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Kal  epituq�aOnomatep¸numo: , AM:Na lhfje� upìyh h prìodo
 th
 4/12/2009: OQI NAI � an NAI mhn apant sete tajèmata 1, 2'Eqw parad¸sei ti
 ergas�e
: 1h 2h 3h 4h 5h 6h 7h 8h 9h 10hJèma 1o:Omogen 
 kÔbo
 akm 
 h kai puknìthta
 ρκ af -netai sthn epif�neia ugroÔ puknìthta
 ρυ = 2ρκ,me mia èdra tou na ef�ptetai sthn epif�neia touugroÔ. O kÔbo
 kine�tai k�tw apì thn ep�drashtou b�rou
 tou (ρκh
3g), th
 �nwsh
 (ρυh

2gz an hk�tw èdra tou èqei bujiste� kat� z ∈ (0, h) kai
ρυh

3g an z > h) kai th
 ant�stash
 apì to ugrìpou upojètoume ìti e�nai 1

2
ρυh

2v2, ìpou v = ż htaqÔtht� tou. MeletoÔme thn k�jodo tou kÔbou,mèqri th stigm  mhdenismoÔ th
 taqÔtht�
 tou.(a) De�xte ìti an metr�me m kh se h, m�ze
 se ρκh
3kai qrìnou
 se √h/g, h adi�stath ex�swsh k�nh-sh
 gia 0 < z < h, v > 0 e�nai a = 1 − 2z − v2,ìpou a = v̇ = z̈ h epit�qunsh (dhlad  mporoÔme najèsoume h = ρκ = g = 1).(b) Bre�te thn taqÔthta tou kÔbou san sun�rth-sh th
 jèsh
 z, kaj¸
 kai th jèsh zmax ìpoustigmia�a stamat�. D�netai ìti h diaforik  v dv

dz
=

A+Bv2+Cz èqei lÔsh v2 = De2Bz− C
B

z− C
2B2 − A

B
.Ep�sh
 d�netai h jetik  lÔsh th
 ex�swsh


1 − e−2ξ = ξ ⇔ ξ = 0.797.(g) Upolog�ste ton qrìno kajìdou. D�netai ìti
∫

0.797

0

dξ
√

2 − 2e−2ξ − 2ξ
= 2.279.(d) 'Estw ìti h akm  tou kÔbou e�nai h = 10 cmkai g = 10 m s−2. D¸ste diast�sei
 sta apotelè-smata twn erwthm�twn (b), (g), dhlad  d¸ste tom ko
 zmax se cm kai to qrìno kajìdou se s.Jèma 2o:(a) Poia h kentromìlo
 epit�qunsh s¸mato
 poukine�tai me taqÔthta mètrou v se troqi� kampulì-thta
 κ = 1/R (R e�nai h akt�na kampulìthta
)?(b) H klwjoeid 
 kampÔlh (blèpe sq ma) èqei pa-rametrik  ex�swsh

x(s) =
∫ s

0

cos

(

s2

2λ2

)

ds , y(s) =
∫ s

0

sin

(

s2

2λ2

)

ds ,ìpou s to m ko
 p�nw sthn kampÔlh kai λ staje-r�. De�xte thn basik  idiìthta th
 klwjoeidoÔ
:h kampulìthta aux�netai grammik� me to m ko
,
κ = s/λ2. (Upìdeixh: Bre�te to monadia�o ε̂ p�nwsthn kampÔlh kai qrhsimopoi ste thn dε̂

ds
= κη̂.)
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(g) Sto drìmo tou sq mato
 (tm ma th
 Atti-k 
 odoÔ) to tm ma OA e�nai mèro
 klwjoeidoÔ
(0 < s < sA), to AB e�nai tm ma kÔklou kai to
BC e�nai ep�sh
 tm ma klwjoeidoÔ
. Me autìn tontrìpo exasfal�zetai h omal  metabol  th
 kampu-lìthta
 th
 troqi�
. An oi suntetagmène
 tou sh-me�ou A e�nai xA = 150 m, yA = 75 m upolog�-ste thn trib  pou aske�tai sta l�stiqa autokin -tou m�za
 m = 3000 kg to opo�o kine�tai me taqÔ-thta stajeroÔ mètrou v = 50 km h−1 sto drìmotou sq mato
. Kataskeu�ste prìqeira to di�gram-ma T = T (s). Poia h mègisth tim  th
 trib 
 kaipoio
 prèpei na e�nai kat' el�qiston o suntelest 
statik 
 trib 
 ètsi ¸ste to ìqhma na str�yei measf�leia? (Agno ste thn ep�drash tou aèra.)

