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Prìlogoc

Sto pr¸to mèroc autoÔ tou tìmou meletoÔme idiìthtec enìc tetragwnikoÔ pÐnaka
  isodÔnama miac grammik c apeikìnishc apì èna dianusmatikì q¸ro peperasmè-
nhc di�stashc ston eautì tou.

Sto pr¸to kef�laio anaferìmaste se orismènec basikèc idiìthtec poluwnÔ-
mwn pou qreiazìmaste gia th melèth tou qarakthristikoÔ kai el�qistou poluw-
nÔmou enìc pÐnaka. Aut� ta polu¸numa, ìpwc ja doÔme sta epìmena kef�laia,
perièqoun shmantikèc plhroforÐec gia ton pÐnaka.

H jewrÐa twn idiotim¸n kai idiodianusm�twn, ta opoÐa apoteloÔn basik�
ergaleÐa thc grammik c �lgebrac, eis�getai sto deÔtero kef�laio.

Sto trÐto kef�laio, mèsw tou el�qistou poluwnÔmou enìc pÐnaka, brÐskoume
èna krit rio gia to pìte o pÐnakac autìc eÐnai ìmoioc proc èna diag¸nio. Geni-
kìtera, deÐqnoume ìti k�je pÐnakac eÐnai ìmoioc proc èna pÐnaka aploÔsterhc
morf c, h opoÐa exart�tai apì to el�qisto polu¸numo tou pÐnaka.

Sto deÔtero mèroc meletoÔme grammikèc apeikonÐseic apì èna dianusmatikì
q¸ro peperasmènhc di�stashc me eswterikì ginìmeno ston eautì tou. DeÐq-
noume ìti k�je pragmatikìc summetrikìc pÐnakac eÐnai ìmoioc proc èna diag¸nio
mèsw orjogwnÐou. Sthn perÐptwsh pou o q¸roc eÐnai migadikìc, qarakthrÐzou-
me tic grammikèc apeikonÐseic gia tic opoÐec up�rqei mia orjokanonik  b�sh tou
q¸rou apì idiodianÔsmat� touc.
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Kef�laio 1

Polu¸numa

Sto Kef�laio autì anafèroume orismènec basikèc idiìthtec twn poluwnÔmwn
me suntelestèc pragmatikoÔc   migadikoÔc arijmoÔc, oi opoÐec eÐnai aparaÐthtec
gia ta epìmena.

1.1 Stoiqei¸deic Idiìthtec twn PoluwnÔmwn

Sta epìmena upenjumÐzoume th sqetik  orologÐa kai tic basikèc idiìthtec twn
poluwnÔmwn.

Ed¸ den dÐnoume èna majhmatikì orismì tou poluwnÔmou, all� apl¸c ta po-
lu¸numa ja ta jewroÔme wc ekfr�seic thc morf c φ(x) = anxn + an−1x

n−1 +
· · · a1x + a0, ìpou n eÐnai ènac mh arnhtikìc akèraioc arijmìc kai ta
ai, i = 0, 1, . . . , n, ta opoÐa onom�zontai suntelestèc tou poluwnÔmou, eÐnai
akèraioi, rhtoÐ, pragmatikoÐ   migadikoÐ arijmoÐ. Oi ekfr�seic thc morf c aix

i

lègontai ìroi tou poluwnÔmou   mon¸numa . Dhlad  èna polu¸numo eÐnai èna
(tupikì) ”�jroisma” monwnÔmwn.

Sta epìmena sun jwc, ektìc an anafèretai diaforetik�, ja asqoloÔmaste
me polu¸numa me suntelestèc apì to sÔnolo F , ìpou me F ja parist�noume
eÐte to sÔnolo R twn pragmatik¸n arijm¸n eÐte to sÔnolo C twn migadik¸n
arijm¸n. To de sÔnolo ìlwn twn poluwnÔmwn me suntelestèc apì to sÔnolo
F ja sumbolÐzetai me F [x].

Gia to sÔmbolo x, èqei epikrat sei h onomasÐa metablht  tou poluwnÔmou.
Katarq n dÔo polu¸numa φ(x) = anxn + an−1x

n−1 + · · · a1x + a0 kai
θ(x) = bmxm + bm−1x

m−1 + · · · b1x + b0 eÐnai Ðsa an n = m kai ai = bi

gia ìla ta i = 0, 1, . . . , n. Ed¸ prèpei na dieukrinisjeÐ ìti mporoÔme na
”paremb�loume”   na ”parablèpoume” ìrouc thc morf c 0xi kai to polu¸numo
na paramènei to Ðdio.
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2 Kef�laio 1. Polu¸numa

Apì ta prohgoÔmena prokÔptei ìti èqei shmasÐa na dieukrinÐzetai poiìc eÐnai
o megalÔteroc deÐkthc, èstw n, gia ton opoÐo o antÐstoiqoc suntelest c an

eÐnai di�foroc tou mhdenìc. Sta epìmena, ìtan gia èna polu¸numo gr�foume
φ(x) = anxn + an−1x

n−1 + · · · a1x + a0, ja ennooÔme ìti an 6= 0 kai ton mh
arnhtikì akèraio n ton onom�zoume bajmì tou poluwnÔmou kai sumbolÐzoume
deg( φ(x) ) = n. Ton ìro anxn ton onom�zoume megistob�jmio ìro tou
poluwnÔmou kai to suntelest  an megistob�jmio suntelest    pr¸to su-
ntelest  . An o megistob�jmioc suntelest c se èna polu¸numo eÐnai to 1, tìte
to polu¸numo onom�zetai monikì . An φ(x) = anxn+an−1x

n−1+ · · · a1x+a0,
tìte to polu¸numo a−1

n φ(x) profan¸c eÐnai monikì kai (ja) sunhjÐzoume na to
onom�zoume to antÐstoiqo monikì polu¸numo tou φ(x).

Sthn perÐptwsh pou to polu¸numo eÐnai mhdenikoÔ bajmoÔ, dhlad  èqoume
polu¸numo thc morf c φ(x) = a0, tìte autì onom�zetai stajerì polu¸numo.
T¸ra an ìloi oi suntelestèc enìc poluwnÔmou eÐnai mhdenikoÐ, tìte to polu¸-
numo autì onom�zetai to (ek tautìthtoc) mhdenikì polu¸numo kai sun jwc
sumbolÐzetai wc 0. Gia to mhdenikì polu¸numo, afoÔ ìloi oi suntelestèc tou
eÐnai Ðsoi me to mhdèn, den orÐzoume bajmì. 'Opwc blèpoume to sÔnolo sunte-
lest¸n mporeÐ na jewrhjeÐ ìti apoteleÐtai apì ta stajer� polu¸numa kai me
aut  thn ènnoia èqoume F ⊆ F [x].

UpenjumÐzoume ìti sto sÔnolo F [x] ìlwn twn poluwnÔmwn orÐzetai h prì-
sjesh poluwnÔmwn kai o pollaplasiasmìc poluwnÔmwn wc ex c.

1 'Estw φ(x) = anxn + an−1x
n−1 + · · · a1x + a0 kai θ(x) = bxm +

bxm−1 + · · · + b1x + b0 dÔo polu¸numa. Upojètoume ìti m ≥ n, to polu¸numo
φ(x)+θ(x) = bmxm+bm−1x

m−1+ · · ·+bn+1x
n+1+(an+bn)xn+ · · · (a1+b1)x+

(a0 + b0) lègetai �jroisma twn poluwnÔmwn φ(x) kai θ(x) kai sumbolÐzetai me
(φ + θ)(x). Dhlad  to �jroisma dÔo poluwnÔmwn eÐnai to polu¸numo pou èqei
wc suntelestèc to �jroisma omobajmÐwn suntelest¸n.

Ed¸, sÔmfwna me ta prohgoÔmena, prèpei na dieukrinisjeÐ ìti an se èna
polu¸numo φ(x) = anxn + an−1x

n−1 + · · · a1x + a0 ”apousi�zei”, fereipeÐn, o
ìroc aix

i, tìte ennoeÐtai ìti up�rqei to 0xi.
Gia par�deigma, gia ta polu¸numa φ(x) = x4+3x3+x kai θ(x) = 2x3−x+1

èqoume φ(x) = x4 + 3x3 + 0x2 + x + 0 kai θ(x) = 0x4 + 2x3 + 0x2− x + 1 kai
epomènwc φ(x)+θ(x) = (x4 +3x3 +0x2 +x+0 )+( 0x4 +2x3 +0x2−x+1 ) =
x4 + 5x3 + 0x2 + 0x + 1 = x4 + 5x3 + 1.

2 'Estw φ(x) = anxn + an−1x
n−1 + · · · a1x + a0 kai θ(x) = bxm +

bxm−1 + · · · + b1x + b0 dÔo polu¸numa. To polu¸numo φ(x) · θ(x) = crx
r +

cr−1x
r−1 + · + c1x + c0, ìpou c0 = a0b0, c1 = a0b1 + a1b0 kai genik�

ck =
∑

i+j=k

aibj ,
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lègetai ginìmeno twn poluwnÔmwn φ(x) kai θ(x) kai sumbolÐzetai me (φ θ)(x)
(   me φ(x)θ(x) ). Dhlad  to ginìmeno dÔo poluwnÔmwn upologÐzetai an se
k�je zeÔgoc ìrwn apì ta dÔo polu¸numa pollaplasi�soume touc suntelestèc,
efarmìsoume ton ”kanìna” xixj = xi+j kai sto tèloc k�noume anagwg  omoÐwn
ìrwn.

Gia par�deigma, gia ta polu¸numa φ(x) = x4+3x3+x kai θ(x) = 2x3−x+1
èqoume φ(x) ·θ(x) = (1 ·2)x7 +(1 ·0+3 ·2)x6 +(1 · (−1)+3 ·0+0 ·2+1 ·0+0 ·
0)x5+(1·1+3·(−1)+1·2)x4+(3·1+0·(−1)+0·1)x3+(0·1+1·(−1)+0·0)x2+
(1 · 1+0 · (−1))x+0 · 1 = 2x7 +6x6 +(−1)x5 +0x4 +3x3 +(−1)x2 +x+0 =
2x7 + 6x6 − x5 + 3x3 − x2 + x.

GnwrÐzoume (blèpe Tìmo A) ìti to sÔnolo F [x] ìlwn twn poluwnÔmwn a-
poteleÐ dianusmatikì q¸ro epÐ tou F , wc proc thn prìsjesh poluwnÔmwn kai
wc proc ton pollaplasiasmì arijmoÔ me polu¸numo. Stic epìmenec prot�seic
sunoyÐzontai oi kuri¸terec idiìthtec thc prìsjeshc kai pollaplasiasmoÔ po-
luwnÔmwn.

Prìtash 1.1.1. Sto sÔnolo F [x] h prìsjesh kai o pollaplasiasmìc ikano-
poioÔn tic akìloujec idiìthtec:

1. (φ(x) + θ(x) ) + ψ(x) = φ(x) + ( θ(x) + ψ(x) ),

gia ìla ta φ(x), θ(x), ψ(x) ∈ F [x].

2. φ(x) + θ(x) = θ(x) + φ(x), gia ìla ta φ(x), θ(x) ∈ F [x].

3. φ(x) + 0 = 0 + φ(x) = φ(x), gia k�je φ(x) ∈ F [x].

4. Gia k�je φ(x) = anxn + an−1x
n−1 + · · · a1x + a0 ∈ F [x] up�rqei to

−φ(x) = (−an)xn + (−an−1)xn−1 + · · · (−a1)x + (−a0) ∈ F [x] tètoio
¸ste φ(x) + (−φ(x)) = (−φ(x)) + φ(x) = 0.

5. (φ(x) · θ(x) ) · ψ(x) = φ(x) · ( θ(x) · ψ(x) ),

gia ìla ta φ(x), θ(x), ψ(x) ∈ F [x].

6. φ(x) · θ(x) = θ(x) · φ(x), gia ìla ta φ(x), θ(x) ∈ F [x].

7. φ(x) · 1 = 1 · φ(x) = φ(x), gia k�je φ(x) ∈ F [x].

8. (φ(x) + θ(x) ) · ψ(x) = (φ(x) · ψ(x) ) + ( θ(x) · ψ(x) )

gia ìla ta φ(x), θ(x), ψ(x) ∈ F [x].

Apìdeixh. 'Olec oi idiìthtec eÐnai profaneÐc ektìc Ðswc apì thn teleutaÐa, h
opoÐa afÐnetai wc �skhsh.
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Apì thn prohgoÔmenh prìtash èpetai ìti to sÔnolo F [x] eÐnai dianusmatikìc
q¸roc epÐ tou F , k�ti pou eÐnai  dh gnwstì (blèpe Tìmoc A).

Prìtash 1.1.2. 'Estw φ(x) kai θ(x) mh mhdenik� polu¸numa, tìte isqÔei:

1. EÐte φ(x) + θ(x) = 0 eÐte deg( φ(x) + θ(x) ) ≤ max( degφ(x), degθ(x) ).
H anisìthta sthn prohgoÔmenh sqèsh eÐnai gn sia mìno sthn perÐptwsh
pou ta dÔo polu¸numa èqoun ton Ðdio bajmì kai antÐjetouc megistob�jmiouc
suntelestèc

2. deg( φ(x) · θ(x) ) = degφ(x) + degθ(x).

Apìdeixh. 'Amesh sunèpeia twn orism¸n.

Ask seic 1.1

1. 'Estw φ(x) ∈ F [x]. DeÐxte ìti up�rqei θ(x) ∈ F [x] tètoio ¸ste φ(x) θ(x) =
1 an kai mìno an to φ(x) ( opìte kai to θ(x)) eÐnai stajerì polu¸numo.

2. 'Estw φ(x), θ(x) ∈ F [x]. DeÐxte ìti φ(x) θ(x) = 0 an kai mìno an
toul�qiston èna apì ta φ(x) kai θ(x) eÐnai to mhdenikì polu¸numo.

3. Deixte ìti den up�rqei polu¸numo φ(x) ∈ R[x] tètoio ¸ste (φ(x))11 =
(x + 1)22 + (x− 1)2004.
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1.2 Diairetìthta PoluwnÔmwn, An�gwga polu¸nu-
ma

Sta epìmena ja doÔme ìti sto sÔnolo F [x] isqÔei ènac algìrijmoc diaÐreshc
poluwnÔmwn an�logoc me ton gnwstì algìrijmo thc diaÐreshc sto sÔnolo Z
akeraÐwn arijm¸n. Autì mac dÐnei th dunatìthta na diapist¸soume ìti ta dÔo
sÔnola Z kai F [x] èqoun shmantikèc omoiìthtec.

'Estw dÔo polu¸numa φ(x), θ(x) ∈ F [x]. Ja lème ìti to polu¸numo φ(x)
diaireÐ to polu¸numo θ(x) kai ja sumbolÐzoume φ(x) | θ(x) an up�rqei
π(x) ∈ F [x] tètoio ¸ste θ(x) = φ(x) π(x). Pollèc forèc antÐ na poÔme ìti to
φ(x) diaireÐ to θ(x) lème ìti to polu¸numo θ(x) eÐnai pollapl�sio tou φ(x)  
ìti to polu¸numo θ(x) diaireÐtai apì to polu¸numo φ(x).

Ac doÔme merikèc �mesec sunèpeiec tou prohgoÔmenou orismoÔ, tic opoÐec ja
qrhsimopoioÔme suqn� sta epìmena qwrÐc idiaÐterh anafor�.

1. To mhdenikì polu¸numo diaireÐtai apì k�je �llo polu¸numo. Pr�gmati,
gia k�je φ(x) ∈ F [x] wc gnwstìn isqÔei φ(x) 0 = 0.
Opìte to mhdenikì polu¸numo 0 diaireÐ mìno to mhdenikì polu¸numo. Epomènwc
sta epìmena, ìtan gr�foume φ(x) | θ(x) ja ennooÔme ìti φ(x) 6= 0.

