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IMEPIEXOMENA

|9ewpia Auvopixot i~ [ Kiaowr Ocwpntind Sucuh

y
[Exheintinéc MAE)|

BaplTnTa, nhextpopoy VNTIoROS)

To npoBAnua TN TapdyouscoS
ot GAAES YEWUETElES

[Ocwpio Katavoudv|

IToramiotntee Lipschitz
(xeron Oewplac Métpou)




Ewooywyn

Y10 moapdv xelyevo Yewpolvtar Yvwotd Paoiud ototyelo and v Oewpio Xuvorwy, Ty Teoppd ‘Al-
vePea, v Avodutin| Tewpetpla, v Hpoypatxd Avdhuon xon v Boaowd AlyeBpo (ouyxexpiuéva
o Baowxd vl Ty dewplor petadéoewy), mou tepiEyovial oty UAN Twy Poaoixtdy uadnudteny twy dUo
TEMTWY ETOV TOU TEOTTUYLX0U TeoYeduuatoc onoudny. Toviletoa 6t Bev yiveton ypron epyalelny
Oswplag Métpou, ywplc OUwe EXTTWOT 6TO EVPOC TWV ATOTEAECUATWY.

Yo Kegdhao 1 opilovtan ot meplopopol xou ot enextdoelc YeTald euxheldeiwy ywpwy, pall pe
dhhec ouyyevelc évvoleg Omwe, Y., TO YRAPNUAL CUVAETNONG.

Optopéva mpoamautodyuevo napouctdlovtal oto Kegdiowo 2.

Y10 Kegdhawo 3 opilovron awotned xou pe mtpocoyt ot facixol Siopopixol TeheoTtéq.

To Baoind anoteréopata and tov Anewpootnd Aoyloud otov R” napovoidlovta oto Kegpdhao 4.
H cuihoyiotr] mlow and ty e€aywyr) ToVv anoteAecpdtoy eivon 6Tl 6oa dev unopolv v anodetydody
Gueca, AmoBEVIOVTOL TRMTA Yo KXOUTLEY ot UETE Yot aLILPETES «YEWUETPIESY.

Yto Kegdhowo 5 eiodyovto oL TOMATAGTNTES Xal UEAETWOVTOL OL Bocinég WOTNTES Toug.

H ohoxAfipwon cuvdptnong ent noAamhdtntag elodyetar xou pehetdton oto Kegdowo 6.

Y10 Kegdhouo 7 Siveton évag avoluTIXOC 0pLOUOSC TOV BLAPORIXMY LOPPMY Xol UEAETOVTOL Ol LOL-
o6TNTéC TouC.

Y10 Kegdhowo 8 yevixevetan to 20 Yeuehiddec Yemdpnua tou Ancipoctxol Aoyiopold otig n Suo-
otdoelg. To anotéheoya elvon Yvwotd we Yedpnuo tov Stokes. Enione, mapovoidlovton o Baoixég
OLVETELES AUTOV.

Téhog, oto Kegdhowo 9 eiodyeton xon Yehetdton T0 TEOBANUA TNS TAPdYOoUsHs, To onolo, OTwe
elvon avauevopevo, elvan dueca cuVdEdEPEVo e To Yedpnua tou Stokes.

Evdewtind| Pi3hoypagio, mouv xohdntel ev nolholc, odhd dyt midpwe (1), to amotedéopata tou
TopGVTOC XEWéVou, anotehel 1 oxdhoudn Moo [31], [11], [20], [30], [26], [14], [15], o [19].

YupPoiicuog
XapaxTHEeS Yt CUVOAAL UTOCUVOAWY
1. B < civoho gpoayuévewv (bounded) cuvérwy, BA. mapoxdte.
2. C < olvoho oyetxd xhewotdv (closed) cuvorwy, BA. TopoxdTe.
3. D « olvolo cuvohwy dupdptone (differentiation), BA. to Kegpdhowo 3.
4. T < odvoho dotnudtwy (intervals), PA. mopoaxdtew.
5. J <« obvolo Jordan yetprowwy cuvolwy, BA. v Troevotnta 4.3.3.
6. M < clvolo nolamhothtwy (manifolds), BA. to Kegpdhowo 5.
7. N < clvoho undevoouvérwy (null set), PA. v Evétnra 4.2.
8. O < chvoho oyetnd oavoxtdv (open) cuvorwy, BA. TopoXdTw.
9. p < olvolo diapepioewv (partitions) duacthuatog, BA. v Troevénra 4.3.1.

10. P « duvogooivoro (power set), BA. mopodte.
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viii IMEPIEXOMENA

XopaxTHEeS Yid CUVOAXL CLUVARTHOEWY
1. Aff < obvoho oponaparhnhxdv (affine) cuvoptfioewy, PA. napoxdte.
2. B < olvolo gpaypévev (bounded) cuvapticewy, BA. mopoxdte.
3. C < obvolo cuveydv (continuous) cuvaptiioewy, BA. TopUXdTE.

4. D « olvolo dupopxdyv poppav (differential forms), BA. to Kegdhowo 7. Enueiddvouue 6t po
drapopuxt| Lopet elvon pla cuvoloouvdptnom (XS ue nedio oplopol éva GUVORO CUVOAMYV), Xou
TWO CUYXEXPWEVA, Wlo «ToAAamhoTnTocuvdptnony. Eniong,

DE « c0volo axpidv (exact) Slopopixdv Loppdv o

D€ « oivoro xheiotdv (closed) Blagopxdv Loppy.
5. Hth < ciOvoho opodetixiv (homothetic) cuvaptioewy, BA. nopoxdTe.
6. Ism « oUvoho wopetpix®y (isometric) cuvapthicewy, BA. Topoxdte.
7. L < oOvoho ypouuxv (linear) ouvaptioewy, BA. mopaxdto.
8. Lip « oVvolo Lipschitz cuvapthcewy, BA. mopoxdte.
9. RM < c\Ovoho dxauntmv xwvhoewy (rigid motion), BA. mopoxdte.
10. II « oOvolo meploplotdv PeTaEl euxAedelny ywewy, BA. 1o Kegpdioo 1.

11. U <+ olvohlo enextdoeny petall euxhedelnv yweny, BA. 1o Kepdioo 1.

Tevixd
1. Xpnowonowlue 1o &, pe 1 ywpic deixtn, yio avdaipeta cOvola.

2. i Tpdgouye ~ yio Vo ex@edoouue TNy looduvapio 800 cuVORwY, SRS S ~ S avww 31 -1 &
enl f: A - S,

ii. Tpdpouye = yia EXPEACOLYE TNV YEUUUXTY Loopop@io 500 BLIVUCUATIXWY YOPWY ETEVG
oto {Blo odua, OAS av H & H; eivon S0 davuopatixol yhpol endve oo Blo odpa, TOTE
S 2 Iy avy I yeouux, 1 -1 & enl f: S - s,
3. 1. Xpnowonowlue to [] Yo vor exgppdcooupe 10 cOVUEC XoPTEGLOVE YIVOUEVO WS TPOS j € 7,
jeS

J
OAD

Hfj:{f:f»_g/j fG)e s vjeﬂ}w{ze(z‘j)jef\ije% vjes}.
Je.

jes

ii. Xpnowonowiye 1o [I Yo va exppdoovpe tov eaptdpevo tono (dependent type) we
jes
npo¢ j € & mou €yel wg e&hc

117 ={i=Gip) lies &ijes}.
jes

O rinoc autég oupPolileton oy PiBhoypagplo xon wg ¥ (1 exdua xou o 1 ) xdrL mou
Bo To anopiyoupe Adyw Tou TapoUoLOL GUUBOACUOD Y&;io ddpolopa Tou Mlienuiowski Tou
XeNoWomololUe xt €3¢ (BA. TopaxdTe).

4. To + onualvel elte +, elte —.

5. i N={1,2,...}, Ng=Nu{0}, N=Nu{oo} xu Ny = Ny uN.

ii. Oa ypdpoupe k, [, m, n, x.0.x., ye N ywplg debxtn, yio avdaipeta otolyela tou N, extog
oV AVOPEPETAL DLUPOPETIXG.

6. R=Ru{-oo}u{oo}. Ouuiloupe 61t otov R opilovia, petall dhhwyv, ta ywvéueva 0 (£o0) = 0.
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ii.

iii.

iv.

i. Ou yenoyonoolye T, T, Y, 2, X.0.%., e\ xweic deixtr, yio vor avapepdoiue oe auvdalpeta
m m n m n n m

otoiyela touv R™™ = [TR™ = [T [TR. Oupilouue 6t yevixd [T [TR # [] [T R, mopd
i=1 j=1li=1 j=li=1 j=li=1

uévo av n =m.

; n m n,m ..
Tz € R™™ Yo ypdgouue © = ((xij)izl)jzl = (2i5); 2, ve @i € RV (i,5) € {1,...,n} x
{1,...,m}, vy v avdivon tov T ot cuvteETaYUEVES (1, EvorhoxTixd, peToBAnTéc), SIS
Yoo TNV Ypopy Tou w¢ Slatetayuévn m-ddo atotyeinv tou R™ (6nwe npoxdntel and tov
oplopd tou R™™).
Av z e R™™ 161e 2T = (x”)znjzl e R™*™,
R™™ = R™™ = R™7 & R = R. "Etol, 6ot To Topamdve xahOTTouy 1660 v neplntenot
tou R™ 660 xou auti) tou R.

Ta otouyeion Tov R™™ xahoOvton (mporypatixol) nivaxee, ta otouyeio tou R™ (nparypotixd)
Bravhopata xon o otolyela Tov R (mporypatixol) aprduol.

8. XupBohiilouue ye Sym,, ¢ R™"™ 10 6OVONO TV GUUUETEXOVY TVdXwY Tou R™ ™, dAd

9. i

ii.

Sym,, = {zx e R""|2" = z}.

Oua ouyPoliCoupe pe 0, to (Lovadixd) undevixd orotyeto Tou R™, 8)3 0, = (0).-,. Ipo-
poavee, 01 = 0.

(R™)* = R" ~ {0,,}.

10. XuyBohiiCoupe ye Diag,, ¢ R™"™ 10 0Ovoho twv Sory@dviwy mvdxey tou R™™, 5

11. i

ii.

iii.

Diagn:{xeRnx"|xij:Oytoci,j e{l,...,n} psi;tj}.

Ou ypdpouye * - #: R™™ x R™F — R™F yig 10 ghvndec ywépevo otolyelwv Tou R™*™
ent oTowyelwy Tou R™*F,

Méow tne Lloogop@xnc TAOTIONS TWY GTOLYEIWY TV TEOUVIPEPUEVTWY TEOYUOTIXMY Y-
XDV YORWY, TO YIVOUEVO QUTO ENEXTEVETOL XATE PUOIXS TEOTIO WOTE VAL XANVTTEL YIVOUEVAL
HeTOEY oToLElWY amd DlapopeTinolE TETOLOLUS YDPOUG.

Koatd v ouvidn mpaxtiny, Yo nopodelrovye 10 - and to YvOUEVO TOU TEQLAOUBAVEL O TOL-
yelo Tou R.

12. YuuBohiiCoupe ye Pos, & R™™ 10 chvolo twv Jetnd oplopévey mvdxwmy tou R™ ™, 5io

Posn:{zERnX"|yT~x'y>0, Vye(R")*}.

13. Tpdpouye 1, vt 10 (Lovadixd) toautotnd otolyeio tou R™™, 88 1y, = 6 Vi, j € {1,...,n},
xavovtoc yeron tou déAta tou Kronecker. Ilpogavdde 1; = 1.

14. EUP’BOXKOUP’E HE Orthnxm 9 Rnxm TO

Orthysm = {x e R™™ |xT ‘T = 1n} )

‘Eyel xoahepwdel (Bh., 1.y, [6]) va Aéyovto opdoydvior o nivoxeg Tou eivon oTolyeln anoxiel-
otxd 10U Orthyxy, Yo To onolo woylel 6Tt o Lebyoc (Orthysn,-) ivon opdda.

15. i

Tpdgpouye (*, %) Y 10 cowtepixd ywvéuevo tou Frobenius otov R™™, 8\ vy v
ouvdptnon

(%, %) ot (]Rnxm)2 >R

n,m
(z,y) ~ (xay)F = tf(fT'y) = Z LijYij-
ij=1
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16

17.

18

19

20

21

ii. YuuBoAilovye pe |*| xou ||| tic mopaxdtw vopuec otov R™™

[*[: R™™ > [0, 00)

x|z = ((2,2)p)

I\J\»—-
I
v
M2
3
~—~~
=8
&
N
[\
v
[N

%ol
[ %[ : R*™ ~ 10, 00)
z e 2] = max {|z;] | (i,5) € {1,...,n} x{1,...,m} }.

Oupiloupe 6Tt oL vopuec autég oTov R™™ | 61g GAEC OL VOPUES GE EVOLY YRUUULXO YMDPO TE-

Tepoouévne didtaong, efvon looBUVaES, xou cUYXEXPWVEVX Loy leL T x| < [x] < (nm)? [ *].

. Twie{l,...,n} ypdpoupe e; € R™ yia to i-0016 otouyeio e ouvdoug Swatetorypévne Bdong
tou R™, 8A\d

n
T = inei VreR™
i=1

i. Xenowonowolpe to P(R™) yio to Suvopocivoro tou R™.
ii. Tpdgouvye S, ye 1 ywpic debetn, yio va avagpepdolye oe avdaipeta ototyeio tou P(R™).
ili. Xpnowonowipe to P(S) yio 10 duvaposivoro tou S ¢ R™.

iv. Tpdgpoupe N, pe 1 ywelc delxtn, yio va avagepdolue oe avdoalpeta otouyela Tou P(Z™).
.Twie{l,...,n} ypdypouyue
R}, ={zeR"|z; >0} &R} ={zeR"|z; <0},
‘Otav n =1 =1, Yo nopaheinovpe tov delxtn i (xou mpo@avds To n) and Tov cUPBOACUS.

. T § € R™ ypdgouye

span(S) = {y E]R”|EI (meN), ({a:}i; QR) & ({witin S) T Y= iaixz}

i=1
yioo Ty yeouuxr 9rxm tou S.
. T ag,as € R xou Sq,52 € P(R™),
a1S1 + agSy = {y eR” | I(x1,22) € S1 xSy T.0.: y=ar1x1 + agmg}.
To &dpoiopa autd (Y ar = ag = 1) xodeiton otny BiBhoypapio xou o ddpotoua tou Minkowski.
Av 81 = {1}, xou Sev undpyer mbavétnta TopedRynonge, téte Ya ypdpoupe oxéto 1 avtl yia

{z1} oy Véom tou S1 otV TapaTdve Exgppoon.

. '‘BEotw m < n xou o oulhoyh {z;}iey @ R™ yoopuxnd aveldptniwy otoyelwy. Suuforilovue To
avtioTolyo m-8ldoToto TapahANAETinedo Tou mapdyeTal and To oTolyelo auTd, H({xi}zl), g

H({xi}ﬁ’il) = {y eR"

A[Jaie(0,1)™ rw.: y= Zaixi}.

i=1 =1

Av, emmiéov, z;-x; =0 Vi, j € {1,...,m} pe i # j, 161€ T0 TaAPoAANAeTinESO XohelTON OpBoYdVIO.
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’

,
,

’/,’/ I({z1, zo, 23})

)

I({z1, 22})

x1-x9=0

H({z1, 22, 23})
xi-x;=0,Yi,5 €{1,2,3},i#j

Yyfua 1: To naparinieninedo H({xi}zl) yiom=2xum=3. Oty z;-x; =0 Vi,j e{l,...,m}
uE @ # 7, TéTE TO TapahAnAeninedo xaheltan opdoywvio.

Tonoloyia

1. Tpdyouye TNy avouxth Udha, ©¢ TEOS TNV HETEWT TOL ETEYEL 1) [%| xat ¢ Tpog TNV avtioToym
mou endyel 1) | *||, otov R™™ | ue xévtpo 10 xp € R %o axtiva p > 0, ¢

B(zo, p) = {»TER”’ |z = xo| < p} xon Q(x0,p) = {$€Rn’ |z = o] < p},

avtiotouya. Iopatnpolue 6Tt

B($07p) & Q(‘xOHO) & B(x07n%p)7

amd TNV LoodLYVOH{OL TWY VORUOY.

2. i Oa yenowonowlue to U, ue N ywpic deixtn, yia va avagpeplolue o avdaipetor avouxtd
otowyela Ttouv P(R™).

ii. Tt S € R™ cupBorilovye pe S° 10 eowtepnd tou S xou pe S Ty xheloTh Vhxn tou.
3. i ZupPoiilovpe we Z(R™) ¢ P(R™) to
I(R) = {S cR | t0 S elvon cuvexTixd, OO ddoTnua PE TNV oLV s’wom}

pidel

I(R") = {ﬁ S; cR"

S; € Z(R) Vz’e{l,...,n}}.

Oa xaholpe éva avdalpeto otoyelo tou Z(R™) Sdotnua tov R™ xau Yo ypnoonoodye
to I, ye 1 ywelg delxtn, yia vo avagepdolue oe awtd.

ii. ILy.:
o mpogovae, R™ e Z(R™),
B.avie{l,...,n}, téte RZHM e Z(R™),
Y. @eZ(R") n B(R™),
d. av zg € R”, t6te {20} e Z(R™) n B(R™) &
g av xg e R™ xau p >0, 161 Q(20, p) € Z(R™) n B(R™), xadede

Q(xo,p) = ﬁ (z0; = p,T0; + p).
i1

iii. To yovooivola xat to @ Yo tot Méye TETPWUEVA BlACTAATL.
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EXY,]“O( 2: B(IOap) & Q(x07p) ¢ B(SC(),TL%p)

4. T S € R", ypdypoupe tnv diduetpo tou S wg

diam(S) = SUPg yes {lz -yl}, av S+ g,
0 ( evalaxtixd — 00),  ahMedC.

Emnhéov, Yo Mpe 611 S elvon gpaypévo avy diam(.S) < oo (og xdde mepintwon, 10 & Yewpeiton
peayUévo). Oa cupPorilouue B(S) ¢ P(S) yio 10

B(S) ={S0 ¢ S|diam(Sy) < oo} .
ITio ebypenotn etvor 1 €€Xg, ebxoha amodeLxty], LoOBOVAUT| LoEPY

B(S) = {So c S|So € Q(xo,p), Yo xdmolo g € R™ & p> 0}.

5. T 51,52 € P(R™) \ {@}, oupPorilovpe tny andotacy tou S and 10 Sg pe

dist(Ss,S1) =dist(S1,52) = inf  {|lz-yl}.
(z,y)eS1xS2

T Sp = {z} pe z € R", dist(S2,z) = dist(Sz, {z}).

6. 1. ©uuiloupe 61t 6tay Sy € S S R™, 10 Sy eivan (oyetind) avowxtd oto S avy U cR”, t.o.:

So =UnS.
ii. VS cR"™ da ypdpoupe O(S) € P(S) v t0

O(8)={S c S| cR" t.w.: Sy=UnS}.

‘Etot, olugpuva ye tov ouyfBohoud pac, U e O(R™) VU c R™.
iii. Av S#@, VaeS da ypdgouue Oy (S) € O(S) yio 10

0,(8)=0(S)n{Soc S|z eSo}.

7. i Oupiloupe bt 6tav Sp € S € R™, 10 Sy eivon (oyetind) xheotéd oto S avy o S\ Sy elvon
avoxtd oto S, OAS avy 3 xhewotd S, SR, tw.: Sp=5,nS.
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PEiaia N ’ \\
a7 U
Y 1

(o) So € O(S5) (B) SoeC(S)

Syhue 3

ii. V.S cR™ da ypdgoupe C(S) c P(S) v to

C(S)={Soc 8|S\ Sy e0O(S)} ={S0 ¢ 5|3 nhewot6 Sx SR" 1.0 Sp =5, NS}

8. T 5,50 € P(R™), ypdyouue Sy cC S xou Mpe OTL T0 Sy MEPLEYETAUL CUUTAYADS 6T0 S avy
i SpcS° &

ii. to Sy elvar ovumayée.

Yuvopthoelg
1. EvBiapepdpaoTte yiot cuvopThoelc HETOED TwY TRoovVIPELIEVTLY TROYUATIXOY YROUUXDY YDOPWY.

2. Oua mopofPAémouue To GploUd WIS CLUVEETNONG OF Wit oYEaT, OTaY T GURPEACOUEVA UAS TO
ETLTEETOLV.

3. Eow ScR™ xou f: S > R™. Av f(S) =@, t6te S =@. Enioneg, av S = @, t6te 0 f ebvon
povaduxr| xou xoeiton xevi| cuvdptnon (empty function).

4. T S € R™ Yo ypdpoupe xs: S — {0,1} yia TV yopoxmeiotn| cuvdptnon tou S, SAd

(2) 1, avzels,
T) =
s 0, ooc.

5. Kaholue axoroudieg tic ouvdptnoeic g woppnc f: N — R™ ue N € Z™, xou p6vo autéq.
6. i Koholue petadéoeic tic axolouvdies mou €youv (Blo to medio oplopod toug PE T0 oUVOlO
TWAV TOUEG, XL UOVO QUTEC.

ii. YuuPorilouvpe yio avdaipetn yetddeon ue o. ARG, av N € Z", t6te yio v 0: N — R"
woybeL 61t o(N) = N.

ili. Tpdpoupe sgn(o) vy to npdonuo e o (BA., n.y., o [29]).
7. 'Botww c e R™™ xou
f: Rl N Rnxm
v () = (fi (@)

Téte f=caw fij(z)=ci; ¥V x, i & j énwg mpw, xo oe auth Ty nepintwon yedpoupe amhd ¢
yio plat tétota otardepn f.
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8. 1L NuSycScR” xa f:5 - R, ypdyouye f|s, Tov neplopiopd tne f oto S1, SN
flset So > R™
x> flsy(x) = f(2).

ii. o gopuahiotind, fls, = fot, 6mou 1: Sy — R™ e ¢(Sp) = S, ebvan 1 cuvdptnomn eyxheiopod
SocS.

iii. Tetpwpévn eivon 1 wotna (fls,)ls, = fls,, Y S1 €S2 € S.

iv. Yto mhadowor wag ouvidoug amholoteuong Tou GUPBoAiool, Yo anogedyYouUE TNV Yeron
Tou ouufBdiou Tou TEploplooD, dTay dev UTdpyel TiavoTrTa TapepunVElaS.

9. 'EBotw S S R™ xau f: § = R. T'pdgoupe fi: S = R yio tig cuvoptioelc
fr =max{f,0} xu f_ = max{-f,0}.
Mpogavae f.(S) € [0,00), xadag enione f = fr — f- xou |f] = fo + f-.

10. T S € R™, Yo ypdpouye suppf yia tov @opéa piog f: S - R, OAd

suppf = {z e S| f(z) # 0} = f-1({0}°).

Hepuppootid, av x ¢ suppf, t6te IS € O, (S) t.w.: f =0, 5A3 to (suppf) elvor o péyloto
OYETXA ovoxXTé 0T0 S LTOGUVOAS Tou oTo onolo undevileton 1 f.

11. i, Oa ypdpouue

L(R™;R"™) = {f:Rm - R" | n f ebvau Ypocpwxﬁ} =
= {f:Rm —>R"|f(ax+by) =af(x)+bf(y), VabeR & x,y ERm}.
ii. T o f € L(R™;R™) Yo cupPoriloupe pe [f] € R™™ tov enaydpevo mhvaxa tne f, OAS

Tov mivoxa topdotaone e f we mpog tic cuvAdelg dlatetayuéveg Pdoeic twv R™ xou R™.
‘Etoi, f(z)=[f] x Yz eR™.

ili. ©a cupPoriloupe e id,, € L(R™;R™) tnv tautotind cuvdptnon, O id, (x) =z Vo € R™,
xou cLVende [id,] = 1,.

iv. T n =1, n ouvdptnon e opillovoag, det, TV TETPAYWVIXGY TVAXWY, exQUAleToL oTNY
TAUTOTIXY| CUVEETNOT), OAS det = id;.

12. i, Oa ypdpouyue
AfF(R™R™) = {f:R™ > R"|n f eivou oponopedhnhixh} =
={fiR" >R"|3 (foe LR™;R")) & (z0 €R") t.0.: f=fo+a0}.

ii. Tw o fe Af f(R™;R™) Yo cupBoriloupe pe [f] € R™™ tov enayduevo nivaxa tne f,
OAd tov emorybuevo mivaxa Tne avtioTolyne yeauuxhc anewoévione. ‘Etol, f(z) = [f]-z+xo,
Vo e R™ & yia xdmoto g € R™.

13. 1. Oa ypdgpouue
Ism(R™;R"™) = {f:R™ - R" |7 f eivon 1oopetpixt|} =
={fR" >R"[|f(2) - f()| = |e~y| Yo,y eR™}.
ii. Eivou yvooto (BA., m.y., [32]) 6T
{f e AffF(R™;R™)| [f] € Orthpxm } = Ism(R™;R™).
Oa ypdpouue

RM, ={f:R" > R"|n f etvou dxopntn xivnon} =
={f e Aff(R™;R")| [f] € Orthpxy} = Ism(R™;R™).
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f e Aff(R™RY)

@”\ AN

J< f € Hth,,

Syfuo 4: Topadelypata exdvwy evog cUVOAOL PEGL) OPOTIUEUAANAXGY CLVAPTHOEWY amd Tov R™
otov R™.

14. Ta r € R, Yo ypdypoupe

Hthy, , = {f:R" - R"|n | ebvon opodetinh pe Aoyo r} = {f € Aff(R";R")| [f]= rln}.

15. 'Eotw S ¢ R™.
i. Oa ypdgouue
B(S;R") = {f: § > R"|n f ebvou gpaypévn} = {f: S > R"| f(S) e B(R")}.
ii. Oa ypdgpouue

Bioe(S;R™) = {f: S - R" | n f elvon Tomxd cppcxypévn} =
= {f: S —>R”|f|50 € B(Sp;R™) V oupnayéc Sp € S}.

16. 'Eotw S cR™.
i. O ypdgpouue
C(S;R") = {f:S > R"|n f eivon ouveyhc) =
={f:S >R Vo e S & Ve >0, 35 € 0,(S) t.o.: |f(z) - f(y)|<e Vye Sy} =
={f:5>R"| f(So) € O(S), VSo e O(f(5))} =
={f:5 > R"[f7H(So) €C(S), VSo € C(f(S))}-

[apatnpotue 6T éva onuelo cuvéyetog dev elvan anapaitnta 6.0 (SAS onpeio cucodpevong),
o1 Yo amoutovTay ot Evo lim-optopd, xou pdhiota xdde an.o. (SAS anopovewuévo ornpeio)
elvan onuelo cuvéyelac.

ii. Oa ypdypouue

Co(S;R™™) = {f:5 > R"|n f ebvon ouveyrhc pe ouproyoe Tepleyduevo gopéa} =
= {f € C(S:R™™) |suppf e S}

17. 'Eotw S cR™.
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i. ©a ypdpoupe

Lip(S;R™) = {f:S - R" |n f ebvou Lipschitz} =
={f:S>R"|IM>0 0. |f(z)- f(y)|<Mlz-y| Yo,y eS}.

ii. Oa ypdpouue

Lipioe(S;R™) = {f:S - R" |Y] f elvou Tomuxd Lipschitz} =
={f:S > R"| f|s, € Lip(So; R™) V oupnoyéc Sp € S}.



Kegpdiaio 1

Ileclopiopol/enextdoelc uetagd
twv R »ou R™

e 6ho 1o xelyevo Ya yiveton cuoTnuatixg Yenon twv ototyelwy tou Yo avantdEouye £86.
Opiowdc 1.1 (nepopiopds peta&d evkleadeiowr ydpwy). 1. Eotw m < n.
i. XupBodilovue tov mepiopioud and tov R™ otov R™, kai ovykekpiéva
Vit,oooyim €{1,...,n} pel<ig <---<ipm<n

TOV TEPIOPIOUSG WS TPOS TO Ly, ... T; KETITED0Y W
71 Tm

. R"->R™

i1 im

— . n n — . m
T= (xl)z‘:l P T i, (‘T) - (‘rlj )j:l’
0TS €TINS TOV TEPIOPITIUO WS TPOS TO TUUTANPWUATIKG <€TITEG0Y WG

ﬁxzm R" - Rv™
x= ()i = 7o (1) = (25,)0)"
VI 1y ooy nem €{1y. o yn} N {i1, o yim ) e 1< j1 < < Jpom <.

L .
.y o =idp.

2. XuuBorilovue

my ={x" ;. }, Ym<n.

IMopathAenor. Aiya Aéya oxetikd pe tov Opioud 1.1.
1. 'Evag mepiopiopds m;: ;- dev efvar n mpoPolij ooy span({eii }jnil), omws Kkar o WL, av
m < n, Oev elvar n tpofoAn} otov (Span({eij };’il))i
2. Eivar mpogavég ot

T =T o, Vm<n.
. i

3. Ilpos i n &draén; I'a va efvar povadikds kdle mepiopiods ws mPog To avTioTOO <ETITENOY.
Eivai o 6106 Adyo§ yia tov omolo naipvovue dwatetayuévn tny Bdon tov R™. Erniong, Adyw avtig
g dudtagng,

!
card IT]} = (n) S —
m/)  m!(n-m)!

MHopdderypa. 1. Yz eR®,

7r§)4(x) = ($2,$4), ﬁg4($) = (x17x37x5) & 7Ti’2345(x) =T



2. ¥V 29 eR", p>0 & nepropioud W?lmim,

T i (B(20,0)) = B(w}, s, (w0),p) & 7, (Q(z0,p)) = Q(, s, (x0).p).
Opiopdc 1.2 (ypdenua owvdptnong). 1. Eotw
. m<n,
ii. ScR™,

iii. f: 8 —>R™™ &
. ka1 TEPIOPITOS T ;.
Tpdgovpe gr(f;my, ;) €R™ ya o ypdgnua (graph) s [ ws mpos wo ft ;. (R™), 516

gr(fim o) ={zeR"|x} (@) eSkm ], ; (2)=(form ; )(@)}.

2. Eoww S cR™ ka1 f: S - R". ©érovue

er(fim) )= F(9).

T /gr(f;ﬂ'?) f:R—R

\

gr(f;#7)

x

Syfua 1.1: To yedonua woc f: R > R o¢ npoc o 7} (RQ) xouL To 77 (RQ) =2 (RQ), avtloTolyd.

Opetopdc 1.3 (emypdpnua ovvdptnong).
Fotw
i. SR
ii. f+S->R &
iii. Kal TePoPIoUdS T

An-1"

T'pdgpovpe epi(f; 77?1'__1-”_1) € R™ ya to emtypdpnua (epigraph) s f ws mpog wo mit ,  (R™), 6A6

epi(f;w?l_”in_l) = {x eR™ |7TZ...in_1(5U) eSwkaw ; (r)2 (f OWﬁ...in_l)(f)}

Inueiwon. Avtiotoa pe tov Opoud 1.3, opiletar kar to vroypdenua pias ovvdptnons aArd 6ev
Ua uag anaoyolnoe avtd, pag kai 6ev eival tinota dALo and Ty €1kéva Tov avTioTOOU ETTYPAPNUATOS
péow ag draurtng kivnons (kai ovykekpipéva €vds atdod avtikatontpiopol (reflection).

Optopdc 1.4 (enéktaon petwaél evkdedeiowr xdpwr). 1. Eotw m<n.

i. XupPodilovpe tny enéxraon andé tov R™ oror R™, ka1 ovykekpiuéva ¥ mepopioud '
Ty avtiotoyn enéxktaon «ektosy wov T (R™) wg

m,

w :R™ - R"

1. tm "

: ~N n
T i owy , =id, & r i 0We i = Onom,
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Onw €miong TNy €méKTaAoT) <EKTOSY TOU Ty R™) w
S ns m n S i1 vim S

ﬁ’l]’l A Rn—m s R'n,
1eeilm
M€
n ~n _ AN AN o
7r7117Am ° wilu'inz - Om g 7Til-ui'm ° wil'ni?n - ldn_m'
.. n .
ii. wp ;o = idy.

2. XuuPorilovue
U(’:)L'L = {wz.“im}a Ym<n.

ITopathApnon. Aiya Aéya oyeticd pe tov Opoud 1.4.

1. Eivai tpogavés 6t

onws eriong 6t

(wsz ° ﬂ-znl...im) + (@znlzm ° ﬁ—?lzm) = idp.

2. EE& opiouot, n ovlnyns ouvdptnon uiag €néktaong €ival o avtiotor oS TepIopioss.

3. Hpogavd card Uy, = card IT)!,.
Hopddetypo. Vo eR5,

@34(x) = (0,21,0,22,0), @34(2) = (21,0,22,0,23) & whyys(z) = .

Oplopoc 1.5. Eoww

1. m<n,

2. ScR",

3. mepiopiouds it €

4. f+ S >R
Vyery i, (S), yodgovue

FOrw)s (et o ()] (i, (0)+ 0, () €S}~ R
v f(asy) = f(@h, L, (@) + @5, ().



AN n
Wil...i,n(R )
- e o
Y4 \
RN /. S
’ N / |
1 \ / N
I \ / h
1 \ ,/ ,
II \\’/ ///
A (9) [T S e
7T7;1---im /f- bl
r! A
1 1
i i
i
i
i
i
i
i
I
I
- 1
i
I
i
i
n n
i i (R")
n n )
{x e i () (wa,(x) + wil...im(y)) € S}

WZ...%(S)

Syfua 1.2: To otvoho {x € i (9) | (wfllm () +@ ;. (y))e S}vye 7 i (9), émwe otov
Optopé 1.5. Eniong, Vy e 7t () t0 olvoho y+{ze i (S) | (@f o @)+ . (y))e S}c
S avapépeton xon we dlatour (cross-section) tou S we tpog to AL, (S).
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Kdmolo Tcpoocrcou.‘con')ue:voc

Ed¢d mapovotdlovton oplouéva, anapaitnTa Yo TNy CUVEYELX, oTou el

2.1 Tomoloyixd ATOTEAECUATH

Apywd mapodétoupe, éva teTplupévo, olhd Vepehiddes, anotéleopa poall ye éva tdploud Tou, T omolo
xon Yo YenouonoloUUe Y welg vor Tol avapEPOUE.

ITpbtaom 2.1.1. Eoww S cR™.
i. Eotw ét1 0S = @.

a’. Téte To S efvar ka1 kKA€1oTé ka1 avoikto.
B Tére S e {@,R"}.

1. 'Botw 6t 0S + @ ka1 xg € 0S.

a’. Av xg ¢S, tote to xo €ivar 0.0. (vreviupilovpe, onueio ovoodpevong) tou S.

B. Av xy € S, tdte 0 T €lvar efte 0.0. Tov S, efre amo. (vrevOuuilovue, aropovowuévo
onueio) (zov S).

ITépiopa 2.1.1. Eoww

1. ScRn,

2.5 = {m eR"” | To T €lvar 0.0. TOU S},

3. 5= {;v € S| T0 xo €fvai 0.0. TOU S} cS &

4. S3 = {ac eR" | TO T €lvai aw.o Tou S} = {x € S| T0 T €lvai an.a.} cas.
Téte

. S1nS3=g,

ii. S1N\8 =05\ S3 ka1 dpa (SN S)uS3 =08,

iti. SyuS3=8 &

1. SouS;=_5.

IHopatAenom. To Ldpwua 2.1.1 vrovoel, petad dAAwy, 6t pnopolue va Jewprioovue kdle vmo-
ovolo tov R™ we tny évwon tov ourddlov twy an.o. Tov Kal TOU CUVOAOU TV 1) AT.0. TOU.

‘Oco tetpypéva xou av elvar, ta endpeva etvor xoufixd, xou cuvidwe Yo YeNoLLoTololue Ywele
uveta.

Ieétacr 2.1.2. Eotw {S,51,5} ¢ P(R") t.0.:
i. S1€0(5) ¢
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it. So € C(S).
Tére
1. 51\ S2€0O(S) ¢
2. 51nSyeC(S1)nO(S2).
IIgdétaom 2.1.3. 1. Eow
a’. N eB(N)\{g},
B. S;cR™ Vie N eB(N) &

Y. n= Y n,.
€N

1. To T] S; €R™ efvar avoiktd avv to S; eivar avoiktd Vie N.
ieN

1. To T1 S; €R"™ eivai kAeioté avv to S; eivai kAeioté Vi e N.
€N

2. Fow

a’. m<n,
B. 5,5y e P(R") &
Y. mepopopuds T,
i. Av SyeO(S), wre ' ,; (So) € O(WZ...im(S))'
ii. Av SyeC(S), torenl , (So)eC(al ., (5)).

Baowr elvon enfiong 1 mopoxdte WLOTHTA TV CUUTAYOY GUVOAGV.
ITpbétaomn 2.1.4 (Arjupa tov Lebesgue). Eotw ovunayés S ¢ R™ ka1 {U;},., ¢ P(R") tw.:
Sc UU. Tére Ip>0 tw.: VSy €S pe diam(Sy) < p, Jig € I t.w.: So ¢ Us,.

e s

Y ouvéyeta napardétouue oplopévec xataoxevég o avdaipeta utoclvola tou R™. To mpdto
anotéheopa éneton e0xoha Yewpdviac xatdAiniec culhoyéc and otoryeio Tov Z(R™) tou anoteholv
xdAvppa Tou R™, my. v

xdmowo xg € R"™ &

{Q(x0,a:) } ey YW {

xdmotat yvnoing adZovoo oxohouvdio {a;}, ¢ R t.w.: a; - oo
&

—+00

{lazi-1, a2i+1)n}ie2’ YLt xdmota yvnolwe ad&ovoa axohoudio {a;},, € R T.0.0 a; 5 too.
IIeétaom 2.1.5. VScR”, 3
1. Ne P(N)\{@} r.w.: NeB(N) avr S e B(R") &
2. {Si}tieny €B(S) rw.: Vie N, 3I; e Z(R") n B(R") t.w.: 3S; € 0S udl;,
tw: S=US;.
ieN
MdAiota, propotje, emmAéov, va Oewprioovue 6t n {S;},; n €var
i. €fte yvnoiws avéovoa arxolovdia oxetikd avoikTwy VTOOVVOAwY tou S, 6A6
a’. S;eB(S)nO(S) &
B. Si¢S;,Vi,j eN pei<j,
n
i1. €fte TUAOYI) opotdpoppa ppaypévwy kar Evwy avd 6Uo vtoouvédwy tou S, OAS

a. SinS;j=0,Vi,jeN puei+j &
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B. 36>0 tw.: Ha}, vy $R” rws S; € Q(y,9).

To endpevo eivon dueco av U = R™, evéd av OU # @, 161 ypnowonotolue ty dist(OU, x): U —

(0,00) (B, T.., TO TEAOTO WG TNC anddedne Y To 11, Lemma 15.1, ceh. 122]).

ieN

‘Etot, Bdoel tng Hpdtaone 2.1.6, nafpvoupe to mapaxdtw, 1 anddelln tou onolou eivon ulo amAy

nopahhary) T anddene yio to [11, Lemma 16.2, cel. 137].

Ilpétaocn 2.1.7. FEow U c R" ke {U;},., € O(U) tw.: U= U U;. Tére I{1;},.y € I(R") N
ies

BU) tr.ow.:

1. o I; elvar un tetpippévo Vi e N,
2 U)'=UL=UL=U,

1eN €N €N
3. VieN, Jige S tw: I;ccU;, &

4. YUgcc U, IN e B(N)\ {2} to.

:Upc U I;.
ieN

ITgétaon 2.1.6. YU ¢ R™ 3 adéovoa {S;},,y ¢ P(U) and ovurayr vrootrora tov U t.w.: U =
U S;.

1

1
! ’ ’ S ---"
1 / /) ’ S
I 1 ! 7 ~
1 i - S~ -
1 | / ' R TR T
n 1
| D= e -
T 1 -
1
leeoe \ 1 | N mmm——— -
1 1 1 ! ~o
! 1 -
| \ — - -~
\ \ || 1 ! .- S
\ \ T A~ ~
\ \ _+t-1-4<
\ \ -- <
\ \ ‘l" -1 ==~
\ \ -
\ \ So Phd
\ \ ~~-F
\ N JPEEREN
\ So _- N
N S~a --" ~
\ == S
\

Eyfue 2.1: T v anddedn tne Hpdtaone 2.1.7: Tepayiloupe 1o U o wa adfousa (dneipn)
axohoutia avoixTey LTocUVOALY Ue Bdon Ty andotaoy and o cbvopo. ‘Emerta xahbntouye xdde
«AplBay ToU TEOXUTTEL Ue SlaoTAPATA, To oTtold PEOVTIOUUE VoL UNY TEUVOLY TIC HEVETOUEVES Xl TIC

TPOTEONYOUUEVEC.

Topagedlovtag ehagpde v Ilpbdtaon 2.1.7 naipvouye 1o e€rc.

IIépiopa 2.1.2. Eotw U € R™. Tdre 3 avéovoa {S;},.n ¢ B(U), t.w.:

1. S;¢U VieN,
2. VieN, 3
i. Ne BN)\ {g} &
i. {I;};on $Z(R™)nB(S)
tw: Si= UL &

JjeN
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ieN

Toea, o emdueva tela anotedéopota etvar Vepehlddn xou cuvidwe Yo yenowonoodvion ywelc
Wiadtepn pvelo. O amodel€eic Toug unopolv va Beedoly oto [31].

Ipétaon 2.1.8. Av éva S ¢ R" eivar cuvextixd, téte kdde Sy € R", ue S € Sy € S, efvar cuvertixd.
Oewpnpa 2.1.1. Eotw ovunayés S € R™ ka1 f € C(S;R™).
1. Tére o f(S) S R™ elvar ovpunayés.
2. Ay, emmdéor, n =1, téte Jx1, 20 €S t.w.: f(S)=[f(z1), f(x2)].
Oezvpnpa 2.1.2 (OET). Eotw ovvektiké S ¢ R™ kar f € C(S;R™).
1. Tére o f(S) S R™ elvar ouvekTikd.
2. Av, emmdéor, n =1, tdte V1,20 €S & Vae (f(x1), f(x2)), Jxo e S t.w.: f(x0) = a.
3. Av, emmAéov, to S elvar ouunayés karn =1, téte f(S) = ;Ielg{f(l‘)},s;elg {f(z)}|
Mt o xou yefowun yevixevon evog yveotod anotedéouatoc (Bh., m.y., to [11, Theorem 18.2,
oeh. 154]) ebvon to €.
IMpotaon 2.1.9. Eotw U cR” kat f e C(U;R") t.o.:
a. nfvaevarl-1,
B. [(U) e OR") &
Y. [TteC(F(U)RM).
Téze
1. £(S°)=(f(9))° vScU &
2. f(8S)=0(f(S)) vScU rw.:
i. 0ScU &
ii. 9(f(S)) € f(U).

Ynueiwon. 1. Ta onueia B’ ka1 y". wng Ilpdraons 2.1.9 eivar neprrtd vnd to mpioua €vog Tpow-
Onuérov anoteAéopatos mov bev Ya pag araoyodjoer €6¢s (BA., emions, tny Xnueiwon petd to
Oedypnua 4.1.6.1, napakdtn).

2. Or owidnjkes 2.i. ka1 2.ii. Tng Ilpdraong 2.1.9 wkavorowdvray, m.x., yia S cc U, 1 yevikdrepa
ya ScU tw.: ScU.

3. Ilpogavdg, o1 ovvinkes avtés woydovy ws 1w0otnTes uovo étary U =S =@ kaa U = S =R".

2.2  AvohuTixd anoteAEcpoTa

‘Eva, eniong, yvwotd xpitrplo opotduoppng obyxiiong axolovdoc cuveydV cUVIPTACEWY GE CUVEYT
ouvdptnon (Bh., m.y., [26, Oedpnua 7.13, oeh. 228]) eivan to axdrovdo.

Ocsohenua 2.2.1 (Dini). Eoww ovunayés S ¢ R™ ka1 {fi},qnV{f} € C(S;R) to.:
1. n axodovdia {f;}, €var pOivovoa &
2. fi—>f.

Tére f; 25 f.

Téhog, éval YVwoTO amoTéAEoUa OYETIXA UE TG DIMAEG oxohoudec xau aelpég, To omolo amodelxvie-
Tou e omAd oupPatind emuyetpriworta (yweic OAS ta Yewpuata xuptapynuévne B wovotovng olyxMong
e Oewploc Métpou). T o Thiprn Topovsiact| Tou napanéurouue oo [J]
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Ieétaon 2.2.1. 1. Eow {aij}; ;U {aitey R xar {bi},o & [0,00) T

a’. Q45 ’H—of Qj V_] € N,

B’. a,;j| Sbj Vi,J eN ¢

Y. noepd Y. b; ovykdiver (anoddtwg).
jeN

Téte
i. noepd Y a; ovykdiver atoAUtwg &
jeN
i. n akodovlia {Z ai]} oUyKAlvel,
JEN S ien
ka1 pdAiota
> aij > ) aj.
JeN jeN
, s L. 2 / g .
2. Eorw 1 -1 kavent f: N > N7, kales enions {aij}; ;o ¢ R t.o.:
i. €fte kdnowa and TS BLadoYIKES TEPES

> > i &Y ai,

jeNieN ieN jeN

1. €fre 1 OmAn oe€ipd
Z Qg
(i,4)eN?
114. €lte n oepd
D a5y,
keN
va ouykAiver atoAUtws. Tote Ae§ o1 mapandvw gepés ouykAivovy atoAUtws, kat pdliota

22 = DL = ) agg = ), ) i

jeN ieN (4,j)eN? keN ieN jeN

Inuelwor. To onueio 1 tng Hpdraong 2.2.1 elvar yvwoté ws Oecpnua tov Tannery.

2.3 AlyeBpwxd anoteAéopaTa

Iopodétouye optopéva anotehéopota and v ooy ‘AlyeBea.
Koatapyv, 611 unopolue va gpd&ouue v opllouca evdg mivaxa and Ty vopua Tou elval Tpopaveg,
xou 1 aviedtnta tou Hadamard (BA., m.y., [3, Theorem 14.1.1, oeh. 233]) nopéyet to BEATIOTO Ppdryua.

IMpdévaon 2.3.1 (Hadamard). Eotw x € R™". Tdre
1
n n 2 2
ldetz| < ] (Z|xl]| ) .
j=1\i=1
Mdhiota, n wétnta 10y Ve avy
1. efve ka1 Ta &Vo pépn etvar 0O,

2. efte

Y wpgwy =0, VL e{l,...,n} pek#l,

i=1
OAS o1 ypaupés (A, wodlraua, o1 oTAAeg) Tou & elvar oploydvies avd Svo.

ISwaitepor ypriowes ebvan oL mapaxdte edxoho etodndelotuee wétntee (BA., [4, Proposition 3.9.3
xou Proposition 3.9.4, oel. 302 xou 303, avtictouy]).

Ilpétaom 2.3.2. Eoww
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; nxmn

1. 11 € R s

s nxm

1. T12 € R s
111, To1 € R™*™ €4

w. Tog € R™>xm

1. Av 0 x11 €lvar un 161dlwv, tote

X xT _
det 1 12 = (det 9311) det (1322 — 21 T11 L. Ilg).
T21 | T22

2. Av o0 x9y €elvar un 10idlwv, tote

T11 | T12 -1
det = (detxgs)det (11 —x12- T - 2921 ).
( 21 | T ) ( 22) ( 11 12 T22 21)

3. Av o1 x11 ka1 T2 €lvar un 161dlovtes, tote

— X X —
(det .’1711) det (.%’22 —T91 " T11 ! '.1'12) = det( -75;1 x;i ) = (det .%'22) det (wll — 12 T22 L. 3721)-

"Ayeon ouvvénewa e Hpdtaong 2.3.2 elvon to e€rig.

IMépropa 2.3.1 (ravtdtnra twv Weinstein—Aronszajn/tov Sylvester). Eotw
1. x19 e R™ &
2. xg9p e R™™,

Tére
det(ln + X192 3321) = det(lm + To1 ~.2312).
To axdéhouto elvon o tOmoc twv Cauchy-Binet, 1 anddeiln tou onolou propel vo yiver yoplc (BA.,
Y., to [21, §2.5, oeh. 39], ¥ 1o [7, Theorem 9.25, cek. 251], ¥ 1o [I, §3.2, oeh. 252], yio W

an6delln uéow tou avantdypatog xatd Laplace oe ouvduaoud pe to Ilépopa 2.3.1) 4 pe (Bh., my.,
[31, IIpbtaon 1.4.2, oel. 21]) ypefon evvoidy ané tnv Ietoypoppi AlyeBpo.

Oezopnpa 2.3.1 (Cauchy-Binet). FEotw m <n kat x € R"™™ ka1 y e R™". Tdre

m m
dety-x = Z det (ac,-kl)k’l=1 det (yikl)k,l=1'
01,..yim €{1,...,n}
pe 1<i <<im<n

Eibixdrepa,
detzt -z = Z (det (‘xikl);:l=l)2 2 0.

015eensim €{1,...,n}

ne 1<i << <n

To nopaxdte anotélecpa eivar Yvootd e ol avdhuor (polar decomposition) (¥, evalho-
XTxd, maporyovtonoinon) mivoxo, Xl Yol THY oA anddeEr) TOU OToloU TUPUTEUTOVYE GTO, T.)., |7,
Theorem 9.24, ceh. 250].

Oevpnpa 2.3.2 (rodikrj avdidvon). Eotw m < n kar ¢ € R™™ t.w.: o x evar g péyong
wdéng, A0 rankx =m. Tdte 3

1. 1 € Orthyxm,
2. x9 € Diag,, n Pos,, &
3. x3 € Orthyxm,

TW.. =3 -T2-T71.
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Téhoc, napadétoupe TV Yevixeuon tou eEwtepol yvopévou (cross product) x tou R? otov R™.
T v dpeor anddellr| tne mopanéunovye oto [11, Lemma 38.3, oeh. 314].

IIpoétact 2.3.3 (s€wtepind ywouevo otov R™). Eotw
1. uia ouAdoyn {wz}fz_ll ¢ R™ ypaupixd aveédptnrwy otoyeiwy,
i,z = (z)]5 e R0 g
iii. zo = (20;);q € R" T.o.:

z0; = (-1) " Mdet (z(1,...,(i),....n)), Vie{l,...,n},

émou, Vi € {1,...,n}, o z(1,...,(i),...,n) € RN ¢fyar o nivaxas rov mpoxvnra and
TOV T TAPAAEITOVTAS THY 1-00TH TOU YPAMU).

Téte
1. xzg€ (Rn)*,
n— 1
2. xp€ (span({:l;i}i:ll)) ,
3. det (xzg|z) >0 &

4. |zo| = (deta™ - x)l/Q,



Kegpdiawo 3

Alopopixol TEAECTEC

Mukdvtog xdnwe adplota, €vac teheotrc ebvar plo ouvdptnon Uetald dV0 GUVOAWY GUVOPTACEWY,
Blapopixde elvon €vac teAecTAC mou oyetileton pe xdmota dodixacio Swopdelong, xou o dtadixacto
Bapdplomng elvon Lo onpetaxt| oploxy) dladacio Tou apopd xatdhhnio TnAixa.

ITpwv oploel xavelg évav Tedeaty|, TEENEL TEWTA Vo oploel T GUVORA GUVAPTACEWY 6oL dpd. Lu-
viidoe otny BBMoypapia, Evag dlapopixdc tTekeatic oplletan enl cLUVOAOU CUVHETACEWY OPLOPEVWY GE
avouxtd utocUvoha tou R™. E8G yevixebouue ta emtpentd oOvoha 0plood TwV GUVIPTACEWY OTIC
omolec dpa €vag TETOLOS TEAETTHG.

3.1  Awagpopiorn xatd dievduvon

Ed¢ ewodyouye 800 évvoleg, mou 1) deltepr npolmodétel TRy M.

3.1.1 XUvolo Siagpodplong xatd dievYuvoT

Opiopée 3.1.1.1 (otvolo diapdpons xkatd tretiduvon). Eotw xg € (R™)”.

1. Eotww, emmAéor, S € R™. Aéue du o S eivar odvodo dagdpions katd sievduvon (mov endyer
t0) xg avv Vx €S, I{a;}, oy § R* tw.:

1. a; —> 0 ¢
. {z}+ U a;{zo} € S.
ieN
2. YvuBolilovue

Dy, (R™) = {S cR"” | 0 S €elvar ovvoro dapdpions katd GievBuron xo}.

Ynueiwor. Awrvndrortas tepigpactikd tny évvoa tov Opiopot 3.1.1.1, Oa uropodoaue va modue
6t kdOe x € S € Dy, (R™) efvar 0.0. tov S ws mpos tny dievduvon .

‘Onwe Yo ovel apéowe thpa, 10 Dy (R™) yio 7 € (R™)" neptéyel évo eupl 9dous UTOoUVONGY
Tou R™.

Ieétaon 3.1.1.1. Eoww zg € (R")".
1. R", % € D, (R").
2. Eotw, emmAéov, U CR"™. Tdre U € D, (R™).

3. Eotw, emmAéov, S € D, (R™) ka1 Sp € O(S). Tdre Sy € D, (R™).

12



KEPAAAIO 3. AIA®OPIKOI TEAEXTEX 13

P ] Zoi+1
g Toit2 ;
sz + @i12%0i12 l‘ + a’ﬂJO
T 0n oo Lt @iy |
. . . T+ a;13%0 1
AT+ aip3Toiv3 e.. ‘ I
T0i+3 20 T T+ aitaxo :
S Lo ‘ !
T + Gi+170i+1 !
|
|
)
a; — 0
1 2.

