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Influence of spin-spin coupling on inspiraling compact binaries withM =M, and S;=S,
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Searching for gravitational waves with laser-interferometer detectors requires a highly accurate knowledge
of the gravitational wave forms in order to construct search templates with which to cross correlate the noisy
detectors’ output. In this spirit, we derive here an analytic approximate formula describing the precession of an
inspiraling compact binary with equal masses and equal spins, where both the spin-orbit and the spin-spin
couplings are taken into accouf§0556-282(96)00614-3

PACS numbes): 04.80.Nn, 04.25.Nx, 97.60.Jd

[. INTRODUCTION otherwise tight inspiraling motion that the orbital angular
momentum vector undergoes during its otherwise tight pre-
The inspiral and coalescence of neutron star and blackession(see Figs. 11-16 of4]). The analytic precession
hole binaries is a very promising source of gravitationalformulas derived in this paper can be inserted into Egs.
waves for the Laser Interferometric Gravitational Wave (180, (19), and(29) of Ref. [4] to obtain the gravitational
Observatory4LIGO-)/VIRGO network of interferometric Wwave forms from the precessing, inspiraling binary.
gravitational wave detectorfd,?] and also, in the case of ~ Throughout we use units whe@=c=1.
massive black holes, for the space-based Laser Interferom-
eter Space Antenn@.ISA) detector[3]. A large number of Il. THE OPENING ANGLE OF L~
people have done extensive studies both on theoretical as- i , ) )
pects of the problem connected with the motion of these A AS was mentioned in the previous section, the case of a
binaries and with the emission of gravitational waves fromPinary with equal masses is an important one, corresponding,
them, and on practical aspects of the implementation of varifo" €xample, to 1.Mo, 1.4M¢ neutron-star—neutron-star
ous strategies to detect these waves with a given detector ¥S-NS binaries. If, additionally, the spins happen to have
network of detectors. almost equal magnitude, then the complicated differential

While for a nonspinning binary the orbital plane remains€quations  describing  the ~ precession(up ~ to
fixed during inspiral, and thus the geometry of the binaryPOSt-Newtonian order simplify significantly and allow an

with respect to the detector is fixed, if at least one of theBPProximate solution, which turns out to be very accurate.
bodies is rotating, then the binary will undergo a preces- AS discussed in4] the precession equations take on the
sional motion due to spin-orbit and spin-spin couplingi4h followmg form, after spguahzmg to circular orbits and after
the general aspects of this precession have been discussd¢eraging over one orbit:

and explored both analyticallgvhenever that was possible

and numerically. In this short paper we derive an approxi- [ = is 4M;+3M, + 4M2+3My XL

mate analytical formula for the spin-induced precessional r 2M, 2M,

motion for a special combination of masses and spins, which, 31 A A A
nevertheless, is an astrophysically important one, namely, — = 5[(S-L)S+(S;-L)S,1X L

the case of a binary with equal masses and spins. Although 2r

the general problem of computing the precessional motion 32 42 (M) 52.

for any combination of masses and spilbased on - —<—> , (18
postl->-Newtonian spin-orbit coupling and pdsNewtonian Srir

spin-spin coupling, and on leading-order radiation-reaction- i ; i ;
induced inspira)] has aIrea_dy been treated numericalige 81:_13 4M1+3M2L XS+ _13 ESZ_ §(32'£)£ XS,
Ref. [4]), analytic expressions are more favorable for detec- r 2M; ] r’12 2 ]
tion and parameter extraction purposes, since they can be (1b)
used directly when constructing search templates and are LTAM.4+3M. 111 3 .
easier to handle in data analysis investigatitsee[5,6]). S 2 1 ~
In this spirit, we have derived approximate analytic for- S=13 2M, L XSt 3|35 3(Sr DL XS,
mulas describing the precession of the orbital plane for the ) ‘ ) (1o
equal mass, equal spin case. We present those formulas here
as a supplement to our more general numerical analysis d¢fere an overdot representsi/dt,” L, S;, andS, are the
spin-induced precessid#], and also as a supplement to our Orbital angular momentum and the two spins, respectively,
previous analytical analysis of precession without spin-spirL is the unit vector alond., r is the distance between the
coupling[4]. The formulas we derive here show explicitly two bodies, andM;, M,, and u are the masses of the two
and analytically the spin-spin-induced “wobbling” of the bodies and their reduced mass, respectively. The assumption

