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Abstract

Cervical intraepithelial neoplasia (CIN) is the development of abnormal cells on the sur-
face of the cervix, caused by a human papillomavirus (HPV) infection. Although in most
of the cases it is resolved by the immune system, a small percentage of people might
develop a more serious CIN which, if left untreated, can develop into cervical cancer.
Cervical cancer is the fourth most common cancer in women globally, for which the
World Health Organization (WHO) recently adopted the Global Strategy for cervical
cancer elimination by 2030. With this research topic being more imperative than ever, in
this paper, we develop a nonlinear mathematical model describing the CIN progression.
The model consists of partial differential equations describing the dynamics of epithelial,
dysplastic and immune cells, as well as the dynamics of viral particles. We use our model
to explore numerically three important factors of dysplasia progression, namely the ge-
ometry of the cervix, the strength of the immune response and the frequency of viral
exposure.
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1 Introduction

Healthy cells multiply and die in a orderly way, so that each new replaces one lost. However,
if a cell is damaged, e.g. due to a virus infection that the immune system failed to defeat, the
new damaged cells will either die or start to proliferate in an uncontrolled manner, creating
a signalling of oncogenes that act by mimicking growth signalling [17]. The alterations in
signal pathways, which can impact the cell’s normal biological behavior, include changes such
as excessive proliferation, resistance to apoptosis, and evasion of immune response, leading
to the development of an abnormal mass of tissue that differs in clinically important pheno-
typic features; the tumour [25]. The most common cancers develop from the skin, breast,
endometrium, prostate, colon, lung, pancreas, bladder, liver, and cervix [26]. Organs and
blood vessels throughout the body are covered by a protective layer of compactly packed cells
with a little intercellular matrix, the epithelium or epithelial tissue. These cells, known as
epithelial cells, may undergo the aforementioned abnormality which may result in cancer.

A key role in cancer growth, as well as diagnosis and treatment [31], is played by the immune
system, a complex network of organs, cells and proteins that defends the body against infection
that bacteria, viruses, fungi or parasites can cause while protecting the body’s own cells. It
is a collection of reactions and responses that the body makes to damaged cells or infections.
So, it is sometimes called the immune response. The immune system is important to people
with cancer because: (i) cancer can weaken the immune system; (ii) cancer treatments might
weaken the immune system; and (iii) the immune system may help to fight cancer.

Cervical cancer is the fourth most common cancer in women globally with an estimated
604 000 new cases and 342 000 deaths in 2020 [55], representing nearly 8% of all female cancer
deaths every year [48]. About 90% of these deaths caused by cervical cancer occurred in low-
and middle-income countries with sub-Saharan Africa (SSA), Central America and South-East
Asia having the highest rates of cervical cancer incidence and mortality [55].

World Health Organization (WHO) has classified the premalignant lesions mild, moderate,
or severe dysplasia or carcinoma in situ (CIS) [12]. Carcinoma in situ, a.k.a. stage 0 cancer
or ‘in situ neoplasm’, is the stage at which a group of abnormal cells in an area of the body
appears. The cells may develop into cancer at some time in the future. The changes in the
cells are called dysplasia and at this stage the number of abnormal cells is too small to form
a tumour. These cell changes, a.k.a. ‘precancerous changes’ or ‘non-invasive cancer’, may not
develop into cancer, and usually the carcinoma in situ is too small to show up on a scan.

In order to emphasize the spectrum of abnormality in these lesions, and to help stan-
dardize treatment, the term cervical intraepithelial neoplasia (CIN) was developed [41]. For
premalignant dysplastic changes, cervical intraepithelial neoplasia grading (CIN1–3) is used,
classifying mild dysplasia as CIN1, moderate dysplasia as CIN2, and severe dysplasia and
CIS as CIN3 [40]. Histologically the epithelial tumours of the uterine cervix can be classi-
fied into squamous cell carcinoma (SCC), glandular tumours and precursors, mesenchymal
tumours and tumour-like conditions, mixed epithelial and mesenchymal tumours, melanocytic
tumours, miscellaneous tumours, lymphoid and haematopoietic tumours, and secondary tu-
mours [52]. From the aforementioned types of cervical cancers, the most commonly reported
are SCC (75%) and adenocarcinoma, a type of the glandular tumour and precursors (25%).

It has been reported that approximately 95% of cervical cancer cases are caused by persis-
tent genital high-risk human papillomavirus (HPV) infection [42, 15, 8, 21]. HPV is a common
sexually transmitted infection (STI), which can affect the skin, genital area and throat [7, 49].
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All sexually active people have been susceptible to the infections once in a lifetime, regardless
of gender, genetic background, and geographical location. 90% of the cases are being resolved
with no symptoms within two years [55], whereas in some cases, the infection persists and
results in either warts or precancerous lesions [24]. There are nearly 200 types of HPV [30].
Types 16 (reported as the most carcinogenic and associated with more than 60% of cervical
squamous cancers and adenocarcinomas [34]) and 18 (more commonly associated with cervical
squamous cancers and adenocarcinomas, and together with type 45 cause approximately 20%
of cancers [34]) are referred to as high-risk and are being detected in more than 90% of cervical
cancer lesions [51].

