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KEFALAIO 2
Kinhmatik  tou ulikoÔ shme�ou

Se aut  thn enìthta ja suzht soume en suntom�a sust mata kampulì-grammwn suntetagmènwn sta opo�a mporoÔme na perigr�youme thn k�nhsh enìulikoÔ shme�ou to opo�o kine�tai kat� m ko k�poia dedomènh kampÔlh. Jad¸soume ep�sh ti sunist¸se twn dianusm�twn th taqÔthta kai th epit�qun-sh enì ulikoÔ shme�ou to opo�o kine�tai kat� m ko mi� dedomènh kampÔlhse kulindrikè kai sfairikè suntetagmène kaj¸ ep�sh kai to topikì sun-odeÔon tr�edro th efaptomènh, pr¸th kai deÔterh kajètou se k�je shme�oth troqi� tou s¸mato. E�nai ep�sh polÔ qr simo na gnwr�zoume ti ekfr�-sei twn telest¸n th kl�sh, apìklish, strof  kai Laplasian  se tuqìnsÔsthma orjog¸niwn kampulìgrammwn suntetagmènwn.2.1 DianÔsmata jèsh, taqÔthta kai epit�qun-sh ulikoÔ shme�ouSthn Klasik  Mhqanik  jewroÔme ìti o q¸ro e�nai Eukle�deio tri¸n di-ast�sewn. Epomènw, h jèsh, taqÔthta kai epit�qunsh enì ulikoÔ shme�oukaj¸ kai �lle dianusmatikè fusikè posìthte ìpw h orm  tou, stroform tou k.t.l., perigr�fontai sunart sei mia tri�do diatetagmènwn arijm¸n k�jeqronik  stigm  t, twn suntetagmènwn tou shme�ou (x1, x2, x3). Tètoie tri�dea- 3



4 Kinhmatik  tou ulikoÔ shme�ourijm¸n up�rqoun �peire, all� oi plèon sunhjismène e�nai oi kartesianè sun-tetagmène (x, y, z), oi kulindrikè suntetagmène (ρ, φ, z) kai oi sfairikè sun-tetagmène (r, θ, φ). Lig¸tero gnwstè e�nai oi parabolikè, elleiptikè, toroei-de�, kwnikè, k.a., orjìgwne kampulìgramme suntetagmène. Oi gnwstè maorjog¸nie kartesianè suntetagmène (x, y, z) susqet�zontai me ti orjog¸niekampulìgramme suntetagmène (x1, x2, x3) me k�poiou dedomènou metasqhma-tismoÔ:
x = x(x1, x2, x3) ,

y = y(x1, x2, x3) ,

z = z(x1, x2, x3) .

Sq. 2.1: Sqhmatik  anapar�stash twn tri¸n genikeumènwn epifanei¸n(x1, x2, x3) = staj. pou e�nai ant�stoiqa k�jete sti dieujÔnsei x̂1, x̂2, x̂3.To di�nusma jèsew tìte enì ulikoÔ shme�ou e�nai ~r = xx̂ + yŷ + zẑ, en¸
d~r =

∂~r

∂x1

dx1 +
∂~r

∂x2

dx2 +
∂~r

∂x3

dx3 = h1dx1x̂1 + h2dx2x̂2 + h3dx3x̂3 ,ìpou oi dianusmatikè mon�de x̂1, x̂2, x̂3 kai ta stoiqe�a m kou twn kampulì-grammwn suntetagmènwn h1, h2, h3 sundèontai me ti sqèsei:
h1x̂1 =

∂~r

∂x1

, h2x̂2 =
∂~r

∂x2

, h3x̂3 =
∂~r

∂x3

.Tìte, epeid  ta x̂1, x̂2, x̂3 e�nai monadia�a, isqÔei:
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hi =| ∂~r