2. Upojètoume ìti φ(x) | θ(x). Tìte up�rqei monadikì π(x) ∈ F [x] tètoio
¸ste θ(x) = φ(x) π(x). Pr�gmati an up rqe kai èna �llo π′(x) ∈ F [x] me
θ(x) = φ(x) π′(x), tìte ja eÐqame θ(x) = φ(x) π(x) = φ(x) π′(x). Dhlad 
φ(x) ( π(x) − π′(x) ) = 0 kai epeid  to φ(x) den eÐnai to mhdenikì polu¸numo
èqoume π(x)− π′(x) = 0, �ra π(x) = π′(x).

3. Upojètoume ìti φ(x) | θ(x), tìte deg( φ(x) ) ≤ deg( θ(x) ), opìte an
φ(x) | θ(x) kai θ(x) |φ(x), tìte deg( φ(x) ) = deg( θ(x) ). Pr�gmati, toÔto
eÐnai profanèc apì thn Prìtash 1.1.2.

4. K�je (mh mhdenikì) stajerì polu¸numo c diaireÐ k�je �llo polu¸numo.
Pr�gmati, gia k�je π(x) ∈ F [x] èqoume φ(x) = c · ( c−1 · φ(x) ).

5. An φ(x) | θ(x), tìte gia k�je 0 6= c ∈ F [x] èqoume ìti c · φ(x) | θ(x).
'Ara an φ(x) = anxn + an−1x

n−1 + · · · a1x + a0, tìte to monikì polu¸numo
a−1

n · φ(x) diaireÐ to θ(x).
6. Upojètoume ìti to polu¸numo φ(x) daireÐ to polu¸numo θ(x) kai ìti to

polu¸numo θ(x) diaireÐ to polu¸numo σ(x), tìte profan¸c to φ(x) diaireÐ to
σ(x).

7. Upojètoume ìti to polu¸numo φ(x) diaireÐ ta polu¸numa θ1(x) kai θ2(x),
tìte to φ(x) diaireÐ to polu¸numo α(x)·θ1(x)+β(x)·θ2(x), gia ìla ta polu¸numa
α(x), β(x) ∈ F [x]. ( giatÐ? ).

'Ena mh stajerì polu¸numo p(x) ∈ F [x] ja lègetai an�gwgo epÐ tou F (  a-
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n�gwgo sto F [x]) an oi mìnoi diairètec tou sto F [x] eÐnai ta stajer� polu¸numa
kai ta polu¸numa thc morf c c p(x). IsodÔnama to polu¸numo p(x) ∈ F [x] eÐnai
an�gwgo epÐ tou F an apì th sqèsh p(x) = φ(x) θ(x), me φ(x), θ(x) ∈ F [x]
prokÔptei ìti èna apì ta φ(x), θ(x) eÐnai stajerì polu¸numo.

H ènnoia tou anag¸gou poluwnÔmou eÐnai shmantik  sth melèth twn polu-
wnÔmwn. 'Opwc ja doÔme sta epìmena, ta an�gwga polu¸numa èqoun idiìthtec
an�logec me tic idiìthtec twn pr¸twn arijm¸n stouc akeraÐouc. Sugkekrimèna
isqÔei to ex c shmantikì je¸rhma.

Je¸rhma 1.2.1. K�je mh stajerì polu¸numo φ(x) ∈ F [x] gr�fetai wc gi-
nìmeno anag ģwn poluwnÔmwn sto F [x] kat� monadikì trìpo. Sugkekrimèna
up�rqoun monadik� monik� an�gwga polu¸numa pi(x) ∈ F [x], i = 1, 2, . . . , n
kai monadikì c ∈ F [x] tètoia ¸ste, an den lhfjeÐ upìyh h seir� twn paragìntwn,
φ(x) = c p1(x) p2(x) · · · pn(x).

An kai h apìdeixh thc Ôparxhc tètoiwn poluwnÔmwn eÐnai eÔkolh kai ja
mporoÔse na dojeÐ t¸ra, h monadikìthta miac tètoiac graf c apaiteÐ ènnoiec
pou ja anaptuqjoÔn sta epìmena. Gia to lìgo autì h apìdeixh autoÔ tou
Jewr matoc ja dojeÐ argìtera.

Apì ton orismì tou anag¸gou poluwnÔmou èpetai ìti ìla ta polu¸numa me
bajmì 1 eÐnai an�gwga. To na apofanjoÔme ìmwc an èna polu¸numo me bajmì
megalÔtero tou 1 eÐnai an�gwgo den eÐnai kajìlou eÔkolo kai exart�tai apì to
sÔnolo F twn suntelest¸n.

EpÐshc ja jèlame na epishm�noume ìti èqei shmasÐa epÐ poÐou sunìlou
suntelest¸n exet�zoume an èna polu¸numo eÐnai an�gwgo. Gia par�deigma,
to polu¸numo x2 + 2 eÐnai an�gwgo epÐ tou sunìlou twn pragmatik¸n arij-
m¸n, all� den eÐnai an�gwgo epÐ tou sunìlou twn migadik¸n arijm¸n, afoÔ
x2 + 2 = (x + i

√
2) · (x− i

√
2).

Prìtash 1.2.2. K�je mh stajerì polu¸numo φ(x) diaireÐtai apì (toul�qiston)
èna an�gwgo polu¸numo.

Apìdeixh. Ja efarmìsoume epagwg  sto bajmì, èstw n, tou φ(x). An to
φ(x) eÐnai an�gwgo, tìte autì diaireÐtai apì ton eautì tou. Upìjètoume ìti
to φ(x) den eÐnai an�gwgo kai ìti ìla ta mh stajer� polu¸numa me bajmì
mikrìtero tou n diairoÔntai apì èna an�gwgo polu¸numo. Gia to φ(x) up�rqoun
mh stajer� polu¸numa φ1(x) kai φ2(x) tètoia ¸ste φ(x) = φ1(x) φ2(x). Ta
φ1(x) kai φ2(x) èqoun bajmì mikrìtero tou n kai epomènwc apì thn upìjesh
thc epagwg c k�je èna apì aut� diaireÐtai apì èna an�gwgo polu¸numo, �ra
kai to φ(x) diaireÐtai apì èna an�gwgo polu¸numo.
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To epìmeno je¸rhma, gnwstì wc algìrijmoc diaÐreshc poluwnÔmwn (  
tautìthta diaÐreshc poluwnÔmwn ) eÐnai polÔ shmantikì sth melèth idiot -
twn twn poluwnÔmwn.

Je¸rhma 1.2.3. 'Estw φ(x), θ(x) ∈ F [x] me φ(x) 6= 0, tìte up�rqoun mona-
dik� π(x), υ(x) ∈ F [x] tètoia ¸ste θ(x) = φ(x)π(x) + υ(x) kai   υ(x) = 0  
deg( υ(x), ) < deg( φ(x) ).

Apìdeixh. 'Estw ìti to polu¸numo φ(x) diaireÐ to θ(x). Tìte profan¸c apì
th sqèsh θ(x) = φ(x) π(x) èqoume ìti ta π(x) kai υ(x) = 0 plhroÔn tic
upojèseic tou Jewr matoc. Upojetoume ìti to φ(x) den diaireÐ to θ(x) kai èstw
A = { θ(x) − φ(x) τ(x), ìpouτ(x) ∈ F [x] }. 'Estw υ(x) = θ(x) − φ(x) π(x)
èna stoiqeÐo tou sunìlou A me ton mikrìtero dunatì bajmì. Tìte profan¸c
θ(x) = φ(x) π(x) + υ(x).

Ja deÐxoume ìti deg( υ(x) ) < deg( φ(x) ). Pr�gmati, upojètoume ìti υ(x) =
θ(x) − φ(x) π(x) = anxn + an−1x

n−1 + · · · a1x + a0, φ(x) = bxm + bxm−1 +
· · · + b1x + b0 kai deg( υ(x) ) = n ≥ m = deg( φ(x) ). Tìte ta polu¸-
numa υ(x) kai (anb−1

m )xn−mφ(x) eÐnai tou idÐou bajmoÔ kai èqoun antijetou-
c suntelestèc, epomènwc to polu¸numo υ(x) − (anb−1

m )xn−mφ(x), èqei bajmì
mikrìtero apo to bajmì tou υ(x) kai epiplèon υ(x) − (anb−1

m )xn−mφ(x) =
θ(x)− φ(x) π(x)−(anb−1

m )xn−mφ(x) = θ(x)−( π(x)+(anb−1
m )xn−m )φ(x) ∈ A.

ToÔto eÐnai �topo apì thn eklog  tou poluwnÔmou υ(x) wc polu¸numo me ton
mikrìtero bajmì apì ìla ta polu¸numa pou an koun sto sÔnolo A. Epomènwc
deg( υ(x) ) < deg( φ(x) ).

Ta polu¸numa π(x) kai υ(x) me thn idiìthta θ(x) = φ(x)π(x) + υ(x) kai
deg( υ ) < deg( φ(x) ) eÐnai monadik�. Pragmati, upojètoume ìti ektìc apì ta
π(x) kai υ(x) up�rqoun kai ta polu¸numa π′(x) kai υ′(x) tètoia ¸ste θ(x) =
φ(x)π′(x) + υ′(x) kai deg( υ′(x) ) < deg( φ(x) ). Tìte afair¸ntac kat� mèlh
tic sqèseic θ(x) = φ(x)π(x) + υ(x) kai θ(x) = φ(x)π′(x) + υ′(x) èqoume
φ(x)(π(x)−π′(x) ) = υ(x)−υ′(x), an υ(x)−υ′(x) 6= 0, tìte kai π(x)−π′(x) 6=
0, opìte apì thn Prìtash 1.1.2 èqoume ìti deg( υ(x) − υ′(x) ) ≥ deg( φ(x) ).
ToÔto eÐnai �topo, afoÔ deg( υ(x)−υ′(x) ) ≤ max( deg( υ(x) ), deg( υ′(x) ) ) <
deg( φ(x) ). 'Ara υ(x) = υ′(x) kai π(x) = π′(x).

To polu¸numa π(x) kai υ(x) sto prohgoÔmeno Je¸rhma onom�zontai antÐ-
stoiqa to phlÐko kai to upìloipo thc diaÐreshc tou poluwnÔmou θ(x) dia tou
poluwnÔmou φ(x).

Parathr seic 1.2.4.

1. Sto prohgoÔmeno Je¸rhma, an θ(x) = 0   deg( θ(x) ) < deg( φ(x) ), tìte
profan¸c π(x) = 0 kai υ(x) = θ(x).
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2. An doÔme prosektik� thn apìdeixh tou prohgoumènou Jewr matoc, ja
anagnwrÐsoume th gnwst  se ìlouc mac mèjodo diaÐreshc poluwnÔmwn.
Ja d¸soume èna par�deigma, ìpou toÔto ja faneÐ kalÔtera.

Par�deigma. 'Estw θ(x) = 4x5−3x4−7x2 +6 kai φ(x) = x3 +7x2 +3x−2.
Jèloume na k�noume th diaÐresh tou θ(x) me to φ(x). ParathroÔme ìti o bajmìc
tou θ(x) eÐnai megalÔteroc apì to bajmì tou φ(x) epomènwc prèpei na broÔme èna
polu¸numo π(x) tètoio ¸ste deg( θ(x)− φ(x) π(x) ) < deg( φ(x) ). O megisto-
b�jmioc suntelest c tou θ(x) eÐnai 4, pollaplasi�zoume to polu¸numo φ(x) me
to mon¸numo 4 x5−3, to apotèlesma ( 4 x5−3 )·φ(x) = 4x5+28x4+12x3−8x2 to
afairoÔme apì to θ(x) kai èqoume θ(x)−( 4x5−3 )·φ(x) = −31x4−12x3+x2+6.
To polu¸numo π1(x) = 4x2 eÐnai èna ”endi�meso ” phlÐko kai to polu¸numo
υ1(x) = θ(x)− ( 4 x5−3 ) · φ(x) = −31x4 − 12x3 + x2 + 6 eÐnai èna ”endi�meso
” upìloipo. ParathroÔme ìti o bajmìc tou υ1(x) = −31x4 − 12x3 + x2 + 6
eÐnai mikrìteroc apì to bajmì tou θ(x), all� eÐnai megalÔteroc apì to bajmì
tou φ(x), epomènwc epanalamb�noume thn prohgoÔmenh diadikasÐa. O megi-
stob�jmioc suntelest c tou υ1(x) eÐnai −31, pollaplasi�zoume to polu¸-
numo φ(x) me to mon¸numo −31 x4−3, to apotèlesma (−31x4−3 ) · φ(x) =
−31x4−217x3−93x2+62x to afairoÔme apì to υ1(x) = −31x4−12x3+x2+6
kai èqoume υ1(x) − (−31x4−3 ) · φ(x) = 205x3 + 94x2 − 62x + 6. To polu¸-
numo υ2(x) = θ(x) − ( 4 x2 − 31x ) · φ(x) = 205x3 + 94x2 − 62x + 6 eÐnai
to epìmeno ”endi�meso ” upìloipo. ParathroÔme ìti o bajmìc tou υ2(x) =
205x3 + 94x2 − 62x + 6 eÐnai mikrìteroc apì to bajmì tou υ1(x), all� den
eÐnai mikrìteroc apì to bajmì tou φ(x), epomènwc epanalamb�noume thn pro-
hgoÔmenh diadikasÐa. O megistob�jmioc suntelest c tou υ2(x) eÐnai 205, pol-
laplasi�zoume to polu¸numo φ(x) me to mon¸numo 205x3−3 = 205, to a-
potèlesma ( 205 ) · φ(x) = 205x3 + 1435x2 + 615x − 410 to afairoÔme apì
to υ2(x) = 205x3 + 94x2 − 62x + 6 kai èqoume υ2(x) − ( 205 ) · φ(x) =
−1341x2 − 677x + 416. To polu¸numo υ(x) = υ2(x) − ( 205 ) · φ(x) =
θ(x) − ( 4x2 − 31x + 205 ) · φ(x) = −1341x2 − 677x + 416 eÐnai to upìloi-
po thc diaÐreshc, afoÔ, ìpwc parathroÔme, èqei bajmì mikrìtero apì to bajmì
tou φ(x) kai to polu¸numo π(x) = 4x2−31x+205 (to opoÐo eÐnai to �jroisma
twn monwnÔmwn me ta opoÐa diadoqik� pollaplasi�zame to φ(x)) eÐnai to phlÐko
thc diaÐreshc.

Sqhmatik� h prohgoÔmenh diadikasÐa ja mporoÔse na perigrfeÐ wc ex c
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4t5 − 3t4 + 0t3 − 7t2 + 0t + 6 t3 + 7t2 + 3t− 2
4t5 +28t4 + 12t3 − 8t2 4t2 − 31t + 205

−31t4 − 12t3 + t2 + 0t + 6
−31t4 −217t3 − 93t2 + 62t

205t3 + 94t2 − 62t + 6
205t3 + 143t2 +615t −410

−1341t2 −677 +416

Mègistoc Koinìc Diairèthc PoluwnÔmwn
Prin d¸soume ton orismì tou mègistou koinoÔ diairèth poluwnÔmwn, ja jèla-

me na parathr soume ìti, an φ(x), θ(x) ∈ F [x], tìte, ìpwc èqoume epishm�nei,
k�je stajerì mh mhdenikì polu¸numo c diaireÐ kai ta dÔo polu¸numa. Dhlad 
gia ta polu¸numa aut� up�rqoun koinoÐ diairètec. Epomènwc up�rqoun koinoÐ
diairètec dÔo poluwnÔmwn oi opoÐoi eÐnai monik� polu¸numa.

Orismìc 1.2.5. 'Estw φ(x), θ(x) ∈ F [x] ìqi kai ta dÔo mhdenik� polu¸numa,
èna polu¸numo d(x) ∈ F [x] ja lègetai mègistoc koinìc diairèthc twn φ(x)
kai θ(x) an:

(i) d(x)|φ(x) kai d(x)| θ(x). Dhlad  to polu¸numo d(x) eÐnai koinìc diairè-
thc twn φ(x) kai θ(x).

(ii) To d(x) eÐnai monikì polu¸numo.
(iii) An δ(x) ∈ F [x] me δ(x)|φ(x) kai δ(x)| θ(x), tìte δ(x)| d(x). Dhlad 

k�je koinìc diairèthc twn φ(x) kai θ(x) eÐnai diairèthc tou d(x).