The life cycle of HPV is strongly linked to the differentiation state of the host epithelial
cell and is governed by the action of both viral and cellular proteins [28, 13]. First, the virus
accesses the basal epithelial cells in the cervix of a woman through microlesions (see Figure
1). By entering these basal cells of the squamous epithelium, the virus establishes the viral
cycle. Then, through bindings the viral material manages to enter into the nucleus, where the
virus deploys the host cell replication machinery and starts viral genomic replication at about
50–200 copies per cell [47, 18]. The infected cells either remain persistently infected until they
become cleared by the immune response or progress to cancers. In particular, the infected
cells express viral proteins interacting with the normal cell cycle, promoting proliferation and
deactivating certain tumour suppressor proteins [1]. It follows a viral genome replication and
cell division that would lead in migration of the daughter cells from the basal layer to the
other layers, as well as an uncontrolled proliferation of the HPV-infected cells [22].

Since the 1920s when the Papanicolaou test (also referred to as Pap test, Pap smear,
cervical smear, cervical screening) was introduced by the Greek physician George N. Papani-
colaou as a cervical screening method used to detect potentially precancerous and cancerous
processes in the cervix, there has been ongoing research not only for the detection, but most
importantly for the prevention of HPV infection and as a consequence of cervical cancer. Tests
used in cancer screening programs can pick up carcinomas in situ in the cervix. In fact, a very
recent cervical screening self-test is being introduced in more and more countries within the
Global Strategy for cervical cancer elimination by 2030 [53], which proposes global vaccina-
tion, screening and treatment. As for the prevention, the first HPV vaccine became available
in 2006 and since then 125 countries include HPV vaccines in their routine vaccinations for
girls, and 47 countries also for boys [56]. Currently there are six licensed HPV vaccines, which
are highly efficacious in preventing infection with virus types 16 and 18 [54]. Prophylactic
vaccination against HPV, screening and treatment of precancer lesions are effective ways to
prevent cervical cancer and are very cost-effective. If cervical cancer is diagnosed at an early
stage and treated promptly it can be cured. However, the first step to be taken is to under-
stand the mechanism between the HPV infection and cervical cancer progression depending on
the (i) viral load, (ii) geometry of the under-examination domain and (iii) immune response.

To the authors’ best knowledge, the literature about precancerous lesions that lead to
carcinoma in situ is poor (see, e.g. [45, 46]). The early mathematical models on cervical cancer
were focused on epidemiology, describing the transmission dynamics between individuals and
the impact of the HPV vaccine (see e.g. [2, 14, 5, 6, 23, 39, 16, 38] and many references
therein). There are only a few later examples of mathematical models for the dynamics of
HPV-infected cells at the molecular or tissue levels, such as the models in [1, 9], which were
focused on the progression of cervical cells from normal cells into precancerous and cancerous
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Normal Carcinoma
in situCIN2 CIN3CIN1HPV

infection

Figure 1: Cervical precancerous lesions classification based on the CIN (cervical intraepithelial
neoplasia) staging. These lesions are initiated with HPV infection. HPV viral particles traverse the
epithelium, infecting the cells of the basal layer.

classes.
In the present work, a continuum mechanical model is introduced in order to describe the

spatiotemporal dynamics of the cervical epithelial cells, HPV viral particles, dysplastic and
immune cells, and the cervical intraepithelial neoplasia progression is studied as a result of
their interaction. The focus of this work is given to certain, key—as it is established here—
factors of the dysplasia progression, such as the geometry of the basement membrane, the
strength of the immune response and the frequency of viral exposure. To this end, various
scenarios will be studied and 3D numerical simulations will be run in order to reproduce the
patterns widely accepted by the medical community concerning the staging of the lesions.

The layout of this paper is as follows. In §2 we formulate a novel model of nonlinear
partial differential equations for the dynamics of the epithelial, dysplastic and immune cells,
as well as the viral particles. In §3 we numerically investigate certain key factors of dysplasia
progression. We conclude in §4 with a summary and discussion of the results.

2 Model formulation

In this section, we develop the spatial and dynamical parts of our model.
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2.1 Histology and spatial structure

The vaginal epithelium is a type of stratified squamous epithelium that lines the vagina. It
plays a significant role in protecting the body from pathogens. The endocervix epithelium is
a type of columnar epithelium that lines the endocervix. The transitional area between the
two aforementioned epithelia is called squamocolumnar junction. This area is susceptible to
HPV infection and is the region where physiological transformation to squamous metaplasia
occurs [37].