Syfua 3.1: Yo 1. anewxovileton 1 yewuetpio ToU T 0C ONUEID CLUCCWEEVCTS EVOC GUVOAOU, EVE GTO
2. w¢ otouyelo evog cuvdlou Blapoplong xotd dieduver .

Zo

Yyhua 3.2: To olvora 1.-3. elvon mapadelypata otoryeiwy tou Dy (R™), evdd to 4.-6. oxt.

3.1.2  Awpopion xatd dieduvon

Topa, nepvdpe otov AoYo eloaywyhc e tonohoyloc tne dlagpdpione xatd dievduveor, mou dev elvon
Ghhog amd To va EYEL VONUO O EMOUEVOS OPLOHOC.

Opwopoéc 3.1.2.1 (Guapdpon xard sevduvon). FEotw xg € (R™)”.
1. Eotw, emmAéor, S € Dy, (R™) kar
f:8->R"
z e f(@) = (fi(2))i-

i. Eotw, emmAéov, x € S. Oa AMéue én1 n f eivar dagpopioun xard sievBuvon xg oto x avv 3
70 (povadixd 6mws mpokUntel and TRy povadikdtnta Twy opiwy)

- f(thfco)—f(:v):( lim fi(thon)—fi(fE))n

R*3t—=0 t R*>t—=0 t

)
=1

Kai g€ auty) TNy mepintwon opiletar n dapdpion katd dievduvon xg s f 0T0 T WG

f($+t$0)—f($).
0 t

Dwof(x) = Dglvof(x) = ]R*ha?i
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it. Aépe énin f elvar Sriagopioun katd sieduvon xg oto Sy € S (dev Ya avapéperai to Sy = S)
avv n f elvar rapopionun kard Siedduvon xy o€ kdde x € Sy, ka1 o€ avTiy TNV TEPinTWIN
opiletar n Bragdpion katd brievduvon xg s fls, ©

Doy fls, = D}, flsy: So > R™
z = Dy, f(x).

2. O tweheotis g dagdpions xatd drevduvan xg, Dy, = D) | opilerar wg

Tg?
Dyy: {f: S > R™|Sg € S €D, (R™) & opilerar n Dy, fls, } = {f: So > R"}
f = Day flso-
Iepvdpe tdpa oTic TOAATAES Blapoploels.
Opiopoée 3.1.2.2 (moAamdés dugpopioes katd Sevduvon). Eotw o € (R™)".

1. Eotw, emmiéor, S € Dy (R™) kat f: S - R*. Aéue énuin f eivar k popés dagopionun katd
diediuvon xg oto So €S (bev Va avapéperar to So = S) avv opiletar n

. n
DIQO.“OD(EU f|S()SO_>R )
—_—
k @opég

ka1 o€ auty Ty mepintwon ouvpPolilovue

k
D:I;Of|So: Dzoo"'oD.’Eo f‘SO'
[ S —
k gopés

2. O tedeotris twv k-nAdy dagopioewy katd dievduvon xy, D’;O, opiletar wg

D,’;O: {f: S >R"|So ¢ SeD,, (R™) & opilerar n D,’jof|50} - {f: Sy~ R"}
= Dy, flso-
Hopathenor. Tovilovue 6t o Opiouds 3.1.2.2 dev elvar onpeakos.
Télog, enexteivouue Tov Oploud 3.1.2.2, yia euxola oTNy BLoTUTHOY TWY ATOTEAECUATLY.
Opwopéc 3.1.2.3. Fotw xg € (R™)".
1. Eotw, emméov, S € Dy (R™) ka1 f: S — R™. Tére opilovue DY f = f.

2. Opilovpe Tov DY va efvar évag tavtotikds teAeotris.

3.2 Mepwxr diapdplon

H oculhoyiotiny| tng nopoloog evotnrag ebvan 1 (B ue autrh tng Evotnrag 3.1.

3.2.1 XUvolo pepixrc diapodpLong
Optopdc 3.2.1.1 (ovrodo pepixris buagdpions). 1. Eotw S cR™.

i. Eotw, emmdéov, i € {1,...,n}. Aéue du to S efvar ovvolo uepikis dapdpions ws mpog
n i-oot) ovvtetayuévn avy S € Do, (R™).

it. Aépe to S elvar alvolo pepikris dapdpions avv S € FL) D.,(R™).
i=1

2. YuupBorilouvue to olvolo twv owvdlwr pepikis diapdpions ws D(R™) = F] D.,(R™).
i=1
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To avtiotoryo g [lpdtaong 3.1.1.1 eivan 1o €€rig.
IMeoétacr 3.2.1.1. 1. R*,@ ¢ D(R").

2. Eotw un tetpiyupévo I e Z(R™). Tdre I € D(R™).

3. Eoww U cR". Téwe U e D(R™).

4. Eotww S € D(R™) ka1 Sy € O(S). Tére Sy € D(R™).

Ty 3.3: opadetyporta otoyeloy touv D(R™): 1. 1, 2. U xu 3. UnR7,. Avtideta, 1 4. B(zo, p)
xor 5. OB(xg, p), dev anoterolv otouyela tou D(R™).

3.2.2 Mepuxn Sapodplon
Optopdc 3.2.2.1 (uepikni dupdpion ws mpog ovvtetayuévn). Eotw je{l,...,m}.
1. Eotw, emmAéov, S € D, (R™) xar f: S - R™.
i. 'Eotww, emmAéor, x € S. Aéue on n f elvar pepikdds dagopionun ws mpos tny j-ootn
ourtetaypévn ato x avv opiletar wo D, f(x), ka1 o€ avtr) Ty nepintwon ovpporilovue
)= 510 o100 = 1) = ()= Do ),

it. Aéue on n f elvar pepixds dagopioun ws mpog tny j-ootr ovvtetaypérn owo Sy € S
(bev Oa avapéperar to Sy = S) avv n f elvar pepikdds dagopionun ws mpog Ty j-ooTh
owvtetaypuévn o€ kde x € Sy, ka1 o€ auTnY TNY TEPITTWOT 0piletal N HePIKT) Bragdpiong
mpos Tty j-ooth ourtetaypévn s fls, ws

1 1
Ulss 0l . 0 g 0 o fls,, : 8o R"
axj &Ej

8$j 8Ij
of

% _ 9'x _ 8 _ o' _

2. O tedeatri§ S UePIKIS B1apdpIong TPOS TNV j-00TI) CUVTETAYUEVT), 57— = 5= = 57— = 5 —
*g; 5 opileTar wg . | |

88* {f S —>R"|SycSeD,,(R™) & opilerar n f|s°} - {f: So - R"}
Lj
8f‘So
fr oxj

O ouvpBoriouds mpooapudletar katd ta ovvndn dtay m = 1.

H aptidtnTa Tou mopaxdte oplouol elvar 0 AdYog eloaywYNS TwV GUVOALY HERIXTS Blapdplong.
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Optopdc 3.2.2.2 (uepikn bugpdpon). 1. Eotw S € D(R™) ka
f1 5 > R"
v f(z) = (fi(2))is-

i. Eotw, emmAéoy, x € S. Aéue oni n f eivar puepikads dapopioun avv opiletar to %(w)
J
Vjie{l,...,m}, ka1 o€ avtrj Tty nepintwon ouufolilovue

Di)-0'@ = (L @) ()

j=1 J 4,5 =1

Kai

Jf(x) =|det(Df(z))|, av n=m.

. Aéue dnun f elvar pepixds dwapopionun oo So € S (dev Ja avapépetar to S =Sy) avv n f
elvar pepikads dagopionun oe kdle x € Sy, ka1 o€ autiy TNy mepintwon opiletar n HePIkn
dapopion s f wg

Dfls, = D" fls,: So = R™™
z~Df(x),

onws erions, av n =m, opiletar n
J flso: So = [0, 00)
x> Jf(x),
2. O tedeotiis TN peptkris Sapdpions, Yrwotés kar ws teAeaths tou Jacobi, D = D, opiletar wg

D:{f: S > R"| Sy c S e D(R™) & n fls, evar pepixcss dagopioun} — {f: So » R™™}
f g Df|Sov

onwg emions, av n =m, opiletar o teAeotiis Jacobian, J, wg

J:A{f: S > R"| Sy c S e D(R™) & n fls, evar pepikdss duagopioun} - {f: So — [0,00)}
feJfls,

Ievixetovtag tov Optopd 3.2.2.2, divoupe tov axdrouvdo.
Opiwopo6c 3.2.2.3. 1. Eotw S e D(R™) kai

f:S->R"
x> f(@) = (fi(x))s-

i. 'Eotw, emnAéov, x € S. Xtny nepintwon mov opiletar to

fi. () ise€{l,...,n} pese{l,...,k} yu xdrnow k
’ jee{l,...,m} pete{l,...,l1} ywa kdmow I,

ouvpPolifovue
M(@ = (af“(x))kyl

a(l’jl,...7le) amjt
1. Xtny nepintwon nov opilovtar ta napandve dpia o€ kdbe x € Sy € S, opilovue Tty

a(f|5’0i1,~ . 7f|502k)
a($j17---,sz)

s,t=1

:SO _>Rk><l
— a(fnvmfm)

8(xj17--~7xj,,)

X
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2. O tedeotris M, optletar wg
Tjpseees Zj;

a( Zl? *t lk;)
6(17]1,...,le)

{f:S—)R"

0 -
So €S eD(R™) & opilerar n (f|80“

9 "7f|soik)

8(1‘j1,..
Ynueiwon. O nivakag
a(fha"'afik)

8(33]»1 g

€vdexoUévas va éxel ToOANaTAES Ypaujiés/oThireg

Mo e mepintwon tou tedesth Tou Oplouol 3.2.2.3 elvan 1 oxxdhouvdr, n onola, woTH6CO, Ta-
pauével yevixevon tou tekeoth D otov Opiopo 3.2.2.2

Opgiopoc 3.2.2.4. Eoww

a. k<n &l<m &
B.

m
nepropiopovs wpw o Gl

1. Eotw, emnAéor, S € D(R™) kai

f:S->R"
x> f(@) = (fi(2)i-
i. 'Eotw, emmAéoy, x € S. Xtny nepintwon nov opiletar to

%(;U), Vse{l,..
dzj,

oupPorilovue

on’

it. XTny mepintwon nov opilovtar ta

o fls
1,1 A 0, kxl
m ( ) : SO -R
J1 Ji
onl . o

T 8 11...1% f( )
7TJ1 jz(x)
20 ) O, 0% 7
- O weheomiis 5oty opiletar o
onl

114..‘

aﬂﬂ...jl(‘f).

{f S - R"

J1--di (.CE)

Lk} BVte{l,...

n of.. :
o ﬂu“( ”),t-;

So €S eD(R™) & opilerar n a“ iy © s,

S8, - R
'7561'1) } {f ’ }

fr a(f|SOi1"' : ’f|soi’€)
8($j17'~~ 7',1:jl,)

(z) e R™! grov Opioé 3.2.2.3
Ty )

7l}7

napandvew dpia o€ kdle x € Sy € S, opilovue Tny

}—> {f So »kal}

f . ’Ll ’Lk f|SO
871';’;.“]1 (z)
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Ynpeiwon. O nivaxag

67"?1...% of
awm'.‘jl (x)

J1

(z) e R¥! grov Oproud 3.2.2.4,

dev éxa moAamAés ypaupés/othiles kar ta otoiyela kdle ypapung/othiing éxovry ouykekpipuévn
didtaén (katd avéovta Sefitn).

Me Bdon to Oedpnua 2.3.1 xou tov Opioud 3.2.2.4, divouue Tov ETOUEVO.

Opiop6c 3.2.2.5 (yevikeupuérog tedeotris Jacobian). 1. Eotw S € D(R™) ka1 pepikds dia-
popioun oto So €S f: S - R". Opilerar n Jf|s,: So = [0,0) ws

3 orl i oflsy |
(deth|50T-Df|50)2 :( WZ (det 7”10”7xf|50) , avm<n,
Tiyeim

Jf‘so =

T i1.in
i1...0n

1 2\ 2
(deth|so-Df|50T)2:( > (detﬂ%)) , avn<m.

Ipogavds, Jfls, = J fls, dtay m =n.
2. O yevikeuuévos tedeotiis Jacobian, J, opiletar wg
J{f: S >R"[SocSeDR™) 1 fls, eivar pepixcss dagopioun} - {f: So - [0, 00)}
fe3fls,

It to endyevo xouPund anotéheoya epapudlovpe amid 1o Oewpnua 2.3.2.
Ipétacy 3.2.2.1. Eotw x9S e D(R™) kat f+ S - R” tw.:

i. n f va elvar pepikds dapopion oo Sy € .S &

ii. o Df(z) e R™™ va efvar tng uéyiotng wdéng, A8 rank D f(x) = min {m,n}, Va € Sp.
Téte 3 fls, > 0.

3.3 IloAhamAég pepixég diapopioelg
IMepvdpe tdpa oTic TOMATAES pepxéc Dlapoplotic.
Optopdc 3.3.1 (rodanAés uepikég Sagopioes ws npog ovvtetayuéves). Eotw ji, ..., 5k € {1,...,m}.

k
1. Eotww, emmiéor, S € N D, (R™) =& ka1 f: S - R". Aéue dun f evar ji,. .., ji pepikds
s=1 )
dagopioun oto Sy €S (dev Ja avapépetrar to Sy = S) avy opileTar n

0 0
oo : S — Rn
(axjk o o 658_7'1 )f'So 0 ’

ka1 o€ auty) tny mepintwon ouvpBolilovue

k k
9 f|SO = 9 f|50:f|50w_ o :( 9 0.--0 0 )f|SO:SO—>Rn.
al'jl...a.’bjk 8le (%v]k J1 Ik (%vjk 8le
, . . , / 9" « _ a* _ 7
2. O teAeotris TtV ji,...,Jk MEPIKAY Dapopioewy, Bey, 0w, = ay 0w - LETI opiletai
faly ) )
8'“* 6kf|so

} o {: S > R
akf|So

:{f:SﬁR" SpcSeB @Opféetalna
x

890]-1 ax“ J1 ...(%cjk

-
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Optopdc 3.3.2 (moAamAés uepikés duagopioes). 1. Eotw S € D(R™) ka1
f:S->R"
z e f(a) = (fi(2))iy-

Aéue dun f elvar k popés uepikds dapopionun oto Sy € S (dev Ja avagpépetar to Sp = S) avy

k
opiletar n % Vi1, .0k €{1,...,m}, ka1 o€ avtr tnv wepittwon ouuBorilovue

D*fls, = ( 0" fls, ) _ ( 0" fils, ) 5 o R
o —_— _— : .
83:]-1 8x]k iserdn €{1,0,m} 8.%]'1 &E]k i€{1,.n}, G1yeein €{1,...,m}

2. O teeotris twv k-mAdv pepikdy Sugpopioewr, D opiletar wg
D*: {fﬁ S—>R”|So c S eDR™) & opiletar n Dkf|50} N {f: Sp — ]R”ka}
f e Djo flso-
Opwopéce 3.3.3. 1. Eoww S e D(R™) ka1 f: S - R". Tére opilovue D°f = f.

2. Opitlovue wov D° va efvar évag tavtotikds teeoiis.

3.4 Telkeotég Tou Aravuopatixol Aoyiopod
‘Eotw S € D(R™) xou
fiS-R"
w e (@) = (fi(@))icy-

Trobétovtag ot optlovton oL yepixéc Slapopioels, TopodéTouUE XATOIES EWBUES TEPLTTOCELC TEAEGTOV,
Baowxol yia tov Alavuoyatixd Aoyiopo.

1. Eotw n=1. O tekectiic tou Jacobi naipvel tny popet| tou teheoth tne whione (gradient)
Df=vf=gradf = (fz)is-

Eniong, o tekeotrc Tou Hesse xan o tehectric tou Laplace €youv tnv woppr

D2f = (fwiwj)

n

ij=1
2Ol

9 n

Af:tI'D f: Zfr,z,a
i=1
avtiotoiya. Enaindedoupe edxola tov Um0
D*f =D(Df),

o omoloc xat dixouohoyel Tov GUULBOAOUS TOU YENOULOTOLOVUE.

2. O teheothc e andxhone (divergence) diveton and tov t0mo
n

divf=V-f=trDf = me
i=1

3. 'Botw n=1. O tehéotng tou Laplace malpvel v woppt
Af=v-Vf=divgradf.
4. 'Eow m=n=3. O teheatic Tou atpofiliouot (curl) divetor and tov tino

2 5 @ (2% 2% 0% 9% _0h),

1f =rotf = =det] - =
cur f ro f v f ¢ Oz (9932 (9933, 8x3 8x1’ 81:1 81172

81?2 81?3 -

fi 2 fs



Kegpdhowo 4

>tolyela AnetpocTtixol Aoyiouou
otov R"

EB¢) yiveton pio cuvomtixny napousioot) twv faoudv anoteheoudtmy tou Anepootixol Aoyiopol otov
R™.

4.1 Awxpopixodc Aoyiopog
Ou anodeileic v anotereopdtny unopolv va Bpedolv auTtoloLles 1 ENPEOS TEOTOTONUEVES YLo!

Topdpota anoteléopata xuplne oto [31], [L1], xou [20], extde xou av avapépeton dLopopeTind.

4.1.1  Awpopixd

Optopdc 4.1.1.1 (Swegopioiudtnra). Eotw S S R™ kai f: S - R". Aéue dnn f eivar agpopion
(1} adhidds mapaywyionun) oto xg € S avv

1. toxgeS etvar 0.0. &

2. 3(df),, € L(R™R"), t.w.:
@) = f) - (@) (o 20)
im

S\{zo}sz—>x0 |$—$0|

:07

1, wodlvapa,
f(@) = f(xo) + (df),, (x = z0) + o(|z = 20]), Kadds S~ {zo} > 7 — 0.

Aéue dnn f efvar drapopionun (ravtod oto S) avv n f efvar dapopioun o€ kdle x € S.
To endpeva eivan dueco and tov Optopo 4.1.1.1.

Ieértaon 4.1.1.1. Eotw S S R™ ka1 f: S = R™ pe f = (fi)i,. H f etvar Supopionun avv n f;
efvar dagopioun Vie {1,...,n}.
Ipoétaocr 4.1.1.2. Av fe Aff(R™;R™) drov f = fo +xo pe fo € L(R™;R™) kar zo € R™, tdre n
f evar duapopionun ue

(df), = fo Yz e R™.

Eidikdrepa, kdle mepropiouds m) :R™ - R™ (e m <n) elvar Siagopionuos, kar pdAiota

1. tm

(d7r7‘ )l =my . VreR™

01.lim 01l

Eriong, ue xpron tou Optopol 4.1.1.1 xou TG CUVEYELNG PG YRUUMXAC OUVEETNOTNS, Talpvouue
TO EMOUEVO.

Oewenua 4.1.1.1. Eoww S cR™ ka1 f: S - R" va efvar diapopionun oto xzy € S. Tore n f elvar
Ka1 oUveYns 0To Xo.

20
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To axdroudo amotéheoya eivar ebxoha enahndedoluo.
ITpétaon 4.1.1.3. H (df),, tov Opiopot 4.1.1.1 efvar povadixn.
Adyw e Hpdtaong 4.1.1.3 o mopaxdtey oplogds Exel vOTUOL.
Optopdc 4.1.1.2 (duagopikd). Eotw S < R™.

1. Eotw, emnAéoy, f: S - R".

i. Eoto, emmAéov, g € S. Av n f elvar duagopioun owo xy € S, tote ka1 uévo tte n
povaducn (df ), tov Opiopot 4.1.1.1 Oa ovoudletar Siagopixd (1) aAhids tapdywyos) Tng
f oto xg.

it. Av n f elvar Siapopioun, téte kar udvo téte opiletar o dagopikd tns, df, ws €&rs
df: S - L(R™;R"™)
2. O tedearis dagopikd, d, opiletar ws €£nig
d: {f: S > R"|n f etvar buagopionun} - {f: S > L(R™;R™)}
fedf.
A&omowwvtag tov Oploud 3.2.2.2 xou tov Oplopd 4.1.1.1, dueca xataliyouye oto eEhc.
Oevpnpa 4.1.1.2. FEotww S € D(R™) kai f: 5 - R™ va elvar apopioun ovo xg € S. Tdte n f
elvar pepikads dagopionun, kar pudiota

g:‘pfj(xo) = (df)wo(ej)’ Vje {1,...7m}.

Ynueilwor. To avtiotpogo tov Ocwpruaros 4.1.1.2 dev 1wxve ndvza.

Am\ ouvéneia tov Oewpnua 4.1.1.2 eivon to axdhovdo anotéheoua, To omolo pog divel Eva ebyprn-
GTO TPOTO YLOL TOV UTIOAOYLOUO TOU BLopoptxol Lo CUVARTNOTG.

Oevpnpa 4.1.1.3. Eoww S € D(R™) ka1 5 - R™ va eivar Siagopioun oo xg € S. Téte
Df(xo) = [(df),,]-

Snpeiwon. Yy Troevétnra 4.1.3 Ja dodue kdrowv €ibous avtiotpopo tov Ocwpnipatos 4.1.1.3.

Topa, anevdeiag and v Ilpdtaon 4.1.1.2 oe cuvduaoud pe o Oedenua 4.1.1.3, nolpvoupe v
e€hc xAeloTh BlatiTwoN Tou TeheoTy d.

Oecwenpa 4.1.1.4. Eotww S e D(R™).
1. Av ya f: S - R elvar Suagopionun oto Sy € S, tdte

& Ofls
dfls, = 3 280 grm.
| J; Oy

2. Tevikdrepa, av pa f:S - R™ efvar Suupopionun oo Sy € S, tote df|s, = (dfils,)r;-

Ynuelwor. Ye du apopd tov oupupolioud, éxer kathepwlel oto timo tov onpeiov 1 tov Oecwpripatog
4.1.1.4 va avuikaliorarar kdle w" and tny e1kdva Tov, Kar €To1 va Ypdpoviie

m af
af = 3 2L da;.
f ;8$J i

Téhog, nalpvouye dueoa to e€xq.

IIpoétact 4.1.1.4. Eotw S € D(R™) ka1 dwagopioun oto xg € S f:5 - R. Av n f éya tomxd
akpdrazo oo xg, téTe D f(20) = Op -
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4.1.2 Koavdvac alvcidoc

e auTH TNV UToEVOTNTA Hog EVOLapEREL 1) Blapoptxt| UERETN Twv advietwy cuvaptioewy. Kdvovtag
xeron touv Osweruatoc 4.1.1.1 xou Tou Oewpruatog 4.1.1.3 malpvoupe T0 oxdhovdo Bacixd amotéhe-
OWO, YVWOTO e xavévae olvuoidac (chain rule).

Oevpnpa 4.1.2.1 (kavdrag alvoidag). Eotw
1. zge S, c R,
2. S5 cR™,
3. f1:51->R™ tw.:
i. f1(S1)cS2 &

it. n fi1 va elvar Bragopionun oto xog &
4. f2:55 > R" t.w.: n fa va elvar Srapopionun oo f1(xo).

Téte n fao f1 elvar dragopioyun oo g, kar eniong
(d(f20 11))uy = (Af2) ,(20) © (Af1) -
Mdhioa, av, emnAéov, S € D(Rl) kar So € D(R™), tdte unopolue va ypdipoupe
D(f20 fi)(2o) = D f2(f1 (20)) - Df(z0)-

To axdrouto anotéleoua anodelxvOETOL OTNV YEVIXOTNTA TOU €YOVTOC Te®Ta amodellel TNy povo-
Bido oty meplntwon xan oty cuvéyela epopuolovtas To Oewenuo 4.1.2.1.

IMépiopa 4.1.2.1 (OMT, dapopikrj exdoxri). Eotw
1. x,y € R,
2. S={zeR"|3te[0,1] tw:z=a+t(y-2)},
3. Soz{zeR”‘Hte (0,1) rw: z=z+t(y-z)} &
4 f:S->R rw.:

i. feC(S;R) ¢
it. n fls, va etvar Siagopioyun.

Tére Jxg € Sy T.w.:
fy) = f(x) = (df),,(y-2).

Mdlioza, av avti tng vrdleons f: S - R éyovue du f: S1 > R ya kdnow S; € D(R™) pe S5y
(n 1wétnTa unopel va wyver pudvo av n = 1), téte unopodue va ypdipove

f(y) = f(x) = Df(zo) - (y - ).

To enéuevo elvan dueon eqappoyy| tou Iloployatog 4.1.2.1.
Ilpbtaom 4.1.2.1. Eotw

1. xypté S e D(R™) &

2. bwgopionun f:S - R™ r.w.: |Df| € B(S;R).
Téve f € Lip(S;R™).

Me Bdon tnyv Hpdtaon 4.1.2.1 €youye To ec.
ITépiopa 4.1.2.2. Eoww

1. SeD(R™) ¢

2. dagopioun f:S - R™ r.w.: |Df| € Bioc(S;R).
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Tére f € Lipioc(S; R™).

"Evo dhho dueco mopiopa Tou xavéva ohucidac (oe cuvduaopd pe Yoot WBdTnta Ty optloucdy
Tvdxwyv) ebvar to oxdrovdo, 6mov anhd vohoyiloupe To BlaPopnd TS AVTICTEOPNE AMELXGVIONG.

ITépiopa 4.1.2.3. FEotw
1. zge SR,
2. feC(S;R") tw.:
i. n f va efvar dragopioun oo xo,
it. nfrvaeivml-16
ii. n 7 va etvar Gragopionun oo f(x).

Téte )
-1 _ -
(457 pey = (@)
OO efvar avayraio n (df),, va eivar avniotpéhun).

Midhiwota av, emmAéov, S € D(R™), tdte umopolue va ypdipovue
Df(f(w0)) = (DS (o)),

OAS etvar avayxaio o nivaxas D f(xo) va elvar un idlowr, 1, wodtvaua det D f(xo) # 0, 1}, w00dbvaua,
Jf(.’E()) > 0.

Ynpeiwor. Av wyvponorjoouvue tig vrodéoes uag, téte n owvidnirkn Jf(xg) > 0 elvar kar enapknig
yia tny Unap€n Swagopionuns avtiotpopns. Autd elvar ka1 to kevtpikd arotéleopa tng Ymoevétntag

4.1.6.

4.1.3 CF cuvdptnom, keN
Optopde 4.1.3.1 (k € Ny). Eoww S € D(R™) ka1 k € Ng. Opilovpe to odvoro twv k @opég
guvexs peptkds dapopioiwy auvaptioewy f1 S — R, CF(S;R™), wg
C*(S;R™) = {f:S»R”|D’“feC(S;R”mk)}.
EminAéov, optlovpue
CF(S;R™) = CH(S;R™) n C.(S;R™).
H nepintwon k = 0 Jewpeitar ya evkodia otny 61atinwon twy anoteAeoudtwy.

Me 1 xprion tou Oewpruatog 4.1.2.1, nalpvouye nepinou to avtiotpogo tou Oewpenuatog 4.1.1.3
oV Loy UEOTOLNCOLUE TIC TPOUTOVETELS, OTWE PalvETIL TOPOXATE.

Ocvpnua 4.1.3.1. Fotw S e D(R™) ka1 f € C*(S;R"). Tére n f etvar dragopionun.

IHopathAenom. To Ocdpnua 4.1.3.1 dev elvar onueaxs énws to Ocpnua 4.1.1.3 aAAd tomkd, mov
€lval ka1 To TIUNUA TOV TANPWYOUUE.

Eqgopuoélovtag emarywynd to Oedenuo 4.1.3.1, oe cuvduaoud ue to Ocopnua 4.1.1.1 xaw to Octen-
po 4.1.1.3, nofpvouye pLor loodUVOUT Hop@n TwV k QOREC GUVEYMS UEPXAOC BlaPopioluwy CUVIPTACEWY.

Ieoétacr 4.1.3.1. Eotw S e D(R™) ka1 k € Ng. Tére
koo
CH(S;R™) = N C'(S;R™).
i=0

Tné o mplopa tneg Ipdtaong 4.1.3.1, o enduevog oplouds EpyeTon PUOLXAL.

Opiop6c 4.1.3.2 (k = ). Eotw S € D(R™). Opilovpe t0 00rodo twr OaAdY ouvvapTrioewy
f: S =>R", C°(S;R"), wg .
C=(S;R"™) = () C*(S;R™).
iENg
EminAéov, optlovue

C2(S;R™) = C®(S;R™) n Co(S;R™).
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Twpa, uéow tou Ioplopatog 4.1.2.1, naipvoupe to axdioudo.
Mépiopa 4.1.3.1 (Clairaut-Schwarz). Eotw S € D(R™) ka1 f € C%(S;R™). Tére
o*r O*f
0rs0x; O1:01s

, Vs, te{l,...,m}.

Me yprion tou loplopatoc 4.1.3.1, unmopolye Ue enaywYN Vo TECOVUE TO ETOUEVO.
Oechpnua 4.1.3.2. Foww S e D(R™) ka1 f e CF(S;R™). Tére

ok f ok f
= , V pewdeon o vov {1,...,k}, Yj1,...,55 €{1,...,m}.
833]‘1 8Z‘Jk 6l‘j0(1)...61‘j0(k)

Ynueiwor. To Ocdpnua 4.1.3.2 puag emgpéner va kdvouue xprion tov oupufoliojol Tng diapdpions
péow moAvderktdv, ya ouvvaptiioes f € CF(S;R™) pe S € D(R™). ‘Erov, av avdueoa ota jy, .. ., jk
undpyxovr oy to mAdog j; mou eivar ioa pe 1, K.0.k., quy, To TARUOS ji mou €lvar ioa ue m, TéTE
umopolue va exppdoovpe kdle pia and 6Ae§ autés TS ioes HakTéS Sapopioels we

olel
Ozt ... 0xnm

D*f = 0" moAvdeikTng tdéngs |af = Z a;, pel<|al<k.

4 —_ .
, 6mov «v = (a])j
j=1
EmnAéov, emgpémovpe a = 0y, (e Tov avtiotoo mpogavi oUupBoAioud.

Télog, xdvovtag yehor tou Ocwphpatog 4.1.2.1, uropolye €0xOAA PE ETMAYWYY| VA TEQOUUE TO
Topoxdtw, (N nepintwon k = 0 elvor yvwoth xou amodewleton Ye ¥phon UOVO Tou optool Tne ou-
VEYELNC).

Oewenua 4.1.3.3. Eotw
1. 51 ¢ D(RY),
2. Sy e D(R™),
3. keNy,
4. f1 € C*(S1;R™) tw.: f1(S1) € So &
5. fo € CF(Sy;R™).
Tére (fao f1) e C¥(S1;R™).

Ynpelwor. Eivar yrwotds o yevikeuuéros noAvuetafAntés tinos tov Fad di Bruno ya tg ue-
yalUtepns o€ tdén dagopioes twv odvdetwr auvaptrioewy (PA. to [8], adids o [17] ya e mo
ouurayn napovaiaon). Avagopikd, av 1w0xUouvr o1 vnotéoes tov Oewpnipatos 4.1.3.3 ue k € N xar

n =1, téte
D*(f2o f1) = ‘ZH((Dﬁfz) f1) Mo g(f1),
1<|8|<| e

VaeN) pel<|al <k, émov

|

Mas(f)=aly, ¥ ] (D7),

s=1p,(a.6)i=17;(d;!)
pe 00=1,~;,6; eN},

(D% f1)" =TT (D% f1)™

t=1
ps(aaﬁ):{(717'“7787617"'768) |7j|>07 Ol<61<"'<6s7 Zryjzﬁa Z|’77|6j:a}
j=1 j=1

kar < v ya p,v € Nb av woybe éva and ta endueva:
L fpl <vl,
2 |ul = v] war pn <1, 1

3. |l =1vl, w1 =1, e = v K@ g1 < Vg i@ kdmoo te {1,... -1},
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4.1.4 Opalf Stopré€plomn TNG LOVASAS

E8¢ axohoudolpe oe yevirés yoopués Ty cLAhoyLo T oty avtictoyn unoevétnta oto [11]. To
avTxelyevo e mopoloog evoTntag, To onolo elvar oyeTixd TpdopaTo oTol LodnuoTixd, anoteAel PBo-
od mpoamautoVUEVO NG oUYYpovne AvaAuone xou Twv e@apuoy®y tng. Ievixd wAdvTog, ol ouoiég
Olaueploelc TG LOVABUC HAC ETULTEENOUY VO TERVEPE and TO «TOTUXO eNinedOy O0TO KOMXO» XATE TNV
VOAUTIX UEAETT) CUVOPTHCEWV.

Ogiopmoe
‘Onwe Ya Sobue oe Ayo (Bh. 1o Oetpnuo 4.1.4.1), o emduevos opiouds Exel vonua.
Optopdc 4.1.4.1 (opadsj dwpépion tng povddas). Eotw
i. ouvumayés S ¢ R",
ii. {Si}tiey €O(S) T S= Zgﬂ Si,
iii. N eB(N)~ {2} &
iv. {fi} e € O (RYR).
H {fi};cn Aéyetar opalij Grapépron tng povddag oo S mov kupapyetrar and wny {S;},. , avv
1. f;(R")c[0,1] Vie N,
2. VieN, Jige S t.w.: (suppfinS)cS;, &
3. ¥ fils=1.

ieN
Mdliota, Oa napaleinetar o «mov kupiapyettar and wnv {S;},c »» avv {Si};c, = {S}.
HMapatApnon. Ipogavds, (suppfinS) eC(S)nC(S;,) nB(S;,) Vie N otor Opwoué 4.1.4.1.

Snpeiwon. O Opiouds 4.1.4.1 twv opadady dapepioewy tng povddas dagépel ané autéy mov ou-
vidws eupaviletar otny PiBlioypagia (BA., mapaxdrw, tny Xnueiwon petd tny Hpdraon 4.1.4.2).

N 4
<Ay

suppfin S 7\

1

Syua 4.1: H véa Swpépion {S; Fien ve N € B(N) N {@} tou apyixob cuvdrov S, érou xdde f; tne
oponig Sapéptong e wovadac { i}y Exer uépog Tou popéa evtde Tou S;.
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"Eva Tp®To anoTtéAecpa UTAEENG Yio avolxTtd cOVOAL
T to axéhoudo xataoxevacTnd anotéheopa yenowonoweiton 1 f € C=(R;R) pe

_1
ez, oavz>0,

f) = {0, DM,

oe ouvdLaoWS e o Oewpnua 4.1.3.3. H {nroduevn cuvdptnom elvar 10 n-TA0 YIVOUEVO XUTIAANAWY
LOVODLAGTATLY CUVAPTHCEWY.

IMpoétacy 4.1.4.1. V un terpippévo I € Z(R™) n B(R™), 3f ¢ C(R™,R) t.w.:
F(R"™) € (0,00) & suppf =1.

" Ané v Hpoétoon 2.1.7 xou v Hpdtoon 4.1.4.1 naipvoupe 1o e€c.

f

>0

suppf = I

Yyuo 4.2: Tlpdtaon 4.1.4.1.

Ilpétaon 4.1.4.2. Eoww U ¢ R" ka1 {U;},., € O(U) tw.: U = igin' Tére I{fi},en &
Ce(R™R) rw.:

1. f;(R")c[0,1] VieN,

2. VieN, Fig e S t.w.: suppf; € U,

3. YUy cc U, AN e B(N)\{@} t.o.: Uy < igvsuppfi &

4. gé filu =1.
Hopathenor. Afya Aéya oxenikd pe tny Ipdtaon 4.1.4.2.

1. To onueio 3 diver vénua oo onpeio 4.

2. Ioodbvapa, to onpeio 3 ypdpetar: H ovAdoyrj {suppf;},y €ivar tomd menepaopiévn.

Inpelwon. Tunles otny BifAwoypagia, o1 opalés diauepioag tng povddas oxetilovtar uovo e
avoiktd vroovroda tov R™ kar opilovtar va etvar o1 { fi}, o € C°(R™;R) tng Ilpéraong 4.1.4.2.

Méow tne Hpdtaong 4.1.4.2 e€dyouue ebxolo T0 TopoXdTw.

ITépopa 4.1.4.1. Eoww U cR" ka1 {U;},. , SOU) row.: U= U Uj.
es
1. i Eotww, emmAéor, ovAoyrj {f;: Ui = R"}, , Sugopiouwy ovvaptrioewy. Téte 3 dago-
piowun f: U - R" tw.: fly, = fi Vie J.
ii. Eotw, emmAéor, k € N ka1 {fitics & Ck(U;;R™). Tére 3 f € CF(U;R") tw.: f
Vie S.

U; =fi

2. Eotw, emmAéoy, f: U - R™.



KE®AAAIO 4. YTOIXEIA AIIEIPOXTIKOY AOTIEMOY LTON RY 27

.

supp fi

Yyfuo 4.3: Mépog tne véag Srapépiong {U; }, oy ToU apyol cuvérou U, émou xdde f; tne culhoyhic
{fitien (awth cuvidoe Aéyeton (opolhy) Sopépton tne povddae ot Bihoypapia) Exel popéa evioc
Tou U;.

i. Av 3 ovloyij {fi: U; = R}, dagopiopwy owaptijoewr t.o.: flu, = f; Vie S, tdte
n f evair Srapopioun.

ii. Fotw, emmAéov, k € N. Av 3{fi},., ¢ CH(U;R™) tw.: flu, = fi Vi e S, tote f €
CH(U;R™).

Ynpetwon. To onueio 2 tov Iopiouaros 4.1.4.1 Aéer 6 pua opropuévn oe éva avoiktd vnoolvolo
tou R™ guvdptnon etvar (oixd) drapopionun, i C* yia kdnow k € N, avv efvar tomikd dagopioun, 1
C*, avtiotorya. Auté wytea tpopards ya tis cuvexels ouvaptiioei.

"Y' o

Emniéyovtag xatddinio U € R™ t.w.: S c U, émov 10 S ¢ U elvar 10 dedouévo pag utochvoro, xal
xdvovtoc yeron tne Ipdtaong 4.1.4.2, malpvoupe T0 xevtpnd anotéheoya, To onolo €yel wg e€ng.

Ochpnua 4.1.4.1. Eotww ovunayés S ¢ R™ ka1 {S;},. , € O(S) tw.: S= U S;. Tdre 3 opalsj
i€ s
dapépion s povddas oo S mov kupapyetftar ané Ty {S;}, -

Tné 1o nplopa tng Hpdtaong 3.2.1.1, yéow touv Oswpruatog 4.1.4.1, e€dyouye edxola o avticTol-
yo Tou Ilopiouatoc 4.1.4.1.

ITépiopa 4.1.4.2. Fotw ovunayés S € D(R™) kat {S;},., € O(S) tw.: S= U S;.
s
1. 4. Eotw, emmAéor, ovAhoyn { fi: S; = R"},_, Gugopiouwy ouvaptioewy. Téte 3 dago-
plowun f: S > R" tw.: fls, = fi Vie S.
ii. Eotw, emméov, k € N kar {f;},., € C¥(Si;R™). Téve 3 f € CF(S;R™) r.w.: fls, = fi
Vie J.
2. 'Eotww, emnAéoy, f: S - R".
i. Av 3 ovMoyn {fi: Si = R}, , Bugopiopwr ovvaptijocwr t.w.: flg, = fi Vie I, téte
n f eivar dragopioun.

ii. Eotw, emmdéor, k € N. Av 3{fi},c, € CF(S;R") tw.: f
Ck(S;R™).

s, = fi Vie I, tore f €
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suppfi NS

Yyfuo 4.4: Oewpnua 4.1.4.1.

4.1.5 Enéxtaorn ocuvdetnong

H vnoevotnto auth mparypatedetar €vor U TETPUEVO xou TOAUTTUYO Véua Tne obyypovne Avdivorng.
‘Etot, €86 Yo avapepdolue o oplopéva anoTEAECUATO OYETIXG PUE TNV ETMEXTACUOTNTA CUVIRTHOEWY,
TS GUVIAXES BLUTHENONG CUYHEXELIEVLY UVAAUTIXWY YOQOXTNOIOTLXWY.

Kotoapyrv, uneviupllovde 6TL Ylal TNV ETEXTACLUOTNTO GUVEY WY CUVAPTHOEWY OPLOHEVLY OE XAEL-
o1d vochvola tou R™ undpyet To Yvwot6 Yedpnua enéxtoone twy Tietze—Urysohn-Brouwer (the
Tietze—Urysohn-Brouwer extension theorem, BX., 1.x., [31, Oedpnua 1.9.6, oeh. 88]).

Eniong, n enextaoiudtnta Lipschitz cuvaptioewy oplopévey oe onolodhrote unocivoro tou R™,
eCaoparileton and éva oamhé (BA., m.y., [L6, Theorem 3.1, oeh. 102]) odA& xou and €va o ohvdeto oh-
A& woyupodTepo amotéheaua, to Yedpnua tou Kirszbraun (BA., m.y., [16, Remark yetd to Theorem 3.1,
oeh. 102]).

Topa, nopatneolue GTL Yl VO UEAETHOOUUE TNV ENEXTACLLOTNTO SLapoploldewy CUVAPTHCEWY O-
plopévmy oe xdmoto utoocUvolo tou R™, apxel va peretiooupe EexwploTd TNV ENEXTACILOTNTA TWV
TEQLOPLOPAY TOUG TOGO GTO GUVOAO TWVY ON.0. TOU UTOGUVOAOU 600 %Ol GTO GUVOAO TWV W1 OT.C.
oV TOoL.

e 6,TL apopd TNV EMEXTACLLOTNTA SLAPORICULDY CUVIRTACEWY OPIOHEVKY OE VoL GUVORO AMOXAEL-
ot an.o. tou R™, auty éneton ameudeiog and 1o Yedpnua tou Borel (BA., w.y., [31, Oedpnua 2.10.7,
oeh. 195]), xou pdhoto ebvon tne tédEne C.

e 6,TL dQopd TNV ETEXTACWOTNTA SLOPORICULLY CUVAPTHACEWY OPLOHEVWY GE VO GUVOAO AOXAEL-
oTd un am.o. tou R™, mapadétouue 800 onuovTixd arotehéouoTa.

To npdto eivon 1 enéxtaor tou Whitney (the Whitney extension), n onoio e&€dyeton péow o
o egeldeupévne popgphc tne Mpbdtaong 2.1.7, yvwotic we anoctvieor tou Whitney (the Whitney
decomposition), xodoe enione wog avtiotouyne wopehic e Ipdtaone 4.1.4.2, n onola éneton and 1o
nponyoLuevo amotéheopa. H anddelln tne enéxtaonc autrhc xodde xol TwV TROATUTOVUEVMY TNS, To.
omola 8ev TpoUToVETOUV YVOGOT ATOTEAECUATWY TANY OCWV EYOUUE UVUPEREL WS TOEA, UTOPOVUV Vi

BeeYolv oto [10] (Bh. emiong, m.y., To [7, §9.4]).
Ocvpnua 4.1.5.1 (Whitney). Eotw
i. kAewowd S CR™ t.w.: va elvar oUvodo un am.o.,
ii. feC(SiR™) e f=(f)y,
ii. keNy &

iv. Vie{l,...,n},
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@ fio, €C(S;R) VaeN* pel<|al<k ark+0 &
B fio,, = fi-
Av vV
1. ie{l,...,n},
2. aeNJ pue0<|o| <k,
3. x9S &
4. €>0,
350 € Oy, (9) T

1 o
fialz)= > *,fiﬁ(y)(x—y)ﬁ <ele—yl* 1y 2,y € So,
0<|6|<k-Ia] P!
téte If € CF(R™;R™) e f = (ﬁ)il T.w.:

Dfils = fin, Va e NI e O<laj <k & Vie{l,...,n}.
IMopathpnon. Av k =0, tdte 1o Ocdpnua 4.1.5.1 expuriletar oo Jeddpnua enéxraons twv Tie-

tze—Urysohn—Brouwer.

Snueilwor. H ikavr ouvvinkn tov Ocwpripatos 4.1.5.1, efvar katd kdmoio tpdno pua napdgpacn tov
Uewpripatos tov Taylor, to onolo dev Ja ueAeTrioovue €dd.

To debtepo elvan évo oyvpdtepo (oxdua xou L pla Evvola mov dev Yo pag amacyohAoeL £8¢))
anotéheopa, autd tou Seeley, oAAd Yyl cuYXEXPLWEVO UTOCUVORA HOvVo. loTdo0, Tot LTOGUVOA
autd etvar Booixd yia epdc. ot Ty amddelln Tou anoTEAECUATOS YENOWLOTOLE(TOL Uiot YEVIXEUGT] TG
amhfic teyvfic avixatontplopol (reflection technique) (BA., m.y., To [18]) xou urnopel vo Peedel
oto [24] (BA., m.y., 0 [23, T0 mMpdTo pépoc Twv Theorem 5.19, oeh. 22, Lemma 5.20, oeh. 149 xou
Theorem 5.21, oeh. 150] yio wat o extevy mapouciaon). Mo amhovoTteuuévr, oAhd cuYYEOVKLS
XUTEAANAAL DLUTUTTWOUEVY), Topohayr) ToU efval 1) Topaxdtw, TEy omd TNV omolol avaTEEYOUUE GTNY
Ipdtaom 3.2.1.1.

Ocvpnpa 4.1.5.2 (Seeley). Eotw

i. je{l,...,m},

ii. SER™ tw.: S¢OR™) &S5ecO(RT,) &

iii. fo € L(IR™;R™) n RM,, o avuikatontpiouds ws to 0, av m = 1, ka1 w§ mpos tov undywpo

& (AT(R™)), ahhids.
1. Eotw, emm\éov, Bugopioun f: S - R™. Tére 3 sagopionun f: S U fo(S) » R t.w.:
D'fls =D'f, vie{0,1}.
2. Botw, emmAéov, k€N ka1 f € CF(S;R™). Tére 3f € CH(S U fo(S);R™) t.w.:
Dfls =D°f, Va e NI* ue 0< |a| < k.

IHopathAenor. Afya Aéya oxenikd pe to Ocddpnua 4.1.5.2.

1. O [fo] € Orthpxy Oev efvar dAdog and Tov

J
|
1 0 (0] 0 -« 0
0 - 1 0 0 - 0
[fol= i~ [0 — 0o -] 0o - 0l
0 - 0101 - 0
0 0 (0] o 1
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m
Rj =+

1. 2. 3.

Syfue 4.5: Oedpnua 4.1.5.2. 1. U e O(R™), 2. S=UnRT, =dom (f), 3. Su fo(S) = dom ()

2. Eivai npogavés ét1 (S U fo(S)) e O(R™). Avtds eivar kai 0 Adyog mov to tapandve anotéleoua
elvar kouPiké ya €uds, onwg Ja pavel apydtepa oto KepdAawo 5 ka1 6n ya tny eaywyn tov
Ocwpnpuazos 5.2.1.1.

4.1.6 Ocwpnua avticTEoPNG ANELXOVIONG

‘Onwe avogpépape oty Troevotnra 4.1.2, e Selyvovue bt n cuvidhnn J f(zo) > 0, yio par diopo-
plown f:U - R™ pe g € U € R", elvon enlong enapxric, Toukdylotov tomxd, yio vo 3 Sopoploun

p -1
avtioteopn f.
Oa dolue dV0 exboyéc aUTOU TOL YEUEALDBOUS OTOTEAECUOTOSC. XLTO TEWMTO Xt XAACIXO, UTO-

Vétoupe emione 6t f € CH(U;R™), 1o omolo xou Yo poc xatoyupdoel ot f~1 e CH(U;R™). Yo
debtepo xat o abyypeovo, dev anautelton emnAéov cuvinxy. 261600, TEWY XAVoLUE TOV dlayweloud,
eZdYOUPE OPLOUEVA YEVIXOTERO ATOTENEGUATA.

Me ypron tne Ilpdtaone 4.1.1.4 énetan T0 endUevo.

Ocwpnua 4.1.6.1. FEotw
i. USR" &
ii. feC(U;R") t.w.:
a’. n f va elvar Sriapopioun,
p.Jf>068
Y. nfvaevarl-1.
Tére
1. f(U)eOR") ¢
2. feC(f(U)RM).

3nueiwon. Ta ovunepdopata tov Ocwpnpatos 4.1.6.1 1w0xvovy pe aolevéotepes vrnodéoes. Xv-
ykekpipéva, dev elvar anapaitnta ta onueia i.a’. ka i@.f.. Avté to anotédeogua €ivar yvwotd ws
Oecdpnua avaddoiwzov mediov tov Brouwer (the Brouwer theorem on invariance of domain), yia tny
andbeitn tov ornolov anarcolvtal epyadeia and tny AdyeBpikri Tomoloyia (BA., m.x., To [12]).

Tt v omh omddetln tou axdhouvdou aroteréopatoc napanéunoupe oto [13, Lemma 2].
ITedétaom 4.1.6.1. Eoww

. pe UCR™ ¢

it. feC(U;R") tw.:

a’. n f va etvar Sragopion oo xo &
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B J fla (x0) > 0.
Tére 3
1.a>0 6
2. UyeO,,(U),

T.wW.!

If(z) = f(z0)| 2 alz— x|, YaeUp.
Ané 1o Oeddpnua 4.1.6.1 xau v Hlpdtaon 4.1.6.1, éneton o &g,
ITépiopa 4.1.6.1. Eotw
i. USR" &
it. feC(U;R") tw.:
a’. n f va elvar Sapopioun,

g.Jf>08
Y. nfrvaevarl-1.

Téte
1. f(U)eOR") &
2. n f etvar Gragopionun.
'Etot, pe yeron tou Iloplopatog 4.1.2.3, unopolue edxolo Vo TELOVUE UE ETOYWYT TO ENOUEVO.
ITépiopa 4.1.6.2. Eotw
i. keN,
ii. USR™ &
iii. feCP(U;R™) tw.:
a. Jf>06
B.nfrvaevarl-1.
Téte
1. f(U)eO(R") &
2. [ e CHF(U)RM),

C* nepintwon, keN
Ioyvponowdvtag Tic unovéoeic tng Ipdtaon 4.1.6.1, nolpvouue xou €vol LOYUEOTEPO ATOTEAECUAL.
Ilpétaocm 4.1.6.2. Eotw
i. zoeUcCR™
i. feCYU;R™) t.w.: Jflu(z0) > 0.
Téte 3
1.a>08
2. Uy e O, (U),

T.o.:
[f (@) = fW)l zalr-y|, Va,y U,

and o omolo éretar dueca én n fly, efvar1-1.
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Yyuo 4.6: Ilpdtoon 4.1.6.2.

Ané o [épiopa 4.1.6.2 xou tnv Ilpdtaon 4.1.6.2, éneton to {nrolyevo.
Oehpnua 4.1.6.2 (avtiotpogns areiérions, CF repintwon). Eotw

i keN,

it zoe UCR™ &

iwi f e CH(U;R™) tw.: Jf(xo) > 0.
Tére AUy € Oy (U) T

1. f(Uo) € OR™),

2.1 flu, va efvar1-1 ¢

3. flu, " € CR(f(Up);R™).

Awapopiowun nepintwon

Tno6 o nploya tou Ioplopatog 4.1.6.1 péver va deydel ot wa dapoplown, mAgov, f da eivon xon
Tomxd 1-1 (8A3 o avtiotoryo tne Hpdtoons 4.1.6.2), £tor HoTe vo tdpoupe Ty aoVevEoTepT) LOpYT
Tou Yewprpatog. T'io ty anddeiln e dev ypewdlovton napd cupPotixd epyorela tng Tomohoyiog.

(BX. 7o [13] A w0 [2]).
To anotéheopa €yel we e€hc.
Oevpnpa 4.1.6.3 (avtiotpopns aneixdvions, dagpopioun nepintwon). Eotw
i xgeUCR" &
it dagopioun f: U - R™ t.w.: Jf(xg) > 0.
Téte Uy € Oy, (U) 0.
1. f(Uo) € O(R™),
2. nflu, va evarl-1 ¢

3.0 flus ™" F(Us) = R va evar Sragopionun.
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4.1.7  AN\oyh peTafANTOV
EB¢ elodryouye xou peretdye pio évvola amapaitntn yio Ty Evétnta 4.5, authy tng odhay e LeTaBAT-
v (change of variables), # odhide e ap@bagpdpiong, 1 Tou dwgopoppiopot (diffeomorphism).
C* nepintwon, keN
Opiouwog 4.1.7.1. Eotw

i. keN,

ii. UcR™ &

iii. feC(U;RM).
Aéue éuin f etvar pia CF aldayn petapAntdv (otov R™) avw

1. feCF(U;R™),

2. f(U) e OR"™)

3 nfeval-16

1 fleCHFUYRY).

Snuetwon. Ipogavds, a C*, ya xdnow k € N, alayni petafAntdr eivar évag opoopoppiojds
(avoiktddy owilwv).

To nopoxdtw amoTéAeayua Bivel OUGLUGTIXG EVOY LOOBUVOUO OpLoPd Wiag ck ALY AC HETABANTOV.
H pio xaredduvon énetan and to Idpoua 4.1.2.3, eved 1 &M and to Hbépioua 4.1.6.2.

