RAMSEY THEORY WITH MIXED TYPES OF SUBSTITUTION
V. FARMAKI AND S. NEGREPONTIS

ABSTRACT. Taking as our starting point the Farah-Hindman-McLeod partition theorem
for located words over a finite alphabet, which we reprove, and defining a general notion
S of substitution for variable located words over a finite alphabet, which includes either
the Bergelson-Blass-Hindman type, or the Gowers type, or a mixture of these two types,
we build for every notion S of substitution a full Ramsey theory,namely we obtain (1) a
strong S-partition theorem for all the variable located words, (2) an S-partition theorem
for all the k-tuples of variable located words, and in fact for all the Schreier families of
order &, for every countable ordinal £, (3) an S-partition theorem for infinite sequences
of variable located words, and (4) an Ellentuck type characterization of S-completely
Ramsey partitions of the set of infinite sequences of located words over a finite alphabet.

INTRODUCTION

Gowers in [G], for the purpose of making the classical Carlson [C] and Furstenberg-
Katznelson [FK| Ramsey theory more useful to the theory of Banach spaces proved a
remarkable partition theorem (Theorem 5 in [G]). While it was not stated this way by
Gowers, this theorem can be natually stated in terms of the notion of variable located
words over a finite alphabet, introduced in the Bergelson-Blass-Hindman partition theory
[BBH], involving a novel concept of substitution for variable located words over a totally
ordered alphabet. Recently, a general partition theorem was proved by Farah, Hindman,
McLeod in [FHM] (Theorem 3.13), which results in combining, for the first time, the
Gowers [G] (Theorem 5), and the Bergelson-Blass-Hindman partition theorem for located
words [BBH] (Theorem 4.1).

In the present work, we take as our starting point the Farah-Hindman-McLeod par-
tition theorem; for completeness, we present a self-contained proof of their result for
the special case we are interested in Theorem 1.2 below. More specifically we define (in
Definition 2.1) a general notion S of substitution for variable located words over a finite
alphabet ¥ to be a suitable set of transformations {R, : @ € X}, where R, can be of
the Bergelson-Blass-Hindman type, or of the Gowers type, or of a composition of the
two types (Remark 2.2). With the help of the Farah-Hindman-McLeod result, we obtain
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for every notion S of substitution (1) a strong S-partition theorem for variable located
words over a finite alphabet ¥ (Theorem 2.3), and (2) an S-partition theorem for the
k-tuples (k € N) of variable located words over a finite alphabet ¥, and in fact for all
the Schreier families of order &, for every countable ordinal &, of variable located words
over ¥ (Theorem 3.5); in addition we establish (3) a Nash-Williams type S-partition
theorem for infinite orderly sequences of variable located words over a finite alphabet
(Theorem 4.15), and (4) an Ellentuck type characterization of the S-completely Ramsey
partitions of the set of infinite orderly sequences of variable located words over a finite
alphabet (in Theorem 5.7).

These theorems extend the Ramsey type theorems for variable located words over
a finite alphabet proved by Gowers |G| (Theorem 5), Bergelson-Blass-Hindman [BBH]
(Theorems 4.1, 5.1), Farah-Hindman-McLeod [FHM] (special cases of Theorem 3.13),
and the partition theorem for infinite sequences of variable located words proved by
Bergelson-Blass-Hindman [BBH] (Theorems 6.1). We note that the Gowers [G] and the
Farah-Hindman-Mcleod [FHM] papers do not deal with partition theorems on infinite

sequences of variable located words, of the Nash-Williams or Ellentuck type.

1. PARTITION THEOREMS FOR LOCATED WORDS OVER A FINITE ALPHABET

Let X be a finite alphabet. A located word over ¥ is a function from a finite subset
of N = {1,2,...} into the alphabet ¥ ([BBH]). So, if ¥ is the function with domain the
empty set, the set of all the located words over a non empty finite alphabet ¥ is

LE)={w=wp, ... wy, : 1 €N;ny <---<n € NJwy,,...,w, € X}U{J}, and

L(0) = {9}, in case 3 = ).

For a located word w = wy, ... w,, € L(X)\ {9}, we denote by dom(w) = {ni,...,n;}
the domain of w and we set dom(9) = (.

Let 3 be a finite alphabet (empty or non-empty) and v ¢ ¥ an entity which is called a
variable. The set of all variable located words over 3 with variable v is defined to be

L(%;v) = L(EU{v})\ L(D).

We set

LO(Z;0) ={w=wp, ... wp, € L(Z;v) : B C {wny, ..., wpy, }} € L(Z;0).

We endow the set L(X U {v}) with a relation defining for w,u € L(X U {v})

w < u < either ¥ € {w,u} or w,u # ¥ and max dom(w) < min dom(u).



For two located words w,u € L(X U {v}) such that w < u we define the concatenating
located word w *u € L(X U {v}) as follows:
ifw=w,, ... We, U = Uy ..Uy, € L(EU{v})\ {U} we set

Wx U= Wy, ... W, Up, - Up,, and
wx=1U¥xw=w and ¥ x 9 =¥ for every w € L(X U {v}).

Let ¥ be a totally ordered finite alphabet with cardinality £ € N U {0} and a variable
v ¢ Y. Then we define the function

Sk+1 2 L(ZU{v}) — L(X) as follows:
In case ¥ = (), we set S;(w) = 9 for every w € L({v}).

In case ¥ = {aq,...,ax}, k£ € N, we set Sp1(9) = ¢, and for w = wy, ... w, €
L(XU{v})\ {9} we set Ski1(w) = if w,, = ay for every 1 <i <[, and
Sp1(W) = Uy o U, i {my < oo <mg} ={n€{ny,...,n} :w, # a1} # 0, where,
for 1 <i<'s, U, = ajq if Wy, = 5, 1 <7 <k, and u,, = oy if wy,, = v.
We remark that dom(Ski1(w)) C dom(w) , Sgr1(w *u) = Sgy1(w) * Sgy1(u) for every
w,u € L(XU{v}) with w < u and that Sx.1(L(XU{v})) = L(2).
We define the functions S}, : L(X U {v}) — L(X U {v}) for every i € NU {0}, by
the rule: Sp,; to be the identity function on L(X U {v}), Si,; = Sk+1 and St (w) =
Sk+1(Sh41(w)) for every w € L(X U {v}). Observe that Sj,,(w) =0 for every ¢ > k + 1
and w € L(X U {v}).

Also, for a finite alphabet ¥ with cardinality £ € NU {0} and a variable v ¢ ¥ we

define the functions
TF: L(XU{v}) — L(ZU{v}), for every 0 < ¢ < k + 1 as follows:

In case 3 = ), we set Ty (w) =¥ and T} (w) = w for every w € L(v).

In case ¥ = {ay,...,ax} for k € N, we set Tq’”l(ﬁ) = for every 0 < ¢ < k + 1, and for
W= Wy, ... W, € L(EU{v})\ {J} we set

T,fill(w) =w,

TEtHw) = Wy, + - Wy, if {my < --- < my = {n € {ny,...,m} : w, # v} # 0, and
Té““(w) =139 if w,, =v forevery 1 <i <[ and for 1 < g <k

Tf“(w) = Uy, . ..Uy, Where, for 1 <i <[, u,, = a, if w,, = v and u,, = w,, if w,, € X.
We remark that, for every 0 < ¢ < k+ 1, dom (T (w)) C dom(w), T} (w x u) =
TFH(w) « TitH(u) for every w,u € L(X U {v}) with w < u, TF(w) = w for every
w € L(X) and that T/ (L(X U {v})) = L(X) if 0 < ¢ < k.



Definition 1.1. Let £ € N, ¥ = {ay,...,a;} be a non-empty totally ordered finite
alphabet and a variable v = g1 ¢ X. For every 0 < p < k we consider the alphabets
Yo =0,%, ={a,...,a,} and the variables v, = a, 41 ¢ X, respectively. According to
the previously mentioned terminology, for every 0 < p < k are defined the functions

Spt+1 1 L(X, U{v,}) — L(X,), and

TP L(3, U {v,}) — L(%,) for every 0 < g < p.
For 0 < p <k, we define the family of functions from L(X, U {v,}) to L(X,),

Fpr = {Sps1} U{TIT - 0 < ¢ < p}.
Since L(X,41) = L(X, U {v,}) for every 0 < p < k, by convolution, we can define for
each 0 < p < k the family U, of functions from L(X U {v}) to L(X,) C L(X) defining
Upr = {TFH}, where T 2 L(E U {v}) — L(Z U {v}) is the identity map, and for
0<p<k

Z/{p: {FOG . GEUP+1,FEFP+1}.

With the previously mentioned definitions we can state a general partition theorem
for located words over a finite totally ordered alphabet (Theorem 1.2 below), which
unifies and extends the partition theorems for located words proved by Gowers in [G]
and Bergelson-Blass-Hindman in [BBH] (see Remark 1.4). This theorem follows from the
more general partition theorem for layered partial semigroups proved by Farah, Hindman,
McLeod in [FHM] (Theorem 3.13). For completeness, we present here a self-contained

proof of the special case of their theorem with which we are concerned in this paper.

