
1h ergasÐa Mhqanik c I (2010-2011)
1 : S¸ma èqei taqÔthta ~v = vxx̂ + vyŷ + vz ẑ se
Kartesianèc suntetagmènec.
(a) Ekfr�ste thn taqÔthta aut  se sfairikèc sun-

tetagmènec, dhl. breÐte tic r̂, θ̂ kai φ̂ sunist¸sec
thc sunart sei twn vx, vy, vz, r, θ, φ.
(b) 'Omoia se kulindrikèc suntetagmènec.
(g) BreÐte tic sunist¸sec thc taqÔthtac par�llhla

kai k�jeta sto monadiaÐo Â =
Axx̂ + Ayŷ + Az ẑ√

A2
x + A2

y + A2
z

.

2 : S¸ma diagr�fei epÐpedh troqi� me exÐswsh $ =
2c1 |sin φ| se polikèc suntetagmènec, me φ = 1

2
c2t (ta

c1 kai c2 eÐnai stajer�).
(a) Poiec oi taqÔthta kai epit�qunsh tou s¸matoc?
(b) Poia ta monadiaÐa t̂, n̂ (sthn efaptìmenh thc tro-
qi�c kai proc to kèntro kampulìthtac, antÐstoiqa)
kai poia h aktÐna kampulìthtac?
(g) Ti eÐdouc kÐnhsh ekteleÐ to s¸ma kai ti ekfr�-
zoun oi stajerèc c1 kai c2? Sqedi�ste thn troqi�.
(d) EÐnai h troqi� periodik  kai an nai poia h perÐo-
dìc thc?
(e) Perigr�yte th dÔnamh pou askeÐtai sto s¸-
ma th qronik  stigm  t0 = 2π/c2? Poia h stig-

miaÐa ¸jhsh thc dÔnamhc aut c lim
ε→0+

∫ t0+ε

t0−ε

~Fdt =

lim
ε→0+

∫ t0+ε

t0−ε
d (m~v)?

3 : S¸ma m�zac m akoloujeÐ troqi� logarijmik c
speÐrac $ = $0e

−kφ, ìpou $0 kai k jetikèc staje-
rèc. H kÐnhsh xekin� me arqikèc sunj kec gia t = 0,

φ|t=0 = 0, φ̇
∣∣∣
t=0

= L0/m$2
0 > 0 kai gÐnetai me trìpo

¸ste h stroform  ~L = m~r×~v = Lẑ na elatt¸netai
me rujmì L̇ = −λ, ìpou λ jetik  stajer�.
(a) BreÐte jèsh kai taqÔthta sunart sei tou qrì-
nou.
(b) Oi duo qronikèc klÐmakec tou probl matoc sqe-
tÐzontai me thn allag  thc jèshc (taqÔthta) kai
thn allag  thc stroform c. AutoÐ oi qrìnoi eÐnai

τv =
∣∣∣$
$̇

∣∣∣
t=0

=
m$2

0

kL0
kai τL =

∣∣∣L
L̇

∣∣∣
t=0

= L0

λ
. Melet -

ste th qronik  exèlixh thc kÐnhshc tou s¸matoc kai
deÐxte ìti eÐnai diaforetik  an�loga me to an h tim 
tou lìgou τL/τv eÐnai > 1, = 1,   < 1. (Diereun -
ste an to s¸ma ft�nei sto kèntro, an all�zei for�
kÐnhshc, an apeirÐzetai h kinhtik  enèrgeia.)

4 : 'Estw sÔsthma suntetagmènwn me thn arq  tou
O se mia pìlh (jewroÔmenh shmeÐo), �xona x′Ox apì
dÔsh proc anatol  kai �xona y′Oy apì nìto proc
borr�. 'Enac pilìtoc jèlei na prosgeiwjeÐ se aut n
thn pìlh kai gi' autì krat� p�nta to aerosk�foc
tou me prosanatolismì proc to O. H taqÔthta pou
dÐdoun oi mhqanèc wc proc ton aèra èqei stajerì
mètro V kai for� th for� tou aerosk�fouc. An
fus�ei aèrac me stajer  orizìntia taqÔthta W apì
nìto proc borr�, h taqÔthta tou aerosk�fouc wc
proc thn pìlh eÐnai ~v = −V r̂ + Wŷ. Na brejeÐ h
troqi� tou aerosk�fouc se sfairikèc suntetagmè-
nec {r = r(φ) , θ = θ(φ)} kai na exetasteÐ pou ja
sunant sei to èdafoc to aerosk�foc gia di�forec
timèc tou lìgou V/W .
DÐnontai ta oloklhr¸mata (me D stajer� olokl -
rwshc):∫ dθ