∂xi
| , x̂i =

∂~r/∂xi

| ∂~r/∂xi |
, i = 1, 2, 3 .To tetr�gwno tou stoiqei¸dou m kou sti orjog¸nie kampulìgramme autèsuntetagmène e�nai,

ds2 = d~r · d~r = h2

1
dx2

1
+ h2

2
dx2

2
+ h2

3
dx2

3
,en¸ to stoiqe�o ìgkou e�nai,

dV = h1h2h3dx1dx2dx3 .Parade�gmata1. Kulindrikè suntetagmène (ρ, φ, z):
x = ρ cos φ, y = ρ sin φ, z = z
h1 = 1, h2 = ρ, h3 = 1
ρ̂ = cos φx̂ + sin φŷ
φ̂ = − sin φx̂ + cos φŷ
ẑ = ẑ

Sq. 2.2: Orismì twn kulindrik¸n suntetagmènwn (ρ, φ, z).2. Sfairikè suntetagmène (r, θ, φ):
h1 = 1, h2 = r, h3 = r sin θ
~r = r sin θ cos φx̂ + r sin θ sin φŷ + r cos θẑ
r̂ = sin θ cos φx̂ + sin θ sin φŷ + cos θẑ
ĵ = cos θ cos φx̂ + cos θ sin φŷ − sin θẑ
f̂ = − sin φx̂ + cos φŷ .

Sq. 2.3: Orismì twn sfairik¸n suntetagmènwn (r, θ, φ).



6 Kinhmatik  tou ulikoÔ shme�ou2.2 TaqÔthta kai epit�qunsh se kulindrikèsuntetagmèneSti kulindrikè suntetagmène (ρ, φ, z) to di�nusma jèsew enì ulikoÔ shme�oue�nai
~r = ρρ̂ + zẑ ,kai h taqÔtht� tou

~v =
d(ρρ̂ + zẑ)

dt
= ρ̇ρ̂ + ρ

dρ̂

dt
+ żẑ .Epeid  ìmw ρ̂ = ρ̂(φ),

dρ̂

dt
=

dρ̂

dφ

dφ

dt
= φ̇φ̂ ,h taqÔthta g�netai telik�,

~v = ρ̇ρ̂ + ρφ̇φ̂ + żẑ .Parìmoia, gia thn epit�qunsh èqoume,
~a =

d(ρ̇ρ̂ + ρφ̇φ̂ + żẑ)

dt
=

= ρ̈ρ̂ + ρ̇
dρ̂

dφ

dφ

dt
+ ρ̇φ̇φ̂ + ρφ̈φ̂ + ρφ̇2

dφ̂

dφ
+ z̈ẑ =

= (ρ̈ − ρφ̇2)ρ̂ + (2ρ̇φ̇ + ρφ̈)φ̂ + z̈ẑ .2.2.1 K�nhsh p�nw se kardioeid  kampÔlh
� 'Ena swmat�dio kine�tai me stajer  taqÔthta v kat� m ko th kardioeidoÔkampÔlh ρ = k(1 + cos φ) (Sq. 2.4). Na upologisje� h epit�qunsh kai h gwni-ak  taqÔthta tou swmatid�ou.LÔsh: Epeid  se kulindrikè suntetagmène (ρ, φ, z) h taqÔthta kai epit�qunshtou swmatid�ou e�nai,

~ρ = ρρ̂ , ~̇ρ = ρ̇ρ̂ + ρφ̇φ̂ , ~̈ρ = (ρ̈ − ρφ̇2)ρ̂ + (ρφ̈ + 2ρ̇φ̇)φ̂ ,



Jewrhtik  Mhqanik  7èqoume,
v =

√

ρ̇2 + ρ2φ̇2 = φ̇
√

2kρ ⇒ φ̇ =
v

√

2k2(1 + cos φ)
.H aktinik  sunist¸sa th epit�qunsh e�nai:

aρ = ρ̈ − ρφ̇2 = −k

(

v2

2kρ
cos φ + φ̈ sinφ

)