0556-2821/96/544)/24384)/$10.00 54 2438 © 1996 The American Physical Society



54 INFLUENCE OF SPIN-SPIN COUPLING ON ... 2439

of precisely equal masses MG=M,) and spins with
(IS1]=S,|=9S) makes it possible to solve Egkl) analyti-

cally even if we keep, apart from the spin-orbit terms, the A=[1-7*(0)]*~[7*(0)— x(0) + £%(0)/2]?,
spin-spin terms. Then the cosines of the angles between the _ ) 5

two spinsS;,S, and the total angular momentuin(which, B=—2-3x(0)+ »7(0)+3£7(0)/2,
as we have shown in Rd#], is almost constant in directipn

evolve as follows: =—5/4, (5d)

where “(0)” means the initial value. Equatid®c) can be

d .. 3S (S,-J) S\lx o~ - ; ;
—(J-S)= - . solved by means of Jacobian elliptic integrgd$, leading to
7S Eg[z — 7 0| 2] |3 (58S, y p griets, g
(28) 1 3s
&= C—s le r—3dt+co Cy (6a)
d ~ . 3S[_ (S SN P 3
2b
(20 co=sd "[c3£(0)[c,], ¢ =(B?—4AD)Y,
d . . 3 [(S$:3-S,-J) S\ . -
a(sl-sz)=?[—Lz—+o 2| |3 (S1XSy). c,=(B+c?)/(2c9), cy=c,/VA], (6b)
(20 and
If we had taken into account the motion bas described by 3S 15a 10 H2\ 23 (10 Hz 2%
Egs. (1), it would have contributed to th®(S?*/L?) terms. j —dt=—-Q? - , (60
. A L r 64 f(0) f
Therefore the assumption of fixdds completely justified in
our analysis. where
Equations(2) have been derived from Egglb) and (1¢)
by using the approximatioh =JX[1+O(S/L)] and then _18.607
rearranging in terms of successive ordersShiLX. (When Q= (M/Mo)m' (6d)
M;1=M, then S<L throughout the inspiral; whell ;> M,
this need not be spBy introducing the notation Herea is the spin parameter for the two staS:éaMiz).
L L Having analytic expressions for all the angles between the
P 2SS A St spins and total angular momentum, we can compute the
X=51%, &=J 2 n=J: 2 3 opening angle\, of the orbital angular momentum, i.e., the
angle betweerh andJ (recall thatJ is fixed to the level of
Egs.(2) transform to accuracy used, i.eJ,plays the role of thd, that was used in
Ref.[4] when analyzing simple precessjon
dp 3S O(S> 4
A =arcsi 3
d¢ S S
qi 273|270 (wmé.x), (4b) S
=arcsin ! E\/Ang , (79
dy S S
azﬁé 2§+0 L wW(7,6,x), (40 where
with A=2+2x(0)—47%0)—£%(0). (7b)

In Fig. 1 we have plotted the analytic expressi@a) using
W(7,EX) =VI=X*=2(7°+ £+ 2x(° = £9). (4D e solution(6a) derived above, versus frequency, for a typi-
cal case[The initial frequency we used f€0)= 10 Hz since
this is approximately the frequency of the waves when they
nter the frequency band of “advanced” LIGO detectprs.
o show how good our approximate analytic solution is, we
have plotted on top of it the corresponding numerical solu-
(53 tion of the exact differential equatiori4) (dashed ling In
the range of frequencies where the detectors are most sensi-

By ignoring all theO(S/L) terms, Egs.(4) simplify to a
single differential equation for one of thg,&, xy functions
while the other two can be expressed as functions of the firsef
one:

n=n(0)=const,

1 tive (10—200 Hz, the approximate analytic solution is an
x=x(0)+ =[£2— £2(0)], (5b) excellent approximation to the true numerical one. If we had

2 dropped the spin-spin terms from the beginning, we would
dé 3s have missed thé? term in Eq.(7a and hence the “wig-