IIgétacm 4.1.7.1. Eotw
i. keN,
ii. USR™ &
iii. feC(U;R™).
H f etvar jua CF aldayry petapAnedv avv
1. feCF(U;R™),
2 nfevail-18
3. Jf>0

TMapddevypo (Todikés ouvtetaypérves otov R™). Ta n + 1 ka1 ye avoiktd Iy € Z(R™) n B(R™)
émou

{(o,p) x (0,27), awn=2,
-

(0, p) x (0,27) x (0,7)" 2, aAi,

pa Baowknry C* addayn petafAntdr, o1 oUVITTAOES TNS oTOlAS €lval YYwOTéS w§ TOAKéS oUVTETAY-
Héves (kukhikég av n = 2, opaipikés av n = 3), efvar n fo: Ip > R™ pe

fo(Io) = B(0, p) ~ {z € R™ |21 €[0,p) & x5 =0},
omov

for Ip > R?

x — (x1 coSxa,x1 SInT3)
Kat

forIp > R", yiun>3

n—2 n—2 n—2
x — | 21 cosTy H Sin;9, T1sinxs H Sinx;9, T1 COST3 H SinZ;yo, ..., X1 COSTy |-
i=1 i=1 i=2



34 4.1. ATAPOPIKOX AOI'TEMOX

MidAiwota, umopolue va vrnoloyioovue ue emaywyn (pe xprion tov avarntlyuatos katd Laplace
Bpiokouue évay avadpouixd timo tov onolo ka1 a&lomoolue yia thy enaywyn), ot

L1, avn =2,
det Dfo(x) = n n+l i Vel
fol@) (-1)"z," VT (sinz)' ™, adid, 0
i=3
ka1 dpa
1, avn =2,
Jf()(l'): VIEI().

1 n+l . -2 ,
x1™ T (sinz;)” ", adlud,
i=3

n

. ,
Levikedortag, yua enéktaon @y, ,;, ka

= (@5, 0 mia) + (P13, 0 72) ) (o),
pumopovue va Jewprioovue tny C* aldayr) petapAntdy
f=((@hi, omia) + (&, 0 7)) 0 for I > R”

ue
f(I) = B(0n, p) ~ {z e R |23, € [0,p) & i, =0}

Ané s 1016tnTes TS opilovoag, najpvoupe dt emiong

1, avn =2,
det D = n n+1 i Vel
‘ f(x) (—1) $1n_1 H (Sinxi) 2, a/\/\la/)g‘, . 0
i=3
ka1 dpa
1, avn =2,
Jf(x) = Vx € I.

o i-2 ,
21" IT (sina;)” 7, addidd,
i=3

Yyhua 4.7: Ilohxég ouvteTarypévec.

3Ny ouvéyela TopadéToupe Eva TEYVIXG, OAAd Oyt BUGKONO, anoTéAecpd TO omolo oG Aéel OTL pLat
audaipetn CF adhoyn petoBhnTic wropel vor Ypopel Tomind 0 Tenepaopévn oOVIEST CUYXEXPUIEVTC
poppric CF odharydv petafinthc. Hpdta opilovue Tow eivan auUTH 1) CLUYXEXPLLEVT LOEpT.

Optopédg 4.1.7.2. Eotw keN, U cR" ka1 pua C* aldayn petapAntv f e CF(U;R™).

1. Vie{l,...,n}, Aue du n f dwcnpel Ty i-ooth cuvtetaypévn avv fi(x) =x; Yo e U.
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2. Aéue éun f etvar andiy C* addayrj petaPAncdy avv datnpel dAes extés pag ané tig ovvtetay-
UEVES.
‘Etot, pe yeron tou Oewenua 4.1.2.1 xaw tou Oewprpotoc 4.1.6.2, nolpvouye to axdrovdo.
Oewenua 4.1.7.1. Foww
i. keN,
. UCR" ¢
ii. a C* aldayn pewapAnudv f e CF(U;R™).
Téte Voo e U, 3
1. meN ¢

2. e ovloyn {fi}it, amdv CF aMaydy petapAntdy s efrig
f1 fa fm
Oy, (U)3Uy — Uy — ... = Up € f(U),

vt flug = fro-o fn.

Awapopiowun nepintwon

Tt 6hot Tar Mapamdve uTdpy el 1 aoVevESTERT) EXBOYT| TOU ATAULTEL UOVO BLUPORIGLATNTO, XOL Ol OTO-
del€elc Twv anoteleopdToVv elvol GUOLEC.

Optopoc 4.1.7.3. Eotw
i. USR" &
i. feC(U;R™).
Aéue dun f etvar pia Sagopionun allayn petafAntdy (otov R™) avy
1. n f etvar dragopioun,
2. f(U)eO(R™)
3 nfeval-16
4. n 7 etvar Gragopionun.
Ynuelwor. Ipopavds, a dapopionun aAlayr petafAntdy elvar évag opoopuop@roLds.
ITeétaom 4.1.7.2. Eoww
i. USR" &
i. feC(U;R™).
H f elvar wia Sapopioun aAdayn petaPAntov avv
1. n f etvar dragopioun,
2 nfevmil-16
3. Jf>0.
Optopdc 4.1.7.4. Eotw U CR"™ ka1 yua Segopionun aAdayn petapAntdv f e C(U;R™).
1. Vie{l,...,n}, Aue du n f dwcnpel Ty i-ooth ouvtetayuévn avv fi(x) =x; Ve e U.

2. Aéue 6ui n f elvar andij Sapopionun aAdayr) petafAntdy avyv datnpel 6Aes extdés pag and g
OUVTETAYUEVES.

Oeswenua 4.1.7.2. Foww
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i. USR™ &

it. pia Sagopioun allayn petefAntdy f e C(U;R™).
Téve Vo e U, 3

1. meN ¢

2. e ovAoyn {f;}ir, anAdv dagopiotuwy aldaydy petafAntdr ws eEnfs
0. (U) 53Uy Lty 2 I, e ),
T.w.! f|U0 =froo fi.

4.1.8 Ocwpnua TERAEYUEVNEC CLVAETNONG

Ed¢ Bo pog anooyohricouvv d0o npolifuata. Ilpwtov, 1 ebpeon twv dlopoploewy CUVAPTAGEWY TOU

eumAéxovtal o€ Yiol eE(owo), SAS CUVOPTHOEWY OE «TETAEYUEVY Hoppy. Acbtepov, Ya xatadeiloupe

XATIAANAES GUVDXES TTOU LIS ETUTEETOUY TNV UTTpE T Slapoploluey TETOWWY GUVHPTHCEWY.
Kotoapynyv, pio anhi epapuoyr tou Oewperuotog 4.1.2.1 pog divel to e&ric.

IMpétaon 4.1.8.1. Eoww
. m<n,
it. Up € R™,
114, dagopionun fo: Ug — R"™™,

n
i1 lm?

v. U= (@, (Uo)+&? . (fo(Up))) cR"

vi. ce R"™™ ¢

. €méktaon w

vit. Swagopioun f: U - R"™™ tw.:
F(@h i, (@) + (&7, 0 fo) (@) = ¢, Va el

Tére
R
N ()

of

—-——(t), VteU.
o e

() (Dfoony i, )(t) =

To enouevo elvan dueoco.
ITépiopa 4.1.8.1. Ay, emmAéor twv vnobéoewr tng Ipéraons 4.1.8.1, vrodéoovue dti
Vil

~n
Oy i

det(af(t)(tO)) +0, ya kdnowo tg € U,

7
ToT€E

of (to))_ of (to)-

Dfyony (to)=—(A e
( . ’zm) ory, i, (1) ont i, (1)
‘Etot, ye enaywyn noipvoupe to axdroudo anotéeoua.
IMépiopa 4.1.8.2. Ay, emmAéor twv vnobéoecwy tng Ilpéraong 4.1.8.1, vrodéoouvue dti
vii. keN &
viii. fe CH(U;R™™) e
0
det(f(t)) £0, VteU,
(t)

on

i1eeim

wote fo € CF(Up; R"™) ka1 efvar t.w.: ¥
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1. koEN,
2 ie{l,....n-m} &
3. 91y ke €41,...,m},

va 10y Vel

(ko)
ko £ . P e ()
( 0 fOZ Oﬁnlmim)(t): J15--0kq VtEU,

o1y, .0, 21
T jy x]ko (det(%(t)))

€lvar TOAVWYUHIKT) ék@pact) Ty Uepikay dagopioewy tdéng < ko twv fs ue

.

(ko)
A,
se{l,...,n—m}.

émov kdle p,

Ytg emdueveg 800 exdoyéc Tou Baool AmOTEAECUATOS, Ol OToleg €lvol OUCLUGTIXG EQPUPUOYY
Tou Oewpruotoc 4.1.6.2 xou tou Oewpfuoatog 4.1.6.3, avtiotolya, nalpvouue duo xavée, and oo,
ouvihixeg yia TV UToEET owoYévelag ouvapTHoEwy énwe 1 fo.

C* nepintwon, keN
Ochpnua 4.1.8.1 (nemeyuévng auvviptnong, C* repintwon). Eotw
a’. m<n,
B. toeUcR",
V. keN,
5. feCHUR™™) &

n
11..-%m

€. TEPIOPIoUOS T

det(aﬁnaf(ﬂ(to)) 0.

Tére

1. f(to) e (f(U))" &
2. 3

1. Uy e Owgllmim (to)(ﬂz...im(U)%

ji. Uz € P(f(U)) N Oy (R*™) &
¢ Ck(Ul;Rn_m)7

~

iti. povaduxr) ovAoyn { f.}

ceUsy

T.w..

{tev]m, i, cU}nf ({eh) =er(feimi. s,), Yeels.
Apeco and to onuelo 1 tou Oewpruotog 4.1.8.1, éneton t0 e€1C.
Ilépopa 4.1.8.3. Fotw
1. m<n,
2. UcR"”,
3. keN,
4. f e CH(U;R™™),

ot

rank Df(t) =n—-m, Yt € U, 1j 10060raua, Jf > 0.
Téze f(U) e O(R™™™).
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Tiy.nin(RY)

Y ,
Ty (f0) | Tirin(R")

i U)

i1
Iy 4.8: Oecdpnua 4.1.8.1.

Alagopiowun nepintwon
Oevpnua 4.1.8.2 (remeyuérng ouvvdptnons, dapopioiun repintwon). Eotw
. m<n,
it. to e U CR™,
iii. Owgopioun fe C(U;R"™) &

. TEPOPITUOS T3, 4,

T..:
of
det| ——— (¢t 0.
(o L)
Tére
L f(to) e (f(U))" &
2. 1
i. Upe Owylmim(to)(Wﬁ.‘.im(U))’
it. U e P(f(U))Nn Of(to)(Rn_m) &
iti. povadikr) auloyn dupopiouwy owvaptijoewy {fe} .., & C(U; R"™™),
Tw.:

{teU|n} ., @) eUi}nf({e}) =gr(fenf, ;) Veels
ITépiopa 4.1.8.4. Eotw
1. m<n,
2. UcR"”,
3. dagopioun f € C(U;R™™),
4. rank Df(t) =n-m, Vte U, fj i0odbvauae, Jf > 0.
Tére f(U) e O(R™™™).

:
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4.1.9 3X0Ovoho octddung

Agopudpevol and ta xevipixd anoteréopata e Yrmoevotntoc 4.1.8, elodyouye xon UEAETAUE OpL-
ouévec évvolee, ol omoleg etvon Booixéc yio Tnv Evétnra 6.4.

Optopdc 4.1.9.1 (ovoro otdiung). Eotw pia cvddoyr) ouvdlwr
{er(femh i)} cers,

6nws oto Oedpnua 4.1.8.2 (1) oo Oedpnua 4.1.8.1).
1. KdOe c € Uy kalefrar otdOun.
2. H ida n ouvddoyr) twv ouroddy kaleftar otaOpn) déoun.
3. KdOe oroelo tng déouns otdBpewv kalefrar odvolo otdBuns (level set) c.
4. To ovvodro

Ur= U er(femf i) €Oy (U)

celUsy

KaAettar otaOuikn nepioyn.

Adyw e povadixdtntag Te SLAAOYHS CUVOPTHOEWY Tou Oewpfiuatog 4.1.8.2 (xan Tou Oewpho-
toc 4.1.8.1), éneton dueca to axdroudo.

ITépiopa 4.1.9.1. Ta odvora otdOuns tng oradukngs déoung

{er(feimiy o),
Tov Oewprjpatos 4.1.8.1 (ka1 tov Ocwpnuatos 4.1.8.1) elvar Eéva avd Vo, 616

gr(fc1;7rinl...im) ngr(f027ﬂ-:§7,m) = ®7 VCl,CQ € U2 T.w.: C1 # Cg,
1, 1wodlvaua,
{t€U|7T741 ; (t)€Ul}ﬂfil({cl})ﬂfil({CQ}):Q, vcl,Cg GUQ T.W.. C1 ¥ Ca.

Q1. tm

Ané o Oedpnpa 4.1.8.2 (xou to Oempnua 4.1.8.1) xou 1o Mbpopa 4.1.9.1, nalpvouue duesa to
elnc.

Oeswenua 4.1.9.1. Eotw oraOuikr) 6éoun

{er(Frti )
6nws oto Ocdpnua 4.1.8.2 (1) oto Oedpnua 4.1.8.1), ka1 n avtiotoyn otadkn tepioyn

U= U gr(fc;ﬂ'z.i.im)'

cels
Téte
1. 31-1 avuoroiyieg
Up < J(UR) = U2 <= {f0)

celUy?

émov n mpwTn avtiotoryia mpokvnter ané to yeyovds én Vi e Uy, Alce U t.w.:

f(t) = f(w:;zn (z) + @ﬁlm(y)) =y - fe(z) +¢,

omou (mpogavdis) x =mt ;i (t) Ey=77 , (t).

2.Vt & x dnws oto onpeio 1, wyvde o

N

3f(t) = (det(1_m + Dfe() - chT(x)))% = (det(1,n + Df." (x) - Dfe(2)))>.

Ynuelwon. Afya Adya oxetikd pe to Ocdpnua 4.1.9.1.
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1. H éxgpaon oo onueio 1 elvar tetpiupérn, ag kar y = fo(x). 20téoo, péow avtris tng
TETPIUUEVNS €KPPacnS TAipYoUlLE TO 101aiTepa X P00 ATOTEAEOUA, TXETIKA L€ TOV YEVIKEUUEVO
Jacobian, tov onueiov 2.

2. Ia tnr dedtepn 1w0dtnTa tou onueiov 2 ypnouoroidnke to Iopiopa 2.3.1.

Tné o mpioya tou BOewpruatog 4.1.9.1, edxola delyvouue 10 axdroudo anotéreoua, cUUPEVA
ue to omolo unopolue va Bpolue pior ahhory) HETABANTOY ToU Vo toomedmvel/emmedonotel/iowdve
(straighten/flatten out) wa otaduxh Séoun.

Ieétacr 4.1.9.1 (wonébwon otalukris déouns). Eotw

i. otalpkn 6éoun
{er(fami, )} eer,
6nws oto Ocdpnua 4.1.8.2 (1 oo Oedpnua 4.1.8.1), kar n avtiotowyn oradukn tepoxn

U= U gr(chTZ.,.im): U gr(fc%”ﬂ...im) &

cels cef(Uf)

1. ovvdptnon
fr:Up >R
t=of, i, @)+ @) L ) fi(t) =) L (@) + &) L (1) =T
dnova =n7, ; (t) kary =73 ; ().
Tére
1. n f; evar agopioun (CF, avtiorora) aldayr petafAntev,
2.0 fi éxa as e
f [l - R
T=wp i, @+@) L, @) [ O =) L, @)+, T+ (@) - ) =t,
orov F =, i, () ) § =77 i, (F)-

3. 1wxvea étl

Jfr=Jdf =1, &
4. 1wxvea ou

fU) = @, i, (UD) + @iy, (FUD) = U (ol a,)-
cef(Uy)
Ynpelwor. Atya Adya oxenikd pe tny Ipdraon 4.1.9.1.

1. Xe 6t agopd Ty f, 3 1 -1 avniooyia petald tov t € U ka1 wwv c € f(Uyp), dpa n fr etvar
KkaAd opiouévn.

2. Ye 6,11 agopd Tnv f[l, 0 tUnog tng eédyetar dueoa and tny tetpippérn ékppacn f(t) =
Y- fc(‘r) +c.

. , -1 / /
3. Ye 6,11 apopd tovg teAeotég Jacobian, apkel va vrodoyioovue tov Jfi 7, to omoio eivar dueoo.

4.2 Mndevooivohro tou R*, N(R?)

To undevooivoha (null sets), ¥ adkide oOvoha pétpou 0 (sets of measure zero), og elvan amopaitnTo
yioo T e€arywyt Paoixdy arotekeopdtwy tne Evotnrog 4.3.
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_________________

!
Syfua 4.9: Tlpdtoor 4.1.9.1.

4.2.1 'Oyxog dwacthpatog Tou R”

Optopdc 4.2.1.1 (6yxoc dotnudtny). Kadolue dyko duwotnudtwy tov R™ uia ovvoloou-
viptnon v: Z(R™) = [0, 0], T.0.:

1. av n =1, tére v(I) = unKog tov I VI € Z(R). Xuvykekpiuéva, yia avdaipeta a,b € R pe a <b
éxoupe
i. v((a,b)) =v([a,b)) =v((a,b]) =v([a,b]) =b-a ka1
ii. v((=00,a)) =v((-00,a]) = v((a,00)) = v([a,0)) = v((-00,00)) = co.
2. oy Yeviki) mepintwon,

o(I) = [To(L), VI=T]L € T(R") (A3 I e T(R) Vi {L,....n}).

n
i=1 i=1

H anéden tou mopoxdte anoteréopatog, mou dev anoutel yvohoele Oswplag Métpou Lebesgue,
undpyet oto [27, Afppa 3.6, oeh. 22].

ITeétaom 4.2.1.1. 1. H owkoyéve

{SZULERn

ieN

NeB(N)\{@}, eZ(R") VieN §L,nl; =&V i,j € N peiqtj}

etvar dAyefpa orov R™.
2. Eotw

i. NeB(N)\{az},
. {Li},ey Z(R™) tw: Nl =@ YV i,j €N pei+j &

iii. S= U I ke [ €eZ(R") tw.: Scl.
1eN

Tére Y, v(l;) <v(l), kar av, emmAéor, S € Z(R™), wére ¥, v(1;) = v(S).
ieN ieN



42 4.2. MHAENOXYNOAO TOY R", N(RY)

() S=ULxuleZ(R") tow: Sel (B)S=U I xu S=1eZ(R™)

ieN ieN

Syhua 4.10: Ynuelo 2 g Tpdtaoneg 4.2.1.1

4.2.2 Opopdg %o LOLOTNTES UNBEVOCUVOAWY
Optopodc 4.2.2.1. 1. Eow S cR". Aéue éui o S elvar pndevooivoro avy

inf{ S (1))

ied

Sc U I;, dmov {Ii}ieﬂ QI(Rn)} =0,
i€s

1} 1w006Vvapa
Ve >0, 3{]1}16ﬂ EI(R”) T.w.: S¢ U I, & Z U(Il) <E.
e s i€ed

2. Oa ovuPorilovue
N(R™) = {S cR" | 0 S eiva ynSeVOUUVO/\o} .

sy
7?”

T

R §

Yyfuo 4.11: S e N (R™).

Ynuelworn. 1. Yrov Opioué 4.2.2.1 ta I; pumopodv va ararcnBoly kAewotd, avoiktd, olte kAciotd
ovte avoiktd, § va unv anarcndel tinota en’” avtol (6nws kar kdvape), kit nov énetar dueoa ue
™y Xpromn Tou «5; texvdouatosy. EmmAéov, n évwon Ua propoloe va eiye ararendel va efvar
aprdunoun (kdz o omoio dev kdvaue). Erniong, dev yivetar va araicndolv un gpayuéve ta I;,

aAAd propel va anarenfoly gpaypéva rj va unv araitndel tinota (dnws kar kdvaue).

2. Xpnoworowdvtas dpovs and tny Ocwpia Métpouv Lebesgue, éva undevooivolo bev efvar tinota

dAdo amé éva ovodo Tov omoiov to uétpo Lebesgue 3 kai eivai ioo e 0.
3. Hd0iétnta «undevoaivoloy eivar tomikn.
Ané tov Oploué 4.2.2.1 éneton dueca 10 endUEVO anOTEAECHA.

IMpdétaom 4.2.2.1. Eoww {S,50,U} ¢ P(R™) kar un vergpyupévo I € Z(R™).
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1. e N(R™).

2. Av to S etvar apidunopo, téte S € N (R™).
3. Av Sp € S ka1 S e N(R™), tdre Sy € N(R™).
4. ToI¢N(R™).

5. Av U # @, tote U ¢ N(R™).

Yuvdudlovtag to onueio 3 xou to onpeio 4 e Hpdtaone 4.2.2.1 ye tov oploud 0L ECWTEPLXOL
¢ TpoC TV PETEWY | *|| evoc cuvdlov, éneton elxola to e€nc.

Il6piopa 4.2.2.1. 1. Eotw S € R™ pe S° + @. Tdre o S ¢ N(R™). Avtiotpoga, av S €
N(R™), tdre S° = @.

2. Eoww S e C(R") nN(R™). Tére S = S.

Me Bdon tnv Ipdtacm 4.2.1.1 nalpvouye enione to e€ig, yio Ty anddellr tov omolou, 1 onola Sev
anoutel yvdoee Oewplac Métpou Lebesgue, napoanéunovye oto [27, Mpbtaon 3.7, oeh. 24].

Ocedenua 4.2.2.1. Eotw {S;}, 5 ¢ P(R") ka1 {I} u{L}, € Z(R™).
1. Av {Si},y EN(R™), tére U S; e N(R™).
ieN

2. AvIc UL, wrev(I) < Y v(l;).
ieN ieN

Xernowwonowdvtog to onueio 1 tou Oewpruatog 4.2.2.1 xan tov Oploud 4.2.2.1, unopolue €lxola
vo. tdpoupe to eEnC.

Ilpbtaom 4.2.2.2. 1. Eotw

. m<n,
ii. SCR™ &

4. TEPIOPITUOCS T

n
21...Tm "

n
Av T i

(S) e N(R™), tdte S e N(R™).
2. Botwm<n, SCSR™ kat enéxtaon wy, ; . Tére wy ; (S5) e N(R™).
3. Av I e Z(R"™), tdére OI € N(R").
4. Eotw
. m<n,
it. So €S ER™ t.w.: Soe N(R™),
. f1 S >R"™ tw.: feC(S\Sy;R"™) &

n
11-2m

0. TEPIOPITUES T
Tore gr(fimf, ;) e N(R™).

Apeco and o onuelo 1 tou Oewpruatog 4.2.2.1 xou to onuelo 4 tou Oewphuatog 4.2.2.2, éneton
10 axdroudo.

Ilépiopa 4.2.2.2. Eotw xg € R" kat p > 0. Tére IB(zo, p) € N(R™).

4.2.3 Mndevoolvola xol CLUVAPTAOELS

Eb¢ napovsidlouye oplouéva xouPxnd anotehéouata Tou apopoly THY OYECT CUYXEXPLIEVLY GUVAp-
THACEWY PE TA UNOEVOGOVORAL.
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i (R !

11U

s {
AN C) N . =

i () o (R™)

il...lm

(o) Snuseio 1 (B") Xnueio 2

Syfuo 4.12: Tlpbtoon 4.2.2.2.

Ewxéva pndevoocuvorwyv

Kévovtag yprion tou onuelou 1 tou Ocwpripotog 4.2.2.1 o€ cUVBUAGUOS UE TNV LGOBUVIULA TEV VOPUMY
[%| xou | *|, dpeca enahniedovye to axdhouvdo anotélecya.

ITedétaocm 4.2.3.1. Eow
1. ScR™,
2 [ € Lipoe(S;R") &
3. Sp e N(R™).

Téte f(SonS) e N(R™).

f(SoNS)

Yyhuo 4.13: Ilpbdtaon 4.2.3.1.

Ynuelwor. 1. Hididtnta piag ovvdptnons va aneikovifer undevooivoda oe undevooivoda, eivai
yvwot ws 16iétnta/ocuvvdikn N tov Lusin (the Lusin N-property/condition,).

2. Eotww S € R™. Av wyve atAd du f e C(S;R™), tdre n f dev éya anapaitnta tny 1i6idtnta N
tou Lusin. I'a mapdderyua, ya tnv kaumidn f € C([O, 1] ;R2) Tov Peano mov yeuiler tov xopo
(Peano space-filling curve) (BA., m.x., o [9] ka1 To [12]) wydea éu f([0,1]) = [0,1]°. Ero,
av opioovpe ma fo: [0,1]* > R2 wg fo(z) = f(x1) Vo € [0,1]7, e fo([0,1] x {z}) ¢ N (R?)
Va € [0,1], olugwra pe to onueio 4 tng Hpdraons 4.2.2.1, evd ([0,1] x {z}) € ./\/(]RQ) Vo e
[0,1], oUppwva pe to onueto 2 tng Hpdraons 4.2.2.1 ka1 to onueto 1 tng Hpdraong 4.2.2.2.

Amnevdeiog and 1o Iloplopa 4.1.2.2 xan v Ilpdotaon 4.2.3.1, éncton 10 axdrouido.
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ITépiopa 4.2.3.1. Eoww
i. SeDR™),
it. dagopioun f+ S > R" t.w.: |Df| € Bioc(S;R) &
iii. So e N(R™).
Téte f(Son S) e N(R™).

ITépiopa yia Toug yeauuixols LUToYWEovs Tou R”

Tapa, éva dAAo Bacxd amotéleopa, To omolo énetal Ye ypron tou onueiov 2 tne Hpotaong 4.2.2.2
xon g Ipdtaong 4.2.3.1, eivon 1o e€c.

Ocedenua 4.2.3.1. Eotw ypappikds vndywpos S ¢ R™ pe dim S < n. Tére So e N(R™) VSpc S.

I3

Yyfuo 4.14: Oewperuatog 4.2.3.1.

BOeswpnpa twv Morse-Sard

Téhoc, napadétouye to Yewpnuo twv Morse-Sard, 1 anddeiln tou onolov pall pe auTéc TV TpoUmaL-
ToVUEVGOY NS (éva amd autd eivon xou To Oedpnuo 4.1.5.1) unopodv va Beedolv oto [22] xou 1 uehétn
T0UC WO TO0O0 dev amautel YV EEEBIXEUUEVWV ATOTEAECUATOY TANV oWy ON €xouue mapadéoel.

Snueilwor. Ay kar otny anédaén mov avapépovue mapandvw gaivetar va ypnoiponoieiral to Oc-
opnua 4.3.1.5 tng enduevns evétntag, wotéoo kdtl tétowo dev elvar anapattnto. ‘Omov emikadeftar o
Uedbpnpa avtd apxel povdya n xprion tov Ocwpnuatos 4.2.3.1, énwg yiverar Eexdlapo kar and tny
avagopd oo [25] evTds Tng g tng anddaéng.

TTpdto duwe Vo ypetaotel vo enextelvoupe XAMOLEC YVWOTEC EVVOLEC.
Opiouwoc 4.2.3.1. Eoww U cR™ ka1 f: U - R™.

1. Aéue éva onueio x € U kpiowo tng f avv o D f(x) efte dev opiletar, efte Sev elvar tng puéyiotng
Tdéng, A6 rank D f(x) < min {m,n}.

2. Aéue pia runy y € f(U) kpiowun s f avv y = f(x) ya kdroo kpioo onpeio x tng f.

Hoapatipnon. Tiupova e to Ocdipnua 4.1.3.1, to olvolo twv kpiouwy onueiwy mag C1 ou-
vdptnons f eivair to odvoro twv onueiwv ya ta onola o Df Sev eivar tng uéyotng tdéng.

Ocdenua 4.2.3.2 (Morse-Sard). Foww U ¢ R™ kar f € Cmax{m=n+1} (7 R™). Tére to gbvoro
TV kpioiuwy tudy s f eivar undevootvolo.
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4.3 OloxAnpwtixdg Aoyioudg xatd Riemann

O omodeléeic twv anoteheoudtonv propolv va Beedolv autololeg ¥ eAdPpOS TPOTOTONUEVES Lol
Topdpota anoteNéopata xuplne oto [31], [L1], xon [20], extde xouw av avapépeton dLopopeTind.

4.3.1 OloxMjpwUd PRAYHEVNE CLUVARTNOYNG ENL CUUTAYOUS BLALC TH-
Toc Touv R”

Opwopodg 4.3.1.1 (Gapépion ovunayols diaotiuatos). 1. Fotw un tetpiupévo I € I(R) N
B(R), pe oI = {a,b} xa1 a < b. Optlovue pia apéprion P wov I va eivar éva memepaopévo
¢l tw.:

P={ti}f:0 pHea=tg<--<tp=b,

ka1 oupforilovyie
k
{P} = A{lti-s, ti]}ieo € Z(R).
Oa xpnoonowlue to P, pe 1) xwpis delictn, yia va avapepfolue oe avlaipetes 1-dim apre-
ploeig.
2. I'evikdrepa, éotw un terpipupévo I = ﬁ I; e Z(R™) n B(R™), 816 I; € Z(R) n B(R) Vi €
i=1

{1,...,n}. Opilovue pia drapuémon P tov I va efvar éva menepaouévo ¢ I t.w.:

P=T]P;, énov P; d1apépion tou I; Yie{1,...,n},

i=1
ka1 ouppodilovue
{P}=[[{P} ¢ Z(R") & | P| = max {v(J)},
i=1 Je{P}
kadds enions B B
pr= {P g I| n P elvar diapépion tov I} .

Ba xpnoorowlue o P, ue 1) xwpis deiktn, yia va avapepfolue oe avlaipetes n-dim dajie-
ploes.

P eypg {P}

Tyhua 4.15: 1. P e py xon 2. {P}.
Opwopdeg 4.3.1.2 (kdtww & dvw adpoiopata tov Darbour). Eotw un tetpiupévo I € Z(R™) n
B(R™), P ep xar f € B(I; R). Oérovtag

mr, (f) =inf{f(z)|ze L.} & M (f) =sup{f(z)|zel.}, VI.e{P},

opilovpe to kdtw & drw, avtiotorya, adpoioua s f xalopilpevo and tny P, péow twv e§iodoewy

L(f,P)= Y mr(HHv(l) 8UfP)= 3 M (fHu(l).

I.e{P} I.e{P}
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L(f,P) U(f, P)

T T

Syua 4.16: Kt (L(f, P)) & dve (U(f,P)) adpolopata tou Darboux.

Syfua 4.17

Opiopo6c 4.3.1.3 (exAéntuvon Guapépons). ‘Eotw un tetpiupévo I e Z(R™)nB(R™) ka1 Pr, P €
p7. H Py Aéyetar exAéntovon tng Py avy

1. P,b2P &
2. card P, > card Py,

Kai o€ auty) TNy mepintwon ypdpouvpe Po > Pj.
To endpevo elvon dueco.

IMpétaon 4.3.1.1. Eotw un tetpiupévo I € Z(R™) nB(R"), P, Py € py ka1 f € B(I;R). Ay
P, > Py, tote
L(f7P1) SL(.ﬂPZ) Kkai U(fv-PQ)SU(faPl)
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— —
I Py € pr P < Peyp;

Yyfua 4.18: Exhéntuvon, Pa, tne Pi.

Xenowornowvtoe v Ilpdtoorn 4.3.1.1 xou 10 6TL 1 évwon dVo daueplocwy elvar exAéntuvon
EXAOTNG, TAlpVOUUE TO ETMOUEVO ATOTENECHA.

Ipétaon 4.3.1.2. Eotw un tetpiupévo I e Z(R™) n B(R™), P, P € p; ka1 f € B(I;R). Tére
L(fvpl) < U(faPQ)
Bdoel tne pdtaon 4.3.1.2 o axdhovdog opiopds €xel vonua.

Opwopdg 4.3.1.4 (kdtw & dvw oloxArpwpa eni ovunayols dweotiuaros). Fotw un tetpippévo
I e Z(R™) n B(R") ka1 f € B(I;R). Opitlovpe to kdtw & dvw, avtiotorya, ohokAnpdua tng f (ent
tov 1), péow twr ebiodoewy

I[ f(@)ds = sup (L(f. P)} [ () = jnf {U(f,P)}.

IIé péow tng Ipdtaom 4.3.1.2, nalpvouyue dueco to mopaxdtw.

IMpétoon 4.3.1.3. Eotw un tetpiupévo I € Z(R™) n B(R™) ka1 f € B(I;R). Tére

[f(w)dx < Tf(x)dx.
i 7

Opiopdg 4.3.1.5 (odorArpwpa ent ouurayols dwotiuatog). Eotw un tetpyupévo I € I(R™) n
B(R™) ka1 f EB(I;R). Av

[ f@)da= [ f@)da.

i 7

téte Aéue ot n f etvar odoxAnpdon (ent tov 1) kar opilovpe o odoxAripwpa tns f (et tov I) péow
v €&10doewy o

ff(a:)da; = ff(x)dx: /f(x)da:

i i 7

To emduevo amotehel QUEST) EQPUPUOYT TWV OPLOUWY, OE GUVBUUCUS UE TO oTuelo 3 xou To omuelo
4 tne Hpdtaong 4.2.2.1.

IMeétacy 4.3.1.4. FEotw un terpiupévo I € Z(R™) n B(R™), kadds eniong odokAnpdoun f €
B(I;R).

1. Ay f >0, tdte
f f(x)dz > 0.
T

2. Av3Se P(I)nN(R") tw.: flz. 4 =0, wdre

f f(x)dz =0.
I
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"Tropdn OAOXAMNEPOUATOC QEAYREVNC cuLVdeInone enl cunnayols SLACTAUATOC
Tou R”

EB¢ xartadexviouye txavég xou ovoryxolec cuviixeg ohoxAnpwotudtntag wag cuvdptnone f oplopévne

o€ €Val U1 TETPWUUEVO Xou cuuTayég Bldotnua tov R™.

Yuvinxn tou Riemann. To endpevo edxolo anotéreopa Log divel plor xovy xou ovaryxofa cuv-
V1N OAOXANEWOWOTNTOG YA CUVAETNONS f OPLOUEVNC OE Eval U TETPWHEVO Xal CUUTAYES BLAo TNUA
tou R", yéow twv dopepioewy Tou Bloc THUATOC.

Ochpnua 4.3.1.1 (Riemann). Eotw un texpiupévo I € Z(R™) n B(R") ka1 f € B(L;R). H f
efvar odokAnpaoiun avv Ye >0, AP € p7 t.o.:

U(faP)_L(faP) <e.
IoodOvopa, to Oetdpnuo 4.3.1.1 unopel va mdpel tic e€ng 0o popeéc.

Oevpnpa 4.3.1.2. FEotw un tetpiupévo I e Z(R™) n B(R™) ka1 f € B(T; R). H f eivar ohoxAn-
pdaun avy Ye >0, 30 >0 t.o.:

U(f:P)_L(f7P)<Ea VPEPT}‘€ HPH<5

Ocdpenpa 4.3.1.3. Eotw un terpiupévo I € Z(R™) nB(R™) xar f € B(I;R). H f efvar odoxAn-

peorun pe
[ f(x)dx=a
7

avy Ve >0, 30 >0 t.w.:

>, Sl -a

I.e{P}

<e, VPepr pe |P| <6 & V{xy, €L} (py-

Mio dueon egapuoyy| Tou Oewpruatog 4.3.1.1 ebvan to e€h¢ anotéheoya.

Iépwopa 4.3.1.1. Eorw un vetpiupérvo I € Z(R™) n B(R™) xar ¢ € R. Tdre n c|; efvar odoxAn-
pOOIUN, Kal pudAiota

fcdzzcv([):c > u(l.), VP epr.

z L.e{P}
Ané 1o Oedpnpa 4.3.1.1 xau to Ildpiopa 4.3.1.1, naipvoupe to axdroudo.
ITeétaocm 4.3.1.5. Eoww
1. un tegpyupévo I € Z(R™) n B(R™),
2. feB(L;R) &
3. axolovlia {fi € B(T; ]R) ‘ n fi elvar OAOK/\npcémyn}ieN T fi = f.

Téte n f elvar odokAnpdoiun, kar pdAiota

ffi(x)dxeff(x)dx.
I I

Mo axdpa e@oppoyn Tov Osweruotog 4.3.1.1 elvon to e€nc.
ITpbtaom 4.3.1.6. Fotw
1. un tetpyupévo I € Z(R™) n B(R™),
2. odoxAnpaoun f € B(I;R) r.w.: f(I)eZ(R™) nB(R™) nC(R™) un tetpiupévo &

3. foeC(f(I);R).
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Téte n (foo f) € B(I;R) efvar odoxAnpcsonpun.
"Aueon ouvéneia tne Hpotaone 4.3.1.6, elvon to enduevo.

IMépiopa 4.3.1.2. Eotw un tegpiupévo I € Z(R™) n B(R™) kar okoxdnpdopes f1, f2 € B(T;R).
Tére

1. n|fi| e B(I;R) efvar odoxAnpcsopn,

2. nfi%e B(T;R) efvar odokAnpdoun &

3. n (fif2) € B(I;R) efvar odoxAnpcsorun.
BOewprnua tou Lebesgue. EBG nopadétovpe pior xavr) xou ovaryxobar cuvinnn ohoxAneomoluotn-
TaC Wo ouvdptnone f oployévng oe éva U TETEWUEVO ot cupnayés didotnua tou R™, pyéow twv

uNdEVOCLVOALY. BOu YEELC TOVUE XATOL TEOATOUTOVUEVAL.
It to embuevo, apxel vo Solue &TL 1 cuvdpTnoT, TN onolag To dplo Vewpole, elvon pdivouoa.

IMpotaon 4.3.1.7. Avzge SCR” ka1 f € B(S;R), téte 3 10

inf {sup f(Q(x0; p) N S) —inf f(Q(z0;p) N S)|p>0}.

Opiop6c 4.3.1.6 (taddvrwon gpayuévns ovvdptnons). Eotw xg € S € R™ ka1 f € B(S;R).
Opilovpe tny tadvtwon T4(xo) s f oto xo, ws to infimum tng Hpdéraong 4.3.1.7.

H 7y(x0) petpd xatd néoov n f elvon ouveyhc 670 To, OTWS QoUVETOL TAPOXSETE.
ITpbtaomn 4.3.1.8. Eotw g € S CR" ka1 f € B(S;R). H f eivar ovvexris oo zg avv T¢(xg) = 0.

Iopoxdtw divoupe 500 €0xOAN ATOTENECUATO GYETIXA UE TNV TUAAVTOOY UL0G PEAYHEVNS CUVAE-
wnone. To mpddto éneton xateudelav and Toug oplopoic.

IMeétacy 4.3.1.9. Eotw ket S cR™, f e B(S;R) kai e >0. Tdre to {a: € S|Tf(a:) > 6} efvai
KA€10T6 (ws ovvodo otov R™).

To deltepo éneton pe ypron tou llpdtacn 2.1.4.

IMpétacy 4.3.1.10. Foww un vegpiupévo I e Z(R™)nB(R™), f e B(S;R) kare >0. Av1p(x) <e
Vo el, tére AP € p7 T.w.:

U(f,P) - L(f, P) <euv(l).

Tapea, adlonowdvtag tnyv Hpotaon 4.3.1.9 xa v Hpdtaon 4.3.1.10, e€dyouye t0 enduevo amo-
TEAEOUAL.

Ocdenuo 4.3.1.4 (Lebesgue). Eotw pun tetpyupévo I € Z(R™) n B(R™) kai f € B(I;R). H f
€lvar oAokAnpaoun avv to oUrolo twy onueiwy aouvéyeds tng eivar undevootvolo.

Me yprion tou Oewpriuatog 4.3.1.4, e€dyouue To ToEUXATw ATOTEAECUOTAL

TMeétaon 4.3.1.11. Eotw un tetpiupévo I € Z(R™) n B(R™), fi, f2: I - R"™ ka1 f3, f4: T - R"”
T.w.:

f3(x) =max{fi(z), f2(z)} kar fa(z) =min{fi(z), f2(z)}, VzeS.
1. Av o1 fi ka1 fy elvar ouvexns oo xg € S, tote o b0 Oa elvar ka1 o1 fs kar fy.
2. Av o1 f1 ka1 fo elvar odokAnpdoues, téte to b0 Ja efvar kai o1 f3 katr fy.

Ieoétact 4.3.1.12. Eotw un texpiupéva Iy, Io € Z(R™) n B(R™), kadds eniong f € B(R™;R)
T..: f((TlﬁTQ)C) = {0}. Tére n fl etvar odokAnpddorun avv n flg; eivar odoxkAnpdsonun, xkai

udhiota, o€ avtr) Ty nepintwon da w0xvel
f f(x)dz = [ f(x)dz.
I I

Yuvoudlovtag v Ipdtaon 4.3.1.4 ye to Oedpnuo 4.3.1.4, naipvouyue 1o axdrovdo.
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LN

Syfua 4.19: Tlpdtaon 4.3.1.12. Me yxpl 1 pévn neployr) otnv onola emitpénovye f # 0.

IMpétaon 4.3.1.13. Eotw un tegpiupévo I € I(R™) n B(R™) ka1 f € B(I;R).
1. Eotww, emnAéov, én n f eivar ohokAnpdoiun.

i. Av f>0 ka
/ f(z)dx =0,
T

tote 35S € P(I) nN(R™) t.w.: flz 4 =0.
1. Av f >0, téte

/ f(x)dz > 0.
I

2. Av 3 kot S e P(I)nN(R") tw.: flz =0, wte n f efvar odoxAnpdorun xai

f f(x)dz=0.
T

YT TOAOYLOUOC ONOXANPOUATOS PRAYUEVNS CLVEAETNONG ENL CUUTAYOUE SLAC THU-
Ttoc tou R”

E86 aoyolobuacte pe 1o Yetdpnuo tou Fubini, évo Yepehdddec anotéheopua mOU HOC EMLTEEMEL VO
UTOAOY(COUUE TOANATTAGL OAOXATNPOUUTA CUVAPTACEWY.

ITopathenon. Eoww
1. m<n,

2. un terpiupévo I € Z(R™) n B(R™),

n
(R )

3. mepiopiouds

b

Ilzﬂ'n (I)@Igzﬁ'?llm(l)g

1. tm

[

. feB(I;R).

Téte opilovtar kaAd o1 TPayHaTIKES TOTOTTES

[f(y;x)dy & Tf(y;x)dy, Vel

Iz Iy



52 4.3. OAOKAHPQTIKOX AOTIXMOY KATA RIEMANN

onwg eniong, Kkai ot o
[ f@pde & [ faiyde, vyel,
I In

‘Eroi, opilovtar kaAd o1 cuvapthioel
, Op pTnoeg

_/f(%*)dy:IT*R & ff(y;*)dy:[il—ﬁR7
I’ .

Omws €miong o -
[f(m;*)dx:EeR & ff(x;*)dx:EeR.
I in

Oevpnpa 4.3.1.5 (Fubini). Eotw
1. m<n,
2. un terpippévo I € Z(R™) n B(R™),

3. TEPoPIooS T

i ?

4. 11:7Tn (I)glgzﬁn ; (I)@

1eim 1.l
5. feB(L;R).

Av n f etvar oloxAnpdoun (ent tov I), téte ka1 o1

ff(y;*)dy:[ile]R & Tf(y;*)dy:IT»R

12 12

efvar olorkAnpdoijies (ent Tov 1)) ka1 pdhiota

ff(t)dt:f ff(y;x)dy dx=f ff(y;x)dy dx.
7 7 T

It \I2_ I
Oewpnviag Tic €€fg GANaYEC T <> Y Xou T <> AL

i s 0T0 Oeopnua 4.3.1.5, nalpvoupe
aneudelac To e€hc.

ITépiopa 4.3.1.3. Eoww
1. m<n,

2. un tetpiupévo I € Z(R™) n B(R™),

n
21 tm

4. L=, (1) BL=4" , (I)#

ISR . 1 .eibm

3. meploprouds T

5. feB(L;R).
Av n f efvar ohoxAnpdorun (eni Tou T), téte kai o1

/f(y§*)dy1T1—>R & 7f(y;*)dy:[71—>R

Iy Iz

efvar ohokAnpdoipes (enf Tov I ), érwg eniong kai ot

ff(x;*)dw:E»R & Tf(x;*)dx:E»R

I I
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etvar olorAnpdoijies (ent tov 1), ka1 pdhiota

ff(t)dt:f Jf(y;x)dy dx:f If(y;x)dy da =

In

:f ff(m;y)dx dy=[ Tf(x;y)dx dy.
I i

I, \Ii Iz

'Etol, to endpeva elvon dueca.
ITépiopa 4.3.1.4. Eotw
1. m<n,

2. un tetpiupévo I € Z(R™) n B(R™),

n
2] tm’

3. meplopiouds
4. 11:71-" (I)glgzﬁxhn(l)@

i1.im

[

. feB(I;R).

Av 3 ta
[rwdt & [ jayy va e,
1 I

ToTE
/f(t)dt=f [f(y;zv)dy da.
T n \n
ITépiopa 4.3.1.5. Eotw
1. m<n,

2. un terpippévo I e Z(R™) n B(R™),

n
S

3. meplopiouds T
4 Li=7 , (I)&L=7 , (I)&

i1eeim

5. feB(I;R).
Av 3 L _
[f(t)dt, /f(y;:c)dy Veel, & ff(:c;y)dx Vy e I,
T T, I
ToTE

ff(f)df=f ff(y;fv)dy d:v=f ff(x;y)dfv dy.
] J J

L\l I, \I

4.3.2 OloxMjpwUa QPeayEVNE OLVARTNONG ENTL PpayHEVOL UTOGUVO-

Aou Tou R»

Adyw e Ipdtoong 4.3.1.12 0 mopoxdte YeEVIXOTEROS OpIOUAE TOU ONOXANEOUNTOS EXEL VOTUOL, XS

elvon avegdptnroc tng emhoyrc tou daothuatog 1.
Optopdc 4.3.2.1 (odokAripwua eni ppaypévov vrootrodov). Eotw
1. SeB(R™),
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2. f e B(S;R), péow s onotag opiloupe tny f € B(R™;R) ue

~ x), avxel,
flay= {110 e

0, alds &
3. un vetpiupévo I e Z(R™) n B(R™) t.w.: Scl.

Oa Aéue 6t n f etvar ohokAnpdoun (eni tov S) avv n ﬂ7 efvar odokAnpwoiun, kar o€ auty Tty
tepinTwon opiloupe to odokAfpwua s f (eni Tov S) wg

ff(m)dx:/f(x)dx
s 7

I\”/\<

Yyuo 4.20: Ave€aptnoio tov Optopol 4.3.2.1 and tnv emhoyn tou dloothuatog 1, uéow e Yerong
g pdtaone 4.3.1.12.

Tno6 o mplopa tou Oplouol 4.3.2.1, 1 Hpdtaon 4.3.2.1 xou 1 Hpdtaon 4.3.1.13 madpvouy Tic €€nc
Hop@éc, avtloTolya.

IMépopa 4.3.2.1. FEorw S € B(R™), kalds enions odoknpdoun f € B(S;R).

1. Av f >0, tore

[ f(z)dx > 0.
5

2. Ay 35 e N(R") tw.: flsus, =0, tdte
[ f(x)dz =0.
5

3. Av S e N(R™), tdre
f f(x)dz =0.
5

IMépopa 4.3.2.2. FEotw S € B(R™) kai f € B(S;R).

1. Eoww, emnAéor, éu n f eivar ohokAnpdoiun.
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i. Av f >0 ka
f F(x)dz =0,

5
tére 355 € N (R™) t.w.: flsus, = 0.
it. Av S¢N(R™) ka1 f >0, tdre
[ f(z)dx > 0.

5
2. Av 3 50 € C(R") n N (R™) t.w.: flgus, =0, tdte n [ efvar odokAnpddoiun kar

[ f(x)dx =0.
S

Ané 1o onpeio 2 tou Ioplopatog 4.3.2.2 (eite ancuvdeioc and to onuelo 2 tne Mpbdtaong 4.3.1.13),
nolpVOUPE dUECH TO EMOUEVO.

Mépopa 4.3.2.3. Eoww S € B(R™) xat f € B(S;R). Av S ¢ C(R") n N (R"), ©ére n f elvar

oAokAnpdoun kai
f f(x)dz =0.
5

Ané v Hpdtaon 4.3.1.11, e&dyouye to e&€rc.
ITépiopa 4.3.2.4. Eoww SCR”, fi,fo: S > R" ka1 f3, f4: S > R" t.o.:

fs(@) = max{f1(2), fo(2)} war fa(x) = min {f1(2), f2()}, VaeS.
1. Av o1 f1 ka1 fy €lvar ouvexnis oo xg € S, tdte to 1610 Ya elvar ka1 o1 f3 kar fy.
2. Av a1 f1 ka1 fo €lvar odokAnpdoiues, téte to b0 Ja elvar kai o1 f3 kar fy.
H Ipotaon 4.3.1.5 yevixebeton Ye tnv oelpd tng o¢ e€nig.
ITépopa 4.3.2.5. Fotw
1. S e B(R™),
2. feB(S;R) &
3. axolovdia {f; € B(S;R)|n f; etvar OAOKAnpcéalyn}ieN to.: fi = f.
Téte n f eivar odokAnpdoiun, kar udAiota

ffi(x)dxeff(x)dx.
5 5

Eniong, to [Iépioua 4.3.1.2 naipver tnv e€nc poppn.
ITépiopa 4.3.2.6. FEotw S € B(R™) kat odokAnpdoiues fi1, fa € B(S;R). Tére
1. nlfil € B(S;R) efvar odokAnpddoiun,
2. n f12 € B(S;R) eivar okokAnpdsonun €
3. n (f1f2) € B(S;R) efvai odokAnpdoiun.

Me yperon touv Oplopol 4.3.1.5, Tou Oewprjpatoc 4.3.1.4, tou onuelou 3 tou Iloplopatog 4.3.2.1
xan Tou Iopioyatog 4.3.2.6 malpvoupe to enduevo.

ITgétaon 4.3.2.1. Eowa,b € R, un retpiupévo N € B(N)N{@}, {S, So}u{Si},cy € B(R")N {2}
kai f1, fo € B(S;R).

1. Av o1 f1 ka1 fy efvar odokAnpdioiues, téte ka1 n (afi +bfz): S = R elvar odlokAnpdoiun, kai
pdAiota

f(afl+bf2)(x)dx:affl(x)dx+bff2(m)dx.
5 5

S
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2. Av o1 f1 ka1 fo efvar odokAnpoioipes kar fi(x) < fo(x) Yo € S, tdre

[ h@dz< [ o).
S S
3. Av n f1 €lvar odokAnpdsoun, téte kai n |f1|: S = R efvar oloxkAnpdoun, ka1 udlioa

ffl(x)dx sf|f1(a;)|dx.
S S

4. Av Spc S, f1 20 ka1 enions o f1 ka1 fi|s, €fvar odokAnpdoipies, téte

ffl(fl?)dxﬁffl(z)dx.
So S

5. Av §=5;u8; pei,j € N ka1 eniong ot filsg, |5, €fvar odokAnpdoues, tote ka1 o fi,
filsins;s filsins; xar fils;<s, €fvar odokAnpdojes, kar pdAiora

[fl(x)dac—/fl(x)dx+[f1(x)dx— [ fi(z)dz,

SinS;

f fl(x)dx:ffl(x)dx— f fi(z)dz

Si\Sj Si S7ﬁSJ

[ f@de= [ fi@de- [ fi@)ds

S;\S; 3; 5;nS;

Kai

6. Av S = U Si, SinS; e N(R™) Vi,j € N pei+j ka1 n fils, etvar odokAnpdoun Vi e N, téte

Kai n f1 €lVal oloxAnpaoiun, kar pdAiota

ffl x)dx—szl(l“)dx

zENS

Ynueiwon. 1. Adyw wov onueiov 1 tng Ilpdraons 4.3.2.1 o€ ourdvacud pe to yeyovés ot
f=ft=f VS >R, ya va detbovue pia 10iétnta mov apopd odokAnpdoues f e B(S;R),
apkel va mepiopiotolue otny mepintwon énov f > 0.

2. To avtiotpogo tov onpueiov 3 tns Ilpéraons 4.3.2.1 dev 10xver ndva.

Me Bdon to onuelo 4 tne Hpdtaong 4.3.2.1, nalpvouye Gueca ta Tapaxdtw, xAvovtos YeYor Tou
IMopiopatog 4.3.2.1 xau tou Iopiopatog 4.3.2.2, avtiotouyo.

IMépiopa 4.3.2.7. Eotw S € B(R™) kar odokAnpdoues fi, fa € B(S;R).
1. Av f1 < fa, tote

[ h@iz< [ e
S S

2. Av EISO EN(R") T.w.: f1|5\50 = f2|s\50, ToTE
[ h@dz= [ fa(@)de.
S S

IMépiopa 4.3.2.8. Eotw un terpiupévo S € B(R™) kar odlokdnpdoiues f1, fa € B(S;R).

1. Av f1 < fo ka
[ n@dz= [ a2y,
S S

wote 355 e N(R™) .00 filss, = f2ls s, -
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2. Av S ¢ N(R™) ka1 f1 < fa, téte
[ fi(x)dx < f fa(x)dz.
3 3

Emmiéov, ypnowonowdvtac o Oewpnua 4.3.1.4, nalpvoupe 1o 800 TOpoXdTey ATOTEAEGUATA.

IMpdétaon 4.3.2.2. Eotw S € B(R™) kat f € B(S;R). Av n f elvar odokAnpddoiun, tdéte kar n
flse €tvar odokAnpdsoun, ka1 pddiota

ff(:c)dxsz(x)dm.
5o 5

Ynueiwon. 1. To avtiotpogo tng Ilpdtraong 4.3.2.2 dev 1wxlel.

2. Av xdvouue tig alkayés S avti yia S ka1 S avti ya S°, otig vnodéoeas tng Ipéraons 4.3.2.2,
T0T€e O€v 10 V€l TO avTioToyo OUUTépaoia.

Oevpnpa 4.3.2.1 (Lebesgue). FEotw S € B(R™) kai f € B(S;R). H f efvar ohokAnpdoiun avv
Ta vrooUroda tou R™

1 {x € S| n f Oev efvar ouvexris oo x} &

2. {xe@S

0 x €lvar 0.0. touv S & Sev wyve én lim  f(y) = O},
S\{z}ry-z

€lvar aupotepa pundevooivora.

