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CLASSIFICATIONS OF BAIRE-1 FUNCTIONS
AND ¢,-SPREADING MODELS

V. FARMAKI

ABSTRACT. We prove that if for a bounded function f defined on a compact
space K there exists a bounded sequence (fn) of continuous functions, with
spreading model of order ¢, 1 < ¢ < w;, equivalent to the summing basis
of ¢y, converging pointwise to f, then ryp(f) > @* (the index ryp as
defined by A. Kechris and A. Louveau). As a corollary of this result we have
that the Banach spaces V;(K), 1 <& < w;, which previously defined by the
author, consist of functions with rank greater than % . For the case & = 1
we have the equality of these classes. For every countable ordinal number ¢
we construct a function S with ryp(S) > @* . Defining the notion of null-
coefficient sequences of order ¢, 1 < & < w;, we prove that every bounded
sequence (fn) of continuous functions converging pointwise to a function f
with ryp(f) < @* is a null-coefficient sequence of order ¢. As a corollary
to this we have the following cp-spreading model theorem: Every nontrivial,
weak-Cauchy sequence in a Banach space either has a convex block subsequence
generating a spreading model equivalent to the summing basis of ¢y or is a null-
coefficient sequence of order 1.

INTRODUCTION

In the last few years various classifications of the class B;(K) of bounded
Baire-1 functions on a compact metric space K were given by many authors
(see [1, 7, 8]). Recently in [5] the class B;(K) was classified into a transfinite,
decreasing hierarchy V:(K), 1 < ¢ < w;, of Banach spaces. The first space
coincides with Bj4(K), which was first defined in [7]; and the intersection of all
V:(K) is equal to the space DBSC(K) of differences of bounded semicontinuous
functions on K. As proved in [7] and [5], f € By;4(K) if and only if there
exists a sequence (f,) of continuous functions on K converging pointwise to
f and generating a spreading model equivalent to the summing basis of cg.
Extending the notion of spreading models in [5], it is proved that the functions
in V¢(K) have a stronger property, namely, that there exists a sequence of
continuous functions on K with spreading model of order ¢ equivalent to the
summing basis of ¢y, converging pointwise to f .

A. Kechris and A. Louveau in [8] defined a natural rank ryp on every
bounded function f defined on a compact metric space K not in DBSC(K),
which has values of the form w* for countable ordinals ¢ [6] (by [8] all such
ordinals are obtained). With a different terminology but equivalent formulation
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this index is used by H. Rosenthal in [9] to prove the important result: that every
bounded sequence (f,) of continuous functions on K converging pointwise to
a function f not in DBSC(K) has a strongly summing subsequence. From this
result and the characterization of functions in DBSC(K) given by C. Bessaga
and A. Pelczynski [4], there follows the co-theorem of Rosenthal, namely, that
every nontrivial, weak-Cauchy sequence in a Banach space has either a strongly
summing subsequence or a convex block basis equivalent to the summing basis
of Co .

In this paper we give a relation between the rank rnp and the functions which
are pointwise limits of sequences of continuous functions with spreading model
of order ¢, 1 < ¢ < w;, equivalent to the summing basis of ¢y. Namely,
we prove (Theorem 9) that if for a bounded function f defined on a compact
metric space K there exists a bounded sequence (f,) of continuous functions
on K, with spreading model of order ¢ (1 < ¢ < w,), equivalent to the
summing basis of ¢y, converging pointwise to f, then rnp(f) > @*. As a
corollary of this result we have that for every 1 < ¢ < w;

Ve(K) € {f € Bi(K): rnp(f) > ).

For the case ¢ = 1 we have the equality of these classes. Finally, for every
countable ordinal number £ we construct a linear, Baire-1 function S on a
compact metric space K which is not in DBSC(K) and prove that mp(S) > @*
using Theorem 9.