O

By

A

x

C

Upìdeixh: Qrhsimopoi ste ta akìlouja sq matata opo�a aforoÔn k�je klwjoeid .
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Jèma 3o:Sthn klasik  prosèggish enì
 atìmou me atomikìarijmì Z kai mazikì arijmì A, to eggÔtero stonpur na hlektrìnio perifèretai se kuklik  troqi�akt�na
 ro gÔrw apì ton pur na, o opo�o
 periè-qei Z prwtìnia kai A − Z netrìnia. Epeid  ìmw
o sugkekrimèno
 pur na
 e�nai astaj 
 se di�spa-sh β−, xafnik� uf�statai di�spash β− ekpèmponta
èna hlektrìnio (pou diafeÔgei taqÔtata apì ton pu-r na). Lìgw diat rhsh
 fort�ou, kat� th di�spash
β− to fort�o tou pur na all�zei apì Z se Z + 1.H di�spash β− sumba�nei se polÔ mikrìtero qro-nikì di�sthma se sqèsh me thn per�odo perifor�
tou hlektron�ou gÔrw apì ton pur na, dhl., sqedìnakaria�a. 'Etsi, apìtoma to hlektrìnio aisj�netaièna diaforetikì elktikì ped�o dun�mewn.(a) Na upologisje� o lìgo
 th
 olik 
 enèrgeia
tou hlektron�ou met� th di�spash β− pro
 au-t n pro th
 di�spash
 β− jewr¸nta
, w
 su-n jw
, w
 mhdèn th
 enèrgeia
 thn kat�stashìpou to hlektrìnio eur�sketai se �peirh apì-stash kai me mhdenik  taqÔthta apì ton pu-r na.(b) Diakaiolog ste t� e�dou
 troqi� ja diagr�yeito hlektrìnio met� th di�spash β−. An para-me�nei kuklik  upolog�ste th nèa akt�na. Ane�nai �llh kwnik  tom  upolog�ste ta gewme-trik� stoiqe�a th
 (ekkentrìthta kai meg�lohmi�xona).(g) Na upologisje� h el�qisth kai mègisth apì-stash tou hlektron�ou se mon�de
 tou ro.D�detai h ex�swsh th
 troqi�
 s¸mato
 m�za
 m,enèrgeia
 E kai stroform 
 L, se kentrikì ped�odun�mewn F = − k

r2 (me k > 0),
r(θ) =

L2/km

1 +
√

1 + 2L2E
k2m

cos θJèma 4o:H Sel nh peristrèfetai s mera gÔrw apì th Gh megwniak  suqnìthta Ω0 = 2π/T0 = 2π/(27.3 hmè-re
) se kuklik  troqi� akt�na
 r0 = 384, 000 km. HGh peristrèfetai gÔrw apì ton �xon� th
 me th (me-galÔterh) gwniak  suqnìthta ω0 = 2π/τ0 = 2π/(1hmèra). Se pr¸th prosèggish, h olik  stroform 
J tou sust mato
 Gh-Sel nh e�nai J = L+S, ìpou
L e�nai h troqiak  stroform  th
 Sel nh
 gÔrwapì th Gh kai S = Iω h idiostroform  (spin) th
Gh
 gÔrw apì ton �xon� th
 (I e�nai h stajer  rop adr�neia
 th
 Gh
), jewr¸nta
 amelhtèa thn idio-stroform  (spin) th
 Sel nh
 gÔrw apì ton eautìth
 kai thn k�nhsh th
 Gh
 gÔrw apì ton 'Hlio.

(a) Poia e�nai h ex�rthsh th
 gwniak 
 suqnìth-ta
 th
 Sel nh
 Ω(r) me thn stigmia�a apì-stash th
 Sel nh
 r apì th Gh ?(b) 'Ena apotèlesma twn palirroiak¸n trib¸nston pujmèna twn wkean¸n kai twn akt¸n th
Gh
 e�nai ìti h gwniak  suqnìthta ω th
 Gh
elatt¸netai me to qrìno, dhl., h di�rkeia th
hmèra
 aux�nei. De�xte ìti sto apomonwmènosÔsthma Gh
 - Sel nh
 (dhl., ìpou oi sunoli-kè
 exwterikè
 dun�mei
 kai ropè
 e�nai amelh-tèe
) autì èqei san apotèlesma h Sel nh naapomakrÔnetai bajmia�a apì th Gh.(g) Poia e�nai h ex�rthsh th
 gwniak 
 suqnìth-ta
 th
 Gh
 ω(r) me thn stigmia�a apìstashtou sust mato
 Gh
 - Sel nh
 r ? Sugkekri-mèna de�xte ìti h per�odo
 idioperistrof 
 th
Gh
 τ ìtan h Sel nh e�nai se apìstash r e�nai:
τ =

