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Influence of spin-spin coupling on inspiraling compact binaries withM 15M 2 and S15S2
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Searching for gravitational waves with laser-interferometer detectors requires a highly accurate knowledge
of the gravitational wave forms in order to construct search templates with which to cross correlate the noisy
detectors’ output. In this spirit, we derive here an analytic approximate formula describing the precession of an
inspiraling compact binary with equal masses and equal spins, where both the spin-orbit and the spin-spin
couplings are taken into account.@S0556-2821~96!00614-5#

PACS number~s!: 04.80.Nn, 04.25.Nx, 97.60.Jd
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I. INTRODUCTION

The inspiral and coalescence of neutron star and bla
hole binaries is a very promising source of gravitation
waves for the Laser Interferometric Gravitational Wav
Observatory–~LIGO-!/VIRGO network of interferometric
gravitational wave detectors@1,2# and also, in the case of
massive black holes, for the space-based Laser Interfero
eter Space Antenna~LISA! detector@3#. A large number of
people have done extensive studies both on theoretical
pects of the problem connected with the motion of the
binaries and with the emission of gravitational waves fro
them, and on practical aspects of the implementation of va
ous strategies to detect these waves with a given detecto
network of detectors.

While for a nonspinning binary the orbital plane remain
fixed during inspiral, and thus the geometry of the binar
with respect to the detector is fixed, if at least one of th
bodies is rotating, then the binary will undergo a prece
sional motion due to spin-orbit and spin-spin coupling. In@4#
the general aspects of this precession have been discus
and explored both analytically~whenever that was possible!
and numerically. In this short paper we derive an approx
mate analytical formula for the spin-induced precession
motion for a special combination of masses and spins, whic
nevertheless, is an astrophysically important one, name
the case of a binary with equal masses and spins. Althou
the general problem of computing the precessional moti
for any combination of masses and spins~based on
post1.5-Newtonian spin-orbit coupling and post2-Newtonian
spin-spin coupling, and on leading-order radiation-reactio
induced inspiral! has already been treated numerically~see
Ref. @4#!, analytic expressions are more favorable for dete
tion and parameter extraction purposes, since they can
used directly when constructing search templates and
easier to handle in data analysis investigations~see@5,6#!.

In this spirit, we have derived approximate analytic for
mulas describing the precession of the orbital plane for t
equal mass, equal spin case. We present those formulas
as a supplement to our more general numerical analysis
spin-induced precession@4#, and also as a supplement to ou
previous analytical analysis of precession without spin-sp
coupling @4#. The formulas we derive here show explicitly
and analytically the spin-spin-induced ‘‘wobbling’’ of the
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otherwise tight inspiraling motion that the orbital angul
momentum vector undergoes during its otherwise tight p
cession~see Figs. 11–16 of@4#!. The analytic precession
formulas derived in this paper can be inserted into E
~18c!, ~19!, and ~29! of Ref. @4# to obtain the gravitational
wave forms from the precessing, inspiraling binary.

Throughout we use units whereG5c51.

II. THE OPENING ANGLE OF Lˆ

As was mentioned in the previous section, the case o
binary with equal masses is an important one, correspond
for example, to 1.4M(, 1.4M( neutron-star–neutron-sta
~NS-NS! binaries. If, additionally, the spins happen to ha
almost equal magnitude, then the complicated differen
equations describing the precession ~up to
post2-Newtonian order! simplify significantly and allow an
approximate solution, which turns out to be very accurate

As discussed in@4# the precession equations take on t
following form, after specializing to circular orbits and afte
averaging over one orbit:

L̇5
1

r 3 F4M113M2

2M1
S11

4M213M1

2M2
S2G3L

2
3

2

1

r 3
@~S2•L̂ !S11~S1•L̂ !S2#3L̂

2
32

5

m2

r SMr D 5/2L̂ , ~1a!

Ṡ15
1

r 3 F4M113M2

2M1
L G3S11

1

r 3 F12S22 3

2
~S2•L̂ !L̂ G3S1 ,

~1b!

Ṡ25
1

r 3 F4M213M1

2M2
L G3S21

1

r 3 F12S12 3

2
~S1•L̂ !L̂ G3S2 .

~1c!