sin θ cos θ
= ln

|tan θ|
|D|∫ dφ

cos φ
√

1 + C2 cos2 φ
= ln

√
1 + C2 cos2 φ + sin φ

|D| |cos φ|∫ sin φdφ

cos φ (1 + C2 cos2 φ)
= ln

√
1 + C2 cos2 φ

|D| |cos φ|

5 : DÔo s¸mata A kai B kinoÔntai sto epÐpe-
do. To s¸ma A èqei gnwst  jèsh se k�je qrìno
~rA = xA(t)x̂ + yA(t)ŷ. To s¸ma B {kunhg�} to A,
kinoÔmeno me taqÔthta stajeroÔ mètrou V kai fo-
r�c proc thn stigmiaÐa jèsh tou s¸matoc A. (To
B ja mporoÔse na eÐnai mia g�ta pou kunhg� èna
pontÐki.) Gr�fontac tic suntetagmènec tou B san
{xB = xA + r cos φ , yB = yA + r sin φ} deÐxte ìti ta
r(t) kai φ(t) apoteloÔn lÔsh tou sust matoc {ṙ =
−V − ẋA cos φ− ẏA sin φ , rφ̇ = ẋA sin φ− ẏA cos φ} .
Efarmog  (a): To A kineÐtai me stajer  taqÔthta
~W , èstw xA = 0 , yA = −Wt. BreÐte thn troqi� pou
diagr�fei to B wc proc to A (dhl. thn r = r(φ)).
Efarmog  (b): To A kineÐtai omal� kuklik� se tro-
qi� aktÐnac R me gwniak  taqÔthta ω, èstw xA =
R cos(ωt) , yA = R sin(ωt), en¸ to B xekin� apì to
kèntro tou kÔklou. (Se aut  thn perÐptwsh h tro-
qi� pou diagr�fei to B mporeÐ na brejeÐ mìno arij-
mhtik�.) DeÐxte analutik� ìti gia V < ωR, se me-
g�louc qrìnouc to s¸ma B kineÐtai omal� kuklik�

gÔrw apì to kèntro, me xB =
V

ω
cos(ωt − λ) , yA =

V

ω
sin(ωt− λ), ìpou λ = arccos(V/ωR).
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1h ergasÐa Mhqanik c I (2010-2011)
LUSEIS:

1 : (a) ~v = vrr̂ + vθθ̂ + vφφ̂, me
vr = ~v · r̂ = vxx̂ · r̂ + vyŷ · r̂ + vz ẑ · r̂
vθ = ~v · θ̂ = vxx̂ · θ̂ + vyŷ · θ̂ + vz ẑ · θ̂
vφ = ~v · φ̂ = vxx̂ · φ̂ + vyŷ · φ̂ + vz ẑ · φ̂

⇔
vr = vx cos φ sin θ + vy sin φ sin θ + vz cos θ
vθ = vx cos φ cos θ + vy sin φ cos θ − vz sin θ
vφ = −vx sin φ + vy cos φ


ìpou qrhsimopoi same tic

r̂ = cos φ sin θ x̂ + sin φ sin θ ŷ + cos θ ẑ

θ̂ = cos φ cos θ x̂ + sin φ cos θ ŷ − sin θ ẑ

φ̂ = − sin φ x̂ + cos φ ŷ


Alli¸c: Antistrèfontac tic teleutaÐec (  qrhsimo-
poi¸ntac tic sqèseic plhrìthtac san x̂ = (x̂ · r̂)r̂ +

(x̂ · θ̂)θ̂ +(x̂ · φ̂)φ̂ kai ìmoia gia ta ŷ kai ẑ) brÐskoume

ta x̂, ŷ, ẑ sunart sei twn r̂, θ̂, φ̂, ta opoÐa antika-
jistoÔme sthn ~v = vxx̂ + vyŷ + vz ẑ.

(b) ~v = v$$̂ + vφφ̂ + vz ẑ, me{
v$ = ~v · $̂ = vxx̂ · $̂ + vyŷ · $̂ + vz ẑ · $̂
vφ = ~v · φ̂ = vxx̂ · φ̂ + vyŷ · φ̂ + vz ẑ · φ̂

}
⇔{

v$ = vx cos φ + vy sin φ
vφ = −vx sin φ + vy cos φ

}
ìpou qrhsimopoi same tic{

$̂ = cos φx̂ + sin φŷ

φ̂ = − sin φ x̂ + cos φ ŷ

}
Alli¸c: Antistrèfontac tic teleutaÐec (  qrhsimo-
poi¸ntac tic sqèseic plhrìthtac san x̂ = (x̂ ·$̂)$̂+

(x̂ · φ̂)φ̂ + (x̂ · ẑ)ẑ kai ìmoia gia to ŷ) brÐskoume ta

x̂, ŷ sunart sei twn $̂, φ̂, ta opoÐa antikajistoÔme
sthn ~v = vxx̂ + vyŷ + vz ẑ.