Defining the notion of null-coefficient sequences of order ¢, 1 < ¢ < wy,
we prove a result similar to Rosenthal’s for the case of functions with rank
less or equal to w®. Namely, we prove that every bounded sequence (f,) of
continuous functions converging pointwise to a function f with mp(f) < @*
(1 < ¢ < w) is null-coefficient of order ¢ (Theorem 14). In particular (case
& =1) itis proved that f ¢ By/4(K) if and only if every bounded sequence of
continuous functions converging pointwise to f is null-coefficient of order 1.
As a corollary to this and the characterization of functions in B;;4(K)\C(K)
given in [5] we have the following cp-spreading model theorem: Every non-
trivial, weak-Cauchy sequence in a Banach space either has a convex block
subsequence generating a spreading model equivalent to the summing basis of
¢o or is a null-coefficient sequence of order 1 (Theorem 18).

We will use standard terminology and notation. For completeness we will
give some definitions and notation which we will use in the following.

Let K be a compact, metrizable space. The class of continuous functions
on K is denoted by C(K) and the class of Baire-1 functions on K (i.e., the
pointwise limits of uniformly bounded sequences of continuous functions on K)
by B;(K). DBSC(K) denotes the subclass of B;(K) consisting of differences
of bounded semicontinuous functions. It is easy to see that

DBSC(K) = { f e By(K): there exists (f;) C C(K)
so that f = Zf,, andz |fnl is bounded}.

The class DBSC(K) is a Banach space with respect to the norm

17p = inf {||S15l]_ : () € C(K) and Y- 1o =/}
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It is not hard to check that || f|lc < ||f|lp, but the two norms are not equivalent
in general. The norm-closure of DBSC(K) is denoted by B;/(K) in [7]. In
the same paper the authors define the subclass B;/4(K) by

By,4(K) = {f € B|(K): there exists (f,) C DBSC(K)

such that || f, — fllco — 0 and sup || fx(lp < oo}.
n

The space Bj;4(K) is complete with respect to the norm

1llje = inf{sgp \fullo: (fa) C DBSC(K) and ||y — fllao — o}.

In [5] this definition was extended in the transfinite as follows: Let
Vi(K) = By/a(K) and || [[1 = || [|1/a-
If the normed space (V:(K), || ||¢) has been defined, then

Ver1(K) = {f € Bi(K): there exists (f,) C DBSC(K)
with ||/, = fll¢ — 0 and sup || fu[lp < oo}
and

Il = int {550 135 () € DBSC(K) and 1~ fl — O} .

Finally, for a limit ordinal &

I.flle = sup{||fllg: 1 < B <&} forevery f € ()| Vs(K)
B<¢

and
Ve(K) = {f € Bi(K): || flle < o0}

The spaces (V:(K), || lle), 1 <& < w, are complete, and their intersection
coincides with DBSC(K) [5]. Itis easy to see that Vz(K) C V3(K) and ||fl|e <
Ifllg < IIflle for every f € Vz(K) and B < ¢ < w;. According to [7] and
[5], the functions in B;,4(K)\C(K) are characterized in terms of co-spreading
models and the functions in Vz(K)\C(K) have an analogous stronger property.
As we will need these results, we include a precise statement:

Let (x,) be a seminormalized basic sequence in a Banach space X . A basic
sequence (e,) is said to be a spreading model of (x,) if for every k € N and
€ > 0 there exists m € N so that if m < n; <n, <--- < ny, then

k k
Z A,-x,,,. Z Aiei
i=1 i=1

Every seminormalized basic sequence has a subsequence generating a spreading
model.
If H, F are two finite subsets of N, we denote H < F iff max H < minF .
The summing basis (s,) of ¢y is characterized by

00 n
Zlis,- Zl,l .
i=1 i=1

< ¢ for all scalars 4y, ..., A with lrga:gc |4i] < 1.
<i<

= sup
n
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Definition 1 [1]. For every limit ordinal &, let (£,) be a sequence of ordinal
numbers strictly increasing to &. We define:
,7 {{n}: n e N},
Fn={FCN:FCFU---UF, with {n}<F <---<F, and F; € %,
i=1,...,
and if é is a hmlt ordinal
F={FCN:Fe% and n<minF}.

Definition 2. Let X be a Banach space and (x,) a sequence in X. We say
that (x,) has a spreading model of order ¢ equivalent (or d-equivalent) to the
summing basis of ¢g if there exists é > 0 such that

k k k
Zﬁ.,‘si < Zlix,,,. leisi
i=1 i=1 i=1 o

for every (ni, ..., ny) € % andscalars 4;, ..., 4.

