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The problem
Let N>2,2<p< % with p # 2 4+ %, p > 0, and consider the problem

—Au+ A u=|ulP%u inRV, (1)

where A = EJN:1 83—52, paired with the constraint
i

/ u?dx = p?, (2)
RN

with A € R to be determined.
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—Au+u=|ulP2u in RV,

where A = EJN:1 83—52, paired with the constraint
i

/ u? dx = p?,
RN

with A € R to be determined.

If (\, u) solves (1)—(2), we call it a normalised solution.
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The problem
Let N>2,2<p< ,\%—’_\g with p # 2 4+ %, p > 0, and consider the problem

—Au+ A u=|ulP%u inRV, (1)

where A = ZJN:1 83722, paired with the constraint
i

/ u?dx = p?, (2
RN

with A € R to be determined.
If (\, u) solves (1)—(2), we call it a normalised solution.
The problem (1)—(2) appears when looking for solutions to

~—

i%2 — Ad = [P~2¢ in RV
Jan [®(x, )2 dx = p? (conserved in time)
as standing waves, i.e.,
®(x, t) = e Py(x).
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The settings
Let us define

HY(RN) = { ue L3R ‘ Ou

= €
Xj

LZ(RN)VJ’:I,...,N}.
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The settings
Let us define

HY(RN) .= { u e L2(RN) ‘

What is g_xj for u € L2(RN)?
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The settings

Let us define

HY(RN) .= { ue L2(RN) ’ g—” c PRM)VYj=1,...,N }
Xj

What is g—)‘; for u € L?(RN)? It is defined via

/ augpdxz—/ ua—(pdx Vo € C(RM).
. o OX;

Xj
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The settings
Let us define

HY(RN) .= { ue L2(RN) ’ g—” c PRM)VYj=1,...,N }
Xj

What is g—; for u € L?(RN)? It is defined via

ou 0
/]RN agpdxz _/]RN ua—fdx Vo € C(RM).
g d

One can prove HY(RN) — LI(RN) for every 2 < g < 7% (2< g < oo if
N = 2).
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The settings

Let us define

HY(RN) .= { ue L2(RN) ’ g—” e L2((RV)v) = 1,...,N}.
Xj

What is g—; for u € L?(RN)? It is defined via
0 0
/ —ugpdx = —/ b2 dx Vo € C(RM).
i RN aXJ

One can prove HY(RN) — LI(RN) for every 2 < g < 7% (2< g < oo if
N =2).
Take v € HY(RN). If we multiply (1) by v and integrate by parts, we get

Vu-Vv+ Auvdx = / lulP~2uv dx. (3)

RN RN
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The settings

Let us define

au€L2(RN)Vj:1,...,N}.

HY(RN) .= { ue L2(RN) o

What is g—; for u € L?(RN)? It is defined via

/ augpdxz—/ ua—(pdx Vo € C(RM).
. o OX;

X

One can prove HY(RN) — LI(RN) for every 2 < g < 7% (2< g < oo if
N =2).

Take v € HY(RN). If we multiply (1) by v and integrate by parts, we get

Vu-Vv+ Auvdx = / lulP~2uv dx. (3)

RN RN

We say that u € HY(R") is a weak solution to (1) iff (3) holds for every
v € HY{(RN).
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If /: HY(RN) = R and u,v € H(R"), we denote

II(U)V — lm} /(U + tvt) — I(U)
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If 1: HY(RN) = R and u,v € HY(R"), we denote

I'(u)v := lim

t

I(u+tv) —I(u)
t—0
Then I'(u) € (HY(RV))".
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If 1: HY(RN) = R and u,v € HY(R"), we denote

I(u+tv) —I(u)
; :

I'(u)v := tll_rpo
Then I'(u) € (HY(RM))".

We write [ € Ct (HY(RV)) iff u — I'(u) is continuous.
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If 1: HY(RN) = R and u,v € HY(R"), we denote

I(u+tv) —I(u)
; :

! 1
I'(u)v = tll_rpo
Then I'(u) € (HY(RN))".
We write [ € Ct (HY(RV)) iff u — I'(u) is continuous.