− v2

2k
,

φ̈ = − vρ̇

2ρ
√

2kρ
=

v2 sinφ

4ρ2
⇒ aρ = −3

4

v2

k
,en¸ h azimoujiak  sunist¸sa th epit�qunsh aφ e�nai,

aφ = ρφ̈ + 2ρ̇φ̇ =
v2 sinφ

4ρ
− 2k

v2 sin φ

2kρ
= −3

4

v2

k

sin φ

1 + cos φ
.Telik�, h epit�qunsh tou swmatid�ou e�nai:

a =
√

a2
ρ + a2

φ =
3

4

v2

k

√

2

1 + cos φ
.

Sq. 2.4: H kardioeid  kampÔlh tou probl mato.H gwniak  taqÔthta kai epit�qunsh apeir�zontai sthn arq  ìtan ρ → 0, φ →
180◦, par� to ìti h taqÔthta e�nai peperasmènh. Ax�zei na shmeiwje� ìti aut  han¸malh sumperifor� th gwniak  taqÔthta ofe�letai mìno sthn epilog  tousust mato suntetagmènwn kai e�nai anex�rthth th k�nhsh p�nw sthn kampÔlh.



8 Kinhmatik  tou ulikoÔ shme�ou2.2.2 K�nhsh lèmbou se reÔma
� Mia mhqanok�nhth lèmbo xekin� apì to shme�o P th mia ìqjh enì potamoÔkai kine�tai me stajer  taqÔthta V pro to apènanti shme�o Q, se apìstash D.E�n ρ e�nai h stigmia�a apìstas  th apì to Q kai to reÔma tou potamoÔ kine�taime taqÔthta v de�xte ìti h troqi� th lèmbou d�detai apì th sqèsh

ρ =
D sec θ

(sec θ + tan θ)
V

v

.E�n v = V de�xte ìti h troqi� e�nai parabolik . D�detai ìti,
∫

dθ

cos θ
= ℓn

∣

∣

∣

∣

1 + sin θ

cos θ

∣

∣

∣

∣

.

Sq. 2.5: K�nhsh lèmbou me taqÔthta V apì th mi� ìqjh enì potamoÔ (toshme�o P ) pro thn ant�pera ìqjh tou potamoÔ (to shme�o Q) e�n to reÔma toupotamoÔ èqei taqÔthta v.LÔsh: Se polikè suntetagmène (ρ, θ) me ton �xona-x sth dieÔjunsh QP kaiton �xona-y apì to Q kai par�llhla sthn ìqjh tou potamoÔ,
x = ρ cos θ , y = ρ sin θ ,

ρ̂ = cos θx̂ + sin θŷ , θ̂ = − sin θx̂ + cos θŷ ,kai,
~ρ = ρρ̂ , ~vol =

d~ρ

dt
.H sunolik  taqÔthta th lèmbou e�nai

~vol = (v sin θ − V ) ρ̂ + v cos θ θ̂ ,
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~vol = (v sin θ − V ) ρ̂ + v cos θ θ̂ =

dρ

dt
ρ̂ + ρ

dθ

dt
θ̂ .'Etsi,

dρ

dt
= v sin θ − V ,kai

ρ
dθ

dt
= v cos θ .Diair¸nta kat� mèlh èqoume,

1

ρ

dρ

dθ
= tan θ − V

v
sec θ ,kai oloklhr¸nonta,

ℓnρ = ℓn| sec θ| − V

v
ℓn| sec θ + tan θ| + C ,Gi� (θ =0, ρ = D) kai epomènw, ℓnD = C. 'Ara,

ρ =
D sec θ

(sec θ + tan θ)
V

v

.'Otan V = v,
ρ =

D

1 + sin θ
,kai h troqi� e�nai parabolik  me th m�a est�a th parabol  sto Q. H lèmboja fj�sei sthn ant�pera ìqjh se shme�o pou apèqei apìstash ρ = D/2 apì to

