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 3 ¸re
Kal  epituq�aOnomatep¸numo: , AM:Na lhfje� upìyh h prìodo
 th
 4/12/2009: OQI NAI � an NAI mhn apant sete tajèmata 1, 2'Eqw parad¸sei ti
 ergas�e
: 1h 2h 3h 4h 5h 6h 7h 8h 9h 10hJèma 1o:Se èna jematikì p�rko (luna park) èna tren�ki
(roller coaster) ektele� katakìrufh pl rh troqi�h opo�a èqei mègisto Ôyo
 h kai g�netai me trìpo¸ste na mhn aske�tai dÔnamh apì ti
 r�ge
 sta ba-gìnia sth jèsh mègistou Ôyou
. An h troqi� e�naikuklik  (akt�na
 R = h/2), to tren�ki jewre�taishmeiakì s¸ma kai oi tribè
 agnooÔntai, apant -ste ta akìlouja erwt mata (gnwst� jewroÔntaita h kai g):

φ

h

(a) Poia h taqÔthta sto an¸tero shme�o (φ = π)?(b) Poia h taqÔthta sto shme�o th
 troqi�
 pouantistoiqe� se tuqoÔsa gwn�a φ?(g) Poia h kentromìlo
 epit�qunsh sth jèsh φ?(d) Poia h epitrìqia epit�qunsh sth jèsh φ?(e) Poia h epit�qunsh pou noi¸joun oi epib�te
(se mon�de
 g), poia h mègisth tim  th
 kai se poioshme�o ulopoie�tai?Jèma 2o:Sfairikì s¸ma kine�tai qwr�
 tribè
 se orizìntiakuklik  stef�nh akt�na
 R. H stef�nh e�nai buji-smènh se pot�mi, tou opo�ou to nerì kul�ei me sta-

jer  taqÔthta ~vw. To nerì aske� dÔnamh sto s¸ma(ant�stash k�nhsh
 mèsa se reustì) h opo�a e�naian�logh th
 sqetik 
 taqÔthta
, ~F = −c (~v − ~vw),ìpou ~v h taqÔthta tou s¸mato
 kai c jetik  sta-jer�.(a) De�xte ìti an φ(t) e�nai h gwn�a metaxÔ tou dia-nÔsmato
 jèsh
 tou s¸mato
 apì to kèntro th
stef�nh
 (~r) me thn taqÔthta tou neroÔ (~vw), hex�swsh k�nhsh
 e�nai φ̈ +
c

m
φ̇ +

cvw

mR
sin φ = 0 .Upìdeixh: Mpore�te na jewr sete qwr�
 bl�bh th
genikìthta
 ~vw = vwx̂ opìte h φ e�nai h gwn�a twnpolik¸n suntetagmènwn sto ep�pedo th
 stef�nh
,blèpe sq ma.D�nontai oi ekfr�sei
 th
 taqÔthta
 kai th
 epit�-qunsh
 se polikè
 suntetagmène
 ~v = ṙr̂ + rφ̇φ̂,

~a = (r̈ − rφ̇2)r̂ + (rφ̈ + 2ṙφ̇)φ̂.(b) Perigr�yte thn k�nhsh an aut  perior�zetai semikrè
 timè
 th
 gwn�a
 |φ| ≪ 1. Ektim ste to qrì-no ston opo�o to s¸ma katal gei sth jèsh φ = 0.
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Jèma 3o:Ena s¸ma m�za
 m kine�tai sto ped�o th
 elktik 
 kentrik 
 dÔnamh

F (r) = − k

r3
, k > 0 .(a) An to s¸ma e�nai arqik� ak�nhto sthn apìstash d, na upologisje� o qrìno
 To pou apaite�tai èw
ìtou to s¸ma ja fj�sei sto kèntro th
 kentrik 
 dÔnamh
 r = 0.(b) An to s¸ma èqei arqik� sthn apìstash d tuqoÔsa stroform  L, qrhsimopoi¸nta
 mìno to upojetikìdunamikì exhge�ste an to s¸ma ja fj�sei sthn arq    ìqi.(g) An arqik� ṙ = 0 kai h stroform  tou s¸mato
 L ikanopoie� th sqèsh L2 < km, na upologisje� htroqi� tou s¸mato
 kai o qrìno
 T pou apaite�tai èw
 ìtou to s¸ma ja fj�sei sto kèntro th
 kentrik 
dÔnamh
 r = 0. D�detai ìti ∞