We say that u € H*(R") is a critical point for /| € C* (H}(RV)) iff
I'(u) =0, i.e., I'(u)v = 0 for every v € HY(RN).
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If 1: HY(RN) = R and u,v € HY(R"), we denote

//(U)V — tll_f;% I(U + tvt) — I(U)

Then I'(u) € (HY(RM))".
We write [ € Ct (HY(RV)) iff u — I'(u) is continuous.

We say that u € H*(R") is a critical point for /| € C* (H}(RV)) iff
I'(u) =0, i.e., I'(u)v = 0 for every v € HY(RN).

Recall: If A C HY(RN) is open and u € A, then I|,(u) =0 < I'(u) = 0.
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that G'(u) # 0 for every u € Q.

Let Q:={ue HYRY) | G(u) =0} # 0 for some G € C*(H*(R")) such
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Let Q:={ue HYRY) | G(u) =0} # 0 for some G € C*(H*(R")) such
that G'(u) # 0 for every u € Q.

If u e 9, then
Io(u) =0
if and only if
I'(u)v = 0 for every v € T,Q
if and only if
I'(u) = A\G'(u) for some X\ € R.

Such X is called a Lagrange multiplier.
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Let Q:={ue HYRY) | G(u) =0} # 0 for some G € C*(H*(R")) such

that G'(u) # 0 for every u € Q.

If u e 9, then
Io(u) =0
if and only if
I'(u)v = 0 for every v € T,Q
if and only if
I'(u) = A\G'(u) for some X\ € R.

Such A is called a Lagrange multiplier.

If, moreover, /(u) = min{ /(v) | v € H'(RV) and G(v) <0}, then
A<0.
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Let Q:={ue HYRY) | G(u) =0} # 0 for some G € C*(H*(R")) such

that G'(u) # 0 for every u € Q.

If u e 9, then
Io(u) =0
if and only if
I'(u)v = 0 for every v € T,Q
if and only if
I'(u) = A\G'(u) for some X\ € R.

Such A is called a Lagrange multiplier.

If, moreover, /(u) = min{ /(v) | v € H'(RV) and G(v) <0}, then
A < 0. Finally, A=0if G(u) < 0.
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Let Q:={ue HYRY) | G(u) =0} # 0 for some G € C*(H*(R")) such
that G'(u) # 0 for every u € Q.

If u e 9, then
Io(u) =0
if and only if
I'(u)v = 0 for every v € T,Q
if and only if
I'(u) = A\G'(u) for some X\ € R.

Such A is called a Lagrange multiplier.
If, moreover, /(u) = min{ /(v) | v € H'(RV) and G(v) <0}, then

A < 0. Finally, A=0if G(u) < 0.
Equivalently, /'(v) + AG'(u) =0and A > 0 (or A > 0).
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Let J: HX(RV) — R defined by

1 1 1
J(u) = ZIVul? = Z|ulPdx = =
(u) /RN 5Vul pM X /RN 2;:1

and let
/ u? dx = p? }
]RN

2
1
% ~ 2ulP dx
j p

S = { u e HY(RM)
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Let J: HX(RV) — R defined by

1 1 1
J(u) = ZIVul? = Z|ulPdx = =
(u) /RN 51Vul pIUI X /RN 2;:1

and let
/ u? dx = p? }
]RN

vueS and J(u)v =0 forevery v € T,S,

oul? 1
Bl B ] |
o p\u\ X

S = { ue HYRN)

If uis a critical point of J|s, i.e.,

the there exists A € R such that (), v) is a solution to (1)—(2).
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Let J: HX(RV) — R defined by

1 1 1
J(u) = ZIVul? = Z|ulPdx = =
(u) /RN 51Vul pIUI X /RN 2;:1

and let
/ u? dx = p? }
]RN

vueS and J(u)v =0 forevery v € T,S,

oul? 1
Bl B ] |
o p\u\ X

S = { ue HYRN)

If uis a critical point of J|s, i.e.,

the there exists A € R such that (), v) is a solution to (1)—(2).

