronomast c mhdenÐzetai kai gÔrw apì to �llo �kro thc troqi�c φ = 0, ìmwc se autì to shmeÐo h {dÔnamh} -
dV

dφ

den mhdenÐzetai opìte to olokl rwma

∫ ε

0

dφ√
2 [E − V (φ)]

=
∫ ε

0

dφ√
2 [E − V (0)− V ′(0)φ]

=
∫ ε

0

dφ√
2φ

=
√

2ε den apeirÐzetai.
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0

dφ√
2 cos5 φ sin φ

>
∫ π

2

π
2
−ε

dφ√
2 cos5 φ sin φ

=

1√
2

∫ π
2

π
2
−ε

(
π

2
− φ

)−5/2

dφ =


√

2

3(
π

2
− φ

)3/2


π
2

π
2
−ε

= +∞.

6 : (a) Sto an¸tero shmeÐo askeÐtai mìno to b�roc.

'Ara
mv2

top

R
= mg ⇔ vtop =

√
gh

2
.

φ

h

H uyometrik  diafor� metaxÔ thc jèshc φ kai tou

an¸terou shmeÐou eÐnai R + R cos φ. 'Ara
mv2

2
−

mv2
top

2
= mg(R +R cos φ) ⇔ v =

√
gh
(

3

2
+ cos φ

)
.

Kentromìloc epit�qunsh aκ =
v2

R
⇔

aκ = (3 + 2 cos φ) g.
Epitrìqia epit�qunsh maε = m~g · φ̂ ⇔
aε = −g sin φ.

Olik  epit�qunsh a =
√

a2
κ + a2

ε ⇔
a = g

√
3 cos2 φ + 12 cos φ + 10.

H mègisth tim  thc a antistoiqeÐ sth mègisth tim 
tou cos φ = 1 ⇔ φ = 0. 'Ara amax = 5g sthn kat¸-
terh jèsh.
(b) 'Estw h troqi� èqei parametrik  exÐswsh
x = x(s), y = y(s), ìpou s to m koc p�nw sthn
kampÔlh.
To efaptomenikì monadiaÐo t̂ = x′x̂ + y′ŷ ìpou
oi tìnoi shmaÐnoun par�gwgo wc proc s. IsqÔei
x
′2 + y

′2 = 1 ⇔ (dx)2 + (dy)2 = (ds)2 afoÔ to s
eÐnai to m koc p�nw sthn kampÔlh.
H taqÔthta eÐnai ~v = ṡt̂.
EÐnai x(0) = y(0) = 0, y(stop) = h, y′(0) =
y′(stop) = 0 (pou shmaÐnei ìti gia s = 0 kai s = stop

to Ôyoc y eÐnai akrìtato).
To monadiaÐo proc to kèntro kampulìthtac n̂ ikano-

poieÐ thn
dt̂

ds
=

n̂

R
ìpou R h aktÐna kampulìthtac.

AfoÔ
dt̂

ds
= x′′x̂ + y′′ŷ brÐskoume

1

R
=
√

x′′2 + y′′2

kai n̂ =
x′′x̂ + y′′ŷ√
x′′2 + y′′2

.

Apì diat rhsh enèrgeiac, an vtop eÐnai h taqÔthta

sto mègisto Ôyoc y = h, se k�je Ôyoc y brÐskoume
v2

2
+ gy =

v2
top

2
+ gh ⇔ v =

√
v2

top + 2g(h− y).

ParagwgÐzontac brÐskoume thn epitrìqia epit�qun-

sh aε = v̇ = −gẏ

v
= −gy′ (diìti ẏ = y′ṡ = y′v).

To Ðdio prokÔptei apì thn probol  tou b�rouc
−mgŷ p�nw sto t̂ (apousÐa trib¸n to b�roc eÐnai
h mình dÔnamh pou èqei sunist¸sa p�nw sto t̂),
maε = −mgy′ ⇔ aε = −gy′.

H kentromìloc epit�qunsh eÐnai aκ =
v2

R
=[

v2
top + 2g(h− y)

]√
x′′2 + y′′2.

H sunj kh ìti sto an¸tero Ôyoc y = h h mình
dÔnamh pou askeÐtai sto tren�ki eÐnai to b�roc, dÐnei

aκ|y=h = g ⇔ v2
top =

g√
x′′2 + y′′2

∣∣∣∣
y=h

.

Epomènwc h olik  epit�qunsh eÐnai a =
√

a2
κ + a2

ε ⇔

a

g
=

√√√√√√√√
 1√

x′′2 + y′′2

∣∣∣∣
y=h

+ 2(h− y)


2

(x′′2 + y′′2) + y′2.

Efarmog  gia klwjoeid  kampÔlh:

x =
∫ s

0
cos

(
πs2

s2
top

)
ds, y =

∫ s

0
sin

(
πs2

s2
top

)
ds,

x′ = cos

(
πs2

s2
top

)
, y′ = sin

(
πs2

s2
top

)
,

x′′ = −2πs

s2
top

sin

(
πs2

s2
top

)
, y′′ =

2πs

s2
top

cos

(
πs2

s2
top

)
.

To ìti x
′2 + y

′2 = 1 ⇔ (dx)2 + (dy)2 = (ds)2 epa-
lhjeÔei ìti to s eÐnai to m koc p�nw sthn kampÔlh.

H kampulìthta
1

R
=
√

x′′2 + y′′2 =
2πs

s2
top

aux�netai

grammik� me to m koc s.
Gia s = 0 (kat¸tero shmeÐo) kai s = stop (an¸tero
shmeÐo) eÐnai y′ = 0, en¸ sta endi�mesa s eÐnai y′ > 0
(to Ôyoc y aux�nei me to s).
Antikajist¸ntac sthn genik  èkfrash brÐskoume

a

g
=

√√√√[1 + 4π
h− y

stop

]2 (
s

stop

)2

+ sin2

(
πs2

s2
top

)
=√√√√√1 + 4π

∫ 1

s
stop

sin
(
πξ2

)
dξ

2(
s

stop

)2

+ sin2

(
πs2

s2
top

)
.

To gr�fhma thc epit�qunshc dÐnetai sthn ekf¸nhsh
kai deÐqnei ìti (i) apokt� omal� th mègisth tim  thc
kai (ii) h mègisth aut  tim  den eÐnai tìso uyhl 
ìso sthn kuklik  troqi�.
Mia �llh efarmog  thc genik c èkfrashc ja

 tan h kuklik  troqi�. Jètontac x = R sin
s

R
,

y = R − R cos
s

R
, me R =

h

2
kai φ =

s

R
brÐskoume

ta apotelèsmata tou (a).
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