Theorem 1.2 ([FHM]). Let k € N, ¥ = {ay,...,ax} be a finite alphabet and v ¢ ¥ a
variable. For every finite coloring L(X U{v}) = A;U---UA, of L(XU{v}), there exist
a sequence (wy)nen in L°(3;0) with wy, < wpyq1 for everyn € N and 1 < i, <r for every
1 <p<k+1 such that

Hi(wn,) % ... % Hy(wy,) € A;, N LY(3;0)

forevery N\ e N,ny <---<nyeN, H,...,Hy, € U];Z%Uq with T,fill € {Hy,...,Hy\},
and, for 1 <p <k,

Hyi(wp,) * ... % Hy(wn,) € A, N L°({ou, ..., ap_1}; ap)
for every N e N, my <--- <ny €N, Hy,...,Hy € Ui_ Uy with {Hy, ..., H\} NU, # 0.

A particular case of Theorem 1.2 gives the following:



Corollary 1.3. Let k € N, ¥ = {ay,...,ax} be a finite alphabet and v ¢ ¥ a variable.
For every finite coloring L(X;v) = Ay U---U A, of L(X;v) and every finite coloring
L(X)=C1U---UCs of L(X), there exist a sequence (Wy,)nen in L(X;v) with w, < w41
for everyn e N and 1 <15 <r, 1< jg < s satisfing

Hl(wm) x ... *H,\(wm) c Aio

Jor every X € N, Hy,....Hy € {T})™ : 0 < ¢ < k+1}U{SL, : 0 < q < k} with

k
Tkillzsl(c]—i-l e{Hy,...,H\}, n1 <---<nyeN, and

Hy(wy,) % ... % Hy(wy,) € Cj,

Jor every X € N, Hy,....Hy € {T)"" : 0 < q < k}U{SL, :1 < q < k} with
{Hy,....H\}n({T5:0<q <k}U{Sk1}) #0,n1 <--- <ny eN.

Remark 1.4. (i) The particular case of the previous corollary, where Hy,..., Hy €
{S’Z-'rl : 0 < ¢ < k}, is an equivalent reformulation, with the terminology of located
words, of Gowers partition theorem, proved in [G] (Theorem 5).

(ii) The particular case of the previous corollary, where Hy,..., Hy € {qu+1 0 <
qg < k + 1}, is a consequence of the partition theorem for located words proved by
Bergelson,Blass and Hindman in [BBH] (Theorem 4.1).

We are proceeding now to a proof of Theorem 1.2. Firstly, we will refer some fundamen-
tal known results about the left compact semigroups and we will prove Proposition 1.6,
which has central role in the proof of Theorem 1.2. Also, for completeness, we will

mention some basic notions about ultrafilters.

Left compact semigroups. A non-empty, left compact semigroup is a semigroup (X, +),
X # () endowed with a topology ¥ such that (X, %) is a compact Hausdorff space and
the maps f, : X — X with f,(z) = 2 + y for € X are continuous for every y € X.
Let (X,+) be a semigroup. An element = of X is called idempotent of (X,+) if
x 4+ x = x. According to a fundamental result due to Ellis ([El]), every non-empty, left
compact semigroup contains an idempotent. On the set of all idempotents of (X, +) is

defined a partial order < by the rule
T1 S Ty <= X1+ Ty =22+ 21 = 271.

An idempotent z of (X, +) is called minimal for X if every idempotent x; of X satisfing

the relation x; < x is equal to x.



In the following proposition are summarized some facts concerning to minimal idem-
potents (see [FK], [HiS]). We mention that a subset I of X is called two-sided ideal of
(X, +)if X+IClTand I+X C1.

Proposition 1.5. Let (X, +) be a non-empty, left compact semigroup.

(i) X contains an idempotent x1 minimal for X.
(ii) For every idempotent x of X there exists an idempotent x1 of X which is minimal
for X and x; < z.
(i) Every two-sided ideal of X contains all the minimal for X idempotents of X .
(iv) An idempotent x of X is minimal for X if and only if x is contained in the
smallest two-sided ideal of X .
(v) If x is a minimal idempotent for X and x1 + x (resp.x + x1) is an idempotent of

X, for some x1 € X, then x1 + x (resp. x + x1) is a minimal idempotent for X .

Now we will state and prove a result about minimal idempotents which has central role
in the proof of Theorem 1.2. An analogous result for idempotents (not necessarily mini-

mal) has be proved in [To] and also a similar result stated for layered partial semigroups
has be proved in [FHM].

Proposition 1.6. Let (X,+) be a non-empty, left compact semigroup, I C X be a
closed two-sided ideal of X and T : X — X be a continuous homomorphisms on X. If
TF = T* for some k € N, then for a given idempotent xo € T*(X) minimal for T*(X)
there exists an idempotent x € I minimal for X such that

(1) 2 <T(x) <--- <T*x) = 20, and

(2) T'(x) € TY(I) is a minimal idempotent for T*(X) for everyi € {1,...,k}.

Proof. We will prove it by induction on k. Let 7= T? and let an idempotent xo € T'(X)
minimal for 7'(X). Then T'(z¢) = xo. According to Proposition 1.5, there exists an
idempotent € I minimal for X with x < zg. Then T'(z) < T(z¢) = zo. Since x¢ is
minimal for T'(X), we have x < T'(x) = xo.

Assume that the result is true for some k > 1. Let T%+! = T%+2 and let an idempotent
ro € T*(X) minimal for T***(X). Set X; =T(X), I, = T(I) and T} : X; — X, the
restriction of T to X;. By the induction hypothesis, since TF = TF™!  there exists an
idempotent y € I; minimal for X; such that y < Ty) < --- < T*(y) = o and T'(y) is a
minimal idempotent for 7" (X) for every i € {1,...,k}.

Let Y = {z € T : T(z) = y}. Then Y and Y + y are non-empty, left compact

semigroups. Hence, Y 4y contains an idempotent 2o +y, with z5 € Y, minimal for Y +y.



Set © = y+ (20 +y). Then x € I is an idempotent of X, T'(z) = y and x < y. Also,
x is a minimal idempotent for X. Indeed, let x; be an idempotent for X with z; < .
According to Proposition 1.5, there exists an idempotent x5 € I minimal for X with
xe < 1 < x. Then T'(z3) < T(x) = y. Since y is a minimal idempotent for X, we
have that T'(z5) = y. Hence, xo € Y and consequently xo = 25 +y € Y + y. According
to Proposition 1.5(v), x is a minimal idempotent for Y + y, since zo +y € Y + y is a
minimal idempotent for Y +y and = = y + (20 + y) is an idempotent of Y + y with
y=y+y €Y +y. Since xy <z <z and xy €Y 4y, we have zo = = and consequently
that x; = x. O

Ultrafilters. Let X be a non-empty set. An ultrafilter on the set X is a zero-one finite
additive measure p defined on all subsets of X. The set of all ultrafilters on the set X is
denoted by SX. So, p € X if and only if

(i) u(A) € {0,1} for every A C X and u(X) =1, and

(i) w(AU B) = u(A) + u(B) for every A, B C X with AN B = 0.
For x € X is defined the ultrafilter p, on X corresponging a set A C X to pu,(A) =1
if r € A and p,(A) = 0if © ¢ A. The ultrafilters p, for x € X are called principal
ultrafilters on X. So, p is a non-principal ultrafilter on X if and only if u(A) = 0 for
every finite subset A of X. It is easy to see that for p € X and A C X with pu(A) =1
we have u(X \ A) =0, u(B) =1 for every B C X with A C B and u(AnN B) =1 for
every B C X with u(B) = 1.

The set 5X becomes a compact Hausdorff space if it be endowed with the topology T
which has basis the family {A* : A C X}, where A* = {u € X : u(A) = 1}. It is easy
to see that (AN B)* = A*NB* (AUB)* = A*UB* and (X \ A)* = X \ A* for every
A, B C X. We always consider the set X endowed with the topology .

Let a function 7' : X — Y. Then the function

BT : BX — BY with BT (u)(B) = w(T~Y(B)) for p € BX and BCY
is continuous.
If (X, +) is a semigroup, then a binary operation + is defined on X corresponding to
every p1, us € X the ultrafilter py + py € X given by
(1 +p)(A) =m{r e X:ups({ye X :x+y € A}) =1}) for every A C X.
With this operation the set X becomes a semigroup and for every p € X the function
T, : X — BX with T, (1) = 1 + p is continuous.

Hence, if (X, +) is a semigroup, then X becomes a left compact semigroup.



Proof of Theorem 1.2. Let k € N, ¥ = {ay,...,ax} be a finite alphabet and oy = v ¢
Y be a variable. We set Xy = L(X U {ag4+1}) the set of all the located words over
YU {aks1}, Vier = L(Z; agr1) € Xy the set of all the variable located words over
> with variable a4y and V2, = L°(2; ajq1) € Viyr. We endow the set X1y with an

operation + defining for w = wy, ... Wy, , U = Up, . .. U, € Xy the located word
W+ U=V ...V, € Xiy1,

where {ki,...,ks} = {n1,...,n. U {mq,...,my} and, for 1 < i < s, v; = w; if i ¢
{ma,...om}, vi=w if i € {n1, ... .}, Ui = Qmaxgpgy if Wi = oy, and u; = o for some
p,q €{1,2,....k+1}.
Observe that (Xjy1,+) is a semigroup and w + u = w x u for every w,u € Xy;1 with
w < u.