τ0

1 − τ0L0

2πI

[

√

r
r0

− 1
] .(d) Qrhsimopoi¸nta
 to prohgoÔmeno apotèlesmagia thn ex�rthsh th
 gwniak 
 suqnìthta
th
 Gh
 ω(r) me thn stigmia�a apìstash tousust mato
 Gh
 - Sel nh
 r bre�te thn ex�r-thsh th
 olik 
 enèrgeia
 E tou sust mato
Gh
 - Sel nh
 me thn stigmia�a apìstash tousust mato
 Gh
 - Sel nh
 r. H olik  enèr-geia E tou sust mato
 Gh
 - Sel nh
 e�nai to�jroisma th
 troqiak 
 enèrgeia
 th
 Sel -nh
 gÔrw apì th Gh, th
 barutik 
 dunamik 
enèrgeia
 tou sust mato
 kai th
 enèrgeia
peristrof 
 th
 Gh
 gÔrw apì ton �xon� th
[(1/2)I ω2)℄.(e) De�xte ìti telik� to sÔsthma fj�nei se mia te-lik  kat�stash se k�poia apìstash r∗, ìpouh enèrgei� tou E elaqistopoie�tai, ìtan h gw-niak  suqnìthta th
 Gh
 ω(r∗) = ω∗ isoÔtaime th gwniak  suqnìthta th
 Sel nh
 gÔrwapì th Gh, Ω(r∗) = Ω∗, dhl., ìtan ω∗ = Ω∗.Pw
 mporoÔme na upolog�soume grafik� ta r∗,

ω∗, Ω∗ ?



LÔsei
:Jèma 1o:(a) ~r = zẑ, ~v = vẑ = żẑ, ~a = aẑ = v̇ẑ = z̈ẑ.Nìmo
 NeÔtwna (gia thn k�jodo 0 < z < h):
ma = ρκh

3g − ρυh
2gz − 1

2
ρυh

2v2 m=ρκh3 , ρυ=2ρκ⇐=======⇒

a = g − 2g

h
z − 1

h
v2.Me z = hz′, t =

√

h

g
t′,

v =
dz

dt
=

h
√

h

g

dz′

dt′
=
√

gh v′,
a =

d2z

dt2
=

h
(√

h

g

)2

d2z′

dt′2
= g a′,h ex�swsh k�nhsh
 gr�fetai a′ = 1 − 2z′ − v′2,  apale�fonta
 tou
 tìnou
 a = 1 − 2z − v2.(b) Me a =

dv

dt
=

dv

dz

dz

dt
= v

dv

dz
h prohgoÔmenhex�swsh gr�fetai v

dv

dz
= 1− 2z − v2. SÔmfwna methn upìdeixh h lÔsh th
 e�nai v2 = De−2z − 2z +2,ìpou D stajer� olokl rwsh
 pou prosdior�zetaiapì ti
 arqikè
 sunj ke
. Gia z = 0 e�nai v = 0,opìte D = −2. H telik  èkfrash gia thn taqÔth-ta e�nai v =

√
2 − 2e−2z − 2z.Gia z = zmax e�nai v = 0, opìte 0 = 2 − 2e−2zmax −

2zmax ⇔ 1 − e−2zmax = zmax me lÔsh zmax = 0.797.Blèpoume ìti zmax < 1, opìte isqÔei h ex�swsh k�-nhsh
 pou qrhsimopoi same se ìlh th di�rkeia th
kajìdou (gia z > 1 h �nwsh e�nai stajer  opìte hex�swsh e�nai diaforetik ).(g) O qrìno
 kajìdou e�nai
∫ zmax

0

dz

v
=
∫

0.797

0

dz√
2 − 2e−2z − 2z

= 2.279(d) Gia na broÔme to m ko
 pollaplasi�zoume toadi�stato apotèlesma me h = 10 cm, opìte zmax =
0.797 × 10 cm = 7.97 cm. 'Omoia gia ton qrìno
2.279×

√

h

g
= 2.279×

√

10 × 10−2 m

10 m s−2
= 0.2279 s.Jèma 2o:(a) aκ =

v2

R = κv2.(b) A' trìpo
:
ε̂ =

d~r

ds
=

dx

ds
x̂ +

dy

ds
ŷ ⇔

ε̂ = cos

(

s2

2λ2

)

x̂ + sin

(

s2

2λ2

)

ŷ, opìte
dε̂

ds
=

s

λ2

[

− sin

(

s2

2λ2

)

x̂ + cos

(

s2

2λ2

)

ŷ

]

.