Ynpeiwor. VS € R” (ue tov R epodiaopérvo pe tig ouvrides uetpikés mov xpnoiLonoovie kal
€0d)), To {a: € S| T0 X €lval an.o. Tov S} etvar apiunoipo kar dpa undevoovvolo.

Mrnopolpe vo SGOOOVUE EVaY YpaXTNELOUO ToL ohoxAnpouatog eni cuunoyolc S ¢ R péow twv
OUAAGY Blopeploewy TNS LovEadoC.

Ewlwodtepa, éxovue pe ypron tou Oewphpatog 4.3.2.1 1o e&fc anotéheopa, To onolo €xel vonua
umo To Tplopa Tou Oewpruatog 4.1.4.1.

ITpétaom 4.3.2.3. Eoww
1. ovunayés S ¢ R",

2. opanj duapépion tng povddas {fi},cn € CZ(R™R) oto S mov kuprapyetrar ané tny {S;},. » €
O(5), kar vnodérovpe (ya amomoinon tov ovpPoliopod) éut N € .7 &

3. feB(S;R).

Téze n f etvar ohokAnpdoun avv n fils, f

10 Vel 0T
S[ fla)de= 3 S[ (fif) ()i = 3 [ Gin@as

suppfinS

s, €var odokAnpdoun Vi € N, ka1 g€ autn} tny nepintwon

Mdhota, €yxoupe o axdroudo, Tou efval ATAT EQUPUOYT TNG AVTHIETOIETIXOTNTAS TwV avialpeTev
TETEPUCHEVLV TOMATAGY oPOLOUETLY.

ITeétaom 4.3.2.4. Eoww
i. ovumayés S ¢ R",

i. 0Vo opadés duuepioeas s povddas, {f1;}ien, € Co” (R R) kar {fa;},n, € CZ(R™;R), oto
S, mov kuprapxodvrar and my {81}, € O(S) kar v {Sa;}. 5 € O(S), avtiotowa, ka
vnodérouvue (ya andonoinon tov oupPoliopot) étt N; € 75 Vje{1,2} &

iii. olokAnpdowun f € B(S;R).

Tére

> [ (uh@ids= [ f@de= 3 [ (faf)(@)de
S

€N, 51, 1€No Sa
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Me Bdon To Iopiopo 4.3.1.4 xou Vewpdvtog TNV undevixt| enéXTAcT *, TOlPVOUUE TO TOEAUXITE.

Ocdpnpo 4.3.2.2 (Fubini). Eotww m < n, S € B(R"), nepopouds it
Oérovue Sy =7 (S) ka1 Sy =77, (S). Av I w

i1 i1 im

i, ka f € B(S;R).

f(t)dt & Jf(y;x)dy Yo e Sy,
/ /

{yeSz | (w;‘l_”im(m)ﬂﬁ?’/ (y))eS}

i1...im

7
ToT€e

ff(t)dt:[ f f(y;z)dy | da.
5

S1 {yes2 | (W?i---fvm (m)+1%/;‘1___,im(3/))65}
Ay, emmAéov, 3 to
f f(z;y)dx Yy € Sa,
{IESl | (w'flmim(a:)+‘fﬂ'flmim(y))65}

ToTE

[f(t)dt: f f fly;2)dy | dx =
5

A [ O R ) B}

-/ / F(y)dz | dy.

Sz {zeSl ‘ (w" (z)+won (y))eS}

i1---tm i1...im

ITepvdpe tpo o XdTL BLUPOPETLXO.
Me yperion tou Oewpriuatog 4.3.2.1, naipvoupe 1o e€hc.

IMeétacy 4.3.2.5. Eotw S € B(R™) kat f € C.(S;R). Tdre n f elvar okoxAnpdiorun.

Ao 1o onpelo 1 tou Oewphuatoc 4.2.2.1, to onuelo 3 e Ipdtaonc 4.2.2.2, o Hépopa 4.3.1.1
xan to onuelo 6 tneg Ipdtaong 4.3.2.1, nalpvoupe to axdrouto.

IMpétact 4.3.2.6. Eotw un tetpiupévo I e Z(R™) n B(R™).

1. Eotw, emmAéov, un tetpiupévo Iy € Z(R™) n B(R™) t.w.: Iy € 1. Tére n xy,|7 €var odoxAn-
pooun, ka1 pdAiota

[ X1, (2)dx = v(Ip).
T
2. Boww, emmAéov, P € p7 ka1 f € B(T;R). Tdte o

> omn(Axnelp:I-R & Y M (f)xre
I.e{P} I.e{P}

T: T =R
€lvar oAokAnpdoiues ka

I.e{P} I.e{P}

Lp - [ ( > m1*<f>xf*o)<:c>dx & u(s.p) - [ ( > MI*(f)XI*")(x)d%
T I

AZonowdvrag 1o Myya touv Urysohn (Bh., m.y., [31, Afuupa 1.9.4, oek. 87]) (¥, evorhaxtnd, uéow
UL GUECTE HATACHEVACTIXHC TROGEYYIOTNE UETW EVOC N-TTAOU YLVOUEVOU LOVODLAGTATWY XATA TUAUATOL
CUVEYWY CLVAPTACEWY), UTOPOUKE Vo Tdpoupe To e&XC.
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Ipétaon 4.3.2.7. Eotww un vetpiupéva 1,1 € ZR™) n B(R™) pe Iy € I. Tére Ve > 0, 3f €
CC(I;R) T.0.:

f(f)g[(),l] & /|X10—f|(x)dx<a.
T

Méow tne Ipdtaong 4.3.2.6 xou tne Hpodtoone 4.3.2.7, oe cuvduaoud ue to onuelo 2 tou Ilo-
plopatoc 2 xou 1o Oedpnua 4.3.2.1, nalpvoude 6TL 0L GUVEYEIC CUVAPTACELS UE CUUTOYY| PopE Elva
TUXVEC HETOEY TWV OAOXANPOOUY CUVIOTAOEWY.

Ocwpnpa 4.3.2.3 (rurrdtnta). Eotw S € B(R") xar odorxdnpdon f e B(S;R). Tére Ve > 0,
3f1, f2 € Co.(S;R) .

L f1(S) € F(S) 8 f(S) € fo(S5) &
2. va woyve on

fs f = fil(x)dz <&, Ve {1,2}.

XJU(Z)

! !
Ut Tn
il Ty
Ll L

(B") T nepiocdtepes dlacTdoELS, T.Y. Yo n = 2, uno-

(o) Tezpupuévn xorzaoxeun wne f yien = 1. polue va xataoxevdooupe f(z) = fi(z1) f2(x2).

Syfuo 4.21: Tlpbtaon 4.3.2.7

Ané 1o Oewpnua 2.2.1, to Hépwoua 4.3.2.4, to Ildpiopa 4.3.2.5, 1o onuelo 2 tou Iloplopatog
4.3.2.7, to Oedpnua 4.3.2.1, v Ipdtaon 4.3.2.6 xou to Oewpnua 4.3.2.3, Eneton T ENOUEVO ATO-
TEAECUA.

Ilp6taocm 4.3.2.8. Eotw
1. S e B(R™),
2. glivovoa axodovdia {f;},.n ¢ B(S;R) tw.: fi =0 &
3. {ﬁ-}ieN ¢ B(R™;R) ka1 I e Z(R™) n B(R™) érws otor Opioud 4.3.2.1.

Tére

fﬁ(w)dm - 0.
i

Méow tne Hpdtaong 4.3.2.8 nalpvouye dueca Ty axdhoudn pop@y| ToL YewenNUATOS XURLILY NUEVNC
oUyxMorng tou Arzela.

Oepnpa 4.3.2.4 (Arzela). FEotw
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L SeB(R™) &

2. oulhoy aorAnpéapey {fi}, U {f} € B(S;R) t.o.:
i fi>f6
ii. U £:() € B(R).

Tére
[ Ifi = f] (x)dx - 0 ka1 dpa / fi(z)dz — [ f(x)dz.
s s s
IMopathenon. H ourdihikn tov onueiov 2.ii. tov Ocwpripatos 4.3.2.4 efvar anAd mapdppaon tng
|fil <a VieN & ya rdrow a > 0.
"Ayeor ouvénela tou Oewprjuatog 4.3.2.4 elvar to endyevo.
ITépiopa 4.3.2.9. FEoww
1. m<n,

n

2. TEPIOPIOUOS T

3. ScR"” r.w.:
i Si=m L, (9)
ii. Sy =75, (S)eB(R"™) &

4. fe B(S;R) t.o.:
i. Yy e Ss, yia Ty f(*;y) € B({x €S | (w?l___im (x) + z%l’lzm(y)) € S} ;R) va 10xUe du
f(xy) e C({f €5 | (WZZM (z) + i (Z/)) € S} %R) &
ii. Vo eSi, n f(x;z) e B({ye Sg| (wflmim () + ol (v)) € S};R) va efvar odoxAnpdsor-

7/1~~7:7n
1.

Téte
f(y;*)dy € C(S;R).
()47, L, )}

i1 im

{yESQ | (w:L

1eeim

Télog, xdvovtag yenorn tou loplopotog 4.1.2.1, tou Oewpruotos 4.3.2.4 xou tou Iloplopartog
4.3.2.9, nafpvoupe pe enoywyr 1o e€hc.

ITpétaom 4.3.2.9. Eoww

1. m<n,

n
21..tm

2. TEPIOPIoUOS T
3. SCR"”, t.w.:

n o (9)eDR™) &
i (9) € BR™™),

5 [ S->R rw.:
i. Yy e Sy, va wyve ou
f(xy) e Ck({x €51 | (wznlln (z) + @xzm(y)) € S} ;R)a

i. U D2f(S) eBR) &

0<|al<k
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iii. Ve e Sy & VaeNy ne0<|al<k, n

Dy f(xix) e B({y € 2| (@, i, (@) + &7, () € S}3R)
va €ivar oAokAnpaoiun,

énov o DY dnAdver to mpogavés, OA6 D-uepikn dagpopion pHoévo yia TS TUVTETAYUEVES TOU
S1, OAO Tt i1-00T), ..., im-007TH).

Téte
fly; *)dy € C*(S1;R),

{vesa| (=1, 48, ))eS)

ka1 udhiota, Vr € Sy 6 Va e NJ' ue 0 <|a| < k wyvea du

D f f(y;z)dy | = f D3 f(y;x)dy.

{y652 | (w:i...i,,l($)+ﬁ@ (y))eS} {yGSQ | (w:"l”_im(m)kz%?lmim(y))eS}

i1-.im

Snueilwon. Me xprion tng Ilpdraons 4.3.2.9, to Oeccpnua 4.3.2.3 pnopel va PeAtiwlel mepaitépw
av mepopiotolue o€ vnootvola S € D(R™), érot dote to C.(S;R) va yiva C(S;R). Notéoo, avtr
n mpooéyyion anaitel xprion twy ouvelibewr, Tis 1016tnTeS TV omolwy dev Ua avantvéoupe €5d.

4.3.3 OloxMjpopa @eayeévng cuvdetnong ent Jordan petprioipou
urocuvoélou tou R7, J(R")

EB¢ evbiagepbpacte yior puor eWdixy) xotnyopia Yehotuwy QeoyUévewy utocuvokwy tou R™. Enexte-
{tvoupe To 0plopd Tou GYXOU OE AUTE Xl GUVDEOLUE QUTY TNV EMEXTACT UE TNV Vewpla ohoxAHpwong
nou 7N avoartvope. ‘Etot, unéd 1o nplopa tou Iloglopatog 4.3.1.1, o endyevoc oploudc YEVIXEVEL TNV
cuvolooLVEpTNoN Tou Gyxovu, v (BA. tov Oplopd 4.2.1.1), v @eaypévey o THUETOV.

Opiop6¢c 4.3.3.1 (Jordan petprioipo oUvolo kai éykos avtov). KadoUue éva S € B(R™) Jordan
petpfouo avy n l|s efvar odokAnpdoun, kar Ya ypdpovue

J(R™) = {S e B(R™) | nlls efvar vom\npcéUl,un} .

EmnAéov, opilovpue tov dyko evés S € J(R™), v(S), wg

o(S) = f 1dz.
S

Ynueilwor. Eva Jordan petpriouo olvodo efvar Lebesgue petprioiuo ovvodo. To avtiotpopo dev
10 Vel Tdva.

Me yprion tou Iopioyatog 4.3.2.1, tou Iopicpatog 4.3.2.2, Tou onueiov 3 tou Iloployatoc 4.3.2.1,
tou onuelou 1.ii. Tou Hoployatog 4.3.2.2, tng Ipdtaong 4.3.2.1 xau tng Ipdtoone 4.3.2.2, nalpvouye
10 e&hc.

pbtaom 4.3.3.1. Fow ceR, N e BN)~ {@} kai {S,So} U {S:},.y & T (RY).
1. Tére v(S) > 0.
2. Av 8y € S, wére v(So) < v(S).
3. Téve Syu S € T(R™), Son S € T(R™), So~ S € J(R™) ka1 S~ Sp € T(R™), xar pdhioza

i. v(SouS) =v(Sy)+v(S)-v(SonS),
it. v(So N S) =v(Sy)-v(SonS) &
iii. v(S N Sp) =v(S) -v(SnSy).

4. v(S) =0 avv S e N(R").
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5 Av S=U S; ka1 S;nS; e N(R™) Vi,j € N pei+j, tére v(S) = ¥ v(S;).
€N €N

6. Tére S° ¢ J(R™) ka1 v(S°) = v(S).
7. Tére S e J(R™) ka1 v(S) = v(S9).
8. Tdte n c|s efvar okhokAnpdoun, kar pdAiota

f cdz = cv(9).

S

Snupeiwon. Av SeB(R") ka1 S°, S € J(R™) wéte bev wyda ndvra éu S € J(R™).

Adyw tou Ioplopatog 4.2.2.1 xou tne pdtoone 4.3.3.1, éneton 6Tt yia va pehethoouye ta (Jordan
petpfiola) cUVORoL UE W TETELUUEVD, SN N undevind, 6yxo, opxel Vo TEPLOPLOTOVUE GTA AVOLXTY
oclUvola ywelc va ydoouue tAnpogoplo. AucTtned, autd To CUUTERUCUN BLUTUTOVETOL GTO OMOTENECHOL
TIOU €TETAL TOU ETOUEVOU OPLOHOU.

Optopdc 4.3.3.2 (un tetpyupévos dykos). Opilovpe tny owvdptnon tov Jetucod dykov, v°, ws
v = vlg@mno® e}
ITpdétaom 4.3.3.2. Ioyve 6 v° >0, dnws eniong ot
v(9) =v°(S°), VS e J(R™) N (R").

Ynueiwor. Me tov v° nepopiletar pev to medio opiopol TOU v, XwPIS woT600 EKTTHOES Katd Tny
HeAéTn Twy ourddwy un tetpiuuévou éykov. H xpnoipdtnta avtis tng mpooéyyons, 6Ad tov idiov
tov Opiopo0 4.3.3.2, Ba gavel apydrepa otny Evétnta 6.3 (BA. tnv Hapatripnon petd tov Opioud
6.3.1), émov Ja yiver egiktij n yevikevon, e ovoaoTiké Tpdmo, Tou mediov opiopol Tou v°.

JR)NOR)\ {2}

{S e J(R") | v(S) > 0}

{seqm

v(S) = o} = J(R")NN(RY)

Syfuo 4.22: Tt var UJEAETHOOLUE TNV cUVEETNOT Tou 6YXoU, v, Yio VeTixée TS, opxel va Teplopt-
otovue oto J(R™) nO(R™) N {@}, dnhadr| apxel vo yehethicouue Ty ouvdptnomn tou Yetixol byxou,
v°.

Topa, dueco and to Octdenuo 4.3.2.1 éneton t0 e€nc.
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ITépiwopa 4.3.3.1. S e J(R") avv
1. SeB(R™) &
2. 0S e N(R™).
Snpeiworn. 35 € B(R") t.w.: S ¢ N(R™), 606 J(R™) ¢ B(R™).
Acedopévne tng Ipdtaong 2.1.5, tou Iopioyatog 2.1.2, tou onpeiou 1 tou Oewpruatog 4.2.2.1, tou

onueiov 3 e Ipdtoong 4.2.2.2, xaddde xan tou Ioployatog 4.3.3.1, naipvouye dueca to axdrovdo
AMOTENECUOL.

IIépiopa 4.3.3.2. 1. VS R™ ue 9S e N(R"), 3
i. Ne P(N)\ {2} t.w.: N e B(N) avv S ¢ B(R") &
. {Si}t,eny SP(S)NT(R") t.w.: n{Si};cn €tvar
a’. efte yvnoiwg abéovoa akodovdia oyetikd avoiktdy vnoouvvdlwy tou S,

B’ efte ouAd oy} opoibuoppa ppaypévor kar Eévwv avd 6o vmoowdAwy tou S,

tw: S=US;.
ieN

2. VU cR", 3 avéovoa axodovdia {S;},.y € P(U) N T (R") t.w.:
7. SiCCUViEN &

. U=US;.
1eN

Mdliota, urnopotjue va emirébovue kdle tétowo S; ¢ R™ va efte avoixtd, eite kA€10td, efte tinota
ané ta 6vo.

"Ayeon andppola Tou Oewpriuatog 4.3.2.1, oe cuvduaoud e to Ildpoua 4.3.3.1, eivon 1o €.

Iépiopa 4.3.3.3. Eotw S € J(R™) kar f € B(S;R). H f efvar odoxAnpddoiun avv to alvolo twv
onueiwy aowéxeaas tns f elvar undevoaivvolo.

Mdhiota, und to mploya tou onuelou 6 e Ilpdtaone 4.3.2.1, éyouvpe to axdroudo, To omnolo
anotehel To avtiotpogo tne Hpdtaong 4.3.2.2 otny nepintwon twv Jordan petpriowwy.

IIeoétacr 4.3.3.3. Eotww S € J(R™) ka1 f € B(S;R). Tére n f elvar odoxkAnpdoyun avv n f
€lvar oAokAnpcoun, kar o€ autr) tny tepintwon woxve ¢t

[f(x)dx:ff(x)dx.
S 5o

To endyevo anotéheopa eEdyeton we ypron touv onueiov 1 tou Oewphuatoc 4.2.2.1, Tou onueiov
3 e Hpdtaong 4.2.2.2, tou Oewphpatog 4.3.1.3, g Hpdtaong 4.3.2.6, tng Ilpdtaong 4.3.3.1, xou
tou lloplopatog 4.3.3.1.

ITépopa 4.3.3.4. Eorw S € J(R™) ka1 f € B(S;R).

Se

1. Eotw, emm\éov, un tetpiupévo I e I(R™) n B(R™) t.w.: Sc 1. H f eivar odokAnpdaun jie

f f(x)dx=a
3

avy Ve >0, 30 >0 t.w.:

>, Sl -a

I.e{P}nS

<e, VPepr pe [P <6 &V{zr, €I} (pyns-

2. I'evikétepa, n f elvar odokAnpioiun pe
[ flx)dx=a
5

avy ¥e >0, 36 >0 t.w.:
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i. V{Si},eny € T(R™), ne N e B(N)\ {2}, r.o.:
a. S;nS; e N(R"), Vi,j e N pei+j,
g.S=US; &

ieN
V. m‘?tvx{v(si)} <dVieN
&
ii. V{xs € Si}ins

va 10y Vel

<E.

Y flzi)v(Si) —a

ieN

Twpa, und o melopa Tou onueio 5 tne Hpdtaone 4.2.2.1, Tou onueio 4 tne Hpdtaone 4.3.3.1 xou
Tou Ilopiopartog 4.3.3.3, o axdroulog opiouds Exel vonuoL.

Opiowde 4.3.3.3. Eotww S € J(R")\N(R™) kar odokAnpdsoun f € B(S;R). Tdre opilovpe tnr
péon nunj s f (eni tov S), py, wg

e g[ f(@dwﬁ Sf f()da.

Me yeYion e Ipdtaone 2.1.8 xou tou Oewprjpatog 2.1.2, ebxoha TolpVOLUE TO TOEUXATE.

IMépwopa 4.3.3.5 (OMT, odoxAnpwukij exboxrj). Eotw oweknxd S € J(R™) N N(R™) xar
fe C(S;R). Tére 3zg € S t.w.: f(xo) = py.

‘Etot, and 1o [lépiopa 4.3.3.3 xau to Iopiopa 4.3.3.5, éncta, enlong edxola, T0 enOUEVO AmoTEANE-
opa, to onolo amotehel yio dadixaoion dlapodpione xadne Beloxouue wior cuVaETNHON And Ta OAOXAT-
pouatd TS, Elvon 6 wior amhr} exdoyt| Tou Yvewo 1ol dewprjuatog dagpdpeione twv Lebesgue-Besicovitch
(the Lebesgue-Besicovitch differentiation theorem) tng Oewplag Métpou.

IMpoétaoct 4.3.3.4 (Lebesgue-Besicovitch). Fotw U CR™ ka1 f e C(U;R). Tote V xeU e >0,
36 >0 tw.:

|'uf\5(z,a) - f(m)| <E.
Aniég neployég tou R”

Yuveyllouvpe ye v PEAETN Lo ouyXEXpLUEVNS xotnyoplag Wiaitepa ypowwy Jordan yetpriouwy
urocuVOLLY Tou R™, Ta onola ovopdlovton «anhéc neptoyéey (simple regions) Tou R™. Mdhiota, yio
aUTE Tar cUVOAX Loy el Uit dYENOoTN exdoy T Tou Ocwpriuotoc 4.3.2.2, 6nwe Yo dolue mapaxdTte.

Ogwopodg 4.3.3.4. Eoww
1. n#l,
2. SeC(R)ng(R™),
3. fi1,f2 € C(S;R) pue f1 < f2 &
4. mpoporny m . .
¢ R", mov opiletar wg

To ovunayés S,

1eelin-1

Si1~»-in—1 = {t € Rn

iy iy (B) €S vy, (1) € [(fl oy i ) () (f2o Wﬁ..,in_l)(f)]},

KaAettar anAny mepioyn) tov R™.

Ledpovtac 0Si, i, =gry, 4. fruSougr; ;| fa, 6mov

SOZ{tERn

T (0) €0S w7 . ()€ [(fl o WZ‘_.inil)(t), (f2 o sznl)(t)]},

xau eappolovtag Oetpnua 4.2.2.1, my lpotaon 4.2.2.2 xou 1o dpopa 4.3.3.1, nalpvouue 10 o-
x6houdo amotéheoya.
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1. 01

AN

gr (fl? WZ...in,l)

[ ] [ ] [ ]
[

S : S : : S : m i (R")

Syfua 4.23: Topoadelyporta anhodv neptoydv tou R™.

IIeétaocy 4.3.3.5. Eotwn 1. V andij nepioxrj S; wov R™ wyve éu S;,. i, € T(R™).

Leevino1
Mdhiota, 10 Ocwpnua 4.3.2.2 naipvel TNy Topoxdtey ebyYeNoTN LOPPY.
Oevpnua 4.3.3.1 (Fubini). Eotw
. n*l,
it. amAr) mepoyn Siy .. i, , Tov R™ énws otov Opioud 4.3.3.4 &

iii. feB(Si,. i, 1;R).

Av 3 ta
[ rwa e [ pa)dy vaes,

Siyin_1 [f1($)7f2(7”):|

[ twa- [ [ i@,

5 \[h@.fo()]

7
TOTe

Si’l---in—l

4.3.4 TevixeLUEVO ONOXA P WU

EB¢) yehetdue Ty ohOXANPWOLUOTNTO CUVHPTACEWY OV ETLTEETOUUE VoL €iVol TOCO OPLOUEVES OE YT
PEAYHEVAL avOLXTA GOVOAX, GO Xou U PEUYUEVES. LUYXEXPWEVA, 1) UTO UEAETY OUVAETNOY UTopel
vo elvon U eaypévn xovtd oto olvopo avdaipetou avowxtol unocuvélou tou R™. 1o mhaiclo
QUTO, ELGEYOLUE TNV EVVOLO TOU YEVIXELUEVOL ohoxAnedpotos (improper integral) xou peAetolue Tig
WiotnTée Tou. ‘Onwe Yo dolpe (BA., mapaxdte, Ty Mpdtaon 4.3.4.4 xou v Lnueiwon nou axohoudel)
10 ohoxAfpwya autd amotehel yevixeuon tou «ouuBatixoly oloxhnewuatog tou Opiouol 4.3.2.1 ue
70 onolo acyoAnIixaue wg TP, oTNY TER(NTLGT avolxtol utocuvolou tou R™. Emmiéov, undpyet
oTevh oyéomn peTodl TS «oUPPBoTiXicy xou TNS YEVIXELUEVNS ohoxnpwotubtnTos (BA., mapaxdte, To
ITépiopo 4.3.4.3).

H 8¢ vt ToV 0plogd TOL OAOXANPOUATOC WO Y1) PEAYUEVNC OTO GUVORO CLVAPTNONS EMETAL
puoxd and tnyv Ilpdtaon 4.3.2.3 und o nplopa tne Ilpdtaon 4.1.4.2. T autd Tov oxond Vo ypela-
0 TOUUE €V TEOXATUEXTIXG ATOTEAEGHATA, TO oTtolo xou Talpvouue Yéow tou onueiov 2 tne Tlpdraong
2.2.1, wou onueiou 1 tng Hpdtaong 4.3.2.6 xau tou Oewpruotog 4.3.2.1.
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ITedétaom 4.3.4.1. Eow
. UcR",
ii. 6¥0 oA oyés avorktdy vroowidwy {Ui,};. 4 € O(U) ka1 {Us;}e 4, € OU), T.00.:

U Uli:U: U U2i7
i€ €S

. 600 ovAdoyés owvaptioewy {fi;};y & C2(R™R) kar {f2;},on € CF(R™R), dnws otny
Ipéraon 4.1.4.2, n kd0e pa ané wg omoles oyetiletar pe tny avtioton mapandvew oUAAo-
Y1 avoiktdy vroowdlwy, ka1 vrolétoupe (ya andoroinon tov ovpfoliouol) du N c 7 €

. f € Bioe(U;R) T.w.: 0 0Urodo twr onueiwr aovvéxeias tng f va efvar undevooivvodo.

1. Tére n fj;lsupps;, flsupps;, ka1 0 filsuppy;, [f] |supps;, €ivar okoxAnpddoiues ¥ ie N & je {1,2}.

2. Av
> f (f; 1)) (2)dzx < 00 yra kdmowo j € {1,2},

ieNsuppfji
. dr = _ d
ZNP£ (f1; 1D (z)dz ZNupi (fo; If]) (2)da
Kai
f)(x)dx = ) (x)dx.
% ff Uuhwa =T [f e

IMopathernon. Ouuilovpe du ya to avtiotoo anotédeoua tns Ilpdtaons 4.3.4.1 oe nepintwon
ovunaywy ovvodwy, 6A8 ya tny Ilpdtaon 4.3.2.4, to onueio 2 tng Ipdraong 2.2.1 dev elvar arapaitnto
napd uévo n avuuetadenikétnra twv avdaipetwy menepacuévwy noAlatAdy adpowoudtwv. It avtd
otny llpdtaon 4.3.2.4 ev eivar anapattnTn n ovdnkn wng Ilpéraons 4.3.4.1 ue wny ovykAivovoa
oepd twv odokAnpwudtwy tov eunAéker Ty | f].

Ko étot, und to nplopa tne Ilpdtaone 4.3.4.1, o nopoxdtew oplopds Exel vonuo.

Optopdc 4.3.4.1 (yevikevuévo odokdripopa). FEotw U € R™ ka1 f € Bioe(U;R). Oa Aéue duin
[ elvar yevicevuéva odoxAnpdoun (eni tov U) avy

1. o ovrodo twr onueiwy aovvéyeas tng f va elvar undevooivoro &
2. 3 ovMoyés {Ui},., € OU) kar { i}y & CF(R™R) dnws otny Ipéraon 4.1.4.2, ka1 vro-

Oérovpe (ya amlomoinon tov ovpBoliopod) éu N c £, t.o.:

> [ i@ <o,

Nuppf;

Kai o€ avty Ty nepintwon opilovue to yevikeupéro odokArpwua tng f (eni tov U) wg
[ t@iz=% [ (n@)da.

Ta endpeva ebvon dueca and tov Opioud 4.3.4.1.

IMépopa 4.3.4.1. Eotw U € R” kat f € Bioc(U;R) t.o.: T0 0Urodo twv onueiwv aouvvéyeag
S [ va elvar undevooilvolo. H [ efvar yevikevuéva odokAnpdoiun avv n |f| evar yevikeuuéva
oAokAnpdoun.

IMépopa 4.3.4.2. FEotw un gppaypuévo U € R™ kar yevikevpéva odokAnpdoiun f € Bio.(U;R).
Av, emnAéov, n f eivai opoiduoppa ovvexris, tote

|0

f(z) — 0.
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Etvor Aoywd va unodéoouue dtL unopolue vo TpooeyYiooudE To YEVIXELUEVO OloxApwud amd
«péoay ye «oupPatedy ohoxAnpoyota. Ilpdyuatt, uné to nplopa tou Iopiopatoc 4.3.3.2, o axdrou-
Yo amotéheopa €yel vonua, Yo to omolo yivetan ypnorn tng Ipdtaong 4.3.2.1 xan tou lHopiouotoc
4.34.1.

Ieoétact 4.3.4.2. Eotw U cR" kai f € Bioe(U;R) t.w.: T0 00vodo twv onueiwy aouvéyeag tng
f va eivar undevoovoro. Tdte ta akérovda elvar w0odlvapua.

1. H f elvar yevikeuuéva oAokAnpdoiun.
2. 3 avéovoa axodovdia {S;}, € P(U)NT(R™) pe
1. SiCCUViEN &

i. U=U 85,
1eN
..
lim f|f|(x)dx< co.
z—»ooSi
3. Ioxve du

SeP(U)nJR") ka1 S cc U}<oo.

sup{ [ 111@)da
S

MdAiwota, o€ avt} Ty mepintwon wyve ot

yev

[ f@da=m [ f(x)dx:sup{ [ @
U Si S

- sup{f [ (z)dx
5

Me yerion e Hpdtaone 4.3.4.2 éneton 1o avtiotoryo tne Hpdtaone 4.3.2.1.

SePU)nT(R™) ka1 S cc U}—

SePU)nT(R"™) K‘(ZISCCU}.

ITpétaon 4.3.4.3. Eoww a,b € R, un tegpiupévo N € B(N) N {a}, {U,Up} u{U;};cn E O(R™) N
{2} ka1 f1, fo € Bioe(U;R).

1. Av o1 f1 ka1 fo elvar yevikevuéva odokAnpdoiues, wéte kai n (afy +bfa): U - R efvar yevikev-
péva olokAnpddoiun, ka1 pdAiota

yev yev yev
f(af1+bf2)(x)dx:a[f1(x)da:+b[ folz)da,
U U U

2. Av o1 fi ka1 fo elvar yevikevpérva ohokAnpdoipes kar fi(x) < fa(x) Va e S, tdre

yev yev

ffl(x)dxsffz(x)dz.
U U

3. Av n f1 elvar yevikeuuéva odokAnpdoun, wte kar n |f1]: U - R elvar yevikeuuéva odokAn-

pooun, kar pdliota
yev

[ fi(z)dx
U

4. Av Uy c U, f1 20 ka1 enions o1 f1 ka1 fil|u, €ivar yevikevuéva olokAnpdopues, tdte

vev

< [ 1h@)dz.
U

yev yev

ffl(ff)dxéffl(x)dx.
Uo U
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5. AvU =U;uUj pei,j € N ka eniong o1 fi|y, xa fi|y, elvar yevikevpéva oloxkAnpdoipeg, téte

kai ot f1, filu,nu; €lvar yevikeuuéva odokAnpdoipes, kar pdiota
yev yev yev yev
[ fi(z)dx = f fi(z)dz + f fi(z)dz - [ fi(z)dx.
U Ui Uj UiﬁU]‘

6. AvU= U U;, U;nU; e N(R™) Yi,j € N pei # j karn fily, €ivar yevikevuéva ohokAnpdoun
€N
Vie N, téte ka1 ) fi elvar yevikevuéva ohokAnpdoiun, kar udAiota

yev yev
ffl(x)dx: > ffl(x)dx.
U iENUi

Ynueiwor. Adyw tov Iopiopatog 4.3.4.1 g€ ovvdvaoud ue to onueio 1 s Ipdtaons 4.3.4.3 kai
pe o yeyovds o f = [T - fT V[ S > R, yia va detbovpe tnr yevikevpuévn olokAnpwoiudtnta twy
f € Bioc(U;R) e unbdevooitvoro to odvodo twv onueivv aouvrvéyeas, apkel va mepiopiotolje otny
TepinTwon émov f > 0.

Toea, and v edtaon 4.3.2.1 xou v Ipdtaon 4.3.4.2, nalpvouue TO TOQOXATE AMOTEAECUA, TO
omolo Aéel 6Tl To YEVIXEUPEVO OAOXApwud elval GVTKC Lol YEVIXELOY) TwV «CUUPATIXWOVY OROXATEL-
HATOV OE Qpaypéva avolXTd GUVOAAL.

Ieétacy 4.3.4.4. Eorw U € B(R™) ka1 f € B(U;R) t.w.: to 0Urodo twv onuelor aouvvéxeas
s f elvar undevoovvodo. Tdte n f elvar yevikevuéva odokAnpdowun. Av, emmAéov, n f eivar
oAoxkAnpaoiun, tote

ff(ac)d;v:[f(x)dx.
U U

Ynpeiwor. Eotw U e B(R") kat f € B(U;R) t.w.: to 0Urodo twv onueiwr aowéyeas tns f elvar
undevoovrolo. Tote n f Oev elvar ndvta olokAnpdoiun.

‘Apeon ouvéneia e Hpotaong 4.3.2.2 xau e Ipdtaong 4.3.4.4 anotelel to enduevo.

IMépiopa 4.3.4.3. Eotw S € B(R") ka1 f € B(S;R) t.w.: t0 0drodo twr onueiwv aouvvéyeag
s f elvar undevootvolo. Tdte n flgo €ivar yevikevuéva odokAnpdoun. Av, emmAéov, n f elvar
OAokAnpcoiun, tote

To mpdto onueio Tou ETOUEVOL ATMOTEAECHATOC EmEToL dueoa a&lomowdvtas to Oewpnua 4.3.2.1,
v Hpétaon 4.3.4.2 xou 1o Ildpiopa 4.3.4.3, eved Yoo T0 8eltepo YiveTton Yprom Tou OewEHUATOC
4.3.2.1 xou tou Iopiopatog 4.3.4.3 btav U € B(R™), xou emimhéov tou onueiou 6 tne Ipdtaone 4.3.4.3
otav U ¢ B(R™).

Ilpétacm 4.3.4.5. 1. Eotww
i. USR™ &
ii. feB(U;R) trw.:
a’. to ovrodo twv onueiwy aouvvéyeas tng f eivar undevoovoro &
B’ suppf ccU.
Téte 1) flsupps €var odokAnpdorun kai n f yevikevpéva odokAnpdoiun, kar pdhiota wyve éu

vev

f f(:c)dx:ff(x)dz
U

supp f
Av, emmAéoy,

. UeB(R"),
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tote n f €lvar odokAnpdoun, kar udAiota 1wy ver du
yev

f flx)dx = f f(z)dx = f f(z)de.
U U

supp f

2. TI'evikérepa, éotw

i SEO(M) &4

it. fe€B(S;R) tw.:
a’. o olvodo twy onuelwy aowvéyeias tns f elvar undevooivodo &
B’ suppf € B(S9).

go Yevikeuuéva olokAnpdoiun, kar pudAioza 10y vel

Téte N flsuppy €fvar odokAnpdoun kar n f

vev

/ f(x)dx:/f(x)dx.
Jo

supp f

‘
ot

Ay, emmAéov,
. SeO(Rr,)nB(R"),

te n f €lvar odokAnpdoun, kar udAiota 1wy ver du

vev

[ t@ya= [ f@)do= [ f@)do.
Se S

supp f

Syfuo 4.24: Ilpdtoong 4.3.4.5.
Y16 o mplopa tne Ipdtaong 4.3.4.5, o Opiopdg 4.3.4.1 naipvel Ty e€ric pope.

ITépiopa 4.3.4.4. Eotw

1. U cR",
2. 3 ovMoyés (Ui}, y € O(U) kar { i}y & CZ(R™R) 6nws oty Ilpéraon 4.1.4.2, xar vro-
Oérovpe (ya amdoroinon tov ovpfoliouod) éu N c F &

3. yevikevpéva ohokAnpdoiun f € Bioe(U;R).

Tote
7 [@)da = [ (i) (@)= / (Jif)(2)de.
U €N U, 1eN U

To endpevo elvar to avtiotolyo tou Oswphupatoc 4.3.2.2.
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Ocwenua 4.3.4.1 (Fubini). Eotw m < n, U ¢ R", repopouds 77
Oérovpue Uy =7l , (U) ka Uy =77 , (U). Av3I w

i1eeim i1eeim

kat f € Bioe(U;R).

o,

yev yev
f ftydt & f f(y;x)dy Vo e Uy,
U

{yEU2 | (w;"l...im (e)+el . (y))eU}

/
TOTE
yev yev yev

ff(t)dt:/ f f(y;z)dy | da.

{yeU2 | (= (z)+&7 (y))eU}

i1 im i1 .im,

Ay, emmAéor, 3 to
yev

f(z;y)de Yy e Us,
{a:eUl | (w" (z)+wn (y))eU}

i.im i1 im

yev yev yev

ff(t)dt:f f fly;x)dy |dx =

{yEUQ | (w;bl g @) (y))eU}

yev yev
-/ / f(wsy)da |dy.
U, {zgul | (w;}“im(z)+ay1‘_‘im(y))eU}

Anéoeitn. Ly meplntworn 6mouv suppf cc U, téte 10 anotéhecyo éneton dueca and to Oetdprnuo
4.3.2.2 oe ouvduoaoud ye tnyv Ipdtaon 4.3.4.5.
Tty tepintoon avdoipetne yevixeuuéva ohoxhnpdowne f € Bio.(U;R), éxouye to nopoxdto.

- Emuléyoupe oulhovéc {Ur} € O(Ur) xou {f1;}ien € Co2(R™;R) énwe oty Hpbraon 4.1.4.2,
xou uoBéToupe (Yo amhoroinon tou cupfolopol) ét N ¢ 7.

- ©étoupe
U, = {y € Uy | (wsz (z)+a 4 (y)) € U}, Vx eU.

Va € Uy, emhéyoupe cuhhoyéc {Uz} € O(Uy) %o { fz; }ieny € Co2 (R R) énowg oty Hpdtaon
4.1.4.2.

— IMopatnpotye ot
Ux [] Us.
xelUq
Auth 1 éxgppaon poc emttpénel Tov e€hc 0p96 oplopd: V (4,7) € N2, 9étoupe
fij: U—>R
[And fij(t) = fli(x)fmj(y)a émov T = WZ.Him (t) &y= ﬁ—sz (1)

— Avadiatdocouye Ty BLTAY GUANOYT {ﬁ;}(i,j)ew ¢ C(R™;R) (6mwe RdN €youpe xdvet, ypdpou-
e F yio TV undevixh| enéxtaon) oe povh we e€fc: 3 11 xou ent for N = N2, xou détwvroc

Jie = frok) fotky VE €N,

gyoupe 6T

{fk}keN = {E}('L,j)eNQ'
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— Ovoudhovéc {U} c O(U) xou { [} peny € C°(R™; R) eivan 6newg oty Hpdtoaon 4.1.4.2. TTpdypo-
TL, OAEC 0L BLOTNTEC elvan dueoeg exTOC aUTAS Tou onuelou 4, yio Ty omola, eite Adyw Tou onueiou
2 e Hpbraone 2.2.1, eite anhd hoyw g Tomxic memepatdTnTac Twv oUAOYOY { f1;},qy ot
{fei}ien dpat o TV mopaxdte adpoicewy, éyouue 6Tl

1 1
2 filt) KZN]EZNM MW -

VieUuypsx=m; ; (t)xwy=77 ,; (1)

- Topa, apxel va del€oupe to anotéreopa yio f > 0.

— Aol n f elvan yevixevuévo ohoxhnpdotun, emAEYOLUE TNV SUMNOYH { [} pey YLO TNV Exppoon
TOU YEVIXEUUEVOU OANOXATPOUATOS TNG, OAD

Yev Yev

[ f(tdt =Y [ (Jef)(E)d.

keN

- 'Etot, and o onueio 3 e Hpdtaong 4.3.4.3 éneton 6TL 1) oelpd

Yev

> U] (fef)(t)dt

oLYXAlveL amohbTwe, o dpa, aétomoudvtac to onuelo 2 e Ipdtaone 2.2.1, énetan btu

Yev YEV

f HOLED W REFHIOL

€N jeN

- Aol 1 f(*;x) elvon yevixeupéva ohoxhnedown Yo € Uy, tdte edxoha éneton Ye ypron Tou
onueiou 3 tou Iopiopatog 4.3.2.6 xou tne Hpdtoone 4.3.4.2 6t o 1 (fi; f) (%5 ) elvon yevixeu-
uévar ohoxhnpoown ¥V x € Uy & (i,7) € N2. 'Etot, and 1o OTOTEAECUS, LOC VIO TIC CUVIPTNOELS
ue oupnayy gopéa evtog Tou U, malpvoupe 6t

Yev Yev YeEV

ff(t)dt—ZZ f f (fig ) (y;2)dy | d =

ieN jeN 7, {yGUzl( I O R (y))éU}

=22 ffli(fﬂ) f fa; W) f(y; 2)dy | do,
fpeve| (=1, @, )ev)

Omou otV BeTERPN LOOTNTA UTAYL YENOWOTOWOUUE TOV Oplod TwV fi; utd 1o mpioua Tou Opl-
opovL 1.5, o cuvduaoud ue to onuelo 1 tne Ipdtaong 4.3.4.3. Luyxexpéva, 7

fu |/ Fuy@)F (s )y |, V(0. 5) €N

{veva|(wp, 0, (0457, )eU}

elvan yevixeupéva ohoxhnpwowdn. Mdhota, cOupwve pe tnv Ipdtaorn 4.3.4.5, xdde tétola
CUVAETNOT] TEPLOPLOUEVT) GTOV SUPP f1; lvon OhoXANedoLu.

— Ané v GAAn, N yevixeuuévn ohoxhnewowdtnta e f(x;x) Vo € U oe ouvduaopd ye to 6Tl
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f 20, poc diver 611

Yev

f1i f fej (W) f(y;*)dy | <

{yeU2 | (w?l'_'im (*)+'fﬂ?1 i (y))eU}

Yev

<fii ), f Joj () f(y; *)dy | =

TN {yeU2 | (w;‘lmim(*)+‘(%" (y))EU}

i1.im
YEV
- fi, / Py [, V(.5 e N2
{vevs| (5,0, (D457, 0)eU}

Ané 1o mapandve oc cuvduaoud pe to 6t f € Bioo(U;R) xou suppfi; cc Uy, éneton 6t
Haiten € [0,00) T.00.:

Yev

i / Foy (i 2)dy || < as, WG ) € N2
{yeU2 | (wi"l...im (*)+1%;L1mim(y))eU}

— 'Exouye, X8, 6,11 ypeelalduyacte yia va aflomolfjoouue o Ochpnua 4.3.2.4, 1o onolo cuvduo-
opévo e v Ilpdtoon 4.3.4.5 Yo pac dwoet ot

Yev Yev Yev

JECLEOY EXG] D / Fos ()] (s 2)dy | do =
U

ieN 7, jEN{yeU2 | (w" (z)+&m (y))eU}

iq.im i1 im

Yev Yev

"2 ff”(x) f f(y;@)dy | da.
ieN
ieN 7, {yeU2|(w;ll___,;m(x)+@;fl___m(y))gu}
Ewwotepa, 7 N
fy; *)dy

{y€U2 | (w?] i, (*)H%Fl i (y))eU}

elvan yevixeuyéva ohoxhnewaolun), xat WAoTa oy Vel OTL

Yev Yev Yev
ff(t)dt=f f f(y;z)dy | du,
U Ui {yeU2 | (w’zﬂl‘“im(aj)+‘z%;‘1mim (y))eU}

OAd to {nrolpevo.

— TN to undhoiro, apxel va emavakdBouye Ty mopandve Sladixacio ye tic e€Xc odhayéc T < y

n N
HOU T30 e € Ty i

O
Axohovdolv xan dAlo anoTeAéopATa TOU €YOUUE BT BeL Yiol Tot «CUUPBATIXEY ONOXANPOUTA.

Oedpnua 4.3.4.2 (Arzeld). Fotw
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1. UcR" &
2. ouvMoyr} yerikeupéva ohokAnpdouewr { fi},o Y {f, fo} € Bioe(U;R) t.0.:

i fi>f&
. iLeJNfi(U)ng(U)'

Tére
yev yev yev

|fi = fl(z)dx = 0 ka1 dpa | fi(z)dz - | f(z)dz.
J Frow-]

ITopathenon. H ouvrdijkn tov onueiov 2.ii. tov Ocwpripatos 4.3.4.2 eivar atAd mapdppaon tng
|fil < 1fol VieN.

IIgbtact 4.3.4.6. Eotw

1. m<n,

n
2]’

2. Tepiop1ouds T
3. U cR", ya o omoto Oévovue Uy =72, (U) & Uy =77, (U),

i1.lim 01l

4. ]{?ENO &

&)

. ffU->R o

i. Yy e Us, va 1oxvea éu

f(xy) e Ck({x el | (w?;.i.im(x) + 7AW;Ll..Az'7,l((7J)) € U} ;R)7
it. 3 yevikevpuéva ohokAnpdorun fo € Bioc(U2; R) t.w.: 0<|U|<kDg‘f(S) c fo(Us2) &
iii. VeeU; & VaeNJ' ne0<la|<k, n o
D f(i2) € Buoe({y € Ua | (=, ., (2) + &1 i, (1)) € UYSR)
va €lvar yevikeupéva oAokAnpdoiun,
émov to DY onAdver to mpopavég, 6A6 D*-uepikr) drapdpion uévo ya tis ovvtetayuéves tov U.

Tére

vev

[ #wiody e H({zeti] (=1, @)+ &, (1)) <UR),
U2
ka1 pdhiota, YV € Uy & Ya e N§* ue 0 < |a| < k wxdea du

yev
D* f f(y;x)dy | =

{veva|(wr, s @51, L, )0}
yer
= / D f(y;x)dy.
{vevs|(=r, o, @)0a7, s, )V}

i1 i1..im

4.3.5 OMOXApWUO BLAVUCUATIX®Y CUVAOTACEWY

Avagépouye bt 6An 1 Yewpla ohoxhipwone Paduwtdv (LovoueTtpnmv) cuvaptioewy Tou avarntiydnxe
WS TOEA, UTOPEL UE PUOLNO TEOTO VA YEVIXEUTEL X0l YLa DLUVUCHATIXES, ATAY XOLTWVTAS XGVE CUVICTMC
ouvdpTnoT EexweloTd.
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4.4 To Yepeiiddn Yewpruata tou Arneipoctixod Aoyi-
ouoU

Ye auth v evotnta nopadétovye to Booixd Yewpuota Tou GUVBEOUV TNV BLapdelon %ok TNV Olo-

x\fpwor dtav . Ocewpolue we Tedio optopol éva un TETpWUEVO oupnayéc didotnua I = [a,b].

Optopdc 4.4.1 (adpoto odokdripopa). Eotw oloxAnpdowun f € B(I;R). I'pdgpovue F ya to
adpioto ohokAnpwpa g f, 6AO

F= f F(2)de: T >R,
[a.s]

Ipétact 4.4.1. Eotw olokAnpdoun f € B(I;R). Tére F e Lip(I;R).

Av woyvponofioouye tic unovéoec e Ipdtaone 4.4.1, naipvoupe xar mo 1oyLES anoTEAECHA,
OTLC PALVETOL TOEOXATE.

Oevpnpa 4.4.1 (1o OOAA). Eotw odoxdnpdoun f € B(I;R). Av n f eivar ovvexris oto zg € 1,

tote n F elvar dragopionun oo xo, ka1 pdAiota

F'(w0) = f(x0)-

OpiCoupe v mapdyovoa 1 avti-Spdplon/napdywyo (primitive function/antiderivative) o
ouvdpTnong.

Opiopdc 4.4.2 (napdyovoa). Eoto f:1 - R ka dwwgopionun fo: I - R. Tére n fo xedefrar
napdyovaa g f avv fo' = f.

Arneuldelag and 1o Oetpnua 4.4.1, éneton to e€¥¢.
Iépwopa 4.4.1. Eotw f e C(I;R). Tére n F elvar mapdyovoa tns f.

TN to emduevo yivetow yerion tou Iloplopatoc 4.1.2.1.

Ieétaocy 4.4.2. FEoww f € C(I;R) xar mapdyovoa fo:I - R g f. Tére fo € C(I;R), kar
pdAiota
fo =F+ fo(a).

Eibixérepa,

[ @)z = 1o(8) - fola).
1
Ynpeiwor. Eoto dupopioun f e C(I;R). Tdre dev woxla ndvta

[ #@da = 1)~ £(a),
I

yiatl evdexopévas f' ¢ B(I;R).

Télog, mdh e yerion tou Ioplopatog 4.1.2.1 xou o cuvduaoud ue tov Optopd 4.3.1.5, naipvouue
T0 axdroudo amotéheoua.

Oewpnpa 4.4.2 (20 OOAA). Eotw dugopionun f € B(I;R) pe oloxdnpdoun f' e B(I;R).
Tére

[ 1@z = £0) - f(a).
I

4.5 Ocewpnua aAlayng LETAPANTOV

EB¢ eviiogpepouaote yia éva Paoind amotéheoyo tng by yeovne AVANUoTE Xal TWV EQUOUOYMY TNG.
To Yedpnuoa ahhoryfic LETHBANTOY X 0L Tapahoy €S/ YEVIXEVOELS TOU ANOTEAOUY TO amodyaoua OANG
e Yewplag mTou avantOEaUe 0To TEEYOV XEQPIAUO, xadDdS Yio THY EEXYWYTH TOUS OIOUTOUYTOL TROXTLXS.
Oha Tor xoufixd anoteAéouaTta TOU €Youv dlaTUTWUEL KC THOPA.

Ou anodeielc v anoteheoudtony unopoly va Peetdolyv autololeg 1 EAUPENOS TPOTOTOINUEVES Yid
Topdpota anoteléopata xuplne oto [31], [L1], xou [20], extde xouw av avapépeton dLopopeTixnd.



KE®AAAIO 4. YTOIXEIA AIIEIPOXTIKOY AOTIEMOY LTON RY 75

4.5.1 To Yewpnua, YEVIXEVOELS XAl TALAAAAYES

Oua e€etaotoly dlo npoceyyioelc.

C' ANy peTABANTOY

To mpwto anotéheoya, mou agopd TNy Tep(nttwon n = 1, énetar and o Ochpnua 2.1.2, T0 Ocvpnua
4.1.2.1, o Ilépopa 4.1.2.1, tnv Ilpdtaon 4.3.1.6, to Ildpopa 4.3.1.2, 10 Oedenua 4.4.1 xa t0
Ocwpenua 4.4.2.

Ocvpnua 4.5.1.1 (kavévag avtikardotaons, C' repintwon). FEotw
i. IeZ(R)nB(R),
ii. foe CY(L;R) t.o.: fo' #0 (1 100d0vaua, Ayw ouvéxews, fo'|r #0) &
iii. feC(fo(I);R).
Téte
1. fo(T) eC(R) nZ(R) n B(R) &

2. o |f0'|, I, fofowrar(fofo) |f0'| €lvar olokAnpdoiues, kar pdiiota

/ f(x)dx:/((fofo)‘foly)(x)dx.

fo(I) T

Me ypenon e Hpdtaong 2.1.9, tou Oswpfpatog 4.1.2.1 e cUVBLACUS UE TIC WLOTNTES TWV OpL-
Couodyv, tou Iloplopatog 4.1.2.3, tou Oewpruotog 4.1.7.1, tne Hpdtoong 4.3.4.4 xou tov Oewpruatog
4.5.1.1, ynopobue va mdpoupe (PE emMaYwY! w¢ Tpoc to n TNV pla xatedYuvon xou pe yeron Tou
anoteréopatoc e avtidetne xotebuvone Ty dAn) 10 oxdAoudo XEVTEIXS AMOTENECHO.

Ocwpnua 4.5.1.2 (aAayis pewafAnter, C! repintwon). Eotw
1. U cR",
2. C' alayn pewapAndv fo e CH(U;R™) &
3. feC(fo(U):R).

Téte n f elvar yevikevuérva ohoxAnpdoun avv n (f o fo) Jfo evar yevikevpuéva odokAnpdoiun, kai
o€ avth] tny mepintwon wxve 6t

[ r@ade= [ (o fo) I0) @)
fo(U) U

Inuelwor. Av 3 kdroio and ta yevikevuéva odokAnpapata tov Ocwprpatog 4.5.1.2 pe tny ouridn
évvola, tote Oev 10X Vel anapaitnta o 1010 kai yia to dAAo.

Méow tne Hpdtaoneg 4.3.4.4, unopolyue vo TAPOUUE JEXETES YENOWES TUPAAAAYES TOU OwphpaTog
4.5.1.2. Mio dueon elvon 1 axdroudn, yio Tnv onola yiveton ypromn tou onpelou 1 g Ilpdtoong 4.3.4.5.