Ja deÐxoume ìti o mègistoc koinìc diairèthc dÔo poluwnÔmwn, ek twn opoÐwn
toul�qiston to èna eÐnai mh mhdenikì, up�rqei kai eÐnai monadikìc.

To mègisto koinì diairèth dÔo poluwnÔmwn φ(x) kai θ(x) ja ton sumbolÐ-
zoume me d(x) = m.k.d.( φ(x), θ(x) )   apl� d(x) = (φ(x), θ(x) )

MporoÔme na doÔme eÔkola ìti an up�rqei m.k.d. twn φ(x) kai θ(x), tìte
autìc eÐnai monadikìc. Pr�gmati upojètoume ìti up�rqoun dÔo polu¸numa d1(x)
kai d2(x) me tic idiìthtec tou orismoÔ. Tìte apì tic (i) kai (iii) tou orismoÔ
èqoume ìti d1(x)| d2(x) kai d2(x)| d1(x). Dhlad  up�rqei c ∈ F [x] tètoio ¸ste
d1(x) = c d2(x). All� ta d1(x), d2(x) eÐnai monik�. 'Ara d1(x) = d2(x).

Prin apodeÐxoume ìti o m.k.d. dÔo poluwnÔmwn up�rqei epishmaÐnoume ìti
an kai ta dÔo polu¸numa eÐnai mhdenik� polu¸numa, tìte o m.k.d. den orÐzetai,
afoÔ h (iii) ston orismì den ikanopoieÐtai (giatÐ?).

Ja apodeÐxoume t¸ra èna Je¸rhma to opoÐo ìqi mìno mac exasfalÐzei thn
Ôparxh tou m.k.d. dÔo poluwnÔmwn, all� mac dÐnei kai mÐa èkfrash tou wc
“grammikì” sunduasmì twn dÔo poluwnÔmwn.
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Je¸rhma 1.2.6. 'Estw φ(x), θ(x) ∈ F [x] ìqi kai ta dÔo mhdenik� polu¸numa.
Tìte up�rqei o mègistoc koinìc diairèthc d(x) twn φ(x) kai θ(x) kai epiplèon
up�rqoun α(x), β(x) ∈ F [x] tètoia ¸ste d(x) = α(x) · φ(x) + β(x) · θ(x).

Apìdeixh. 'Estw U = {λ(x)φ(x) + κ(x)θ(x) | λ(x), κ(x) ∈ F [x] }. Parath-
roÔme ìti sto sÔnolo U an koun ta polu¸numa φ(x) kai θ(x) (giatÐ ?). EpÐshc
sto sÔnolo U an koun monik� polu¸numa. Pr�gmati an η(x) = λ(x)φ(x) +
κ(x)θ(x) eÐnai èna mh mhdenikì stoiqeÐo tou U me suntelest  tou megistobajmÐou
ìrou c, tìte to polu¸numo c−1η(x) = (c−1λ(x))φ(x) + (c−1κ(x))θ(x) eÐnai
monikì kai an kei sto sÔnolo U .

Apì tic prohgoÔmenec parathr seic èpetai ìti mporoÔme na epilèxoume èna
stoiqeÐo d(x) = α(x)φ(x) + β(x)θ(x) tou U , to opoÐo na eÐnai monikì kai na
èqei ton mikrìtero bajmì apì ìla ta mh mhdenik� stoiqeÐa tou U .

To d(x) eÐnai monikì, �ra plhroÐ th sunj kh (ii) tou orismoÔ.
'Estw δ(x) ∈ F [x] me δ(x)|φ(x) kai δ(x)| θ(x), tìte profan¸c to δ(x)| d(x).

'Ara to d(x) plhroÐ th sunj kh (iii) tou orismoÔ.
Apomènei na apodeÐxoume th sunj kh (i).
'Estw τ(x) = λ(x)φ(x)+κ(x)θ(x) èna stoiqeÐo tou sunìlou U , ja deÐxoume

ìti d(x)| τ(x).
Apì ton algìrijmo diaÐreshc poluwnÔmwn up�rqoun monadik�

π(x), υ(x) ∈ F [x] tètoia ¸ste τ(x) = π(x) d(x) + υ(x) me υ(x) = 0  
deg( υ(x) ) < deg( d(x) ). Epomènwc èqoume υ(x) = τ(x) − π(x) d(x) =
λ(x)φ(x)+κ(x)θ(x)−π(x)( α(x)φ(x)+β(x)θ(x) ) = (λ(x)−π(x) α(x) )φ(x)+
( κ(x) − π(x) β(x) )θ(x) ∈ U . Upojètoume ìti to υ(x) den eÐnai to mhdenikì
polu¸numo, an c eÐnai o suntelest c tou megistobajmÐou ìrou tou, tìte to po-
lu¸numo c−1υ(x) eÐnai monikì, an kei sto U kai èqei bajmì Ðso me ton bajmì
tou υ(x), o opoÐoc eÐnai gn sia mikrìteroc apì to bajmì tou d(x). Autì eÐnai
�topo apì thn epilog  tou poluwnÔmou d(x). Ara υ(x) = 0. Dhlad  to d(x)
eÐnai koinìc diairèthc ìlwn twn stoiqeÐwn tou sunìlou U , �ra kai twn φ(x) kai
θ(x).

Parathr seic 1.2.7.

1. 'Opwc prokÔptei apì ton orismì kai prohgoÔmenec parathr seic o m.k.d.
dÔo poluwnÔmwn èqei to megalÔtero bajmì apì ìlouc touc koinoÔc diai-
rètec twn dÔo poluwnÔmwn.

2. 'Estw φ(x) kai θ(x) dÔo polu¸numa me to φ(x)| θ(x). Tìte m.k.d.
( φ(x), θ(x) ) = c−1φ(x), ìpou c eÐnai o suntelest c tou megistobaj-
mÐou ìrou tou φ(x).



1.2. Diairetìthta PoluwnÔmwn, An�gwga polu¸numa 11

3. 'Estw φ(x) kai θ(x) dÔo polu¸numa kai c1, c2 dÔo mh mhdenik� stoiqeÐa
tou sunìlou F . Tìte m.k.d. ( φ(x), θ(x) ) = m.k.d. ( c1 φ(x), c2 θ(x) )
(giatÐ ?).

EukleÐdeioc Algìrijmoc
To prohgoÔmeno Je¸rhma den mac dÐnei èna trìpo upologismoÔ tou m.k.d.

dÔo poluwnÔmwn φ(x) kai θ(x), polÔ de perissìtero p¸c mporoÔme na upologÐ-
soume polu¸numa suntelestèc α(x) kai β(x) tètoia ¸ste m.k.d. (φ(x), θ(x)) =
α(x)φ(x) + β(x)θ(x).

H epìmenh prìtash apoteleÐ to kÔrio b ma ston algìrijmo - gnwstì wc
EukleÐdeio Algìrijmo - pou upologÐzei to mègisto koinì diairèth dÔo polu-
wnÔmwn ( kai sunep¸c exasfalÐzei kai thn uparx  tou ).

Prìtash 1.2.8. 'Estw φ(x) kai θ(x) mh mhdenik� polu¸numa. An υ(x) eÐnai to
upìloipo thc diaÐreshc tou θ(x) dia tou φ(x), tìte m.k.d.( θ(x), φ(x) ) =m.k.d.
( υ(x), φ(x) ).

Apìdeixh. Apì thn tautìthta thc diaÐreshc èqoume ìti up�rqei π(x) ∈ F [x]
tètoio ¸ste θ(x) = π(x) φ(x) + υ(x). 'Estw d1(x) = m.k.d.( θ(x), φ(x) ) kai
d2(x) = m.k.d. ( υ(x), φ(x) ). Tìte profan¸c to d1(x) eÐnai ènac koinìc diairè-
thc twn υ(x) = θ(x)− π(x) φ(x) kai φ(x), �ra d1(x)|d2(x). EpÐshc to polu¸-
numo d2(x) eÐnai ènac koinìc diairèthc twn φ(x) kai θ(x) = π(x) φ(x) + υ(x),
�ra d2(x)|d1(x). 'Opote, epeid  ta d1(x) kai d2(x) eÐnai monik� èqoume ìti
d1(x) = d2(x).

Gia to upìloipo υ(x) èqoume ìti υ(x) = 0   deg( υ(x) ) < deg(φ(x) ). Opì-
te, efarmìzontac diadoqik� thn prohgoÔmenh Prìtash, se peperasmèna b mata
ja ft�soume se mhdenikì upìloipo. To proteleutaÐo ( monikì ) upìloipo aut c
thc diadikasÐac eÐnai o zhtoÔmenoc m.k.d. .

Pr�gmati, èstw θ(x), φ(x) ∈ F [x] me to φ(x) mh mhdenikì, tìte apì ton
algìrijmo thc diaÐreshc diadoqik� èqoume

θ(x) = π1(x) φ(x) + υ1(x), deg( υ1(x) ) < deg( φ(x) )
φ(x) = π2(x) υ1(x) + υ2(x), deg( υ2(x) ) < deg( υ1(x) )
υ1(x) = π3(x) υ2(x) + υ3(x), deg( υ3(x) ) < deg( υ2(x) )
υ2(x) = π4(x) υ3(x) + υ4(x), deg( υ4(x) ) < deg( υ3(x) )
....................................... ...............
υn−2(x) = πn(x) υn−1(x) + υn(x), deg( υn(x) ) < deg( υn−1(x) )
υn−1(x) = πn+1(x) υn(x) + 0.
Met� apì n b mata, o arijmìc twn opoÐwn den xepern� ton bajmì tou φ(x),

to teleutaÐo upìloipo υn+1(x) eÐnai to mhdenikì polu¸numo, afoÔ
deg( φ(x) ) > deg( υ1(x) ) > deg( υ2(x) ) > deg( υ3(x) ) > · · ·
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Efarmìzontac diadoqik� thn prohgoÔmenh Prìtash èqoume
m.k.d.( θ(x), φ(x) ) = m.k.d.( φ(x), υ1(x) ) = m.k.d.( υ1(x), υ2(x) ) = · · · =

m.k.d.( υn(x), 0 ). Opìte to antÐstoiqo monikì polu¸numo tou υn(x) eÐnai o
zhtoÔmenoc mègistoc koinìc diairèthc.

Gia ton upologismì twn poluwnÔmwn suntelest¸n α(x) kai β(x) sthn èk-
frash m.k.d. ( φ(x), θ(x) ) = α(x) · φ(x) + β(x) · θ(x). Ergazìmaste wc ex c.
Xekin¸ntac apì thn proteleutaÐa sqèsh èqoume

υn(x) = υn−2(x)− πn(x) υn−1(x).
All� υn−1(x) = υn−3(x) − πn−1(x) υn−2(x) kai υn−2(x) = υn−4(x) −

πn−2(x) υn−3(x), opìte antikajist¸ntac sthn prohgoÔmenh sqèsh èqoume mia
par�stash thc morf c

υn(x) = βn−3(x) υn−4(x) + αn−2(x) υn−3(x). SuneqÐzontac me thn Ðdia
diadikasÐa katal goume se mia par�stash thc morf c

υn(x) = β2(x)υ1(x)+α3(x)υ2(x) kai telik� υn(x) = β1(x)θ(x)+α2(x)φ(x).
'Estw r o megistob�jmioc suntelest c tou υn(x), tìte profan¸c ta zhtoÔ-

mena polu¸numa suntelestèc eÐnai α(x) = r−1α2(x) kai β(x) = r−1β1(x).

Par�deigma. 'Estw ta polu¸numa 2x4−3x3−3x2+2x+2 , x3−2x2−3x+4 ∈
R[x]. Diair¸ntac to 2x4− 3x3− 3x2 + 2x + 2 dia tou x3− 2x2− 3x + 4 èqoume
2x4 − 3x3 − 3x2 + 2x + 2 = (2x + 1) (x3 − 2x2 − 3x + 4) + (5x2 − 3x − 2).
Dhlad  to pr¸to upìloipo eÐnai to polu¸numo 5x2−3x−2. DiairoÔme t¸ra to
polu¸numo x3−2x2−3x+4 dia tou 5x2−3x−2 kai èqoume x3−2x2−3x+4 =
(1
5x− 7

25) (5x2−3x−2)+(−86
25x+ 86

25). To deÔtero upìloipo eÐnai to polu¸numo
−86

25x + 86
25 . Diair¸ntac to polu¸numo 5x2 − 3x− 2 dia tou −86

25x + 86
25 èqoume

5x2−3x−2 = (−125
86 − 50

86) (−86
25x+ 86

25)+0, dhlad  to teleutaÐo upìloipo eÐnai
to mhdenikì polu¸numo, opìte o m.k.d. twn poluwnÔmwn 2x4−3x3−3x2+2x+2
kai x3 − 2x2 − 3x + 4 eÐnai to polu¸numo −25

86(−86
25x + 86

25) = x− 1.
Gia ton upologismì poluwnÔmwn suntelest¸n sthn èkfrash tou m.k.d. w-
c grammikì sunduasmì twn dÔo poluwnÔmwn 2x4 − 3x3 − 3x2 + 2x + 2 kai
x3 − 2x2 − 3x + 4 efarmìzontac thn antÐstrofh diadikasÐa èqoume diadoqik�
−86

25x+ 86
25 = (x3−2x2−3x+4)− (1

5x− 7
25) (5x2−3x−2) = (x3−2x2−3x+

4)− (1
5x− 7

25) [ (2x4 − 3x3 − 3x2 + 2x + 2)− (2x + 1) (x3 − 2x2 − 3x + 4) ] =
(1
5x− 7

25) (2x4−3x3−3x2+2x+2)+( (1
5x− 7

25) (2x+1)+1 ) (x3−2x2−3x+4) =
(1
5x− 7

25) (2x4−3x3−3x2+2x+2)+(2
5x2− 19

25x+ 18
25) (x3−2x2−3x+4). Opìte

ta zhtoÔmena poluwnÔma suntelestèc eÐnai ta polu¸numa (−86
25)−1 (1

5x− 7
25) kai

(−86
25)−1 (2

5x2 − 19
25x + 18

25).

Parat rhsh. MporoÔme na orÐsoume ton mègisto koinì diairèth perissotèrwn,
apì dÔo, poluwnÔmwn.

'Estw φi(x) ∈ F [x], i = 1, 2, . . . , n ìqi ìla mhdenik� polu¸numa. 'Ena
polu¸numo d(x) ∈ F [x] ja lègetai mègistoc koinìc diairèthc twn φi(x), i =
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1, 2, . . . , n an:
(i) d(x)|φi(x), i = 1, 2, . . . , n. Dhlad  to polu¸numo d(x) eÐnai koinìc

diairèthc twn φi(x).
(ii) To d(x) eÐnai monikì polu¸numo.
(iii) An δ(x) ∈ F [x] me δ(x)|φi(x), i = 1, 2, . . . , n, tìte δ(x)| d(x). Dh-

lad  k�je koinìc diairèthc twn φi(x) eÐnai diairèthc tou d(x).
ApodeiknÔetai ìti o mègistoc koinìc diairèthc twn poluwnÔmwn

φi(x) ∈ F [x], i = 1, 2, . . . , n, ek twn opoÐwn toul�qiston to èna eÐnai mh
mhdenikì, up�rqei kai eÐnai monadikìc. Ja sumbolÐzetai de d(x) =
m.k.d.( φ1(x), φ2(x), . . . , φn(x) )   apl� d(x) = (φ1(x), φ2(x), . . . , φn(x) ).

H Ôparxh, h monadikìthta kai o upologismìc tou mègistou koinoÔ diairèth
perissotèrwn twn dÔo poluwnÔmwn basÐzetai sthn ex c apl  parat rhsh.
'Estw φ(x), θ(x), σ(x) ∈ F [x], mh mhdenik� polu¸numa, tìte up�rqei o mègistoc
koinìc diairèthc d(x) twn φ(x), θ(x), σ(x) kai isqÔei d(x) =
= m.k.d.( m.k.d.( φ(x), θ(x) ), σ(x) ). Pr�gmati èstw d1(x) = m.k.d.( φ(x), θ(x) )
kai d2(x) = m.k.d.( m.k.d.( φ(x), θ(x) ), σ(x) ) = m.k.d.( d1(x), σ(x) ).