HL,(RN) <5 LI(RN) for every 2 < g < 2%, hence u, € S, uy — uin

HL,(RV) 4 ue S.
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Let J: HX(RV) — R defined by

1 1 1
J(u) = ZIVul? = Z|ulPdx = =
(u) /RN 51Vul pIUI X /RN 2;:1

and let
/ u? dx = p? }
]RN

vueS and J(u)v =0 forevery v € T,S,

oul? 1
Bl B ] |
o p\u\ X

S = { ue HYRN)

If uis a critical point of J|s, i.e.,

the there exists A € R such that (), v) is a solution to (1)—(2).
HL,(RV) s LI(RN) for every 2 < g < ,\%—'_Vz hence u, € S, up, — uin
HL,(RN) 4 u € S. For this reason we consider

D::{UEHI(RN) ‘/ u? dx < p? }
RN

Clearly u, € D, u, — uin HY(RN) = v € D.
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The proof (2 < p <2+4/N)

Theorem
There exists a solution (A, u) to (1)—(2) such that J(u) <0 and X > 0.
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The proof (2 < p <2+4/N)

Theorem

There exists a solution (\, u) to (1)—(2) such that J(u) <0 and X > 0.

Gagliardo—Nirenberg inequality: for every 2 < q < =5 there exists
Cy.n > 0 such that for every u € HY(RM) there holds

) 1-94,
|U|q < Cq,N|VU’2q|U|2 !

with 64 = N(3 — ¢) €10, 1[.
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The proof (2 < p <2+4/N)

Theorem

There exists a solution (\, u) to (1)—(2) such that J(u) <0 and X > 0.

Gagliardo—Nirenberg inequality: for every 2 < q < =5 there exists
Cy.n > 0 such that for every u € HY(RM) there holds

) 1-94,
|U|q < Cq,N|VU’2q|U|2 !

with §q = N(3 — %) €10,1[. In particular, gdq <2 < q < 2+ 7 (resp.

=),
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The proof (2 < p <2+4/N)

Theorem

There exists a solution (\, u) to (1)—(2) such that J(u) <0 and X > 0.

Gagliardo—Nirenberg inequality: for every 2 < q < =5 there exists
Cy.n > 0 such that for every u € HY(RM) there holds

) 1-94,
|U|q < Cq,N|VU’2q|U|2 !

with §q = N(3 — %) €10,1[. In particular, gdq <2 < q < 2+ 7 (resp.

‘=", *>"). We work in HL,(RV).
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The proof (2 < p <2+4/N)

Theorem
There exists a solution (\, u) to (1)—(2) such that J(u) <0 and X > 0.

Gagliardo—Nirenberg inequality: for every 2 < q < =5 there exists
Cy.n > 0 such that for every u € HY(RM) there holds

) 1-94,
|U|q < Cq,N|VU’2q|U|2 !

with §q = N(3 — %) €10,1[. In particular, gdq <2 < q < 2+ 7 (resp.
‘=", *>"). We work in HL,(R"). The norm in H*(R") is given by

2,
lull? := Jul3 + |Vul3.
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The proof (2 < p <2+4/N)

Theorem

There exists a solution (\, u) to (1)—(2) such that J(u) <0 and X > 0.

Gagliardo—Nirenberg inequality: for every 2 < q < 75 there exists
Cy.n > 0 such that for every u € HY(RM) there holds

) 1-94,
|U|q < Cq,N|VU’2q|U|2 !

with §q = N(3 — %) €10,1[. In particular, gdq <2 < q < 2+ 7 (resp.

‘=", *>"). We work in HL,(R"). The norm in H*(R") is given by
lull? := Jul3 + |Vul3.