It is easy to see that a sequence (y,) in X has a subsequence generating a
spreading model equivalent to the summing basis of ¢y if and only if it has a
subsequence with spreading model of order 1 equivalent to the summing basis
of Co .

(1/9) <é

3

oo

Theorem 3 [5, 7). Let K be a compact metric space, f a real bounded function
on K, and & a countable ordinal number. If f € Vi(K)\C(K), then there
exists a sequence (f,) C C(K), with spreading model of order & (for every
choice of (%)) equivalent to the summing basis of cy, converging pointwise to
f. Moreover, f € By;s(K)\C(K) if and only if there exists (f,) C C(K), with
spreading model (or order 1) equivalent to the summing basis of ¢y, converging
pointwise to f.

In [8] the authors define a natural rank ryp on every bounded function
defined on a compact metric space K, as follows:
Let f be a bounded function on XK. One defines the upper regularization
of f, ur(f) (usually denoted by f), by
ur(f) =inf{g: g € C(K) and g > f}.
The function ur(f) is upper semicontinuous, and one has

ur(f)(x) = Ef(y) = max{L € [-o0, o0]: Ix, — x, f(xn) — L}
= inf {sup f(»): U is a neighbourhood of x} .
yeU

In [8] the authors associate with each bounded function f an increasing
sequence (fz)i<¢<w, Of upper semicontinuous functions. In a different for-
mulation (but equivalently) in [9] the author defines an increasing sequence

(ue(N)i<e<w, as
ui(f) = ur(ur(f) - f).

If us:(f) is defined,
ugy1(f) = ur(ur(ue(f) + f) - ).
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For a limit &, u;(f) is defined if and only if ug(f) is defined for all g < ¢
and supg ¢ up(f) is bounded, and then

u(f) =ur (Sup uﬂ(f)) :
B<¢

According to [8], f is in DBSC(K) if and only if u;(f) is defined for all
¢ < w or, equivalently, if there exists a £ < w; such that ug(f) is defined and
ug,1(f) = ug(f) . Hence, to every bounded function f on K there corresponds
a rank:

o (f) = inf{l <& < w;: ug(f) is undefined}, if such a ¢ exists

and rvp(f) = w; otherwise.

Note that the values of this rank are always limit ordinals. It is proved in [6]
that if f ¢ DBSC(K), then ryp(f) = @* for some 1 < ¢ < w; (by [8] all such
ordinals are obtained) according to the following lemma.

Lemma 4 [6]. Let f be a bounded function on K, and suppose that u:(f) is
defined. Then ug.,(f) is defined and ||ug.,(f)lloo < nllug(f)lloo forall n eN.
Proof. Let M = ||us(f)|loo . By induction us, g(f) is defined and M +ug(f) >
ugsp(f) for every p < &. Finally, ug.,(f) is defined and |lug.o(f)llo <
2||ug(f)llo - The result then follows by induction on 7.

In the proof of the main theorem we will use two lemmas which are proved
in [9]. For completeness we give them below.

Lemma 5 [9]. Let f be a bounded real function defined on a compact met-
ric space K, & a countable ordinal number, and x € K. Assume that 0 <
ug()(x) < ug1(f)(x) = M < oo. If U is an open neighborhood of x and
0 < e < 1, then there exist positive numbers A, , and x; € U such that:

D(l-gg)M<i+d<(l—-g)M,
(%%) (ii) x; € cl(L), where L={y € K: A < u:(f)(y) < (1 —&1)M -6},

(i) | Jm (f0) - f(x) = 3.