ITpbtaom 4.5.1.1. Fotw
i. UcR™,
ii. C1 aMayn perafAntay fo e CH(U;R™) &
iti. feC(fo(U);R) t.w.: S =suppf cc fo(U).
Téte n fls etvar okokAnpisonn avv n (f|s o f0|f0-1(5)) Jfolgy-1(s) €lvar okorkAnpcdoiun, kar o€ avtn

Ty mepinTwon 10xvel 0t

vev yev

[ t@da= [ @adz= [ (Foso) I @dr= [ ((fo o) Jfo)(w)da.
S

fo(U) U fo™1(S)
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IMopathernon. Av, emmAéor, éovpe
i’ UeB(R")
otny Ilpéraon 4.5.1.1, tote

yev

[ e fo)fo)@dz= [ (o o) o))
U U

2oté0o0, evdexopévws va uny 1wy Ve to 1610 ya to
yev
[ 1@,
Jo(U)
yiatl dev Epovpe av fo(U) € B(R™). TrevOuuilovue du dev wxle ndvta éu av U € B(R™) tdre

fo(U) € B(R™). Ta o ouurnepdopata wydovr mpogavds xar yia fo(U), U kar fo™* ownv 8éon twv
U, fo(U) xar fo, avtiotoya.

1
1 \ - \
\ s \
,, \ ] fO(U) \
1 U " 1 AN
7 \ \
e m———— - 1 \ \
’ 1 \ \
I \ 1 1
1 \ 1 ’
! AN / /
’ N 7 /
ke
/,’ ’_—’ /// (
l/ v ! \\
I N ! \
\ \ \
' \ \
\ \ \ \
\ 7 N 1
\ s \\ 1
AN ’ S P

Yyhuo 4.25: Ilpbtaon 4.5.1.1.

Tevixevorn g Ipdtaong 4.5.1.1 ebvan 1 mopoxdtw, yio v omola yivetan yprion tng Ilpdtaone
4.1.7.1 »on Tou onueiov 2 tne Hpdtaong 4.3.4.5.

ITedétaom 4.5.1.2. Eow
i. Soe O(RY,),
ii. foeCY(So;R") t.w.:

a. nfovaevarl-16
B. Jfo>0 6

iit. f€C(fo(S0);R) t.0.: S =suppf € B(fo(S0)).
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Téte n fls etvar okoxAnpdoun avv n (fls o f0|f071(5)) J folgy-1(s) €fvar odorAnpdorun, kar o€ aven
Y mepintwon 10xvel 0t

[r@ar= [ f@de= [ (o) T)@dr= [ ((Fofo) Ifo) @),
S (£o(50))° So® fomt(9)

Snpeiwon. H Ilpétaon 4.5.1.1 ka1 nn Ilpéraon 4.5.1.2 eivar Paoikég ya ta endueva kepdiaia.

Yyfuo 4.26: Ilpotaon 4.5.1.2.

Mio &k ebxohn evokhaxtixn, otny onola yiveton yenorn e Hpdtaong 2.1.9 xou tou Ioplopatog
4.2.3.1, etvon 1 €&€hc.

ITpbtaom 4.5.1.3. Fotw
i. UcR"Y,
ii. C1 aMayr perapntav fo e C1(U;R™),

iii. S e P(U)nJ(R™) (4, evalaxticd, fo(S) € P(fo(U)) n T (R™)) t.w.: S cc U (B, fo(S) cc
fo(U), avtioroa) &

w. feC(fo(S):R).

Téte
1 fo(S) eP(fo(U))nTR") (1, Se P(U)nJT(R"), avtiororya),
2. n Jfols €lvar odorkAnpdoiun kar pdiota

U(fo(S)):fJfo(a:)da: &
S

3. n f evar odoxkAnpdaun avv n (f o fols) J fols €ivar odokAnpdoiun, kar o€ avti Ty repintwon
10 Vel 0Tl
[ t@da= [ (fo 1) Tfo) (@),
5

fo(S)

Mdéhota, uvnd to mplopa tne Hpdtaong 4.5.1.3, xou v o&lonoinon tne lpdtaong 4.3.3.4, éncton
70 oaxohouvdo.
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ITedétaom 4.5.1.4. Eow
1. UcR",
2. C' alayj peraprntdv fo e CH(U;R™) &
3. feC(fo(U);R).
Tote
1

v(B(x,
(B0 | sty

((fo fo)Jfo)(z) = })if% f(t)dt|, Yz eU.

Eibixérepa,

Jfo(x) = lim M7 Vrel.

=0 v(B(z,p))
Avagopiown aAhoy? RETABANTOV

BadiCovtoc oto (Blor yvdpla e Ty TeonyoUHEYY) UTOEVOTNTO, UTOPOVUE VoL XOTUANEOUUE OTIC YEVL-
*EVUOEIC OADV TV ATOTENEOPATOV TS, 6Tou utodétouue TAéov amhi| dlapoptotudtnta avi yio O
SlaopiotudTnta. Eminiéov, unopodue va mdpouue to Poacind anotéheoua TNC TopoVlods UTOEVOTNTAC
ancudelag and to avtioTolyo Bacixd TN TEONYOUUEVNS, OTWE OVIPECOLUE OTNY LNueiwon oTo TéhoC.
Onwe xon vo €yel, nopodétoude povo to Pacixd anotéheopa, xadmg To UTOAOLTA ETOVTAL UE TOV (Blo
TeoTO.

Apywd, xdvovrac yehion tov Buwv epyahelnv (extde, tou Hoplopatoc 4.1.2.1), nafpvoupe éva
avtioTtolyo tou Oewpruatog 4.5.1.1.

Oezvpnpa 4.5.1.3 (kavdrvag avtikatdotaons, diagopioiun repittwon). Eotw
1. I eZ(R)nB(R),
2. foe C’(T; R) T.o.:
i. n fo va elvar Sragopionun &
ii. n fo' € B(I;R) va efvar okoxAnpdsorun €
3. feC(fo(I);R).
Tére

1. fo(T) e C(R)nZ(R) n B(R) &
2. ot|fo'|, £, Fo fo xar (fo fo)|fo'| etvar ohomnpisones, xar pédioea
/ f(a)dz = / ((fofo)’folb(x)dx.

fo(T) T

‘Etot, ye tnv Blot sUANAOYLOTIXNY, 0AAd Yenotporolmvtoas To Oempnuo 4.1.7.2 avti Tou Oewpruotog
4.1.7.1 xou, mpoaveg, to Oedpenua 4.5.1.3 avti tov Oeswpruoatoc 4.5.1.1, nalpvoupe to avticTtoiyo
Tou Oewpuatoc 4.5.1.2.

Oevpnpa 4.5.1.4 (aAdaynis petafintdr, dagopioun nepintwon). Eotw
1. U cR",

2. bwgopioun eddayn petaprntdv fo € C(U;R™) t.w.: to olvodo twv onueiwy aouvéyeas tng
J fo € Bioc(U;R) va efvar undevooivoro &

3. feC(fo(U);R).
Av n f elvar yevikevuéva odoxknpdoiun, téte n (f o fo) Jfo elvar yevikevpuéva olokdnpdoiun, kai
o€ autn Y nepittwon wxve ot
yev yev
[ r@de= [ ((Fe fo) Ifo)(@)da
fo(U) U

To hownd amoteAéopata, XATIAANAL SLATUTWUEVA, ETOVTOL ETONG UE TOV avTioTol o TEOTO.
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4.5.2 OpornaparAniixég aAAayég LETABANTOV

Ye auth v unoevétnta adlonooue v Ilpdtaon 4.5.1.3 otav fy € Af f(R™;R™).
‘Etot, ebxola and tny Ipdtaon 4.1.1.2, 1o Oetdpnuo 4.1.1.3, 10 Oedenua 4.2.3.1 xou tnv Ilpdtacn
4.5.1.3, naipvoupe to e€c.

BOeswenpa 4.5.2.1. Eoww
i foe Aff(R";R™),
iW. SeJ(R™) &
iii. fC(fo(S);R).
Tére
1. J fo =|det[fo]| &

2. fo(S) e J(R™) ka1 pdhioza
v(fo(9)) = |det[fo]|v(S),

Kai

~v(fo(9)) n
|det[ fo]| = 77)(5) , av S ¢ N(R™).

Ay, emmAéov,
iv. |det[fo]| = 0,
Tte n f €elvar odokAnpddoun kar pdAiota w0y ver du
[ r@dz=o,
fo(S)
v av, emnAéor,
i’ |det[fo]] # 0,
Tote o1 f kar f o fy €lvar odokAnpaoiues, kar udhiota 10y ver du
[ r@adz=laetlsoll [ (7o fo) @),
Jo(9) 5
Arnevdeiog and to Bewpripatoc 4.5.2.1 éyoupe to e€hc.
Ilépopa 4.5.2.1. Eotw fy, S ka1 f omws oto Oedpnua 4.5.2.1.
1. Av foe RM,,, téte
i. Jfo=1,
i. fo(S)eJ(R") &

1. o1 f ka1 f o fo efvar odoxAnpdoipes, ka1 pdhiota 1wyde ot
[ 1@da= [ (1o fo)(@)de.
fo(S) S

(
Eibixérepa,

v(fo(S)) =v(5).
2. Av fo € Hthy, ., tote
1. Jfo = |T’|n,
i. fo(S)eJ(R") &
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. o1 f ka1 f o fo elvar odokAnpdoues, kar pudhiota wwyve ét
[ r@de=l" [ (o fo)@)da
fo(9) S

Eiixdrepa,

v(fo(9)) = Ir["v(S).

Ynueiwon. 1. To onpeio 1 tov Llopiopazos 4.5.2.1 pag Aéel 6t1 €xtés Twy anootdoewy, o1 dkau-
TTES KIWNOoES Natnpovy Kal Tous OYKoUS.

2. To onueio 2 tov Hopiopazos 4.5.2.1 uag diver tov timo mov ovoyetilel tov Adyo twy dykwy 600
opoletikddy owoAwy ue Tov Adyo tng avtiotons opoleoiag.

Eniong we dueco enoxdhoutto tou Oswpruotog 4.5.2.1 éneton 10 TUpaxdTw ATOTENECUA.
ITépiopa 4.5.2.2. Foww

i a ovloyn {z;}i, € R™ ypauuxd avekdpnrwv ovoryeiwr (A6 pa Pdon tov R™),

i x=(x;);, eR™™ &

iii f e AfF(R™R™) pe [f] = .
Tére

1. Jf =|det x|,

2. H({xi}?zl) e J(R") N N(R™), ka1 udhioza wyde du

|det z| = v(II({z;}1-,))-

Inueiwon. 1'nd to npioua tov Hopiopatos 4.5.2.2, ka1 o€ ovvdvaoudé pe tny Hpdtaon 2.3.1, Oa
umopodoaue va molue ot «ta opPoyivia tapaAinlenineda jey1oTono0UyY TOV GYKO TV TAPAAANAETL-
TéOwY ».

To Hépopo 4.5.2.2 yevvd évav «dulopdy mou agopd to Tpdonuo tne opllovous utag Bdone tou
R™, xau 0 omolog elvon 10 eparthplo yia €vay vEo oploud.
4.5.3 Ilpocavatolicwodg tou R™
Me Bdon to Hépiopo 4.5.2.2, dlvouue oV ENOUEVO 0pLoUO.

Optopdc 4.5.3.1 (npooaratohiouds ypaupikos vnoydpov). Eotw m < n kar ypapuikds vrdywpog
ScR"™ pedimS =m.

1. Eoto, emmAéov, pa bavetayuévn Bdon {z;},-; tov S, ya tny onofa Oétovue x = (z;)), €
R™ ™ H Bdon avtr) ovoudletar de&idotpogn (right-handed) 1 alids aprotepdotpopn (left-
handed), avv detz > 0 1j aAids det x < 0, avtioToiya.

2. O1 ouldoyés bAwy twy BebiboTpopwy Kkai, avtiotolya, Twy aploTepdoTopwy diatetayuévwy fdoe-
wv Tou S ovoudlovtar tpooavatodiopiol (orientations) tov S, je Tov évay va kaleftar avTioTpopos
(reverse) 1y avtidetos (opposite) tou dAlov.

"Ayeco etvon To axdhouto.

Ieértaon 4.5.3.1. Eotww f e Aff(R",R") va efvar 1 - 1 ka1 pua daveraypévn fdon {z;};, wov
R™. Av det[f] >0 1§ aluds det[f] < 0, dre o1 daveraypuéves Pdoes {x;}iy kar {f(x;)}i, Tov R™
avikovy atov 1610 1) aAAIdS aToY avtioTpogo, avtiotoa, TPOTaraTtoAlTUo.

Abyw tne Hpdtaone 4.5.3.1, umopolye var BOCOVYE TOV ETOUEVO OPLOUO.

Optopdc 4.5.3.2. Eoto fe Af f(R",R") va efvar 1 -1. Av det[f] >0  addicdg det[f] < 0, tdre
Aéue dui n f Siatnpel (preserves) 1j aluds avtiotpéper (reverses), avtiotoa, Tov TpooavatoMoud.

'Etot, yevixebouue tov Oplopd 4.5.3.2 xatd npogovi| tpdmo.
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I3 T3
1.
X1
) ) T3
X1 x1
T2
A B C
2.
T3 T3
1 1 X2 T3
X9 X2
T1
A B’ C’
3 Ty
T 1 xs3
)
HG)
xs xs3 T
Al/ B// C//

Yy 4.27: O npocavatolopdc tou R? ue otowyela 6nwe autd oo 1. eivor o (Blog e tov mpocava-
Tohopd tou R? ue ototyeio 4t autd 010 3., mou elvar avtioTpogoc Tou TpocavaTolopol Tou R3
pe otolyelo Onwe autd 6To 2..

Optopdc 4.5.3.3. Eotww S € D(R™) kai duagopioun oto Sp €S f: S - R” t.o.:
Jf|SO(ZL') * 0, Vo e SQ.

Av
det Dfls,(x) >0 1} adicds det D fls, (z) <0, Va € Sp,

Tote Aépe 6 n fls, Satnpel 1) adhids avtiotpépel, avtiotorya, Tov TPOTavaTtoAlod.

4.5.4 'Oyxog prdhog (w¢ mpog TNV vopua |x|) otov R»
‘Onwg Vo dolye €66, 6ha to Pocind amoteAéoUata dUTO) TOU XEPIANIOU ATOUTOUVTOL YLOL VO UTONO-

yiooupe Tov byxo pog urdhoc (we Tpog TNV vopua |*|) otov R™.
Hexwdye ue to npwto Bacixd anotélecpa.

Ilpétaocm 4.5.4.1. Ioyve du
2, avn=1

v(B(0,,1)) =<, avmn =2
2T0(B(0p-2,1)),  bdagopetixd.

Anédaén. T'an =1 elvor npogavéq.
T n =2, emiéyouvpe v C° ahharyr) HETOBANTOY TWV TOAXWY CUVTETAYUEVKY, Xl ETOL UTO TO
nplopa tou Oewpruotog 4.3.2.2 xou tng Hpdtaong 4.5.1.3, éyouvpe ta e€¥g

v(B(02,1)) = f 1dt = fxdm f ldx | = .

B(02,1) (0,1) (0,27)
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T n > 3, éyoupe pe yerion tou Oewperpatog 4.3.2.2 6Tt

v(B(0,,1)) = [ 1dt = [ / 1dy | dz = [ U(B(Ong,(l—|l’|2)é))dl’.

B(0,,1) B(02,1) B(On_z,(l—lxﬁ)%) B(02,1)

And v GAAY, €youpe and to onpeio 2 tou Iloplopotog 4.5.2.1 éTu
1 n_q
U(B(ong, (1 - |x|2)2)) - (1 - |x|2) * 0(B(0,2,1)),

dpa
2\z2 -1
V(B(0n,1)) = v(B(0n-,1)) (1-12*)" da,
B(02,1)
ondTE BOVAEVOVTAS OTIWS TPV €NETol TO {NTOUHEVO. O

TN vae Bpotye tov %Aelotéd TOTO NG cLVdETNONE Tou oplleTon avadpouxd 6twe otnv Ilpdtoaom
4.5.4.1, Ya yperaotel va elodyouye Ty ocuvdptnon ydupa, I', tou Euler. Ilpoto divouye T0 mopoxdte.

Ilpétaon 4.5.4.2. 1. Va>0 &beR, nowdptnon (b,0) >t - e € R, efvar yevikevuéva

oAokAnpaoiun.
2. Ya>08keZ, wylvea éu

lim tFe~% = 0.

t—o0
3. VkeZ &b>0, nouwwdptnon (b,00) 3t + e ttF e R, efvar yevikevuéva odokAnpdonun.
4. Ya >0, n owdptnon Ry 3t = e 't% 1 e R, efvar yevikeuuéva odokAnpaonun.

Anédeifn. T 1o npwto onuelo €youpe 6TL

)

e_atdt = _1 (e_a(b+”) - e—a(bﬂ-%)) Iz, le_ab
a a
(b+2,b+n)

2O LG Xl (b + %, b+ n) 2 (b, 00), madpvoupe and Ty Hpdtaon 4.3.4.2 10 {ntoduevo, xou Ydhiota
YEV
1
e dt = —e .
a
(b,00)
It To BebTEPO BLoxplvOLUE TEQITTHOELS.

— H nepintwon k € Z \ N elvau dueon.

— Av k e N, téte ye enaynyn oe cuvbuooud ye tov xovéva tou L'Hépital nalpvoupe ot

lim t*e™% = lim kla %e™% = 0.

t—oo0 t—o0

Tpa, yia to tpito onpeio, ue Bdon to deltepo omnueio

Je>0to: 0<th<e?, VE>c,

xou Gpol
— _t
O<elth<e 2 Vi>e.

MdAioTo umopolye vo eAEEOUUE TO € dpxeTd PeYdAo woTe ¢ > b. Yo to mploya tou onuelou 6 e
Tp6taone 4.3.4.3, apxel va deiloupe 6Tt 1 cuvdptnom poc meploptopévn ota (b, c) xou (¢, 00) eivan
YEVIXEUUEVO ONOXANROOIUY).

— H ouvdptnon oto (b, c) eivar yevixeupévo ohoxAnpemoun ¢ (<oUUPBaTidy) ohoXANEMoLU.
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- 'Oco vy 10 (¢, 00), €youpe bt
0< [ ethdt < f e Tdt A 275,
(c+,ctn) (c+1,c+n)
6ToU 670 TEAEUTALO OpLo Ypnotponoicaue To TewTo onueio. Eyoupe étol wa pporyuévn avouvoa

axoloudia, dpo cuyxhivovoa, SAS

3 lim f e tFdt
n—o0
(c+L,ctn)

xou dpat and v Hpdtaon 4.3.4.2 1 cuvdptnot| pac neploplopévn oto (¢, 00) elvar YEVIXELUEVL
OAOXANEOCLUY XU UAALG T

Yev
f e tFdt = lim f e thdt.
n—oo

(c,00) (c+%,c+n)

Evolhoxtind, o urmopoloaye va yenolponoliooupe to Oewpnua 4.3.4.2 yio tnv axohouvdia

(6_* +k X(c+i,c+n))|(c,°°) - (6_**k)|(c,°°)’

n

eV e

(67* *k X(c+%,c+n))|(c7°°) < €7§|(C7°°)7

6ToU 1 oLVAETNOTN 010 &6 PENOS TNG AVLOOTNTAS EIVOL YEVIXEUUEVA ONOXANEOCIUY).

Télog, Yo to té€topTo onpelo, und Tto mploya Tou onuelov 6 tng Ilpdtaong 4.3.4.3, opxel va
delloupe 6T 1) cuvdptnom neploptoévn ota (0,1) xan (1, 00) elvon yevixevuéva ohoxAnpdoun.

— Toybel 6t 0 < et L <4971 vt e (0,1), doa
1 1\* 1 1
0< / et ldt < [ o= = (1_7) S
a 2n (2n) a

(z7:1-27) (313w

‘Exoupe €tot wa ppayuévn adEovaa oxohoudia, dpa cuyxAlvouoa, xaL TENXA 1) GUVEETNOT Uog
neploploévn oto (0,1) eivar yevixeupévo ohoxAnemotun.

- 'Oco vy 10 (1,00) emréyovpe ko € N t.w.: a—1<kg. Tote
0<e 't e tiho vis1.

‘Etot, aflonoidvtac to tpito onueio xou epyaldpevol 6Tme Tply, CUUTERPAVOUUE OTL 1 GUVETNOY
o ebvan yevixeupéva ohoxinewolun oto (1, 00).

O
Tné 1o mplopa tne onueiov 4 tng Ilpdtaong 4.5.4.2, divouye Tov e€hc oploud.

Optopdc 4.5.4.1 (ouvdptnon yduua tov Euler). Opilovue tny ovvdptnon ovvdptnon ydupa tou
Euler

I R+ - R
s >0
> 0.
z~T(z) = fe’ttz’ldt pe
R,

Ynpeiwor. To nedio opiouol tns I' unopel va enextadel and to R* oo R\ (-Np), addd avtd dev
Ua pag anaoyodjoer €6c.

‘Eyoupe pe aneudelac eqoppoyt| tou Oewpruotoc 4.5.1.2 to €.
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IMpétacr 4.5.4.3. Va >0, n ovvdptnon (0,1) 3t — (-Int)" " € R, efvar yevikevpéva ohokAn-
paoun, ka1 udAiota w0y ve ot

yev
I(z) = f (—lnt)* 'dt, Va > 0.
@)

Arddeitn. Oewpolye Ty C adhay peteBintdv (0,1) 3¢ e € (0, 00). O

Ynueiwor. H uopen tng I' oy Hpéraon 4.5.4.3 elvar ka1 avtr} mov mpdrewe ya mpdtn @opd o
Euler.

"Apeoec elvan o mopoxdte Widtntee e I

Ieétaocr 4.5.4.4. 1. V>0, wyvea éul'(x+1)=al(z).
2. Yn e Ny, woxvea duT(n+1) =nl
3. H ovvdptnon Inol eivar kyptn.

Arnddaén. To mpihto onuelo énetan pe ohoxAfipwon xotd péen. o 1o dedtepo ypnouomolotue 6Tt
I'(1) = 1 oe ouvduaopd pe to TpKTo onueio Yl vo tdpouye to {ntolpevo pe emaywyy. ‘Oco yio to
tpito, amd v avicdtnta tou Holder npoxdntel otu

D(2 42} < (@@)F C) ¥ pa € (1o0) &y € (0,00).
P q

O

Ynueilwor. Adyw tov onueiov 2 tng Ilpétaons 4.5.4.4 unopolue yevikebooupe to medio opiopod
s owvdptnong «mapayortikdy, x|, aré ro Ny oto (-1,00), wg z! =T (x+1) V (-1, 00).

To endpevo, av xou dev Yo pac elvar ypriowo €8, to magodétovye hoyw xoudodtnrag. ‘Etot,
dueon ouvéneio Tou axdroulou, TON) UETAYEVEGTEQOU OMOTEAEGUATOS, Yiot TNV amhy omddelln tou
omofou nopanéunovpe oto (26, Oedpnua 8.19, oeh. 296], eivan 6L oL ouvdrixec tne Ilpdroone 4.5.4.4
yopaxtneilouv anoxielotixd tny I

Oevpnpa 4.5.4.1 (Bohr-Mollerup). Av 3 ovvdptnon f: R* - R t.w.:
. >0,
it. Yo >0, wxla éu f(z+1) =xf(x),
iii. Yn e Ng, wxve du f(n+1)=n! &
w. n ovvdptnon Inof elvar kupt).
T0TEe

1. Yz >0, vndpyer to dpio

2. Yz >0, wyvdea éu
nin®

f@) = i
[T (z+1)
i=0

‘Etol, dueca and 1o Oevdpnua 4.5.4.1 xou v Lovadixdtnto Tou 0plov, EMETUL TO EMOUEVO.

ITépopa 4.5.4.1. 1. H ovvdptnon I' elvar n povadixn ovvdptnon pe odvolo tipudy o Ry mov
ikavorolel tis ovvOkes tng Ilpétaons 4.5.4.4.

2. Yz >0, wyvdea du

I'(x) = lim

n— oo
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Axoloudel thHpa 0 Yoo UTOAOYLOUOS TS TWAC I‘(%)

Ilpbtaocm 4.5.4.5. 1. H owdptnon R, 3t —» et

pdAiota 1wy Vel ot

e R, elvar yevikevuéva odokAnpaioun, rkai

yev

f e_"‘2 dt =

Ry
1—‘(1) =72,
2

Anédeaén. T'a to npdto onuelo, oe 6,1l a@opd TNV YEVIXELPEV OAOXANPLGWOTNTY, dpxel Vo TNV
ehéyEoupe Eeywplotd oto (0,1) xou oto (1,00). Avoagépouue amhd 6T Yo 0 dedtepo ddoTnua,
TopATNEOVUE OTL

3
vo| e

2. Ioyxvea déu

=

0<e <et, Vt>1,

ondte, xdvovtag yenorn tou onuelov 1 tng Hpdtoong 4.5.4.2, éneton xotd ToL YVWOTA 1) YEVIXELUEVT,
ohoxAnpwoipdtnta. Topa, yio v Intoduevn wodtnta, €youue o e€hc.

- H ouvdptnon (R+)2 5t et e R, eva YEVIXEUUEVO OAOXANROOIUY), Xo UAALoTAL Loy VEL OTL

Yev

f Mg =".
4

(®.)?

IMpdrypartt, napatneoldpe 6Tt and to dpiopa 4.3.1.4 (sbxola enahndedoviol oL AnUTHOELS TOU)
éyoupe

|=

(% n]x[2%

"Apa, ye Bdon v Ipdtaon 4.3.4.2 éneton bt n Ry x (0, g) 5t—>tie eR, ebvou YEVIXEUMEVL
ONOXATPOOIUY UE

Yev

f tetdr =1
4

Rx(0,%

OewphvTog, T, Tov Xatdhinho neptoptopd e C°° adhoyfg PHETUBANTOY TWV TOMXOY GU-
VIETAYREVLY, éneton To {NToVUEVO omd TO Topandvw ot cuvduaoud ue to Oedenuo 4.5.1.2.

- 'Etot, o Oedpnpa 4.3.4.1 duxanoroyel ta e€rig

Yev Yev Yev Yev Yev

%: / et gt = f et g - fe_tlzdtl fe_tQZdtg /e_tzdt

(R+)2 (R+)2 Ry Ry Ry

Q¢ npoc to devtepo onueio e, €youue €& oplouol 6T

Yev

1
F(f):fe’tt’%dt,
2

+

ondte, Yewpwvtag TNy C% alhayt| yetaintodyv Ry 3¢ — t7 € R,, éneton amd o Ocdpnuo 4.5.1.2 611

1 YEV )
F(f) :Zfe_t dt.
2
R,

‘Etot, ané to npwto onuelo €youpe to {nrolduevo. O
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‘Eto, 1 potaon 4.5.4.1 yiveton w¢ oxohobdwg.
ITépropa 4.5.4.2 (dykog umddag). Eotw xg € R™ ka1 p > 0. Tdre
7" 212 p"
v(B(zo,p)) = =

r(1+3) nr(3)

Anéoatn. Kat’apyde, n deltepn wodtnta éneton dueco and to onueio 1 tne Hpdtoone 4.5.4.4. 'Eror,

Aoyw tou Ioployotog 4.5.2.1 apxel va Sei&oupe bt

o(B(0p,1)) = HQ;E”)
2

Tno6 to mplopa tou onuelou 2 tne Mpdtaone 4.5.4.5 xou tou 6t I'(1) = 1, nadpvovye v oy d tou
tonov v n € {1,2}. T n > 3, éyovue dadoyixd 6T

w3

-2
271_"2 +1

B B orz+1 27 o
) ar(2 e 1) arEr() on (n-2)T(7?)
OAS TNV Loy TOL TUTOU Xol YLt 1L 2 3.

27
nI‘(

NIB]




Kegpdiowo 5

IToANamAOTNnTar otov R”

Etvon ebxoho va gépouue mapadetypota S ¢ R™ t.w.: S° = @ xou vo ebvon ouvextind, énwg elvon To
CUVEXTIXG TUNHOTA GUVORKY KTUTIXMVY AVOXTOY UTocUVOAwY tou R™. H dialotron wag udg Aéel 6t
TpoxeLTol xatd o évvolal yio utocUvola tou R™ ahhd «pixpdtepnc SldoTtaoney, 1 mo auotned ot
UTOPOUY VO EXPEAGTOVY TOTUXE WE YEAUPNUUTA CUVAPTHCEWY XATOLWY CUVTETAYUEVOV.

Agopupevor amd v Onapdn TETolwY CUVOAWY AOLTOV, GE AUTO TO XEPEANLO UEAETAUE TIC TOA-
hamhotntee, 1, evolhoxtind (xor mo opdd), to tohuntiyuata, otov R™. Oo pog anacyolfoouy ot
TOMATAOTNTEC oL oyeTilovTon PE xETmolou ElBOUE BLUPOPICUOTNTO OO AUTA TOU UEYEL TOPA UEAE-
TACOPE, OE AVTIBLAOTONY UE TIC TOMOAOYIXEC TOMAMAOTNTES, oL onolec oyetilovton povdyo e tnv
CUVEYELAL.

Syhua 5.1: Topadelypota ogardyv molhamiotitwv otov R™.

ToviCoupe b1t av xou éyoupe otny Biddeon ac Oha o epyalela TOU YEEWGLOVTOL YId VO ELOEYOUUE
T oxéta daopioieg TOAATAGTNTES, eviolTolC XdTl TéTolo dev elvon apxetd yia to Kegdhaio 6.
Kou autd yatl o axpoywwviaiog Adoc tng Yewplag ohoxifpwong el TOAATAGTNTAUC TWV ENOUEVHV
xeparaiev etvar to Yedpnua odhoryfig ueToAnTtdy, To onolo, axdua xou aTny dapopioun exdoyr) Tou
(BX. v Oedpnua 4.5.1.4), anoutel emnhéov cuVIHXT OAOXANPEWOLUOTNTIC TWY UEPXOY DPOploEMY.

Ynuewdvouye, enlong, OTL oV XL UTHPYOLY TEOTOL UE TOUC OTOlOUC UTOPOUIUE VO YELPLGTOUUE TNV
OmoEEN WBLOUOPPLOY, OTWE T.Y. THY W dlaoplodTnta ot onuela, dev Yo pag anacyohioel €8 auTh
7N Yepotohoylo. Evdewctind avagépovue Tic TOAAmAOTNTES Pe Ywvieg, Ti¢ Lipschitz molhamidtnteg
(amonteiton Oewpla Métpou), x.T ..

Y16 10 mhaiolo autd, xou o€ cLYBUACUS PE TO YEYOVHS OTL 0 GUUBOAICUOE TIRETEL VoL amhouoTELDEL
YL TNV 600 T0 BUVATEY «PLMXOTERTY TPOC TOV OVAYVOOTY SLATUTOT TV OTOTEAECUETWY (XUpitg
TWY ETOUEVKY XEPaNwV), xdvoupe TNy e&fc cUuPaon.

SOpPaon:
Ilepropiloupe v yerétn pag otnv C*° dapoploydtnta, SIS oTIC OPOAEC TOMATAOTNTES.

Qotéo0, 6,11 opiloupe/delyvoupe yia TV amelpwe cuveyhs dapopioyn Tepintwon, Wyle, pe TV o-
véhoyn Tpononoinon oty dathnwon, Yo Ty CF Slagopiown tepintwon ue k € N.

Téhog, unoypapuiloupe 6Tl GE QUTO TO XEPANNLO, XA VLot AXOUAL (Lot Popd, xouBixig onuaciag lvou
T Pooixd anoteréoyato e Troevotnrag 4.1.6 xou tng Troevotnrag 4.1.8.

87
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5.1 IToAAanAotnta ywelec cUvopo

Muovtag avdoipeta mpog To Tapdy, Yo Aéyope OTL Uiot TOAAATASTNTA Ywelc oUVopo elvon pla Toho-
nhotNTa 1) omola elte dev Sardétel «ouvoplaxd onuelay, elte dev ta TepLEyEL av auTd undpyouv. Etot,
0p061Ep0¢ VoL HTAY 0 6POC «AVOIXTECY TOMAATAGTNTES YId AUTOV TOV 6%0To. 251660, 0 6poc Exel NON
xarhepwiel otny BifAoypagio yia dhho oxomnd.

‘Onwg avagévouye, xat 6Twe Yo SOVHE XL OTNY EXOUEVY) EVOTNTA, OL TOANATAOTNTES Y wpelc ohvopo
elvon Wi umonepintwon Twv toAamiotitwy. Emdéyeta 1 mopousioorn va Eexvioel pe Ti¢ TeWTES,
€tolL woTe va elvon opal) 1 uetdfoor oty yevr nepintwon. ‘Etot, i yevier Yewpla Yo avamtuydet
OTNV ENOUEVY EVOTNTA %ot €0¢) omAd Yot UEAETHOOUUE CUYXEXPWUEVES WBLOTNTEC TWV TOANATAOTATWY
ywelc abvopo.

Optopdc 5.1.1 (noAdamddTnta xwpis odvopo didotaons m, rnapapetpikr) poperi). Eotw m < n.

1. Eotw S cR™. Aéue éut to S efvar (opadni) molkamAdtnta (otov R™) xwpis alvopo didotaong
m avv 3

{(Uj’fj)}jeﬂg L[ COO(U§RH)

UeO(R™)
T.w..

. S=U f;(U;) &
jes
1. Vj e vaioyve du
a’. nfjevarl-1,
B. 1 eC(f;(U;);R™) &
y. rank Df;(x) = m, Yo € Uj, 1j, 1w0obbvaua, Jf; > 0.
2. YvuBolilovue
M, (R™) = {S cR"” | t0 S €elvai énws oo 1.}.

Ynueiwor. H wodvvapia mov epgavitetar oto onueio 1.ii.y". tov Opwopod 5.1.1 émetar anevdeiag
arné tny Ilpdraon 3.2.2.1.

t = fi(z) = (cos zysin xy, sin x sin x, €os 2)

t= fi(z) = (cosz,sinz) ¢,

U1 = (0, 271')

t = fo(x)

(cos x1 sin 9, sin @1 sin X9, oS T2)

t = fo(z) = (cosz, sinx) S =f1(U)U fo(Us)

1. 2.

Tyua 5.2: Topapetpnd wopen 1. xOxhov (n = 2) xa 2. ogaipac (n =3) (BA. Oplopd 5.1.1).
Iopddewvypa. O Opwouds 5.1.1 kdle dAAo mapd kevds elvar. Ipdyuan, eivar edkolo va emaAnle-
Yoouue 6t

1. UeM;(R™), VU cR",

2. wl(I°) e MS(R™),V T eZ(R) &ie{l,...,n},

3. f(S) e M, (R™), ¥V ypaupuxd vroxdpo S € R™ e dim S =m ka Vf e RM,, &
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4. 8B(t0,p) € M%_l(Rn), Y to eR™ & p> 0.

Eibixérepa ya to OB(xo, p), apkel va tporonorjcoupe Afyo tny C* allayrj petefAntdy tov Hapa-
Oetypatog tng Yroevétnrag 4.1.7.

f(x) = (sin2z)(|cos x|, sinz), yie x € (0,7)

Uy

L

Yyfue 5.3: H f etvan 1 -1 pe rank Df(z) = 1, adk& 1 f71 ¢ C(f(U);R). Stnv nepintwon auth 1o
f(Up) ¢ O(S), ouvenae to S dev eivon todhamhdtnto (BA. onuelo 1.ii.p". tou Oplopod 5.1.1).

Me yeYion tou Oewpruatog 4.1.2.1, tou Ioplopatog 4.1.4.1 xou Tov Oswperpatoc 4.1.6.2, talpvouue
v €&hg Loodivoun popey Tou Optopol 5.1.1 dtav m # n.

IMpétaon 5.1.1 (molMamdAdtnta ywpis abvopo didataons m, popery ypagnudtwr). Eotw m < n,
keN ka1 S cR™. Tdre S e M7 (R™) avv 3

(2 ), W)} et 11 C=(UR™™)

Je UeO(R™)

vor S= U ar(fi(n),)

jes

Téhog, auth) TNV Qopd e yerion Tou Oeweruatog 4.1.2.1, tou Hoployoatoc 4.1.4.1, Tou Oewphpatog
4.1.8.1 xon tng Hpdraone 5.1.1, malpvoupe tnv e€Xc yprowun xou xoudr tloodivaun woeer tou Optopod
5.1.1 étav m = n.

ITpbmoom 5.1.2 (moAdamAdnta xwpis olropo Sidotaons m, temheyuévn uopen). Eotw m <n kat
S cR™ Tére S e M, (R™) avv 3

(U [)}jer e I CTWUR™™)
UeO(R"™)

T.w.:!

L..S=U fj_l({onfm}) &
jes
2. Vje S vawyba éurank Df;(t) =n—-m, Vt e U;, i, wodbvaua, Jf; > 0.

Snpelwor. 1. Higoduvvauia mov epgaviletar oto onueio 2. tngs Ilpéraong 5.1.2 énetar anevdeiag
arné tny Ipéraon 3.2.2.1.

2. ILx., ¥V tg e R™ & p>0, wa d(B(to, p)°) ka1 dB(to, p) 1kavoroody tig ovvinxes g Ipdraong
5.1.2 péow tng idiag f.
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1. t
fz) = (2 12%)
T
U=R
S=f(U)
x t
2.
to
f@) = (%, 2?)
T
U=R
S=f(U)
T t1
3.

f(xla J"Q) = (xl(x% + .13%)7 .’EQ(T% + x%), T% + T%)

Syua 5.4: H fetvan 1-1 xoun £~ e C(f(U);R™), alhdrank D f(z) # m 010 0,, (6mouv 1 =m <n =2
ot 1.-2. xou 2=m <n =3 oto 3.). Tuvende to S dev eivar todamhdtnta (BA. onuelo 1.ii.y". Tou
Optopot 5.1.1).

5.2 IToAAoanAétnTo

5.2.1 Tevixd octouyeia

O€houye va 0plcoLYE EVal UTERGUVOAO TOU GUVOAOU T®V TOAATAOTAT®Y Ywelc UVopo, T.w.: Ta o TOoL-
Yelot TOU BUVNTXE VoL TEPLEYOLY XATOLOL €lBouC «oUVOoPOoy. BOa yevixeloouue tov Optopd 5.1.1 e
T€T0l0 TPOTO WOTE Y€ow ToL Oewpruatoc 4.1.5.2 va elyacte ndAL o Y€om Vo UmopoVUE Vo Yenol-
porotolye tor Baocxd Yewphpoata e Troevotnrag 4.1.6 xou tng Yroevotnrog 4.1.8. ‘Etot, éyovtog
xatd vou tny Ilpdraon 3.2.1.1, Sivoupe tov axdhouvdo yevixdtepo (BA., napoxdtw, to Iépopa 5.2.3.3)
oployd.

Opiowde 5.2.1.1 (noAdemAdTnTa Sidotaons m). Eotw m < n.
1. Eotw S cR"™. Aéue éri o S efvar (oparj) moddanddtnza (otov R™) Sidotaons m avy 3
{(ijv(Sjvfj))}jsjg ]_[ H Coo(San)

ije{l,...,m} SEO(]RT)
'ij.i
T.w..

i S= U £;(S;) &
jest
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.:R—R f::R2—>R

= fo(z) =21 —2a? T»—»fi(T):im

to
gr(fm)

N

§ = gr(fosmd) Usn(f£370) U (f ) U (/i) S = gr(fusmh) U Ugr(f i)
1. 2.

Syfua 5.5: Mopgn yeagnudtwy 1. xixdou (n =2) xou 2. opaipac (n =3) (BA. Ipbdtaon 5.1.1).

f:R*=R f:RP =R
te f) =8+t —1 te fO) =B+ +6-1
t
2 ts

1 s

t

ty

5= f({0})
1 2.

Tyua 5.6: emheypévn poper 1. xOxdou (n =2) xou 2. ogaipac (n =3) (Bh. Opioué 5.1.1).

it. Yj eI vawoyve du
a. nfjevarl-1,
B 1 e C(f(S)R™) €
y. rank Df;(z) =m, Yz € S;, i, wodbvaua, Jf; > 0.

2. YuuBolilovue
M, (R™) = {S cR"” | t0 S efvar énws oo 1.}.

Snpeiwor. Av dev AdPovue vrdyn ts owvdnkes dapoproudtntas tov Opiopod 5.2.1.1, téte Oa
éxoupe Tov 0pIo o M1ag ToToAOYIKTIS ToAAamAdTnTag otor R™.

IMapddevypoa. Eivar tpogavés du Vie {1,...,n} wyve éu
R7, € M, (R"), evs R, ¢ M2(R™).

Enexteivouye, xatd npogoavi) t1pémo, tov Oploud 5.2.1.1 étol hote vo xahdpouue xou Ty nepintwon
e «Undevixicy didotaomng.

Optopdc 5.2.1.2 (noAdarAdtnra didotaons 0). 1. Eotw S € R™. Aéue éni to S elvar noAda-
mAdtnra (otov R™) Sidotaons 0 avy 3
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a. Ne P(N)\{g} &
B/ {tj}jeN & Rn7
T.0W..
i. N{tj} ey € R" va efvar Tomkd nenepaopévn &
ii. S= U t;.
jeN
2. YvuBolilovue
Mo(R™) = MG(R™) = {S cR" |0 S efvar 6nws oo onpeio 1.} .

Ynueiwor. Xwo mapdr kepddaio Ja xpnoipororjoovue tov Opwopd 5.2.1.2 pévo oto Oedpnua
5.2.3.2 (ka1 ota ovvagrj aroteAéopata), tapakdrw.

Optopdc 5.2.1.3 (drdarvtag toAarAdtnrag). Eotw m <n kat S € M, (R™). Kdle ovAdoyn
émaws n {(5), fi)}jes Tov Opropod 5.2.1.1,

kaletrar dtAavrag (atlas) tng S.

Sp
¢ )
= & %fl

Eyfue 5.7: Tapodetypora athdvrov {(S), fj)} e ™c S € Mi(R™). H évwon athdvrev eivos eniong
dThovtoc.

HMapatApnon. Eivai npogavés éur S € My, (R™) avv 3 avtiotoryog dtlavtag tng S.
To endpevo elvon mpopaveg.

Ieoétacy 5.2.1.1. Eotw m < n kat S € My, (R™). H évwon wv twv atddvior tns S evar
dthavtas g S.

Tné 1o mplopa g Hpdtaone 5.2.1.1, divoupe o mopaxdtey oploud.

Optopde 5.2.1.4 (ueyionikds drdavtas noAdamddenzag). Eotw m < n ket S € M, (R™). O
dthavrtag tns S tng Hpdraons 5.2.1.1 kadeftar peyotikds (mazimal).

Hopathenor. Eivar npogavés ot o peyiotikés dthavtag tng S elval unepotvolo bAwy twy atAdyTwy
wmg S.

Optopdc 5.2.1.5 (ydpTns dtAavta toAarAdenrag). FEotw

1. m<n,
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2. SeM,(R") &
3. dwkavtas {(S;, fj)} e, TS S.
KdOe Levyos (S;, fj) xakefrar xdptns (chart) tov mapandve dtdavza.

ITopathenon. Eivai tpogavés dti o peyiotikds dtAavtag piag moAdamAdtntas mepiéyer 6Aouvs Toug
xdptes kdle dtAavtd tng.

Optopdc 5.2.1.6 (emkaduntduevor xdptes). Aéue dn 6Vo xdptes tou peyiotikol dtAavta piag
roAAarAdtnTag emikaAUntovTar (overlap) (1j elvar emxaAvntdpevor) avy

1) TOUN TV €KYy TOUS €lval |1 Kevi.
Optowdc 5.2.1.7 (owvaptrioes petdfaong petaéd dlo emkeAvntduevoy xaptdv). Eotw
. m<n,
ii. S e M, (R"™),

iii. 600 emkaAvntiuevor ydptes (S, f1) kai (Sa, f2) Tov peyiotinod dtdavta tng S, yia tovg onotovg
Uérouue

St=f1(S1)n f2(S2) # 3, S.=fi'(St) & Su=f2'(Sy).

H owdptnon fa tofi € C(S,;R™), ya tnv onota 1wy el 6t (fg_l o f1)(S.) = S., kaAefear cvvdpTnon
petdPaong (transition function) (and tov xdptn (Si, f1) otov (Sz2, f2)).

Syhua 5.8: Topadelypota ouvapthoewy uetdBaone fo ' o fi € C(S.;R?) (and tov ydetn (S1, f1)
otov (S, fo)) wou f1 Lo fy € C(Sx;R?) (o6 wov ydpn (S2, f2) 010V (S1, f1)), Yo TIC OMO(ES Loy oLV
6t (f2 0 f1)(S4) = Su xan (f1 " 0 f2)(S4) = S..

To endyevo anotéheoya etvon xoufBixd. I tny anddellr) tou yenowonoteitar to Oedpenua 4.1.2.1,
o Hépiopa 4.1.4.1, 10 Oedpnuo 4.1.5.2 (1) xou 10 Oedpnuo 4.1.6.2.
Oevpnpa 5.2.1.1 (dipopikri ovoyétion xaptdy noAdamddtntas). Eotw

. m<n,

ii. S€ My (R™),

iii. 6V0 emkaAvntiuevor ydptes (S, f1) kai (Sa, f2) Tov peyiotinod dtdavta tng S, yia Toug onotovg
Uérouue

Sf = fl(Sl) me(SQ) + J, & S* :fl_l(Sf)c
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Téte, ya v ouvdptnon petdfaons fo~" o fi € C(S.;R™) wyvea éu
1. nfatofieC®(S;R™) &
2. J(f2" o f1)>0.

IMopathenon. Aiya Aéy oxeticd pe to Ocdpnua 5.2.1.1.

1. To Oedpnua 4.1.5.2 eivar amapaitnto ya tnv anédeién tov amoteAdéopatos, otav n Oedopévn
roAAamAdtnTe bev efvar moAamAdtnTa xwpils olvopo (Sev éxovue BéPaia axdua detéer dtr pa
ToAAamAdTnTa Ywpls oUropo elvar moAAarAdtnta, aAAd kdti tétoio efvar Afyo moAU mpogavés).
Yvykexpipéra, agomoieitar yia va xepiotoUue Toug auvopiakols XApTeS w§ va NTay €TwTepikol
- Y1a ToUS 0p1ooUS TETOIWY XapTay PA. mapakdte - Kal dpa va UTopoUrE va XPTOLLOTOO0UME
0 Ocddpnua 4.1.6.2 mov agopd oe avoiktd vrmoouvvola.

2. To arotédeopa eival Paoikd kai Yia tov kKaAd opioHd Tov 0AOKANPdUaToS €nl ToAAamAdTnTag Tov
Ua 600l oto emduevo kepdAato.

Ano 1o Oepnua 5.2.1.1, éncton t0 €€Xc Paocixd.
IMépropa 5.2.1.1. Eorw m<n kar S € My, (R™). Tére So € M, (R™) VSy € O(S5).

Ané v Hpdtaon 2.1.5, thpea, to Ilépiopa 4.1.4.1 xon to Oedpnua 5.2.1.1, éneton to &g, eniong,
Baowxod.

IMégiopa 5.2.1.2. Eotwom<n ka S € R™. Tére S € My (R™) avv 3 dedaveas {(S;, f5)} o TS
S pe N e P(N) \ {@}.
5.2.2 MmndevocUVOAO TOAAATTAOTYTOG
O enduevog oplodg EpYETOL PUOLXA.
Optopdc 5.2.2.1 (undevooivolo noAdarAdtnras). Eotw
1. m<n,
2. Se M, (R*) &
3. Spcs.
To Sy kaAefrar undevootvolo tng S avv ¥ xdptn (S;, f;) tov peyotikod drthava tns S wxvea ét
£ (Son £i(S)) e N(R™).

Me ypron tne Ipdtaong 2.1.5, tou Ioplopatog 4.2.3.1 xou tou Ioplopatog 5.2.1.2, uropolue va
TdpouUE €0XOAA Lol LoOBUVAUT ahAd o eUYENoTr wopgy) Tou Optopol 5.2.2.1.

IlIpéTtaom 5.2.2.1. Foww

a’. m<n,

B. SeM,R") ¢

y. SpcS.
To Sy etvar undevooivodo tng S avv 3

1. NeP(N)\{g} &

2. ovAoyr xaptev {(S;, )} Tov peyrotikol drdavta Tng S,
T.w.:

. Sp ¢S U fJ(SJ) &
jeN

ii. fi'(Son f5(S5)) e N(R™), VjeN.

‘Aupeoa and v Hpotaon 5.2.2.1, énetan 10 e€rig.
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Syfua 5.9: To Sy etvon undevootvoro e S € Mo (R?) agol V ydotn (S;, f;) ToU peyioTnol drhavTa
me S wyle 6t ;7 (Son £5(S;)) e N(R?).

ITpbtaom 5.2.2.2. Fotw

. m<n,

i. S e M, (R") &

i {Si}ien § P(S).

1. To @ eivar undevooivoro tng S.

~

7

&

2. Av to S; etvar apifurjoipo, téte o Sy eivar undevooidvoro tng S.
3. Av 51 € 53 ka1 o Sy efvar undevooivoro tng S, téte ka1 to Sy eivar undevoovvoro tng S.

4. Av S1 € O(S) \ {@}, téte t0 S1 Sev efvar undevooivvolo tng S.
5. Av ©o S; efvar undevoovvoro tng S Vi e N, tére ka1 to U S; eivar undevooivoro tng S.
ieN

5.2.3 EowTtepixd xou cOVOPO MOAANATASTNTAG
Optopdc 5.2.3.1 (cowtepikd kar ovvopiakd onueio toAkamddtnzas). Eotwm <n kar S € M, (R™).
1. Eotw, emmAéor, t € S.

i. Tot kakefvar eowtepicd onueio tns S avv 3 xdptng (S;, f;) Tov peyiotikol drAavta Tng
S, tow.:

a’. te fj(S]) &
B Sje O(R™).
it. To t xadefrar ovvopiaxsé onueio tng S avv to t dev elvar eocwtepikd onpeio Ttng S, OAO avv
3 drdaveas {(Sj, i)} jer TS S, T2 ¥V xdpTn (S}, f;) avtod tov dtdavza va wylea du
av te f;(S;), tore S; ¢ O(R™) & S € O(Rﬁ,i) yia kdrnow l e {1;,...,m}.
2. i. XYvuBodilovue
intS = {t €S | 70 t €lvar ecwtepikd onueio tng S}.
i1. XvpBodifovpe
bd S = {t €S | 70 t €lvar ouvoplakd onueio tng S}.
IIpoximtel dueca and tov Optopd 5.2.3.1 1o axdroudo.

ITépiopa 5.2.3.1. Eotwo m<n. VS e M, (R™) wyia du
S=intSubdS & intSnbdS=g.
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Yyfua 5.10: Optopde 5.2.3.1: To t elvon 3. ecwtepixd xau 3. cuvoploxd onuelo e S.

S =int. SUbd S

bd S

SyAuo 5.11: Topdderypa S € ./\/lg(]R3) yia Ty omoia oyler 6Tt S =int SubdS & intSnbdS =a.

Ecwtepixd TOAAATAOTT TG

Eexvape pe TNV YEAETN T0V E0WTERIXWY oNueiny plag todanidtntag. ‘Apeca and tov Oploud 5.2.3.1,
gneton To e&NC.

ITpétaom 5.2.3.1. Foww
a. m<n,
B. S eM,R"),
Y. teS ¢
6" xdptns (S;, f;) tov peywotikod dthavta tns S, t.w.: te f;(S;).
Tére t €int S avv
1. efre S; € O(R™),
2. elte
i. S;¢OR™) &S e O(m) yia kdrow l; € {1,...,m} &
ii. fi () eR .
Ipoximtel dueca to axdrovdo, and tov Optopd 5.1.1, to Ildpopa 5.2.3.1 xou tnv Ilpdtaon 5.2.3.1.
ITépiopa 5.2.3.2. Eoww m < n. Ioyve du
SeM; (R") < (SeM,(R") &S =intS) < (S e M, (R") &bdS =2).

To eméuevo elvon dueco and tov cuvduaoud tou Iopadelypatog petd tov Oploud 5.2.1.1 xou Tou
IMoploparog 5.2.3.2.

ITépiopa 5.2.3.3. Eoww m <n. Tdte
M (R™) & M (R™).
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Synua 5.12: Tlpdtaomn 5.2.3.1.

Y16 1o nplopa tng Hpdtaong 5.2.3.1, divouue tov €¥¢ oploud.
Optopdc 5.2.3.2 (eowtepikds xdptng noAdamddtnras). Eotw
. m<n,
ii. S e My (R™) &
iti. xdpng (S, f;) tov peyiotikov drAavta tng S.
O (S;, fj) xakefrar eowtepikds avy S; € O(R™).
To nopoxdtw anotéAeoua etvon TETEIUUEVO.

Oevpnpa 5.2.3.1. Eotw m<n kar S € M, (R™). Tére
int S e M; (R™).

Mdhiota, n ovAoyn Ty €0wTEPIKDY Xaptdy Tou peVIoTIKoU dtAavta tng S €ivar 0 HeEVITTIKOS
dtAavtag Tng int S.

Tné 1o nplopa Tou Oswperuotos 5.2.3.1, divoupe Tov ToEOXATL Oploud.

Optopdc 5.2.3.3 (eowtepind noAdamAdtnrag). Eotw S karint S dnwg oto Ocdpnua 5.2.3.1. Tére
n int S kalefrar ecwtepikdé g S.

To endpevo elvon dueco and to lldplopa 5.2.3.2.
IMépiopa 5.2.3.4. Eotw m<n kar S € M, (R™). Tére S e M, (R™) avy S =int S.