(g) ~v =
(
~v · Â

)
Â︸ ︷︷ ︸

‖Â

+
(
Â× ~v

)
× Â︸ ︷︷ ︸

⊥Â

,   aploÔstera

~v‖ =
(
~v · Â

)
Â kai ~v⊥ = ~v − ~v‖. 'Ara ~v‖ =

vxAx + vyAy + vzAz

A2
x + A2

y + A2
z

(Axx̂ + Ayŷ + Az ẑ) kai ~v⊥ =(
A2

y + A2
z

)
vx − Ax (Ayvy + Azvz)

A2
x + A2

y + A2
z

x̂+

(A2
x + A2

z) vy − Ay (Axvx + Azvz)

A2
x + A2

y + A2
z

ŷ+(
A2

x + A2
y

)
vz − Az (Axvx + Ayvy)

A2
x + A2

y + A2
z

ẑ

2 : EÐnai $ = 2c1ε sin φ ìpou ε =
sin φ

| sin φ|
to prìsh-

mo tou sin φ. Gia φ ∈ (2kπ , 2kπ + π) me k ∈ Z eÐnai
ε = 1, gia φ ∈ (2kπ + π , 2kπ + 2π) eÐnai ε = −1,
en¸ gia φ = kπ to ε eÐnai asuneqèc. H par�gw-

goc tou ε eÐnai mhdèn pantoÔ, ektìc apì ta shmeÐa
φ = kπ ìpou den orÐzetai.1 Sta parak�tw oi po-
sìthtec upologÐzontai sta shmeÐa ìpou sin φ 6= 0.
Oi tuqìn asunèqeiec   apeirismoÐ sta shmeÐa ìpou
sin φ = 0 ja sqoli�zontai se sqèsh me tic timèc twn
posot twn lÐgo prin kai lÐgo met� ta shmeÐa aut�.

(a) $ = 2c1ε sin φ = 2c1ε sin
c2t

2
, φ =

1

2
c2t.

~v = $̇$̂ + $φ̇φ̂ = c1c2ε
(
cos φ$̂ + sin φφ̂

)
.

~a = ($̈ − $φ̇2)$̂ + ($φ̈ + 2$̇φ̇)φ̂ =

c1c
2
2ε
(
− sin φ$̂ + cos φφ̂

)
.

Sta shmeÐa ìpou sin φ = 0, dhl. stouc qrì-
nouc t = 2kπ/c2, h taqÔthta all�zei akariaÐa
for� kai �ra h epit�qunsh apeirÐzetai stigmiaÐa.

-1

 0

 1

 0  0.5  1

ε

 0

 1

 0  0.5  1

ϖ
  (

2c
1)

-1

-1

 0

 1

 0  0.5  1

dϖ
/d

t  
(c

1c
2)

-1

-1

 0

 1

 0  0.5  1d2 ϖ
/d

t2   (
c 1

c 2
2 /2

)-1

t  (4π/c2)-1

Autì faÐnetai kai sto parap�nw gr�fhma pou deÐqnei
to ε kai ta $, $̇, $̈ se mon�dec 2c1, c1c2, c1c

2
2/2,

antÐstoiqa, san sunart seic tou qrìnou metrhmènou
se mon�dec 4π/c2.

(b) t̂ =
~v

v
= ε

(
cos φ$̂ + sin φφ̂

)
, diìti oi stajerèc

c1 kai c2 eÐnai jetikèc (h c1 eÐnai sÐgoura jetik  giatÐ
$ ≥ 0, en¸ h c2 mporeÐ qwrÐc bl�bh thc genikìthtac
na jewrhjeÐ jetik  � me �lla lìgia me kat�llhlh
epilog  axìnwn mporoÔme na èqoume thn φ na aux�-
netai grammik� me to qrìno antÐ na mei¸netai).
ParathroÔme ìti to mètro thc taqÔthtac v = c1c2

eÐnai stajerì. 'Ara h epitrìqia sunist¸sa thc epi-
t�qunshc eÐnai mhdèn, opìte h epit�qunsh eÐnai mìno

kentromìloc ~a = v̇︸︷︷︸
0

t̂ +
v2

R
n̂. Epomènwc n̂ =

~a

a
=

1Ja mporoÔsame na gr�youme to ε mèsw thc sun�rthsh b matoc kai thn par�gwgì tou mèsw thc sun�rthshc δ; to
apofeÔgoume skeptìmenoi mìno tic timèc twn sunart sewn lÐgo prin kai lÐgo met� apì touc mhdenismoÔc tou sinφ.
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ε
(
− sin φ$̂ + cos φφ̂

)
kai a =

v2

R
⇔ R =

v2

a
= c1.