Y ling” shape of Fig. 1. This “wiggling” is due to the open-
dt rd AtBEHTE, (50 ing and closing of the spin-spin angle.
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SUS L) +S(SiL)
_ s _

3 (8b)

This says that. precesses with instantaneous angular veloc-

) , ity

\S,, 0.15 numerical

< 0,-— 33 9
o1 p_F[7J_ ]. 9
0.05 In Sec. IV of Ref.[4] in the analysis okimple precessign
T 15 2 25 3 the 3 term was ignored, but now we have to keep it. Al-

though it is formally of order £%/L?), its effects on the
log(f/ 1 Hz) precession angle will be of the same order as these produced

_ _ - by the (S/L) term in
FIG. 1. Evolution of the opening angle, of L for two

1.4M neutron stars with equal spin magnitudesl\mf&nd initial “

orientationsS, =X, S,=y, J=2. The solid line represents the ana- J=JL

lytical solution given by Eq(7a and the dashed one, the numerical

solution. The approximation is almost perfect within the regionpore specifically,X, expressed in terms of three noncopla-

f=< 300 Hz where the sensitivity of detectors is high. The logarithmy5, vectors relevant to the problem

is to base 10. ’

(10

S s?
l+27](0)E+O F .

_ . . S=cyd+c L+c, IxL, (12)
As we said earlier, Fig. 1 corresponds to some set of A A

parametersy(0), 7(0), and £(0). We have tried several contributes to the revolution df aroundJ only throughc;
cases with different initial spin and orbital angular momen-(c, produces the change of the opening anglewe found
tum orientations, which produced eit.her.better Or Worse rein the previous section, argj produces no precession atall
sults. For the sake of completeness, in Fig. 2 we have plottegyith some effort, from Eqs5a), (5b), (6a), and(8b) we find
the corresponding analytic and numerical solutions for thgnat
worst case we have found.

Ill. THE ANGULAR POSITION OF L numerical

analytical

The analysis up to this point gives no information about 300

the angular positions of, S;, andS; in their precession ) 200
aroundJ. The angular velocity of precession can be derived
” : ; ) 3
from Egs. (1). Writing these equations in a more suitable 100 (
form, we get a)
0
~ 1 15 2 2.5 3
ad__1ds, L 7a-ssixi, @ log(f/ 1 Hz)
—_— = = - X og f
G- LSt =5l XL, (83
where
0.3
0.2
E]
0.14 g,
0.12 z;
~ g 0 (b)
"§ 0.1 =
TL008 7 15 2 25 3
< log(f/ 1 Hz)
0.06 o8 N
0.04 FIG. 3. (a) Evolution of the angular positioa of L for the same
1 1.5 2 25 3 neutron stars and initial configuration as in Fig. 1. Again the solid
line represents the analytical solution given by Etd) and the
log(f/ 1 Hz) dashed one, the numerical solution. The difference is so tiny that

the two lines are hardly distinguishablg) The difference of the
FIG. 2. Same as Fig. 1 but with initial spin and total angular numerical and the analytical solutions has been plotted to give a
momentum orientation§, =X, S,=z, J=z. The logarithm is to  feeling for how good the analytical approximation is. The logarithm
base 10. is to base 10.
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A+5¢&2 S where 2., can be derived by solving
CJ:S ﬂ(O)W+O E . (12)
Therefore(), is given by A+B& +TEN =0 (16)
QO =——| 7+ (0)—2—11A_§2 S) +o(82) (13)
Pr2rd 7 A+& L L2y [cf. Eqg. (50)]. In Fig. 3@ we have plotted the analytic ex-

pression fora given by Eq.(14), along with the correspond-
ing numerical solution of Eqgl) for the same typical case
as in Fig. 1. The approximation is so good that it looks like
a single curve. In Fig. ®) we show the difference between
the numerical and analytical solutions. Other cases, with dif-

and the angular position df, by the time integral of),
10 Hz 10 Hz
fo) | | f

35
1929

a=a(0)+

5a 10 Hz\ %3 [10 Hz 23 2 ferent sets of parameters used, have produced equivalently
+12gQ 7(OW t(0) —( i +O(F , good results.
(14
where W  represents the average value of ACKNOWLEDGMENTS
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