Lemma 6 [9]. Let K be a compact metric space and (f,) C C(K) converging
pointwise to a bounded function f. If x; € K, L is a subset of K with
xy€cl(L), 0 =limyer, yx, (f(¥) = f(x1)) >0, 0<e< 1, and U is an open
neighborhood of x , then there exists a subsequence (fy,) of (fn) such that given
t > 1 there exists an x, € U N L satisfying:

(@) f(x2) = f(x1) > (1 -€)d,
(i) Y fo(x) = f(x)l < ed,

(%) 1<i<t
(iti) Y [ (x2) = f(x2)| < €.

i>t

We will define for every countable ordinal number ¢ a family %% of finite
subsets of N such that &/,, =% forevery 1 < f < w;.
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Definition 7. Let (&%)i<¢<w, be a family of finite subsets of N as described in
Definition 1. We define:
& ={F CN:#F =2},
i ={F CN: FCFLUF, where F| < F,, F; € &, and F; € %}.
If ¢ is a limit ordinal, then ¢ = Y°I' | p;w? , where m, py, ..., pm € N and
Bi, ..., Bm are ordinal numbers with g, >--- > B,, > 0. We define
Hpp ={FCN:FCFRU---UF,
with Fi<---<F,and FeFHfori=1,..., p}
and in general

%={F(_:NZF§F1UF2WithF1 <F2,F1€.Syy, ansze%

m—1
where 7 = pmwhn, f =" piwﬁ'} .
i=1

The following theorem is inspired by Theorem 4.1 of Rosenthal in [9].

Theorem 8. Let f be a real function defined on a compact metric space K and
(fn) a uniformly bounded sequence of continuous functions converging pointwise
to f. Let also & be a countable ordinal and x € K with 0 < uz(f)(x) < .
For every open neighborhood U of x and 0 < ¢ < 1 there exists a subsequence
(fn) of (fn) with the following properties: Given an infinite sequence of integers
1<t <ty<-- thereexists F € %, where F = {n;, <---<n,} (k€N),
and y € U such that:

(i) fo, = So, )>0 for i=1,.... k and
(H) S gy = Sy, ) > (1= )e(N)(x).
Proof. The argument is similar to the proof of Theorem 4.1 in [9], except that

additional work is required to locate F in ..
Let 1 <¢<0 and U be an open neighborhood of x.

Case ¢ =1. Let 0<g <1 with (1-¢;)(1-3¢)>1—¢ and M =u,(f)(x).
According to the definition there exists x; € U with
(1—e)M <ur(f)(x1) = f(x1) =6 < (1 -e)M.

From Lemma 6 there exists a subsequence (f,,) of (f,) such that given > 1
there exists x; € U satisfying (%) (i)—(iii):

(i) f(x2) = f(x1) > (1 —&1)d,

(i) Y [f(x2) - 1)l < &8,
(%) 1<i<t

(iii) Y |fo(x2) — f(x2)] < &10.

i>t
Then given 1 < t; < t, there exists x, € U satisfying (x) for ¢ =t,. Thus
F ={ny, n,} € & and
Jo, (X2) = f, (x2) > [(x2) = f(x1) — 2610
> (1 —&1)0 =260 > (1-3e)(1 —e)M > (1-¢e)M.
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Case & + 1. Suppose the result is established for &. Let 0 < wugy (f)(x) =
M < oo and 0 < &y < 1 with (1 —¢&)(1 —3¢;) > 1 —¢. We may assume
that 0 < uz(f)(x) < ug41(f)(x). Otherwise, if 0 < uz(f)(x) = ug;1(f)(x), the
result follows by hypothesis and u;(f)(x) = 0 is impossible.

According to Lemma 5 there exist A >0, § > 0, and x; € U satisfying (*x*)
(1)=(iii):

ANQ-g)M<i+d<(l-&)M,
(+%) (ii) x; € cl(L), where L ={y € K: A <u:(f)(y) < (1 —&1)M -6},
(iii) lim (f(y) - f(x1)) =4
YEL,y—x

From Lemma 6 there exists a subsequence (f,,) of (f,) such thatgiven ¢ > 1
there exists x; € U N L satisfying (x) (i)-(iii). Without loss of generality we
may assume that (f,) itself has this property.

We will construct positive integers n;, s € N, and infinite subsets M,
s € N, of N satisfying (x*x) (i)—(viii):

(i) nmp<---<ng< M,

(i) M;C My,

(iii) 7y = min M;_; .