Alli¸c:
dt̂

ds
=

n̂

R
me

dt̂

ds
=

dt̂

dt
ds

dt

=

dt̂

dφ
φ̇

v
= . . . =

1

c1

ε
(
− sin φ$̂ + cos φφ̂

)
, opìte

∣∣∣∣∣ dt̂

ds

∣∣∣∣∣ =
1

R
⇔ R =

c1 kai n̂ = R
dt̂

ds
= ε

(
− sin φ$̂ + cos φφ̂

)
.

(g) H kÐnhsh eÐnai tmhmatik� omal  kuklik  (afoÔ
h aktÐna kampulìthtac eÐnai stajer  kai to mètro
thc taqÔthtac stajerì). Pr�gmati, apaleÐfontac
to φ metaxÔ twn x = $ cos φ = 2c1ε sin φ cos φ =
εc1 sin(2φ) kai y = $ sin φ = 2εc1 sin2 φ = εc1 −
εc1 cos(2φ) brÐskoume x2 + (y − εc1)

2 = c2
1 pou eÐ-

nai exÐswsh duo kÔklwn, enìc me kèntro to x =
0, y = c1 kai aktÐna c1 sthn perioq  y > 0 (ìpou
sin φ > 0 ⇔ ε = 1) kai enìc deÔterou me kèntro to
x = 0, y = −c1 kai aktÐna c1 sthn perioq  y < 0
(ìpou sin φ < 0 ⇔ ε = −1).
Alli¸c: To kèntro kampulìthtac K tou sunefaptì-
menou kÔklou se shmeÐo Σ thc troqi�c mporeÐ na bre-

jeÐ apì
−−→
OK =

−→
OΣ+

−−→
ΣK ⇔ xKx̂+yKŷ = $$̂+Rn̂.

Met� apì tic antikatast�seic twn $, R, n̂ kai twn

$̂ = cos φ x̂ + sin φ ŷ, φ̂ = − sin φ x̂ + cos φ ŷ, pro-
kÔptei xK = 0 kai yK = εc1.
H stajer� c1 = R eÐnai h aktÐna thc troqi�c kai h
c2 = ω eÐnai h gwniak  taqÔthta, afoÔ c2 = v/R.

K ’

φ

φ

φ

y’

x’
xO

y

To ìti h gwniak  taqÔthta den proèkuye Ðsh me φ̇,
all� dipl�sia, ofeÐletai sto ìti h φ den metr�ei
gwnÐa me koruf  to kèntro thc kuklik c troqi�c.
Sto sÔsthma Kx′y′ tou sq matoc eÐnai φ′ = 2φ
kai ω = φ̇′ = 2φ̇ = c2. Autì faÐnetai kai apì tic
ekfr�seic x = εc1 sin(2φ), y = εc1 − εc1 cos(2φ)
pou br kame parap�nw, oi opoÐec gia ε = 1 dÐ-
noun x′ = c1 − y = R cos φ′, y′ = x = R sin φ′

me φ′ = 2φ = ωt.
(d) To s¸ma ekteleÐ omal  kuklik  kÐnhsh ston kÔ-
klo pou brÐsketai sta jetik� y to qronikì di�sth-
ma t ∈ (0 , 2π/c2) ⇔ φ ∈ (0 , π), sth sunèqeia me-
tabaÐnei ston kÔklo pou brÐsketai sta arnhtik� y

kai ekteleÐ omal  kuklik  kÐnhsh to qronikì di�-
sthma t ∈ (2π/c2 , 4π/c2) ⇔ φ ∈ (π , 2π), met� p�li
metabaÐnei ston kÔklo pou brÐsketai sta jetik� y,
k.o.k. Autì epanalamb�netai se ìla ta diast mata
t ∈ (0 , 2π/c2) kai t ∈ (2π/c2 , 4π/c2), antÐstoiqa.

'Ara h kÐnhsh eÐnai periodik  me perÐodo T =
4π

ω
,

dipl�sia thc periìdou k�je memonwmènhc omal c ku-
klik c kÐnhshc.
Autì mporeÐ na brejeÐ kai kajar� majhmatik�, apì
thn apaÐthsh h T na eÐnai h mikrìterh jetik  lÔsh

thc ~r(t + T ) = ~r(t) ⇔
{

x(t + T ) = x(t)
y(t + T ) = y(t)

. Sunè-

peia aut¸n eÐnai h $(t + T ) = $(t), opìte oi proh-

goÔmenec dÐnoun


cos

ω(t + T )

2
= cos

ωt

2

sin
ω(t + T )

2
= sin

ωt

2

 me koi-

n  lÔsh thn ωT/2 = 2kπ, k ∈ Z, apì tic opoÐec h

mikrìterh jetik  lÔsh eÐnai T =
4π

ω
.