Epithelial tissue proliferates or regrows through a process called epithelialization. During
epithelialization, epithelial cells, especially keratinocytes, proliferate in the basal layer, differ-
entiate as they rise through the spinous and granular layer, and then lose their nucleus and
flatten to become the outer layer of skin known as the stratum corneum [33].

Hence, we can differentiate the vaginal epithelium into two layers, based on whether the
epithelial cells of that layer are proliferating or not; the proliferative layer and the non-
proliferative layer.

2.1.1 Proliferative layer

The proliferative layer consists of the basal cells which are supported by the basement mem-
brane.

Basement membrane The basement membrane is a specialized extracellular matrix struc-
ture that separates the epithelium from the underlying connective tissue. It’s a thin, pliable
sheet-like structure, with its primary function being to anchor the epithelium to the underlying
connective tissue. It also provides physical and structural support to the epithelium [19, 36].

The shape of the basement membrane is wave-like with neither a specific spatial frequency
or amplitude throughout the tissue, as can be observed from various histological images (see
[20, 27] and references therein). Hence, in order to investigate how its shape affects the
formation of dysplastic cells, we have to be able to generate a wide range of different basement
membrane shapes. We will model the basement membrane as a surface, due to it being very
thin.

There are many ways to generate a random surface [3]. Due to the wave-like shape of
the basement membrane, we will use the method presented in [44], as it utilizes the Fourier
series—a natural way to describe wave phenomena. Thus, according to [44], a random 3D
surface can be expressed as:

f(x, y) =
M

∑
m=−M

N

∑
n=−N

a(m,n) cos((2πx,2πy) ⋅ ν − ϕ(m,n)) ,

where for the (m,n)-th term of the Fourier series: a(m,n) is its amplitude, ν is its spatial
frequency, and ϕ(m,n) is its phase angle.

Regarding ν, we allow for a discrete set of spatial frequencies:

ν = (m,n) , for (m,n) ∈ {(m,n) ∈ Z2 ∣ (m,n) ∈ [−M,M] × [−N,N]} .

Regarding ϕ, we assume that each phase angle follows a uniform distribution on the 2D

set [−π
2
, π
2
]
2
:

ϕ ∼ U([−
π

2
,
π

2
]
2

) .
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Regarding a, because slower oscillations are more likely to have a larger amplitude than
faster ones, we have to reduce the amplitude of the terms of the Fourier series which have high
frequency:

a(m,n) = ac(m,n)ℓ(m,n) ,

with

ac(m,n) =

⎧⎪⎪
⎨
⎪⎪⎩

0 , for (m,n) = 02

∥ν∥
−β
= (m2 + n2)

−
β
2 , otherwise ,

where β ∈ R is called the spectral exponent and indicates how quickly higher frequencies are
attenuated, whereas ℓ follows the standard 2D normal distribution:

ℓ ∼ N2(02,I2) ,

where, 02 is the zero vector of R2 and I2 is the identity matrix of R2×2. If the the spectral
exponent is large (resp. small), higher frequencies will (resp. not) be attenuated, thus making
the surface smoother (resp. rougher).

Therefore, the basement membrane is approximated by

f(x, y) =
M

∑
m=−M

N

∑
n=−N

ac(m,n)ℓ(m,n) cos(2π(xm + yn) − ϕ(m,n)) .

Figure 2 depicts different basement membranes for different values of β and different sam-
ples of ℓ and ϕ.

Basal layer The basal layer, also known as stratum basale, is the innermost layer of the
epidermis. This layer plays a crucial role in cell replacement and differentiation. It is the layer
from which new cells are derived and it is constantly dividing to replace old, damaged cells in
the epidermis [19].

We have already seen how to approach the construction of the basement membrane, f , as
a random 3D surface, but how about the basal layer? This time, things should be specific and
not random. In fact, we can rely on certain ubiquitous laws in order to determine the basal
layer’s geometry.

Considering that the basal layer lies on a flat basement membrane, f0, then, under the
hypothesis that the density is everywhere constant, we expect that the width of the layer, h, is
also everywhere constant, say h0, and the upper boundary of the layer, g, is also a flat graph
of constant amplitude, g0 = f0 + h0. In case where f is not constant, a transition between
those two cases, which is depicted in Figure 3, should obey the law of conservation of mass,
m. Hence

∫

arbitrary part of
basal layer
in 1st case

dm0 = ∫

same part of
basal layer
in 2nd case

dm ,

thus
ϖ0 ∫

arbitrary part of
basal layer
in 1st case

dV0 =ϖ0 ∫

same part of
basal layer
in 2nd case

dV ,
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(a) As the the value of β decreases, the surface be-
comes rougher.

(b) Three different random surfaces with the same
value of β.