'Estw δ(x) ènac koinìc diairèthc twn φ(x), θ(x) kai σ(x), �ra δ(x)| d1(x)
eÐnai ìmwc kai diairèthc tou σ(x), epomènwc δ(x)| d2(x).

All� d2(x)| d1(x) kai to d1(x) diaireÐ to φ(x) kai to θ(x), �ra to d2(x) eÐnai
ènac koinìc diairèthc twn φ(x) kai θ(x), epÐshc to d2(x)|σ(x). 'Ara to d2(x)
eÐnai ènac koinìc diairèthc twn φ(x), θ(x) kai σ(x), o opoÐoc diaireÐtai apì ton
(tuqaÐo) koinì diairèth δ(x). Sunep¸c d2(x) = m.k.d.( φ(x), θ(x), σ(x) ).

Apì thn prohgoÔmenh èkfrash tou m.k.d. twn poluwnÔmwn φ(x), θ(x), σ(x)
eÔkola prokÔptei ìti kai sthn perÐptwsh aut  isqÔei èna je¸rhma an�logo me
to Je¸rhma 1.2.6.

DÔo polu¸numa θ(x), φ(x) ∈ F [x] ja lègontai sqetik� pr¸ta   pr¸ta
metaxÔ touc an m.k.d. ( θ(x), φ(x) ) = 1

Prìtash 1.2.9. 'Estw φ(x), θ(x), σ(x) ∈ F [x] me m.k.d. ( φ(x), θ(x) ) = 1
kai φ(x)| θ(x) σ(x). Tìte φ(x)|σ(x).

Apìdeixh. Epeid  m.k.d. (φ(x), θ(x) ) = 1 up�rqoun polu¸numa α(x) kai β(x)
tètoia ¸ste m.k.d. ( φ(x), θ(x) ) = α(x)φ(x) + β(x)θ(x) = 1. Pollaplasi�-
zontac kai ta dÔo mèlh thc teleutaÐac sqèshc me to polu¸numo σ(x) èqou-
me α(x)φ(x)σ(x) + β(x)θ(x)σ(x) = σ(x). To polu¸numo φ(x) diaireÐ to
β(x)θ(x)σ(x), apì thn upìjesh, profan¸c diaireÐ kai to α(x)φ(x)σ(x), �ra
diaireÐ kai to �jroisma α(x)φ(x)σ(x) + β(x)θ(x)σ(x) = σ(x).

Prìtash 1.2.10. 'Estw φ(x), θ(x), σ(x) ∈ F [x] me m.k.d. ( φ(x), θ(x) ) = 1,
φ(x)|σ(x) kai θ(x)|σ(x). Tìte φ(x) θ(x)|σ(x)
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Apìdeixh. 'Askhsh.

Prìtash 1.2.11. 'Estw p(x), p1(x), . . . , pn(x) ∈ F [x] an�gwga polu¸numa
epÐ tou F . Upojètoume ìti to polu¸numo p(x) diaireÐ to ginìmeno p1(x) · · · pn(x),
tìte up�rqei c ∈ F ètsi ¸ste p(x) = c pi(x) gia k�poio deÐkth i.

Apìdeixh. Epeid  to polu¸numo p(x) eÐnai an�gwgo ja èqoume eÐte p(x)| p1(x)
eÐte m.k.d. ( p(x), p1(x) ) = 1 ( giatÐ ? blèpe �skhsh 1.2 (5)). An p(x)| p1(x)
èqei kal¸c, an m.k.d. ( p(x), p1(x) ) = 1, tìte apì thn upìjesh kai thn Prì-
tash 1.2.9 èqoume ìti to polu¸numo p(x) diaireÐ to ginìmeno p2(x) · · · pn(x).
Opìte p�li eÐte p(x)| p2(x) eÐte m.k.d. ( p(x), p2(x) ) = 1. SuneqÐzontac aut 
th diadikasÐa se peperasmèna b mata ja katal xoume ìti up�rqei 1 ≤ i ≤ n
ètsi ¸ste p(x)| pi(x). Ta polu¸numa ìmwc p(x) kai pi(x) eÐnai an�gwga opìte
anagkastik� ja up�rqei c ∈ F ètsi ¸ste p(x) = c pi(x).

T¸ra mporoÔme na apodeÐxoume to Je¸rhma 1.2.1.

Apìdeixh tou 1.2.1 Ja efarmìsoume epagwg  sto bajmì tou poluwnÔmou φ(x).
An deg( φ(x) ) = 1, tìte to polu¸numo φ(x) eÐnai an�gwgo kai to je¸rhma
isqÔei ( ed¸ jewroÔme ìti èqoume ginìmeno me èna an�gwgo ìro ). Upojètoume
ìti to je¸rhma isqÔei gia ìla ta polu¸numa me bajmì mikrìterou tou bajmoÔ
tou φ(x). An to φ(x) eÐnai an�gwgo, tìte p�li to je¸rhma isqÔei. Upojètoume
ìti to φ(x) den eÐnai an�gwgo. 'Ara up�rqoun polu¸numa φ1(x) kai φ2(x) tètoia
¸ste φ(x) = φ1(x) φ2(x). O bajmìc twn φ1(x) kai φ2(x) eÐnai mikrìteroc tou
bajmoÔ tou φ(x), �ra to je¸rhma isqÔei gia aut� ta polu¸numa, ìpote kai to
φ(x) mporeÐ na grafeÐ sth morf  φ(x) = c p1(x) p2(x) · · · pn(x) me c ∈ F [x]
kai ta pi(x) monik� kai an�gwga.

Ac upojèsoume t¸ra ìti φ(x) = c1p1(x)p2(x) · · · pn(x) = c2q1(x)q2(x) · · ·
qm(x), ìpou c1, c2 ∈ F kai ta polu¸numa p1(x), p2(x), . . . , pn(x), q1(x), q2(x),
. . . , qm(x) eÐnai monik� kai an�gwga epÐ tou F . To polu¸numo qm(x) diaireÐ
to ginìmeno c1 p1(x) p2(x) · · · pn(x), epomènwc sÔmfwna me thn prohgoÔmenh
prìtash up�rqei c ∈ F ètsi ¸ste qm(x) = c pi(x) gia k�poio deÐkth i. All� ta
qm(x) kai pi(x) eÐnai monik�, opìte qm(x) = pi(x) kai all�zontac, en an�gkh,
th seir� twn paragìntwn mporoÔme na upojèsoume ìti qm(x) = pn(x). T¸ra
apì th sqèsh c1 p1(x) p2(x) · · · pn(x) = c2 q1(x) q2(x) · · · qm(x) èqoume ìti
c1 p1(x) p2(x) · · · pn−1(x) = c2 q1(x) q2(x) · · · qm−1(x). O bajmìc ìmwc tou
poluwnÔmou c1 p1(x) p2(x) · · · pn−1(x) eÐnai mikrìteroc apì ton bajmì tou φ(x),
epomènwc apì thn upìjesh thc epagwg c èqoume ìti c1 = c2, n− 1 = m− 1
kai all�zontac, en an�gkh, thn seir� twn paragìntwn pi(x) = qi(x). ¤
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Parathr seic.

1. Sthn prohgoÔmenh èkfrash enìc poluwnÔmou wc ginìmeno anag¸gwn
monik¸n poluwnÔmwn oi par�gontec pi(x) den eÐnai katan�gkh diakekrimè-
noi, opìte ja mporoÔsame na gr�youme to polu¸numo sth morf  φ(x) =
c1p

ν1
1 (x)pν2

2 (x) · · · pνm
m (x), ìpou t¸ra ta polu¸numa pi(x) eÐnai diakekri-

mèna kai ta νi eÐnai jetikoÐ akèraioi arijmoÐ. H monadik  aut  graf 
onom�zetai an�lush tou φ(x) se ginìmeno monik¸n anag ģwn po-
luwnÔmwn epÐ tou F .

2. 'Opwc èqoume epishm�nei èqei shmasÐa epÐ poÐou sunìlou suntelest¸n e-
xet�zoume an èna polu¸numo eÐnai an�gwgo. Epomènwc ja èqoume kai
thn antÐstoiqh an�lush enìc poluwnÔmou se ginìmeno monik¸n anag¸gw-
n poluwnÔmwn. Gia par�deigma, to polu¸numo x4 − x2 − 2 ∈ R[x] èqei
thn an�lush x4 − x2 − 2 = (x2 − 2) (x2 + 1), en¸ to Ðdio polu¸nu-
mo, an jewrhjeÐ wc stoiqeÐo tou C[x], èqei thn an�lush x4 − x2 − 2 =
(x +

√
2) (x−√2) (x− i) (x + i).

3. 'Opwc blèpoume, h prohgoÔmenh apìdeixh den mac dÐnei ènan trìpo na upo-
logÐzoume touc an�gwgouc par�gontec sthn an�lush ènoc poluwnÔmou.
To prìblhma tou prosdiorismoÔ twn anag¸gwn paragìntwn enìc poluw-
nÔmou eÐnai polÔ dÔskolo kai eÐnai an�logo me to prìblhma tou prosdio-
rismoÔ twn pr¸twn paragìntwn stouc opoÐouc analÔetai ènac akèraioc
arijmìc.

Qrhsimopoi¸ntac thn an�lush enìc poluwnÔmou se ginìmeno anag¸gwn po-
luwnÔmwn mporoÔme na d¸soume ènan �llo trìpo upologismoÔ tou mègistou
koinoÔ diairèth poluwnÔmwn. Sugkekrimèna èqoume.

Prìtash 1.2.12. 'Estw φ(x), θ(x) ∈ F [x] kai èstw
φ(x) = c1 pξ1

1 (x) pξ2
2 (x) · · · pξm

m (x) kai θ(x) = c2 pν1
1 (x) pν2

2 (x) · · · pνm
m (x)

oi analÔseic touc se ginìmeno monik¸n anag ģwn poluwnÔmwn, ìpou ta ξi kai
νi endèqetai na eÐnai kai mhdèn ìtan ènac par�gontac den emfanÐzetai sthn a-
ntÐstoiqh an�lush tou poluwnÔmou. Jètoume µi = min( ξi, νi ). Tìte isqÔei
m.k.d. φ(x), θ(x) = pµ1

1 (x) pµ2
2 (x) · · · pµm

m (x).

Apìdeixh. H apìdeixh eÐnai apl  kai afÐnetai wc �skhsh (blèpe �skhsh 1.2
(16)).

El�qisto Koinì Pollapl�sio PoluwnÔmwn
Prin d¸soume ton orismì tou elaqÐstou koinoÔ pollaplasÐou dÔo poluw-

nÔmwn ja jèlame na parathr soume ìti, an φ(x), θ(x) ∈ F [x], tìte up�rqoun
monik� koin� pollapl�sia twn φ(x) kai θ(x).
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Orismìc 1.2.13. 'Estw φ(x), θ(x) ∈ F [x] dÔo m  mhdenik� polu¸numa kai
èstw

φ(x) = c1 pξ1
1 (x) pξ2

2 (x) · · · pξm
m (x) kai θ(x) = c2 pν1

1 (x) pν2
2 (x) · · · pνm

m (x)
oi analÔseic touc se ginìmeno monik¸n anag ģwn poluwnÔmwn, ìpou ta ξi

kai νi endèqetai na eÐnai kai mhdèn ìtan ènac par�gontac den emfanÐzetai sthn
antÐstoiqh an�lush tou poluwnÔmou. Jètoume Mi = max( ξi, νi ). Tìte to po-
lu¸numo φ(x), θ(x) = pM1

1 (x) pM2
2 (x) · · · pMm

m (x) ja lègetai el�qisto koinì
pollapl�sio twn poluwnÔmwn φ(x) kai θ(x) .

To el�qisto koinì pollapl�sio dÔo poluwnÔmwn φ(x) kai θ(x) ja to sum-
bolÐzoume me m(x) = e.k.p.( φ(x), θ(x) )   apl� m(x) = [φ(x), θ(x) ].

Sthn epìmenh prìtash dÐnetai ènac qarakthrismìc tou e.k.p. dÔo poluwnÔ-
mwn.

Prìtash 1.2.14. 'Estw φ(x), θ(x) ∈ F [x]. 'Ena polu¸numo m(x) ∈ F [x] eÐnai
to e.k.p. twn φ(x) kai θ(x) an kai mìnon an:

(i) φ(x)|m(x) kai θ(x)|m(x). Dhlad  to polu¸numo m(x) eÐnai koinì pol-
lapl�sio twn φ(x) kai θ(x).

(ii) To m(x) eÐnai monikì polu¸numo.
(iii) An µ(x) ∈ F [x] me φ(x)|µ(x) kai θ(x)|µ(x), tìte m(x)|µ(x). Dhlad 

k�je koinì pollapl�sio twn φ(x) kai θ(x) eÐnai pollapl�sio tou m(x).

Apìdeixh. H apìdeixh eÐnai apl  kai afÐnetai wc �skhsh.

Prìtash 1.2.15. 'Estw dÔo mh mhdenik� polu¸numa φ(x), θ(x) ∈ F [x]. Tìte
to e.k.p. twn dÔo poluwnÔmwn eÐnai to monikì polu¸numo me to mikrìtero bajmì,
to opoÐo diaireÐtai apì to φ(x) kai θ(x).

Apìdeixh. 'Estw
V = {σ(x) ∈ F [x] | σ(x) koinì pollapl�sio twnφ(x)kai θ(x) }.

To sÔnolo V perièqei mh mhdenik� polu¸numa. EpÐshc, ìpwc èqoume parathr -
sei, to V perièqei monik� polu¸numa. 'Estw m(x) ∈ V èna monikì polu¸numo
me ton mikrìtero bajmì.

To m(x) diaireÐ k�je polu¸numo pou an kei sto sÔnolo V. Pr�gmati, an
σ(x) eÐnai èna stoiqeÐo tou sunìlou V, tìte apì ton algìrijmo thc diaÐre-
shc èqoume ìti up�rqoun polu¸numa π(x), υ(x) ∈ F [x] tètoia ¸ste σ(x) =
π(x) m(x) + υ(x) me deg( υ(x) ) < deg( m(x) ),   to polu¸numo υ(x) eÐnai to
mhdenikì polu¸numo. Upojètoume ìti deg( υ(x) ) < deg( m(x) ). Ta polu¸nu-
ma φ(x) kai θ(x) diairoÔn to polu¸numo σ(x) − π(x) m(x) = υ(x) (giatÐ ?).
Dhlad  to υ(x) eÐnai koinì pollapl�sio twn φ(x) kai θ(x) , �ra èna stoiqeÐo
tou sunìlou V. ToÔto eÐnai �topo apì thn epilog  tou poluwnÔmou m(x). 'Ara
υ(x) = 0.
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Parat rhsh. 'Estw dÔo mh mhdenik� polu¸numa φ(x), θ(x) ∈ F [x], an upojè-
soume ìti oi megistob�jmioi suntelestèc twn φ(x) kai θ(x) eÐnai antÐstoiqa c kai
r, tìte profan¸c e.k.p. ( φ(x), θ(x) ) = e.k.p. ( c−1φ(x), r−1θ(x) ). Epomènwc
gia thn eÔresh tou e.k.p. dÔo poluwnÔmwn arkeÐ na “periorisjoÔme ” se monik�
polu¸numa.

Sqìlio IsqÔei h ex c sqèsh pou sundèei ton mègisto koinì diairèth kai to
el�qisto koinì pollapl�sio dÔo monik¸n poluwnÔmwn φ(x) kai θ(x).

e.k.p. ( φ(x), θ(x) )·m.k.d. ( φ(x), θ(x) ) = φ(x) · θ(x) .
Gia thn apìdeixh thc sqèshc aut c blèpe 'Askhsh 1.2 (14).

Parat rhsh. MporoÔme na genikeÔsoume ton orismì tou e.k.p. dÔo polu-
wnÔmwn kai orÐsoume to el�qisto koinì pollapl�sio perissotèrwn, apì dÔo,
poluwnÔmwn. M�lista isqÔei mia antÐstoiqh prìtash me thn Prìtash 1.2.14.