(e) Ton qrìno t0 = 2π/c2 to s¸ma metabaÐnei apì ton
kÔklo y > 0 ston kÔklo y < 0 kai h taqÔtht� tou
all�zei stigmiaÐa apì ~v|t=t−0

= ~v|φ=π− = −c1c2$̂ =

ωRx̂ se ~v|t=t+0
= ~v|φ=π+ = c1c2$̂ = −ωRx̂. H aka-

riaÐa aut  allag  shmaÐnei ìti h epit�qunsh apeirÐ-

zetai, ìpwc kai h dÔnamh, diìti ~F =
d(m~v)

dt
me pepe-

rasmèno ∆(m~v) = m~v|t=t+0
− m~v|t=t−0

= −2mωRx̂

kai (jewrhtik�) mhdenikì ∆t. H ¸jhsh ìmwc eÐnai

peperasmènh, me ~Ω = ~F∆t = ∆(m~v) = −2mωRx̂.

3 : ~L = m $$̂︸︷︷︸
~r

× ($̇$̂ + $φ̇φ̂)︸ ︷︷ ︸
~v

= m$2φ̇ẑ =

m$2
0e
−2kφφ̇ẑ ⇔ L = m$2

0e
−2kφφ̇. Arqik�, qrh-

simopoi¸ntac tic dedomènec arqikèc sunj kec, pro-

kÔptei L = L0 'Ara L̇ = −λ ⇔
∫ L

L0

dL =

−λ
∫ t

0
dt ⇔ L = L0 − λt kai m$2

0e
−2kφφ̇ =

L0 − λt ⇔ m$2
0

∫ φ

0
e−2kφdφ =

∫ t

0
(L0 − λt) dt ⇔

m$2
0

[
e−2kφ

−2k

]φ

0

=

[
(L0 − λt)2

−2λ

]t

0

⇔

φ = ln

[
1− τL

τv

+
τL

τv

(
1− t

τL

)2
]− 1

2k

.

Apì th sqèsh metaxÔ $ kai φ brÐskoume antikaji-

st¸ntac $ = $0

√
1− τL

τv

+
τL

τv

(
1− t

τL

)2

.

Oi parap�nw sqèseic φ = φ(t) kai $ = $(t) ka-
jorÐzoun pl rwc th jèsh mèsw thc ~r = $$̂ =
$ cos φ x̂ + $ sin φ ŷ.
H taqÔthta, antikajist¸ntac sthn ~v = $̇$̂ +$φ̇φ̂,
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prokÔptei ~v =
$0

τv

(
1− t

τL

)(
−$̂ +

1

k
φ̂
)

√
1− τL

τv

+
τL

τv

(
1− t

τL

)2
.

(b) Prèpei na diereunhjeÐ an kai pìte mhdenÐzetai h
aktÐna $ se sqèsh me to qrìno τL ston opoÐo all�-
zei h for� kÐnhshc (ìpwc faÐnetai apì thn èkfrash
thc taqÔthtac).

Apì thn èkfrash $ = $0

√
1− τL

τv

+
τL

τv

(
1− t

τL

)2

blèpoume ìti:

• an 1 − τL

τv

> 0 ⇔ τL < τv h upìrizh posì-

thta eÐnai p�nta jetik  kai paÐrnei thn el�-
qisth tim  gia t = τL. Se aut n thn pe-
rÐptwsh to s¸ma kineÐtai proc ta mèsa (me
~v · $̂ = $̇ < 0 kai φ̇ > 0) sto qronikì di�-
sthma t ∈ [0, τL), ft�nei se mia el�qisth aktÐ-

na $min = $0

√
1− τL

τv

kai mia mègisth gwnÐa

φmax =
1

k
ln

$0

$min

kai met� arqÐzei na kineÐtai

proc ta èxw (me ~v · $̂ = $̇ > 0 kai φ̇ < 0).

• an 1 − τL

τv

< 0 ⇔ τL > τv h upìrizh po-

sìthta ja mhdenisteÐ prin to qrìno t = τL.
Sugkekrimèna, ja mhdenisteÐ to qrìno t =

τL −
√

τ 2
L − τLτv. Se autì to qrìno to s¸-

ma ft�nei sto kèntro ($ = 0) èqontac k�nei
�peirec peristrofèc (φ →∞) kai èqontac ker-
dÐsei �peirh enèrgeia (afoÔ v →∞) apì autìn
pou upoqre¸nei th stroform  na elatt¸netai
me stajerì rujmì.

• an τL = τv tìte φ = ln
∣∣∣∣1− t

τL

∣∣∣∣− 1
k

, $ =

$0

∣∣∣∣1− t

τL

∣∣∣∣, ~v =
$0

τv

1− t

τL∣∣∣∣1− t

τL

∣∣∣∣
(
−$̂ +

1

k
φ̂
)
.