Figure 2: The graph of f for random samples of ℓ and ϕ, with (a) different values of β, and (b) the
same value of β. The different colors represent different pairs of ℓ and ϕ. Additionally, we have that
N =M = 10.
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where ϖ and V stand for the density and the volume, respectively, of the layer, or else

h0 ∫

arbitrary part of
basement membrane

in 1st case

dσ0 = ∫

same part of
basement membrane

in 2nd case

hdσ ,

where σ stands for the surface area of the membrane f . Taking into consideration the geometry
of the problem, we deduce that

h0∬

D

dxdy =∬
D

h

¿
Á
ÁÀ1 + (

∂f

∂x
)

2

+ (
∂f

∂y
)

2

dxdy ,

or else

h0 =∬

∣

D

h

¿
Á
ÁÀ1 + (

∂f

∂x
)

2

+ (
∂f

∂y
)

2

dxdy ,

where D ⊆ R2 is an arbitrary nontrivial open subset of the domain of f .

Figure 3: Vertical illustration of the geometry of the basal layer.

Now letting ∣D∣→ 0, we get from the Lebesgue-Besicovitch differentiation theorem that

h =
h0

√

1 + (∂f
∂x
)
2
+ (

∂f
∂y
)
2
,
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therefore

g = f +
h0

√

1 + (∂f
∂x
)
2
+ (

∂f
∂y
)
2
.

Henceforward, we write Ω3 for the basal layer, which lies between the surfaces f and g.

2.1.2 Non-proliferative layer

Non-proliferative layer is composed of stratified squamous cells and consists of four sublayers:
the stratum granulosum, stratum spinosum, stratum lucidum, and stratum corneum. Each
layer plays a specific role in the epithelium’s function and is the result of the squamous cell
differentiation program. For example, after a slow coordinated process in space and time,
the stratum corneum is formulated by a layer of dead cells (corneocytes) to create a physical
barrier for the skin.

Henceforth, we write Ω2 for the non-proliferative layer, which lies on top of Ω3.

2.1.3 Unified domain

For modelling needs, we consider Ω1 to be an additional layer above Ω2, in order to incorporate
the external environment of the epidermis. Moreover, Ω stands for the union of the three layers,
Ω1, Ω2 and Ω3, along with their boundaries, and is presented in Figure 4. Moreover, Lx and
Ly are the lengths of Ω in the respective horizontal axes, and Lz is the lowest admissible value
of the length of Ω in the vertical axis. We assume the width of Ω1 to be 10% of Lz.

0

Lx
x 0

Ly

y

min(f)

Lz

z
1

2

3

Figure 4: The domain, Ω, of the proposed model.
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2.2 Pathology and dynamics

In this section, we describe the key features of the pathology regarding the proliferation of
dysplastic cells, along with their interactions with epithelial cells, HPV viral particles and im-
mune cells. We use u to symbolise the concentration of epithelial cells, v for the concentration
of HPV viral particles, c for the concentration of dysplastic cells and w for the concentration
of immune cells.

2.2.1 Epithelial cells

We begin by assuming that epithelial cells proliferate in a constant manner. The prolifer-
ative part of the epithelium is the basal one [19]. Therefore, we assume that the constant
proliferation term of the epithelial cell population, su to have the following form:

su =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

0 , in Ω1

0 , in Ω2

su3 , in Ω3 .

Fick’s law states that a substance’s diffusive flux is proportional to the gradient of the
substance’s concentration. This means that a normally distributed substance would be diffused
equally in every spatial direction. This doesn’t seem to apply to epithelial cells, which are
distributed across the vaginal epithelium. The superficial cells exfoliate continuously, while
the basal cells move towards the surface and replace them [19]. Therefore, we assume that
a modified Fick’s law governs the movement of epithelial cells, with their diffusive flux being
equal to

Du ⊙∇u ,

with ⊙ being the Hadamard product and

Du = (Duxy ,Duxy ,Duz
)

being the collective diffusion coefficient of u, with Duxy < Duz . Therefore, the diffusion term
for the concentration of epithelial cells is equal to

∇ ⋅ [Du ⊙∇u] .

This term, instead of describing random motility like a diffusion described by Fick’s law would,
describes a type of weighted random motility, with a skew towards faster movement on the
z-axis.

Additionally, we assume that epithelium cells decay exponentially, and at a faster rate
when in Ω1, due to the lack of nutrients. Therefore, we have that the term −mu(x)u models
the exponential decay of epithelial cells, with the rate of exponential decay of u being:

mu =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

mu1 , in Ω1

mu2 , in Ω2

mu3 , in Ω3 ,

where mu1 <min (mu2 ,mu3) .
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We assume that virus particles mutate epithelial cells into dysplastic cells with a constant
rate. We model this mutation with the term −kvu, with k being the rate of mutation and the
negative sign indicating that epithelial cells are lost during this procedure.