O upologismìc tou elaqÐstou koinoÔ pollaplasÐou perissotèrwn twn dÔo
poluwnÔmwn mporeÐ na anaqjeÐ sthn eÔresh tou e.k.p. dÔo poluwnÔmwn wc ex c.
'Estw φ(x), θ(x), σ(x) ∈ F [x], tìte e.k.p.( φ(x), θ(x), σ(x) ) =
e.k.p.( e.k.p.( φ(x), θ(x) ), σ(x) ). Pr�gmati èstw m1(x) = e.k.p.( φ(x), θ(x) )
kai m2(x) = e.k.p.( e.k.p.(φ(x), θ(x) ), σ(x) ) = e.k.p.( m1(x), σ(x) ).

'Estw m(x) èna koinì pollapl�sio twn φ(x) kai θ(x), �ra m1(x)|m(x) eÐnai
ìmwc kai pollapl�sio tou σ(x), epomènwc m2(x)|m(x).

All� m1(x)|m2(x) kai to m1(x) eÐnai pollapl�sio twn φ(x) kai θ(x), �ra
to m2(x) eÐnai èna koinì pollapl�sio twn φ(x) kai θ(x), epÐshc to σ(x)|m2(x).
'Ara to m2(x) eÐnai èna koinì pollapl�sio twn φ(x), θ(x) kai σ(x), to opoÐo
diaireÐ to (tuqaÐo) koinì pollapl�sio m(x).
Sunep¸c m2(x) = e.k.p.( φ(x), θ(x), σ(x) ).

Ask seic 1.2

1. Upojètoume ìti to polu¸numo φ(x) ∈ F [x] diaireÐ to polu¸numo
θ(x) ∈ F [x]. DeÐxte ìti gia k�je 0 6= c ∈ F to polu¸numo c φ(x) diaireÐ
to θ(x).

2. 'Estw φ(x) = anxn+an−1x
n−1+ · · · a1x+a0 èna polu¸numo me akèraiouc

suntelestèc. DeÐxte ìti o akèraioc arijmìc c diaireÐ to polu¸numo φ(x)
( dhlad  up�rqei polu¸numo π(x) me akèraiouc suntelestèc ètsi ¸ste
φ(x) = c · π(x) ) an kai mìno an o c diaireÐ k�je ai, i = 0, 1, . . . , n.

3. 'Estw φ1(x) = anxn + an−1x
n−1 + · · · a1x + a0, φ2(x) = bmxm +

bm−1x
m−1 + · · · b1x + b0 ∈ F [x] me èna deÐkth i tètoio ¸ste ai = bi 6= 0.

DeÐxte ìti φ1(x)|φ2(x) kai φ2(x)|φ1(x) an kai mìno an φ1(x) = φ2(x).
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4. 'Estw φi(x) ∈ F [x], i = 1, 2, . . . , n ìqi ìla mhdenik� polu¸numa. Upo-
jètoume ìti gia k�poiouc deÐktec i kai j to polu¸numo φi(x) diaireÐ to po-
lu¸numo φj(x). DeÐxte ìti m.k.d.(φ1(x), φ2(x), . . . , φj(x) , . . . , φn(x) ) =
m.k.d.( φ1(x), φ2(x) , . . . , φj−1(x), φj+1(x) , . . . , φn(x) ).

Epomènwc sta epìmena ja upojètoume ìti ìla ta φi(x) ∈ F [x], i =
1, 2, . . . , n eÐnai mh mhdenik� polu¸numa (giatÐ ?).

5. 'Estw φ(x), θ(x) ∈ F [x]. DeÐxte ìti gia k�je polu¸numo µ(x) ∈ F [x]
isqÔei m.k.d.( θ(x), φ(x) ) = m.k.d. ( θ(x) + µ(x) φ(x), φ(x) ).

6. 'Estw φ(x), p(x) ∈ F [x] me to p(x) an�gwgo epÐ tou F . DeÐxte ìti eÐte
p(x)|φ(x) eÐte m.k.d. ( φ(x), p(x) ) = 1. Sthn perÐptwsh pou p(x)|φ(x)
poÐoc eÐnai o m.k.d. ( φ(x), p(x) ) ?

7. ApodeÐxte th Prìtash 1.2.10.

8. 'Estw φ(x), θ(x) ∈ R[x] me φ(x) 6= 0. Apì thn tautìthta thc diaÐreshc
èqoume ìti up�rqoun monadik� π1(x), υ1(x) ∈ R[x] tètoia ¸ste θ(x) =
φ(x) · π1(x) + υ1(x) kai   υ1(x) = 0   deg( υ1(x) ) < deg( φ(x) ).

JewroÔme t¸ra ìti φ(x), θ(x) ∈ C[x] me φ(x) 6= 0, tìte p�li apì thn
tautìthta thc diaÐreshc èqoume ìti up�rqoun monadik�

π2(x), υ2(x) ∈ C[x] tètoia ¸ste θ(x) = φ(x)·π2(x)+υ2(x) kai   υ2(x) =
0   deg( υ2(x) ) < deg( φ(x) ).

DeÐxte ìti π1(x) = π2(x) kai υ1(x) = υ2(x).

9. 'Estw φ(x) = x5 − x4 − x2 + x, θ(x) = x2 + x− 6 ∈ R[x]. Na brejoÔn
polu¸numa α(x) kai β(x) tètoia ¸ste m.k.d. ( φ(x), θ(x) ) = α(x)φ(x)+
β(x) θ(x). EÐnai ta polu¸numa aut� monadik�?

10. Na prosdiorisjoÔn ìla ta polu¸numa φ(x) ∈ R[x] bajmoÔ to polÔ 4
tètoia ¸ste m.k.d. ( φ(x), x2 + 1 ) 6= 1 kai m.k.d. ( φ(x), x2 − 3x + 2 ) na
eÐnai polu¸numo bajmoÔ 1.

11. 'Estw φ(x), θ(x) ∈ F [x] kai d(x) = m.k.d.(φ(x), θ(x) ). DeÐxte ìti ta
polu¸numa φ(x)

d(x) kai θ(x)
d(x) eÐnai sqetik� pr¸ta.

12. 'Estw φ(x), θ(x) ∈ F [x] dÔo sqetik� pr¸ta polu¸numa. DeÐxte ìti to
e.k.p. ( φ(x), θ(x) ) eÐnai Ðso me to antÐstoiqo monikì polu¸numo tou po-
luwnÔmou φ(x) θ(x).
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13. 'Estw φ(x), θ(x), α(x) ∈ F [x] me to α(x) monikì polu¸numo.

DeÐxte ìti m.k.d. ( α(x) φ(x), α(x) θ(x) ) = α(x) m.k.d. ( φ(x), θ(x) ) kai
e.k.p. ( α(x) φ(x), α(x) θ(x) ) = α(x) e.k.p. ( φ(x), θ(x) ).

14. 'Estw φ(x), θ(x), σ(x) ∈ F [x]. DeÐxte ìti

m.k.d.( φ(x), θ(x), σ(x) ) = m.k.d.( m.k.d.( φ(x), θ(x) ), σ(x) ) =

m.k.d.(φ(x), m.k.d.( θ(x) σ(x) ) ) kai

e.k.p.( φ(x), θ(x), σ(x) ) = e.k.p.( e.k.p.( φ(x), θ(x) ), σ(x) ) =

e.k.p.( φ(x), e.k.p.( θ(x) σ(x) ) ).

15. 'Estw φ(x), θ(x) ∈ F [x] dÔo monik� polu¸numa deÐxte ìti
e.k.p. ( φ(x), θ(x) )·m.k.d. ( φ(x), θ(x) ) = φ(x) · θ(x) .

16. 'Estw dÔo polu¸numa φ(x) kai θ(x) kai èstw

φ(x) = c1 pξ1
1 (x) pξ2

2 (x) · · · pξm
m (x) kai θ(x) = c2 pν1

1 (x) pν2
2 (x) · · · pνm

m (x)

oi analÔseic touc se ginìmeno monik¸n anag¸gwn poluwnÔmwn, ìpou ta ξi

kai νi endèqetai na eÐnai kai mhdèn ìtan ènac par�gontac den emfanÐzetai
sthn antÐstoiqh an�lush tou poluwnÔmou. Jètoume µi = min( ξi, νi ).
DeÐxte ìti m.k.d. φ(x), θ(x) = pµ1

1 (x) pµ2
2 (x) · · · pµm

m (x).

17. 'Estw φ(x) = x5−x4−x2+x, θ(x) = x2+x−6 ∈ R[x]. Na upologÐsete
to el�qisto koinì pollaplasiì touc.



20 Kef�laio 1. Polu¸numa

1.3 RÐzec PoluwnÔmwn

'Estw èna polu¸numo φ(x) ∈ F [x]. 'Eqoume akoÔsei gia rÐzec thc (poluwnumik -
c) exÐswshc φ(x) = 0 kai gia to prìblhma kat� pìso up�rqoun rÐzec kai p¸c
upologÐzontai. Sthn par�grafo aut  ja asqolhjoÔme me to prìblhma autì
epikaloÔmenoi to Jemeli¸dec Je¸rhma thc 'Algebrac.

'Estw èna polu¸numo φ(x) = anxn + an−1x
n−1 + · · · + a1x + a0 ∈ F [x]

kai a ∈ F , to stoiqeÐo anan + an−1a
n−1 + · · · + a1a + a0 tou sunìlou F ja

to sumbolÐzoume me φ(a) kai ja to onom�zoume tim  tou poluwnÔmou sth jèsh
a. 'Opwc blèpoume gia na upologÐsoume thn tim  ènoc poluwnÔmou sth jèsh a
den èqoume par� na “ antikatast soume” th metablht  x me to stoiqeÐo a kai
apl¸c na k�noume tic pr�xeic.

Gia par�deigma h tim  tou poluwnÔmou 3x3−2x2 +3x−2 sth jèsh 1/2 eÐnai
Ðsh me 3(1/2)3 − 2(1/2)2 + 31/2− 2 = 3 1/8− 2 1/4 + 3 1/2− 2 = −5/8.

'Estw φ(x), θ(x) ∈ F [x] kai a ∈ F . Tìte φ(a) + θ(a) = (φ + θ)(a) kai
φ(a) · θ(a) = (φ · θ)(a). Dhlad  h antikat�stash thc metablht c gia thn
eÔresh thc tim c enìc poluwnÔmou eÐnai sumbibast  me thn prìsjesh kai ton
pollaplasiasmì poluwnÔmwn.

'Ena stoiqeÐo ξ ∈ F ja lègetai rÐza tou poluwnÔmou φ(x) = anxn +
an−1x

n−1 + · · · + a1x + a0 ∈ F [x] an φ(ξ) = 0, dhlad  h tim  tou poluwnÔmou
sth jèsh ξ eÐnai to mhdèn.

Gia par�deigma to 2 ∈ R eÐnai rÐza tou poluwnÔmou x2− x− 2 ∈ R[x], afoÔ
22 − 2 − 2 = 0. All� gia to polu¸numo φ(x) = x2 + 2 ∈ R[x] den up�rqei
kanèna ξ ∈ R tètoio ¸ste φ(ξ) = 0. Genik� an den up�rqei ξ ∈ F ètsi ¸ste
φ(ξ) = 0, tìte lème ìti to φ(x) den èqei rÐza sto F .

Prìtash 1.3.1. 'Estw φ(x) ∈ F [x]. 'Ena stoiqeÐo a ∈ F eÐnai rÐza tou φ(x)
an kai mìno an to x− a diaireÐ to φ(x).

Apìdeixh. Apì ton algìrijmo thc diaÐreshc èqoume ìti up�rqoun
π(x), υ(x) ∈ F [x] tètoia ¸ste φ(x) = π(x) (x− a) + υ(x) me to υ(x) stajerì
polu¸numo, afoÔ to x−a eÐnai prwtob�jmio. Upojètoume ìti to a eÐnai rÐza tou
φ(x). Antikajist¸ntac sthn prohgoÔmenh sqèsh to x me to a èqoume φ(a) =
π(a) (a− a) + υ(x). Dhlad  0 = φ(a) = π(a) (a− a) + υ(x). 'Ara υ(x) = 0.
To antÐstrofo eÐnai profanèc.

Sthn prohgoÔmenh prìtash apodeÐxame ìti to a ∈ F eÐnai rÐza tou polu-
wnÔmou φ(x) an kai mìno an to x − a diaireÐ to φ(x). IsqÔei k�ti elafr¸c
genikìtero.

Pìrisma 1.3.2. To upìloipo thc diaÐreshc tou poluwnÔmou φ(x) me to x − a
isoÔtai me φ(a), thn tim  tou poluwnÔmou sth jèsh a.
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'Estw φ(x) ∈ F [x] kai φ(x) = c pν1
1 (x) pν2

2 (x) · · · pνm
m (x) h an�lus  tou se

ginìmeno anag¸gwn monik¸n poluwnÔmwn. An a ∈ F , tìte profan¸c to x − a
diaireÐ to φ(x) an kai mìno an to x−a diaireÐ akrib¸c ènan apì touc an�gwgouc
par�gontec pi(x) (giatÐ ?). Dhlad  an kai mìno an pi(x) = x− a gia k�poio i.
Epomènwc up�rqoun tìsec diaforetikèc rÐzec ξj ∈ F tou poluwnÔmou φ(x) ìsoi
kai oi diaforetikoÐ par�gontec thc morf c x−ξj sthn an�lus  tou se ginìmeno
anag¸gwn monik¸n poluwnÔmwn.

O ekjèthc νj enìc par�gonta thc morf c x − ξj sthn an�lush tou poluw-
nÔmou onom�zetai pollaplìthta thc rÐzac ξj .

Apì thn prohgoÔmenh suz thsh èpetai h epomènh prìtash.

Prìtash 1.3.3. 'Estw φ(x) ∈ F [x] èna mh mhdenikì polu¸numo. To φ(x) èqei
to polÔ deg( φ(x) ) to pl joc rÐzec sto F .

Apìdeixh. 'Amesh apì ta prohgoÔmena.

Ed¸ ja jèlame na epishm�noume ìti èna an�gwgo polu¸numo φ(x) ∈ F [x]
me bajmì megalÔtero tou 1, profan¸c, den èqei rÐza sto F . Den alhjeÔei ìmwc
ìti k�je polu¸numo sto F [x], pou den èqei rÐza sto F , eÐnai an�gwgo. Gia
par�deigma, to polu¸numo (x2 + 1) (x2 + 2) ∈ R[x] den eÐnai an�gwgo epÐ tou R
kai den èqei rÐza sto R. Sthn perÐptwsh ìmwc pou to polu¸numo eÐnai bajmoÔ
2   3 èqoume thn prìtash.

Prìtash 1.3.4. 'Estw φ(x) ∈ F [x] me bajmì 2   3. To φ(x) èqei rÐza sto F
an kai mìno an den eÐnai an�gwgo epÐ tou F .

Apìdeixh. Upojètoume ìti to φ(x) den eÐnai an�gwgo epÐ tou F . Epomènw-
c up�rqoun mh stajer� polu¸numa φ1(x), φ2(x) ∈ F [x] tètoia ¸ste φ(x) =
φ1(x) φ2(x) kai me deg( φ1(x) ), deg( φ2(x) ) ≤ deg( φ(x) ). Epeid  ìmwc o baj-
mìc tou φ(x) eÐnai 2   3, èpetai ìti o bajmìc ènìc apì ta φ1(x) kai φ2(x)
anagkastik� ja eÐnai Ðsoc me 1. Dhlad  èna apì ta φ1(x), φ2(x) ja eÐnai thc
morf c ax + b me a, b ∈ F kai a 6= 0, opìte to stoiqeÐo a−1b ∈ F eÐnai rÐza tou
φ(x).