Me Bdon o I1éplopa 5.2.3.4, and to onuelo 1 Tou Ocwphuatog 4.2.2.1, To onuceio 4 Tou Oewprua-
to¢ 4.2.2.2, tnv Ilpdtoon 5.1.1 xou to Ildpiopa 5.2.1.2, naipvouue to axdroudo.

ITg6taon 5.2.3.2. Eotw m<n kar S € M,,,(R™). Tére int S € N(R").

3Uvopo TOANATAOTNTOG

Iepvdpe thHpa oty Lerétn TV cuvoplaxdy onuelwy wog tohharhétntac. And tov Opioud 5.2.3.1
xon To Ocdpnuo 5.2.1.1, nafpvouye 1o axdrouvdo yprowo yapaxtneloud.

Ilpétaocm 5.2.3.3. Eotw
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. m<n,
ii. S e M, (R™),
iii. teS &
iv. xdptns (Sj, f;) Tov peyotikod drravta tns S, t.w.: te f;(S;).
Téte t e bd S avv
1. S;¢ O(R™) € 5; € (’)(W]i) ya xdmow I € {1,...,m} &
2. f;7H(t) € ORY ..
IMapathernon. Arncvdelag ané tny Hpdtaon 5.2.3.3 naipvovue éur
bdR?, = OR},, Vie{l,...,n}.
T 1o mplopa g Hpdtaong 5.2.3.3, divoupe toug axdhoutoug oplouoic.
Oplopdc 5.2.3.4 (owvopiakds xdptng moAdanddtnzas). Eotw
. m<n,
ii. S e M, (R™),
iii. bdS+ o &
iv. xdptns (Sj, f;) tov peywotikod drhavta g S.
O (S;, fj) xakefrar ovvopakds avv S; ¢ O(R™) & S € (’)(Wji) ya kdmow L € {1,...,m}.
Optopdc 5.2.3.5 (nepopiouds ovvopiakod xdptn). Eotw
1. 1<m<n,
2. SeM,(R") &
3. owvopaxds xdptns (Sj, f;) tov peyionikov dtavra tng S ue S; € O(W],i) Y kdmoio 1 €
{1,...,m}.

To Ledyog (ﬁ'ZL(Sj), fio lezn) KaAefrar wepopropds tov (Sj, fi).

T2

(f50%3) (73(S)))

Syfua 5.13: Optopog 5.2.3.5.

'Etot, aflomoudvTog ToUg TERLOPLOIOUS GUVORLIXMY YTtV oTny nepintwon 1 < m < n, nolpvoupe
10 e&¥c anotéleopa, To onolo toviloupe 6Tl toybel xou yia m = 1.
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BOeswenpa 5.2.3.2. Eow
1. m<n,
2. Se M, (R") &
3. bdS*@.

Tére

bd S e M2, (R").

MdAiota, n ovAddoyn twy TePIoPITHUGY TwY TUVoPIaKdY XapTdy Tou HeYioTikol dthavta tng S €lval o
peyionikég driavtag tng bd S.

Anevdeiog and to [ldpiopa 5.2.3.2 xau 1o Ocodpnua 5.2.3.2 npoxintel 1o e€hc.

IMépopa 5.2.3.5. Eotwm<n kar S € My, (R™). Tdre
bd(bdS) = @.
Tno o mplopa Tou Oswpruatog 5.2.3.2, divouye tov axdrovdo oploud.

Optopdc 5.2.3.6 (0Uvopo moAkarAdtntag). Eotw S kar bd S érws oto Ocdpnua 5.2.3.2. Tdte n
bd S kalefrar ovvopo tng S.

bd S

SyAuo 5.14: Opiopode 5.2.3.6.

Ané 1o onuelo 1 tou Ozwphuatog 4.2.2.1, 10 onpelo 4 tou Oewphuotog 4.2.2.2, v lpdtaon
5.1.1, 7o Ilépiopa 5.2.1.2, tnv Hpdtaon 5.2.3.2 xaw to Ocdpnuo 5.2.3.2, naipvoupe 1o axdrovdo.

IIpétaon 5.2.3.4. Eoww m <n kat S € M, (R™). Tdre
1. bdSeN(R™) &
2. o bd S elvar undevoovolo tng S.

Téhog, and v Ipdtaon 5.1.2 xau v Ilpdtaon 5.2.3.3, naipvoupe xdmowou eldoug avtiotpogo
Tov Oewpruatog 5.2.3.2.

Ocwpenpa 5.2.3.3. 1. Fow

i. Se M _(R™),

i. (U f)ye 1I C*°U;R) tow.:
UeO(R"™)

<’ S=f"1({0}) &
B rank Df(t) =1, Vte U, 1, wodvaua, Jf >0 &
iii. a. Sy={teU|f(t)>0} &
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B. Sy={teU|f(t)<0}.
Téte S1,S2 € M, (R™), ka1 pdhioza 1woxie du

bdS; =bdS; = S.

2. FEotw

. m<n-1,
it. S e M (R™),

ii. (U,f)e 1 C®U;R"™™) row.:
UeO(R"™)

a. S=f1{0p-m}) &
B. rank Df(t) =n-m, Vt €U, 1, woblvaua, Jf >0,

w. i€{l,...,n—m},

v. meplopiouds w6

vi. @ Sy ={teU|(7} ™o f)(x) = Opomr & (77" 0 f)(1) 20} &
B Sia={teU| (7 ™o f)(x) = 0popm1 & (7™ o f)(t) <0}.

Téte S;i1,Si9 € M1 (R™), ka1 pdhiota wyve én

bdS; =bdS; = S.
IMopathernon. Arncuvlelas ané to Ocdpnua 5.2.3.3 éxovpe ot

bd B(zg, p)° = bd B(xg, p) = 0B(z0,p), ¥V 29 € R™ & p>0.

52

Tyua 5.15: Oedpnua 5.2.3.3, 6nov f(t) =1-|¢.

5.2.4 EmnAéov yevixd otoiyeio

Yuviétovtog ta TponyoluEVa anOTEAECHATA, UTOROVUE Vol EEAYOUUE EMTAEOV YEVIXECS IBLOTNTES TWY
TOANATAOTHTWY.
H mpdtn eivan dueon and v Ipdtaon 5.2.3.2 oe ocuvduaoud pe v Hpdtoon 5.2.3.4.

IIpdraor 5.2.4.1. Eotw m<n kart S € M, (R™). Tdre S e N(R™).
Eniong, to axdéroudo éneton and v Ipdtacng 2.1.5, to Hoépopa 5.2.1.1 xou v Hpdtaon 5.2.3.4.

IMpotaor 5.2.4.2. Eotwm<n. VS e M, (R"), 3
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1. Ne P(N)\ {2} t.w.: N e B(N) avr S € B(R"),
2. {Sitieny EB(S)NO(int S) t.w.:
1. SiﬂSjZQ, Vi,jeN pueizj &

it. o SN U S; va efvar undevooivoro tng S.
ieN

Eyfuo 5.16: Tpbtaon 5.2.4.2. Me xdxxwvo 1o {S;}; v € B(S)nO(int S) xou pe npdowo o S\ U S;,
ieN
nou elvon undevocvoro tng S.

5.3 IlpocavaTtoAoUOC TOAAATTAOTYTAC

e auth) T evotnTa Yo Yevixebooupe Tic évvoleg Tne Troevotntog 4.5.3, xade enlong Yo elodyoupe
TIC €VVOLEC TOU EQUTTOUEVOU Xl TOU XEUETOU Y(DEOU TEOCUVATOMOUEVNE TOANATAGTNTOC.

O npocavatoMop6g ToAamAOTNTOC eVl AmaEaiTNTOS Yiol TOV XAAG OPLOUS TWV BLAPOPLXWY LORPOY
oto Kegdhowo 7, o cuyxexpiuéva yio vo eheyydel 1o npdonuo cuyxexpiéveny optlouctv, xdTl Tou
Yo emtpéder TNy eQappoyy) Tou Yewphpatog odlayrc UETOBANTOY, 6twg Yo dolue mapoxdtw oTo
TPOAUVAPELOUEVO XEPANLO.

Ye 6,11 apopd TIC EVVOLEC TOU EPAUTTOUEVOL X0l TOU XAUETOU YWEOU TEOCUVUTOMOUEVNG TOANO-
nhéTnToe, ToviCoupe 6Tl Bev Vo UaC YEELOTOOY Yid TOV OpIoUO TwV Blapopxdy Lop@dy. Avtideta,
elvon amopaitnTee Yol To amoteAéopato Tou Atovuouatixod Aoyiopol xal T EQupUOYES TOUG.

5.3.1 Tevuxd octouyeia

ITpw Eexwvriooupe, avatpéyouue atov Optopd 4.5.3.3, otov Oploud 5.2.1.6 xou atov Oplopd 5.2.1.7.

Opgtopdc 5.3.1.1 (Oetikd/apvnrid emxadvntduevor xdptes). Avo emkalvntduevor xdptes tou
peyiotikod dthavta pag tolanAdtntas (un pndeviknig didotaons) emikeAvntovtar Jetikd /apynticd
(overlap positively/negatively) (i elvar Oetikd /apynuixd emkxaedvntdueror) avy

kdnow (dpa kar o1 80o) ouvdptnon petdPaons datnpel/avTioTpépel Tov TPOTAVATONOHO.

Optowdc 5.3.1.2 (npacavetodionun ka1 un mtoAkemddenea). 1. Aéue du pa rolanddena (un
unéevikng didotaons) elvar tpooavatodioun (orientable) avv

3 drAavtds TS T.w.: dAa ta emikaAvntiueva Ledyn xapty tol va emikaAvnTortar Detikd.
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2. Aéue én e molanAdenta (un undevikris didotaong) elvar un npooavatodioun (non orienta-
ble) avv bev efvar mpooavatodioun, 616 avv

3 emxalvntdpevo {evyo§ xapTy Tov pueYIoTikoU dtAavtd THS T.w.: va €TKAAUTTETAL

apvnuikd.
To enduevo elvor Tpopave.

ITedtaom 5.3.1.1. Eotw pia npooavatodioiun toddamAdtnta kar évag dtAavtag pe Oetikd emkalv-
nTépeva ta emkaAvntdpeva {elyn xaptwy tov. Ocwpolue tny évawon avtol tou dthavta e 6Aoug Tou
xdptes Tou peyioTikol dtAavta tng toAAanAdtntag, kalévag ané tous omoiovs entkaAUntetal Uetikd jie
kdnoio and touvg xdptes Tou mpddTov dtAavta. Tote n évwon avt elvar dthavtag tng moAAamAdTnTag
pe Oetikd emkaAvntipeva ta emralvrntipeva Lelyn xaptdy Tov.

Tré 1o nplopa e Mpdtaone 5.3.1.1, Sivoupe v yevixevon (BA. v Hopathenon apéons petd)
tou Optopot 4.5.3.1.

Opiowéde 5.3.1.3 (mpooarvatohiojds moAdarAdTnzag). 1. Evag dtAavtag piag mpooavatodionung
roAdamAdTnTas énws n évwon wns Ilpéraons 5.3.1.1, ovoudletar mpooavatohionds tng moAda-
mAdTnTag autng.

2. Kadolue mpooavatohiond piag moddarAdtnrag didotaons 0, pua ovvdptnon ané ta onueia tng
rolanAdTntag oo dwvrodo {-1,1}.

IMapathenon. Eotw m < n kat ypauuikds vndywpos S € R"™ pe dim S = m. V dwazerayuévn Bdon
{z;};", Tov S mov ariike o€ évav and Tovs Gl mpooavatohiopols Tov S (pe Ty évvoia Tou Opioyioy
4.5.3.1), To Levyos (R™, f), dnov f € Ism(R™;R™) pe f(R™) =S ka1 f(e;) =x; Vie{l,...,m},
efvar évag ydptng tns S € M2 (R™). Kdde Lebyos téroiwv xaptdy emxaeddntetar Jetikd. H ovAdoyr)
v autdy twv xaptdy elvar évag tpooavatodiouds tov S (e tny évvowa tov Opiouot 5.3.1.3).

Opiopde 5.3.1.4 (mpooavatohiopévn moAdamddrnza). To Ledyos pag mpooavatodionuns moAda-
TAdTntas pe évay mpooavatoliopd tns ovoudletar mpooavatoMouérn noAAanAdtna.

To enduevo yivetar dueco, xavovtag ¥eHon XAMOoLoL AThOU AVTIXATOTTELOUOU.

IMedtaom 5.3.1.2. V mpooavatohiopévn noddarAdtnta, 3 évag diapopetikds mpocavatoMoudss thg,
kdUe xdptng tov onoilov emkaAUnTeTAL apynTikd e kdmowo xdptTn Tov 600 uévou TporavatoAouoU.
Yvykexpipuéva, éotw

. m<n,
it. mpooavatohiouévn S € M., (R™),
iwi. (Sj,f;) va elvar évag xdptns tou dedopévov mpooavatodiouol tng S &
iv. fe RM,, t.o.: f(z)=(-21,%2,...,%m) Yr e R™.
Tére
1. o Lebyos (f(S;). fjo fls,) etvar xdpTns s S &

2. 0 xdptns avtds emikaAvnTeTal apynuikd Ue Tov apxikd, ka1 dpa Oev avrkelr aTov 600UEVO TPO-
0avatoAMoud.

Mdliota, to 00vodo dAwy twy xaptdy mov majpvouue pe avtn) tny Oadikaoia anotelel évay mpooava-
TOAMIT 0.

IMapathenon. H lpdtaon 5.3.1.2 Aéar 6nr 3 tovddyiotor 6Uo mpooavatohiojol pias mpooavatolion-
UNS ToAdamAdTnTag.

Abyw e Hpdtaone 5.3.1.2, divouye tov axdroudo oplopd.

Optopdc 5.3.1.5 (avtiotpopos mpooavatoMouds). 1. ¥V mpooavatohiouévn moAdamAdTnta, ka-
Aolue avtiotpogo/avtideto Tov Gebopuévou mpooavatoho ol Tng TOANATAGTNTAS TOV TPOOAVATO-
Awoué tng Ipdraong 5.3.1.2.
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2. V mpooavatohiouévn noAdamAdtnta S, ypdgouvue —S ya tny mpooavatohiopéyn moAiamAdTnta
otny onola éxouue Jewprjoel Ttov avtiotpopo Tov GedopéVou TpoTavatoAioioD.

Me amhd eniyetpriuarta, uropolue va del&ovye to e€hc.

Oewenua 5.3.1.1. 1. V ourektkr) npooavatodioiun noAkanAdtnza, 3 akpifcis dVo mpooavato-
Aopof Tngs.

2. Y mpooavatodioyun noAlamAdtnra, Uérovtag

i. S1 = T0 OUVoAO TV CUVEKTIKDY TUIOTWOdY Tng €

i1. So = To oUrodo Ty TpooaraToioUGY TN,

10 Vel 0Tl
card Sy = 26451

Eniong, yenoyonoldvTag x4molov avTixatonTtelold omwe otnyv pdtaon 5.3.1.2, nalpvoupe edxola
0 axdhoudo.

Oevpnpa 5.3.1.2. Kdle noAdanAdtnta uéyong didotaons (6A6 moAdanddtnza Sidotaons n otov
R™) eivar mpooavatodionun. Mdhiota, vndpyer npooaratoMoids Tng mov anoteAeital atokA€iotikd and
xdpres (S5, f;) peje S, tw.: det Dfj > 0.

Snpelwon. loyvde, eniong, éu kdle mtoAdamAdTnta didotaong 1 eivar mpooavatolionun.

Optopdc 5.8.1.6 (@uoikds mpooavatoliouds toAdanddtntas puéyong didotaons). O mpooavaco-
Aopds tov Ocwpnruatog 5.3.1.2 kakefrar o puokds (natural) mpooavatoliouds tng avtiotoyng tola-
mAdTntag puéyioTng didotaong, kar o {eUyoS auTHS UE TOY OTUYKEKPIUEVO TPOoavatoAoud ovoudletat
puoikd TpooavatoAiouévn toAdatAdTnTa.

H anédeiln tou endpevou anotehéoyatog axorovdel v Bl cUAAOYIGTIXY Pe TV Tou Oew-
eruatog 5.2.3.2.

BOedpnua 5.3.1.3. To gdvopo kdbe npooavatodionung mtoAdanddrntag didotaong > 1 (e un kevéd
oUropo), elvar tpooavatolioipo.

Y16 to nploya Tou Oewperpatoc 5.3.1.3, divouue tov oxdhoudto oploud, o omolog dagépet and Tov
OVOUEVOUEVO (xon oUCLHoTIXG Elvor owTOE TTou BiveTton axpLBS Yo vo efvon yenoTnde, BAS yia va .oy bet
70 xevTpin6 Ocpnua 8.1.2, Topardte).

Optopdc 5.3.1.7 (enayduevos mpooavatohiouds ovvdpov moAAamAdTnrag). 1. O emayoduevos npo-
0avaToAlouds ToU oVYdpoU Hiag TpooaratoMouévng toAatAdtntas didotaons > 1 (e un kevé
oUvopo), opiletar ws €&rig

i. av n didotaon tng ToAAarAdTntag elval dptia, ToTe AVTOS €ival n OVAAOYN) TwY TEPIOPIOUDY
TV OUVYOPLaKDY XAPTOY TOU Hedo1éVou TpooavatoAiopol tng moAdamAdtntas &

1. av n didotaon tng ToAAaTASTNTAS €lval TEPITTN), TOTE AUTOS €ival o avTioTPoYos TOU Tapa-
ndvw mpooavatoAioov.

2. O enayduevog mpooavatoAioés Tov ourépou Hiag mpooavatohiopérng toAdamAdtntas oidotaons
1 efvar o mpooavatohiopds pe tipr) —1 yia ta ovvoplakd onueia mov avijkouy oTny €1kéva
ouvoplakol xdpTn 6mov to medio oplouol €lvar oTolyElo Tou C’)(R+), kai pe tun 1 dwpopetikd.

5.3.2 E@antopevog xou xIYETOG Y OEOG TEOCAVATOACUEVNS TOAN-
TAOTNTOG

YNy nopolod LTOEVOTNTO TaEUVETOVUE 0pLoHEVES EVVOLES TOU GYETICOVTAL UE TPOGUVAUTOMOUEVES TTOA-
hamhotnTee xou £xouy Eexdapn YewueTpix eppnveia, SAS auTéc Tou EQATTOUEVOL BLlaydoUATOS/ Y hpOoU
%ot Tou xddeTou dlaviopatoc/ Ydeou.

Yy ovacia, auty 1 utoevoTNTa anoTeAel TNV eloaywY! otov Alavuouatind Aoyiopo.
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E¢gantépevoc yweocg

IMpota elodyouye TNy EVvola NG LOVABLOLAC EQUTTOUEVNS BLAVUOUATIXNG CUVEETNONG TOU aVTIoTOLYEl
67OV BEBOUEVO TROCUVATOMOUS ULIC TROCUVATOMOUEVNS ToMAmAGTNToC SidoTaone 1 (unit tangent
vector function/field corresponding to the orientation of oriented manifold of dimension 1). H
gvvola auTh €xel YewueTtpu epunvelo, xou etvon plor amhy| yevixevorn e avtiotolyng Yvnothg évvolag
an6 v Avahutinr lewpetpla.

Mot duwe Yo yeelaotolue to €€rg, T0 onolo émeton e0xoOAA, LTS TO TEloUd TOU OEWENUATOg
5.2.1.1, pe ypron tou Oswperuatoc 4.1.2.1.

Ilpétaom 5.3.2.1. Fotw
1. mpooavaroliouévn S € My (R™),
2. 600 emkadvntduevor xdptes, (S1, f1) xar (Sz, f2), Tov dedopévov mpooavatohiouot tng S,
3. tefi(S1)nfa(S2)+2 &
4z =L (t) G ay= 2 ().

Téte

Dfi(z1) _ Dfi(w1) _ Dfa(xs) _ Dfa(x2)

Jfi(z) Dfi(z)l  Dfa(zo)|  Jfa(zo)
Ynueiwor. Xpnowponowdvtag, ya tny datinwon g lpdtaong 5.3.2.1, tov ouvnjin ovufoliopd
yia Tis dagoplioeis ouvaptioewy ue medio opropol atov R, umopolue evalraktikd va ypdipovue

df; .
Dfj(ws) = () = fi' (), ya je{1,2}.
‘Eto, pe Bdon v Ilpdtaon 5.3.2.1, divouye tov emduevo oplopo.

Opiopde 5.3.2.1 (povabaia epantiuevn davvopatikr) owdptnon, m = 1). Eotw tpooavatoli-
ouévn S e My (R™).

1. 'Eotw, emnAéov,
i.teS &
ii. xdptns (S, f;) Tov bedopévov mpooavatodiopod tng S, t.w.: t € f;(S;).
Tdre opilovue to povadiaio epantduevo didvvoua tns S oto t (mov avtiotoryel otov dedouévo
rpooavatodioud tng S), 7(t), wg
Dfi(z;) _ Dfi(x;)
IDfi(z)l 3fi(x)

(LS ey (P
r(t)—(|ij| ; )(t) (sfj ; )<t>.

2. H povadaia epantduervn dwavvopatikn ovvdptnon tns S (mov oyetiletar pe tov dedopévo npo-
oavatodioud tng S), T, opiletar wg

émov x; = f;7 (1),

7(t) =

OAS

79 - R"
t—7(t).

IMapathenon. Aiya Aéy oxenicd pe tov Opoud 5.3.2.1.
1. Ioyve éu e C(S;R™).

2. H yewpetpikr onpaocia efvar edkoda emaAndevoiun. Xvykekpipéva, YVt € S, o oponapaldniikés
xdpos (affine space)
t+span({r(t)})

Oev efvar dAdog and tny eparntéuern evleia tng S oto t.
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'Etot, 0dnyoluaocte otov axolovdo oploud.
Optopéde 5.3.2.2 (epantduevos xapog, m=1). Eotw
1. mpooavatohiopévn S € My (R™),
2. T n povadiaia epantopevn diavvouatiky ovwdptnon tng S &
3. teS.

To otvolo
t +span({7(¢)})

ovoudletar epantdjeros xdpos tns S oto t (Tov avtiotoiyel otov bedopévo mpooavatolioud tng S).

to

(1) i

EyAua 5.17: Buvndleton vo cupPorileton o npocavatolopde pog tpocovatohopévne S € My (R™)
ooy €va Béhoc mavew oty S to onolo emAéyeton vo €xel Qopd pe Bdorn TN @opd Tng povadlolag
epontépevne davuopatixic ouvdptnone tne S (mou oyetiletan pe Tov dedouévo TPOCAVATOMOUS TNG
S), 7. H -7 eivan 1 povodiodor egamtéuevn Slavuoyatixd cuvdptnon e —S.

OO OO
- O
OO Q@Q

Eyua 5.18: H torhamhétnta tou oyfuatos €xel téooeplc npocavatolopols (BA. Ocmpnua 5.3.1.1).

To napaxdtw anhd amoTEAECUN GUVBEEL TOV AVTOTEOPO TEOGAVATOACUS YE TNV xatebuvern Tou

7(t).

Ieétacy 5.3.2.2. Fotw npooavatohopérn S € M1 (R™) kai 7 n povadaia epantduevn davu-
opatikyy ovvdptnon g S (mov avtiotoiyel otov Sedopévo mpooavatohioud tng S). Tdte n -1 elvar
n povadiaia epantdpevn duavvouatikr ovvdptnon s —S (tov avtiotoryel oTov Tpooavatohioud Tng
-5, A6 atov avtiotpogo tou dedouévov mpooavatoopol tng S ).
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H vyevixevor tou Oplopot 5.3.2.1 xou tou Opiopo0 5.3.2.2 o TOAATAOTNTES UEYAAVTERTC BIdoTa-
oNe €pYETAL PUOLXE, UE TNV avTioToLy Y, EUXOAA EVVOOUUEVY] YEWUETELXY| onuacio.

Optopdc 5.3.2.3 (povadiaia epantduern, ws npos sieduvon, diavvouatiky ovvdptnon). Eotw
a. m<n,
B. mpooavatohiouévn S € M, (R™) &
y.oie{l,...,m}.
1. Eotw, emmAéov,

i.teS &
i. xdpng (S, f;) tov bedopévou mpooavatohiopod tng S, t.w.: t € f;(S;).

Téte opilovue to povadiaio epantipevo, ws mpog tny dievBuvon tou e; € R™, dudvvoua tng S
oto t (Tou avtiotoiyel atov bedopévo tpooavatolioud tng S), Ti(t), ws

of;

81- -1
() = [ 120 7 ).
89:1'

2. H povadaia epantouern, ws mpos tny dicvduron tov e; € R™, Siavvopatixy} ovvdptnon g S
(rov avtioroiyel otov dedopévo mpocavatohioud s S), T;, opiletar wg

;0 S - R"”
t— 1;(t).

T2

259
K
1202659,

20T,

3%
XS
29%eS
RS
3RS
XX

1%6%%%%
CadeSels

o%
2R

o
3%

o
35S
0.4

%
o
RS
o}
%
o

€1

Syfua 5.19: H povadiado egontépevn, o tpoc diehduvon tou €1 € R? xau ez € R?, Savuopotindg
CUVAPTNOY TNG TEOCUVATOMOUEVNS S € Mz(RS), T1 XL T2, avTioTOLYA.

To endpevo elvon dueco.
ITeétaom 5.3.2.3. Eow
1. m<n,

2. mpooavarohiouérn S € M, (R"),
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3. n ovloyn {1;}i, Twv povadiaiwr epartduevar, wg tpos Sickduvon eq, ..., e, € R™, avtiotor-
xa, diavvouatikdy ouvaptrioewy tng S (Tov avtiotooly otov 6edopévo Tpooavatood Tng
S) &

4. tels.

Téte n ovdhoyn {7 (1)}, € R™ efvar ovAdoyn ypappukd ave&dptntowv otoiyeiov.
Optopdc 5.3.2.4 (epantduevos xipos). Eotw
1. m<n,

2. mpooavatodiopuérn S € M, (R™),

3. n ovAoyn {1;}i, Twv povadiaiwr epartduevar, wg tpos Sickduvan ey, ..., e, € R™, avtiotor-
xa, davvouatikdy ouvaptrioewy tng S (Tov avtiotooly otov edopévo Tpooavatohod Tng
S) &
4. teS.
To gvvolo
t+ span({n(t)}zzl)

ovoudletar epantdjevos xadpos tns S oto t (Tov avtiotoiyel atov debopévo mpooavatohioud tng S).

T2

€2

Syfua 5.20: Eqoantéuevog ymeog TG Teocavatohouévng S € M2(R3) oto t (mouv avtiototyel oTov
dedoyévo mpocavatoloud e S).

Kddetoc xdpoc TpooavatoMoUEVNE TOAAATAGTNTAG

H aptiotnta tou enduevou opiopol énctal and tnyv aptiotnta tou Oplopol 5.3.2.4. H 8¢ yewuetpxn
epunvelo Tou elvan TEoYavAC.

Optopdc 5.3.2.5 (kddetog xdpos). Eotw
1. m<n,
2. mpooavatohiouérn S € M, (R"),

m
3. novAoyn {7;},_, twv povadiaiwr epantéuerwr, ws tpos tievduvon ey, ... e, € R™, avtiotor-
xa, davvouatikdy ovvaptrioewy tng S (Tov avtiotooly otov Sedopévo Tpooavatohopd Tng

S) &
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4. teS.

To ovvolo L
t+ (span({r;(t)}i%1))

ovoudletar kddetos xdpos tns S oo t (mou avtiotoiyel otov dedopévo npogavatohiopd tns S).

T2

€2

Syfua 5.21: Kdletoc ydpog tng mpocavatohiouyévng S € MQ(R?)) oto t (nou avuiotolyel oTov
dedopévo mpocavatohoud e S).

To enéuevo éneton dueca pe yprion touv Oswphuatog 4.1.2.1.
ITedétaocm 5.3.2.4. Eow

1. m<n,

2. mpooavatohiouévn S € M2 (R™),

3. teS &

4. (Uj, f;) 6nws oy Hpdraon 5.1.2 v.w.: te f;7 ({0pm}).

Tdte 0 kdOetog xdpog Tng S oo t (mov avtioroiyel otor dedopévo mpooavatohioud g S) ypdpetar
1w00dUvaua Kar wg

L Span({iji(t)}j:_lm)'

MdAioTa, TNV TEpINTWoT] TEOCUVATONOUEVNE ToAahdTNToC Sidotaone n—1 ye n # 1, unopolye
VoL €Y0LPE Evary TOTO Yo Tov xdeto Y wpo e S. Hpdyuott, Yewpolue 6T n # 1 xou BlVOLUE T T TOV
oplopd NG povadlalog xGUeTNg BlaVLOUATIXTC CLYVAETNONS TTOU AVTICTOLYEl OTOV BEBOUEVO TpoTUVa-
TOMOWS ULaS TPOoAVITOMOUEYNG ToAamAGTHToG didotaone n — 1 (unit normal vector function/field
corresponding to the orientation of oriented manifold of dimension n —1). Yné to mploya e
Ipdtaong 2.3.3 xau tng Ipdtaong 5.3.2.3, cupnepaivoupe edxola to e€hc.

ITpéTtaom 5.3.2.5. Eoww
. n#*l,
ii. mpooavatoliopérn S € M,,_1(R™),

n-1 -

ii. n ouloyd {1}, tov povadaioy epartduevor, ws tpos Sievdwvon ey, ... e, € R™L a-
vtiotoa, Siavvouatikdy ovvaptioewy tns S (Tov avtiotoyoly atov bedopévo mpooavatohoud
@S S),
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. T= (Ti)?z_ll: S R g
v. 7o = (104): S = R o
70, = (1) Mdet (7(1,..., (i) ,...,n)), Vie{l,...,n},

érou, Vie{l,...,n} &teS, or(l,...,(i),...,n)(t) € ROD*"D) etym o nivaxag mov
TpokUntel and tov T(t) mapaleimovtag Tny i-00Th TOU Ypapun.

Tére

1. 79 # 0y,

o1\ 1
2. 7o(t) € (span({r(1)}i5)')) , vee S,
3. det (19| 7) >0, A8 n Baterayuévn Pdon {19, 71,...,Tn-1} €lvar be&réotpopn &

4. |ro| = (det 7T 7)1/2.

Adyw g Ipdtaong 5.3.2.5, divouue Tov eNdUEVO 0pLOPO, 1) YEWPETEIXY onuacio Tou omolou vl 1)
TPOQaviC, Xal 1] AETLOTNTA TOL Omolou EMETol Ad THV UPTLOTNHTA TOU OPLOUOU TOU EQPATTOUEVOU YWEOU
HLOC TTROGUVUTONOUEVNC TOMATAOTNTOG.

Optopdc 5.3.2.6 (povadaia xddetn davvouatikry ovvdptnon). H ouvdptnon

= |T—O|: S = R", énov 19 dnews oTny IHpéraon 5.3.2.5
70

Kaetrar povadaie kdletn Svvouatixr ovdptnon tng S (nov oxetiletar je Tov dedouévo mpooava-
ToAioud tng S).

HMapatApnon. Ioyve érive C(S;R™), apod 1; € C(S;R™) Vie{l,...,n—1}.

ts t3 s
)
v(ta) t V(ta) " v(ta) v(te) to
V(t(:) l/(tb) I/(tc) V(tb) V(tb)
v(ta)

t

tl tl 1
() Exetidepn hopido. (B") Awplda-Bedyoc. () Towvia/hopida <o Mobius

(M&bius band/strip).

Syfua 5.22: H npocavotohiown Awpildo-fedyoc () unopolue va @ovtaotolue 6Tt TOXUTTEL ond
v anevdeiog ocuyxdhinomn e enione tpocavatohiowne ehedidepne hwpidoc (o). And v &\, 7
Touvior/ hwpido Tou Mobius (Mobius band/strip) (7') efvon pior yopoxtneto x| un npocavatohiown
TOMATAOTATOL X0l UTOPOVUE VOL PAUVTACTOUHUE OTL TEOXUTTEL OO TNV GUYXOAMANOY Tng eAedlepng Aw-
pldag apol mpdta oTeédouue xotd T To éva and To ehebidepd e dxpo. pdypatt, éotw 6TL N Touvia
tou Mobius eivon npocavatoriown. Emiéyouue évav mpooavatoliopd. ‘Apa o avdaipeto onuelo t,
Yo €youpe pLar povaded T e e€wtepnic xddetne Sravuouatinfic cuvdptnone v(t,) (Tou avtioTol-
Y&l oT0v TpocAVATOAoUS TNS ToARAmAGTNTAC). Oewpolpe évay Bedyo (SldoTixtn Ypouuh) eVioc ne
TOMATAOTNTOG TIOU TEPLEYEL TO t,. AbYw TG ouvéyelag tng v Yo mdpoupe wior Sebtepn SapopeTixn
T e v(te) (xdxxvo), droto.

Mmnopolye dueoa va tdpouue Ty eENC LopPY| TOL V.
Ilpbtaom 5.3.2.6. Fotw

. n#l,
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it. mpooavatodiouévn S € My_1(R™),

iii. v 1 povadaia kdBetn dvvopatikis owvdptnon ts S (rov avtiotoiyel otov bedopévo Tpooa-
vatohioud tng S) &

iv. xdptng (Sj, fj) tov dedopévov mpooavatohiopol tng S.
Téte

U it O fi) o
vilg;(s;) = (ij(—l) det amj)ofj 'ovie{l,...,n}.

Yuvenoe, xatohiyouue oto e€Xc.
ITpétaom 5.3.2.7. Eoww

1. n+1,

2. mpooavatohiouérn S € M, _1(R™),

3. v n povadaia kdBetn davvouanixyy ovvdptnon tng S (Tov avtiotoiyel otov dedouévo tpooava-
tolioud g S) &

4. teS.

Téte o kdOetog xdpog tng S oto t (mov avtiotoryel otov dedopévo mpooavatohioud tng S) ypdpetar
1w0odlvaua Kar wg

t +span({v(t)}).
To endpevo elvan 1o avtiotoiyo e Hpdtaone 5.3.2.2.
IMpoétaor 5.3.2.8. Eoww
1. n+l,
2. mpocavatohiopévn S € M,_1(R™) &

3. v n povadaia kdetn davvouatixry ovvdptnon tng S (rov avtiotoiyel otov dedouévo tpooava-

tolioud g S).

Téte n —v efvar n) povadiaia kddetn Savvopatiki ovvdptnon tns —S (nov avtiotoel otov npooava-
Tohiopd tng =S, A8 oTov avtiotpopo tou Sedopérou TpooavatoAiojiol Tng S).

Topa, pe 10 axdhovdo anoTéAecuo BIVOUUE YEWUETEIXT| EpUNVELL GTOV ETOYOUEVO TROGAUVATOAL-
o6 TOU GLUVOEOU WIAG N-BLACTACTNG KoL QUOIXE TEOCAUVATONOUEVNS TolhamAdTnToag. To ovoluotind
gpyahelo v TV omddellh tou elvon to onuelo 3 tne Ipdtaong 5.3.2.5 (BA. to [11, Lemma 38.7,
oeh. 318]).

ITedétaom 5.3.2.9. Eow
1. guowkd mpooavatohiouérn S € M, (R™) t.ow.: bd S # &,
2. to bd S va elvar epodiaopévo pe tov enayduevo mpooavatohops &

3. v n povadaia xddetn dwavvopatiky ovvdptnon tov bd S (mouv avtiotoiel atov enayduevo npo-
oavatodioud tov bd S).

Tére, Vt € bd S, to —v(t) éyer katedBuvon mpog o int S.

Optopdc 5.3.2.7 (efwtepikni/eowtepikri povabaia kdetn davvouatikr ovvdptnon). Kdde v ue
v 100tnTa tns Hpdraons 5.3.2.9 kadefrar eEwtepikt), evd n avtiotoyn —v KaA€tal ecwTepikn.

Mdhwota, aflomodvtog o Oedpnua 4.1.2.1, éyoupe and v Ipdtaon 5.3.2.4 xa v Ipbdtoom
5.3.2.9, v axdhovidn ypriown poppr| tne e€wtepxfic/ecwtepixnc povadialas xddetne Slavuopatinic
ouvdptnong.

ITeétaom 5.3.2.10. Eotw

1. guowd mpooavatohiouérn S € M, (R™) t.w.: bd S # &,
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t3

t

Syfuo 5.23: O povadialeg xGUeTeC BLOVUCUATIXES CUVORTHOELS TNG TROCAUVUTOMOUEVNC S € MQ(RS),
V X0l —V/, TOU AVTIGTOLY0VV GTOV TROGAVATOAMGOUS TNG S X0l GTOV TPOGAVATOMGHS TNg —S, avtloTtolya.

i3

to

Eyua 5.24: Av npocavoatohicovue wa S € M, (R™) pe tov Quotxd tne Tpocavatohoud, t6Te 1 v
xahelton e€wtepiny, eved 1 avtioTtolyn —v xakeltan ecwteplxr wovadialo xdde Ty SloavuouaTiny cUVEETNOM
tou bd S (nou avtioToyel oTov enaydpEVO Tpocavatoloud tou bd .S).

2. to bd S va elvar epodraopévo e tov enaydpevo mpooavatohoud,

3. v n povadiaia kddetn Savvopatiky ovvdptnon tov bd S (Tou avtiotoryel otov enayduevo mpo-
oavatohioud tov bd S),

4. tebdS &
5. (Uj, f;) énws oTnp Ilpéraon 5.1.2 ya tnr bd S t.w.:
i tefi ({0}) &
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7. S° ﬁUj = {tG Uj |f](t) <0}

Tére

Df;

v(t) = ().

|D ;]

to

bd S = f'({0})

Syua 5.25: Tlpbtaon 5.3.2.10.

Téhog, divouue TNV Yewpeteix) oxéon peto€d e *x3etng SLVUCUATIXAC CLVEETNONG WLOC TR0~
cavatohopévne ToloamhétnToc otov R? Bldotaon 2 xou TN EQATTOUEVNS DIVUOUATIXAC CLVARTNOTC
TOU EMAYOUEVA TEOCAUVAUTOMOUEVOU GUVOROL TN, Yio TNV anddelln tng onolag mdhL Baoxd elvar to
onueto 3 tne Mpdtaone 5.3.2.5 (BX. [L1, Example 5, oeh. 289]).

Ilpétaom 5.3.2.11. Eow
1. mpooavatohiouévn S € MQ(RB) T.w.: bdS + g,

it. v n povadiaia kdBetn Savvouatikyy ovvdptnon tov S (Tou avtiotoiyel otov dedopévo tpooava-
tolioud tng S),

1. To bd S va eivar epodraouévo e tov emnayduevo tpooaratolioud,

. T n povadaia epartduern davvouatikr) ouvdptnon touv bd S (rov avtiotoel otov emayduevo
mpooavatodioud tov bd S) &

v. w:bdS - R? t.w.: Vtebds,

’

a’ |w(t)| =1,

B w(t) € (span{v(t),7(1)})" &

Y. n dwzeraypévn Bdon {v(t),7(t), w(t)} va eivar be&ridorpogn.
Térte, Vt € bd S, o w(t)

1. etvar povadiaio eparntéuevo didvvopa tng S ovo t &
2. éyer katevBuron mpog to int S.
IMoapathenon. Yy Lpdraon 5.3.2.11, n w bev elvar dAAn and tny
w(t) =v(t) x7(t), YtebdS,

onws upag ekaopaliler n Lpéraon 2.3.3.
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T2

T2

t1

t3
v(t)
w(t) ts
fi 7(t)
7 Nt \.l ' "(: S g R2 % {0}
fi(S5) bd S

Syfua 5.27: Hpétaon 5.3.2.11. Edixd nepintwon nolamhéttoc S € Ma(R?), 6nou S ¢ R? x {0}



Kegdhawo 6

OAOUANpwOT ETL TOARNATTAOTNTOG

e auté To xePdAo Eexvipe amd exel tou otauoatd 1 Yewpla Tou Kegoalou 4, BA8 and to Yedpnuo
ooy g LETOBANT®Y, Tve 0To 0molo TATdUE Yia Vo SOC0oUUE Toug Baoxols oplouolc, ol onolot efval
vevxevoelg e Hpdtaoneg 4.3.3.3 xou tou Opiopot 4.3.4.1, avtiotouya.

6.1 OAloxAMpwpa PeAYEVNS CLVAETNONS ENL CLUKTAYOUS
TOAAATTAOTNTAC

KopPux6 eivor to axdhouvdo anotéhespo, to onofo €neton dueca and tov opoud tou teheot J, (B
tov Oplopd 3.2.2.5) pe ypfion touv Oewphuatog 4.1.2.1, twv Bothtwy v opllouvstv, xadoe eniong
e Hpodtaone 4.5.1.1 xon tng Hpdtaong 4.5.1.2.

Ipoétacy 6.1.1 (aveluptnoia and v enavanapapetprioes). Eotw
1. m<n,
2. S € B(R") n M, (R"),
3. xdpns (Sj, f;) wov peyotikod dthavta g S,
4. feC(S;R) t.w.: suppf ¢ f;(S;) &
5. C' aMayrj petaPAnedv fo e CH(S;;R™).
Iepropropévn oo S;°, n
(fofi)3f;
efvar yevikeupéva odokAnpdoun avv, tepopiopévn oto (fo(S;))°, n
(fofiofo )I(fiofo™)
€lvar yevikeupuéva oAOKANPWOIUN, ka1l o€ autr) TNy Tepintwon 10xvel 6Tt

[ Womam@da= [ ((Fodiosi™)3(f50 f6™))(@)da.

S;° (fo(5;))°

To endyuevo éncton pe yeron tou Ocwpfuatog 4.1.4.1, e Hpdtaong 4.5.1.1, e Hpdtaong 4.5.1.2,
Tou Oewpruatog 5.2.1.1, tng Hpdtaong 5.2.3.4 xou tne Hpdtaong 6.1.1, xododg xan tng avtiuetardeTi-
AOTNTOG TWV AUIAPETWY TETEPAGUEVLY TOANUTADY adpOloUdTOY.

ITeétaor 6.1.2. Eoww
. m<n,
it. ouumayris S € M, (R™),

111, Vo dthavteg {(Slj’folj)}jeyl Kai {(SZjafOQj)}jejZ s S,

114
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fiofo!

fioh™

Syfua 6.1: «Eravanapopétenony e ewévae fi(S;) evoc xdetn (Sj, f;) woac modhaniétnrog S,
wéow o C ooy petaintov fo. H moodtnta tne Hpdtaone 6.1.1 ebvon aveZdptntn ond Tic
CETAVATUPAUUETEHOELSY .

iv. Vo ouaAés dauepives tng povdoag, {flj}jeNl ¢ CP(R™;R) kar {fgj}j€N2 ¢ CZ(R™;R),
oto S, mou kypapxolrtar and Ttny {f01j(slj)}jey1 c O(S) kar {fOQJ(SQj)}jEJQ c O(9),
avtiotoa, kar vnotétouue (Y ardomoinon tov ouufoliouot) 6t Ny ¢ S Vie {1,2} &

v. feC(S;R).
Tére

1. mepiopiopérn oo Sy;°, n
((fi;£) o for;) Ifor,
efvar yevikevuéva oloknpdoun ¥V j € Ny & 1e{1,2} &

yev yev

> f(((fljf)°f01j)3f01j)($)dl’: > [(((fij)°f02j)3f02j)(53)d33-

jeN1 g7 o jeNa g7 o
J J

Adyw e Hpodtaong 6.1.2, unopolue vo ddoouye tov e€hc oploud.
Optowde 6.1.1 (odokArpoua eni ovpnayods toAdatAdtntas). Eotw
. m<n,
it. ouumaynis S € My, (R™)
iti. oparj dapépion Tng povddas, { fi} . & C(R™;R), 010 S, mov kupapyetrar and Tny ovAdoyn

{foj(sj)}js] c O(S) wwr axdvwr twr xaptdr kdnowv dtAavta tns S, ka1 vrodétovue (yia

amdoroinon touv oupBoliopov) duu N € .7 &
iv. feC(S;R).
Opiloupe to odorAripopa tng f (eni tng S) ws

yev

[ rwdo = % [ (i) fo;) ;) (w)da
5 JeN gjo

Ynuelwon. Afya Adya oxetikd pe tov Opioué 6.1.1.
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Eyhua 6.2: Optopog 6.1.1.

1. Yuyvd otnv BiBlioypagia, to do kakeftar otoiyeio €upadoV, onws emions, étay m = 1, keAeftal
ototyelo unKovs kar oupfodiletar pe ds, evd, otav m =n, kaleitar otoryeio dykov kar oupPo-
Ailetar pe dV. EuelS, emeidn Oédovue va yevikedooupe tny ouroloouvdptnaon tov 6yKov, v, o€
TOAAGTAGTNTES, anopelyoupe avToUs TOUS TPOTOI0pI0TLOUS.

2. To oloxAnjpwpa mov opioaue elvar éva odokAnpwpa ws mpos éva pérpo Hausdorff.

TN Aéyoug ouvtoplog avagépouvpe 6T, e yerion, émou amoutelton, tng Ilpdtaong 4.5.1.1, g
Ipbtaong 4.5.1.2, tou Oewpruoatoc 5.2.1.1 xou e Hpdtoone 6.1.1, pnopolue va dei&ouye otL Oheg
ol Baoixéc 1BLOTNTEC TOL ohoXANEOUATOC TS Troevotntac 4.3.2 yetapépovial, TPOTOTONUEVES XATH
Tov Tpogavy) TeéTo dmou ypeetdleTar, xar Yiot To ohoxhipwue tou Optopol 6.1.1. Evdeixtixd, oy det
0 e&€fc ebypnoro.

ITpétaom 6.1.3. Eoww

1. m<n,

2. ouumayrs S € M, (R™),

3. N e B(N)\{gz},

4. ovddoyn {(Uj, f;)} jen €owtepiray xaprav kdmotov drhavta tng S, t.c.:
i (U f(U)) =@ Vi, j eN peizj &
it. 3 undevoovvodro tng S, Sp € S, T.w.: Sy UjEJN fiU;)=8 &

5. feC(S;R).

Tére
yev

ff(t)dg(t) = Z f ((fofy)Ifi)(z)d.
S jeN U;

Mdhota, oty Evétnta 6.4 Yo 8odue to avtiotolyo tou Yewprjuatoc tou Fubini.

6.2 TI'evixevpévo ohoxANpwua enl TOAATAOTNTAC Ywelc
oc\VopEO
Me yprion tou onuelou 2 tng Ilpdtaone 2.2.1, tng Ilpdtaong 4.1.4.2, g Hpdtaone 4.5.1.1, tne

IMpbtacng 4.5.1.2, Tou Ocwpruatoc 5.2.1.1, tng Hpdtaong 5.2.3.4 xou tng Ipdtoong 6.1.1, nolpvouyue
to avtioTotyo tng Hpdtaong 6.1.2.
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fj

AN

»§ vey
% /f(t)da(t) =3 / ((f o £33 1)) (x)dx
S jeN Uj;

Syfua 6.3: Ilpdtaom 6.1.3.

ITgétaom 6.2.1. Eotw
. m<n,
i. SeM;, (R"),

i1i. 6V0 dthavteg {(Ulj’folj)}jeﬂl Kai {(UQj’fozj)}jej2 ™ms S tw.:

fOlj(Ulj) €S, Vjes Ele{l,2},

iv. 800 ouloyés ovvaptrioewr, {flj}jeN ¢ CZ(R™R) kar {fgj}jeN ¢ CZ(R™;R), dnwg oty
Ilpéraon 4.1.4.2, mov oyetilovtar pue tny {folj(Ulj)}jeﬂl c O(S) ka1 Ty {fOQj(UQj)}jEjz c
O(S), avtiotoa, ka1 vrodétovue (ya amdonoinon tov cupuBoliouod) éut Ny € # Vie {1,2} &

v. feC(S;R).

1. Téte n

(Ao, 0) Pl 00) © for ) 3o
efvar yevikevuéva olokdnpdoun ¥V j e N & 1€ {1,2}.

2. Av
yev
> f(((flj|f|)Ofolj)Gfolj)(x)dx<oo, yia kdrow € {1,2},
jeNUlj
ToTE
yev yev
Z f(((f1j|f|)°f01j)3f01j)(37)d37:Z f(((f2j|f|)Of02j)3f02j)($)dx
jeNUlj jeNUzj
Kai
yev yev
2 /(((fuf)°f01j)3f01j)(ff)d$:% /(((fij)Of02j)3f02j)(x)dx'
JE Ulj J€ U2j

Adyo e Hpdtaong 6.2.1, ynopolue va 8¢couye Tov eEAC OpLOUO.



118 6.2. TENIKEYMENO OAOKAHPQMA EIII IIOAAATIAOTHTAY XQPIX ¥YNOPO

Opiopde 6.2.1 (yerikeupévo odokApowpa eni toAdarAdtnzag). Eotw
. m<n,
it. SeM; (R") &
iii. feC(S;R).
Oa Aéue 6t n f elvar yevikevuéva odokAnpdoun (eni tng S) avv 3
1. drAavtag {(Uj’foj)}jej ms S tw.:
ng(U]) ¢ S? v] € jv

ka1 vro¥étoupe (ya ardonoinon tov ovpfoliouot) éu N g .7 €

2. ovAoyr owvaptijoewr, {f;} oy & CZ(R™R), dnwg oty Hpdraon 4.1.4.2, mov oxetiletar ne
™Y ouAdoyr {ij(Uj)}jEy cO(9),

Tw.!
yev

> [ (17D 0 Joy) o) () < oo,

jeN
J U,

ka1 o€ avty Ty mepintwon opilovpe to yevikevpéro odokAipwua tng f (eni Tng S) wg

[ 1o =% [ (53 fo,)310,) (@)de
5 IeN g,

Eyfua 6.4: Optopog 6.2.1.

‘Onwg xou oty TEoNnyolUeYYy evotnta, €Tol xou €8, oylel ot oL Boacixéc WLOTNTEC Tou olo-
xhnpwuatog tne Troevotnrac 4.3.4 UeTapEpovTol, TROTOTOINUEVEC XATA TOV TEOQAVY TEOTO 6TOoU
yeewaleton, xon yia To ohoxhipwpa tou Optopol 6.2.1. Evdewtind, woydet to e€hc.

Ilpétaocm 6.2.2. Eoww
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1. m<n,
2. SeBR")n M, (R") &
3. feB(S;R)nC(S;R).
Téte ) flint s €fvar yevikevuéva olokAnpdoiun. Av, emmiéor, n S efvar ouurayris téte

yev

[ 1oty = [ do.

int S S

Yy Evotmnto 6.4 Yo 8olue xou to avtiotoryo tou Yewprpatog tou Fubini.

6.3 Oyxopetpixd ANOTEAECUATA OE TOAAATTAOTYTES

Katapydc, yevixebouue nepattépw TNV GUVOAOGUVERTNOY TOU 6YX0U, v, S8 yevixeboupe tov Oploud
4.3.3.2. 'Etot, uné 1o nploya tne Hpodtaone 6.2.2, o emduevog oploude €xel vonuaL.

Opiop6c 6.3.1 (un terpiupérog dykos, yevikds opiouds). Eotw S € B(R™) n M, (R™) \ {z}.
Optlovpe tov (un tetpiupévo) dyko s S, v°(9), ws
yev
v°(S) = f 1do(t).
5

ITapathenon. H évrowa tns odokAnpwong eni moAdamAdtnrag éyer opiotel, efte ovufatikd oTig
OUUTAYEIS TOAATAGTNTES, €ite yevikeUuuérva 0TS TOAAATAGTNTES Ywpls aUvopo.

BOa ntay €Vhoyo va emiyeprioovpe va enekteivoupe katevlelay to medio opiool tov dykouv v ToU
Opiopov 4.3.3.1, ka1 ¢yt tov mepiopiopol tov v°. Notéoo I ovunayés S € J(R™) t.w.: v(S) + 0 alrd
S ¢ M, (R™) anoxdewotikd Adyw tng «kakisy yewuetpiag tov 9S, m.x.: ovunayés S ¢ R" ue ywrieg,
arypés, pe w S ekatépwler touv 05 k.T.A.. AAS pa térowa enéktaon Ja rftav avépixan.

Ané v dAAn, 1wxva éti

SeJR")nOR") {2} = 5 B(R™) n M, (R") ~ {2},
A6
JR") nOR")~ {g} € B(R") n M, (R") ~ {2},

ka1 éton pia térowa enéktaon éxer vénua.
BOa umopovoaue va ano@lyovue Tny avdykn «MimAoly oplojuol yia tny neprypapn) tns évvolag tov
Sykouv av efyaue oploer €€ apxris (A6 and ta daotrijuaca) tov dyko uévo oe avoiktd. Kdn térow duwg

Sev ovrndilerar otny Fifloypagpia.
‘Onwe avopévetar, ol Bactxéc ILOTNTES TNE GUVOAOCUVERTNONG
v TR NOR") {2} =R,

e YTroevotntog 4.3.3 YeTopépovTal, TPOTOTONUEVES XATE TOV TEOQOVY TeOTO OToL YeetdleTol, Xal
Yo Ty
v B(R") n M, (R") ~ {2} > R,

tou Oplopot 6.3.1.
Mdhiota, unopolyue vo Yevixebooupe xdmota anotehéopota e Troevotntag 4.5.2, ue v yeron
Tou Oewpruatog 4.1.2.1 xou TwV WBOTHTWY TwY 0pt{oucwy.

Ilpétaocm 6.3.1. Eotw
a. m<n,
B ovunayris S € M, (R™) &
y. feC(S;R).