Furthermore, we assume zero flux boundary conditions. Thus,

∂u

∂n
= 0 , on ∂Ω .

The initial condition of the epithelium cells, u∞, is to be extracted as follows. Using the
finite element analysis software COMSOL Multiphysics R○ 6.1 [57], we numerically solve, until
a time point, the following problem:

∂u

∂t
= ∇ ⋅ [Du ⊙∇u] + su −muu − kvu , in Ω○

∂u

∂n
= 0 , on ∂Ω

u(⋅,0) = 0 , in Ω .

For each f , its solution seems to be converging towards an equilibrium, which we consider
to be u∞. In this way, we initialize the distribution of epithelial cells across Ω before any
pathological interaction takes place.

Summing up, we have that

∂u

∂t
= ∇ ⋅ [Du ⊙∇u] + su −muu − kvu , in Ω○

∂u

∂n
= 0 , on ∂Ω

u(⋅,0) = u∞ , in Ω .

2.2.2 Viral particles

HPV infection is initiated when the virus comes into contact with the basal epithelial cells,
which are typically reached through a microabrasion in the epithelial tissue [29, 43, 35]. The
initial contact between the epithelium and the viral particles happens at the superficial epithe-
lium. Additionally, the frequency of sexual intercourse or other intimate skin-to-skin contact
is a risk factor [50]. Therefore, in order to capture the above key mechanisms, we assume
that there’s a spatially small, time-dependent constant source of HPV viral particles at the
superficial epithelium. We write that source at point (x, t) ∈ Ω ×R≥0 as sv(x, t).

Consequently, we assume that the aforementioned movement of viral particles from the
superficial epithelium to the basal layer happens in two ways. The first one is through random
motility in space, so we model it using the diffusion term Dv∆v, with Dv being the diffusion
coefficient of v. The second one is through a directed movement towards the epithelial cells,
therefore we model it using the advection term −av∇ ⋅ [τv

v
v+b
∇u] , with τv being the velocity

field coefficient of v towards u, and b being the v value for half-maximal velocity of v towards
u. We choose the velocity field of the viral particles to be a Michaelis-Menten function.

Additionally, we assume that the HPV viral particles decay exponentially. Hence, we
introduce the term −mvv, with mv being the rate of exponential decay of v.

Furthermore, the number of HPV viral particles may increase in dysplastic epithelial cells
due to the uncontrollable expression of HPV oncogenes, leading to the maintenance of the
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transformed phenotype and ultimately promoting the development of cancer [35]. Thus, we
assume that dysplastic cells increase the concentration of viral particles. To model this, we
introduce the nonlinear logistic term

rvv(pc −
v

q
) ,

where rv is the growth rate of v, q is a carrying-capacity-like quantity for v, and p is an
inverse-carrying-capacity-like quantity for v. We note that q and p have the same and the
inverse dimensions, respectively, as the carrying capacity of the common logistic term. For

c ≠ 0, we notice that the above term is equal to rvpcv(1 −
v

pqc
) . In this form, it is clear

that the carrying capacity and the growth rate of the concentration of HPV viral particles is
proportional to the concentration of dysplastic cells.

Finally, we assume zero flux boundary conditions and an initial condition equal to zero.
Summing up, we have that

∂v

∂t
=Dv∆v − av∇ ⋅ [τv

v

v + b
∇u] + sv −mvv + rvv(pc −

v

q
) , in Ω○

∂v

∂n
= 0 , on ∂Ω

v(⋅,0) = 0 , in Ω .

2.2.3 Dysplastic cells

Regarding the movement of dysplastic cells, we employ the same idea as the one we used for
the epithelial cells with a weighted random motility type of movement. Thus, we have that
the diffusion term for the dysplastic cells is

∇ ⋅ [Dc ⊙∇c] ,

with Dc being the collective diffusion coefficient of c.
Furthermore, we assume that in Ω2 ∪ Ω3, without immune response, neoplastic cells do

not decay [32]. However, we assume that in Ω1 they decay exponentially, due to the lack
of nutrients. Therefore, we have that the term −mc(x)u models the exponential decay of
epithelial cells, with

mc(x) =

⎧⎪⎪
⎨
⎪⎪⎩

mc1 , in Ω1

0 , otherwise ,

being the rate of exponential decay of c.
As we discussed for the case of HPV virus particles, we assume that the epithelial cells

mutate into dysplastic cells with a rate of kvu. The term’s positive sign indicates that the
concentration of dysplastic cells increases during this procedure.

Moreover, we assume that immune cells kill dysplastic cells with a Holling type I functional
response. Hence, we have that the term describing this procedure is −dwc , with d being the
rate of w-induced c death.

Finally, we assume zero flux boundary conditions and an initial condition equal to zero.