∫

0

dx/cosh2 x = tanhx|∞0 = 1 .(d) P¸
 sqet�zontai oi qrìnoi To kai T ;Jèma 4o:Ena diasthmìploio sunolik 
 m�za
 m taxideÔonta
 mèsa sto Galax�a ma
 sullamb�-netai apo to ped�o mi�
 astrik 
 melan 
 op 
 (sth sunèqeia MO) m�za
 M . Estwìti peristrèfetai gÔrw apì thn MO se arket� meg�le
 apost�sei
 r se sqèsh me thnakt�na Schwarzchild RS th
 MO ètsi ¸ste na mporoÔme na qrhsimopoioÔme me polÔkal  prosèggish Neut¸neia barÔthta. 'Omw
, sti
 apost�sei
 autè
 r oi palirroiakè
dun�mei
 mpore� na e�nai shmantikè
. Jèloume na upolog�soume thn eggÔterh apìstash
r0 sthn opo�a to diasthmìploio mpore� na breje� peristrefìmeno me asf�leia gÔrwapì th MO qwr�
 oi palirroiakè
 dun�mei
 na to diamel�soun kai na rouf xoun tou
astronaÔte
 tou. 'Estw ìti jewroÔme to diasthmìploio monodi�stato sunolikoÔ m -kou
 2L, en¸ to m ko
 tou autì 2L e�nai sthn aktinik  dieÔjunsh w
 pro
 th melan op . JewroÔme ep�sh
 ìti h m�za tou diasthmoplo�ou e�nai katanemhmènh me to m ko

2L me sugkekrimèno dedomèno nìmo, ètsi ¸ste mia stoiqei¸dh
 m�za dm se apìstash
x apì to kèntro summetr�a
 tou na e�nai dm = f(x)dx. Upojètoume ìti o diamelismì
tou diasthmoplo�ou arq�zei ìtan h sunolik  palirroiak  dÔnamh pou aske�tai se èkasto misu tou sk�fou
 uperba�nei to dekapl�sio tou b�rou
 tou ed¸ sth Gh.

x
dm

M

r

2L

(a) Na upologisje� h genik  èkfrash th
 palirroiak 
 dÔnamh
 pou aske�tai se mia stoiqei¸dh m�za toudiasthmoplo�ou dm pou eur�sketai se apìstash x apì to kèntro tou. To kèntro tou diasthmoplo�ouperistrèfetai se kuklik  troqi� se apìstash r apo th MO.(b) An h m�za tou diasthmoplo�ou e�nai katanemhmènh me to Ôyo
 tou me to nìmo, dm = (m|x|/L2) dx,na upologisje� h oriak  apìstash r0 sthn opo�a ja arq�sei o diamelismì
 tou diasthmoplo�ou, an :
L = 1 m kai h astrik  MO èqei m�za tripl�sia aut 
 tou 'Hliou, dhl., M = 3M⊙ ≈ 106 MΓ, ìpou
M⊙ e�nai h m�za tou 'Hliou kai MΓ e�nai h m�za th
 G 
, th
 opo�a
 h akt�na jewre�ste ìti e�nai per�pou6000 km.(g) H akt�na Schwarzchild (eke� ìpou ta sqetikistik� fainìmena e�nai kur�arqa kai shmantik�) gia mi�MO e�nai RS = (3M/M⊙) km. Exhge�ste an to apotèlesma gia thn apìstash r0 pou proèkuye dikaio-loge� thn upìjesh pou k�name na qrhsimopoi soume ìti to sk�fo
 kine�tai sto ped�o th
 Neut¸neia
barÔthta
.