Since (Xg41,+) is a semigroup, 3Xy ;1 has the structure of a left compact semigroup

as described above. For every A C X, and w € X, we set
Ay ={ueA:w<u}and
0A = ({(Ap)* 1w € X1}

where (A,)* = {p € fXk+1 : p(Ay) = 1}
Claim 1 If A is a non-empty subset of X}, and satisfies

(i) w+u € A for every w,u € A with w < u and

(ii) for every n € N there exists u € A with n < min dom(u),
then A C A* is a non-empty left compact subsemigroup of X, and contains non-
principal ultrafilters on X 4.

Indeed, for every w € Xy the set (Ay)* = Xk \ (Xgr1 \ Ay)* is a compact subset
of BXk41 , so 0A is a compact subset of fX;;1. The set A satisfies property (ii), so for
every w € Xpy1, we have A, # () and consequently (A,)* # 0, since pu, € (A,)* for
u € A,. Also, according to property (ii), the family {(A,)* : w € Xjy1} has the finite
intersection property and consequently §#A # (). Since A satisfies property (i), (AA, +) is
a semigroup. Indeed, for py, pus € 0A and w € Xy
i x p2(Aw) = pr({ur € Ay p2({uz € Auru, tur +uz € Ay}) = 1}) =
— (€ Ay pa(Auian) = 11) = pn(Ay) = 1
Hence, A A is a non-empty left compact subsemigroup of Xy 1.

Let 1 < p < k+ 1. We denote by X, = L({o1,...,0,}) € Xj41 the set of all the
located words over the alphabet {ay,...,a,}, by V, = L({aa,...,ap-1}; ) € X, the



set of all the variable located words over the alphabet {a,...,®, 1} with variable a,
and we set V) = L°({o, ..., ap_1};05) € V. Finally, let X, = {0},

According to the Claim 1, 6.X,,0V,, QVPO are non-empty left compact subsemigroups of
BX 41 such that 9‘/;70 C 0V, C X, for every 1 < p < k+ 1. Moreover, «9‘/;)0 is a two sided
ideal of 60X, for every 1 < p < k+ 1. Indeed, for 1 <p < k+1, 3 € HV;)O, te € 0X,
and w € X1 we have
i p2(V)0) = (s € (V) pia({u2 € (X, )iy 1 + 1 € (V0)}) = 1)) =
(€ (V0w ia((Xphwsan) = 1) = (V) = 1 = pi2 % 11 (V0)u).

Notice that 60X, = {py} € BXk11 and that 60X, C 60X, C 08Xy for every 0 < p < k.

According to Definition 1.1, we have for every 1 < p < k + 1 the functions

Sp: Xp — Xpq,and TP : X, — X, 4 for every 0 < g < p.

Let T = Sy : X;, — X, be the identity map.

Let, 1 < p < k+1, S, : X, — BX, with 3S,(1)(4) = p((S,)"*(A)) for every
€ X, and A C X, and let S, : X, — 60X, the restriction of 35, to #.X,. Then S,
is the restriction of S;4; to 60X, and is a continuous homomorphism onto 6.X,_;. Also,
Se41(0Xy) = Sp(Xp) = 0X, 1, Spa(0V)) = 0V, for every 1 < p < k + 1. Indeed, for
1<p<Ek+1, p,pu €0X,and ACX,

Sp(pn * p2)(A) = ({ur € Xy po({uz € (Xp)uy : Sp(ur +ua) € A}) =1}) =

— ({1 € X+ ia({uz € (Xp)ay + Splur) + Sy() € A}) = 1}) = 8, ua) # Sy (1) (A).
Also, BSk+1(6X,) C 0X,_1, since for u € X, and w € Xy, we have

Bk 1 ()((Xp 1)) = #({u € (X, Sier(w) € (X, 1)u}) = p((X,)) = 1, and
0X,_1 C BSk41(0X,), since for p € 0X,_1, the family

F = {(Sk1)™ (A) € Xip1 1 A C X pA) = 1HU{(X,) 5w € X
has the finite intersection property. Indeed, for A C X} with pu(A) = 1 and w € X,
we have (AN (X,-1)w) = 1 and for v € AN (X,_1), there exists v € (X,,), with
Ski1(v) = u, so v € (Sks1) " H(A) N (Xp)w. Hence, there exists u; € 6Xy41 such that
p1(B) =1 for every B € F. Then py € X, and p = BSk11(p11)-

Analogously, can be proved that §Sk.1(0V,)) = 0V,) | for every 1 <p <k + 1.
Observe that S{i(p) = pg = Sp 7 (u) for all 4 € 0Xj41. So, according to Proposi-

tion 1.6, there exists an idempotent 1 € GVk0+1 minimal for 6 X, such that
(1) g1 < Skyr (pngr) < -+ < Spti(pksr) = pop, and
(2) Shyi(prgr) € SP(OV,) = OV, , is a minimal idempotent for SP(0 Xy 1) =
X1 forallpe {1,...,k+1}.



Let the functions T} : X, — (X, and let TH : 0X,, — 60X, the restriction of
BIY to 60X, forall 1 <p < k+1,0< g <p. Then T, are continuous homomorphism
onto 0.X, 1 and BTP(u) = p for every p € 0.X, 1. Indeed, for pui, s € 0X,, p € 0X, 1,
A C X, and w € Xy, we have:

(1) Th(p1 * p2)(A) = p({ur € Xy po({ue € (Xp)uy : Tj (w1 +ug) € A}) =1}) =
= pm({ur € Xy po({uz € (Xp)u, : Tf (ur) + T (u2) € A}) =1}) =
T () * Th1i2) (A),

(i) AT2(G)(Xp1)w) = 11 ({u € (Xp)u : TP() € (Xp1)a}) = (X)) = 1, and

(i) BT2(1)(A) = p({u € X1 : T2(u) = w € AY) = p(AN X, 1) = p(A).

As we have already proved, there exists an idempotent 1 € 0V, minimal for
0X}41 such that Siﬁfp (gs1) € 9‘/;,0 is a minimal idempotent for 6X, and Siji (pps1) <

Sy (1) forall p e {1,...,k 4+ 1}. We will prove that
(3) ¥ (SZE_”(MH)) = S’,Zﬁ_p(ukﬂ) for every p e {1,...,k+ 1}, 0 < g < p.

Indeed, let p € {1,...,k + 1}. Since T/ are continuous homomorphisms onto §.X,, ; for
every 0 < g < p, we have that T? (SZi}_p(MkH)) <T (Sl,:ﬁ_p(ukﬂ)) for every 0 < ¢ < p.
But ;11" (uks1) € 0V, C 60X, 1, hence T0(S;13 " (ter1)) = Spti "(ter1). Now,

since Szﬁfp(,ukﬂ) is a minimal idempotent for X, ;, we have that T? (S’,z:[}*p(ukﬂ)) =

Sp 1 " (i) for every 0 < ¢ < p.

In conclution, if F = {S,} U{TF : 0 < ¢q < p} for every p € {1,...,k + 1} and
Ui, = {Ti 0 U = {FoG:GelU,,,Fe F;,} forevery p € {1,...,k}, then there
exist idempotents fu1, fta, . . ., f41 of 0Xx41 such that p, € HV;,O is a minimal idempotent

for 6X, for every p € {1,...,k + 1} satisfing:

(1) ftp, + thpy = Hpy + py = Hmax{pr,po} fOr every 1 < py,py <k + 1, and

(2) ptp = H(ptgy1) for every He Uy, 1 <p <k + 1.
Let F, = {Sp} U{TP : 0 < g < p} for every p € {1,...,k + 1} and Upy, = {TFHY
U,={FoG:Gely,FeF,}foreverype{1,... k}
Claim 2 We will construct, by induction on n, the required sequence (wy,)pen in V2.
Since, Xj41 = Ay U--- U A,, there exist 1 < 4, < r such that j,(A;,) = 1 for every
1 <p<k+1 Then p,(A;, N V;;O) = 1. Starting with wy € V;2,, and B,; = A; N V;)O for
every 1 < p < k+1, can be constructed inductively an increasing sequence w; < wg < - - -
in V2, and k 4 1 decreasing sequences 4;, N V;,O DBy1 2By for1 <p<k+1,
such that for every n € N to hold:

(i) pp(Bpn) =1 for every 1 <p < k+1,
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(i) wy, € Bt1,n, and H(w,,) € By, for every 1 <p <k, H € U,
(i) Brsrnsr = {4 € (Birin)w, © Hi(w,) + Ha(u) € Byp, for Hy, Hy € Uit Uy,
{Hy, Hy} NUp1 # 0}, and, for 1 < p <k,
Byni1 =A{u € (Bpn)uw, : Hi(w,) +u € B,y forallk+1<q<p+1 H €U,
and Hy(w,) +u € By, for all Hy € J;_, Uy }.
The proof of Claim 2 follows from the properties (1), (2) of the idempotent ultrafilters.
The sequence (wy,)nen has the required properties. We will prove by induction on A
that

H1<wn1) + ...+ H)\<wn>\) € Bk—i—l,nl CA

= ‘ligq1

NVl

forevery A\é N,ny <---<ny €N, Hy,...,Hy € UkHL{qwith {Hy,...,H\} U1 # 0,

qg=1
and also that, for every 1 < p < k,

Hy(wn,) + ...+ Hx(wn,) € Byn, € Ay, NV

forevery A\e Nyn; <---<ny €N, Hy,...,Hy € Uf;:luq with {Hy, ..., Hy\} NU, # 0.