12



Summing up, we have that

∂c

∂t
= ∇ ⋅ [Dc ⊙∇c] −mcc + kvu − dwc , in Ω○

∂c

∂n
= 0 , on ∂Ω

c(⋅,0) = 0 , in Ω .

2.2.4 Immune cells

Different types of immune cells, such as leukocytes, neutrophils, and monocytes, preferentially
migrate through areas of the basement membrane that have lower protein deposition, such as
laminin and collagen IV. These cells can migrate through existing openings in the basement
membrane. For instance, monocytes are highly deformable and can squeeze through these
openings, while neutrophils can lead to remodeling and enlargement of these sites. Dendritic
cells, another type of immune cell, have been shown to migrate through preexisting openings
in the lymphatic basement membrane by widening these small gaps. After these gaps are
widened by cells, they return to a baseline slightly larger than the original gap size, indicating
the mechanical plasticity of the basement membrane [11]. Therefore, we assume that the
greater the concentration of dysplastic cells near the basement membrane, the higher the
influx of immune cells that pass through it. Hence, we have that

∂w

∂n
= jc , on gr f ,

where j is the flux coefficient through the basement membrane, and

gr f = {(x, y, z) ∈ [0, Lx] × [0, Ly] × [min f,Lz] ∣ z = f(x, y)}

stands for the graph of f .
Regarding the movement of immune cells, we assume that immune cells move both in a

random and in a directed way. The random movement of immune cells is modeled by the
diffusion term Dw∆w , with Dw being the diffusion coefficient of w. On the other hand, the
directed movement of immune cells towards dysplastic cells is modeled by the advection term
−aw∇ ⋅ [τww∇c], with aw being the advection coefficient of w , and τw being the velocity field
coefficient of w towards c.

Moreover, we assume that the immune cells decay exponentially. Hence, we introduce the
term −mww, with mw being the rate of exponential decay of w.

Finally, we have that the initial concentration of immune cells is equal to zero.
Summing up, we have that

∂w

∂t
=Dw∆w − aw∇ ⋅ [τww∇c] −mww , in Ω○

∂w

∂n
= jc , on gr f

∂w

∂n
= 0 , on ∂Ω ∖ gr f

w(⋅,0) = 0 , in Ω .
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2.3 The integrated model

Integrating the histological and the pathological part of the model presented in §2.1 and §2.2,
respectively, we arrive at the IBVP that describes the problem in question.

Our model consists of the following system of nonlinear reaction-diffusion-advection equa-
tions

∂u

∂t
= ∇ ⋅ [Du ⊙∇u] + su −muu − kvu (6a)

∂v

∂t
=Dv∆v − av∇ ⋅ [τv

v

v + b
∇u] + sv −mvv + rvv(pc −

v

q
) (6b)

∂c

∂t
= ∇ ⋅ [Dc ⊙∇c] −mcc + kvu − dwc (6c)

∂w

∂t
=Dw∆w − aw∇ ⋅ [τww∇c] −mww , (6d)

in Ω○, with initial conditions

u(⋅,0) = u∞

v(⋅,0) = 0

c(⋅,0) = 0

w(⋅,0) = 0 ,

in Ω, along with boundary conditions

∂u

∂n
=
∂v

∂n
=
∂c

∂n
= 0 , on ∂Ω

∂w

∂n
= 0 , on ∂Ω ∖ gr f

∂w

∂n
= jc , on gr f .

Table 1 and Table 2 list the terms, as well as the variables and parameters, respectively,
of our model, along with a brief description. In Table 3 we present scales of the variables and
estimations of the parameters, which will be used later on during the numerical simulations.

Finally, we note that by utilizing common techniques of non-dimensionalisation, we can
eliminate only 3 of the 32 parameters in total.

3 Dysplasia progression: three key factors

In the present section, we numerically solve the proposed problem, in order to highlight the
importance of the shape of the basement membrane, the strength of the immune response,
and the frequency of viral exposure. All numerical simulations are carried out using the finite
element analysis software COMSOL Multiphysics R○ 6.1.

14



Deriv. Term Description

∇ ⋅ [Du ⊙∇u] Weighted random motility of epithelial cells
su Constant source of epithelial cells
−muu Exponential decay of epithelial cells
−kvu Mutation of epithelial cells to dysplastic cells due to viral particles

Dv∆v Random motility of viral particles

−av∇ ⋅ [τv
v

v+b
∇u] Directed movement of viral particles towards epithelial cells

sv Constant source of viral particles
−mvv Exponential decay of viral particles

rvv(pc −
v
q
) Logistic growth of viral particles

∇ ⋅ [Dc ⊙∇c] Weighted random motility of dysplastic cells
−mcc Exponential decay of dysplastic cells
kvu Mutation of epithelial cells to dysplastic cells due to viral particles
−dwc Immune-cell-induced dysplastic cell death

Dw∆w Random motility of immune cells
−aw∇ ⋅ [τww∇c] Directed movement of immune cells towards dysplastic cells

−mww Exponential decay of immune cells

∂u

∂t

∂v

∂t

∂c

∂t

∂w

∂t

Table 1: Description of the terms of the model.