LUSEIS:Jèma 1o:(a) Sto an¸tero shme�o ake�tai mìno to b�ro
. 'Ara
mv2

top

R
= mg ⇔ vtop =

√

gh

2
.(b) H uyometrik  diafor� metaxÔ th
 jèsh
 φkai tou an¸terou shme�ou e�nai R + R cos φ.'Ara mv2

2
=

mv2
top

2
+ mg(R + R cos φ) ⇔

v =

√

gh
(

3

2
+ cos φ

) .(g) Kentromìlo
 epit�qunsh aκ =
v2

R
⇔

aκ = (3 + 2 cosφ) g .(d) Epitrìqia epit�qunsh maε = m~g · ε̂ ⇔
aε = −g sin φ .(e) Olik  epit�qunsh a =

√

a2
κ + a2

ε ⇔
a = g

√
3 cos2 φ + 12 cosφ + 10 .H mègisth tim  th
 a antistoiqe� sth mègi-sth tim  tou cos φ = 1 ⇔ φ = 0. 'Ara

amax = 5g sthn kat¸terh jèsh .Jèma 2o:(a) Me r = R, ṙ = 0, ~v = Rφ̇φ̂, ~F · φ̂ =

−c
(

Rφ̇ − vwx̂ · φ̂
)

= −c
(

Rφ̇ + vw sin φ
), h ex�sw-sh NeÔtwna sthn φ̂ kateÔjunsh d�nei

m(rφ̈+2ṙφ̇) = ~F · φ̂ ⇔ φ̈ +
c

m
φ̇ +

cvw

mR
sin φ = 0 .(b) Gia mikrè
 timè
 th
 |φ| e�nai sin φ ≈ φ kai h ex�-swsh k�nhsh
 g�netai φ̈+

c

m
φ̇+

cvw

mR
φ = 0 (ex�swshtalantwt  me apìsbesh). H teleuta�a dèqetai lÔ-sei
 th
 morf 
 eλt, me λ2 +

c

m
λ +

cvw

mR
= 0.Diakr�noume ti
 peript¸sei
 (an�loga me to prìsh-mo th
 diakr�nousa
 tou triwnÔmou):� An c <

4mvw

R
(asjen 
 apìsbesh) oi lÔ-sei
 tou triwnÔmou e�nai λ± = − c

2m
±

i

√

cvw

mR
−
(

c

2m

)2, opìte h genik  lÔsh e�nai
φ = De−ct/2m cos





√

cvw

mR
−
(

c

2m

)2

t + C



.To ekjetikì (kai h lÔsh) praktik� mhden�zetai

gia ct

2m
≈ 5 ⇔ t ≈ 10m

c
.� An c >

4mvw

R
(isqur  apìsbesh) oi lÔ-sei
 tou triwnÔmou e�nai λ± = − c

2m
±

√

(

c

2m

)2

− cvw

mR
, opìte h genik  lÔsh e�nai

φ = C1e
λ+t + C2e

λ
−

t. Kai ta duo mèrhfje�noun me ton qrìno diìti λ± < 0. To
eλ+t praktik� mhden�zetai se qrìno 5/|λ+|,en¸ to eλ

−
t praktik� mhden�zetai se qrìno

5/|λ−|. AfoÔ |λ+| < |λ−|, h sunolik  lÔshpraktik� mhden�zetai se qrìno t =
5

|λ+|
⇔

t ≈
10m

c

1 −
√

1 − 4mvw

cR

.� An c =
4mvw

R
(kr�simh apìsbesh) to tri¸nu-mo èqei dipl  lÔsh λ = − c

2m
, opìte h genik lÔsh e�nai φ = e−ct/2m (C1 + C2t).To ekjetikì (kai h lÔsh) praktik� mhden�zetaigia ct

2m
≈ 5 ⇔ t ≈ 10m

c
.