To s¸ma kineÐtai proc ta mèsa me taqÔthta
stajeroÔ mètrou, ft�nei sto kèntro sto qrì-
no τL (èqontac k�nei �peirec peristrofèc) kai
sth sunèqeia kineÐtai proc ta èxw me taqÔthta
stajeroÔ mètrou.

Na shmeiwjeÐ ìti h dÔnamh pou askeÐtai sto s¸ma

eÐnai ~F = m~a = . . . = −
(

mv2

$
− kλ

$

)
$̂ − λ

$
φ̂ kai

ìqi mìno apeirÐzetai sto $ = 0, all� h φ̂ sunist¸sa
thc eÐnai problhmatik  afoÔ h for� thc den eÐnai mo-
nos manta kajorismènh gia $ = 0. Me �lla lìgia,
h upìjesh ìti h stroform  elatt¸netai me stajerì
rujmì den eÐnai realistik  ìtan to s¸ma plhsi�sei
arket� kont� ston �xona peristrof c.

4 : Se sfairikèc ~v = ṙr̂ + rθ̇θ̂ + r sin θ φ̇φ̂. Oi r̂, θ̂,

φ̂ sunist¸sec thc ~v = Wŷ − V r̂ eÐnai
ṙ = Wŷ · r̂ − V ⇔ ṙ = W sin φ sin θ − V ¬

rθ̇ = Wŷ · θ̂ ⇔ rθ̇ = W sin φ cos θ 

r sin θ φ̇ = Wŷ · φ̂ ⇔ r sin θ φ̇ = W cos φ ®


®
;

1

sin θ

dθ

dφ
=

sin φ cos θ

cos φ
⇔

∫ dθ

sin θ cos θ
=∫ sin φ dφ

cos φ
⇔ ln

| tan θ|
|D1|

= − ln | cos φ| ⇔

tan θ cos φ = D1 = stajer�. An (r0 , θ0 , φ0) eÐ-
nai h arqik  jèsh tou aeropl�nou, sto di�sthma
θ ∈ (0 , π/2) pou mac endiafèrei h lÔsh gr�fetai

θ = arctan
D1

cos φ
¯

ìpou D1 = tan θ0 cos φ0.
¬

®
;

1

r sin θ

dr

dφ
=

sin φ sin θ

cos φ
− V

W cos φ
. Aut  eÐnai

mia diaforik  pou ja d¸sei thn r = r(φ), arkeÐ na
antikatast soume to sin θ apì th lÔsh θ = θ(φ)
pou èqoume brei. Sto di�sthma θ ∈ (0 , π/2)

eÐnai sin θ =
1√

1 + cot2 θ
=

1√
1 +D−2

1 cos2 φ

opìte
∫ dr

r
=

∫ sin φdφ

cos φ
(
1 +D−2

1 cos2 φ
) −

V

W

∫ dφ

cos φ
√

1 +D−2
1 cos2 φ

⇔ ln
r

D2

=

ln

√
1 +D−2

1 cos2 φ

|cos φ|
− V

W
ln

√
1 +D−2

1 cos2 φ + sin φ

|cos φ|
⇔

r = D2

| cos φ| V
W
−1
√

1 +D−2
1 cos2 φ(√

1 +D−2
1 cos2 φ + sin φ

) V
W

°

ìpou h nèa stajer� olokl rwshc

D2 = r0| cos φ0|1−
V
W sin θ0

(
sin φ0 +

1

sin θ0

) V
W

.

Apì th sqèsh ¯ blèpoume ìti ìtan to aeropl�-
no plhsi�zei to èdafoc, dhl. θ → π/2, eÐnai kai
cos φ → 0 ⇔ φ → π/2. (H tim  φ = 3π/2 apor-
rÐptetai diìti h ® dÐnei ìti h sin φ aux�nei me to
qrìno.) 'Ara h sun�nthsh me to èdafoc ja gÐnei sto
shmeÐo ~r = rŷ me to r na dÐnetai apì th sqèsh °

r → D2

2
V
W

lim
cos φ→0

| cos φ|
V
W
−1 =


0 , an V > W
+∞ , an V < W
D2/2 , an V = W

Epomènwc, an V > W to aeropl�no ja ft�sei sthn
pìlh, an V = W ja sunant sei to èdafoc se apì-
stash D2/2 bìreia thc pìlhc, en¸ an V < W ja
sunant sei to èdafoc se �peirh jewrhtik� apìsta-
sh bìreia thc pìlhc. Sto epìmeno sq ma faÐnontai
treic troqièc kaj¸c kai oi probolèc touc sto èda-
foc, mia gia k�je kathgorÐa, V < W , V = W ,
V > W kai sugkekrimènec arqikèc sunj kec.
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φ0=0.1π, θ0=π/4