The values of the parameters are as in Table 3, unless otherwise noted. In order to
incorporate the effect of the exposure to HPV we assume that sv ≠ 0, in particular

sv =

⎧⎪⎪
⎨
⎪⎪⎩

6.40 ⋅ 10−2 µm3 d−1 , in Ω1s × Ts

0 , otherwise ,

for
Ω1s = [4.50 ⋅ 10

1,5.50 ⋅ 101]
2
× [9.00 ⋅ 101,1.00 ⋅ 102] µm3

⊊ Ω1

and for some Ts ⊊ R≥0 which is left to be chosen. Ts is the union of half-hour intervals, with
each one representing a sexual encounter with an HPV positive partner [4].

3.1 Basement membrane’s shape

Here, assuming that Ts = [2,2+
1
48
] d and j = 0, we only vary the geometrical characteristics of

the model. Therefore, drawing samples from ℓ and ϕ, while keeping the rest of the parameters
fixed, we arrive at Figure 5. We notice that in some cases dysplatic cells vanish, whereas in
others they persist. Hence, the ability of dysplatic cells to establish themselves is strongly
dependent on the shape of the basement membrane.

3.2 Immune response’s strength

Assuming that Ts = [2,2 +
1
48
] d and f is fixed, while only varying the value of j, we arrive at

Figure 6. We deduce that as j decreases, the establishment of dysplastic cells is facilitated.
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Name Description

x Length L
y Length L
z Length L
t Time T

u Concentration of epithelial cells #L−3

v Concentration of viral particles #L−3

c Concentration of dysplastic cells #L−3

w Concentration of immune cells #L−3

Du Collective diffusion coefficient of u L2T−1

su Constant source of u #L−3T−1

mu Rate of exponential decay of u T−1

k Rate of mutation of u to c #−1 L3T−1

Dv Diffusion coefficient of v L2T−1

av Advection coefficient of v L2

τv Velocity field coefficient of v towards u T−1

b v value for half-maximal velocity of v towards u #L−3

sv Constant source of v #L−3T−1

mv Rate of exponential decay of v T−1

rv Growth rate of v T−1

p Inverse-carrying-capacity-like quantity of v #−1 L3

q Carrying-capacity-like quantity of v #L−3

Dc Collective diffusion coefficient of c L2T−1

mc Rate of exponential decay of c T−1

d Rate of w-induced c death #−1 L3T−1

Dw Diffusion coefficient of w L2T−1

aw Advection coefficient of w L2

τw Velocity field coefficient of w towards c #−1 L3T−1

mw Rate of exponential decay of w T−1

j Flux coefficient through the basement membrane L−1

Lx Length of Ω in x-axis L
Ly Length of Ω in y-axis L
Lz Lowest admissible value of the length of Ω in z-axis L
ℓ Amplitude coefficient L
ϕ Phase angle L
β Sprectral exponent –
h Width of the basal layer L

Physical
dimension

In
d
ep

en
d
en
t

va
ri
a
b
le
s

D
ep

en
d
en
t

va
ri
a
b
le
s

P
ar
am

et
er
s

Table 2: Description of the independent and dependent variables as well as parameters of the model,
along with their units.
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Name Value Unit