1. Eotw, emmAéov, fo € RM,,. Tére
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i fo(S) € Mm(R") &

it. n fo fo €elvar odokAnpooun, ka1 pdlioza 1w0xver ot
[ 1o = [ (£ fo))do(t).
fo(9) S

Exdikdrepa,

v°(int fo(S)) = v°(int ).
2. 'Eotw, emnAéov, f € Hth, ,. Tdte
i. fo(S) e M, (R™) &
i. n fo fo €lvar odokAnpdoun, kar udhioza wyve éu
[ 1@®do =" [ (7 fo)(B)do(h).
fo(9) S

Exdixdrepa,
v°(int fo(9)) = |r|"v°(int S).

ITpbTtaom 6.3.2. Eoww
1. a ovdoyn {z;}", € R™ ypappuxd avebdptnrwr avoryeiwr,
2. x= () eRV™ &
3. f e Aff(R™RY) pe [f] = a.

Tére H({a:l}zl) e M; (R™), ka1 pdhiota wyver 6

[N

(detmT-x)l/Q: > (det(xikz)zlﬂ)z = v (I({z:}2))).

i1,eeim €{1,...,n}
pe 1<ty <<t <

6.4 TUrnog cuvempdveiag xou 6yxog cpalpag ctov R”

E8¢ napodétoupe éva ypriowo anotéheoua, YVwot6 we timog cuv-egPadol/enupdvelas (coarea for-
mula), § ahhde TOToC ohoxApworng ent Todanhothtwy otddune (integration over level manifolds).
61600, ota Buxd pag mhalota, opddtepo Vo Htav v Tov xaholoaue TOTo cuvoyxou. To amotéleoya
autd anotelel ouolaoTxd yevixeuon tou Yewpruatog tou Fubini.

Apxel va to del€ouye Yovo Yo To YEVIXELUEVO oloxhpwyua. 'Etol, arodeixvioupe to axdroutdo.

Oevpnpa 6.4.1 (tinos ouvemgdres). Eotw
. m<n,
. UcR",
iii. fo e C°(U;R™™) t.w.: rtank D fy(t) =n—-m, Yt € U, A, wodbvaua, Jfo >0 &
. feC(U;R).

Oéroupe
Se = fo ' ({e}) eC(U), Yee fo(U).

1. Téte {SC}CEfo(U) & M:n(Rn)
2. Av 3 w

yev yev

[ Gamwar & [ 5tda(t) vee ).
U Se

ToTE

[amwa- [ ( fyf(t)do*(t)) de,
U

fo(U) \Se
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Anédeaén. To onuelo 1 éneton aneudeiag and v Ilpdtoon 5.1.2.
I o onuelo 2, €youpe Tol TOEOXATE.

- Ané o Hopopa 4.1.8.4, éncton 61t fo(U) € O(R™™™), nou dipar 1) BLatiedot) UE TO YEVLXEUUEVO
ohoxhfpwpa eni Tou fo(U) éxel vénua.

- Epyaldpevol énwe oty anddeln tov Bewpripatoc 4.3.4.1, xatahfiyouue oo 6T apxel vo de-
{€ouye 1o amotéieoua yio f t.0.: suppf cc U, xou pdhioto o @opéag umopel vo emheyel 0co-
drmote pxpde evide tou U. ‘Eto, unopolpe va emié€ouvue U € B(R™), mpdypo to omolo xou
AAVOUUE (YLl VoL EYOUME ONOXANPOUOTO UE TNV «OUMBaTIX» EVvola Xou ETOL VoL ATAOTOLCOUKE
10 oupPoloud).

- Eotww tg € U. Encdr Jfo(to) >0, 3 (tovkdyiotov évac) meptoplopde ) T.O.

dfo
det(@ﬁ':ﬁzm (t) (to)) + 0.

Tré 1o mployo Tov Oewpriuatog 4.1.8.2, uropolue va Peolue uio oTadpuxr| BEcUT, xou €Tol TNV
avtiotolyn otoduxy] neploym

Ui = U gl“(foc;ﬂznlmim), T.0.: tg € Uy.
cefo(Uy)
Fpdpouye
r=m , (t)elUy & y=m; , (t), Vtels,
xau amoutolpe suppf cc Ui, Mnopolue, enlong, va Yewprioovpe 6t U = Us, npdyuo xou to
omolo xdvoupe.

iy (R")

Yyfuo 6.5: Oeddpnua 6.4.1.
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- "Eyoupe o €€¥¢

[ Garwa= [ @,
Ui i (i (UD)
omou fi elvon dmwe oty Ipdtaon 4.1.9.1. Apa, epappolovtoac tnv Ilpdtaon 4.5.1.1, nolpvoupe

[ Garywdae= [ (3500 £ D
Ui f1(U)

ML xou
JfT_l =1.

- Kodoce
fi(Uy) =, (Un) + @i, (fo(Uy)),

ané 1o Ocwpnua 4.3.2.2 cupnepaivoupe 6TL

[ tarwa= [ ( / ((fﬁfo)Of{l)(%;ﬂ)df)d’ﬁ.
Ut

fo(Uy) \Ux

Enedd T = x xou ¥ = ¢, ypdpouye

[ Gamwa= [ ( / ((fTSfo)OfT_l)(x;c)dm)dc.
Uy

fo(Uy) \Ui
- Twpa, and 1o onuelo 2 Tou Oswpruatog 4.1.9.1 éyouue 6T
3fo(t) = (det(1, + Dfo." (x) - Dfo.(2)))?, VteUs.
— Ané my &, Ve e fo(Uy), optloupe fyr, € C(Ur;R™) ¢

Fee(@) = @i, i, (@) + (&, i, © foo) (@), Yo e UL

Eivon mpogavée éti, Ve e fo(Uy), to povooivoho {(Ut, f..)} elvon dthavtag tne Se € M, (R™),
xou Ao ToL

ool = (det(L + Dfo, (2) - Dfou(2)))*, Vo e,

)
Jf*c(x) ::‘fO(t)a Vit e UT

- EZ oplopol éyouvpe 6Tt
[ 1o = [ ((fo L) 3f.)@)da, Vee fo(Up):
Se U

Agot Vt e Uy éyouue 6Tt
l. T=2xuy=c,
2 foo2)=t=F'(0) = i @) = fi (w:0) &
3. Jfue(w) =3o(t) = ((3fo) o fue) (@) = ((3fo) o /1) @) = ((3fo) o f+ ") (ws0),

oupnepalvoupe 6T

/f(t)do(t)=f((f3f0)ofT‘1)(x;c)d:c, Vee fo(Us).
Se U,

Katariyoupe €tol oo {ntoduevo

f(f3fo)(t)dt= f (ff(t)da(t))dc.

Ut fo(U) \ Se



KE®AAAIO 6. OAOKAHPQXH EIIT IIOAAAIIAOTHTAY 123

O

Ynueiwor. To Ocdpnua 6.4.1, katdAdnla detvnwpévo, anotédeoe Jepéhio Ao tng Iewpetpixiis
Oewpias Mérpou.

Mrnopotpe va dwooupe Tov avtioTtoryo tTou Oplouol 4.1.9.1.

Optopdc 6.4.1 (roAarAdtnte otddung). Kde otoeio pag ovAdoynis toAdandotritwy

{Scteeso
onws oto Ocdpnua 6.4.1, kakeftar toAAanAdTnTa oTdOung c.

eR It +t =c, ty=c}, ceER

I
! 3 ¢ 2
: S=J 8. = {te R\ {05} 112 +t" = t3}

cClRy

Ly

Syfua 6.6: Oploude 6.4.1.

Tpa, dueorn cuvéneta Tou Oewpruatog 6.4.1 eivar 0 TOTOC TOAMXWDY CUVTETAYUEVOV.
Oevpnpa 6.4.2 (tinog toikdy ovvtetayuévor). Eotw

i. to € R™,

ii. 0< p1 < pa < o0, ya ta onoia Bérouvue I = (p1,p2),

iii. U={teR"|[t—to|el} &

. feC(U;R).
Oérouue
S, =bd B(tg,p), Vpel.

Av 3w
yev
/ F(tydt & f F(H)do(t) Vpel,
U Sp

T0TE

yev ve

[ rwa= [ ( / f(t)dcr(t))dp.
U 7 \3,

Snpelwon. Kdvovtas, emnAéor, xprion tns Hpdtaons 6.3.1, to amotédeopa tov Ocwpnjuatog 6.4.2
rajprer Tny €€nNg popen

fyf(t)dt - 78/( f f(pt)da(t)) prdp = 7V f f(to+pt)do(t) | p"*dp,
U

Io\s I \bd B(0,,1)

n omota ka1 eppaviterar ouyvd otny PiPlioypayia.
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Yyhua 6.7: Oepnuo 6.4.2.

‘Etot, ané to [épiopa 4.5.4.2, tnv Hpdtaon 6.3.1 xou 1o Oedpnuo 6.4.2 éncton to e€nc.

IMépiopa 6.4.1 (dykos («eppadovy) opaipas). Eotw

1. n+l,
2. to e R™ ¢
3. p>0.
1o o —\ N . n nwsptTt 2mEpnl
v*(bd B(to, p)) = Zv°(int B(to, p)) = ~v(Blt, p)) = -0
p p r(1+3)  I(3)

6.5 OloxAMewUd BLAVUOUATIXNGDY CLUVAPTACEWYV

Ye avtiotouylo ue v Troevotnra 4.3.5, avagépouue, enlong, 6T 6hn 1 Yewpla ohoxhfpwong enl
TOMATAOTATOY BodunTdy (LOVOUETE®Y) CUVAPTAGEWY TOL avarTOYUNXE (¢ TOEA, UTOPEL UE PUOUS
TEOTO VoL YEVIXEUTEL 01 Yol BLVUOUATIXES, UTAG XOITOVTIC XGVE CUVLGTMO GUVAPTNGTY) EEXWELOTA.



Kepdiowo 7
ALopopLxn) LopPn

e autd 10 *ePEAO BiVOupE TOV 0ploPs TwY dlaopdy popeay (differential forms) xon pehetdue Tic
WLoTNTéS Toug. OL Blapopixéc pop@éc amoteAoly To YEGO Yiol TNV «xoudr)y BlaTITWST TOU XEVTELXOV
Oewprotog 8.1.2.

Av xou udpyet o aryeBpwdc (péow Micoypapuxic AhyeBpoc) tpdénoc optopol toug (BA., T.y.,
to [11], to [20], %.T.\.), BAS awtde mou dev gunhéxel Yewpior OhOXAfpmONE, EVTOUTOLS 0 OXOTOC TOUC
elvow évag: va odlokAnpwlody eni mpooavatohiopévng modamAddrnrag. 'Etol, €8 da 8dooupe évov
Gueco, avaAUTIXG, OploUd Tou oyeTleTal Ue TO OAOXAPWUI ET TEOGUVATOMOUEVNC TOAATAGTNTASG
(o mopbpotes npooeyyioels Bh., m.y., [20], To [31], x.T.N.). Oo unopovoope, udAoTa, Vo TOVUE OTL oL
OLAPOPLXES HOPYES ELTAYOUY EVOY EVOANOXTIXG TEOTO OAOXATPWONE BLUVUCHATIXGY CUVIRTACEWY €T
TOAMOTAOTATWY, UE TOUC TERLOPLOUOUE OTL 1) BLVUOUATIXY) CUVERTNOY TEETEL VoL Vol GUYXEXEWIEVNC
dLdoTaong ot OTL 1) TOANAATAOTNTA TEETEL VL £V TTPOCAVATOAGUEVT).

7.1 Oploupoc
H anddel&n tou napoxdtw anoteréopotog dev dagépel and auth tng llpdtaong 6.1.1.
Iedtacy 7.1.1 («oxeddvy avelaptnoia and s enavanapapetprioes). Eotw

1. m<n,

. S e B(R") n M,,,(R™),

. feC(S;R) tw.: suppf ¢ f;(5;),

. C' aayrj pewafneav fo € CH(Sj;R™) ww.: n det Dfy (1wodbvaua, n det Dfy™") va puny
alddler mpéonpo &

2
3. xdptng (S;, f;) tov peyionikol drAavta Tng S,
4
5

6. ise{l,...,n}, Vse{l,...,m}.

Hepopiopérn oo S;°, n

Nfiyn-rtis)

N det i M i)
(fofj)de O

efvar yevikevuéva ohokAnpcsorun avy, tepopopévn oo (fo(S;))°, n

O(fj;, ° fofl,---,fjim ofo ')

(fofjofo")det

Ox
€lval yevikeupéva oAoKANpwoUn, Kal o€ avty tny mepintwon 10y Vel 0t
yev
oNfi; s i
c f ((fofj)det (s f“m))(x)dx =
A Oz
i

yev
= [ ((fofjofo_l)det
(fo(S;))°

(.’L’)d$7

O fis 0 fo™t o fiy o fo™t)
ox

125
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émov o ¢ = 1 1wovtar pe to npdonuo tng det Dfy™ (iwodtvapa, tng det D fy ).

Hopathenor. Zyenuxd ue tny Hpéraon 7.1.1, av o S; (100dbvaua, to fo(S;)) eivar ouvektixd,
Téte 1) ovrdikn tou onpeiov 5 Tov agopd To mpdonio, 1kavotoleltal.

Me yprion, topa, tne Hpdtaong 7.1.1 xau tng emnpdoietng nAnpogoploac 6Tt

<01 €EMKAAVTTOHEVOL X dpTES ag Tpooavatohiouévng toAdanAdtntas eivar Jetikd emkaAvntipevor
(6A6 o1 cvvaptioes petdfaong diatnpolv Tov mpocavatoAioud)s,

nafpvoupe, pe avdloyo teoémo, to avtictoiyo e Ilpdtaone 6.1.2.
ITpétaom 7.1.2. Eow
. m<n,
ii. ovumayns tpooavatohiouévn S € M, (R™),
iii. &0 opadég dapepioers tng povddag, {flj}jeNl ¢ C*(R™R) xat {fgj }jeN2 ¢ CZ(R™;R), oo

S, mov kai o1 6Vo kypiapxolrTar ard Tny ovAdoyr {foj (S; )}J O(S) twv eikdvwy Twy xaptdy

C
e =
TOU B€BOUEVOU TIPOOoavaTtoliToU, {(Sj, foj)} s S, ka vrnodéroupe (ya ardodbotevon tov

oupBohiouot) étt Ny ¢ 7 Vie {1,2},

jes’

w. feC(S;R) &

v. ige€{l,...,n}, Vse{l,...,m}.
Tére

1. mepopropévn oo S;°, n

a(ijilv""fojim)

((fij f) o fo;) det e

etvar yevikevpuéva olokAnpdoun ¥V je Ny € 1€ {1,2} &

vey O(foy. s oy
> f ((f1£) o foy) det (fo]“ & Zm))(ff)dﬂﬁ

jeNi o Ox

yer fo;, .- foj,
-y / (<(fzjf)ofoj)det . i )i

JjeN2 g,°

‘Etot, Moyw g Hpdtaong 7.1.2, ynopolue va dwoouue tov Bacixd opiopd tou xepohaiou. Ilpomta
OUWS, Yl AGYOoUS amhoVGeTEVGTS Tou cUUPohouol (Wag xa apybtepo Yo omoutniel ) SlopoploydTnTa
TWY GUVAPTHGEWY) Xdvouue Tov axdrouvdn ciuBaon.

Y OuBaomn:
ITepropiCoupe TNV HEAETH UAC YLl OUOAES CUVOPTATELS.

Opiopo6c 7.1.1 (Sagopixij popen)). Eotw me {0,...,n} ka U S R".
1. Eotw, emmAéov, m +0 ka1 f € C°°(U;]R”m) N3
fU- RrR""
to f) = fivein ()i i etr )

i. ‘FEotw, eminAéov,

a’. ovumayris kai npooavatohiouévn S € C(U) n M., (R™) &
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B’ opadn buauépion tng povddag, { f; }jEN ¢ C2(R™;R), oo S, mov kupapyetrar and tny
ouAoyr] {f‘)j(Sj)}jey € O(S) wwr eikdvowv twy xaptdy Tou 6edopuévou TpooavaToll-
oY, {(Sj’foj)}je,]7 ™S S, kar vrodérovpe (ya ardonoinon tov ovpBoliood) du
NcJs.

Téte opilovue tny dagopikny popen (tdéns m, 1 addidg tny m-popen) tng f oy S wg

ouwrnifwg mapaleiretar n f and tov ovuBorioud
wr(5) =

ouvuBolioués oupBoAoUbS
w(S) = fw = > firoimdts, Ao AdE;, =
3 S 1yeeim €{1,..n}

S RN I (LT RS ¥ PO OISz

JEN i1,ernyim €{1,...,n} S;°

(z)dzx.

KdOe f;,. 4, =0 Ua napaleinerar and tov ovuPoliond

Z fil.,.imdtil /\"'/\dtim,

% itim €{1,..n)
OAO o mapandvew ovuPoliouds Ja tpormonoieitar kdOe gopd katd tov mpopavr) Tpdmo.

it. H dwapopikni popeni (tdéng m, 1 aAdids tny m-popen) tns f oo U,

w ovpBoliouds Z firoi dti, Ao A dt

tm >
i15eeeyim €{1,...,n}
,
optletar wg

w: {S eC(U)n M, (R™) | n S elvar ouumayng ka npoaaz/aw/\zapévn} >R
S / w.
5

KdOe f;,. 4, =0 Oa napaleinerar and tov ovpuPolionsd

> firoidbiy Ao A,

i15eenrim €{ 1,00}
OAO o mapandvew ovuPoliouds Ja tpormonoeitarl kdde gopd katd tov mpopavr) Tpdmo.
2. Eotw, emmAéov, f € C=(U;R).
i. Eotw, emmAéov, npocavatohiopévn S € C(U) N My(R™) t.w.: S = 'UN tj yia N e B(N)~
je

{@} (A6 S cc U) ka1 fo: S - {-1,1} o mpooavatohiouds tns. Opilouvue tny dagopixr)
nopgn (vdéng 0, 1j ahdacss Ty 0-popen) Tns f oty S wg

Act f ané poriops Borios
Wf(S) mapadeiretar n a:r:o Tov oUuPBOAIoUO UJ(S) oU, 0:10'1405‘ f w = Z (f fO)(tj)'
3 JjeN

it. H dapopikri poperi (vdéng 0, 1j aAdids n 0-poperi) tns f oo U,

oupuBoiouds
w = f

optleTar wg
w: {SeC(U)nMo(R™)|n S efvar cuunayns ka1 mpooavatohiopévn} - R
S f w.
S
3. YuuPolilouvue

D, (U;R) = {w drws oto onueio 1.di. 1j oto onueio 2.ii., avtiotorya} .
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w € Dy(U.R) w e Di(U,R)
4 ~mTTS

I,/ .1 Py ST 'I s \\\ ouUBoAoPOC
: * oS | cuuBoloud AN > \ 4} = uoc
\\\\ 71. 1 .1 \‘ W(S) UPB: Hog /w \\\ S : W(S) w

AN :1 :1 l‘ N ; J

) :1 I S /, \>/\ ;
\\s —————— _"’/U e - _ U
(@) ®)
w € Dy(U,R) w e Dy(U,R)

--=e w e
~._ ~ Seo
——— , ———g
' S />\ Bohops ! /\\/*\cappo)uopég
\ ouyfohiopdc '
~o | ~. 1
\\ 1 N 1
1 \ I
! [ s ! S 1 s

EyAua 7.1: H s Sragopixtic wopehic w tééne (o) 0, (B) 1, (¥) 2 xou (3') 3, oe xdmowa avtiotoyne
BldoTaUo NS TEOCAUVATONOUEVY TOAATASTNTA S.

Ynuelworn. 1. Oa ypnowonowlue ta w, 0, § k.0.k., pe 1) xwpls kdrow Seiktn, yia tov ovuPo-
Aopud avlaipetwy S1apopikdy HUopPdy.

2. Yty enduevn evétnta, ovykekpiuéva otov Opioud 7.2.2, enekteivovue to medio opiopol twy
d1agopikddy Hop@pdy uéyiotns tdéng étor wote va kaldouue kar gpayuéva avoiktd ovvola.

O enduevog oploude €lvol 0 AVAUEVOUEVOS.
Oplopoc 7.1.2. Eoww
i. me{0,...,n},
ii. U S R",
1. wyi,ws € Dy (U,R) &
w. c1,c9 €R.

1. Aéue on1 o1 wy ka1 wy elvar loeg avy

[ wy = f w1, YV ouunayn ka tpooavatodiopévn S € C(U) n M, (R™),
5 5

ka1 o€ auty Ty mepintwon Ya ypdpoupe

w1 = Wo.
2. Aéue 6ni nwy elvar undevikry avv

f w1 =0, V ovurayni kai tpooavatohiouérn S € C(U) N M, (R™),
S
ka1 o€ avty tny mepintwon Ja ypdpovue

w1 = 0.
3. Opilovue v (c1wy + cawa) € Dy (U, R) g

f 1wy +Cawy =g f w1 + ¢y f wo, Y ouunayrj ka1 tpooavatohiopévn S € C(U) N M, (R™).
s 5 5
Katd tny ouvndn mpaxtikin, napaleinovue ua pundevikr Swapopixn poperi ané éva dpooua.
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7.2 Koavovixr éxgpacn dSLapopxNg LopYNg

Kdde Sopopuxnr) popph tdEne > 1 molpver pio yprowun wopen, n omola xohelton xavovixr] €xpoo-
on/ocuviine avanapdotaoy (standard presentation).

Apywd, éyouue To emOUEVO amOTEAEOUA, TO OTOl0 EMETol dUESA amd YVWOTH WBLOTNTA TwVY optlou-
owV.

Ilpétaocm 7.2.1. Eotw

1. m<n,
rpooavatohiouévn S € B(R™) n M., (R™),
xdptns (Sj, f;) wov dedopévov mpooavatodiouod g S,
feCZ(R™R) row.: (suppfnS) ¢ £;(S)),
ise{l,...,n}, Vse{l,....m} &

S vk N

perdOeon o tou {iy, ... im}.

Tére, nepropiouévec oto S;°, o
’ VR

8(fj (i) o fi a(im))
Ox

Nfjssetii)
ox

(f o fj)det & (fof;)det

elvar yevikeuuéva odokAnpdoipies, kar udAiota wwyve ot

ver Of, o fi
f((fij)det i, 5 J ’”))(x)d:c:
X

S;°

yev

8f40i1,...,f-aim
=sgn<a>[((fofj)det oo -oofsoin) (w)da.

Ox
Sja

II&AL amd Yvwo ) BT TV 0ptlovc®y, €youue To eEng.
ITeétaom 7.2.2. Eoww
1. 2<m<n,
2. mpooavatohiopérn S € B(R™) n M, (R™),
3. xdpzngs (S;, f;) tov bedopévov mpooavatohiopod tng S,
4. feCPX(R™R) tw.: (suppfnS) ¢ f;(S;) &
5. ise{l,...,n}, Vse{l,...,m}, t.w.: 351,82 €{1,...,m} peis =is,.
Tére, nepropiopérn oo S;°, n
(7o y)dor W i)
elvar yevikeuuéva oAokAnpdoiun, kai pdAota 10y ver ot

(fji17""fjim)
ox

ye

fy((fo fi)det 0

Sjo

)(a:)dz = 0.

Ané v Hpdtaon 7.2.1 xou v Ipdtaon 7.2.2, énetan dueca 10 mopaxdte.
ITgétaom 7.2.3. Eoww
. m<n,

1. UcR",
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iii. feC®(U;R),
. ige{l,...,n}, Vse{l,....m} &

v. we Dy (U;R) to.:
w=fdt;, No--ndt

-
1. Eotw, emnAéov, petdleon o wov {i1,...,im}. Tdte
w = sgn(a) f dta(il) JARREAN dta(im)‘
2. Eotw, emmAéov, 2<m <n kat 81,82 €{1,...,m} t.w.: is =is,. Tdte

w=0.
And v & pepid, anceudeiag and tov Oplopd 7.1.2 yioo v pla xatedduvon, xou edxoha pe
ATAYWYTH OE ATOTO Yo TNV dAAN, Todpvoupe To e€Xg.
ITpétaom 7.2.4. Eow
. m<n,
1. UcR",

@i f = (firoim)insosim {1, ) € C”(U;R(vnn)) &

pe 1<ig << <n
. w=wys €Dy (U;R), 616
w = Z fil»--im dtil Ao Adt

01,..0y0m €{1,...,n}
pe 1< <<im<n

tm*

Tére
w=0avy f :0(:1”).
"Ayeon ouvénewa e Hpdtaong 7.2.3 xou tne Hpdtaone 7.2.4, etvor to {nrobuevo amotéheoya.
ITépiopa 7.2.1. Eotw
. m<n,
1. UcR",
it = (firin)iy.i ety €CZ(URM) &
iv. w=wyse Dy (U;R), 616

im*

w = Z fi1...im dtil Ao Adt

Téve 3 fy = (fOil,.,im)il,‘..,i,,ne{l,‘.,,n} € CW(U;R(Z)) T.0.:

pe 1<i <<im<n

w= Z foiy i, diy Ao AdE;,

i15eeyim €{ 1,0}
pe 1<ig <<t <n

Mdhiozta, wyve 6t

foi, i = Z SE(0) fo(in).o(im)s Vils--osim €{1,...,n} pel<ip < - <ipy <.
uetdOeon o
ou {1,...,m}

Afvouye €tol Tov TapaxdTe OploUo.
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Optowde 7.2.1 (kavoriki éxppaon ka1 ouriotdoes diagopikris popers). H

w = > foiy. ., dtiy Ao Adt; g Tlpéraons 7.2.1,
i1yeenim €10}
pe 1<y <<t <n
kaetftar kavoviki) éxgpaon (tng w), kai kdde fo; ,  oVOTOOA TS W.
O opiouds emexteivetar katd tov mpogavn) tpdémo yia m = 0.

IMopathenon. Aiya Aéywa ya tov Opoud 7.2.1.

1. Méow tng kavovikis éxgpaons kdle dapopikris poperis wééng m € {0,...,n}, uropolue va
TEPIOPITTOULE, Yia Ty UeAéTn Twy 1810TrTwy Tovs, anokA€otikd ot w = wy € Dy, (U;R) e

fec=(u;rG)).

2. H Ilpéraon 7.2.4 eivar évag and tovg PBaoikols AGYous €ioaywyns tng kavovikng €kgpaons
piag dagopikng popers. O dAdog efvar 0 opioés T6oo TOU Yivouérou 600 Kai Tov TeAeoth d
dapopikdv popedv (BA. Tty Evdtnta 7.3 kar tny Evdétnta 7.4), ot onolor bivovtar péow twv
Kavovikoy ekppdoewy.

Kévoupe v e€vic obufoon.

3 OuBaocn:
Tame{0,...,n}, UCSR" xou f € CW(U;R(Z)), n oyéon w =wy € Dy, (U;R) Snhcdver 611 ot
ouvioTOoee TS f elvon oL cUVIOTWOoES TN W, BAD
W= Z fiv iy, dtiy Ao Adt;, , ovm #0
14 €4 1,00}

ue 1<ig<<im<n

pdeis

w = f, oC.

‘Etot, uropolue vor avadtatunccoupe tov Oploud 7.1.1 we oaxorolvdwe.
ITépiopa 7.2.2. Eoww
1. m<n,
2. UcR",
3 fe C“(U;R(Z)),
4. w=wy € D, (U;R),
5. ouunayris kai tpooavatodiouévn S € C(U) n M, (R™) &
6. opaldn} dapépion tng povddag, { f; }jGN ¢ CZ(R™R), oto S, mov kuprapyetrar ané tny ovAroyr)

{foj(Sj)}jEy € O(S) Ty eikdrov Ty xaptdy Tov §ebopérov TpooaraTodio Loy, {(Sj, foj)}

jes’
g S, ka1 vrobérouue (Y ardormoinon touv ouvpuBoliopod) ént N € 7.

Tére
yev

oy ;. °Jo;
fw =2 > f (((f] fil--.im)oij)det aj)(x)dx
S jeN il,...,ime{l,_..,,n} S;° X

ue 1<i << <n

MrnopoUye, eniong, va avadiatundooupe tov Oploud 7.1.2.
ITépiopa 7.2.3. Eoww

i. me{0,...,n},

. UcR",

iti. f1,fa € C’°°(U;]R(:rl)),
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w. wy,wy € Dy (UsR) to.: wy=wiy, Yie{1,2} &
v. ¢1,c0 €R.
Tote
1wy =ws avy f1 = fo,
2. wy=0avv fi :O(l) &
3. Uérwrtag w = crwy + cowa, 10XVEL 6T W = We, f1+c, fo -

Emniéov, unéd 1o mplopa tou Opiopol 7.2.1, enextelvouye T0 Tedlo 0pLoUOU GUYXEXPWUEVD TWV
BLUPOPUY LOPPWY UEYLOTNG TAENG, €Tl (DOTE Vo XOUAVPOUUE Ol PEOYUEVO aVOLX TS GUVOAL.

Opiopde 7.2.2 (Sagopikn popen, ouvéyeia). Eotw
1. UcR",
2. feC>®(U;R),
3. w=wyseD,(U;R) &

4. UpcU rw.: n flu, €ivar yevikevpéra odokAnpdoiun.

f ws= [ F(b)dt.
Uo

Uo

Tére opilovue

Midhiota, enextelvouue to Lldpioua 7.2.3 éror dote va ouunepiddfovpe ka1 tny napandvew yevikevon
twv oroiyeiwr tov D, (U;R).

O mopaxdtey oploudg EpYETOL KPUOLXEY.
Opiowde 7.2.3 (nepopiopds diapopikris poperis). Eotw
1. me{0,...,n},
2. UpcUcR",
3 fe OM(U;R(Z)) &
4. w=wy € D, (U;R).
Tote nwyy,, € D, (Ug; R) kadefzar o mepropiopds tng w oto Uy kar ovpuPoriletar ws wly, .
To enduevo elvon TeTpYIUEVO.
IMpétaocn 7.2.5. Eoww
1. me{0,...,n},
22U cUycUCR" &
3. we D, (U;R).
Tére (wlu,)|u, =w|u, -
Eniong, divoupe évay yapaxtneloud nou yenoionoteiton otny Bihoypagplo.
Optopdc 7.2.4 (Baoikri diagpopixty popen). Ot Biagopikés Hoppég
dtiy Ao Adt;, € Dy (R™R), Viig,.oiyim €{1,...,n} pel<ig <+ <ip <n &VYm<n,

kaloUvtar Pacikés/ororeididers (basic/elementary).
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7.3 T''™WOUEVO BLaPOLLXWY LOPYPWYV

‘Exovtac 101 oploetl tov ypauuixd ouvbuacud dagopixdy poppoy (Bh. to onueio 3 tou Oplopold
7.1.2 xau, 16odOvaya, 1o onueto 3 tne Ipdtaone 7.2.3), €8 opillouye t0 Yvouevo (A) Twv dlapoplxv
HOPQUY X0l UEAETAUE TIC LBLOTNTES TOL.

Eexwdye ye to e€nc, To onolo éneton dueca pe Ty yeron e Ilpdtaone 7.2.3.

ITgétaom 7.3.1. Eow
1. my,mg €{1,...,n-1} Tw.: my +my <n,
2 UcR" ¢
3 fi eC“(U;R(Tsz)), Vie{1,2).
Téte
> Fris i F2jugony @bin Ao Aty Adtg Ao ndt, €

115 50my e{1,...,n} J1s--5dmy &{1,...,n}
M€ 1<i1 <<y SN UE 171 < <Jmoy <N

€ Dipyoms, (U3 R).
Y16 o mplopa tneg Ipdtaong 7.3.1, divoupe tov axdhouto oplouod.
Opiowoc 7.3.1. Eorw U cR™.
1. 'Eotw, emnAéov,
i. my,mg €{1,...,n-1} T.w.: my +my <n,
i f eC“(U;R(ﬂ:z)), Vie{1,2) &
Wi, Wy € Dy, (U;R), V€ {1,2}, t.w.c wp=wiy, YIe{l1,2}, 6A0

wp = Z flil...imldtil /\'../\dtiml7 Vie {1,2}

i1yeesimy €{1,..,n}
ue 1Si1<---<imlsn

Opilovpe to yvduevo twy tapandvon S1apopikdy UopPdy, w1 A ws € Dy vm, (U3 R), wg

w1 ANwg =

= Z Z f1i1-~-im1 f2j1...ijdti1 /\"'/\dtim1 /\d?fj1 /\"'/\dtj,”LQ.
i1yeenimy €{1,0n} J1,eesdmg €{1,...n}
ME 1<iq << SN UE 171 < <Jmy <N

2. Fotw, emmAéov,
. m<n,
ii. f1€C®(U;R) & f, EC“(U;R(Z)) &
i, w1 € Do(U;R) & wa € Dy (UsR) t.: wy = wiyp,, Ve {1,2}, 6A6

w1 = fl 8 Wo = Z f2117mdt11 AR /\dtim'

i1,..00m €{1,...,n}
pe 1<y <<im<n

Optloupie o ywduevo twr mapandvo Siapopikdy Hopedy, wi Aws € Dy (U;R), wg

W1 AWy =Wy ANwp = f1w2 = wgfl = Z f1f2i1...imdti1 ARER /\dtim~

i1,..00m €{1,...,n}
pe 1<ig <<im<n

Iopadétouvye Tic Baoixée xou GUecES IBLOTNTEC TOU YLVOUEVOL.

Ilpétaocm 7.3.2. Eoww
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i. my,ma,m3 €{0,...,n} T.w.: My +ma+mz<n,
i. UcR",

7

<

ji5. wi,wz € Dy, (U;R),
iv. N1,M2 € Dy, (U;R) &
v. 0 € Dy, (UsR).
Tote
1. (w1 +w2) ANt € Doy (U3 R) 8wy A (01 +12) € Dy vy (U R), kat pdioza

(w1 +CU2)/\7’]1 :wl/\m +w2/\771 8 wl/\(m +1]2):w1 /\7’]1 + w1 /\7]2,

2. (Wi AM)AO € Diyimgims (UsR) 3 wy A (1 A0), kar pdhiota

(wnrAm)Al=wiA(ngAl) &

3. wiAn = (-1)"" 0 Awr.

Me Bdon v Ilpdtaoy 7.3.2, nalpvouye tig €€ Aiyo mo cbvieteg wBioTnTeS.
ITpétaom 7.3.3. Eow

. m<n,

1. UcR",

jii. {wi}y & D1(U;R),

7

<

iv. petdeon o wou {1,...,m},

v (S}l & C=(UsR),

<
N

. A, € Di(U;R) .

M = fuiwr + -+ fimWm,
Tm :fmlwl +"'+.fmmwm-

Téte

1. 1wxve du
Wo(1) Ao  AWg(m) =SgN(T) W1 A+ AWy, &

2. Yk <m, woyve dn

k
MA ANk = Z det(fsit)s,tﬂwil/\"'Awik-
i1yenyip €{1,...,m}
pe 1<ty <<ip<m

7.4 Awapopixdg TeAecThE d

e outh) TV evéTnTe, dlvoupe o GAAY Bldotaon otov tedeoty d tou Opiopod 4.1.1.2. Xuyxexpet-
péva, av xou divouue €vay VEO 0plopd, XPAUTAUE WO TOCO ToV GUUBOAOWS, xadde UTd To Tplopa Tou
Oewperpatoc 4.1.1.4 xou 1 g Xnueiwone mou to axohouvdel, xdtt Tétolo dev dnuwovpyel clyyvoT.

Emniéov, elodyouue tng oxpifeic xou Tic xAetotég dlapopnés nop@és, Tic omoleg Yo yehetriooupe
B1e€odixd 610 TENELTALO XEPIALO.
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7.4.1 Oplopdc xou LWBLOTNTES
IIéA pe v yenon tne Hpdtaong 7.2.3, éxouue To e&c.
ITpétaom 7.4.1.1. Eotw

1. m<n,

2 UcR" &

3. fecw(U;R(S;)).

Tére
n

a . .

>, ZMdti/\dtil/\m/\dtim
ity =1 Ol

pe 1<ig<<ipm<n

€ Dpi1 (U3 R).

Y16 o mplopa tng Ipdtaong 7.4.1.1, dlvoupe tov axdhouto oployd.
Opiop6c 7.4.1.1. Eotw me{0,...,n—1} ka1 U cR".
1. Eotw, emnAéov, f € CM(U;R(:L)) kat w € Dy, (U3 R) 0. w = wy.
i. Av m =0, téte opilovue to drapopixd tns w = f, dw € D1(U;R), wg

dw—zgtfdt

i=1
i. Av m %0, tdte opilovpe to dragopikd tng w, dw € D1 (U R), wg

dw = Z df’bllm A dtll VANRRRIVAN dtim =

B1yeeyim €{1,...,n}
pe 1<ig <<t <n

) 5 iaf“ Yty Adtiy A A dE

im*
i1,0im €{1,...,n} =1
pe 1<t << <n

2. Opilovpe tov dapopiké tedeotri (1) adluds, tedeatn dapdpions), d, Twv dapopikdy UopedY
waéns m oto U, ws €&rjs

Dy (U;R) = Dypia (U3 R)
w > dw.

Am\ epappoyr) tou onueiov 2 e Hpdtaong 7.3.3, anotelel to endyevo.
ITépiopa 7.4.1.1. Eoww

1. m<n,

2 UcR" ¢

3. f=(fi)is € C=(U;R™).
Téte

dti, A A dE;

tm*

0
dfl/\"'/\dfm— Z detanf(t)

enim
Or embueveg BL6TNTEC TOL Blapopixol teheoty| d elvan Booixéc xou dueoceq.
IIgétacy 7.4.1.2. Eotw
i. my,me €{0,...,n-1},
i. UCR™ &
iii. wy; € Dy, (U3R), Y1 {1,2}.
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1. Av my =meg, téte
d(wl +LU2) = dwl + dLUQ.

2. Avmq+mo <n—1, téte

d(w1 /\wg) = (dwl) AWy + (—l)mlwl AN d(JJQ.

3. Av my <n -2, téte
d(dwl) =0.

7.4.2 O d pe 6poug Alavuouatixod Aoyiopol

H oyéomn petagd tou tedeoty| d xat TV TeEAecTodY Tou Alovuouotixod Aoylopol divetor oto eToUeva
dueoa enoAndedoluo anoteAéouATL.

ToviCouue 6Tt 1 OLaASTNTA TV cLVaPTHoEWY VTtotideton ota Thaiow oOuPoaone (Y euxohio e Tov
oupfolopd) xou dev elvon amapaltnTn Yot THY anddelln TV AnoTEAECUATWY Tou TopdvTog Xe@oloiou.

Oevpnpa 7.4.2.1. Fotw U < R™. Tdre 3 (ypappurol) wopopgionof kg, k1, An-1 & A 61§ o0
napaxdtw Oidypapua

C*=(U;R) —>= Dy(U;R)

grad i \L d

C=(U;R™) —— D1(U;R)

C=(U;R") 2% D, 1 (U;R)

divi J{d
C*(U;R) —— Du(U:R)

T..:
dokg=r1ograd & do\,_1 =X, odiv.

Yuykekpiuéra, o1 mapandve ovvaptioes éxovr ws €£Ng

1. /f()(f) :f7 ercoo(U7R)7

2. k1(f) = % fidti, Y = (fi)iz, € C=(U;R™),

3 dt(f) = 8 (1) fidtiAon (D) A Adl,, Y = (f)", € OF(U;RY) &
i=1 —
Aefmer to dt;

4 M(f)=fdtyn---ndty, VfeC®(U;R).

IMépiopa 7.4.2.1. Fotw U € R, Tére 3 (ypapjuxoi) woopoppiopol ko, k1, A € Ay 6nws ato
napaxdtw Oidypapua

C*=(U;R) —2= Dy(U;R)

C>=(U;R?) —— D1 (U;R)
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O (U;R?) 21> Dy (U;R)
divl ld
C*(U;R) —— D2(U;R)

T.w.!

dokg=r1ograd & doA; =\yodiv.
Yvykexpipéra, o1 mapandve ouvvaptnoes €xovy wg €€ng
L ko(f) =f, VfeC=(U;R),
2. k1(f) = fudty + fadta, Vf = (f1, f2) € C=(U; R?),
3. M(f) = fudty — fadty, V= (f1, f2) e C®(U;R?) &
4. Ma(f) = fdt1 ndta, Ve C(U;R).

Ocvpnua 7.4.2.2. Eotw U ¢ R3. Tére 3 (ypappixot) woopopgiopiol ko, k1, A2 & A3 étws oto
rapaxdtw Oidypapa

C=(U;R) —>> Dy(U;R)
grad d
C=(U;R?*) — D1(U;R)
curl d
C=(U;R?) 2> Dy(U;R)

div d

C=(U;R) —— Ds(U;R)
3

T..:
dorg=kr1ograd, dory=Ayocurl & do )y = A3odiv.

Yvykexpipéra, o1 mapandve ouvaptnioes oy ws €€nNg

1 ko(f) = f, VfeC=(U;R),

2. ki(f) = frdty + fadto + f3dts, Vf = (f1, fo, f3) € O (U;R?),

3. Ma(f) = frdta Adts — fadty Adts + fdty Adta, V= (f1, fa, f3) e C°(U;R?) &

4. A3(f) = fdty ndtandts, VfeC®(U;R).

'Etot, uné 1o nploya tou onueiov 3 tng Ilpdtacng 7.4.1.2 énetan To emduevo.
ITépopa 7.4.2.2. Eoww U < R™.

1. Eotwon=2 ka1 f € C®(U;R). Tére

0% f B 0% f
Ot10ty  Otadt;

2. Eoww n =3.

i. Eotw feC®(U;R). Tdre
curl(gradf) = 0s|y.
1. Eotw f eC°°(U;R3). Tére
div(curlf) =0|y.
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7.4.3 AxpBric/xAeicTy diagpopixn Loy
Agoppdpevol and to onuelo 3 e Hpdtaong 7.4.1.2, divouye tov enduevo oploud.

Oplopdc 7.4.3.1 (axpiprg/kreaotri Siapopikn popen). Eotw

a’" my€{0,...,n},
B. mgef{0,...,n—-1} &
y. UcR™

I. Eotw, emnAéov, wy € Dy, (U;R) kat wy € Dy, (U;R). Kalolue tny

1. wy axpiBh (exact) avy
i. IceR tw.: wy =W, =cly, army =0
it. 3N € Dy -1 (U3 R) tw.: wy =dn, av my 0.

2. wy kAawor (closed) avv dws = 0.
Midhiwota, kakolue napdyovoa (tng wy) kdde n érws oo onueio 1.ii..

II. YupBodilovue
Df (U;R) ={w € Dy, (UsR) | n w etvar axpipris}

Kai
Dg’;z (U;R) = {w € Dy, (U;R) | nw €evai K)kezarﬁ} .

‘Etot, unopolye vo avadlotundcouye to onueio 3 e Hpdtaone 7.4.1.2 we e€nic.

Ioépiopa 7.4.3.1. Eotw me{0,...,n—1} kaa U cR". Tdre
DE(U;R) ¢ DS (U;R).

Hopathenon. Afpa Aéya ya to Hopiopa 7.4.3.1.

1. 3m H U, tw.: o eykdeiouds va efvar yvrioiog, énws Ja dolue otny Evétnta 8.3.

2. H woxUs tov avtiotpopou eykAeiojuol Oa puedetniel oto KepdAaio 9.
7.4.4 AxpiBeio/xAeioToOTNTA SLaPopixhc LopPhc KE Opouc Alavu-

oupatixol Aoyiopol

EB¢ detyvoupe mwe anodideton 1 «axpiBetoy /«<xhetotéTnTay Wog Swapopniic popphic pe dpous Atavu-
opatxod Aoyopol. To napaxdtew aroteréoyata émovtal dueca and o avtioTtorya e Troevotnrag
7.4.2.

ToviCouue 6Tt 1 OLaASTNTA TV cuVapTHoEWY VTtotideton ota Thaiowr oluPBoaone (Y euxohio e Tov
oupPBolopd) xou dev elvon amapaltnTn Yo THY anddelln TV anoTEAECUdTWY ToU TopdvTog XePoloiou.

Oewpnpa 7.4.4.1. Eotwme{0,...,n}, UCR" ka1 f € Cw(U;R(:;)).

1. am =0, n f € Dy(U;R) eivar khewotrj avy gradf = 0.

2. Tham=1,n % fidt; € D1(U;R) efvar akpipris avy 3fy € C°(U;R) t.w.: f =gradfo.
i=1

3 Tiam=n-1,n% (-1 fidtyn-n (6) A--Adt, € Dy (U;R) ebvar Kk\ewtr) avy
i=1 —
Aefner To dt;

divf =0.
4. Tam=mn, n fdty A Adt, € Dy (U;R) efvar akpifris avy 3fg € C°(U;R™) to.: f=divfy.

Opiopde 7.4.4.1 (Survauikd dwvvouatikrs ouvvdptnons, ouvTnpntikr/un arokAivovoa diavvoua-
ik} owvdptnon). Eotw U € R™ ka1 f € C°(U;R™).
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1. H f kadefrar ovvtnpnukn (conservative) avy Ify € C°(U;R) rw.: f = gradfy, xa o€ avtr
Ty nepintwon n fo kaefrar dvvapkd (potential) (Tng f).

2. H f kalefrar pun aroxAivovoa/cwlnroeidris (solenoidal) avv divf = 0.

Snpeiwon. Xy fiBlioypagia, to duvapikd opiletar ouxvd kar ws n —fo, émov n fo €lvar dnwg
otov Opoud 7.4.4.1.

IMépiopa 7.4.4.1. FEotww me{0,1,2}, UcR? ka1 f € C”(U;R(fn)).
1. am =0, n f € Dy(U;R) elvar kheioti} avy gradf = 0.
2. e m=1, n (f1dty + fadta) € D1(U;R) etvar akpiBis avy Ifo € C°(U;R) t.w.: f =gradfy.
3. a m=1, n (fidta — fadtr) € D2(U;R) etvar kdewotrj avy divf = 0.
4. Tam=2, n fdty Adty € Dy(U;R) etvar axpipris avy 3fg € C=(U;R?) tw.: divfy = f.
Ocvpnua 7.4.4.2. Fotwo me{0,1,2,3}, UCR3 ka1 f € CW(U;R@)).
1. am =0, n f € De(U;R) eivar khewotrj avy gradf = 0.
2. am=1, n(fidt; + fadts + f3dts) € D1(U;R) etvar
i. axpiprisc avy Ifg e C*(U;R) t.w.: f = gradf.
it. xAewtn avy curlf = 0.
3. Ta m =2, n (f1dta Adts — fodty Adts + f3dty Adts) € Do(U;R) efvar
0. akpBnis avy fy € C“(U;RS) T.w.: f=curlfy.
i. kAewtn avy divf = 0.
4. am =3, n fdt; Adty Adts € D3(U;R) efvar axkpBris avy I fq € C’°°(U;R3) . divfy = f.

Opiopoée 7.4.4.2 (aotpdfiln duvvouatiksy owvdptnon). Eotw U S R3 kar f € C“(U;Rg). Hf
KaAettar aotpdpikn avy curlf = 0.

7.5 AvdnAhoor SLapoplxNg LORPNS

Ye auth Ty evoTnTa, peNeTdUE TNV dpdon plac opolic cuvdptnone (action of a smooth function)
o€ BLPOPLXES HOPPEC. BUYXEXPWEVA, Yo BOUUE W YECW WIS TETOLNS CLVAPTNONG, ELCAYOUUE TNV
avtioToyn avdmiaon diagopixdv popepoy (dual function/transformation of differential forms). O
bpog «avdmhaony dev elvon ot YeTdppaon tou bpou «dual functiony (ouluyrc cuvdptnon), o onolog
ebvan xon pordnuatind omodextoe (bpog e Luvaptnotoxhc Avdhuong). 261660, YeNOLWOTOLVUE TOV
«avdmhoony, o onolog xou yproylonotelton, .., oTo [31], g xon elvor o TEPLYPUPLXOC.

Optowdc 7.5.1 (avdndaon Sugopikdv popdv). Eotw
a’. m<n,
p. UcR™,
Ve fo=(foi)ie € C(UsR") rw.: fo(U) e O(R") &
6. ke{0,...,m}.
1. Eotow, emmAéov, f € C“(fO(U);R(Z)) katw € Dp(fo(U);R) tw.: w=wys. Havdnaon (uéow
s fo) Ts w, fo' (w) € De(UsR), opilerar wg s
i. av k=0, tére
for()=fo"(f)=fofo &
1. av k #0, tote

fo"(w) = > Jiv.iw © fodfoi, A Adfos, -
U1 yeeylk E{l,...,n}
pe 1<ty << <n
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2. H avdmaon (péow s fo) tov Di(fo(U);R), fo*, opiletar wg
fo": Du(fo(U);R) - Dy (U3R)
w e fo' (w).

Mrnopolyue va yapaxnelcouye Tov Teploploldd BLlapoplxnc HOPPAHC UECK ULoG OVATAAOTG UE TOV
e€fc TeTpIUUEVO TEOTO.
ITgétaom 7.5.1. Eotw

1. UycU cR",

2. 1:Uy = R"™ e (Uy) = U, va efvar n ouvdptnon eykiewouod Uy € U,

3. me{0,...,n} &

4. we D, (U;R).

Téte
wly, =" (w).

Yyetxd ye v avdmhoon Bacxng Supopixric wop@hc, To emoUevo elvon dueco and to lldploua
7.4.1.1.

ITépiopa 7.5.1. Eotw
1. k<m<n,
2. UcR™,
3. feC®(U;R™) rw.: f(U)ec OR") &

n
1.0k "

4. mepioprouds T

Av o t duatpéyer to U ka1 to t datpéyer to f(U), tdre

orl . of —

Frdty, A ndty )= Y @%?%ﬁjaﬁhAmAﬁw
LN M1

Moo, ebxoha €8 YOULUE TO TUPUXYTE CUUTEQOGUOL.

IMpétaor 7.5.2. Eotw m, n, U, S, {(Sj,foj)}jej, {fitjen {Soj}jeN ka1 w énws otor Opopd
7.1.1. Téote

s[w i j;v sfufoj*(fjw)'

IMapathernon. Y to npiopa tov Opopod 7.2.2, to 6e&l uélos tng wdtnrag otny Llpdraon 7.5.2
elvar kaAd opiouévo.

O1 Booixéc xou dueoes WLOTNTES TV AVATAACE®Y Elvat oL axdroudec.
ITeétaom 7.5.3. Eoww
. m<n,
i. UcR™,
ii. feC®(U;R") rw.: f(U) e OR"),
. ki,ke €{0,...,m} tw.: k1 +ka<m &
v. wy € D, (f(U);R), Vie{1,2}.

1. Ay ]fl = k2, ToTE
fr(wr+wz) = 7 (wr) + f7 (w2).
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2. Ioxve on

[ (w1 Awg) = fr(wi) A f5(wa).

3. Av ki <m-1, téte

d(f*(w1)) = f*(dwr).
Me Béon v Ilpbdtaon 7.5.3, nalpvouue tny e€hc BLo6TNTOL
Ilpbtaom 7.5.4. Fotw

1. my <mg<n,

2. UcR™,
3. e C®(U;R™) t.o.: f1(U) e O(R™?),
4 foeCo(fL(U);R™) tw.: fo(f1(U)) e O(R"™),
5. ke{O,...,ml} &
6. we Di(f2(f1(U));R).
Tdte
A (2" (@) = (fao 1) (w).
f .
1//’ T --o < ,//’ \\ I/ < \\"/—\\
\\\\ \l ‘\\ \\\ l\——~ l'I
\, " ~-- . Il N //
./ H \ , |\ ’

~

Yyuo 7.2: Ilpdtaone 7.5.4.
Tné to nplopa tou Optopot 5.3.1.5, xau pe ypron tne Ipdtaong 7.1.1, tne Ipdtaong 7.5.2 xou
tou onueiov 6 tne Ilpdraone 7.5.4, cuunepaivouye exola to e€nc.
Ilépopa 7.5.2. Fotw
1. me{0,...,n},
2 UcR" ¥
3. we Dy (U;R).

Tére

f w=-— f w, ¥V ouunayn ka rpooavatodiopérn S € C(U) n M, (R™),
s 5

onwg emions

/ w = —/w7 YUy €U tw.: n flu, €var yevikevuéva olokAnpdoun, av m =n.
-Uo Uo



Kegpdiowo 8

Oeswpnua tou Stokes

Y10 napdv xepdhono, mapadéToupe To anoTéAecya Tou eivor 1 x0plpwon e Vewploc Tou avantiEaue
we Topa, xou €yel xohepwiel otnv Bifhoypapla we Yedpenuo tou Stokes. To amotélecpa autd
anoteAel TO TOAUBLAGTATO avdhoyo Tou Ocwphpatog 4.4.2.

8.1 To Jewpnua

Eexwvdye Ue wa eldin) tepintwaon, yio tny omolo xdvoupe yeror tou Ocwpnua 4.3.2.2, tou Ocwpriuotog
4.4.2 xou tou Iopiopatog 7.5.1.

Oeswenua 8.1.1. Eow
1. n+1,
2. I = (0,1)" cc U c R,
3. 1<n,
4. I =77 (1),
5. S can(l),
6. feC=(U;R™) r.w.: flon)s=0 &
7. w=wy €Dy 1(U;R).
Térte

/dw:(—l)lffvl"*(w).
Iy

I
AZomoudvtag 1o Oedpnua 8.1.1, naipvouue 1o Baoixd anotéheoua.
Ocewpnpa 8.1.2 (Stokes). Eotw

. m<n,

it. UcR",
i we€ Dy, (U;R) &

iv. ovurayng kar tpooavatoiopévn S € C(U) n M., (R™).