Here an overdot represents ‘‘d/dt, ’’ L , S1 , andS2 are the
orbital angular momentum and the two spins, respective
L̂ is the unit vector alongL , r is the distance between th
two bodies, andM1 , M2 , andm are the masses of the tw
bodies and their reduced mass, respectively. The assump
2438 © 1996 The American Physical Society
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of precisely equal masses (M15M2) and spins
(uS1u5uS2u5S) makes it possible to solve Eqs.~1! analyti-
cally even if we keep, apart from the spin-orbit terms, t
spin-spin terms. Then the cosines of the angles between
two spinsS1 ,S2 and the total angular momentumJ ~which,
as we have shown in Ref.@4#, is almost constant in direction!
evolve as follows:

d

dt
~ Ĵ•Ŝ1!5

3S

2r 3 F22
~S2•J!

L2
1OS S2L2D G Ĵ•~Ŝ13Ŝ2!,

~2a!

d

dt
~ Ĵ•Ŝ2!52

3S

2r 3 F22
~S1•J!

L2
1OS S2L2D G Ĵ•~Ŝ13Ŝ2!,

~2b!

d

dt
~Ŝ1•Ŝ2!5

3J

2r 3 F ~S1•J2S2•J!

L2
1OS S2L2D G Ĵ•~Ŝ13Ŝ2!.

~2c!

If we had taken into account the motion ofĴ as described by
Eqs. ~1!, it would have contributed to theO(S2/L2) terms.
Therefore the assumption of fixedĴ is completely justified in
our analysis.

Equations~2! have been derived from Eqs.~1b! and ~1c!
by using the approximationL.J3@11O(S/L)# and then
rearranging in terms of successive orders ofSk/Lk. ~When
M1.M2 thenS!L throughout the inspiral; whenM1@M2
this need not be so.! By introducing the notation

x[Ŝ1•Ŝ2 , j[ Ĵ•
Ŝ12Ŝ2
2

, h[ Ĵ•
Ŝ11Ŝ2
2

, ~3!

Eqs.~2! transform to

dh

dt
5

3S

2r 3 FOS SL D Gw~h,j,x!, ~4a!

dj

dt
5

3S

2r 3 F21OS SL D Gw~h,j,x!, ~4b!

dx

dt
5

3S

2r 3 F2j1OS SL D Gw~h,j,x!, ~4c!

with

w~h,j,x!5A12x222~h21j2!12x~h22j2!. ~4d!

By ignoring all theO(S/L) terms, Eqs.~4! simplify to a
single differential equation for one of theh,j,x functions
while the other two can be expressed as functions of the
one:

h.h~0!5const, ~5a!

x.x~0!1
1

2
@j22j2~0!#, ~5b!

dj

dt
.
3S

r 3
AA1Bj21Gj4, ~5c!
he
the

first

with

A[@12h2~0!#22@h2~0!2x~0!1j2~0!/2#2,

B[2223x~0!1h2~0!13j2~0!/2,

G[25/4, ~5d!

where ‘‘(0)’’ means the initial value. Equation~5c! can be
solved by means of Jacobian elliptic integrals@7#, leading to

j5
1

c3
sdS c1E 3S

r 3
dt1c0Uc2D ~6a!

where

c0[sd21@c3j~0!uc2#, c1[~B224AG!1/4,

c2[~B1c1
2!/~2c1

2!, c3[c1 /AuAu, ~6b!

and

E 3S

r 3
dt5

15a

64
Q2F S 10 Hz

f ~0! D 2/32S 10 Hz

f D 2/3G , ~6c!

where

Q5
18.607

~M /M(!1/3
. ~6d!

Herea is the spin parameter for the two stars (Si5aMi
2).

Having analytic expressions for all the angles between th
spins and total angular momentum, we can compute th
opening anglelL of the orbital angular momentum, i.e., the
angle betweenL̂ and Ĵ ~recall thatĴ is fixed to the level of
accuracy used, i.e.,Ĵ plays the role of theĴ0 that was used in
Ref. @4# when analyzing simple precession!:

lL5arcsinSA~S11S2!
22~S1• Ĵ1S2• Ĵ!2

L
D

5arcsin21S S
L
AD1j2D , ~7a!

where

D5212x~0!24h2~0!2j2~0!. ~7b!