x0 1.00 ⋅ 102 µm
y0 1.00 ⋅ 102 µm
z0 1.00 ⋅ 102 µm
t0 1.00 d
u0 2.64 #µm−3

v0 2.70 ⋅ 101 #µm−3

c0 2.70 ⋅ 101 #µm−3

w0 4.30 ⋅ 10−2 #µm−3

Du (8.16 ⋅ 102,8.16 ⋅ 102,2.94 ⋅ 104) µm2 d−1

su3 2.10 ⋅ 10−1 #µm−3 d−1

mu1 8.00 ⋅ 10−1 d−1

mu2 5.00 ⋅ 10−2 d−1

mu3 5.00 ⋅ 10−2 d−1

k 1.40 ⋅ 101 #−1 µm3 d−1

Dv 4.90 ⋅ 104 µm2 d−1

av 1.04 ⋅ 104 µm2

τv 1.00 d−1

b 2.10 ⋅ 10−2 #µm−3

sv varied #µm−3 d−1

mv 9.00 ⋅ 10−4 d−1

rv 1.00 ⋅ 10−3 d−1

p 2.33 ⋅ 101 #−1 µm3

q 0.43 ⋅ 10−1 #−1 µm−3

Dc (8.16 ⋅ 102,8.16 ⋅ 102,1.22 ⋅ 105) µm2 d−1

mc1 8.00 ⋅ 10−1 d−1

d 2.33 ⋅ 101 #−1 µm3 d−1

Dw 4.90 ⋅ 104 µm2 d−1

aw 8.20 ⋅ 10−2 µm2

τw 2.33 ⋅ 101 #−1 µm3 d−1

mw 1.00 ⋅ 10−2 d−1

j varied µm−1

Lx 1.00 ⋅ 102 µm
Ly 1.00 ⋅ 102 µm
Lz 1.00 ⋅ 102 µm
ℓ N2(02,I2) µm

ϕ U([−π
2
, π
2
]
2
) µm

β 6.50 –
h 3.00 ⋅ 101 µm

S
ca
le
s

P
a
ra
m
et
er
s

Table 3: Scales of the variables and estimated parameter values of the model. The value of the ratio
h
Lz
≈ 30% is taken from [10], whereas the value of Lz is taken from [27]. The rest of the parameters

are estimated.
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Days

2

Onetime virus exposure

(a) (b) (c)

(d) (e) (f)

Figure 5: Dysplastic cells after 3600 days. The geometry of the basement membrane varies between
each simulation, while keeping the rest of the parameters fixed. We observe that this factor alone
shapes the outcome of the infection. Namely, in simulations (a) and (d-f) the dysplastic cells tend to
vanish, while in (b) and (c) they are established.

3.3 Viral exposure’s frequency

Assuming that j = 3.86 ⋅ 101 µm−1 and f is fixed, while only varying Ts, we arrive at Figure 7,
Figure 8 and Figure 9. We observe that the frequency of viral exposure determines the presence
of dysplastic cells and increases the rate of their establishment. Therefore, this frequency has
both qualitative and quantitative effect on the ultimate presence of precancerous lesions.
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Days

2

Onetime virus exposure

(a) j = 3.86 ⋅ 103 µm−1 (b) j = 3.86 ⋅ 102 µm−1 (c) j = 3.86 ⋅ 101 µm−1

(d) j = 3.86 µm−1 (e) j = 3.86 ⋅ 10−1 µm−1 (f) j = 0

Figure 6: Dysplastic cells after 3600 days. j varies between each simulation, while keeping the rest of
the parameters fixed. We observe the qualitative change of the outcome as j varies between 3.86 ⋅ 102
and 3.86 ⋅ 101 µm−1.

4 Conclusion and discussion

In this paper, we introduced a model of nonlinear partial differential equations describing the
dynamics of epithelial cells, viral particles, dysplastic cells and immune cells. The model was
then used to numerically investigate the key characteristics of dysplasia progression. From
this investigation we deduced that

• the shape of the basement membrane alone can dictate the ability of dysplastic cells to
establish themselves in the epithelium

• the smaller the flux of immune cells through the basement membrane, the greater the
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Days

2

Onetime virus exposure

(a) t = 100 d (b) t = 800 d (c) t = 1350 d

Figure 7: Snapshots of dysplastic cells for three different days. Here Ts = [2,2 + 1
48
] d. We observe

that a onetime virus exposure is unable to cause dysplastic cell establishment, for this particular
parameter set.

Days

2 12

Two-time virus exposure

(a) t = 100 d (b) t = 800 d (c) t = 1350 d

Figure 8: Snapshots of dysplastic cells for three different days. Here Ts = [2,2+ 1
48
]∪ [12,12+ 1

48
] d.

We observe that, contrary to a onetime virus exposure, a two-time exposure is able to cause dysplastic
cell establishment, for the same parameter set.
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Days

2 12 22 32

Four-time virus exposure

(a) t = 100 d (b) t = 800 d (c) t = 1350 d

Figure 9: Snapshots of dysplastic cells for three different days. Here Ts = ⋃
i∈{2,12,22,32}

[i, i + 1
48
] d.

We observe that a four-time virus exposure speeds up the establishment of dysplastic cells when
compared to a two-time exposure, for the same parameter set.

concentration of dysplastic cells

• the frequency of the viral exposure determines both the existence of dysplastic cells and
the speed of their aggregation.

Our work can be extended from both an analytical and a modelling point of view. Concern-
ing the analytical perspective, we plan to study the model in terms of global well-posedness
and stability analysis. Moreover, we intend to explicitly determine the dependence of the
solution on the geometrical data of the membrane, the flux of immune cells, as well as the
source of the viral exposure.

As for the modelling perspective, we could extend this study by extracting a condition for
the prediction of the compliant/critical points of the basement membrane that would cause
the transition from the CIS to cancer. In addition, we plan to extensively study the role
of different immune cells, instead of grouping them together into one variable. Moreover, a
straight-forward generalization includes the consideration of infection with different strains of
HPV. Finally, we plan to incorporate a new dependent variable that will model the level of
mutation of epithelial cells.
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