Indeed, for n; € N, we have T}/ (wn,) = wy, € Bpi1y, and Hy(w,,) € By, for
every 1 < p < k, Hy € U,. Assume that the accertion holds for some A > 1 and let
ng<---<ny<nyx1 € Nand Hy,...,Hy\, H\;1 € U’;juq.
Case 1. If there exists 1 < p < k + 1 such that Hy,..., H\,H\,1 € U’;:luq and
{Hy,...,Hyx;1} NU, # 0, then, according to the induction hypothesis, u = Ha(wy,) +
oot Hyp1(Wny,,) € Bpny € Bypyy1- Hence, Hy(wy,)+u = Hy(wy,)+. . .+ Hyp(wn,,,) €
Bpy, .
Case 2. If there exists 1 < p < k + 1 such that Hy,...,Hy,H)\y1 € UZZIUQ and
{Hy,...,Hxs1} NU, = 0, H € U,, then, let 1 < p; < p such that Hy,...,Hy, Hy11 €

L Uy and {Hs, ..., Hyi1} N Uy, # 0. According to the induction hypothesis, u =
Hy(wpy) + ...+ Hxi1(Wn, ) € Bp g € By, ny41. Hence, Hy(wy,) +u = Hy(wy,) + ...+
Hy1(Wn,,,) € Bpn,-

This finishes the proof. U

2. SETS OF SUBSTITUTIONS FOR VARIABLE LOCATED WORDS OVER A FINITE
ALPHABET

In this section we introduce the notion of sets of substitutions for variable located
words over a finite alphabet, in order to state and prove refined partition theorems for
variable located words (Theorem 2.3 below). These refined partition theorems can be

the starting points for proving Ramsey type partition theorems, corresponding to each
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countable ordinal, for variable located words, as we do in Section 3, and also Nash-
Williams type partition theorems for infinite sequences of variable located words, as we

do in Section 4.

Definition 2.1. Let ¥ = {ay,...,ax}, k € N be a finite non-empty alphabet and v ¢ ¥
a variable. We define a set of functions {Ry,..., Rr+1} to be a set of substitutions for
L(X U {v}) if, the functions
R;: L(XU{v}) — L(XEU{v}), for every 1 <i<k+1,

satisfy the following four properties:

(1) Ri(w*u) = R;(w) x R;(u) for every w,u € L(X U {v}) with w < u,

(2) Rgy1 is the identity function on L(X U {v}),

(3)ifn e Nand w e L(XEU{v}) with w: {n} — {v}, then R;(w) : {n} — {a;} for
every 1 <1 < k, and

(4) for every finite coloring L(3;v) = A; U---U A, of L(3;v) there exist a sequence
(Wn)nen In L(X;v) with w,, < wy4q for every n € N and 1 <y < r such that

Ri (wp,) % ... x Ry, (wn,) € Ay,

for every ny <--- <mny € Nand iy,...,iy C{1,2,...,k+1} with k+ 1 € {i1,...,i}.

If ¥ = (), then the set of substitutions for L({v}) is the set E(0) = {R;}, where Ry is
the identity function on L({v}).

Remark 2.2. Let ¥ = {ay, ..., }, kK € N be an alphabet and v ¢ ¥ a variable.
(i) According to Theorem 1.2, all the sets

{Hy,...,Hy1} C U’;ﬂ U,

such that, if n € Nand w € L(XU{v}) with w : {n} — {v}, then R;(w) : {n} — {a;}
— Tk+1

for every 1 < i <k, and Hy 4 SRR
(ii) The set
{(Sp)F 1 <i<k+1}
is a set of substitutions for L(3 U {v}) (Gowers substitutions).
(iii) The set
{TF:1<i<k+1},

is a set of substitutions for L(3 U {v}) (Bergelson,Blass,Hindman substitutions).
(iv) Let m e N, 1 <m < k and {ni,...,n,} € {1,2,...,k}. Then the set

(T i e {ny, oo, b F 1 U{(Sk) 7 01 <5 <n, ¢ {ny, ... ,nm}}
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is a set of substitutions for L(3 U {v}), according to Corollary 1.3.
(v) The sets of the form

{(Sk41)* o T L (Spya)* 0 TE (Se) 0 T

where 0 < p1,...,pr <k, 0<e€,...,6, <k—1and, if n € Nand w € L(X U {v}) with
w: {n} — {v}, then (Sk41)% o Tlfj“(w) :{n} — {a;} for every 1 < j <k, are sets of
substitutions for L(X U {v}).

Let X be a finite alphabet and v ¢ ¥. We denote by L>®(X;v) (resp. L<*(3;v)) the
family of all infinite (resp. finite) orderly sequences of variable located words over the
alphabet Y; thus

L=®(Z;0) ={w = (wy,...,w) €N, w; < -+ <w; € L(Z;0)} U{0}, and
L>*(3;v) = {W = (Wn)nen : wy, € L(3;v) and w,, < w41 ¥V n € N}

By substitution and concatenation of the words of a given orderly sequence of variable

located words we can extract new words and sequences.

Extractions of an orderly sequence of variable located words. Let X be a finite
alphabet with cardinality £ € NU{0}, v ¢ ¥ and {Ry, ..., Rx.1} be a set of substitutions
for L(XU{v}). For a given infinite orderly sequence @ = (w,,)neny € L™ (X;v) of variable
located words over ¥ are defined the set of extracted variable located words and the sets
of extracted finite and infinite sequences of variable located words of w as follows:
EL(W) = {u= Ry, (wy,) ... % Ry, (wn,) € L(Z;v) : A€ N,ny < -+- <ny €N,
1<iy,...,ix<k+land k+1€ {iy,...,ir}};

EL<*(W) ={u= (u1,...,u) € L~ U{v}):l € Nuy,...,u € EL(wW)} U {0}; and
EL>® (W) = {u = (un)neny € L>®(3;v) : u,, € EL(W) for every n € N}.
We write @ < o if and only if @ € FL*>(w) if and only if FL(«#) C EL(w). Notice that
W < € for every W € L<®(X;v), where € = (e,)neny With e, = v for every n € N.

Using the notion of extractions for a given set of substitutions for L(¥X U {v}), stroger

partition theorems for located words can be proved, according to the following theorem.

Theorem 2.3. Let 3 be a finite ordered alphabet of cardinality k € NU {0},v ¢ ¥
be a variable and {Ry,...,Rri1} be a set of substitutions for L(X U {v}). For every
finite coloring L(X;v) = Ay U ---U A, of L(X;v) and every infinite orderly sequence
W € L®(X;v) of variable located words over 3 there exist an extraction @ < W of W and
1 <y <r satisfing EL(@) C A, .
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Proof. There exist an one to one and onto correspondence between the set FL(w) of the
extracted variable located words of @, according to { Ry, ..., Rri1} and the set L(X;v),

which in case ¥ = {ay, ..., a4} for k € N is given by the function
¢ : L(¥;v) — EL(W) with

O(tn, - tny) = Ry, (wm)*. xRy, (wm), where i; = k+1ift,, =vandi; =pift,, = ap,
1<p<Ek, forevery 1 <j <A\
In case ¥ =0, for t,, ... tn, € L(Z;0) we set @t ... tn,) = Wy X ...k Wy, .

According to Definition 2.1 (4), there exist an infinite sequence t = (£, )pen in L(X;v)
with t, < t,,1 for every n € N and 1 < iy < r satisfing EL(Z) C (¢)~'(4;,).

Set u, = ¢(t,) € EL(wW) for every n € N and 4@ = (u,)nen. Then ¢ < @ and
EL(ii) C ¢(EL(t)). Hence, EL(i) C A, . O

Remark 2.4. (i) We can obtain refined partition theorems for variable located words,
appling Theorem 2.3 for the sets of substitutions referred to Remark 2.2(i).

(ii) A partition theorem stonger than Gowers’s partition theorem proved in [G] (The-
orem 5) can be proved appling Theorem 2.3 for the set of substitutions referred to Re-
mark 2.2(iii).

(iii) Bergelson, Blass and Hindman in [BBH] (Corollary 4.3) proved a result analogous

to Theorem 2.3 using the set of substitutions referred to Remark 2.2(iv).

3. PARTITION THEOREMS FOR FINITE SEQUENCES OF VARIABLE LOCATED WORDS
OVER A FINITE ALPHABET

Given a set of substitutions for the variable located words over a finite alphabet >, we
can prove Ramsey type partition theorems of every countable order £ (Theorem 3.5) for
the variable located words over X, extenting Theorem 2.3, corresponting to case & = 1,
to every countable order &.

Applying Theorem 3.5 for concrete sets of substitutions we get corresponding partition
theorems for finite sequences of variable located words over a finite alphabet ¥ of every
countable order. In particular, we can get an extension of Gowers partition theorem
(Theorem 5 in [G]) to every countable ordinal £, and an analogous extension to every
countable order & of Theorems 4.1 and 5.1 in [BBH] of Bergelson, Blass, Hindman,
corresponding to finite ordinals ¢ < w. Theorem 3.5 for ¥ = () has been proved in

[FN](Theorem 2.6).
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In order to state Theorem 3.5 we will need the definition of the system (L%(3;v))¢<w,
of Schreier families of finite orderly sequences of variable located words over a finite
alphabet 3. Instrumental for this definition is the recursive system (Ag)e<y, of thin
Schreier families of finite ordered sets of natural numbers given below, where (in case
3(iii)) the Cantor normal form of ordinals (cf. [KM], [L]) is employed.

We denote by [X]<“ the set of all finite subsets and by [X]S§ the set of all non-empty,

finite subsets of a set X. For sy, so € [N|S§ we write s; < s if max s; < min s,.