Jèma 3o:(a)
F (r) = − k

r3
, V = −

∫

F (r)dr , E = − k

2d2
,

mṙ2

2
= E − V (r) =

k

2

(

1

r2
− 1

d2

)

,

x =
r

d
, ẋ = −

√

k

m

1

d2

√
1 − x2

x
,

T0

√

k

m

1

d2
=
∫ x=1

x=0

xdx√
1 − x2

≡ I , (z = x2) ,

I =
∫ z=1

z=0

dz

2
√

1 − z
= −

∫ y=0

y=1

dy

2
√

y
= 1 , (y = 1−z) ,

=⇒ T0 =
√

m
k
d2 .(b)

V ′(r) = V (r) +
L2

2mr2
=

1

2mr2
(mk − L2)



An�loga me ti
 2 peript¸sei
 mk < L2, mk > L2èqoume ant�stoiqa:

'Opw
 fa�netai apì ta diagr�mmata tou upojetikoÔdunamikoÔ, to s¸ma ja fj�sei sthn arq  mìno sth2h per�ptwsh th
 qamhl 
 stroform 
 (mk > L2).(g) Gi� apìdeixh th
 ex�swsh

d2u

dθ2
+ u = − m

L2u2
F

(

1

u

)

,bl. K. Ts�gkano
, Eisagwg  sth Jewrhtik  Mh-qanik , sel. 193,  , sel. 198.Antikajist¸nta
 thn èkfrash F (1/u) = −ku3prokÔptei amèsw
 h lÔsh:
r(θ) =

d

cosh
(

√

mk
L2 − 1

)

θ
.O qrìno
 pou apaite�tai èw
 ìtou to s¸ma ja fj�-sei sto kèntro th
 kentrik 
 dÔnamh
 r = 0 e�nai:

T =

∞
∫

θ=0

mr2

L
dθ =

md2

L

∞
∫

0

dθ

cosh2

(

√

mk
L2 − 1

)

θ
,

=⇒ T =
md2

√
mk − L2

,(d) o Qrìno
 T0 prokÔptei apì to ìrio tou T gia
L −→ 0.Jèma 4o:(a) To kèntro tou sk�fou
 peristrèfetai gÔrw apìth melan  op  se meg�lh apìstash r. Se èna sh-me�o S1 pou e�nai pro
 thn pleur� th
 melan 
 op 


kai apèqei apìstash x apì to kèntro tou sk�fou
,h palirroiak  dÔnamh F1 an� mon�da m�za
 e�nai,
F1 = −GM

r2

[

1 − 1

(1 − x/r)2

]

.Epeid  x ≪ r mporoÔme na prosegg�soume thn F1w
 ex 
,
F1 = −GM

r2

[

1 −
(

1 +
2x

r

)

]

≃ 2GM

r3
x .Ant�stoiqa sto antidiametrikì shme�o S2 pou apè-qei apìstash −x apì to kèntro tou sk�fou
 hpalirroiak  dÔnamh e�nai,

F2 = −2GM

r3
x ,dhlad  èqei dieÔjunsh ant�jeth apì th dieÔjunshth
 melan 
 op 
.(b) 'Estw dF1 kai dF2 oi ant�jete
 palirroiakè
dun�mei
 pou askoÔntai se dÔo stoiqei¸dei
 m�ze
�se
 me dm pou br�skontai summetrik� se apìsta-sh x apì to kèntro tou sk�fou
 to opo�o apèqeiapìstash r apì thn melan  op . Gia thn dedomènhkatanom  th
 m�za
 tou s¸mato
 èqoume,

dm =
mx

L2
dx ,

dF1 =
2GMdm

r3
x = −dF2 .Oloklhr¸nonta
 apì 0 èw
 L èqoume,

F1 =
∫ L

0

2GMm

r3L2
x2dx =

2GMmL

3r3
.Sthn oriak  apìstash r0 exis¸nonta
 thn palir-roiak  aut  dÔnamh F1 me to dekapl�sio tou b�rou
tou diasthmoplo�ou sth Gh,

F1 = 10
GMΓm

R2
Γ

,èqoume
r3
0 =

1

15

M

MΓ

R2
ΓL ,

=⇒ r0 ≈ 1340 km .(g) H akt�na Schwarzchild e�nai RS ≈ 9km kai
r0 ≈ 150RS. Epeid  r0 ≫ RS, h prosèggish th
Neut¸neia
 barÔthta
 pou k�name isqÔei.