Given re N with 1 <r<s thereexistanopenset V' C U and x, € V so
that:
(% * %)

(iv) f(x2) = f(x1) > (1 —&1)d,

(V) Eicicr () = f(x1)] < €10 for everyy € V,

(Vi) Xrcics [fn(¥) = f(x2)] < &0 forevery y € V,

(vil) A S ug(f)(x2) < (1 +e)M -4,

(viii) given {m;, my, ...} CM; with 1 <m; <my <--- there exists y € V'
and F ={m;, my, ..., my} € &% (k € N) such that f,,, — fom,_,(¥) >0, i=
1,...,k,and

k
Y for = S ) > (1 = &1)ue () (x2).
i=1
Let M; =N\{1}, ny=1,and n, =2. Weset s =2 =r. As we assumed
previously, there exists x, € U N L such that

fO0) = f00) > (1=&)d, |filx) = fOa)l <ad, Y Ifi(x) - f(x)] < &i6.

i>2

Using the continuity of f; and f, we can choose an open subset V' of U with
x; € V such that |fi(y) — f(x1)| < &0 and |£(y) — f(x2)] < & for every
y € V. Finally, using the induction hypothesis we choose an infinite subset M,
of N with 2 < M, satisfying the conclusion of the theorem for the case &,
e=¢, U=V ,and x = x,. The proof for s =2 = r is complete.

Let s > 2, and suppose that n,, ..., ny, M;, ..., My have been constructed.
Then ng,, = min M, . We will construct infinite subsets M, M2, ... 6 Mst! of
N such that M\{n; 1} =M!'DOM?2D...D M**! andforevery 1 <r<s+1
there is an open subset V' of U and x, € V satisfying (x**) (iv)-(viii), where
we replace “s” by “s+ 17 in (vi) and “ M;” by “ M"” in (viii). Once this is
done we set M., = M+l
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Let 1 <r<s+1,and suppose M1 is defined. Using the property of (/)
we can find x; € U N L satisfying () (i)-(iii) for ¢t = n,. Hence we have

f(x2) = f(x1) > (1 —e1)d,
Yo ) = fO)l<ad, > Ifulx) - flx)l <&l

1<i<r r<i<s+l1

Using the continuity of f,, , ..., fs,,, We can find an open subset V' of U with
Xx; € V satisfying (xxx) (v) and (¥xx) (vi) with “s” replaced by “s+1”. At
last by the induction hypothesis we choose M’ C M 'l so that (xxx) (viii)
holds with “ M, ” replaced by “ M" ™.

The sequence (fy,) satisfies the conclusion of the theorem for the case £+1.
Indeed, let 1 <r;, <r, <t <t <--- be an infinite sequence of integers. We
set m; = n, forevery i € N. Then m; <mpy <--- and {m;, my,...} C
M, _;. Hence from (x * x) there exist an open subset V' of U and x; € V
such that

f(x2) = f(x1) > (1 —&1)d,

|fo, ) = f(x1)| < €16, |fu,,(y) — f(x2)| < €10 forevery yeV,

A<ug(f)(x2) < (1+&)M-6.

Also there exist y € V' and F, = {m, m;,, ..., my} € % such that

k
Frn = frg () > Oforall 1 <i <kand 3 fomy = frmw, 0) > (1= 80)1e () (Xa)-

i=1
Set F ={n, ,n,}UF, € %,,. Then
Jon, = Ja,(0) > f(X2) = f(x1) — 2610 > (1 — &1)6 — 2616 > (1 — 3¢,)d > 0

and

Jon, = I, (¥) + an,z = S, () > (1= 3€1)0 + (1 — &r)ue(f)(x2)

>(1- 361)5 +(1—g)A>(1—3¢)(0+4)
>(1-3g)(1—¢)M>(1-¢e)M.
This finishes the proof of the theorem for the case &+ 1.

Case &: limit ordinal. Suppose the theorem is proved for all ordinal numbers
a with a < £. By the definition of u;(f)(x) there exist x; € U and a <¢
such that:

(1 —&/2)ug(f)(x) < ua(N)(x1) < (1 +/2)ue(f)(x).