Definition 3.1 (The Schreier system, [F1, Def. 7], [F2, Def. 1.5] [F3, Def. 1.4]). For
every non-zero, countable, limit ordinal A choose and fix a strictly increasing sequence
(An)nen of successor ordinals smaller than A with sup, A, = A. The system (A¢)ecw, is
defined recursively as follows:
(1) Ag = {0} and A; = {{n} : n € N};
(2) Acy1 ={s € [NJS§ : s ={n} Us;, where n € N, {n} < sy and s; € A¢};
(31) Ays1 = {s € NSy : s = U, s, where n = mins;, s < -+ < s, and
S1y.eySn € Ays
(3ii) for a non-zero, countable limit ordinal A,
A ={s € [N]Sf : s € A,», with n = mins}; and
(3iii) for a limit ordinal £ such that w® < & < w*™! for some 0 < o < wy, if
£ =wp+Y ", wp,;, where m € Nwithm > 0, p,p1, ..., p, are natural numbers
with p,p1, ..., pm > 1 (so that eitherp > 1, orp=1and m > 1) and a,ay,. .., apn
are ordinals with a > a; > ---a,, > 0,
Ae ={s € [NJS§ : s = 5o U (U2, s5) with s, < -+ < 51 < 50, 50 =57 U---Us)
with s{ < --- < s) € Aga, and 5; = 55 U---Us) with s < -+ < s € Ay
V1<i<m}.

Definition 3.2 (The Schreier systems (L*(X;v))¢<y,)- Let X be a finite alphabet and
v ¢ . We define the families L¢(3;v) for every countable ordinal ¢ as follows:

LO(Z;v) = {0} ; and
for every countable ordinal £ > 1,

LS 0) ={w = (wy, ..., wg) € L=°(Z;0) : {mindom(w;), ..., mindom(wy)} € A¢}.

Remark 3.3. (i) L(3;v) € L<®°(X;v) and () ¢ L5(X) for every & > 1.
(ii) For k € N
LE(S;0) = {(wy,...,wg) twy < -+ <wy € L(3;0)}.
(iil) L¥(Z;0) = {(wy, ..., w,) € L<*®(Z;v) : n € N, and min dom(w;) = n}.
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The following proposition justifies the recursiveness of the system (L%(3;0))¢<w,-
For a family F C L<*(X U {v}) and a located word t € L(X U {v}), we set
F(t) ={w e L<°(Z U {v}) : either w = (wy,...,w;) # 0 and (¢, wy, ws,...,w;) € F
orw={ and (s) € F},
F —t={w € F:either w= (wy,...,w;) # 0 and t < wy, or w = (}.

Proposition 3.4. For every countable ordinal & > 1, there exists a concrete sequence
(&n) of countable ordinals with &, < & such that for every finite alphabet 2, t € L(3;v),
with min dom(t) = n,
LE(350)(t) = L5 (3;0) N (L=2(;v) — t).
Moreover, &, = C for everyn € N if £ = (+1, and (&,) is a strictly increasing sequence

with sup,, &, = £ if € is a limit ordinal.

Proof. 1t follows from Proposition 1.6 in [F3], according to which for every countable
ordinal £ > 0 there exists a concrete sequence (§,) of countable ordinals, with &, < &,
such that A¢(n) = A, N[{n+1,n+2,...}]< for every n € N, where,

Ae(n) ={s € [N][*¥:s € [N|Sf,n <mins and {n}Us € A¢ or s =) and {n} € A¢}.
Moreover, &, = ( for every n € N if £ = ( + 1, and (&,) is a strictly increasing sequence

with sup,, &, = £ if £ is a limit ordinal ([
The principal result of this Section is the following:

Theorem 3.5 (Exteded Ramsey type partition theorem for located words ). Let & > 1 be
a countable ordinal, ¥ be a finite ordered alphabet of cardinality k € NU{0},v ¢ ¥ be a
variable and {Ry, ..., Ryi1} be a set of substitutions for L(X U {v}). For every family
F C L=>®(3;v) of finite orderly sequences of variable located words over ¥ and every
infinite orderly sequence W € L*®(X;v) of variable located words over ¥ there exists an

extraction @ < W of W over ¥ such that
either L5(3;0) N EL<>®(@) C F, or L8(3;v) N EL<*®(@) C L<*°(3;v) \ F.

For the proof of Theorem 3.5 we will make use of a diagonal argument, contained in

the following Lemma 3.6.

Notation. Let ¥ be a finite ordered alphabet of cardinality £ € NU{0} and v ¢ ¥. For
W = (Wy)neny € L=(X;v), s € L(X;v) and s = (s1,...,5) € L<°(%;v), we set
— 8= (Wp)p>1 € L®(3;v), where [ = min{n € N: s < w,},

g

—

—S=w — ;.

g
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for a given set { Ry, ..., Rx41} of substitutions for L(XU{v}) we define the set of extracted
variable located words of s as follows:
EL(s) ={u=Ri(sp,) *...x Ri\ (5n,) € L(Z;0) : 1 <y < -+ <y <

and 1 <iy,...,0, <k+1}

Lemma 3.6. Let X be a finite ordered alphabet of cardinality k € NU{0},v ¢ X be a
variable, { Ry, ..., Re11} be a set of substitutions for L(XU{v}), W = (wn)neny € L= (2;v)
an infinite orderly sequence of variable located words over X and
II={(w,3):we L(3;v), §= (Sp)nen € L>®(X;v) with § < W and w < s,V n € N}.
If a subset R of 11 satisfies

(i) for every (w,s) € I1, there exists (w, 51) € R with §) < §; and

(i) for every (w,8) € R and §; < §, we have (w, §1) € R,

then there exists U < W, such that (w,s) € R for all w € EL(W) and § < 4 — w.

Proof. Let ug = w;. According to condition (i), there exists 51 = (s.)nen € L=®(Z;0)

with § < @ — uy such that (ug,51) € R. Let u; = si. Of course, vy < wu; and
ug, uy € EL(wW). We assume now that there have been constructed 51, . .., 35, € L>®(Z;v)
and ug, Uy, ..., u, € EL(W), with §, < -+ <& < W, ug <uy < -+ <u,and (s,5) € R

forall 1 <i<n,se EL((ug,...,ui-1)).

We will construct 8,.1 and u,+1. Let {t1,...,tx} = EL((ug,...,u,)). According to
condition (i), there exist 5% ,..., 5% ; € L>(3;v) such that 8%, < -+ < 5 | < §,—u,
and (t;,8,,,) € R for every 1 < i < k. Set 5,41 = .. If S0 = (s0)nen, set
Uppr = 7T Of course u, < Uny1, Unsy € FL(W) and, according to condition (ii),
(ti, 8py1) € Rforall 1 <i<k.

Set @ = (ug,uy,us,...) € L®(3;v). Then @ < o, since ug < uy; < ... € EL(W).
Let w € EL(W) and § < @ —w. Set ng = min{n € N : w € EL((ug,u1,...,u,))}
Since w € EL((ug,u1,...,Up,)), we have (w,Spy41) € R. Then, according to (ii), we
have that (w,d — u,,) € R, since @ — Up, < Sp,+1, and also that (w,3) € R, since

§<U—=Upy =U—w. O

Proof of Theorem 3.5. For & = 1 the theorem holds, according to Theorem 2.3. Let
¢ > 1. Assume that the theorem is valid for every ( < £. Let F C L<*(X;v) and
W e L>®(X;v). It € L(X;v) with mindom(t) = n and § = (8,)nen € L®(XZ;v) with
§ < ), then, according to Proposition 3.4, there exists &, < £ such that

LE(Z;0)(t) = Lo (35 0) N (L<°(350) — ).
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Using the induction hypothesis, there exists §; € L*(X;v) with §; < § such that

either L& (X;v) N EL<®(8;) C F(t), or L (Z;0) N EL<%(5;) C L<®(%;v) \ F(t).
Set 5, = §; —t. Then §; < §; < § < ), and

either L8(X;v)(t) N EL<*°(8,) C F(t), or L5(Z;0)(t) N EL<“(5;) C L<®(%;0) \ F(t).
Let R ={(t,5) : t € L(X;v), §= (Sp)neny € L®(X;v) with § <@, t < s,V n €N, and

either L&(2;v)(t) N EL<>®(5) C F(t), or L*(3Z;0)(t) N EL<(8) C L<=(Z;v) \ F(t)}.
The family R satisfies the conditions (i) (by the above arguments) and (ii) (obviously)
of Lemma 3.6. Hence there exists @; < w such that (¢,5) € R for all t € EL(4;) and
§<1u; —t.
Let Fy = {t € EL(i0;) : L*(3;v)(t) N EL<>°(1i; —t) C F(t)}.
We use the induction hypothesis for £ = 1 (Theorem 2.3). Then there exists a variable
extraction @ < ; of u; such that

either EL(u) C Fy, or EL(u) C L(3;v) \ Fi.
Since 4 < ©; we have that FL(4) C EL(i;), and, consequently, that (¢,4 —t) € R for
all t € EL(@). Thus

either L¢(3;v)(t) N EL<®(i —t) C F(t) for all t € EL(1),

or L&(3;0)(t) N EL<*°(ii — t) C L<®°(X%;v) \ F(t) for all t € EL(@).
Hence,

either LE(S;v) N EL<®() C F, or LE(X;v) N EL<®(@) € L<%(Z;v) \ F. 0

The particular case of Theorem 3.5, where £ is a finite ordinal, has the following

statement:

Corollary 3.7 (Ramsey type partition theorem for variable located words). Let k € N, ¥
be a finite ordered alphabet of cardinality k € NU{0},v ¢ ¥ be a variable, { Ry, ..., Ri41}
be a set of substitutions for L(X U {v}) and @ € L®(X;v) an infinite orderly sequence
of variable located words over ¥. For every finite coloring L¥(3;v) = Ay U--- U A, of

L*(3;v) there exist an extraction @ < W of @ over X and 1 < iy < r such that

{(tl, .. ,tk) € L<OO(Z,U> : tl, ce ,tk S EL(?I)} g Aio-

4. PARTITION THEOREMS FOR SEQUENCES OF VARIABLE LOCATED WORDS

The main result of this Section is Theorem 4.13 which strengthens Theorem 3.5 in
case the partition family is a tree. Specificaly, given a partition family F C L<*°(3;v)
of finite orderly sequences of variable located words over a finite alphabet ¥, a set of

substitutions for L(X U {v}), an infinite orderly sequence w € L*(X;v) of variable
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located words over ¥ and £ < wy, Theorem 3.5 provides no information on how to decide
whether the homogeneous family L(X;v) N EL<*®(@) falls in F or in its complement,
while Theorem 4.13 in case the partition family F is a tree provides a criterion, in terms
of a Cantor-Bendixson type index of F, according to which we can have such a decition.

As a corollary of Theorem 4.13 we have a partition theorem for infinite orderly se-

quences of variable located words (Corollary 4.15) for each set of substitutions.

Notation. A finite orderly sequence w = (wy,...,w;) € L<*®°(X U {v}) is an initial
segment of u = (uy,...,ux) € L<®°(X U {v}) iff | < k and w; = u; for every i = 1,...,1
and w is an initial segment of 4 = (u,)neny € L¥(X U {v}) if w; = w; foralli=1,... 1.
In these cases we write w o< u and w  , respectively, and we set u\w = (w11, ..., ux)

and 4\ w = (up)p>i-

Definition 4.1. A family F C L<*(3;v) is thin if there are no elements s, t € F with
s#tand s x t.

Proposition 4.2. Every family L¢(3;v), for £ < wy is thin.
Proof. 1t follows by induction on &. O

Proposition 4.3. Let £ be a nonzero countable ordinal number, X a finite alphabet and
v &Y . Then

(i) every infinite orderly sequence § = (sp)nen € L>(X;v) of variable located words
has canonical representation with respect to L*(X;v), which means that there exists a
unique strictly increasing sequence (My)neny i N so that (si,...,8m,) € L5(3;v) and
(Smp_y41s - -+ Smy) € LE(3;0) for every n > 1; and,

(i1) every nonempty finite orderly sequence s = (s1,..., ;) € L<*°(X;v) has canonical
representation with respect to LE(X;v), which means that either s € (L5(3;v))*\ L*(3;v)
or there exist unique n € N, and mq,...,m, € N withmy; < ... <m, <k so that
either (81, .., 8my )+ (Smy 141+ Sm,,) € L5(3;v) and m,, = k,

01 (8153 Smy )y (Sm1a1y -y Smy) € LE(Z50), (Smptts - - -5 8k) € (L5(Z;0))*\LE(Z;v).

Proof. 1t follows from the fact that every nonempty increasing sequence (finite or infinite)
in N has canonical representation with respect to Ag (cf. [F3], Theorem 1.14) and that
the family L¢(3;v) is thin (Proposition 4.2). O

Definition 4.4. Let X be a finite, non empty alphabet, E(3) a set of substitutions for
L(XU{v}) and F C L<®(%;v).
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(i) F* = {t € L=>°(3;v) : t < s for some s € F} U {0}.

(ii) Fis a tree if F* = F.
(iii) F. = {t € L=>°(%;v) : t € FL(s) for some s € F} U {0}.
(iv) F is hereditary if F,, = F.

Now, using Proposition 4.3, we will give an alternative description of the second horn

of the dichotomy, proved in Theorem 3.5, in case the partition family is a tree.

Proposition 4.5. Let £ > 1 be a countable ordinal, ¥ a finite alphabet, v ¢ ¥, E(X) a
set of substitutions for L(X U {v}), F C L<*®(3;v) be a tree and @ € L= (X;v). Then
LE(3;0) N EL<° (@) C L<®°(Z;v) \ F if and only if
FNEL>®(@) C (L5(Z;0))* \ LS (35 v).

Proof. Let L*(X;v) N EL<>®(@) C L<®(X;v) \ F and s = (s1,...,5;) € F N EL<®(q).
Then s has canonical representation with respect to L*(3;v) (Proposition 4.3), hence
either s € (L5(3;v))* \ L8(3;v), as required, or there exists s; € L%(¥;v) such that
s; o« s. The second case is impossible. Indeed, since F is a tree and s € F N EL<>(1),

we have s; € F N EL<®(d) N L*(3;v); a contradiction to our assumption. Hence,
FNEL<®(@) C (L5(Z;0))* \ LS(3;v). O

Definition 4.6. Let ¥ be a finite alphabet and v ¢ . We set D = {(n,a) : n €
N,a € ¥ U {v}}. Note that D is a countable set. Let [D]<“ be the set of all finite
subsets of D. Identifying every s € L<*(3;v) and every § € L*(X;v)) with their
characteristic functions zs € {0, 1}/PI™ and zy € {0,1}P1™ respectively, we topologize
the sets L<°(X;v), L®(X;v) by the topology of pointwise convergence (equivalently by
the product topology of {0, 1}PI™). So, if o(s) = {s1,...,5,} forevery s = (sy,...,5;) €
L=®(%;v),0(8) = {s, : n € N} for every § = (8,)neny € L®(X;v) and o(D) = (), then
a family F C L<°(%;v) is pointwise closed iff the family {x, ) : s € F} is closed in
{0, 1}PI** with the topology of pointwise convergence and a family U C L>®(Z;v) is

pointwise closed iff {,z : § € U} is pointwise closed in {0, 1}P1™,

Proposition 4.7. Let 3 be a finite alphabet and v ¢ 3.

(i) If F C L=°(X;v) is a tree, then F is pointwise closed if and only if there does not
exist an infinite sequence (Sp)nen in F such that s, < s,11 and s, # S,41 for alln € N,

(i) If F C L=*(X%;v) is hereditary, then F is pointwise closed if and only if there does
not exist § € L*(X;v) such that EL<*(5) C F.

(iii) The hereditary family (LS (3; v)NEL<*°(3)), is pointwise closed for every countable
ordinal § and § € L™ (X;v).
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Proof. This follows directly from the definitions (for details cf. [FN], Proposition 3.11).
O

Definition 4.8. Let ¥ be a finite alphabet and v ¢ ¥, F(X) be a set of substitutions
for L(X U {v}), F C L<>(X3;v) be a hereditary and pointwise closed family, and § €
L>(3;v). For every £ < wy we define the families (F )g inductively as follows:
As={t € EL(3) : (s1,..., Sk, t) & F} for every s = (s1,...,8¢) € F N EL<¥(S) and
Ay ={t € EL(3): (t) ¢ F}.
We set
(Fli={s€ FNEL~“(3)U {0} : As does not contain an infinite orderly sequence }.

It is easy to verify that (F)! is hereditary, hence pointwise closed (Proposition 4.7). So,
we can define for every £ > 1 the &-derivatives of F recursively as follows:
(J:)g.Jrl = ((]—“)é)é for all ¢ < wy, and
(F)% = Ngee(F)Z for € a limit ordinal.
The strong Cantor-Bendixzson index sOz(F) of F on §'is the smallest countable ordinal
¢ such that (F)%=0.

Remark 4.9. Let Fi, Ry, C L<>°(%;v) be hereditary and pointwise closed families, F'(X)
be a set of substitutions for L(X U {v}) and § € L*(3;v).

(i) sOg(F1) is a countable successor ordinals less than or equal to the “usual” Cantor-
Bendixson index O(F;) of F into {0, 1}PI™ (cf. [KM]).

(i) sOz(F1 N EL<>(3)) = sOz(Fy).

(iii) sO(F) < sO4(Ry) if F1 C Ry

(iv) If s € (F1)5 and 5, < 5, then s, € (fl)gﬁ for every s; € EL<>(§}) with o(s;) =
o(s) N EL(5)), since EL(5;) C EL(S).

(v) If 5 < 8, then sOz, (F1) > sOz(F1), according to (iv).

(vi) If 0(51) \ o(3) is a finite set, then sOgz, (F1) >sOz(F1).