Q.2.3 Upologismì taqÔthta kai epit�qunsh sesfairikè suntetagmène (r, θ, φ).Kat’ arq n parathroÔme ìti, ìpw kai sti kulindrikè suntetagmène, ta mona-dia�a dianÔsmata r̂, θ̂, φ̂, metab�llontai kaj¸ metab�llontai oi suntetagmène
(θ, φ).

r̂(θ, φ) =
1

hr

∂~r

∂r
= sin θ cos φx̂ + sin θ sinφŷ + cos θẑ,

θ̂(θ, φ) =
1

hθ

∂~r

∂θ
= cos θ cos φx̂ + cos θ sin φŷ − sin θẑ,

φ̂(θ, φ) =
1

hφ

∂~r

∂φ
= − sin φx̂ + cos φŷ,



10 Kinhmatik  tou ulikoÔ shme�oume hr = 1, hθ = r, hφ = r sin θ. 'Etsi:
dr̂

dt
= θ̇

∂r̂

∂θ
+ φ̇

∂r̂

∂φ

= θ̇ (cos θ cos φx̂ + cos θ sin φŷ − sin θẑ) + φ̇ (− sin θ sin φx̂ + sin θ cos φŷ)

= θ̇ θ̂ + φ̇ sin θ φ̂Parìmoia,
dθ̂

dt
= θ̇

∂θ̂

∂θ
+ φ̇

∂θ̂

∂φ

= θ̇ (sin θ cos φx̂ + sin θ sinφŷ + cos θẑ) − φ̇ (cos θ sin φx̂ − cos θ cos φŷ)

= −θ̇ r̂ + cos θφ̇ θ̂.

dφ̂

dt
= θ̇

∂φ̂

∂θ
+ φ̇

∂φ̂

∂φ
= −φ̇ x̂ − φ̇ cos φ θ̂

= −φ̇
[

sin θr̂ + cos θθ̂
]

.

~v = ~̇r = ṙr̂ + r
dr̂

dt
= ṙr̂ + rθ̇θ̂ + rφ̇ sin θφ̂,kai h epit�qunsh:

~a = ~̈r =
d~v

dt
= ar r̂ + aθθ̂ + aφφ̂,

ar = r̈ − rθ̇2 − r sin2 θφ̇2,

aθ =
1

r

d

dt
(r2θ̇) − r sin θ cos θφ̇2,

aφ =
1

r sin θ

d

dt
(r2 sin2 θφ̇).Ax�zei na parathr soume ìti gia θ = π/2, (sin θ = 1, θ̇ = 0, cos θ = 0) oi ekfr�-sei autè an�gontai sti ant�stoiqe ekfr�sei th taqÔthta kai epit�qunshse kulindrikè suntetagmène.



Jewrhtik  Mhqanik  112.4 H efaptomènh, pr¸th kai deÔterh k�jetomia kampÔlh'Opw e�nai gnwstì apo ton Apeirostikì Logismì 1, ìtan èna shme�o kine�taikat� m ko mi� ep�pedh kampÔlh ~r = ~r(s), tìte to di�nusma d~r/ds e�nai kat�th dieÔjunsh th efaptomènh th troqi� (Sq. 2.6),
SSq. 2.6: Sqhmatik  anapar�stash tou dianÔsmato th efaptomènh T̂ sededomènh ep�pedh kampÔlh ~r = ~r(s).

S

r

Sq. 2.7: Sqhmatik  anapar�stash tou dianÔsmato th efaptomènh T̂ sededomènh tridi�stath kampÔlh ~r = ~r(s).Parìmoia, èstw ~r(t) to di�nusma jèsew enì ulikoÔ shme�ou pou kine�taikat� m ko mia kampÔlh sto q¸ro. H taqÔtht� tou e�nai
~v =

d~r

dt
=

d~r

ds

ds

dt
= ṡT̂ ,1p.q., bl. Apeirostikì Logismì I, G. Thomas & R. Finney, apìdosh sta Ellhnik� K.Ts�gkano, PEK.