In particular, if & = Z;’;l piwfi, where m, p;, ..., pn are positive natural
numbers and B; > B, > --- > Bm > 0 are countable ordmals numbers, then we
can choose u € N such that a = f +y, where 8 = Y| Ppiwhi (B =0 if

=1) and y = (pm — D)0 + p® if B =C+1 or y = (pm — Db + @l
if B is a limit ordinal and ({,) is the sequence of ordinal numbers strictly
increasing to S, .

Now, from the inductive hypothesis there exists a subsequence (fn,) of (fx)
such that 2u < n; and given #; < t, < --- an infinite sequence of integers
there exists k € N and y € U such that F ={n,,...,n,} € %%,
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Frg = foy ) >0 fori=1,...,k
and

k
Y Fgy = oy ) > (1= &/2)ua(N)(x1) > (1 = )ue()(x).
i=1

We claim that F € 2. Indeed, we have that 2u < F. If { = w, then
F € &, and since #F < 2u we have that F € # = &,. If ¢ = 0**!, then
F € &, and since F C FU---UF,, where F| <--- < F, and F; € %
forall i=1,...,u,wehavethat F € %, =%. If { =wf and B isa
limit ordinal, then if (B,) is the sequence or ordinals increasing to S, we have
F €%, and finally F € %3 = % . Let ¢ = pw?, where pe N, p> 1, and
1 < B <w. Then F € &, where y = (p — Nwf +y, with y, = pw® if
B=C(+1 or y,=wh if B isa limit ordinal. Since F C FyU---UF,, where
Fi e, and F, <--- < F, € %, it follows, analogously to the previous cases,
that F; € %3 and finally that F € % . In general, if & = Y7, p;wf with
m>1, pi,...,pm>0,and By >---> By >0, then F € %, and since
F CFiUF,, where F\ € %,, F, € %, and F| < F,, we have, analogously to
the previous cases, that F; € &, where { € p,wf» and finally that F € .
This completes the proof of the theorem.

From the previous theorem we have the main theorem:

Theorem 9. Let f be a bounded function defined on a compact metric space
K, let (fn) be a uniformly bounded sequence of continuous functions converging
pointwise to f, and let & be a countable ordinal number. If (f,) has spreading
model of order & equivalent to the summing basis of ¢, then u:(f) is defined,
equivalently ryp(f) > ¢ .
Proof. Let (f,) have spreading model of order £ J-equivalent (for some & >
0) to the summing basis of ¢y, and suppose u.(f) is undefined. Let rnp(f) =
w*, with { < &, according to Lemma 4. Hence there exist x € K and a
countable ordinal number a, with a < w*, such that 26 < u,(f)(x) < 0o. We
can choose x4 € N such that a = uw? if { =+ 1 or a=w" if ¢ is a limit
ordinal and ({,) is the sequence of ordinal numbers strictly increasing to (.

From the definition of the families %, 1 < ¢ < wy, it is easy to see that
for every { < ¢ < w; there exists v({,&) € N such that if F € % and
v({, &) < F,then F € % (see [2]).

Let v = max(v({, &), u). According to Theorem 8 there exist F € &, with
2v<F={ny,...,nu} (k€eN) and y € K such that

k
Zf;lli - f;lzi—l(y) > (l/z)ua(f)(x) > 4.
i=1
Since 2u < F, we have that F € % (see the proof of Theorem 8, case ¢&:
limit ordinal). Consequently, since v({, &) < F, we have that F € % . This is
a contradiction, because (f,) has spreading model of order ¢ J-equivalent to
the summing basis of cy. Hence u,:(f) is defined.
The following two corollaries are already proved in [6]. Here we give a proof
using the previous theorem.

Corollary 10. For every compact metric space K and countable ordinal number
& we have Ve(K) C {f € B\(K): mip(f) > o*}.
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Proof. This is true according to the previous theorem and Theorem 3.
For the case £ =1 the two classes are equal, according to the following:

Corollary 11. Let K be a compact metric space and f a function on K which
is not continuous. The following are equivalent:

(1) f € Byu(K),
(i) rvo(f) > o,
(iii) there exists a bounded sequence (f,) C C(K) converging pointwise to
f and generating a spreading model equivalent to the summing basis of
o -

Proof. The equivalence of (i) and (iii) is proved in [7] and [5]. According to
the previous corollary (i) implies (ii). That (ii) implies (i) is proved in [6].

