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Topological algebras

A topological algebra is an algebra
which is also a Hausdorft topologi-
cal vector space in which multipli-
cation is separately continuous.

A locally convex x-algebra is a topo-
logical algebra with continuous in-
volution, which is also a locally con-
Vex space.



GB*-algebras (G. R. Allan, 1967)

Let A|7] be alocally convex x-algebra.

Denote by B* the family of all sub-
sets B of A such that:

(i) B is absolutely convex,

B*C B, B*=Band 1€ B,

(ii) B is bounded and closed.



A unital pseudo-complete locally con-
vex *-algebra A is called a

GB*-algebra if there is a C*-algebra
Apl|| - ||] contained in A such that

(i) (14 z*x)~! e Ay for all
x € A,

(ii) the unit ball of Ay is the great-
est member of B* w.r.t set inclu-
S101.

Proposition. If A|7|is a GB*-
algebra, then 7|4, <[/ - || on Ay,



Examples of GB*-algebras

(1) Pro-C*-algebras : Complete lo-
cally convex *-algebras A|7| for which

7 is defined by a family of C*-seminorms.
(A. Inoue, 1971)

(2) C'(X), with a topology weaker
than the compact-open topology, where
X 1s a completely regular Haus-
dorfl space.

(3) L([0,1]) = Mi<p<ocLP([0, 1}).
This is a Fréchet GB*-algebra which
is not a pro-C*-algebra.

(4) Every unital closed *-subalgebra
of a GB*-algebra is a GB*-algebra.
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(5) Suppose that A|7| is a locally
convex x-algebra, where 7 is de-
fined by a directed family I' = {(py) e
of seminorms with the properties
that for each A\ € A, there exists
N\ € A such that for all z,y € A,

pA(zy) < py(z)py(y),

pAlx™) < py(z),

p(z)?

< pyv(x*x).

We call A[r] above a C*-like lo-
cally conver x-algebra if it is com-
plete and

Ap = {x € A :suppy(z) < oo}
is dense in A.



(6) Let M be a von Neumann al-
gebra on a Hilbert space H with a
faithful semifinite normal trace ¢.
The x-algebra M of all g-measurable
operators affiliated with M is a GB*-
algebra, in the topology of conver-

gence in measure Tqpp, over the closed
unit ball ot M.

The GB*-algebra M Tem) 18, how-

ever, not necessarily locally convex.

Remark. If M = Loo(|0, 1}), then
M = L([0, 1]).



(7) Let M be a von Neumann al-
gebra with a faithful finite normal
trace ¢, and let M denote the -
algebra of all ¢p-measurable opera-
tors affiliated with M. For every
1 <p<oo,let

LP(M, ) = {x € M : o(|2]P)F <

0}

The x-algebra
LW(MD ¢) — m1§p<OOLp(]\47 ¢) iS
a C*-like locally convex *-algebra

w.r.t the family of C*-like seminorms
_1 1

I-1lp = o(1) Po(] - [P)P.



Representation theorem for
commutative GB*-algebras

(G. R. Allan, 1967)

Theorem. If A[7]is acommuta-
tive GB*-algebra, then the Gelfand
map x — T (x € Ap) of Ay extends
to an algebra x-isomorphism of A
onto a *-algebra of functions on the
maximal ideal space of Ap.



Representation theorem for
non-commutative GB*-algebras

(P. G. Dixon, 1970)

Let A|T] be a GB*-algebra. Then
there exists a faithful x-representation
m of A onto a x-algebra of closed
linear operators on a Hilbert space,
with common dense domain. The

elements of By correspond to the
closed unit ball of w(A).
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Derivations of pro-C*-algebras
(R. Becker, 1992)

A derwation is a linear map

0 A — A with

0(xy) = xo(y) + 0(x)y,
for every x,y € A.

All derivations of pro-C*-algebras
are continuous.

The zero derivation is the only deriva-
tion of a commutative pro-C*-algebra.

A *-derivation of a pro-C*-algebra

A|7|is the generator of a one-parameter
aroup of *-automorphisms of A.
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Derivations of GB*-algebras
(M. Weigt, I. Zarakas, 2013)

Theorem. The zero derivation

is the only derivation of a complete
commutative GB*-algebra having jointly
continuous multiplication.

Corollary. If A|7] is a commu-
tative Fréchet GB™-algebra, then the
zero derivation is the only deriva-
tion of A.
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Question. What about the non-
commutative case?