12 Kinhmatik  tou ulikoÔ shme�ouìpou,
T̂ ≡ d~r

ds
=

~v

|~v| ,e�nai h efaptomènh th kampÔlh sto dedomèno shme�o S. Epeid  to T̂ e�naimonadia�o di�nusma,
T̂ 2 = 1 ⇒ T̂ · dT̂

ds
= 0 .To di�nusma dT̂ /ds e�nai epomènw k�jeto sthn efaptomènh kai or�zei thn pr¸thk�jeto sthn kampÔlh

dT̂

ds
= κN̂ .me suntelest  analog�a thn kampulìthta κ th kampÔlh sto S,

κ =
dφ

ds
.To di�nusma,

B̂ = T̂ × N̂ ,or�zei èna tr�to monadia�o di�nusma pou e�nai k�jeto sta T̂ kai N̂ kai or�zeith deÔterh k�jeto th kampÔlh sto S. H èkfrash
d ~B

ds
= −τN̂ ,or�zei th strèyh τ th kampÔlh sto S.

Sq. 2.8: To sunodeÔon tr�edro (T̂ , N̂ , B̂) mi� tridi�stath kampÔlh
~r = ~r(s).



Jewrhtik  Mhqanik  13Ta dianÔsmata (T̂ , N̂ , B̂) or�zoun to sunodeÔon tr�edro mi� kampÔlhh opo�a èqei kampulìthta κ kai strèyh τ .2.4.1 K�nhsh p�nw se speiroeid  troqi� sto q¸ro
� 'Ena s¸ma kine�tai me stajer  taqÔthta p�nw sthn spe�ra (Sq. 2.9),

r(t) = (R cos ωt, R sin ωt, bωt).Na upologisjoÔn ta dianÔsmata ~T , ~N, kai ~B.

Sq. 2.9: H speiroeid  kampÔlh tou probl mato.LÔsh: (a) Efaptìmeno di�nusma:
~T =

d~r

ds
=

~v

v
.

~v =
d~r

dt
= (−ωR sin ωt, ωR cos ωt, bω), v = ω

√

R2 + b2 ,opìte:
~T =

(−R sin ωt, R cos ωt, b)√
R2 + b2

.(b) Pr¸th k�jeto:
κ ~N =

d~T

ds
=

d~T/dt

ds/dt
=

−ωR(cos ωt, sin ωt, 0)

ω
√

R2 + b2
√

R2 + b2
,kai epeid  |N̂ | = 1,

κ =
R

R2 + b2
,



14 Kinhmatik  tou ulikoÔ shme�oukai
~N = −(cos ωt, sin ωt, 0) .(g) DeÔterh k�jeto:

~B = ~T × ~N =
1√

R2 + b2

∣

∣

∣

∣

∣

∣

x̂ ŷ ẑ
−R sinωt R cos ωt b
− cos ωt − sinωt 0

∣

∣

∣

∣

∣

∣

=
(b sin ωt, −b cos ωt, R)

R2 + b2
,

d ~B

ds
= −τ ~N =

d ~B/dt

ds/dt
=

b

R2 + b2
(cos ωt, sin ωt, 0) ,kai epeid  |B̂| = 1, èqoume:

τ =
b

R2 + b2
.Sqìlia:

(i) Se tuqoÔsa kampÔlh, h akt�na kampulìthto metab�lletai suneq¸ kat�m ko th kampÔlh kai isoÔtai me thn akt�na tou topik� efaptìmenoukÔklou pou kale�tai kai sunefaptìmeno kÔklo.
(ii) H strèyh th kampÔlh prosdior�zei to rujmì me ton opo�o h kampÔlhapokl�nei apì to ep�pedo.2.4.2 EÔresh sunefaptìmenou kÔklou parabol 