'Eqoume dei, gia par�deigma, ìti to polu¸numo x2 + 2 eÐnai an�gwgo epÐ tou
R (kai �ra den èqei rÐzec sto R). An ìmwc jewr soume ìti to polu¸numo autì
èqei suntelestèc apì to C, tìte blèpoume ìti to polu¸numo autì analÔetai sto
ginìmeno x2 + 2 = (x +

√
2i) (x−√2i). Dhlad  èqei wc rÐzec touc migadikoÔc

arijmoÔc ξ1 =
√

2i kai ξ2 = −√2i. Sta epìmena ja asqolhjoÔme gia to pìte
èna polu¸numo me pragmatikoÔc suntelestèc eÐnai an�gwgo epÐ tou R kai epÐ
tou C.
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Katarq�c upenjumÐzoume ìti an z = a + bi eÐnai ènac migadikìc arijmìc,
tìte o suzug c tou eÐnai o migadikìc arijmìc z̄ = a − bi. M�lista de isqÔei
z1 + z2 = z1 + z2, z1 z2 = z1 z2 kai z z̄ ∈ R.

Gia ta epìmena eÐnai anagkaÐo na anafèroume to Jemeli¸dec Je¸rhma thc
'Algebrac, to opoÐo apl¸c parajètoume qwrÐc apìdeixh

Je¸rhma 1.3.5 (Jemeli¸dec Je¸rhma thc 'Algebrac). 'Estw φ(x) =
anxn + an−1x

n−1 + · · · + a1x+ a0 mh stajerì polu¸numo me migadikoÔc sunte-
lestèc. Tìte to φ(x) èqei mia migadik  rÐza.

Prìtash 1.3.6. Gia k�je mh stajerì polu¸numo φ(x) = anxn + an−1x
n−1 +

· · · +a1x+a0 me migadikoÔc suntelestèc bajmoÔ n up�rqoun z1, z2, . . . , zn ∈ C
(ìqi kat�n�gkh diakekrimèna) ètsi ¸ste φ(x) = anxn+an−1x

n−1+ · · · +a1x+
a0 = an(x− z1) · · · (x− zn).

Apìdeixh. Me epagwg  sto bajmì tou poluwnÔmou to apotèlesma eÐnai �meso.

IsodÔnama ja mporoÔsame na diatup¸soume ton prohgoÔmenh Prìtash wc
ex c “Ta mìna an�gwga polu¸numa epÐ tou C eÐnai ta polu¸numa bajmoÔ èna ”

Prìtash 1.3.7. 'Estw φ(x) = anxn + an−1x
n−1 + · · · + a1x + a0 ∈ R[x] kai

z mÐa migadik  rÐza tou. Tìte o z̄ eÐnai rÐza tou φ(x)

Apìdeixh. Epeid  o migadikìc arijmìc z eÐnai rÐza tou poluwnÔmou èqoume φ(z) =
anzn +an−1z

n−1 + · · · +a1z +a0 = 0 epomènwc kai o suzug c migadikìc arij-
mìc φ(z) ja isoÔtai me mhdèn. Dhlad  anzn + an−1zn−1 + · · · + a1z + a0 =
anzn + an−1zn−1 + · · · + a1z + a0 = 0. Epomènwc anz̄n + an−1z̄

n−1 + · · · +
a1z̄ + a0 = φ(z̄) = 0.

Apì thn prohgoÔmenh Prìtash èpetai �mesa to ex c apotèlesma.

Prìtash 1.3.8. 1. K�je polu¸numo φ(x) = anxn + an−1x
n−1 + · · · + a1x +

a0 ∈ R[x] perittoÔ bajmoÔ èqei mÐa pragmatik  rÐza.
2. Ta an�gwga polu¸numa epÐ tou R eÐnai ta prwtob�jmia kai ta polu¸numa

thc morf c ax2 + bx + c, ìpou b2 − 4ac < 0.
0To je¸rhma autì apedeÐqjh gia pr¸th for� to 1799 apì ton Gauss sth didaktorik 

tou diatrib . Parèmeine de sthn IstorÐa me thn onomasÐa aut  kajìti, gia thn epoq  ekeÐnh,
èna kÔrio mèlhma twn Majhmatik¸n  tan h epÐlush poluwnumik¸n exis¸sewn thc morf c
anxn+an−1x

n−1+ · · ·+a1x+a0 = 0 me pragmatikoÔc (  migadikoÔc) suntelestèc. Apì tìte
èqoun dojeÐ pollèc apodeÐxeic. Ed¸ den dÐnoume apìdeixh, diìti ìlec oi gnwstèc apodeÐxeic
qrhsimopoioÔn mèsa pou uperbaÐnoun touc skopoÔc autoÔ tou biblÐou.
'Ena biblÐo sto opoÐo, mazÐ me qr simec plhroforÐec, parousi�zontai èxi apodeÐxeic autoÔ tou
Jewr matoc, eÐnai to biblÐo twn B. Fine kai G. Rosenberger, “To Jemeli¸dec Je¸rhma thc
'Algebrac”, Springer-Verlag 1997.
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Apìdeixh. 1. 'Ena prwtob�jmio polu¸numo eÐnai thc morf c ax + b me a 6= 0,
opìte o pragmatikìc arijmìc −b/a eÐnai mia rÐza tou poluwnÔmou. Upojètoume
ìti to apotèlesma isqÔei gia ìla ta polu¸numa perittoÔ bajmoÔ mikrotèrou  
Ðsou me 2k + 1. 'Estw èna polu¸numo φ(x) me bajmì 2(k + 1) + 1. Apì ta
prohgoÔmena èpetai ìti an to polu¸numo èqei mia migadik  rÐza, èstw z, tìte
kai o suzug c z̄ eÐnai rÐza tou poluwnÔmou. Epomènwc ta mon¸numa x − z kai
x− z̄ diairoÔn to φ(x). 'Ara kai to ginìmeno (x−z) (x− z̄) diaireÐ to φ(x) sto C
(blèpe Prìtash 1.2.10). All� to polu¸numo (x− z) (x− z̄) èqei pragmatikoÔc
suntelestèc (giatÐ ?), epomènwc kai to phlÐko thc diaÐreshc, èstw π(x), eÐnai èna
polu¸numo me pragmatikoÔc suntelestèc (blèpe �skhsh 1.2 (7)) kai me bajmì
Ðso me 2k + 1. Apì thn upìjesh to π(x) èqei toul�qiston mia pragmatik  rÐza,
�ra kai to φ(x) èqei toul�qiston mia pragmatik  rÐza.

2. Profan¸c ta prwtob�jmia polu¸numa kai ta polu¸numa thc morf c
ax2 +bx+c, ìpou b2−4ac < 0 eÐnai an�gwga epÐ tou R. K�je �llo polu¸numo
deutèrou bajmoÔ den eÐnai an�gwgo. 'Estw φ(x) èna polu¸numo me deg( φ(x) ) ≥
3. 'Opwc kai sto 1. èqoume ìti to φ(x), an den èqei mia pragmatik  rÐza, ja
perièqei ènan par�gonta thc morf c (x−z) (x− z̄). 'Ara den eÐnai an�gwgo.

Ask seic 1.3

1. 'Estw φ(x) = anxn + an−1x
n−1 + · · · + a1x + a0 ∈ F [x].

i) DeÐxte ìti h tim  tou φ(x) sth jèsh 0 isoÔtai me a0. Opìte èna
polu¸numo èqei rÐza to mhdèn an kai mìno an èqei mhdenikì stajerì
ìro.

ii) DeÐxte ìti h tim  tou φ(x) sth jèsh 1 isoÔtai me
∑n

i=0 ai. Opìte
èna polu¸numo èqei rÐza to èna an kai mìno an to �jroisma twn
suntelest¸n tou isoÔtai me mhdèn.

2. Na brejoÔn oi rÐzec tou poluwnÔmou 2x3 − 3x2 + 6x− 5.
(ParathreÐste ìti to �jroisma twn suntelest¸n tou eÐnai Ðso me mhdèn.)

3. 'Estw φ(x) = anxn + an−1x
n−1 + · · · + a1x + a0 ∈ F [x] kai r ∈ F .

OrÐzoume thn apeikìnish fr : F [x] → F me fr( φ(x) ) = φ(r) apì to
dianusmatikì q¸ro F [x] sto dianusmatikì q¸ro F . DeÐxte ìti h fr eÐnai
grammik . EÐnai h fr epÐ? eÐnai 1 - 1 ?

'Estw f4, r o periorismìc thc prohgoÔmenhc apeikìnishc sto dianusmatikì
q¸ro F4[x] twn poluwnÔmwn me bajmì to polÔ tèssera. Na breÐtai mia
b�sh tou pur na thc f4, r.
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4. Efarmìzontac epagwg  sto bajmì enìc poluwnÔmou φ(x) = anxn +
an−1x

n−1 + · · · +a1x+a0 ∈ F [x], d¸ste mia �llh apìdeixh thc Prìtashc
1.3.2.

5. 'Estw φ(x), θ(x) ∈ F [x] me bajmoÔc n kai k antÐstoiqa kai m = max(n, k).
DeÐxte ìti φ(x) = θ(x) an kai mìno an up�rqoun m+1 to pl joc stoiqeÐa
a ∈ F [x] tètoia ¸ste φ(a) = θ(a)

6. 'Estw φ(x) = x3 + x2 − 2x− 1 ∈ R[x] kai ξ mia rÐza tou. DeÐxte ìti kai
to ξ2 − 2 eÐnai rÐza tou φ(x). Ti sumperaÐnete gia to eÐdoc twn riz¸n tou
φ(x)?
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1.4 Grammikèc apeikonÐseic, PÐnakec kai Polu¸numa

'Estw A ènac tetragwnikìc pÐnakac kai φ(x) èna polu¸numo. Sthn par�grafo
aut  ja kataskeu�soume ènan �llo tetragwnikì pÐnaka pou antistoiqeÐ ston
dojènta pÐnaka kai sto polu¸numo kai ja melet soume idiìthtec pou klhronomeÐ
apì ton arqikì pÐnaka kai to polu¸numo. Oi idiìthtec autèc ja mac qrhsimeÔ-
soun sta epìmena kef�laia.

'Estw V ènac dianusmatikìc q¸roc me dimF V = m, ìpou F eÐnai to sÔnolo
twn pragmatik¸n   migadik¸n arijm¸n, f : V → V mia grammik  apeikìnish kai
φ(x) = anxn + an−1x

n−1 + · · · + a1x + a0 ∈ F [x]. Th grammik  apeikìnish
anfn + an−1f

n−1 + · · · + a1f + a01V : V → V ja thn sumbolÐzoume me φ(f).
Gia par�deigma, an φ(x) = 2x2 + 3x − 2 kai f : R2 → R2 me f( (x, y) ) =

(x + 2y, x − y), tìte h grammik  apeikìnish φ(f) : R2 → R2 eÐnai h ex c:
φ(f)(x, y) = (7x + 6y, 3x + y).

'Estw φ(x), θ(x) ∈ F [x] kai f : V → V mia grammik  apeikìnish. Tìte
isqÔei φ(f) + θ(f) = (φ + θ)(f) kai φ(f) · θ(f) = (φ · θ)(f).

'Estw t¸ra A ∈ Fm×m kai φ(x) = anxn+an−1x
n−1+ · · ·+a1x+a0 ∈ F [x].

Ton pÐnaka anAn+an−1A
n−1+ · · · +a1A+a0Im ∈ Fm×m ja ton sumbolÐzoume

me φ(A). Gia par�deigma, an φ(x) = 2x2 + 3x − 2 kai A =
(

1 2
1 −1

)
,

tìte φ(A) = 2
(

1 2
1 −1

)2

+ 3
(

1 2
1 −1

)
− 2

(
1 0
0 1

)
=

(
7 6
3 1

)
. 'Opwc

blèpoume gia ton upologismì tou φ(A) apl¸c antikajistoÔme th metablht  x
me ton pÐnaka A kai ekteloÔme tic pr�xeic.

'Estw φ(x), θ(x) ∈ F [x] kai A ∈ Fm×m. 'Opwc prin, isqÔei φ(A) + θ(A) =
(φ + θ)(A) kai φ(A) · θ(A) = (φ · θ)(A).

'Estw V ènac dianusmatikìc q¸roc me dimF V = m kai f : V → V mia
grammik  apeikìnish. 'Opwc gnwrÐzoume, an û eÐnai mia diatetagmènh b�sh tou
V , tìte orÐzetai o pÐnakac A = (f : û) thc grammik c apeikìnishc. Ex�llou,
an dojeÐ ènac m×m pÐnakac A kai mia diatetagmènh b�sh û tou q¸rou V , tìte
orÐzetai mia grammik  apeikìnish f : V → V me pÐnaka A = (f : û). Epomènwc,
an A ∈ Fm×m, φ(x) = anxn + an−1x

n−1 + · · · + a1x + a0 ∈ F [x] kai û mia
diatetagmènh b�sh tou q¸rou V , to er¸thma pou prokÔptei eÐnai poÐa eÐnai
h grammik  apeikìnish pou orÐzetai apì ton pÐnaka φ(A)? AntÐstrofa, èstw
V ènac dianusmatikìc q¸roc me dimF V = m kai f : V → V mia grammik 
apeikìnish, an û eÐnai mia diatetagmènh b�sh tou V , poiìc eÐnai o pÐnakac thc
grammik c apeikìnishc φ(f)?

Fusik� ja mporoÔsame na upologÐsoume ton pÐnaka φ(A) k�nontac tic pr�-



26 Kef�laio 1. Polu¸numa

xeic ìpwc prohgoumènwc kai met�, kat� ta gnwst�, na upologÐsoume th grammik 
apeikìnish pou orÐzetai apì ton pÐnaka autìn.

Sta prohgoÔmena paradeÐgmata, an V = R2 kai û = { (1, 0), (0, 1) } eÐnai

h kanonik  b�sh, tìte o pÐnakac A =
(

1 2
1 −1

)
orÐzei th grammik  apei-

kìnish f : R2 → R2 me f( (x, y) ) =
(

1 2
1 −1

) (
x
y

)
= (x + 2y, x − y)

kai o pÐnakac φ(A) =
(

7 6
3 1

)
orÐzei th grammik  apeikìnish g : R2 → R2

me g( (x, y) ) =
(

7 6
3 1

)(
x
y

)
= (7x + 6y, 3x + y). 'Opwc epÐshc kai h

grammik  apeikìnish φ(f) orÐzei ton pÐnaka (φ(f) : û) =
(

7 6
3 1

)
. Dh-

lad  φ(f) = g. Ja d¸soume t¸ra mia genik  antimet¸pish tou prohgoumènou
erwt matoc.

'Estw f, g : V → V dÔo grammikèc apeikonÐseic û mia diatetagmènh b�sh tou
V kai A = (f : û), B = (g : û) oi antÐstoiqoi pÐnakec. UpenjumÐzoume apì
th Grammik  'Algebra (Tìmoc A) ìti, gia λ, µ ∈ F , sth grammik  apeikìnish
λf+µg, wc proc th b�sh û, antistoiqeÐ o pÐnakac λA+µB. EpÐshc sth grammik 
apeikìnish f ◦ g, wc proc th b�sh û, antistoiqeÐ to ginìmeno pin�kwn A ·B. H
upenjÔmish aut  eÐnai arket  gia na apodeÐxoume thn ex c prìtash.

Prìtash 1.4.1. 'Estw V ènac dianusmatikìc q¸roc me dimF V = m, ìpou F
eÐnai to sÔnolo twn pragmatik¸n   migadik¸n arijm¸n, f : V → V mia grammik 
apeikìnish, û mia diatetagmènh b�sh tou V kai A = (f : û) o antÐstoiqoc
pÐnakac. Gia k�je polu¸numo φ(x) = anxn +an−1x

n−1 + · · · +a1x+a0 ∈ F [x]
o antÐstoiqoc pÐnakac thc grammik c apeikìnishc φ(f) eÐnai o pÐnakac φ(A),
dhlad  φ(A) = (φ(f) : û).

Apìdeixh. H apìdeixh eÐnai �mesh apì ta prohgoÔmena kai afÐnetai wc �skhsh
( blèpe kai Prìtash 2.1.5 ).

Parathr seic 1.4.2.