After these results the following interesting problem remains:

Problem. Is it true that for every compact metric space K and every ordinal
number ¢ < @, we have V:(K) = {f € Bi(K): mip(f) > @} ?
For every countable ordinal number ¢ we will construct a Baire-1 function

which is not a difference of bounded semicontinuous functions and has rank
greater than w* .

Example 12. For every countable ordinal ¢, let T be the Tsirelson-like space
which is defined by S. Argyros in [2]. For completeness we recall the definition
of T;.

Let x: N — R be a finitely supported function. For every m € N set

llx]I5 = sup{|x(p)|: p € N} and
1 k-1
115, = max {HXIIfn , > sup Y _ |xIpi, pist — 1| |I3, for all (o1, ..., px) € %} ,
i=1
where x|p, q| (p < q) denotes the restriction of x ontheset {p,p+1,...,q}
and % = FU{(n,p):2<n<p}U{w} forall 1 <¢ < w,. Finally, define

x|l = lim |lx||5,

m-—oo

k-1
= max{||x||5, supéz lx|pi s piv1 — 1 ||f for {p1, ..., px} eﬂf}.
i=1

The space T; is the completion of the linear space of all finitely supported
functions with the norm || [|*. The usual basis (e,) is an unconditional basis
of T; and, as proved in [2], T is reflexive.

Let X: be the “Jamesification” of 7 [3]. Let us recall the definition.

For every finitely supported function x: N — R define:
4

lx|le = sup

E(Sn,- - Sp,—l)(x)epj
j=1

where Sy(x) = 3., x(i) for every n € N, and Sp(x) = 0. The space X; is
the completion of the linear space of all finitely supported functions with the
norm || [¢.
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As shown in [3] the unit vectors e,, n € N, form a boundedly complete
normalized basis for X;. Thus, X; is isometric to the space Yg‘ , Where
Y: = [e;]2, and (e;) is the sequence of biorthogonal functionals of (e,).
Furthermore it was shown in [3] that Y; is quasi-reflexive (of order one) and
Y;* has a basis given by {S, e}, e;, ...}, where S, aie) = Y2 ai. Of
course S, = Y., et for every n € N and (S,) converges to S in the w*-
topology. Hence S is a Baire-1 function restricted on K = (Sy‘— , W)

Since ¢p is not isomorphically embedding into Y; [3] we have that S ¢
DBSC(K). We will prove that rp(S) > w*. Let x € K and F = (ny, ...,
ny) € % (k € N). From the definition of the norms and since (n; +
1,...,np_1+1,r)eF for re N with r > ny, we have

¢

1 K
L2 [l 2 3D 180 (%) = S (0]
i=1

k
Z(SnZi - Snzi—l )(x)enzi—l+l
i=1

If rvp(S) < w*, then we can find, analogously to the proof of Theorem 9
(0=2),yeK and F ={ny, ..., ny} €% such that

k
Z |S"2i(y) - Snz,-_,(y)l > 2.
i=1

This is a contradiction; hence, rwp(S) > @S .

In [9] H. Rosenthal proved the fundamental result that if f ¢ DBSC(K),
then every bounded sequence (f,) in C(K) converging pointwise to f has a
strongly summing subsequence. In this article we obtain a result, in the same
spirit as the above, concerning the classes:

{f € Bi(K): mp(f) < ©°} € B (K)\DBSC(K), 1<¢<w.
This result requires the following new concept:

Definition 13. A sequence (x,) in a Banach space is called null-coefficient (n.c.)
of order £, where ¢ is a countable ordinal number, if whenever the scalars (c,)

satisfy
sup {

the sequence (c,) converges to 0.

k
chz,.(x,,z,, —x,,Zi_,)'l S(ny, e, o) egg} <00,
i=1

Remark. 1If a sequence (x,) has spreading model of order ¢ equivalent to the
summing basis of ¢, then it is not null-coefficient. Indeed, take c, = 1 for
every n € N,

Theorem 14. Let K be a compact metric space, f a bounded function on K,
(fn) a bounded sequence of continuous functions on K converging pointwise
to f, and & a countable ordinal number. If rp(f) < &*, then (f,) is null-
coefficient of order & .