N

B

A

∆ V=0.9 W
V=W

V=1.5 W

5 : H taqÔthta tou B èqei mètro V kai fo-
r� p�nw sth dianusmatik  mon�da apì to B

sto A, dhl. ˙~rB = V
~rA − ~rB

|~rA − ~rB|
. Antika-

jist¸ntac ta ~rA = xAx̂ + yAŷ kai ~rB =
(xA + r cos φ) x̂ + (yA + r sin φ) ŷ katal goume stic{

ẋA + ṙ cos φ− rφ̇ sin φ = −V cos φ

ẏA + ṙ sin φ + rφ̇ cos φ = −V sin φ

}
⇔{

ṙ = −V − ẋA cos φ− ẏA sin φ

rφ̇ = ẋA sin φ− ẏA cos φ

}
Alli¸c: Jètontac ~rB = ~rA+r cos φx̂+r sin φŷ, pra-
ktik� perigr�foume thn jèsh tou B wc proc to A
qrhsimopoi¸ntac polikèc suntetagmènec. MporoÔ-
me na orÐsoume ta monadiaÐa r̂ = cos φx̂ + sin φŷ,

φ̂ = − sin φx̂ + cos φŷ kat� ta gnwst� kai na gr�-
youme th sqetik  jèsh tou B wc proc to A san
~rB − ~rA = rr̂ kai th sqetik  taqÔthta tou B wc

proc to A san ~vB − ~vA = ṙr̂ + rφ̇φ̂.
Sto sugkekrimèno prìblhma oi taqÔthtec twn B

kai A sth b�sh (r̂ , φ̂) eÐnai ~vB = −V r̂, ~vA =(
~̇rA · r̂

)
r̂ +

(
~̇rA · φ̂

)
φ̂ = (ẋA cos φ + ẏA sin φ) r̂ +

(−ẋA sin φ + ẏA cos φ) φ̂. Epomènwc h ~vB − ~vA =

ṙr̂ + rφ̇φ̂ dÐnei −V r̂ − (ẋA cos φ + ẏA sin φ) r̂ −
(−ẋA sin φ + ẏA cos φ) φ̂ = ṙr̂ + rφ̇φ̂ apì tic opoÐ-
ec prokÔptoun oi zhtoÔmenec {ṙ = −V − ẋA cos φ−
ẏA sin φ , rφ̇ = ẋA sin φ− ẏA cos φ}.
(a) Gia xA = 0 kai yA = −Wt eÐnai
ṙ = −V + W sin φ

rφ̇ = W cos φ

}
⇒ dr

rdφ
=
−V + W sin φ

W cos φ
.

To prìblhma eÐnai eidik  perÐptwsh tou prohgoÔme-
nou probl matoc 4 , gia epÐpedh kÐnhsh me θ = π/2.

'Omoia brÐskoume r = D| cos φ| V
W
−1(1 + sin φ)−

V
W

IsodÔnama sth lÔsh tou probl matoc 4
jètoume θ0 = π/2, opìte D−2

1 = 0,

D2 = r0| cos φ0|1−
V
W (1 + sin φ0)

V
W kai

r = r0

∣∣∣∣∣ cos φ

cos φ0

∣∣∣∣∣
V
W
−1 (

1 + sin φ0

1 + sin φ

) V
W

.

Parak�tw blèpoume arijmhtikèc lÔseic gia V =
0.9W (pr¸th st lh), V = W (deÔterh st lh)
kai V = 1.5W (trÐth st lh) kai arqikèc sunj kec
φ = 0, r = r0 = 1. Ta p�nw graf mata deÐqnoun
thn troqi� tou B ìpwc thn blèpei to A. Ta k�tw
graf mata deÐqnoun tic troqièc kai twn dÔo swm�-
twn kaj¸c kai ta eujÔgramma tm mata pou sundèoun
ta s¸mata se k�poiec qronikèc stigmèc.
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• An V < W h apìstash metaxÔ twn swm�-
twn potè den mhdenÐzetai. Antijètwc apei-
rÐzetai kaj¸c to B akolouj¸ntac to A
asumptwtik� kineÐtai me for� −ŷ (φ →
+π/2). Pr�gmati, eÐnai2 xB = r cos φ =

D
(

cos φ

1 + sin φ

) V
W

kai yB = −Wt + r sin φ =

−Wt +D sin φ

(cos φ)1− V
W (1 + sin φ)

V
W

, me xB ≈ 0

kai yB ≈ −Wt +
D

2
V
W

(
π

2
− φ

)1− V
W

gia φ ≈

π/2. Prèpei na eÐnai yB ≈ −V t afoÔ to s¸-
ma B katal gei na kunhg� to A p�nw ston y
�xona. H sqetik  touc apìstash aux�nei san
r ≈ (W − V )t. 'Ara h gwnÐa φ plhsi�zei to

π/2 san φ ≈ π

2
−
( D

2
V
W V t

) W
W−V

.