1. 'Estw V ènac dianusmatikìc q¸roc me dimF V = m, f : V → V mia gram-
mik  apeikìnish, û, v̂ dÔo diatetagmènec b�seic tou V kai
A = (f : û), B = (f : v̂) oi antÐstoiqoi pÐnakec. Wc gnwstìn oi
pÐnakec A kai B eÐnai ìmoioi, dhlad  up�rqei antistèyimoc m×m pÐnakac
P tètoioc ¸ste B = P−1AP . Gia k�je polu¸numo φ(x) ∈ F [x] oi pÐnake-
c φ(A) = (φ(f) : û) kai φ(B) = (φ(f) : v̂) thc grammik c apeikìnishc
φ(f) eÐnai ìmoioi, m�lista de isqÔei φ(B) = P−1φ(A)P (giatÐ?). Apì thn
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parat rhsh aut  eÔkola èpetai to ex c apotèlesma. 'Estw A kai B dÔo
ìmoioi pÐnakec, tìte gia k�je polu¸numo φ(x) ∈ F [x] oi pÐnakec φ(A) kai
φ(B) eÐnai ìmoioi.

Prosoq , to antÐstrofo den isqÔei. Oi pÐnakec A =
(

0 −1
−1 0

)
kai

B =
(

0 1
−1 −1

)
den eÐnai ìmoioi (giatÐ ?). All� oi pÐnakec φ(A) kai

φ(B), ìpou φ(x) = x6 − 1 eÐnai ìmoioi (giatÐ ?).

2. 'Estw A ∈ Fn×n thc morf c A =
(

B 0
0 C

)
, ìpou B ∈ F k×k kai

C ∈ F (n−k)×(n−k). Profan¸c, gia k�je fusikì arijmì n, isqÔei An =(
Bn 0
0 Cn

)
. 'Opwc epÐshc gia k�je akèraio arijmì µ èqoume µA =

(
µB 0
0 µC

)
. Opìte, gia k�je polu¸numo φ(x) ∈ F [x] o pÐnakac φ(A)

eÐnai thc morf c φ(A) =
(

φ(B) 0
0 φ(C)

)
.

EpÐshc an o pÐnakac A ∈ Fn×n eÐnai thc morf c A =
(

B D
0 C

)
,

ìpou B ∈ F k×k, C ∈ F (n−k)×(n−k) kai D ∈ F k×(n−k). Tìte gia k�-
je polu¸numo φ(x) ∈ F [x] o pÐnakac φ(A) eÐnai thc morf c φ(A) =(

φ(B) E
0 φ(C)

)
, ìpou E ∈ F k×(n−k).

Ask seic 1.4

1. 'Estw h grammik  apeikìnish f : R3 −→ R3 me f((x, y, w)) =
= (x+y, y+z, x+z) kai to polu¸numo φ(x) = x3−2x2+3x−2. Na upo-
logÐsete ton pÐnaka thc grammik c apeikìnishc φ(f) wc proc thn kanonik 
b�sh kai met� wc proc th b�sh û = { (1, 1, 0), (0, 1, 1), (1, 0, 1) }.

2. i) 'Estw ξ ∈ F , φ(x) ∈ F [x] kai A ènac m ×m diag¸nioc pÐnakac me
ìla ta stoiqeÐa thc kurÐac diagwnÐou Ðsa me ξ. DeÐxte ìti o pÐnakac
φ(A) eÐnai o mhdenikìc pÐnakac an kai mìno an to ξ eÐnai rÐza tou
poluwnÔmou φ(x).

ii) 'Estw ξi ∈ F, i = 1, 2, . . . , m, φ(x) ∈ F [x] kai A ènac m×m dia-
g¸nioc pÐnakac ìpou h kurÐa diag¸nioc apoteleÐtai apì ta ξi. DeÐxte
ìti o pÐnakac φ(A) eÐnai o mhdenikìc pÐnakac an kai mìno an ta ξi

eÐnai rÐzec tou poluwnÔmou φ(x).



28 Kef�laio 1. Polu¸numa

3. DeÐxte ìti gia k�je pÐnaka A ∈ Fm×m up�rqei mh mhdenikì polu¸numo
φ(x) ∈ F [x] bajmoÔ to polÔ m2 tètoio ¸ste o pÐnakac φ(A) na eÐnai o mh-
denikìc pÐnakac. (Gia k�je pÐnaka A ∈ Fm×m oi pÐnakec Am2

, Am2−1, . . . , A, I
eÐnai grammik� exarthmènoi).

4. 'Estw V ènac dianusmatikìc q¸roc kai π : V → V mia probol , dhlad  h
π eÐnai mia grammik  apeikìnish me π2 = π. DeÐxte ìti an h π den eÐnai h
mhdenik  apeikìnish, oÔte h tautotik , tìte to polu¸numo x(x−1) diaireÐ
k�je polu¸numo φ(x) ∈ F [x] me thn idiìthta φ(π) = 0.

'Estw θ(x) = anxn +an−1x
n−1 + · · · +a1x+a0 ∈ F [x]. Na brejeÐ ikan 

kai anagakÐa sunj kh ètsi ¸ste h apeikìnish θ(π) na eÐnai probol .

5. 'Estw A ∈ Fn×n ènac mhdenodÔnamoc pÐnakac, dhlad  up�rqei jetikìc
akèraioc k tètoioc ¸ste Ak = 0. DeÐxte ìti an φ(x) = (−1)k−1xk−1 +
· · · + x2 − x + 1, tìte o pÐnakac φ(A) eÐnai antistrèyimoc. (Jewr ste to
polu¸numo xk + 1 kai analÔste to se ginìmeno paragìntwn).

6. 'Estw f : V → V grammik  apeikìnish. Deixte ìti h f eÐnai isomorfismìc
an kai mìno an up�rqei polu¸numo φ(x) = anxn+an−1x

n−1+ · · · +a1x+
a0 ∈ F [x] me a0 6= 0 tètoio ¸ste h φ(f) na eÐnai h mhdenik  apeikìnish.



Kef�laio 2

Idiotimèc kai Diagwnisimìthta

'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F kai
f : V → V mia grammik  apeikìnish. GnwrÐzoume ìti se k�je epilog  miac dia-
tetagmènhc b�shc α̂ = (α1, . . . , αν) tou V antistoiqeÐ ènac pÐnakac, (f : α̂, α̂), o
opoÐoc kajorÐzei (mazÐ me th diatetagmènh b�sh α̂) thn f . Sunep¸c idiìthtec thc
f mporoÔn na melethjoÔn mèsw tou (f : α̂, α̂). Gia par�deigma, gnwrÐzoume ìti h
di�stash thc eikìnac thc f isoÔtai me thn t�xh tou pÐnaka (f : α̂, α̂) kai h t�xh
enìc pÐnaka mporeÐ na upologisjeÐ me th bo jeia stoiqeiwd¸n metasqhmatism¸n
gramm¸n (  sthl¸n). Epomènwc ja  tan qr simo an h diatetagmènh b�sh α̂
 tan tètoia ètsi ¸ste o antÐstoiqoc pÐnakac (f : α̂, α̂) na mac dieukìlune stouc
upologismoÔc. GnwrÐzoume ìti oi upologismoÐ me diag¸niouc pÐnakec, dhlad  me
pÐnakec thc morf c 



λ1 0 · · · 0
0 λ2 · · · 0
...

... . . . ...
0 0 · · · λν


 ,

eÐnai idiaÐtera oikonomikoÐ.
'Estw ìti o pÐnakac (f : α̂, α̂) eÐnai diag¸nioc. Sthn perÐptwsh aut  mpo-

roÔme �mesa na sun�goume qr sima sumper�smata gia thn f . Gia par�deigma,
h di�stash thc eikìnac Imf eÐnai to pl joc twn mh mhdenik¸n stoiqeÐwn pou
brÐskontai p�nw sthn kÔria diag¸nio tou (f : α̂, α̂). EÔkola blèpoume ìti o pÐ-
nakac (f : α̂, α̂) eÐnai diag¸nioc an kai mìno an up�rqoun λ1, . . . , λν ∈ F tètoia
¸ste gia k�je i = 1, . . . , ν

f(αi) = λiαi. (1)

Epomènwc o q¸roc Imf par�getai apì ekeÐna ta αi gia ta opoÐa isqÔei λi 6= 0
kai o q¸roc ker f par�getai apì ta αi gia ta opoÐa isqÔei λi = 0. Den ja

29
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 tan uperbol  an lègame ìti ja mporoÔsame na apant soume - basizìmenoi stic
sqèseic (1) - opoiod pote er¸thma pou afor� th grammik  apeikìnish f .

Sunep¸c èna eÔlogo er¸thma eÐnai an gia k�je grammik  apeikìnish f :
V → V up�rqei diatetagmènh b�sh α̂ tou V tètoia ¸ste o pÐnakac (f : α̂, α̂)
na eÐnai diag¸nioc. An ìqi, tìte gia poièc f up�rqei tètoia b�sh? Pwc mporeÐ
na prosdiorisjeÐ mia tètoia b�sh? An den up�rqei diatetagmènh b�sh α̂ tou V
tètoia ¸ste o (f : α̂, α̂) na eÐnai diag¸nioc, m pwc up�rqei b�sh tètoia ¸ste
o (f : α̂, α̂) na eÐnai �llhc morf c “aplìc pÐnakac”? Aut� eÐnai merik� apì ta
shmantik� jèmata pou ja melet soume sta epìmena dÔo Kef�laia.

2.1 Idiotimèc kai IdiodianÔsmata

Sthn par�grafo aut  ja eisag�goume tic jemeli¸deic ènnoiec: idiotim , idiodi�-
nusma kai qarakthristikì polu¸numo.

'Eqontac upìyh aut� pou eÐpame prin kai idiaÐtera th sqèsh (1), dÐnoume ton
ex c orismì.

Orismìc 2.1.1. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F kai f : V → V
mia grammik  apeikìnish. 'Ena stoiqeÐo λ ∈ F onom�zetai idiotim  thc f an
up�rqei mh mhdenikì v ∈ V tètoio ¸ste

f(v) = λv.

Sthn perÐptwsh aut , ja lème ìti to v eÐnai èna idiodi�nusma thc f pou anti-
stoiqeÐ sthn idiotim  λ.

ParadeÐgmata 2.1.2.

1. Ja prosdiorÐsoume tic idiotimèc kai ta idiodianÔsmata thc grammik c apei-
kìnishc f : R2 → R2, f(x, y) = (x + 2y, 3x + 2y).
'Estw λ ∈ R kai v = (x, y) ∈ R3, v 6= (0, 0). H sqèsh f(v) = λv eÐnai
isodÔnamh me th (x + 2y, 3x + 2y) = λ(x, y), dhlad  eÐnai isodÔnamh me to
sÔsthma

(1− λ)x + 2y = 0
3x + (2− λ)y = 0.

(2)

To sÔsthma autì (wc proc touc agn¸stouc x, y) eÐnai grammikì, omogenèc
kai tetragwnikì (dhlad  to pl joc twn agn¸stwn isoÔtai me to pl joc
twn exis¸sewn). 'Ara up�rqei mh mhdenik  lÔsh an kai mìno an h orÐzousa
twn suntelest¸n eÐnai mhdèn, dhlad  an kai mìno an

det
(

1− λ 2
3 2− λ

)
= λ2 − 3λ− 4 = (λ + 1)(λ− 4) = 0.
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Sunep¸c oi idiotimèc thc f eÐnai λ = −1 kai λ = 4. Gia k�je mia apì
autèc, ja prosdiorÐsoume t¸ra ta antÐstoiqa idiodianÔsmata.

'Estw λ = −1. Tìte to sÔsthma (2) eÐnai isodÔnamo me to

2x + 2y = 0
3x + 3y = 0.

EÔkola diapist¸noume ìti to sÔnolo twn lÔsewn eÐnai to {(x,−x) | x ∈
R}. 'Ara sthn idiotim  λ = −1 antistoiqoÔn ta idiodianÔsmata (x,−x),
ìpou x ∈ R− {0}.
'Estw λ = 4. Tìte to sÔsthma (2) eÐnai isodÔnamo me to

−3x + 2y = 0
3x− 2y = 0.

EÔkola diapist¸noume ìti to sÔnolo twn lÔsewn eÐnai to
{(

x, 3
2x

) | x ∈ R}
.

'Ara sthn idiotim  λ = 4 antistoiqoÔn ta idiodianÔsmata
(
x, 3

2x
)
, ìpou

x ∈ R− {0}.

2. JewroÔme th grammik  apeikìnish f : R2 → R2, f(x, y) = (−y, x). Ja
deÐxoume ìti aut  den èqei idiotimèc.

Pr�gmati, èstw λ ∈ R kai v = (x, y) ∈ R2, tètoia ¸ste f(v) = λv. Tìte
(−y, x) = λ(x, y) kai epomènwc èqoume to omogenèc grammikì sÔsthma

λx + y = 0
−x + λy = 0.

Gia k�je λ ∈ R, èqoume det
(

λ 1
−1 λ

)
= λ2 + 1 6= 0. Epomènwc to

sÔsthma èqei mìno th mhdenik  lÔsh, (x, y) = (0, 0). Epeid  ta idiodia-
nÔsmata eÐnai mh mhdenik� sÔmfwna me ton orismì, sumperaÐnoume ìti h f
den èqei idiotimèc   idiodianÔsmata.

3. Ston Orismì 2.1.1 den apaitoÔme na eÐnai o V peperasmènhc di�stashc.
'Ena sqetikì par�deigma eÐnai to ex c.

'Estw C∞(R,R) o pragmatikìc dianusmatikìc q¸roc twn sunart sewn g :
R→ R pou èqoun parag¸gouc opoiasd pote t�xhc. (UpenjumÐzoume ìti h
prìsjesh stoiqeÐwn tou C∞(R,R) eÐnai h sun jhc prìsjesh pragmatik¸n
sunart sewn kai to ginìmeno enìc α ∈ R me èna g ∈ C∞(R,R) eÐnai to
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sÔnhjec ginìmeno αg pragmatikoÔ arijmoÔ me pragmatik  sun�rthsh). H
apeikìnish

d : C∞(R,R) −→ C∞(R,R), g 7−→ g′

ìpou g′ sumbolÐzei thn par�gwgo thc g, eÐnai grammik . 'Estw λ ∈ R.
Epeid  h par�gwgoc thc ekjetik c sun�rthshc eλx eÐnai h λeλx, dhlad 

d(eλx) = λeλx,

sumperaÐnoume ìti k�je λ ∈ R eÐnai idiotim  thc d kai èna idiodi�nusma pou
antistoiqeÐ sth λ eÐnai h sun�rthsh eλx.

Parat rhsh. Sto deÔtero apì ta prohgoÔmena paradeÐgmata diapist¸same
ìti h grammik  apeikìnish f : R2 → R2, f(x, y) = (−y, x), den èqei idiotimèc.
Ja d¸soume ed¸ mia “gewmetrik  ermhneÐa” autoÔ tou gegonìtoc. Gewmetrik�,
h f parist�nei mia strof  sto epÐpedo kat� gwnÐa 90◦ (bl. A Par�deigma
4.1.3 7). Epomènwc eÐnai fanerì ìti den up�rqei eujeÐa W tou epipèdou pou
na dièrqetai apì thn arq  twn axìnwn kai na apeikonÐzetai ston eautì thc
mèsw thc f . Me �lla lìgia, den up�rqei upìqwroc W tou R2 me dimW = 1
tètoioc ¸ste f(W ) ⊆ W . An ìmwc up rqe idiodi�nusma v thc f , tìte ja eÐqame
f(v) = λv (λ ∈ R) kai epomènwc jètontac W =< v > ja eÐqame dimW = 1
kai f(W ) ⊆ W .

'Estw V ènac dianusmatikìc q¸roc epÐ tou F kai f : V → V mia grammik 
apeikìnish. An to λ ∈ F eÐnai mia idiotim  thc f , tìte up�rqei mh mhdenikì
v ∈ V tètoio ¸ste f(v) = λv, dhlad  (f − λ1V )(v) = 0, ìpou 1V : V → V
eÐnai h tautotik  apeikìnish. Sunep¸c o pur nac thc grammik c apeikìnishc
f − λ1V : V → V eÐnai mh tetrimmènoc, ker(f − λ1V ) 6= {0}.