E�nai κ =

∣

∣

∣

∣

∣

dε̂

ds

∣

∣

∣

∣

∣

⇔ κ =
s

λ2
.B' trìpo
:Apì thn èkfrash tou ε̂   th
 taqÔthta


~v =
dx

dt
x̂+

dy

dt
ŷ =

ds

dt

[

cos

(

s2

2λ2

)

x̂ + sin

(

s2

2λ2

)

ŷ

]

,sumpera�noume ìti h gwn�a metaxÔ th
 taqÔthta
 kaitou �xona x e�nai φ =
s2

2λ2
. H kampulìthta e�nai

κ = R−1 =

(

ds

dφ

)−1

=
dφ

ds
=

s

λ2
.(g) H trib  e�nai T = maκ = mκv2 kai �ra akolou-je� th metabol  th
 kampulìthta
 κ. Sto shme�o

O e�nai mhdèn (afoÔ h kampulìthta e�nai mhdèn).Sto tm ma OA aux�netai gram-mik� me to m ko
 s, T =
mv2

λ2
s.Sto shme�o A apokt� th mègi-sth tim  Tmax =

mv2

λ2
sA. s

T(s)

O A B C

Tmax

Sto tm ma kÔklou AB paramènei stajer  kai �shme Tmax (afoÔ h kampulìthta e�nai stajer ). Stotm ma BC mei¸netai grammik� me to s, apì thn tim 
Tmax (sto shme�o B) se mhdèn (sto shme�o C).Apì to di�gramma pou sundèei ta y

x
kai s

λ
, br�skou-me ìti gia tetagmènh yA

xA

=
75

150
= 0.5 h tetmhmènhe�nai sA

λ
≈ 1.7.1Apì to di�gramma pou sundèei ta x

λ
kai s

λ
, br�-skoume ìti gia tetmhmènh sA

λ
≈ 1.7 h tetagmènhe�nai xA

λ
≈ 1.38. (H tim  aut  mpore� na prokÔyeiep�sh
 apì thn tom  th
 klwjoeidoÔ
 me thn euje�a

y = x/2, qrhsimopoi¸nta
 to di�gramma pou sun-dèei ta y

λ
kai x

λ
.)H tim  tou λ gia th sugkekrimènh klwjoeid  e�-nai λ =

xA

xA

λ

≈ 109 m kai gia to shme�o A e�-nai sA =
sA

λ
λ ≈ 185 m . Epomènw
 h tim  th
mègisth
 trib 
 e�nai (antikajistoÔme ìle
 ti
timè
 sto sÔsthma mks) Tmax =

1

λ2
mv2sA ≈

1

1092
× 3000 ×

(

50
1000

3600

)2

× 185 N = 9000 N .An µ o suntelest 
 statik 
 trib 
, prèpei
T ≤ µA⊥, ìpou A⊥ h k�jeth ant�drash. Anagno soume thn ep�drash tou aèra kai jewr sou-me to drìmo orizìntio, e�nai A⊥ = mg kai �ra
T ≤ µmg ⇒ µ ≥ Tmax

mg
≈ 9000

3000 × 10
= 0.3 .1Profan¸
 e�nai adÔnato na breje� h akrib 
 tim  apì to di�gramma, arke� apl� mia ekt�mhs  th
.



Jèma 3o:Prin th di�spash h dÔnamh pou dèqetai to hlektrì-nio e�nai kentrik , th
 morf 
 ko

r2
, me ko =

Ze2

4πε0

.Apì mv2
o

ro

=
ko

r2
o

br�skoume thn taqÔthta th
 kukli-k 
 troqi�
 vo =

√

ko

mro

kai �ra h enèrgeia prin thdi�spash e�nai Eo =
mv2

o

2
− ko

ro

= − ko

2ro

.Amèsw
 met� th di�spash h dÔnamh pou dèqetaito hlektrìnio e�nai kentrik , th
 morf 
 k

r2
me

k =
(Z + 1) e2

4πε0

=
Z + 1

Z
ko. Lìgw th
 akaria�-a
 allag 
 th
 dÔnamh
 all�zei kat� th di�rkeiath
 di�spash
 h dunamik  enèrgeia (apì −ko/ro se