• An V = W eÐnai r =
D

1 + sin φ
, dhl. h troqi�

tou B wc proc to A eÐnai tm ma parabol c.
H apìstash r den mhdenÐzetai potè, opìte ta
s¸mata den sunant¸ntai. To B katal gei
se t → ∞ na kineÐtai se stajer  apìstash
r → D/2 apì to A (me φ → π/2).
Sthn perÐptwsh aut  mporoÔn na brejoÔn ana-

2To prìshmo tou cos φ den all�zei ìso r < ∞ kai qwrÐc bl�bh thc genikìthtac mporeÐ na jewrhjeÐ jetikì.
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lutik� kai oi sqèseic twn r, φ me to qrì-

no. Apì rφ̇ = W cos φ ⇔ 2W

D

∫
dt =∫ 2dφ

cos φ (1 + sin φ)
⇔ 2W

D
(t− t0) =

sin φ

1 + sin φ
+ ln

√
1 + sin φ

1− sin φ
= 1 − r

D
−

ln

√
2

r

D
− 1.

• An V > W h apìstash r mhdenÐzetai gia
φ = π/2, dhl. to B ja ft�sei to A.

(b) Ed¸ me xA = R cos ωt , yA = R sin ωt prokÔptei{
ṙ = −V + ωR sin ωt cos φ− ωR cos ωt sin φ

rφ̇ = −ωR sin ωt sin φ− ωR cos ωt cos φ

}
⇔{

ṙ = −V − ωR sin (φ− ωt) ¬

rφ̇ = −ωR cos (φ− ωt) 

}

Asumptwtik� ṙ = 0 ⇔ sin (φ− ωt) = − V

ωR
< 0

kai rφ̇ > 0 ⇔ cos (φ− ωt) < 0. Epomènwc
h φ − ωt eÐnai mia stajer  gwnÐa sto di�sth-
ma (π , 3π/2) thc opoÐac to hmÐtono eÐnai −V/ωR.

Jètontac φ − ωt =
3π

2
− λ me λ ∈ (0,

π

2
), h

¬ dÐnei λ = arccos
V

ωR
kai h  dÐnei thn ti-

m  thc stajer c apìstashc metaxÔ twn swm�twn

rω = ωR sin λ ⇔ r = R sin λ = R

√
1−

(
V

ωR

)2

.

GnwrÐzontac ta r = R sin λ kai φ = ωt +
3π

2
− λ,

ìpou λ = arccos
V

ωR
, mporoÔme na broÔme ta xB, yB:

xB = R cos (ωt) + R sin λ cos
(
ωt +

3π

2
− λ

)
yB = R cos (ωt) + R sin λ sin

(
ωt +

3π

2
− λ

)
⇔

xB =
V

ω
cos (ωt− λ)

yB =
V

ω
sin (ωt− λ)

 dhl. to B ekteleÐ omal 

kuklik  kÐnhsh aktÐnac V/ω se kÔklo omìkentro
thc troqi�c tou A, me koin  gwniak  taqÔthta kai
diafor� f�shc λ.

x

A

O

A

B

r

φ

λ

φ

φ
B

Ta Ðdia prokÔptoun kai gewmetrik�: H taqÔthta tou
B èqei th for� tou BA, efaptìmenh ston eswteri-
kì kÔklo aktÐnac RB. Se meg�louc qrìnouc opìte
h apìstash r eÐnai stajer , to trÐgwno OBA pe-
ristrèfetai sa stereì gÔrw apì to O, me gwniak 
taqÔthta ω. H aktÐna RB = V/ω afoÔ h taqÔthta
tou B èqei mètro V . Ta dianÔsmata jèshc twn A kai
B sqhmatÐzoun stajer  gwnÐa φA − φB = λ, opìte
φB = φA − λ me φA = ωt. To orjog¸nio trÐgwno
OBA dÐnei thn gwnÐa λ apì cos λ = RB/R = V/ωR
kai thn apìstash r = R sin λ. Tèloc h gwnÐa φ brÐ-

sketai san φ =
3π

2
+ φB me φB = φA − λ = ωt− λ.

Ta parak�tw graf mata deÐqnoun thn arijmhtik 
lÔsh tou probl matoc gia V = 1

2
ωR. To pr¸to

gr�fhma deÐqnei thn troqi� tou B ìpwc thn blè-
pei o A, kai to deÔtero deÐqnei tic troqièc kai twn
dÔo swm�twn kaj¸c kai ta eujÔgramma tm mata pou
sundèoun ta s¸mata se k�poiec qronikèc stigmèc.
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Na shmeiwjeÐ ìti h prohgoÔmenh an�lush isqÔei
anex�rthta apì thn arqik  jèsh tou B (arkeÐ mìno
V ≤ ωR). AkoloujeÐ èna par�deigma.
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