Proof. Let myp(f) < @*. Then ryp(f) = @* for some ordinal ¢ with { < ¢,
according to Lemma 4. We assume that (f,) is not a null-coefficient sequence
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of order £. Then there exists a sequence of scalars (c,) and & > 0 such that

sup {

k
Z Cny; (f;lzi - fnzi—l)
i=1

3(”1,~--,n2k)€'9§}51

oo

and |c,| > ¢ for infinite many n. Let (g;) be a subsequence of (f,) with
& = Jfn, and c,, > ¢ for every ¢t € N (otherwise set —c, instead of c,).

Since rnp(f) = @, there exist x € K and a < w® such that 2/e <
ua(f)(x) < co. We can choose u € N such that a = puw? if { = B+ 1
or a = w% if { is a limit ordinal and ({,) is the sequence of ordinal numbers
strictly increasing to { (according to Definition 1).

Let v = max(u, v({, &) (if F € % and v({, &) < F, then F € %). From
Theorem 8, there exist F € &, with 2v < F = {n;,, ..., n,} (k € N) and
y € K such that g, — g,,_,(¥) >0 forall i=1,...,k and

k
3 8 — 8us () > (1/2)ual£)(x) > 1/e.
i=1

Then F € % (see the proof of Theorem 8, case ¢: limit ordinal) and conse-
quently F € % . Also,

k
Zc"'zi (f”'zi - f;'tz,-_,)()") > 1.
i=1

This is a contradiction, since (ny,, ..., ny, ) € % . Thus, (f,) is null-coefficient
of order &.

For the case & = 1, after Corollary 11, we have the following characterization
of functions not in By /4(K):

Theorem 15. Let K be a compact metric space and f € B (K)\C(K). Then f
is not in By;4(K) if and only if every uniformly bounded sequence of continuous
functions on K converging pointwise to f is null-coefficient of order 1.

Proof. If f € Bi(K)\By/4(K), then mp(f) = w according to Corollary 11.
From Theorem 14 we have that every bounded sequence (f;) C C(K) converg-
ing pointwise to f is null-coefficient of order 1. On the other hand, if every
bounded sequence of continuous functions on K converging pointwise to f is
null-coefficient of order 1, then according to the remark there is no bounded
sequence (f,) in C(K) converging pointwise to f with spreading model (of
order 1) equivalent to the summing basis of ¢y. From Corollary 11, it follows
that f¢B1/4(K) .
As a consequence of Theorems 3 and 15 we have the following dichotomy:

Theorem 16. Let K be a compact metric space and f € Bi(K)\C(K). Then,
either there exists a bounded sequence (f,) C C(K) converging pointwise to f
and generating a spreading model equivalent to the summing basis of co or every
uniformly bounded sequence of continuous functions converging pointwise to f
is null-coefficient of order 1.

Corollary 17. Let K be a compact metric space, f € Bi(K)\C(K), and (fn) a
bounded sequence in C(K) converging pointwise to f. Then either there exists a
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convex block subsequence of (f,) generating a spreading model equivalent to the
summing basis of cy or every convex block subsequence of (f,) is null-coefficient
of order 1.

Proof. If f € By;4(K)\C(K), then, according to [7] and [5], (f,) has a convex
block subsequence generating a spreading model equivalent to the summing
basis of co. If f & By/4(K), then Theorem 15 finishes the proof.

Now we will give the cy-spreading model theorem:

Theorem 18. Every weak-Cauchy and non-weakly convergent sequence in a sepa-
rable Banach space either has a convex block subsequence generating a spreading
model equivalent to the summing basis of co or is null-coefficient of order 1 (in
fact, every convex block subsequence is null-coefficient of order 1).

Proof. Let X be a separable Banach space, and let X denote the unit ball of
the dual space X* endowed with the weak*-topology. If (x,) is a weak-Cauchy
and nonweakly convergent sequence in x , then let x** € X**\ X be the weak"-
limit of (x,). The restriction of x** to K is in B;(K)\C(K). Theorem 17
finishes the proof.
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