−k/ro) en¸ paramènoun �die
 h jèsh kai h taqÔthta(�ra kai h stroform  kai h kinhtik  enèrgeia).(a) Gia th nèa troqi� èqoume enèrgeia
E =

mv2
o

2
− k

ro

=
ko

2ro

− Z + 1

Z

ko

ro

= −Z + 2

2Z

ko

ro

.O lìgo
 twn energei¸n met� th di�spash pro
 au-t n pro th
 di�spash
 e�nai E

Eo

=
Z + 2

Z
.(b)-(g) H stroform  e�nai L = mrovo =
√

komrokai �ra h ekkentrìthta e�nai ε =

√

1 +
2L2E

k2m
=

√

1 − Z + 2

(Z + 1)2
=

1

Z + 1
. Profan¸
 ε < 1 kai �rah troqi� e�nai elleiptik . Autì  tan anamenìmeno,afoÔ lìgw th
 akaria�a
 aÔxhsh
 tou ped�ou ana-mènoume na tropopoihje� h troqi� (den ja e�nai piakuklik , all� to hlektrìnio ja èqei thn t�sh naplhsi�sei pro
 ton pur na), en¸ h enèrgeia para-mènei arnhtik . AfoÔ mv2

o

R
=

k

r2
o

>
ko

r2
o

=
mv2

o

ro

hakt�na kampulìthta
 R amèsw
 met� th di�spashe�nai mikrìterh apì ro kai �ra to arqikì shme�o e�naito apìkentro th
 troqi�
.Antikajist¸nta
 ta L, E, k sthn ex�swsh th
 tro-qi�
 br�skoume r(θ) =
Zro

Z + 1 + cos θ
.H megalÔterh apìstash (apìkentro) antistoiqe�se cos θ = −1 kai e�nai rmax = ro (h arqik  jè-sh).H mikrìterh apìstash (per�kentro) antistoiqe� se

cos θ = 1 kai e�nai rmin =
Z

Z + 2
ro.O meg�lo
 hmi�xona
 e�nai α = 1

2
(rmin + rmax) =

Z + 1

Z + 2
ro.(To �dio prokÔptei kai apì th sqèsh E = − k

2α
.)

Jèma 4o:(a) H troqi� th
 sel nh
 e�nai sqedìn kuklik ,opìte apì mΩ2r =
GMm

r2
prokÔptei o nìmo
 Kè-pler Ω(r) =

√

GM

r3
.(b) Apì th diat rhsh th
 olik 
 stroform 


J = L+S = mΩr2+Iω = m
√

GMr+Iω prokÔpteiìti an to ω elatt¸netai to r prèpei na aux�netai.(g) LÔnonta
 thn prhgoÔmenh sqèsh w
 pro
 ωbr�skoume ω =
J − m

√
GMr

I
, opìte h per�odo
e�nai τ =

2π

ω
=

2πI

J − m
√

GMr
. H sqèsh aut mpore� na grafe� ìpw
 h zhtoÔmenh, an or�soume

L0 = m
√

GMr0 kai J = L0+
2πI

τ0

⇔ τ0 =
2πI

J − L0

.(d) E =
Iω2

2
+

mΩ2r2

2
− GMm

r
⇔

E(r) =

(

J − m
√

GMr
)2

2I
− GMm

2r
.(e) E�nai dE

dr
=

m

2

√

GM

r





√

GM

r3
− J − m

√
GMr

I



 =

m

2

√

GM

r
[Ω(r) − ω(r)] , opìte e�nai fanerì ìti gia

Ω = ω h enèrgeia g�netai akrìtath.Sqedi�zonta
 grafik� ti
 sunart sei
 Ω(r) kai
ω(r) mporoÔme na broÔme ta akrìtata (tomè
) kaito e�do
 tou
 (an arister� apì to akrìtato e�nai
Ω < ω ⇔ dE

dr
< 0 kai dexi� Ω > ω ⇔ dE

dr
> 0 toakrìtato e�nai el�qisto, en¸ sthn ant�jeth per�-ptwsh e�nai mègisto).Epèktash tou Jèmato
 4: Gia thn per�ptwsh Gh
- Sel nh
, ìpou M = 5.97 × 1024 kg, I =

8 × 1037 kg m2, m = 7.35 × 1022 kg, J =
m
√

GMr0 + Iω0 = 3.5 × 1034 kg m2, G = 6.67 ×
10−11 m3 kg−1 s−2, br�sketai apì to di�gramma ìtito eustajè
 shme�o isorrop�a
 antistoiqe� se apì-stash Gh
 - Sel nh
 551,000 km kai koin  per�-odo 47.6 forè
 megalÔterh apì th shmerin  hmè-ra. (Oi sunart sei
 Ω(r) kai ω(r) genik� prokÔ-ptei ìti èqoun dÔo, èna,   kanèna shme�a tom 
, an

33J4

44G2M2m3I
> 1, = 1,   < 1, ant�stoiqa.)
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