� Na upologisjoÔn ta dianÔsmata th efaptomènh kai th pr¸th kajètou sek�je shme�o th parabol  y = x2 kai na deiqje� ìti o sunefaptìmeno kÔkloth parabol  sthn arq  twn axìnwn èqei ex�swsh,
x2 +

(

y − 1

2

)

2

=
1

4
.LÔsh: 'Ena kinhtì pou kine�tai kat� m ko th parabol  y = x2 xekin¸ntath qronik  stigm  t = 0 apì thn arq  twn axìnwn èqei di�nusma jèsew, ~r(t),

~r(t) = tx̂ + t2ŷ ,kai taqÔthta
~v(t) =

d~r

dt
= x̂ + 2tŷ , |~v| =

√

1 + 4t2 .



Jewrhtik  Mhqanik  15H efaptomènh th troqi� e�nai,
~T =

~v

v
=

1√
1 + 4t2

x̂ +
2t√

1 + 4t2
ŷ ,en¸

d~T

dt
= − 4t

√

(1 + 4t2)3
x̂ +

[

2√
1 + 4t2

− 8t2
√

(1 + 4t2)3
ŷ

]

.

~N =
d~T/dt

|dT̂ /dt|
.Sthn arq  twn axìnwn, t = 0 kai h kampulìthta e�nai,

κ(0) =
1

|v(0)|

∣

∣

∣

∣

∣

dT̂ (0)

dt

∣

∣

∣

∣

∣

= 2 .H akt�na kampulìthta e�nai R = 1/2 kai epeid  to kèntro tou sunefaptìmenoukÔklou e�nai sto shme�o (0, 1/2), o sunefaptìmeno kÔklo ja èqei ex�swsh,
x2 +

(

y − 1

2

)2

=
1

4
.2.5 Epitrìqio kai kentromìlo epit�qunshEpeid  h taqÔthta mètrou ṡ e�nai sth dieÔjunsh th efaptomènh T̂ ,

~v = ṡT̂ ,h epit�qunsh enì ulikoÔ shme�ou èqei ti akìlouje sunist¸se:
~a =

d~v

dt
= s̈T̂ + ṡ

dT̂

ds
= s̈T̂ + ṡ2κN̂ .H pr¸th sunist¸sa onom�zetai epitrìqio epit�qunsh kai h deÔterh ken-tromìlo.2.6 H kampulìthta mi� kampÔlhGia mia ep�pedh kampÔlh h kampulìthta or�zetai apì to rujmì metabol  thgwn�a φ,

κ ≡ dφ

ds
=

dφ

dt

dt

ds
.
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á

O

Sq. 2.10: Oi dÔo sunist¸se th epitrìqia kai kentromìlou epit�qunsh.Epeid  (Sq. 2.6),
T̂ = cos φx̂ + sin φŷ ,kai

dT̂

ds
=

dT̂

dφ

dφ

ds
=

dφ

ds
(− sin φx̂ + cos φŷ) ,en¸

tan φ =
dy

dx
=

ẏ

ẋ
, (1 + tan2 φ)φ̇ =

ẋÿ − ẍẏ

ẋ2
.eÔkola prokÔptei ìti h kampulìthta κ e�nai

κ =
dφ

ds
=

φ̇

ṡ
=

ẋÿ − ẍẏ

|~v|3 =
~v × ~a

|~v|3 .H �dia sqèsh
κ =

|~v × ~a|
|~v|3 ,isqÔei gia tuqoÔsa mh ep�pedh kampÔlh. Pr�gmati, epeid  isqÔei

~v = ṡT̂ ,kai
~a = s̈T̂ + κṡ2N̂ ,



Jewrhtik  Mhqanik  17èqoume ìti
|~v × ~a| = |κṡ3| = κ|~v|3 .E�nai shmantikì na parathr soume pw h kampulìthta κ, mia kajar� gewmetrik idiìthta th kampÔlh, upolog�zetai apì thn taqÔthta kai epit�qunsh opoioud -pote ulikoÔ shme�ou kine�tai kat� m ko th !2.6.1 M ko kampÔlh