Note that, if u, € D, then ||u,|| — o0 & [Vup|2 — .
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Lemma

J|p is coercive (and bounded below).
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Lemma

J|p is coercive (and bounded below).

Proof.
If u € D, then from the Gagliardo—Nirenberg inequality
1 1 1 Ch. 5o 1p(1—3
Ju) = 5IVuB — Sulf > 51Vl — =2V ul g

1 2 C/I\)LP p(1—-0p) Pdp
> §|VU|2 S f P\ Vuly

with pé, < 2.
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Lemma

infp J < 0.
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Lemma

infp J < 0.

For u € HY(RV) and s > 0 define s % u(x) := sN/2u(sx)
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Lemma
infp J < 0.

For u € HY(RV) and s > 0 define s x u(x) := sM/2u(sx). Notice that
|s x ulo = |u|2, hence u € D = sxu € D.
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Lemma
infp J < 0.

For u € HY(RV) and s > 0 define s x u(x) := sM/2u(sx). Notice that
|s x ulo = |u|2, hence u € D = sxu € D.

Proof.
Fix u e D\ {0}. If 0 < s <« 1, then

N(p/2-1)

J(sxu)= f|Vu|2 - s—|u|” <0
2 2 p &

because N(p/2 — 1) = pd, < 2.
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Lemma
infp J is attained (i.e., there exists u € D such that J(u) = infp J).
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Lemma
infp J is attained (i.e., there exists u € D such that J(u) = infp J).

Proof.
Let u, € D such that J(u,) — infp J.
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Lemma
infp J is attained (i.e., there exists u € D such that J(u) = infp J).

Proof.

Let u, € D such that J(u,) — infp J. Since J|p is coercive, up, is
bounded,
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Lemma
infp J is attained (i.e., there exists u € D such that J(u) = infp J).

Proof.

Let u, € D such that J(u,) — infp J. Since J|p is coercive, up, is
bounded, therefore there exists u € D such that u, — v in H*(RV) and
u, — uin LP(RN) (up to a subsequence).
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Lemma
infp J is attained (i.e., there exists u € D such that J(u) = infp J).

Proof.

Let u, € D such that J(u,) — infp J. Since J|p is coercive, up, is
bounded, therefore there exists u € D such that u, — v in H*(RV) and
u, — uin LP(RN) (up to a subsequence). Then

. 1 1 1 1
|%fJ < J(u) = 5]Vu|% - ;]u!,’; < I|Ir1n EIVU,,\% - ;|u,,|g

— I|,r,n M) = |%fJ,

i.e., J(u) =infp J. O
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Proof of the main Theorem.
Let u € D such that J(u) = minp J < 0.
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Proof of the main Theorem.
Let u € D such that J(u) = minp J < 0. Then u is a critical point of J|p,
i.e., there exists A > 0 such that

Vu-Vv-l—)\uvdx:/

|ulP~2uv dx
RN

RN

for every v € HY(RV).
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Proof of the main Theorem.

Let u € D such that J(u) = minp J < 0. Then u is a critical point of J|p,
i.e., there exists A > 0 such that

Vu-Vv-l—)\uvdx:/

|ulP~2uv dx
RN

RN

for every v € HY(RV). Recall that \=0if u € D\ S.
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Proof of the main Theorem.

Let u € D such that J(u) = minp J < 0. Then u is a critical point of J|p,
i.e., there exists A > 0 such that

Vu-Vv-l—)\uvdx:/

|ulP~2uv dx
RN

RN

for every v € HY(RV). Recall that A =0 if u € D\ S. Taking v = u, we
obtain |Vul|3 + Aul3 = |ulb.
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Proof of the main Theorem.

Let u € D such that J(u) = minp J < 0. Then u is a critical point of J|p,
i.e., there exists A > 0 such that

Vu-Vv+ Auvdx = / |ulP~2uv dx

RN RN

for every v € HY(RV). Recall that A =0 if u € D\ S. Taking v = u, we
obtain [Vul3 + Aul3 = |ul. If A =0, then

1 1

J(u) = (2 — p) |Vul3 >0,
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Proof of the main Theorem.