1. 'Eotw, emnAéov,

v. SeM; (R™).

Tére

fdw:O.

S

2. FEotw, emnAéov,

142
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- _-—

Yy 8.1: Tapdderypo tne yewpetplag Tou Oewpruatog 8.1.1.

v. bdS+@ &

vi. o bd S va eilvai epodiacuévo e tov emayduero mpooavaTolioud.

Sfdwz/w.

bd S

Tére

8.2 Awavuouatixoc Aoyiopog

Ed6, Yo e€dryoupe to fooind anotehéoparte Tou Awavuopotixod Aoyiopod, dAS tov axpoywviaio Ado
TV EQUPUOYOY xou 81 TNe BOswpnuixfc Puouic, we ouvémeia Tou Oewpruatoc 8.1.2. LNy ouv-
ola, Yo «peTapedoovuey 0 Oewpnua 8.1.2 and dpoug BLaPopDY LoPPHOY GE GPOUC BLAYUCUITIXWY
ouvapThoewy. [o autév Tov oxond, andpaltnteg elvar ol évvoleg g YTmoevotntog 5.3.2.

Tovilouye 6Tt 1 opaAGTNT TV cuVAPTHoEWY urtotidetar ota Thaiow ouBaone (Yo euxolia e Tov
ouuBoliopd) xou dev elvon amapodtnTn Yior TNV anddellrn TV ATOTEAECUATWY TOU TopdVTOS XEPINiOU.

8.2.1 Ocswenua tng xiiong

To endyevo dueco anotéleopa elvar 0 cuVdeTIXdS xpixog YeTHE) e Vewplag ohoxAfpwong enl TOA-
AmAOTATOY X TN Vewplag TwV SLapopntdv poppdy, 6tay m = 1.

Ilp6taocm 8.2.1.1. Eotw
1. U cR",

2 feC=(U;RM),
3. w=ws e DI(U;R), Mo w= Y fidt;,
=1

4. ouurayns kar tpooavatohwopévn S € C(U)n M1 (R™) &

5. T n povadale epantéuevn Suavvouatiky owvdptnon tng S (mou avtiotoiyel atov dedopévo

Tpooavatodioud tng S).
fo.) - f (f - 7)(£)do(t).
S

S

Téte
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Me yprion tou Oewprpatog 8.1.2 xou tng Hpdtaong 8.2.1.1 éneton amevdeiag to axdrovdo amo-
TEAEOUAL.

Oezhpnpa 8.2.1.1 (Jeddpnuae tng kAiong). Eotw
a". UcR"™,
B [eC™(UiR),

Y. ouuraynis kat npooavatohwopévn S € C(U)n M1 (R™) &

6. T n upovadaia epantduevn Swuvvouatikny ovvdptnon tns S (mov avtiotoel otov Sedouévo
mpooavatodioud tng S).

1. FEotw, emnAéov,
€. Se MS(R™).
Téte
f (gradf - 7)(t)do(t) = 0.
S
2. FEotw, emnAéov,

€. bdS={t;};, v yia Ne B(N)\ {2} &
< fo:bd S = R o enayduevos npooavarodiopds tov bd S.

Téte

i. 0 fo éxer ws €€ng

folts) - {—1, av ‘CO/T(tj) éxer katevfuvon mpog to int S VjeN &
1, a1,
1. 10V ot
[ (gradf - ) ®)do()) = 5 (f fo) (t):
5 JjeN
12}
! —1
ty t,
2
]
T(te) Y7(t) 1
t
T(ta,) T(td) !

Syfua 8.2: Oewpenua 8.2.1.1.
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8.2.2 Ocswpnua TNg andxAiong

To enduevo dueco anotéheoya ebvar 0 cuvdeTinde xpixog uetadd e Yewploc ohoxApnong el Tok-
AMAOTHTOY Xt TS Yewplag TV SLapopdy Yop@dy, étay m =n -1 ye n # 1, xou €ncton pe TNy
yenhon e Ilpdtaong 5.3.2.6.

IIgéTacy 8.2.2.1. Eotww
1. n+l,
2. UcR",
3. feC®(U;R™),
4 we D, 1(U;R) tow.:

n .
w=S (1) fidtiA-n (D) A ALy,
i=1 —
Aefner To dt;

5. ouvunayris kai tpooavatohiouévn S € C(U)n M, (R"™) &

6. v n povadaia kddetn Savvopatiky ovvdptnon s S (nov avtiotoyel otov bedopévo mpooava-

Todioud tng S).
fw - f (f -v)()do(b).
S

S

Tére

E0xoho elvar xou 1o enduevo, yia to onolo mapoanéunovye otov Optopd 5.3.1.6.
Ilpétaocm 8.2.2.2. Eotw

1. U cR",

2. feC>(U;R),

3. w=wseD,(U;R), A6 w = fdt1 A--- Adt,, &

4. ovurayris ka1 uotkd npooavatohiopérn S € C(U) n M, (R™).

fw=ff(t)do(t)=ff(t)dt.
S S S

Snpelwon. Ia wny devtepn wiétnta tng Ipéraon 8.2.2.2 xpnoiponomjoaue to yeyovos 6t o xdptns
(S°,idy,|s0) aviiker atov guowkd mpooavatodioud tng S.

Tére

Tné6 1o nplopo e Hpdtaone 5.3.2.9 (xou tou Oplopol 5.3.2.7), xou pe yeforn tou Oewphuatog
8.1.2, tng Hpotaong 8.2.2.1 xaun tne Ipdtaone 8.2.2.2, nalpvoupe gdxoha to {nroluevo anotéheoyd.

Oevpnpa 8.2.2.1 (Jeddpnua tns andkiions). Eotw
. n+l,
. U cR",
iti. feC(U;R™),
. ovurayng kar guoikd npooavatohwpévn S € C(U) n M, (R™),
v. 0 bd S va efvar epodiaouévo ue tov enayduevo npooavatohioud &

vi. v n povaduia kdBetn davvouatixr ovvdptnon tov bd S (nov avtiotoiyel otov enayduevo mpo-
oavatohioud tov bd S).

Tére

1. nv eivar e€wtepikny &
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t3

ty

Syuo 8.3: Oeddenua 8.2.2.1 vy n = 3.

2. wxvea ou

fdivf(t)dt: f (f -v)(£)do(t).
S

bd S

Ynpelwor. To Ocdpnua 8.2.2.1 yia n = 3, avapépetar ouxvd otny PiPlioypapia ws Jecdpnua tov
Gauss.

Apeca and 1o Oenpnua 4.1.1.3 xou 10 Oewpnua 8.2.2.1, naipvoupe toug yeRowous THTOUS ToU
Green, ot onolot dev elvon timotal dAR0 amd TO TOALBLACTATO OVAAOYO TNG YVWOTAS ToEaYOVTXNAG
OhOUAPWOTC.

Oevpnpa 8.2.2.2 (tino tov Green). Eotw
. n+l,
. UcR",
wi. f1,f2 € C°(U;R),
iv. ouunayns kar guoikd tpooavatohiouévn S € C(U) n M, (R™),
v. To bd S va elvar epodiacévo ue tov enayduevo mpooavatohioud &
vi. v n eEwtepikn) povadiaia kdletn Savvouatikn) ouvvdptnon tov bd S.

Tére

[ (hf v gradfi-gradfe)(dt= [ (1D f2) (Do (?).
S

bd S
Eibixdrepa,

[ (hap- AWt = [ (D2 f2Duf) (D)o (D).
S

bd S

Ynueinor. Zuxvd otnr BiBlioypapia, n dugdpion katd biedduvon D, f; = gradf; v, ueie {1,2},

tov Ocwprjjazos 8.2.2.2, ovpPoriletar ws 9, f; kar 5k
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8.2.3 Ocwpnpa ToL cTEoBLALCROD
Me Bdomn to Oempnua 8.1.2, v Hpbdtoon 5.3.2.11 (xou 1 Hopathenon mou tny axorovdel), n Ipdtaon
8.2.1.1 xau n Ipbtoom 8.2.2.1 anoteholyv 6,1t ypewaldpaote yio vo det€oupe To e€hc.
Oevpnpa 8.2.3.1 (Jedpnpa tov otpopirionod). Eotw

a. UcR3,

B. feC=(U;R?),
Y. ouunayds kai pooavazoiopévn S € C(U) n My(R?) &
6" v n povadiaia kddetn dwavvopatikny ovvdptnon tns S (nov avtiotoel otov bebopévo mpooava-

oA 6 TNS).
1. 'Eotw, emnAéov,
€. S e M3(R?).

Tére

f (curlf - v)(t)do(t) = 0.
S

2. Eotw, emmAéov,

€. bdS+g,
<. o bdS va elvar epodiaoévo ue tov enayduevo npooavatohioud &

. T n povaduia epantduevn Savvouatixyy ovvdptnon tov bd S (mov avtiotowel otov ema-
yluevo mpooavatohioud tov bd S).

Téte

i. Yt € bd S, n kareduvon tov 7(t) elvar t.w.: to v(t) x T(t) va éyea kareduvon mpog to

intS &
i1. 10xYe ot
[ (curlf -v)(t)do(t) = f (f-7)(£)do ().
5 bd S
Ynpeiwor. To Ocdpnua 8.2.3.1 avagépetar ouyvd otnr BiPAwoypagic ws Jedpnua/Tinos twv
Kelvin-Stokes 1 anAd wg Oeddpnpa/Tonog tov Stokes.

Mo etduer teplntwon touv Oewprpatoc 8.2.3.1 elvar o axdrouto anotéheoya, YVootd we dedpnua
tou Green, i Ty anédelln tou onolou yenoylonotolue, eniong, v Hpdtaon 5.3.2.9 (xa tov Oplopd
5.3.2.7) xau v deltepn wdtnta tne Mpdtaone 8.2.2.2.

Oevpnpa 8.2.3.2 (Green). Eotw
i. UcR?,
i f=(f1, f>) e C=(U;R?),
iti. ovurayrs kar uoikd tpooavazoliopérn S € C(U) n Mo (R?),
iv. o bd S va efvar epodiaoévo e tov enayduevo tpooavatohioud,

v. T N povadaia epantduevn diavvouatikyy ovvdptnon tov bd S (mouv avtiotowel otov enayduevo
mpooavatodioud tov bd S) &
vi. v 1) €bwtepixn) povadiaia kdOetn diavvopatikn ovvdptnon tov bd S.
Téte
1. Yt ebd S, n katedBuvon tov 7(t) elvar t.w.: to v(t) va Ppioketar and ta 6esid Tov T(t) &

2. 1wxvea éu
af? 3f1 B .
f (871 N aTQ)(t)dt —bi (f-7)(t)do(t).

S

Ynueilwor. To onueio 1 tng Lpdraons 8.2.3.2 Sev eivar napd pia yewueTpikr) meptypapr] tov o,
Yt e bd S, n dwateraypévn Pdon {v(t),7(t)} elvar be&idotpoen.
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t3

t

to

7(t)

S
t
bd S
w(t) 12
7(t)
Syhua 8.4: Oswpnua 8.2.3.1.
t
u(t) bd S

th

Syfua 8.5: Oeddpnuo 8.2.3.2. O npocavatolouds tne bd S Yo elvon o avtiotpogoc tne Qopds twv

BEXTAV TOU POAOYLOD.

8.3 Mt xAstoTr A un axpelBNS SLopopix Lop®

Ye authv v evotnta, Ya yenowonoiooupe 1o Ochdpnua 8.1.2, yia vo deiloupe «xopddy 6tL 3
me{0,...,n-1} & U cR" t.0.:

DE(U;R) ¢ DS, (U;R).

IMopanéunovye otov Opiopd 7.4.3.1 yio T nopamdve GOVOAAL.
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Koropyny, yeetalouacte to mopaxdtew dueco anotéheoyud, o onofo éncton edxoAha ue ypron Tou
onueiov 3 tou Bewpruatog 7.4.4.1, xadog pe anhd vnoloyioud cuunepaivouye 6t divf = 0.

ITgbtaon 8.3.1. Fotw
1. tge Rn,
2 f=(fi)i e C®(R"~ {to};R™) t.ow.: VEe R\ {to},

t—to
[t —to|™”

ti — to

|t_t0|; Vie{l,...,n} &

F(t) = BN fi(t) =

3 weD 1 (R" N {to};R) tw.:

n .
w=Y (1) fidti Aon (1) A AdE,.
i=1 =
Aefrmer o dt;

Tére we DS [ (R™ ~ {to};R).

Emuniéov, yenowonowdvtac v llpdctaon 8.2.2.1 xa Beloxovtag edxoko tnv v 0TnV TEOXEL-
pévn mepinTeoT (e auTéY ToV TEOTO YATMVOUUE Tov aneudelog Xot TO XOTUACTIXG UTONOYIOUS TN
Bopopixfic popetic, elte dnwe yiveta, T.y., oto [L1, §35, Exercise 3, oeh. 296], elte yéow tne mopa-
uétpnong mou mpoxUntel and TNV Teonomnoinoyn g C™ alhayhc petoBAntwy tou Iapadetyuoartoc tng
Troevétnrog 4.1.7), nalpvoupe 1o eZhc.

ITpétaom 8.3.2. Ia v w tng Lpdraong 8.3.1, wyvea ot

f , avn=1 2, avn=1 oS Vo0
W =4 v°(bd B(to, = ° EYFIEEEY , = o vp>y,
wy aAN165G v (de(to,l)), aAAiddg F(i)
bd B(to,p) P

av mpooavatodioouue tny bd B(tg,p) € My_1(R™) pe tov enayduevo npocavatoMopd tov guoikol
Tpooavatodiouol s B(tg, p) € M, (R™).

Ocwpdvtoe wa opxetd wxer) B(to, p), xou aionowdvtac v Hpbtaon 5.3.2.8, to opopa 7.5.2,
10 Oevpnua 8.1.2, tny Ilpdtooy 8.2.2.1 xou v Ipdtaon 8.3.2, nafpvoupe 10 mapaxdtew anotéAeoud,
0 onolo avagépeton otny PBAoypapia xa we apyf tne opotorioe (homotopy principle).

Oevpnpa 8.3.1 (apxri tns opotoriag). Ia tnv w ng Ipdéraons 8.3.1, wxlea du

ﬁ, toeU -
[ w = {F(S) o . VUccR" tw.: UeM,(R"),
0, avtgeU

av mpooavatodioovpe tny bdU € M,,_1(R™) pe tov enayduevo mpooavatohiond tou guoikol mpooa-
vatodiouov tng U € M, (R™).
Inueilwor. Xt enduevo kepdlaw Ya ewdyouvpe tny évvowa tng opotomiag.

‘Etot, a€lonoudvtag ndh to Oswenua 8.1.2, xataryoupe ebxolo 6To {NTOVYEVO, UE Omay YT o€
dtomo.

Mépwopa 8.3.1. I'a my w g Ilpdraons 8.3.1, wydea éuw ¢ DE (R {to};R).
Yuvodilovtog xou YeEVIXEDOVTOG XATA TOV TROQYoVY TEOTO, EYOUNE TO axdioudo anotéheoya.
BOewpenpa 8.3.2. Eoww
i. NeB(N)~{@},

il {tj}jeN g Rn;
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v(ty) v(ta)

131

Yy 8.6: T v anddelln tou Oewprpotoc 8.3.1 otny mepintwon mouv ty € U, emiéyouue po
per B(to, p) T.0.: B(to, p) cc U, xou otnv cuvéyela epapuolovue to Oedpnpa 8.1.2 yio v puoxd
npocavatohouevn U N B(tg, p) € M, (R™).

141, (fj)jeN € ‘FJIVCOO(Rn {1 RY) tw.
je

t—t;

fj(t):m, thRn\{t]}, VjeNé’ﬁ
J

w. (w))jen € 1 Dpe1 (R™ N {8515 R) rous
jeN

n .
ijZ(—l)lilfjidtl/\-“/\ (i)  A--Adt,, VjeN.
=1
! Aefrer o dt;
Tote

. C n . .
L% w e D, (R™ N {t;},0niR),

E n .
2 g w ¢ DE (RN {1}, iR) &

3. YU ccR" t.w.: U e M,(R"), wxda éu

_ Jeard No 1%?7’5)’ av INg € BIN) N {2} row.: {t;};n ¢U
0, aAA1g,

av mpooavatodioovpe Tny bdU € M,,_1(R™) pe tov enayduevo mpooavatoliopd tov guotkod
rpocavatodiopol tng U € M, (R™).

Y70 EMOUEVO XEPGAMO BELYVOUUE TOTE UTOPOVUE VoL GUUTIERGVOUPE TNV axp{Beta ulog dlapopnhic
Hop@hc amd TNV XAELOTOTNTA TNC.
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v(ty) o U7
o/

Yyfuo 8.7: H tiph tou adpolopatoc 1wy lapopixv poppav tou Oewpruatoc 8.3.2 6Ny npocuvo-
tohopévn bd U € M;,_1 (R™) eZaptéton and to mhfidog twv {t;} ;. mou auth eowxhelel.



Kegpdiowo 9
ITeoBANuo TS mapdyovcog

310 mopdV XEQANUO LIS OmACYOAEl TO EpOTNUA av Lol dedopévn Blapopiny) wopey) etvar axeBric. To
gpdTNUa AéyeTon o TedBAinua tne topdyovsos (PA. tov Opoud 7.4.3.1) # ahhde To TpdBhnua tne
d-e€iowone. H avtiotoyrn anddoon tou epwthuatog pe dpoug Alavuouatixod Aoylopod, v onola
xan Go Bolpe, xatéyel onuavixy H€on ot epapuoyéc xou 01 TNy Oewpntr] Puoiny.

‘Onoe éxoupe #0n det (BA. 1o Idpiopa 7.4.3.1), wor oxpPric Swapopint| poppy| (té&ne to mtohd n—1)
elvon amopaitnto xhewoth. Eniong, &povpe (BA. v Evétnro 8.3) dTL o xAetoth Slopopnt| Lopet
dev elvor amopattnTa oxplBhc.

Onédte, 10 epd o unopel va Swrtunwiel v egng.

IMebBAnua Tng mapdyovoog:
Acdopévev m € {0,...,n -1}, U S R™ xou w € DS, (U;R), woyder 6w w € DE(U;R);

D,,(U; R)

Yyhua 9.1: Ouctaotixd, pe 1o mpdBhnua tTne mapdyoucac dicpwtopacte av DS (U;R) = DE(U;R).

Hopathenon. L[a m + 0, ue Aon oto npdfAnua tapdyovoas Oev umopel va elvar moté povadikr).
Ipdypar, av o€ e Aon n € Dp,1(U;R) (6A6 w = dn) mpootéoouue pa Sapopikni popen tns

Hoppns
{C|U, avm=1, érovceR

df € D1 (U;R), avm#1, dnov e Dy,_o(U;R),
T0Te Taipvouue €k véov AVon oto mpdfAnua.

Etvar ebhoyo va avauévoupe 6tL 1o mpdfinua eaptdton and ta dedopéva.  Duyxexpéva, 1 e-
Edotnom amd 1o U elvon xon 1 xevtpu, uéow tne onolag Yo yivel xou o Baocwdg Sloywelowds Twv

152
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TEQPUTTOCEMY XATd TNV PEAETN Tou TeoPAAuaTog. T1d auth Ty oxomid, divoupe évay oplopd o omolog
Yo poc SWoeL TNV BuVATOTNTAL VoL SLUTUTOCOLPE pLat exBoy 1 Tou TpofAfiuatog, 1 ool 6uwe, 6w Yo
pavel 610 TéNOC, BeV elvor xodOAOL TEPLOELE TLXH.

Opiop6c 9.1 (oporoyikd tetpippuéro ovvoro). Eotwm e {0,...,n -1} ket U € R™. To U kaAefrar
opoloyikd terpiupévo otny tdén m (homologically trivial in order/dimension m) avy

DS, (U;R) = DJ (U3 R).

Me Bdomn tov Oplouéd 9.1, divouye pio exdoyr| Tou TeoBARUNTOC TG Tapdyousag, 1 onola e€etdlel
0 Vépa ohxd oe 6,TL apopd TNV TEEN TWY BLapopIXdY LopPY, SIS Ui exdoyt mou elvon aveldptnTn
oo TNV EXFOTOTE BLPOPIXY| HOPYT CUYXEXPUIEVNG TAENG.

ITe6BANua TN mapdyovoag, vEéa exdoymn:
Acdopévov m e {0,...,n—1} xou U CR™, eivar 10 U oporoynd tetpiuuévo otnv téén m;

O Broywplopdc twv nepntdoewy Tou Yo yiver pe Pdon to U, agopd to cuctahtd (contractible)
xou o idtpnta (punctured) U (pe nemepaopéves oo nhidog «Tplnecy Hovoouvormy). Ly npdtn
neplntwon, 1 Unopdn Abong tou tpoAiuatog diveton and to Oedpnua 9.1.3.1, evéd otny dedtepn ond
10 Oewpnua 9.2.3.2. H perétn tng dedtepng nepintwong npobnodétel Ty ueAétn tng mpdng.

LnUewdvouue 4Tl oy xat UTEpY oLy xat SAAES YewUeTpleg oL omoleg ennpedlouy ouctaoTxnd (SAS ue
drapopeTind TpoTO M de pin) To MEOBAnua Tne mapdyoucas, dev Yo poc anaoyoAfoEL 3G aUTA N
Yepororoyio. EvBeixtind avagépovue ta anhd cuvextind (simply connected) U yia 1o onola toydet
ot x&e oupnayhic S € P(U) n M5 (R™) uropel vo «<ocuppinvedely xoatd opahd tpdéno oe éva onuelo
tou U (tor 6Ovoha autd €youv Gueot) oyéon Pe To GLUCTOATE cUVORa WoVo OTtay 1 = 2), To. GUVORAL
U vy ta onofo toyver 6t xde ovunayrc S € P(U) n M;_(R™) unopel va «cuppueveydely xatd
ook tebéTo ot éva onueio tou U (ta abvoha mou dev Exouv auth Ty Wbt €xouv dueon oyéon
pe o Sudtpnta GUVORA), %.T.A.. Avogpépouye eniong, Tt oL EVVOoLEC TOU SLUGTOATOU, DLATENTOL, oTAS
oLVEXTOD X.0.%. cLVOAOL U, umopolyv va emextoadody xou 68 TOANATAOTNTES.

Ou anodei€elc Twv AmOTEAECUITOY TOU THPOVTOS XeQahalou puropolv va Beedoly autololes X elo-
PEWS TPOTOTOMUEVES Ylat TopdpoLe. anotehéopata oto [11].

9.1 To meéBANua 6 CLUCTAATA AVOLXTA UTOGVVOAXL TOU
Rn

Ebe xatadeixviovpe 6t av eva U © R™ ixavomoiel wior ouyxexpiévn ouvinxm, n onola xohelton
ovotohtixdtnta (contractibility), t6te 1o U eivon opohoynd tetpuupévo oe onoldfnote téin.
9.1.1 ITIpoxatopxTtixéc £Vvoleg
Apyxd, elsdyovpe Ty évvola e opotoriac (homotopy).
Optopde 9.1.1.1 (opadrj opotonia pueta&d ouaddy ovvaptiioewr). Eotw

i. Uy ¢ R™,

it. UpcR™ ¢

iti. f1,fo e C°(U;R™) rw.: f1(Uy) €Uy 2 fo(Uy).
O1 f1 kair fo kadobvtar opadd opotomikés avy 3f € C°(Uy x [0,1];R") t..:

1. f(Uix[0,1])=U, &

2. f(x,0)=f1 & f(,1) = fo.

H f kalefrar opadii opotoria peta&d tov fi kar fo.

Snpeiwon. Aiya Adya oxetikd pe tov Opiopd 9.1.1.1.

1. EYkola emaAndebouue dnu Uy x [0,1] « D(Rm”), kai étar éyel vonua to va {nrdue f €
C*=(U; x[0,1];R™).
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f(*,O) — fl

Yyfua 9.2: Mropolue vo Jewpriooupe Ty opotonia f petold tov fi xou fo ¢ tov (opod) tpdmo
TOUL 1) f1 CUETATEETETALY OTNY fa, Xou avTloTEOPA.

2. H oxéon «opovorniagy eivar oxéon iwoodvvauiag.

3. Mmopotue va Becwprigovpe Ty opotoria f wg tov (opadd) tpdro mov n fi «uetatpénetar> oTny
f2, ka1 avtioTpogpa.

IMopdderypo. H mo amdi), aAAd ouyxpdvws n mo xprioyun, opaAr} opotonia €ivai n opotornia €u-
Oypappov tunuatog (straight-line homotopy), 6A6 n

f(t,s) =sfa(t) + (1-s) f1 (1)
Me Bdon tov Opioud 9.1.1.1, Sivoupe tov endpevo.

Opgiopo6c 9.1.1.2 (guotadtd otrvoro). Eorw U € R™. To U kaleftar ovotadts avv g e U t.w.:
o1 cwvaptioels toly kat id, |y efvar opadd opotomikés.
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Inuelwor. Mnopolue va Jewpricovue ét éva ovotadwé U € R™ éyer tny duvatdtnta va «ouppr-
kvwely, katd opald tpdmo, o€ éva anueio tou.

Iopddewvypa. Tetpipupéva mapadetypata ovotadtor U € R, elvar ta kuptd U, ka1 yevikdtepa ta
aotpduoppa U. Mdhiota, ota aotpdpoppe U, n opadsi opotonia petaéd twv to|ly xat id,|y evar n
opotoria eviiypappov TUNUATOS.

Yevixeuon yevixevon

Kupté Actpbuopypo Yuotoitd

Syua 9.3: "Eva xupté oOvoho unopel vo cuotakdel («ouppinvedeiy) oe xdde onueio Tou axolov-
Vvt evdiypopua povondtia. ‘Eva actpduoppo unopel va cuctardel oe cuyxexpyévo ornueio Tou
axohoudovtoe eudiypaupa povondtia. ‘Eva cuctoltéd pnopel vo cuctoddel oe cuyxexpuévo ornuelo
TOU OXOAOVIMVTOEC XAUTVASY AU LOVOTIATLL.

9.1.2 Boaowd anotéAecua

To Baowxd anotéheoya NG EVOTNTIC AUTHS, TEVK 0To omolo Yo TaTACOLUE Yo Vo Tdpouue To {nto-
OMEVO OTNV ETOUEVTY UTOEVOTNTA, diveTon mapaxdte. oty anddelly| tou yiveton yphon tne Hlpdtaonc
4.3.2.9.

Oeswenua 9.1.2.1. Foww
i. U cR™,
ii. Us cR™ &
iii. opaAd oporomikés f1, fo € C=(U;R™) t.w.: f1(Ur) € Us 2 fo(Uy).
Téze, Yk €{0,...,min{m,n - 1}}, 3 ypaupuikds teAeotiic Ag: Diy1(Uz; R) = Dy (U;R) t..:
L Xo(df)=fofi-fof, VfeC®(UyR) &
2. d(Ap(w)) + M (dw) = f1(w) = fo" (W), Yw € Diy1(U;R), av k # 0.
Snueiwon. To Occpnua 9.1.2.1 nag efaopaile 6t av w € D, | (Ug; R), wdte o f1* (w) xar fo™ (w)
drapépovy katd pa axpipn dagopixri poperi. Avtiotowa, av f € DS (Uy;R) téte fo fi = fo fo.
9.1.3 "Yroapin ANoong yia To nEOBANULa - Aupe Tou Poincaré
Eqgopuédlovtag 1o Oedpnuo 9.1.2.1, naipvouue tny Umopgén Adong yia 10 npdBinua Topdyovsog.

Oewpnpa 9.1.3.1 (Arjupue tov Poincaré). FEotw ovotadtd U € R™. Tdre to U efvar opoloyikd
tetpiupévo otny tdén m, Yme {0,...,n—-1}.

Aneudelag and 1o Oedpnua 9.1.3.1 éneton t0 axdroudo, to omolo elvan ovclacTxd T avticTpopo
e Hapatrenone metv tov Oploud 9.1, xou pio yevixevon tne Ipdtaong 4.4.2 o n Swotdoelc.

ITépopa 9.1.3.1. Fotw
a’. m<n,

B’ ovoradwo U cR™ &
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Y. we DG (U;R).
1. FEotw, emnAéov,
. m=1§&
1. f1,fo e C°(U;R) rw.: dfi =w =dfs.
Téte IceR t.w.: f1=fa+c.
2. FEotw, emnAéov,

. m#+1 ¢
it. n1,M2 € D1 (UsR) tw.: dnpy = w = dns.
Téte 30 € D2 (U;R) tw0.: 1 =12 + d6.

9.2 To nedBAinpa o dLdTenTA AVOLXTE UTOCUVOAX TOU
Rn

Ebw, yenotponotolyue to Oetpnua 9.1.2.1 xou 1o Oewpenuo 9.1.3.1 yia var amogaviolye yio tnv Unopn
Noong oto TeoBinua, 6tov

U {t;},ox €OR™), bnov N e BN)~ {2} & {1}, € U.

Kotapydg, éva tétolo didtento avoixtd cUvoho Bev elval cUGTUATO, WG xou otny avtidetn ne-
plntwon, To mapdderyua tne Evotntac 8.3 épyetan o avtideon ye to Oedpnuo 9.1.3.1.

s\
I/ !
f 1
’ l
/ -
-——— 7 \
1 S~e__-" ! == \ s~ 3. -~
| N ’ -~ ’ \ I
DR — R & ®
\
S N o P e N S\ \\\\
\ N =3 N \ N
N \ ~ N~ N
~ N \ ~ \ N AN
=~ . \ . ® ~_o, € .
- ~d/ -
\ AN \ [N
\ \ \\\ N~ !
1 AN ~
1 "\\ \‘
SR AR Y,
I Sa
\
\ 1
~So/

Sy 9.4: ‘Eva Sdtento avouxtd cOvolo dev elvan cuctahtd.  Atawodnuxd, g cugnayfc S €
PU) n M _1(R™) eivar adbvato va cuotahel, xatd oyahd 1p610, ot xdmowo onueio tou U, btav
auTh ecwxAelel xdnola TEUTA TOU.

"Apol T0 TpKTO epTNUA oL TideTon €xel wg eENc:
- Ilod¢ Vo elpacte o Véon va yenowlonotioouue tny Yewplo o8 GUOTUAATA VoL T GUVOAY;
Arndvtnon: Kotd v cuvidn mpoxtixny) ota Madnuoatixd, Yo pehetricoupe to mpdfinua oe éva véo
oUCTAATO avoLXTO 6UVOAO, To omolo Guwe Va pag Bhoel TAnpogopia Yo To TEéBAnua oto {ntoluevo

apy 6 GUVONO.
‘Etot, yevviobvtou 800 véeg amopleg:

— ITow6 Yo eivon T0 VEo cUvVOAO;
— IMowbe Yo ebvar 0 ouvdeTinde xpixoc PeTald ToL apPYLXOU xaL TOU VEOU TEOBAAULATOC;

Andvtnon oto npdto: To véo avowxtd alvoro Yo elvan to
(UxR) S {3} < {0} oy = U2 U UL,
6mov Uy, U- € O(R™!) pe U g UL,

UrnU-=(UxR)~ {{t;} xR}, y
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nol
Us = (UxR) {1} xR -

To U, ypdpetoun cav évwon card N 1o mifdoc (un Eévwv avd 300) GUCTINTOV, Kol CUYXEXPUEVY
ACTEOUOPPLY, AVOXTOV UTOCLUVOA®Y, Uy ; ue j € N, 6mtov

Usj = (UxR)N ({t;} xRy), VjeN.

Kévovtag yerion tou Baouol Oewpruatog 9.2.2.2, xa ewixdtepa tou Ioplouatoc 9.2.2.2, 1o omolo
ofomotel v Ipdtoon 4.1.4.2 (uéow e yerone e Hpbdtaone 9.2.2.1) noafpvouue 6t to U, ebvan
OUONOYIXE TETPYUEVO GE OTOLOBNTOTE TAEN.
Andvinon oto debtepo: Méow tou cuvbuacuol tou Ioplopatog 9.2.2.2 xou tou Oswphpatoc 9.2.2.1,
xan edwotepa Tou Hoplopatog 9.2.2.1, unogolue vo avtAiooupe TAnpoopio yio To apyixd TeoBAnUa
ané To Vvéo.

Tt v oxpifeta, polig oxtorypaprioaue Ty anodeldn tou emaywyixol Bhuatog Tou Osweiuatog
9.2.3.1, xau ewdixdtepa Tou Bewpruotog 9.2.3.2.

Uy (aotpbpopyo)

pe ~ ~ . ]
7 \ ,'\\ \;‘il
T
\ \A———\~ -
\_——\t‘(),/ I/ \\‘(0'76-)\\:
T U_ (aotpbpoppo)
Al | | 1
v — — _ M I(/ e gl |
1 | D g
k T = ]
INoo-—=J0
|/-\\__¢ |
oo X 2
| T/_\I
, " , ¥ D \]
@ewpnpa Lco&)vapw)v OUOTOTILOC | SN
2 U ™ A~
fiaf xB|
1

Oedenua twv Mayer-Vietoris

Eyfuoe 9.5: H sulhoyiotiny mlow and tny anddelérn tou enorywytxob Briuatog tov Oswpruatog 9.2.3.1,
xa eWixdTepa Tou Oewperiuatog 9.2.3.2

Ioe vor Slotunteydoly «xopddy o TPOAVIPEROUEVR ATOTEAECUOTA, YPELICETOL VO ELGAYOUUE OpL-
OUEVEC EVVOLEC XOL VO AVOBLATUTIOGOVUE TO TEOBANUAL.

9.2.1 IlIpoxatapxtixéc €vvoleg

‘Evag Bolxde tpoémog yiar va dlatunwidolv to anoteAéopata mou agopoly éva U ¢ R™, elvon péow
CUYXEXPUEVWV DLUIYUOUATIXDV YORWY,

H,,(U;R) Yme{0,...,n-1},

yvwotol we cuvopgoroylec/opddec tou de Rham yia o U (de Rham cohomologies/groups of U).
Opilovtan 8, étol dote ) cuviiun «to U elvar opohoyxd tetpipévo otny taén my va eivon LloodOvapn
pe v «n Hy (U;R) glvon 0 tetpipévoc Slovuopatinde Yopocy, rwe o Sodue xon nopoxdte.

IMpwTal, AvaBLATUTVOUUE OPLOUEVES WBLOTNTES TWY DLIPOPIXKY UOPPWY TOL 1)B1) £YOUUE CUUTECHVEL
oo Kegdhao 7.
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ITépopa 9.2.1.1. FEotw

.

1.
2.

4.

my €{0,...,n},

me€{0,...,n-1} &

UcR™

To otvoko Dy, (U;R) elvar Sravvouatikds xadpos.

To atvoro DE (U;R) efvar Sravvopanikds vrnoydpos tov Dy, (UsR). Mdhiota, av my # 0,
ToTE

Df“ (U;R) =Im{d: Dy, -1 (U;R) = Dy, (U;R)}.
To atvolo DS, (U;R) efvar Sravvopatinés vroxdpos tov Dy, (U3 R). Mdioza,

DS (U;R) = Ker{d: Dy, (U;R) > Dyps1(U;R)}.

O DE_(U;R) efvar dravvonanixés vroxeépos tov DS, (U;R).

T 1o mplopa tou Ioplopatoc 9.2.1.1, o enduyevog oplouds Exel VoMU

Optopdc 9.2.1.1 (owvoporoyia tov de Rham). Eotw m € {0,...,n-1} kaa U € R™. O bavv-
OHATIKGS XPpOoS TNATKo

H,,(U;R) = D, (U;R)/DE (U;R)

KaAeftar ovvopoloyia tov de Rham otny tdén m ya o U.

Ynueiwor. O ydpor tnAiko xpnoponowolvtar eupéws ots Jewples mov epmAékovy diavuouatikols
xopovs. Ia mapdderypa, yapaktnpiotikol xdpor tniiko tns Ocwpiag Mézpou, eivar o1 xdpor LP e
pe[l,00).

Iopathenon. Lapalérovue tig 1610tnTeS Twv ovvopodoyidy tou de Rham, kar tavtdypova vmev-
Oupiloupe tig 1616tnTes €v6s Sravvouatikol ydpou nnAiko (BA., m.x., [28, tedevtaio puépog tng §4.2)).

1.

Ta oroetla tng Hy, (U;R) eivar o1 kAdoes wodvvapiag tng oxéons woduvvauiag
(w1 —ws) € DE(U;R), ya wi,ws € DS (U;R).

‘Bror, n H,,(U;R) efvar pua ovddoyrj and Eva avd o vnootvola tov DS (U;R), twy onofwy
n évwon etvar n o DS (U;R). Eivar, 608, ua Swuépion tov DS (U;R).

Vw € DS (U;R), oupporilovpe (katd ta yvwotd) pe [w] € Hy,(U;R) tny kddon wodvvapdag
T0U W WS TPOS TNV napandve oxéon. Ero,

[w] ={neDS(U;R)|n=w+0, émovdeDE(U;R)} =w+DE(U;R).
H [w] kaletrar otpmhoko (coset) tns w ws mpog tov DE (U;R).

Ioxvea o6u [wi] = [wa] avv (w1 —we) € DE(U;R). Ioyvea, erions, éu [wi] # [wa] avy
(w1 —wa) ¢ DE(U;R), ka1 o€ avtrj Ty nepintwon wxde 6t [wi]n [we] = @.

Or npdéers otny Hp (U;R) (puag kar avtrj elvar Siavvopatikds xdpos) optlovtar «puotkd» wg
[wi] + [we] = [w1 +w2], wi,ws € DS(U;R)

Kai
c[w]=[ew], ¥ ceR & we DS (U;R).

To undevikd oroiyeio tns H,, (U;R) (ag ka1 avtr efvar Siavvopaticds xapos) elvar n
[0] = Dy (U3 R).

AXS, n Hp (U3 R) efvar o tetpiupérvos duavvopatikés xdpos avv to U elvar opodoyicd tetpip-
uévo otny wdén m.



KEPAAAIO 9. TTPOBAHMA THY ITAPATOYXAX 159

w; € DS(U;R)

[wﬂ = W1 + DE(U, R)

m

wy € DS(U;R)

[WQ] = Wy + DE(U, R)

m

H,(U;R)

Yyfuo 9.6: Ta olumloxa [w] twv w € DS (U;R) we npoc tov DE(U;R) ebvon to otowyelo tne
ouvopoloyiac tou de Rham H,, (U;R).

6. Oa unopodoaue enions va nodue éti n dim H,, (U;R) apiduel ta «eundday emivopudtntag tov
mpofAnuatos napayovocy tdééns m oto U.

Ye autd to onuelo, Yu ypelaotolue To endUevo, To omolo éncton ancudeiog and To onuelo 3 Tng
Ipétaone 7.5.3.

ITépiopa 9.2.1.2. Eoww
. m<n,
it. UcR™,
iii. feC®(U;R™) tw.: f(U)e OR") &
. ke{0,...,m-1}.

Tére

F(DE(F(U):R)) € DY (UsR) & f*(Di (f(U);R)) € D (UsR).

Tné 1o mplopa tou Iloplopatog 9.2.1.2 xan 68 cUVBLOCUS PE TO 10 VEDENUL TWV LGOUORPIOUNDY
(B, Ty, [28, Oetdpnuo 5.3.11, oel. 184]), cuuncpaivouye To Topoxdte.

Meétaocn 9.2.1.1. Eow
1. m<n,
. UcR™,
iii. feC™(U;R™) rw.: f(U)e O(R") &
. ke{0,...,m-1}.
Tére 3 ypappus fo: Hy(f(U):R) > Hi(U;R) t.0.:
fo([w)) = [f* ()] = fo(w+BL (f(U);R)) = f*(w) + B (UsR), Yw e DY (f(U);R).

Aivouye, €tol, Tov endUEVO 0plold.
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Opwopodg 9.2.1.2. Kdbe fy dnws otny lpdraon 9.2.1.1 Oa Aéue 6u endyetar and tny f* kar a
Ty oupforilovue wg f*.

Téhog, Vo ypeelaotolye xat Tov e€nc.

Optopdc 9.2.1.3 (opadés woduvvauies opotoriag). FEotw
1. UCR™ &
2. i f1eC(U;R") rw.: 1(U)c O(R™) &

ji. f2e C=(f1(U);R™) vo: f2(1(U)) =U,

T.w.: kdOe fevyog

~

1. f1 o fg Kai idn|f1(U) &

. f2 ] f1 Kai idm|U
€lvai opaAd ojpoTomIKO.
O1 f1 ka1 fo kakodvtar opalés woduvapies opotoriag.
‘Eva anhé ok Pooind mopddetrypo Lebyous opai®dy LGOBUVIULGY OQOTOToC EVOL TO TURUXATY.

luv ka1 @w?

1. lm |7T

Hagddevypa. Eotw m <n ka1 U € R*. Tére o1 7}’

1eebm

noL () € OMaAES

1wodvvauies opotorias. Ipdyuat, piag kai

n

n
’Llu.im

N | n
WA T

7T lv 0w ) = idyprn (U)»

i1 im

01 8v0 Tovs €fvar opad opotomikés péow Tng opais opotoriag fi € C(a . (U) x [0,1];R) drov

1.0l

fi(t,s)=t, V(t,s)enm, , (U)x[0,1].

T el

Eriong, o

. . | n
t1eetm ﬂ"i1~v~'i7n

w (U) o WZ‘”Z-m|U 65 ldn|U

efvar opadd opotomikés puéow tng opotorias evdvypaupov tuniuatos, 6A8 tns fa € C°(U x [0,1];R)
T.o.:

fa(t,s) = sid, (t) + (L =s) (7, ol . )(t), V(ts)eUx[0,1],
OAS, Oérovtag x =7l , (t) kavy =7 , (t) VteU, avm¢{l,n},

’Ll...im lllm

t, avme{l,n}
n

f2(t78) :{

Wiy i (z)+s ﬁznl...im (y), addg.

9.2.2 Boaowd anoTteAECATA

Abo elvan o faod anoteAéopato ota onola Vo TATAGOVYE Yia VoL THpoUUE T {NTOOUEVO GTNV ETOUEVT,
UTOEVOTTAL
To mpdto €neton ebxoha and o Oedenua 9.1.2.1 xou €xel wg e€ng.

Oehpnpa 9.2.2.1 (Oedpnua wodvrapndy opotoriag). Eotw

1. UCR™ &

2. opalés wobuvauies opotorniag fr € C(U;R™) kar fo € C(f1(U);R™).
Téte o f? Kai f; efvar ypappukég, 1 — 1 kai ent, eivai, OA0, 100U0pPITLOL.

Tné 1o mplopa tou Iapadelypotog yetd tov Oploud 9.2.1.3, ye xpnon touv Oewpnpatog 9.2.2.1,
TalpVoupE GUECA TO THUPAXYTW YEHOWO ATOTEAECHAL.

ITépiopa 9.2.2.1. Eoww U cR". Tére

dim H,,,(U) = dim H,,(U xR), Vvme{0,...,n-1}.
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Tpea, Yo to debtepo ypeetalouaote o axoloudo, To omolo Ye TNV oelpd Tou éncton Ye yeron e
Ipdétaone 4.1.4.2.

Ieoétacr 9.2.2.1. Eotw Uy,Us € O(R?) t.w.: Uy nUsz # @. Tére 3
i. f1UuUs —> R,
ii. Upy € O(UyUUs) to.: Upy € Us ~ (U nUs) 6
iti. Ugy € O(Uy uU2) tw.: Upy S Uz \ (U nU3),

T.w.!

f|U01:0 & f|Uo2:1'

AZonowdvtoag v Hpdtaon 9.2.2.1, nalpvouue tny mopoxdte edr| exdoyr Tou YewpHUatog Tev
Mayer-Vietoris.

Oevpnpa 9.2.2.2 (Mayer-Vietoris, eidikrj nepintwon). Eotw Uy, Uz € O(R") t.w.:
. UynUgx@ &
it. ta Uy ka1 Uy va eflvar opodoyikd tetpiupéva wééng m, Ym e {0,...,n—1}.
Téte
1. n Ho(Uy uUy;R) €fvar o tetpiupévog diavvopatikds xadpos &
2. N Hip1 (U U3 R) etvar (ypaupuxd) wopopgixiy pe tny H,, (U; n Uz; R).

Mdéhota, propolue va delloupe edxola pe emaywyR TV mpogavh yevixeuvon tou Oewpruatog
9.2.2.2.

Ilépopa 9.2.2.2. Fotw
i. NeB(N) t.ow.: card N >2 &
i. {Uj}jen OR") T
. UynU;j2@,Vi,jeNtw:iz]
ii. to U; va efvar opodoyikd tetpippérvo taéng m, ¥ me{0,...,n-1} &ie N.

Tére

1. n HO( U Uj;R) efval o TeTpiuuéros favvouatikog ywpos &
jeN

2. n Hm+1( U Uj;R) efvar (Ypappuxd) 10opop@ikrj pue tny Hm( N UJ;R).
jeN jeN

9.2.3 "Yropin Aong v To TEOBANUL

Me enaywyh) w¢ Tpoc TNy SdoTaoT 1, 61OV XoTd To ETAYwYXo BrAua yenotworowlue to Hldpioua
9.2.2.1 xou 1o Ilépiopa 9.2.2.2, nafpvouue v Onapdn Adong Yo To TEOBANUA, %ol CUYXEXPWEVA TO
{ntobuevo anotéhecpa anodoopuévo pe 6pous cuvopohoyudy tou de Rham.

Oeswenua 9.2.3.1. Eow
1. NeB(N)\ {2},
2. {tj};en ERY,
3. UcR" now: {tj},yeU &
4. me{0,...,n-1}.

Tdte
0, avm+n-1

o ( S idjen ) {cardN, aAies.
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An\d anodidovtag to Oetdpnua 9.2.3.1 e 6poug BLaPopIUY LoPPWY, €YOUUE To EENC.
Oeswenua 9.2.3.2. Eotw
a". NeB(N)~{z},
B {ti}jen €R",
Y. UcR" tow: {t;}, yeU &
6. me{0,...,n-1}.

I. Eotw, emmAéor, m +n— 1. Tdte
DS (U~ {15} ;i R) = DE(U N {1} jonsR)-

IL 1. Tote 3ws}, oy € DL (UN{t5} i R) T
1. va 1wxvel 0Tl
wj ¢ DI (UN{t;},0iR), VjeN &
1. va wxvel, eniong, ot

(ws —wy) ¢Df_1(U N {tj}jeN;]R), Vi, j e N tw.: i #].
2. Eotw, emmAéoy, w € Dg_l(U N {tj}jeN;R)' Tore Ic;} oy ER T
E :
(w - cjwj) € Dn,l(U N {tj}jeN,IR)7
jeN
émov kdle w; elvar 6mws oto anpeio 1..

To Oetdpnua 9.2.3.2 pog mopéyet Ty UToEEYN TETOWWY wWj, ahhd dev yag diver Tov TOTo Toug. XNy
Evétnra 8.3, wotéco, £youue Beel évav tétolo tOno. ‘Etot, uno 1o mplopo twv Tapamdve o UE TNV
xeron touv Oswpefuatoc 8.1.2, cuunepaivouue ebxoha to €N xpLthpto «oxplBelacy wiag Blapopixic
poppiic téénc n—1, ye n = 1 (dMwote, n tepintwon n = 1 pog evar ¥dn yvooti and v Evétnta
4.4), o avowtd ddtenrto utocivoro tou R™.

Oeswenua 9.2.3.3. Eotw
. n#*1,
ii. NeB(N)~ {2},
i, {7}, €R",
w. UcR" to: {t;}, v ¢U &
0. we DS (UN{t}jnsR).
Tére w e Df_l(U \ {tj}jEN;R) avv VjeN, Up; cc U tw.:
1. tj e Up;,
2. t; ¢ Uy, Vie N pei+j,
3. Up; € M, (R™) &

4. va wxvel ot

[ w=0,

bd Uo;

ka1 udAiota, o€ avtr) Ty nepintwon wyvel ot, Vj e N,

tjeUj,
fw:o, VUjcc U to: {ti¢Uj, Yie N pei+j 6
bdT; Uj € Mn(R™).

KXelvoupe autédv 1o x0xho YeAETNG, PE TNV ATOBOCT) TWYV ATOTEAECUITWY AUTOU TOU XEQUAAlOU UE
bpOLE BLAVUOUATINGY CUVPTACEWY oTov R? xou otov R3.
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N\ v(t) ()

02 03
Eyfua 9.7: Oedenpa 9.2.3.3

9.3 Awavuopatixog Aoyiopodg, cuveyeia

Y6 1o mplopa tou Hoplopatog 7.4.4.1 xa Tov Oewprpotog 7.4.4.2, avaBLOTUTOVOLPE EUXOAA TOL OTTO-
TeMéopaTa ToL TUPEVTOC Xepohaiou Yia dlavuouatiée cuvapthoeic otov R? xa otov R, avtiotouya.

Ynueiwor. Eva dAdo faoiké anotédeoua tov Awvvouatikod Aoyiouot, avté tov Jewprijpatog tov
Helmbholtz (mov pag ekaopalile 6t kdde Sravvouatikr) ovvdptnon otov R? (avtiotowo arotéleoua
wyve ka otov R?) ypdgerar oav dporoua tou grad puas Baduwtris ouvdptnons avv to curl piag
davvouatiknig ouvvdptnons, A8 avadetar, Adyw tov Hopiouatog 7.4.2.2, ws dOpoioua pag aotpdfi-
AnNg our uiag un arokAivovoag Siavvouatikis ouvvdptnong) arotedel ouvvéyeln twv anoteAeéoudtwy
g mapovoag evétntasg, wotéoo dev Ja pas anaoyoArioel oo Tapdy Keluevo piag kar anaivel e10aywyn

otny Ocwpia Avvauikot, n onota ka1 dntetar Tng Ocwpiag Katavoudv kar twv Mepikdy Aapopikddy
E&iodoew.

Tovilouue 6Tt 1 opaNGTNTAL TV GUVIPTHoEWY urtotideton ota Thaiota chuBaone (Yo euxolio ue tov
ouufBohiopd) xou dev elvor amapodtnTn Yo THY AmdBE TV ATOTEAEOUAT®Y TOU TopdVToS XePahofou.

9.3.1 Xvuotaitd avoixtd vntocHvola tou R? xou Tou R3

Ocwpnua 9.3.1.1. Fotw cvotadtd U S R? kar f € C“(U;RQ). Téte n f eivar ocuvTnpnTuikn avy

Oty Oty

Ochpnua 9.3.1.2. Eoww ovotadts U € R xar f € C°(U;R?). Tore
1. n f elvar ovvTnpnuikry avv n f elvar aotpdPirn &
2. n f woltar ue tov otpoPilioud kdroas opadrs davvopanikig ouvdptnons avv n f elvar un

arokAivouvoa.

9.3.2 Audtpnta avoixtd untocVVola tou R? xou tou R3

BOcswenpa 9.3.2.1. Fotw
a’. N eB(N)\{g},
ﬁ/' {tj}jgN 9R27
y. UcR? to.: {tit,veU &
5. feC=(UN (L}, R?).

Téte n f eivar ouvvTnpnuikn avy




164 9.3. AIANTYXMATIKOX AOT'TXMOY, ¥TNEXEIA

L 1woxve ot

of2 _0fi
oty Oty v

II. VjeN, Uy, cc U rw.:

tj EUoj,

tiéUoj, Vie N }1€i¢j,
U, € M, (R") &

va 10X Vel 0Tl

0 N =

[ (m,)0da(t) =0,
bd Uo;
étay
i. nUy; efvar puoikd mpooavatohiopérn,

1. n bdmj €lvar €podlaouérn L€ Tov e€nayduevo tpooavatohious &

1. Vit € bdmj, o 19,(t), OA6 n povadaia epantépevn Swuvvouanky ouvdptnon Tou
bdUy; oto t, éya katetuvon t.w.: to v(t), 6A6 n efwtepikr) povadiaia kddetn
dwvvopatikr) ovvdptnon tov bdUy; oto t, va fpioketar and ta dekid tov (1),

ka1 pdhiota, o€ avtr) Ty Tepintworn wyvel ét, Vje N,

tj GUj,
f (f-m)(t)do(t) =0, VUjcc U tw.: {t; ¢U;, Vie N pei+j &
bd T, U; e M, (R"),

UE TS avddoyeS vnoléoels ayetikd e ToUS TPooavatoAools katl Ti§ katevdivoe.
Oswenua 9.3.2.2. Eotw
a’. N eB(N)~{a},
B {ti}jen § R,

y. UcR? to.: {tit,veU 8

o, fe C°°(U N {tj}jeN;R?’).
Tére
I n f elvar ovvTnpnuikny avv n f eivar aotpdpirn &
II. n f wooVtar e tov otpofiioud kdroas opaAris diavvouatikis ovvdptnons avy
A’ n f elvar un anoxAivovoa &
B. VjeN, Wy, cclU rw.:
1. tj € U()j,
2. t; ¢ Uoj;, Vie N pei#j,
3. Up; e M, (R") &
4. va wyvel ot
[ (w0, o) o,
bdTo;
éray
i. nUy; efvar puokd mpooavatohiopévn,
. n bdmj etvar epodiacpéyn e tov enayduevo wpooavatohious &

1. nv elvar n e€wtepixn povadiaia kdletn diavvouatiky) ouvvdpTnon tou bdmj,
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ka1 udAiota, o€ avtn) Ty nepintwon wyvel ot, Vje N,

tj € Uj,
f (f - v;)()do(t) =0, YU; cc U tw: |t ¢Uj, Vie N pei+j &
bdT; Uj € M, (R"),

e TS avddoyes vnoléoeis oyetikd e Tous mpoaavatoAouols kal TS katevdivoer.
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