Is every derivation of a Fréchet GB*-
algebra continuous?

A GB*-algebra A is said to be nu-
clear if Ay is a nuclear C*-algebra.

Theorem. Every derivation of a
smooth Fréchet nuclear GB*-algebra
is continuous (M. Weigt, I. Zarakas,
2015).
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Derivations of Fréchet GB*-
algebras A for which A4, is a
W*-algebra

(M. Weigt, I. Zarakas, 2013)

Theorem.

Every derivation of a Fréchet GB*-
algebra A[7], with Ay a W*-algebra,
IS Inner.
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Unbounded derivations of GB*-
algebras
(M. Weigt, 1. Zarakas, 2017)

(1) An investigation of the closure
of the domain of an unbounded deriva-
tion of a GB*-algebra, under the
holomorphic functional calculus.

(2) A generalization of the Lumer-
Phillips theorem in semigroup the-
ory on Banach spaces, to complete
locally spaces.

15



GB™*-algebras and Gelfand-Mazur
algebras

A Gelfand-Mazur algebra is a uni-
tal topological algebra A|7] such that
A/M = C up to topological alge-
bra isomorphism, for every closed
two-sided ideal M of A which is
maximal as a left or right ideal of

A.

Theorem. (M. Weigt, I. Zarakas,
2021 )

Every GB*-algebra is a Gelfand-Mazur
algebra.
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Tensor products of GB*-algebras
(M. Fragoulopoulou, A. Inoue and

M. Weigt, 2014 )

Convention. From here on,
unless stated otherwise, all locally
convex x-algebras are assumed to
have jointly continuous multipli-
cation.

With this convention in place, it

A1 and As are locally convex -

algebras, then A;® Ay will be a lo-
T

cally convex x-algebra, and not only
a locally convex space.
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The completion of a C*-algebra
under a locally convex x-topology

(F. Bagarello, C. Trapani, A. In-
oue, M. Fragoulopoulou, 2006)

Theorem. Let Al||- ||| be a C*-
algebra equipped with a topology
7 such that A|7| is a locally con-
vex x-algebra with jointly continu-
ous multiplication, and 7 < || - ||.
Let A[r] denote the T-completion
of A. Then A[r] is a GB*-algebra
over the 7-closure of the closed unit

ball of A.

18



Example. Let A[7] be a com-
plete GB*-algebra, and let (p)) de-
note a family of x-seminorms on A
defining the topology 7. If X is
a locally compact Hausdorfl space,
let C'(X, A) denote the locally con-
vex x-algebra of all continuous A-
valued functions on X, with
qr \(f) = supge g pA(f(2)) afam-
ily of x-seminorms defining the topol-
ogy on C(X, A), where K is a com-
pact subset of X. Then
C(X,A) = C(X)®A is a GB*
€

algebra.

If Ais a C*-like locally convex *-

algebra, then so is C'(X, A).
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Main Result. Let Aj|m] and
As|m] be GB*-algebras, with B(%,

Bg the maximal members of BT,

B5 respectively. Let 7 be a x-admissible
topology on A1 ® Ay. The follow-

ing are equivalent.

(1) A1®A9 is a GB*-algebra.
T
(2) A1[Bl] ® As[B3] is a C*-algebra
I

contained in A;®Ay for some C*-
T

crossnorm || - ||.
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Tensor Product GB*-algebra

When the equivalent conditions of
the Main Result hold, then we call
A1®A2 the

T

tensor product GB*-algebra of the
GB*-algebras Aq[m] and Ag|m).
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Example. If A|7|is a commuta-
tive C*-like locally convex x-algebra,

and My, (A) denotes the x-algebra

of all n X n matrices over A, then
My(A) = Ay@My(C) is a C*-like
€

locally convex x-algebra, and hence
a tensor product GB*-algebra.
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Example. If A|7| is any C*-like

locally convex *-algebra, then

L¥([0,1])®A is a tensor product
€

GB*-algebra.

23



Applications to
Mathematical Physics
(Weigt, 2018-)

(1) Applications of GB*-algebras to
quantum entanglement, including
further results on pure states of GB*-
algebras.

(2) Applications of GB*-algebras to
quantum irreversible dynamics, and
is still ongoing.

(3) Applications of unbounded op-
erator algebras to relativistic quan-
tum field theory (local nets of un-
bounded operator algebras, and Wight-
man theory) and is work in progress.
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