Proposition 4.10. Let ¥ be a finite alphabet, v ¢ ¥, E(X) a set of substitutions for
L(XU{v}), §€ L>®(X;v) and £ < wy be an ordinal.
I[f 5 < 3, then sOs, ((Lf(z; v) N EL<“’(§))*> —E4 1

Proof. Let 51 < 5. For every s € EL(S) with mindom(s) = n we have, according to
Proposition 3.4, that

(L5(3;0) N EL<°(5))(s) = L (3;v)) N EL<®(§ — s) for some &, < &.
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The family (L$(X;v) N EL<¥(5)), is hereditary and pointwise closed (Proposition 4.7).
We will prove by induction that ((Lg(E;U) N EL<°O(§'))*>Z1 = {0} for every & < w.
Of course, (L'(3;v) N EL<*(5)), = {(s) : s € EL(5)} U{0}. Thus we have that
(A 0) N EL=(E).) | = {0}

¢
Let £ > 1 and assume that ((Lg(E;v) N EL<°O(§'))*>ﬁ = {0} for every { < £ and
51 < §. Hence, for every s € FL(§;) with mins = n and §11 < § we have that

((Lﬁ(z; v) N EL<°°(§*))(5)*> 6

((Lfn(E; V)N EL<®(5 — 5))*>§1 = {0}.
This gives that (s) € <<L£<Z;U) N EL<°°(§'))*>£:L. So, 0 € <(L5(Z;v) N E’L<°°(§))*>i ;
NG

én

—

51

51

since if £ = (+1, then (s) € ((LE(Z; U)ﬁEL<°°(§'))*) for every s € EL(5;) and if  is a

S1

én
limit ordinal, then () € ((Lé(E; v)N EL<°°(§'))*) _ for every n € N and since sup &, = ¢.

1

S1

3
If {0} # <(L€(Z;’U) N EL<°°(§))*> for 5 < §, then there exist § < §; and s €

EL(5) such that ((Lf(z; v) N EL<°’(§))(3)*>£

—

3
= (T (S0 N EL==(E = 5)).) . #0

59 51
(see Lemma 2.8 in [F4]). This is a contradiction to the induction hypothesis. Hence,

3
<(L£(Z;’U) N EL<°°(§))*># = {0} and sOz ((L5(Z;v) N EL<*°(5)),) = £ + 1 for every
£ < wi. 1 0
Corollary 4.11. Let &1,& be countable ordinals with & < & and W € L*>°(3;v). Then
there exist ) < @ such that (L% (3;v)), N EL<®(u}) C (L2(Z;v))*\ L2 (3;0).

Proof. Of course the family (L5 (X;v)), € L<®(X;v) is a tree. According to Theorem 3.5
and Proposition 4.5 there exists u; < w such that:

either L82(X;0) N EL<>®(u}) C (L (3;0))s,

or (L5(%;v)), N EL<*°(uy) C (L&2(3;0))* \ L2 (35 v).
The first alternative is impossible, according to Proposition 4.10. Indeed, & + 1 =
Oz ((L2(Z;0) N EL<®(u1)),) < sOz((L5(Z;v))4) = & + 1, a contradiction. O

Definition 4.12. Let F C L<*°(3;v) be a family of finite orderly sequences of variable
located words over a finite alphabet ¥ and E(X) a set of substitutions for L(X U {v}).
The family 7, = {s € F : EL(s) C F} U {0} is the largest subfamily of F U {0} which

is hereditary.

The following theorem extends Theorem 3.5 in case the partition family is a tree.
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Theorem 4.13. Let X be a finite alphabet, v ¢ X, E(X) a set of substitutions for
L(XUA{v}), F C L<*(X;v) a tree of finite orderly sequences of variable located words
over 3, and W € L*™(X;v) an infinite orderely sequence of variable located words over ..
Then we have the following cases:
[Case 1] The family Fy, N EL<®(W) is not pointwise closed.

Then, there exists i < W such that EL<>(4) C F.
[Case 2] The family Fy, N EL<®(W) is pointwise closed.

Then, setting (% = sup{sOz(F) : @ < W}, which is a countable ordinal, the following

subcases obtain:
2(1) If €+ 1 < L, then there exists @ < W such that
LE(3S;v) N EL<> (@) C F ;

2(il) if E+ 1> &> (L, then for every Wy < W there exists © < W such that
LE(S;0) N EL<°(@) C L<°(Z;v) \ F;
(equivalently F N EL<>(w) C (L*(3;0))* \ L(Z;v)) ; and
2(iii) if €+ 1= or & = (L, then there exists @ < W such that
either L*(Z;0) N EL<®°(@) C F or L*(3;v) N EL<™®(@) C L<®(Z;v) \ F.

Proof. [Case 1] If the hereditary family F, N EL<*(w) is not pointwise closed, then,
there exists @ € L*™(X;v) such that EL<*®(d) C F, N EL<>®(w) C F, according to
Proposition 4.7. Of course, 4 < .
[Case 2] If the hereditary family JF;, N EL<*°(w) is pointwise closed, then 7 is a count-
able ordinal, since the “usual” Cantor-Bendixson index O(F;) of F, into {0, 1}[P1™ is
countable (Remark 4.9(i)) and also sOgz(F,) < O(Fy) for every @ < 1.

2(i) Let £ +1 < ¢Z. Then there exists @; < w such that £ + 1 < sOz, (F3,). According
to Theorem 3.5 and Proposition 4.5, there exists 4 < u; such that

either L¢(X;v) N EL<*(u) C F, C F,

or Fi 1 EL=(a) € (14(S:0))* \ LE(%50) € (L4(550))° € (LE(S50))..
The second alternative is impossible. Indeed, if F, N EL<®(#) C (L5(%;v))., then,
according to Remark 4.9 and Proposition 4.10,

sOg, (F1) < s0a(F) = s0z(F, N EL<>®(@0)) < s0z((L8(Z;0)).) = €+ 1;
a contradiction. Hence, L8(X;v) N EL<®(%) C F.

2(ii) Let £+ 1 > ¢ > ¢% and w; < w. According to Theorem 3.5, there exists uj <
such that
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either LS (2;0) N EL<(w,) C Fp, or L& (X;0) N EL<®(u}) C L<°(%;0) \ Fi.
The first alternative is impossible. Indeed, if L& (3;v)NEL<*®(ud;) C Fp, then, according
to Remark 4.9 and Proposition 4.10, we have that

G+ 1= 50, (L (i) N BLS(i).) < s0g, (Fa) < &

a contradiction. Hence,
(1) LS (E v) ﬂEL<°°( 1) C L<°°(Z )\ Fp .

According to Theorem 3.5, there exists @ < w; such that

either L(X;v) N EL<>®(w) C F, or L&%;v)NEL (i) C L<®(Z;v)\ F.
We claim that the first alternative does not hold. Indeed, if L¢(X; v)NEL<*°(@) C F, then
(L5(3;v) N EL<>=(@))* C F* = F. Using the canonical representation of every infinite
orderly sequence of variable located words with respect to L$(X;v) (Proposition 4.3) it
is easy to check that

(L8(S;0))" N EL=(i0) = (L&(X;0) N EL<(iD))*
Hence, (Lf(E'U)) NEL<®(u) C F.

Since ¢ > ¢Z, according to Corollary 4.11, there exists ¢ < @ such that

(L<£(2,v))* NEL<®(t) C (L&(Z;0))* N EL<®(d) C F.
So, (L% (2;v)), N EL<®(f) C F,. This is a contradiction to the relation (1). Hence,
LE(3;0) N EL< (@) C L<®°(Z;v) \ F and F N EL<*°(@) C (L5(3Z;0))* \ L(Z;v).

2(iii) In the cases (% = &+ 1 or (% = ¢, we use Theorem 3.5. OJ

The following immediate corollary to Theorem 4.13 is more useful for applications.

Corollary 4.14. Let F C L<“(3;v) which is a tree, E(X) a set of substitutions for
L(XU{v}), and let w € L>*(3;v). Then
(i) either there exists U < W such that EL<*(u) C F,
(ii) or for every countable ordinal & > (% there exists @ < Wy, such that for every
i, < @ the unique initial segment of Wy which is an element of L%(X;v) belongs
to L=°(%;v) \ F.

Theorem 4.13 implies the following theorem, which provides us with a partition theo-

rem for infinite orderly sequences of variable located words for each set of substitutions.

Theorem 4.15 (Partition theorem for infinite orderly sequences of located words). Let ¥
be a finite alphabet, v ¢ ¥, E(X) a set of substitutions for L(X U{v}). IfU C L®(X;v)
1s a pointwise closed family of infinite orderly sequences of variable located words and

w e L>®(X;v), then there exists 4 < W such that
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either EL>®(u) CU, or EL® (1) C L*(X;v) \U.

Proof. Let Fyy = {s € L<>°(%;v): there exists § € U such that s  §}. Since the family
Fu is a tree, we can use Corollary 4.14. We have the following two cases:

[Case 1] There exists @ < w such that EL<*(%) C Fyy. Then, EL>®(#) C U. Indeed, if
§= (Sn)nen € EL™(1), then (s1,...,s,) € Fy for every n € N. Hence, for each n € N
there exists 3,, € U such that (si,...,s,)  §,. Since U is pointwise closed, we have that
§ € U and consequently that EL> () CU.

[Case 2] There exists @ < w such that for every @; < u there exists an initial segment of
@, which belongs to L<>°(%;v) \ Fy. Hence, EL>*(5) C L>*(3;v) \ U. O

Theorem 4.15 for the traditional mode of substitution, proved by a different approach
by Bergelson, Blass and Hindman in [BBH| (Theorem 6.1), while Theorem 4.15 in the
particular case where 3 = () proved by an analogous approach in [FN] (Corollary 4.10).

5. THE CHARACTERIZATION OF RAMSEY PARTITIONS OF THE SET OF INFINITE
SEQUENCES OF VARIABLE LOCATED WORDS

As a consequence of Theorem 4.13 we will state and prove, in Theorem 5.2 below, a
stronger partition theorem than Theorem 4.15 for infinite orderly sequences of variable
located words over a finite alphabet according to a given set of substitutions, involving an
Ellentuck topology Tg on the space L“(X; v) depended of the given set of substitutions.