� Na upologisje� to m ko th trisdi�stath kampÔlh pou èqei ex�swsh:
~r(t) = 3 cosh(2t)x̂ + 3 sinh(2t)ŷ + tẑ,sto di�sthma 0 ≤ t ≤ π.LÔsh: To m ko s th kampÔlh e�nai:

s =

∫

ds =

∫

ds

dt
dt =

∫
∣

∣

∣

∣

d~r

dt

∣

∣

∣

∣

dt.epeid  ds = |d~r|:
∣

∣

∣

∣

d~r

dt

∣

∣

∣

∣

= 6
√

sinh2 2t + cosh2 2t + 1 = 6
√

2 cosh 2t,afoÔ sinh2 2t = cosh2 2t − 1. 'Etsi:
s =

∫ π

0

6
√

2 cosh 2t dt = 3
√

2 sinh 2π.2.7 Kl�sh, apìklish, strof  kai Laplasian (Laplacian) se orjìgwne kampulìgrammesuntetagmèneH kl�sh ~∇f mi� bajmwt  sun�rthsh f(x1, x2, x3) sti orjìgwne kampulì-gramme suntetagmène (x1, x2, x3) e�nai:
grad f = ~∇f =

x̂1

h1

∂f

∂x1

+
x̂2

h2

∂f

∂x2

+
x̂3

h3

∂f

∂x3

.H apìklish ~∇· ~A mi� dianusmatik  sun�rthsh ~A(x1, x2, x3) = A1x̂1+A2x̂2+
A3x̂3 sti orjìgwne kampulìgramme suntetagmène (x1, x2, x3) e�nai:
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div ~A = ~∇ · ~A =

1

h1h2h3

[

∂

∂x1

(h2h3A1) +
∂

∂x2

(h3h1A2) +
∂

∂x3

(h1h2A3)

]

.H strof  ~∇× ~A th dianusmatik  sun�rthsh ~A(x1, x2, x3) = A1x̂1 +A2x̂2 +
A3x̂3 sti orjìgwne kampulìgramme suntetagmène (x1, x2, x3) e�nai:

curl ~A = ~∇× ~A =
1

h1h2h3

∣

∣

∣

∣

∣

∣

h1x̂1 h2x̂2 h3x̂3

∂
∂x1

∂
∂x2

∂
∂x3

h1A1 h2A2 h3A3

∣

∣

∣

∣

∣

∣Tèlo, h Laplasian  ∇2f th bajmwt  sun�rthsh f(x1, x2, x3) sti orjìg-wne kampulìgramme suntetagmène (x1, x2, x3) e�nai:
∇2f =

1

h1h2h3

[

∂

∂x1

(

h2h3

h1

∂f

∂x1

)

+
∂

∂x2

(

h3h1

h2

∂f

∂x2

)

+
∂

∂x3

(

h1h2

h3

∂f

∂x3

)]

.2.7.1 Paradeigma upologismoÔ ped�ou dedomènh kl�sh
� H kl�sh enì ped�ou V (x, y) e�nai (1 + 2xy)x̂ + (x2 + 3y2)ŷ. Na eureje� toped�o V (x, y).LÔsh:

∂V

∂x
= 1 + 2xy ⇒ V (x, y) = x + x2y + f1(y),

∂V

∂y
= x2 + 3y2 ⇒ V (x, y) = x2y + y3 + f2(y),Sugkr�nonta ti dÔo autè ekfr�sei tou V (x, y) èqoume:

f1(y) = y3 + C1, f2(y) = x + C2.Epomènw:
V (x, y) = x + x2y + y3 + C.