Let u € D such that J(u) = minp J < 0. Then u is a critical point of J|p,
i.e., there exists A > 0 such that

Vu-Vv+ Auvdx = / |ulP~2uv dx

RN RN

for every v € HY(RV). Recall that A =0 if u € D\ S. Taking v = u, we
obtain [Vul3 + Aul3 = |ul. If A =0, then

1 1
so A > 0 and, in particular, u € S. O
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The proof (2+4/N < p <2N/(N —2))
J(sxu) =

Fix u € D\ {0}. Then (recall pj, > 2)

|VU|552 _ %
2

sP% — —oo

as s — o0
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The proof (2+4/N < p <2N/(N —2))

Fix u € D\ {0}. Then (recall pj, > 2)

\V/ 2 P
VuB ol

5 sPP% 3y 00 as s — oo.

J(sxu) =

If (\, u) solves (1), then (Nehari)

/ |Vu|2+)\u2dx:/ |ulP dx.
RN RN
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The proof (2+4/N < p <2N/(N —2))

Fix u € D\ {0}. Then (recall pj, > 2)

\V/ 2 P
VuB ol

5 sPP% 3y 00 as s — oo.

J(sxu) =
If (\, u) solves (1), then (Nehari)

/ |Vu]2+)\u2dx:/ |u|P dx.
RN RN

Moreover, one can prove that (PohoZaev)

2N
/ (N —2)|Vu|> + \ANu?dx = =— [ |u|Pdx.
RN P JrN
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From Nehari + PohoZaev we obtain

1

/ Vul?dx =N (
RN
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)/ |u|P dx.
P/ JrN

1



From Nehari + PohoZaev we obtain

1 1
/R’V Vul?dx =N <2 — p) /RN |ulP dx. (4)

M = { ue HYRM)\ {0} ‘ (4) hoIds}

Define

and note that for every u € M

Su) = ; (2’(,;—2)— 1) /R (ulP dx > 0.

Go
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From Nehari + PohoZaev we obtain

1 1
/ Vul?dx =N < - ) / |u|P dx.
RN 2 p) Jrw

Define
M = { ue HYRM)\ {0} ‘ (4) hoIds}

and note that for every u € M

Su) = ; (IX(p—Z)— 1) /R (ulP dx > 0.

Go

If ue HY(RN)\ {0}, then u, := u(r-) € M, where

1 1 |Vu|§
= =4 /N =—— .
ri=rl) \/ (2 p> |ulp

Jacopo Schino (NCSU) Normalised solutions for beginners
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Theorem
There exists a solution (A, u) to (1)—<2) such that J(u) > 0 and A > 0.
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Theorem
There exists a solution (A, u) to (1)—<2) such that J(u) > 0 and A > 0.

Lemma

inf _|Vula > 0.
ueMnD
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Theorem
There exists a solution (A, u) to (1)—<2) such that J(u) > 0 and A > 0.

Lemma

inf _|Vula > 0.
ueMnD

Proof.

IVul2 = Clulf < C|Vul2?|ulf07%) < ¢ pp=0) |Vt ps, >2. O
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Theorem
There exists a solution (A, u) to (1)—<2) such that J(u) > 0 and A > 0.
Lemma
inf _|Vula > 0.
ueMND
Proof.
IVul2 = Clulf < C|Vul2?|ulf07%) < ¢ pp=0) |Vt ps, >2. O

Lemma
J is coercive on M ND and m:= inf J>0.
MND
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Theorem
There exists a solution (A, u) to (1)—<2) such that J(u) > 0 and A > 0.

Lemma

inf _|Vula > 0.
ueMND

Proof.

IVul2 = ClulB < C'|VulP%u)f*7%) < ¢/ pP=0)|Vulf%, ps, >2. O

Lemma
J is coercive on M ND and m:= inf J>0.
MND

Proof.
Since J(u) = Golulfh if ue MND, 3|Vul3 =L|uf + J(u) = CI(u). O

T
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Lemma

m is attained.
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Lemma
m is attained.