In Fig. 1 we have plotted the analytic expression~7a! using
the solution~6a! derived above, versus frequency, for a typi-
cal case.@The initial frequency we used isf (0)510 Hz since
this is approximately the frequency of the waves when the
enter the frequency band of ‘‘advanced’’ LIGO detectors.#
To show how good our approximate analytic solution is, we
have plotted on top of it the corresponding numerical solu
tion of the exact differential equations~1! ~dashed line!. In
the range of frequencies where the detectors are most sen
tive ~10–200 Hz!, the approximate analytic solution is an
excellent approximation to the true numerical one. If we ha
dropped the spin-spin terms from the beginning, we woul
have missed thej2 term in Eq. ~7a! and hence the ‘‘wig-
gling’’ shape of Fig. 1. This ‘‘wiggling’’ is due to the open-
ing and closing of the spin-spin angle.
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As we said earlier, Fig. 1 corresponds to some set
parametersx(0), h(0), and j(0). We have tried several
cases with different initial spin and orbital angular mome
tum orientations, which produced either better or worse
sults. For the sake of completeness, in Fig. 2 we have plot
the corresponding analytic and numerical solutions for t
worst case we have found.

III. THE ANGULAR POSITION OF L ˆ

The analysis up to this point gives no information abo
the angular positions ofL̂ , Ŝ1 , and Ŝ2 in their precession
aroundĴ. The angular velocity of precession can be deriv
from Eqs. ~1!. Writing these equations in a more suitab
form, we get

dL̂

dt
52

1

L

d

dt
~S11S2!5

1

2r 3
@7 J23S#3L̂ , ~8a!

where

FIG. 1. Evolution of the opening anglelL of L̂ for two
1.4M( neutron stars with equal spin magnitudes 0.5Mi

2 and initial
orientationsŜ15 x̂, Ŝ25 ŷ, Ĵ5 ẑ. The solid line represents the ana
lytical solution given by Eq.~7a! and the dashed one, the numerica
solution. The approximation is almost perfect within the regio
f& 300 Hz where the sensitivity of detectors is high. The logarith
is to base 10.

FIG. 2. Same as Fig. 1 but with initial spin and total angul
momentum orientationsŜ15 x̂, Ŝ25 ẑ, Ĵ5 ẑ. The logarithm is to
base 10.
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S5
S1~S2•L !1S2~S1•L !

L2
. ~8b!

This says thatL̂ precesses with instantaneous angular veloc
ity

Vp5
1

2r 3
@7 J23S#. ~9!

In Sec. IV of Ref.@4# in the analysis ofsimple precession,
the S term was ignored, but now we have to keep it. Al-
though it is formally of order (S2/L2), its effects on the
precession angle will be of the same order as these produc
by the (S/L) term in

J5 ĴLF112h~0!
S

L
1OS S2L2D G . ~10!

More specifically,S, expressed in terms of three noncopla-
nar vectors relevant to the problem,

S5cJĴ1cLL̂1c'Ĵ3L̂ , ~11!

contributes to the revolution ofL̂ aroundĴ only throughcJ
(c' produces the change of the opening anglelL we found
in the previous section, andcL produces no precession at all!.
With some effort, from Eqs.~5a!, ~5b!, ~6a!, and~8b! we find
that

FIG. 3. ~a! Evolution of the angular positiona of L̂ for the same
neutron stars and initial configuration as in Fig. 1. Again the solid
line represents the analytical solution given by Eq.~14! and the
dashed one, the numerical solution. The difference is so tiny th
the two lines are hardly distinguishable.~b! The difference of the
numerical and the analytical solutions has been plotted to give
feeling for how good the analytical approximation is. The logarithm
is to base 10.
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cJ5SFh~0!
D15j2

D1j2
1OS SL D G . ~12!

ThereforeVp is given by

Vp5
L

2r 3 F71h~0!
11D2j2

D1j2 S SL D1OS S2L2D G , ~13!

and the angular position ofL̂ , by the time integral ofVp

a5a~0!1
35

192
Q3F S 10 Hz

f ~0! D2S 10 Hz

f D G
1

5a

128
Q2h~0!WF S 10 Hz

f ~0! D 2/32S 10 Hz

f D 2/3G1OS S2L2D ,
~14!

where W represents the average value
(11D2j2)/(D1j2). This quantity is frequency dependen
but has an oscillatory behavior which is well approximat
by its average value:

W5211
12D

jmax
2 lnS D1jmax

2

D D , ~15!
of
t
ed

wherejmax
2 can be derived by solving

A1Bjmax
2 1Gjmax

4 50 ~16!

@cf. Eq. ~5c!#. In Fig. 3~a! we have plotted the analytic ex-
pression fora given by Eq.~14!, along with the correspond-
ing numerical solution of Eqs.~1! for the same typical case
as in Fig. 1. The approximation is so good that it looks like
a single curve. In Fig. 3~b! we show the difference between
the numerical and analytical solutions. Other cases, with dif-
ferent sets of parameters used, have produced equivalentl
good results.
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