Jewrhtik  Mhqanik  19Ask sei2.1 De�xte ìti p�ntote isqÔei:
dN̂

ds
= τB̂ − κT̂ (TÔpo Frenet − Serret) .2.2 Na apodeiqje� ìti,

d~r

ds
·
(

d2~r

ds2
× d3~r

ds3

)

= κ2τ .

íÞìá

A

á

Sq. 2.11: Sqhmatik  anapar�stash th eneiligmènh tou monadia�ou kÔk-lou tou probl mato 2.3 kai th epit�qunsh kinhtoÔ pou kine�tai kat� m koth. Sto sq ma fa�nontai oi dÔo sunist¸se th epit�qunsh a, h efaptomenik (epitrìqia) aT = 1 kaj¸ kai h k�jeth aN = t.2.3 H eneiligmènh enì kÔklou e�nai h kampÔlh pou diagr�fei to �kro P enìtentwmènou n mato kaj¸ ektul�ssetai apì thn perifèreia tou kÔklou.



20 Kinhmatik  tou ulikoÔ shme�ouSto Sq. 2.11 to n ma ektul�ssetai me for� ant�jeth aut  twn deikt¸ntou rologioÔ kai èqei ex�swsh
~r(t) = (cos t + t sin t)x̂ + (sin t − t cos t)ŷ .Upolog�ste thn efaptomènh T̂ kai pr¸th k�jeto N̂ th eneiligmènh toukÔklou kaj¸ kai thn taqÔthta kai epit�qunsh enì kinhtoÔ pou kine�taikat� m ko th eneiligmènh.2.4 Ulikì shme�o kine�tai sto ep�pedo ètsi ¸ste to mètro th taqÔtht� toukai to mètro th epitaqÔnse¸ tou na e�nai stajer�. Na apodeiqje� ìti htroqi� e�nai perifèreia kÔklou.2.5 Ulikì shme�o kine�tai se elleiptik  troqi� me taqÔthta stajeroÔ mètrou.Se poi� shme�a th troqi� h epit�qunsh e�nai mègisth kai se poi� el�qisth;2.6 H jèsh enì shme�ou sto ep�pedo prosdior�zetai apì ti suntetagmènetou x, y pou d�nontai apì ti exis¸sei x = sin ω1t kai y = cos ω2t. Naapodeiqje� ìti h troqi� e�nai periodik  mìno ìtan o lìgo ω1/ω2 e�nai rhtì.T� sumba�nei ìtan o lìgo ω1/ω2 den e�nai rhtì;2.7 H troqi� prosge�wsh enì mikroÔ idiwtikoÔ aeropl�nou èqei ex�swsh

~r(t) = (R cos ωt,R sin ωt,H − bωt), me R = 1 km, ω = 1/7 sec−1, H =
400 m, b = H/6π, t ∈ [0, 42π] sec. Na upologisje� h taqÔthta tou aero-pl�nou ìtan prosgei¸netai th stigm  t = 42π sec.2.8 'Ena s¸ma kine�tai kat� m ko th kampÔlh
~r(t) = (t cos t, t sin t, t), 0 ≤ t ≤ 2π.Ti e�dou kampÔlh diagr�fei kai poia e�nai h taqÔthta kai epit�quns  touk�je qronik  stigm  t?2.9 Bre�te thn ex�swsh tou sunefaptìmenou kÔklou th kampÔlh y = exsto shme�o (0.1). Apì thn ex�swsh tou kÔklou autoÔ upolog�ste tiparag¸gou y′(x) kai y′′(x) sto shme�o (0,1) tou kÔklou kai sugkr�neteautè me ti ant�stoiqe parag¸gou th kampÔlh y = ex sto �dio shme�o.2.10 Bre�te thn ex�swsh tou sunefaptìmenou kÔklou th ep�pedh kampÔlh

~r(t) = (2 ln t)x̂ −
(

t +
1

t

)

ŷ .sto shme�o t = 1.