A simple consequence of Theorem 5.2 (together with Corollary 5.5) is the character-
ization of completely Ramsey partitions of L¥(X;v) for a given set of substitutions in
terms of the Baire property in the relating topology Tg.

We define below the topology g on L“(3;v) for a given set of substitutions for
L(X U {v}), an analogue of the Ellentuck topology on N defined in [E].

Definition 5.1. Let X be a finite alphabet, v ¢ 3 and E(X) a set of substitutions for
L(XU{v}). We define the topology T on L¥(X;v) as the topology with basic open sets
of the form:
5,5 ={t € L*(%;v) :soct and t—s <35},
where s € L<¥(X;v) and § € L¥(3;v).
The topology T is stronger than the relative topology of L“(X;v) with respect to
the pointwise convergence topology of {0, 1}1P 1= which has basic open sets of the form

[s,é] = {t € L*(3;v) : s oc L} where &= (e,)nen With e, = v for every n € N.
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We denote by U and U the closure and the interior respectively of a family U C
L¥(%;v) in the topology Tg. Then it is easy to see that

U={5ecL;v):[s,8NU#D for every s 5} ; and
U® ={5c L*(X;v) : there exists s oc § such that [s,5] CU} .

Ifs=(s1,...,8,) € L=¥(Z;v) and t = (t1,...,t) € L=¥(X;v) with s < t1, then we
set sOt = (s1,...,8kt1,...,tx) € L=9(Z;0).

Theorem 5.2. Let X be a finite alphabet, v ¢ ¥, E(X) a set of substitutions for L(X U
{v}), U C L¥(3;v), s € L<¥(X;v) and @ € L¥(3;v). Then

either there exists i < W such that [s, ] C U,

or there exists a countable ordinal & = C(L;w) such that for every & > &y there
exists @ < W —s with [s ® t, 1] C L¥(X;v) \U for every t € LE(Z;v) N EL<“ ().

We will give the proof after the following lemma which is analogous to Lemma 3.6.

Lemma 5.3. Let 3 be a finite alphabet, v ¢ ¥, E(X) a set of substitutions for L(XU{v}),
R C{[s,5] :s € L<¥(Z;v) and § € L¥(X;v)} with the properties:
(i) for every (s, §) € L<¥(3;v) x L¥(X;v) there exists §1 < § such that [s, §1] € R; and
(i1) for every [s, 5] € R and §1 < § we have [s, 51] € R.
Then, for every (s, W) € L<(%;v)x L¥(Z; v) there exists i € [s, W] such that [sOt,1] € R
for every t € EL<“(il —s) and t < il — s.

Proof. Lets = (s1,...,s;) € L<¥(3;v) and W € L¥(X;v). We can assume that @—s = .
According to the assumption (i), there exists §; < @ such that [s, 5] € R. Assume that
Sp < +-- <81 € L¥(3;v) have been constructed and §,, = (s}');en for every n € N.

Set {ti,...,t,} = VEL<“((s},...,s!)). According to (i), there exist S}, < 8, — s
such that [s ® t1,5), 4] € R, 52,4 < &, such that [s ® t5,5,,,] € R, and finally
ST =831 =5, —ssuch that [s®t,,5,,] € R. Set 511 = 5y = (s/")ien. Then,
according to (ii), [s ® t;, §,41] € R for every 1 <i <.

Set @ = (S1,..., 58k, 51,85,...) € L¥(3;v). Then @ € [s,w]. Let t € EL<“(u — s) with
t#0. fng=min{n e N:t € VEL<“((s],...,s"))}, then [s®t, 8,21] € R. According

to assumption (ii), [s © t,% — s;0] € R. Hence, [sOt, 4] = [sOt, 4 —sp°] € R. If t = 0),
then [s, 51] € R, hence [s,u] € R. O
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Proof of Theorem 5.2. Let U C L¥(X;v), s € L<¥(X;v) and @ € L¥(X;v). Set
Ry ={[s, 5] : (s,8) € L=¥(3;v) x L*(X;v) and
either [s,5]NU =0 or [s,5]NU#D for every 3 < 35} .

It is easy to check that Ry satisfies the assumptions (i) and (ii) of Lemma 5.3, hence,
there exists W) € [s, W] such that [s ® t, @] € Ry for every t € EL<¥(w; — s). Set

F={t e EL<¥(W, —s): [s O t, W] NU # O for every wy < W} .

The family F is a tree. Indeed, let t € F and t; o t. Then [s ® t1,7;] € Ry,
since t; € EL<“(w; —s). So either [s ® t1,w;] NU = @ which is impossible, since
[sOt,dh]|NUF#D, or [s© ty, Wy NU # ) for every Wy < w. Hence, t; € F.
We use Theorem 4.13 for F and w; —s. We have the following cases:

[Case 1] There exists @ < w; —s < @ such that EL<“(@) C F. This gives that
[s©t, @] NU D for every t € EL<“(@) and @ < @, which implies that [s, @] C U.
[Case 2] There exists a countable ordinal &, = Cg,w) such that for every £ > &, there exists
@ < W —s < wW—s with L&(Z; 0v)NEL<¥ (@) C L<(3;v)\F. Then [sxt,u] C L¥(Z;v)\U
for every t € L8(XZ;v) N EL<*(q). O

Applying Theorem 5.2 to partitions U of L¥(¥;v) that are closed or meager in a
topology Tg relating to a set of substitutions for L(3 U {v}), we consider the following

consequences.

Corollary 5.4. Let X be a finite alphabet, v ¢ ¥, E(X) a set of substitutions for L(¥X U
{v}), U be a closed, in the relating topology ¥, subset of L¥(3;v), s € L<¥(X;v) and
w e LY(3;v). Then

either there exists U < W such that [s,u] CU,

or there exists a countable ordinal & = ng), such that for every & > & there exists
@ < W — s such that [s ® t,1d) C LY(X;v) \U for every t € LE(Z;v) N EL<“ ().

Corollary 5.5. Let 3 be a finite alphabet, v ¢ X, E(X) a set of substitutions for L(¥ U
{v}), U be a subset of L¥(X;v) meager in the relating topology Tg, s € L<¥(X;v) and
w € L¥(3;v). Then, there exists a countable ordinal & such that for every & > &y there
exists @ < W — s such that [s ® t,1d] C LY(X;v) \U for every t € L5(Z;0) NV EL<(4).

Proof. We use Theorem 5.2 for U. We will prove that the first alternative is impossible.
Indeed, let @ < @ such that [s, @] C U. If U =, Uy, with (Uy,)® = 0 for every n € N,
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then we set
R ={[t,f] : t € L=*(Z;v), t € L¥(Z;v) and
[t, 8] U, =0 for every k € N with k < [t|} ;

where [t| denotes the cardinality of the set o(t).

The family R satisfies the conditions (i) and (ii) of Lemma 5.3. Indeed, according to
Theorem 5.2, for every t € L<¥(X;v), £ € L¥(X;v) and k € N there exists ; < ¢ such that
[t, 73] NUy, = 0, as it is impossible [t,#1] C Uy. Thus R satisfies (i) and obviously satisfies
(ii). Hence, there exists u; € [s, @] such that [s ® t, 4] € R for every t € EL<“(u; — s).
Then, [s, @] NU = (). Indeed, let @y € [s, 1] NU. Then, iy € [s, @] NUy for some k € N.
Hence, there exists t € EL<Y(i; —s) with s Ot o< Uy, k < [sOt| and [sOt, u1|NU, # 0.
Then, [s®t,u;] ¢ R. A contradiction, since t € EL<“(@; —s). Thus, [s,@;]NU = () and
consequently @; ¢ U. But @, € [s, @] C U, a contradiction. Hence, the second alternative
of Theorem 5.2 holds for U. 0

Definition 5.6. Let ¥ be a finite alphabet, v ¢ 3, E(X) a set of substitutions for
L(XU{v}). A family U C L¥(%;v) of infinite orderly sequences of variable located words
is called completely Ramsey for E(X) if for every s € L<¥(¥;v) and every @ € L¥(X;v)

there exists @ < w such that
either [s,d] CU or [s,u] C LY(Z;0)\U .

A further consequence of Theorem 5.2 is the characterization of completely Ramsey
families of infinite orderly sequences of variable located words for a given set of substi-

tutions.

Corollary 5.7. Let 3 be a finite alphabet, v ¢ X, E(X) a set of substitutions for L(X U
{v}). A family U C L¥(3;v) is completely Ramsey for E(X) if and only if U has the
Baire property in the relating to E(X) topology Tg.

Proof. Let U C L¥(3;v) have the Baire property in the topology Tg. Then U = BAC =
(BUC) U (CN B, where B C L¥(3;v) is Tg-closed and C C L¥(X;v) is Tp-meager
(Cc= L¥(%E;v)\C). Let s € L<¥(X;v) and W € L¥(X;v). According to Corollary 5.4 and
Proposition 4.3, there exists #; < « such that [s, 4;] C C® and according to Corollary 5.5
there exists @ < ; such that

either [s, 4] C BN s, i) CBNCCU or [s,u] CB°NI[s,uy] CBNCCU".
Hence, U is completely Ramsey for E(X).
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On the other hand, if & is completely Ramsey for E(X), then U = U® U (U \ U°) and
U\ U is a meager set in Tp. Hence U has the Baire property in the topology Tp. 0O
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