Proof.

Let u, € M ND such that J(u,) — m. Then it is bounded, hence there
exist u € D such that u, — v in HY(RV) and v, — v in LP(RV) (up to a
subsequence).
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Lemma
m is attained.

Proof.

Let u, € M N D such that J(u,) — m. Then it is bounded, hence there
exist u € D such that u, — v in HY(RV) and v, — v in LP(RV) (up to a
subsequence).

Next, 0 < m = lim, Co|up|h = Co|ulb, therefore u # 0 and we can consider
u € M.
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Lemma
m is attained.

Proof.

Let u, € M N D such that J(u,) — m. Then it is bounded, hence there
exist u € D such that u, — v in HY(RV) and v, — v in LP(RV) (up to a
subsequence).

Next, 0 < m = lim, Co|up|h = Co|ulb, therefore u # 0 and we can consider
u € M. , ,
Moreover, r2 = r(u)2 =N (% — %) ||vuz|j§ > lim, N (% — %) \gzlﬁg =1,
thus u, € D.
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Lemma
m is attained.

Proof.

Let u, € M N D such that J(u,) — m. Then it is bounded, hence there
exist u € D such that u, — v in HY(RV) and v, — v in LP(RV) (up to a
subsequence).

Next, 0 < m = lim, Co|up|h = Co|ulb, therefore u # 0 and we can consider
ur € M.

Moreover, r2 = r(u)2 =N (% — %) ||vuz|1g\§ > lim, N (% — %) % =1,
thus u, € D.

Finally, m < J(u,) = Golus|h = CorN|ulh < Golulh = lim, Co|un|h

= lim, J(un) = m, therefore r =1 and J(u) = m. O
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Proof of the Theorem.
Let v € M N D such that J(u) = m > 0.
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Proof of the Theorem.
Let u € M ND such that J(u) = m > 0. There exist A > 0 and 0 € R

=2
such that —(1 4+ 20)Au+ Au = (1 + UNP2> |u[P~2u. Then the

=2
Nehari identity (1 + 20)|Vul3 4+ Aul3 = (1 + JNPZ> |u[l; and the

PohoZaev identity (1 + 20)
hold.

N -2 A p—2\1
Vul3+ =|ul = <1+0N>up
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Proof of the Theorem.
Let u € M ND such that J(u) = m > 0. There exist A > 0 and 0 € R

=2
such that —(1 4+ 20)Au+ Au = (1 + aNp2> |u[P~2u. Then the

=2
Nehari identity (1 + 20)|Vul3 4+ Aul3 = <1 + UNPT |u[l; and the

N—2
2N
hold. From the two identities we obtain

= 2 1 1
(1+20)|Vul3=N <1 ronP—Z) (2= p) |ulB, and from u € M we
1

PohoZaev identity (1 + 20)

A p—2\1

2 2

1
obtain o <2 — p> (N(p—2) —4)|ulb =0, whence o = 0 and
—Au+ Au = |ulP~2u.
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Proof of the Theorem.
Let u € M ND such that J(u) = m > 0. There exist A > 0 and 0 € R

=2
such that —(1 4+ 20)Au+ Au = (1 + aNp2) |u[P~2u. Then the

=2
Nehari identity (1 + 20)|Vul3 4+ Aul3 = <1 + JNPZ> |u[l; and the

N—2 A —2\ 1
PohoZaev identity (1 + 20) 5N |Vul3 + §\u\% = (1 + UNP2> E\u\,’;
hold. From the two identities we obtain

=2 1 1
(1+20)|Vuz=N <1 —i—asz> 5 p) |ulB, and from u € M we
1

1
obtain o <2 — p> (N(p—2) —4)|ulb =0, whence o = 0 and
—Au+ Au = |u[P72u. If X\ =0, then the Nehari and PohoZaev identities

N—2
= 2 = Ol

2N
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