AntÐstrofa, an to λ ∈ F eÐnai tètoio ¸ste ker(f−λ1V ) 6= {0}, tìte up�rqei
mh mhdenikì v ∈ ker(f−λ1V ) me (f−λ1V )(v) = 0, dhlad  f(v) = λv. Sunep¸c
to λ eÐnai mia idiotim  thc f .

'Ara èqoume to ex c apotèlesma.

Prìtash 2.1.3. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F kai f : V → V
mia grammik  apeikìnish. 'Estw λ ∈ F . Tìte ta akìlouja eÐnai isodÔnama.

(i) To λ eÐnai mia idiotim  thc f .

(ii) ker(f − λ1V ) 6= {0}.
'Estw λ mia idiotim  thc f . O upìqwroc ker(f − λ1V ) tou V onom�zetai

o idiìqwroc thc f pou antistoiqeÐ sth λ. Sun jwc de sumbolÐzetai me V (λ).
ParathroÔme ìti to sÔnolo twn idiodianusm�twn thc f pou antistoiqoÔn sthn
idiotim  λ eÐnai to V (λ)− {0}.
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PÐnakec
GnwrÐzoume ìti oi grammikèc apeikonÐseic f : V → W metaxÔ dianusmatik¸n

q¸rwn peperasmènhc di�stashc anaparÐstantai apì pÐnakec. Sth sunèqeia ja
exet�soume pwc mporoÔn na upologisjoÔn oi idiotimèc miac grammik c apeikì-
nishc f : V → V me th bo jeia pin�kwn. Pr¸ta, ìmwc, ac jumhjoÔme thn
antistoiqÐa grammik¸n apeikonÐsewn thc morf c f : V → V kai pin�kwn (bl. A
Kef�laio 5).

'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F kai
f : V → V mia grammik  apeikìnish. 'Estw α̂ = (α1, . . . , αν) mia diatetagmènh
b�sh tou V . Tìte gia k�je i = 1, . . . , ν up�rqoun monadik� xji ∈ F , j =
1, . . . , ν tètoia ¸ste

f(αi) = x1iα1 + x2iα2 + · · ·+ xνiαν .

JewroÔme ton pÐnaka A ∈ F ν×ν tou opoÐou h i-st lh eÐnai h




x1i

x2i
...

xνi


 .

O pÐnakac A lègetai o pÐnakac thc grammik c apeikìnishc f wc proc th diate-
tagmènh b�sh α̂ kai sumbolÐzetai me (f : α̂, α̂)   pio apl� me (f : α̂). Suqn� lème
ìti h grammik  apeikìnish f anaparÐstatai apì ton A,   ìti o A antistoiqeÐ
sthn f .

'Estw α̂ kai β̂ dÔo diatetagmènec b�seic tou V . Tìte orÐzontai oi pÐnakec
(f : α̂, α̂) kai (f : β̂, β̂). Xèroume ìti up�rqei antistrèyimoc pÐnakac P tètoioc
¸ste

(f : β̂, β̂) = P−1(f : α̂, α̂)P. (3)

'Enac tètoioc P eÐnai o pÐnakac (1V : β̂, α̂) allag c b�shc apì thn β̂ sthn α̂ (bl.
A, selÐda 217). UpenjumÐzoume ìti o (1V : β̂, α̂) orÐzetai wc ex c: h i-st lh
tou (1V : β̂, α̂) eÐnai h 



y1i

y2i
...

yνi




ìpou βi = y1iα1 + y2iα2 + · · ·+ yνiαν .
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Par�deigma 2.1.4. JewroÔme th grammik  apeikìnish f : R2 → R2, f(x, y) =
(3x + y, 2x + 4), kai tic diatetagmènec b�seic tou R2

α̂ = (α1 = (1, 0), α2 = (0, 1))

β̂ = (β1 = (1, 1), β2 = (1,−1)).

'Eqoume f(α1) = (3, 2) = 3α1 + 2α2 kai f(α2) = (1, 4) = 1α1 + 4α2. 'Ara

(f ; α̂, α̂) =
(

3 1
2 4

)
.

EpÐshc èqoume f(β1) = (4, 6) = 5β1 + (−1)β2 kai f(β2) = (2,−2) = 0β1 + 2β2.

'Ara (f ; β̂, β̂) =
(

5 0
−1 2

)
. Apì tic sqèseic β1 = α1 + α2, β2 = α1 − α2

prokÔptei ìti

(1V : β̂, α̂) =
(

1 1
1 −1

)
.

ParathroÔme ìti
(

5 0
−1 2

)
=

(
1 1
1 −1

)−1 (
3 1
2 4

)(
1 1
1 −1

)

sÔmfwna me th sqèsh (3).

UpenjumÐzoume ìti o pÐnakac tou ajroÐsmatoc dÔo grammik¸n apeikonÐsewn
isoÔtai me to �jroisma twn antÐstoiqwn pin�kwn kai o pÐnakac thc sÔnjeshc
dÔo grammik¸n apeikonÐsewn isoÔtai me to ginìmeno twn antÐstoiqwn pin�kw-
n. Dhlad  an f, g : V → V eÐnai dÔo grammikèc apeikonÐseic kai α̂ eÐnai mia
diatetagmènh b�sh tou V , tìte

(f + g : α̂) = (f : α̂) + (g : α̂)
(f ◦ g : α̂) = (f : α̂)(g : α̂).

EpÐshc, an µ ∈ F , tìte
(µf : α̂) = µ(f : α̂).

(Gia tic apodeÐxeic twn parap�nw bl. A Je¸rhma 5.1.6 kai Je¸rhma 5.1.7).

Prìtash 2.1.5. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F , α̂ mia diatetagmènh b�sh tou V kai f : V → V mia grammik  apeikì-
nish. An ϕ(x) ∈ F [x] eÐnai èna polu¸numo, tìte o pÐnakac thc grammik c apei-
kìnishc ϕ(f) wc proc th diatetagmènh b�sh α̂ eÐnai o ϕ(A), ìpou A = (f : α̂),
dhlad  (ϕ(f) : α̂) = ϕ(A).
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Apìdeixh. 'Estw ìti ϕ(x) = anxn + · · ·+ a1x + a0. Tìte ϕ(f) = anfn + · · ·+
a1f + a01V . Qrhsimopoi¸ntac tic treic sqèseic pou anafèrame prin apì thn
prìtash èqoume

(ϕ(f) : α̂) = (anfn : α̂) + · · ·+ (a1f : α̂) + (a01V : α̂)
= an(fn : α̂) + · · ·+ a1(f : α̂) + a0(1V : α̂)
= an(f : α̂) + · · ·+ a1(f : α̂) + a0(1V : α̂)
= anAn + · · ·+ a1A + a0Iν

= ϕ(A),

ìpou Iν eÐnai o ν × ν tautotikìc pÐnakac, ν = dimV .

Gia par�deigma, an o pÐnakac miac grammik c apeikìnishc f : R2 → R2 wc

proc mia diatetagmènh b�sh tou R2 eÐnai o A =
(

3 1
2 4

)
, tìte o pÐnakac thc

2f2 − 3f + 1V wc proc thn Ðdia b�sh eÐnai o 2A2 − 3A + I2 =
(

14 10
22 25

)
.

Epistrèfoume t¸ra sth melèth idiotim¸n. To epìmeno apotèlesma perigr�-
fei mia diasÔndesh metaxÔ grammik¸n apeikonÐsewn, idiotim¸n kai pin�kwn pou
eÐnai idiaÐtera qr simh. Suqn� ja sumbolÐzoume ton tautotikì ν × ν pÐnaka Iν

me I ìtan eÐnai safèc poiì eÐnai to ν.

Prìtash 2.1.6. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F , α̂ mia diatetagmènh b�sh tou V kai f : V → V mia grammik 
apeikìnish. 'Estw A = (f : α̂) kai λ ∈ F . Tìte ta akìlouja eÐnai isodÔnama.

i) To λ eÐnai mia idiotim  thc f .

ii) det(A− λI) = 0.

Apìdeixh. Apì thn Prìtash 2.1.3 èqoume ìti

λ eÐnai idiotim  thc f ⇔ ker(f − λ1V ) 6= {0}.

Gia th grammik  apeikìnish f − λ1V : V → V gnwrÐzoume ìti (bl. A Je¸rhma
4.3.3)

ker(f − λ1V ) 6= {0} ⇐⇒ f − λ1V den eÐnai isomorfismìc.

Apì to Je¸rhma 5.1.13 tou A èqoume

f − λ1V den eÐnai isomorfismìc⇐⇒ (f − λ1V : α̂) den eÐnai antistrèyimoc.
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IsqÔei (f − λ1V : α̂) = A − λI sÔmfwna me thn Prìtash 2.1.5. Epeid  ènac
tetragwnikìc pÐnakac eÐnai antistrèyimoc an kai mìno an h orÐzous� tou eÐnai
mh mhdenik , apì tic parap�nw isodunamÐec prokÔptei ìti to λ eÐnai mia idiotim 
thc f an kai mìno an det(A− λI) 6= {0}.

SÔmfwna me thn prohgoÔmenh prìtash, gia na upologÐsoume tic idiotimèc
miac grammik c apeikìnishc f mporoÔme na upologÐsoume ta λ apì thn exÐswsh
det(A−λI) = 0, ìpou A eÐnai o pÐnakac thc f wc proc opoiad pote diatetagmènh
b�sh tou V . Ac doÔme merik� paradeÐgmata.

ParadeÐgmata 2.1.7.

1. JewroÔme th grammik  apeikìnish f : R2 → R2, f(x, y) = (x+2y, 3x+2y)
pou eÐdame sto Par�deigma 2.1.2 1. O pÐnakac thc f wc proc thn kanonik 

b�sh ((1, 0), (0, 1)) tou R2 eÐnai o A =
(

1 2
3 2

)
. 'Eqoume det(A−λI) =

det
(

1− λ 2
3 2− λ

)
= λ2 − 3λ− 4. Apì thn Prìtash 2.1.6, to λ eÐnai

idiotim  thc f an kai mìno an λ2 − 3λ − 4 = 0. 'Ara oi idiotimèc eÐnai
λ = −1 kai λ = 4.

2. 'Estw f : R3 → R3, f(x, y, z) = (4x, 2y − 5z, y − 2z). O pÐnakac thc f
wc proc thn kanonik  b�sh ((1, 0, 0), (0, 1, 0), (0, 0, 1)) tou R3 eÐnai o

A =




4 0 0
0 2 −5
0 1 −2


 ∈ R3×3.

'Eqoume

det(A− λI) = det




4− λ 0 0
0 2− λ −5
0 1 −2− λ




= (4− λ)(−(2− λ)(2 + λ) + 5)

= (4− λ)(λ2 + 1).

Sunep¸c oi idiotimèc thc f eÐnai oi pragmatikèc lÔseic thc exÐswshc
(4− λ)(λ2 + 1) = 0. 'Ara up�rqei monadik  idiotim , λ = 4.

3. JewroÔme th grammik  apeikìnish f : C3 → C3, f(x, y, z) = (4x, 2y −
5z, y − 2z). Ed¸ èqoume F = C. (SÔgkrine me to prohgoÔmeno par�deig-
ma). O pÐnakac thc f wc proc thn kanonik  b�sh ((1, 0, 0), (0, 1, 0), (0, 0, 1))
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tou C3 eÐnai o

A =




4 0 0
0 2 −5
0 1 −2


 ∈ C3×3.

Sto prohgoÔmeno par�deigma, eÐdame ìti det(A−λI) = (4−λ)(λ2+1). Sto
parìn par�deigma oi idiotimèc thc f eÐnai oi migadikèc lÔseic thc exÐswshc
(4− λ)(λ2 + 1) = 0. 'Ara up�rqoun treic idiotimèc, λ = 4, λ = i, λ = −i.

4. 'Estw R2[x] o pragmatikìc dianusmatikìc q¸roc twn poluwnÔmwn bajmoÔ
to polÔ 2. Ja broÔme tic idiotimèc thc grammik c apeikìnishc f : R2[x] →
R2[x], f(ϕ(x)) = ϕ(x) + (x + 1)ϕ′(x). Epilègoume th diatetagmènh b�sh
α̂ = (1, x, x2) tou R2[x]. EÔkola blèpoume ìti o antÐstoiqoc pÐnakac thc
f eÐnai o

A =




1 1 0
0 2 2
0 0 3


 .

Epeid  èqoume

det(A− λI) = det




1− λ 1 0
0 2− λ 2
0 0 3− λ


 = (1− λ)(2− λ)(3− λ),

sumperaÐnoume ìti oi idiotimèc thc f eÐnai oi 1, 2, 3.

Idiotimèc kai idiodianÔsmata pin�kwn
'Estw A ènac ν × ν pÐnakac me stoiqeÐa apì to F . H apeikìnish

γA : F ν×1 −→ F ν×1, γA(X) = AX

eÐnai grammik . An λ ∈ F eÐnai mia idiotim  thc γA kai X ∈ F ν×1 èna idiodi�nusma
pou antistoiqeÐ sth λ, tìte èqoume

AX = λX.

Orismìc 2.1.8. 'Estw A ∈ F ν×ν . An up�rqoun λ ∈ F kai X ∈ F ν×1 me
X 6= 0, tètoia ¸ste AX = λX, ja lème ìti to λ eÐnai mia idiotim  tou pÐnaka
A kai to X èna idiodi�nusma tou pÐnaka A pou antistoiqeÐ sthn idiotim  λ.

Prìtash 2.1.9. 'Estw λ ∈ F kai A ∈ F ν×ν . Ta akìlouja eÐnai isodÔnama

i) To λ eÐnai mia idiotim  tou A.
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ii) Up�rqei X ∈ F ν×1, X 6= 0, tètoio ¸ste (A− λI)X = 0.

iii) det(A− λI) = 0.

Apìdeixh. i)⇔ii) EÐnai profanèc ìti AX = λX an kai mìno an (A−λI)X = 0.
ii)⇔iii) EÐnai gnwstì ìti èna grammikì omogenèc tetragwnikì sÔsthma èqei mh
mhdenik  lÔsh an kai mìno an h orÐzousa twn suntelest¸n eÐnai Ðsh me mhdèn
(bl. A Pìrisma 7.1.4). 'Ara up�rqei X 6= 0 me (A − λI)X = 0 an kai mìno an
det(A− λI) = 0.

ParadeÐgmata 2.1.10.

1. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka A =
(

1 −1
2 −1

)

ìtan autìc jewrhjeÐ wc stoiqeÐo tou
i) R2×2 ii) C2×2.

i) Exet�zoume an up�rqoun λ ∈ R tètoia ¸ste det(A− λI) = 0. 'Eqoume

det(A − λI) = det
(

1− λ −1
2 −1− λ

)
= λ2 + 1. Sunep¸c wc stoiqeÐo

tou R2×2 o A den èqei idiotimèc   idiodianÔsmata.
ii) Exet�zoume an up�rqoun λ ∈ C tètoia ¸ste det(A− λI) = 0. Epeid 
det(A−λI) = λ2 +1, oi idiotimèc eÐnai i kai −i. Ja prosdiorÐsoume t¸ra
ta antÐstoiqa idiodianÔsmata.

Gia λ = i epilÔoume to sÔsthma (A− λI)X = 0, ìpou X =
(

x

y

)
, dhlad 

to

(1− i)x− y = 0
2x− (1 + i)y + 0.

EÔkola blèpoume ìti autì eÐnai isodÔnamo me thn exÐswsh

(1− i)x− y = 0

thc opoÐac oi lÔseic eÐnai oi (x, (1 − i)x), x ∈ C. 'Ara ta antÐstoiqa

idiodianÔsmata eÐnai ta
(

x

(1− i)x

)
, ìpou x ∈ C− {0}.

Gia λ = −i, to sÔsthma (A− λI)X = 0 eÐnai to

(i + 1)x− y = 0
2x + (i− 1)y = 0
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pou eÐnai isodÔnamo me thn exÐswsh

(i + 1)x− y = 0.

'Ara ta antÐstoiqa idiodianÔsmata eÐnai ta
(

x

(i + 1)x

)
, ìpou x ∈ C−{0}.

2. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou A ∈ R3×3, ìpou

A =




2 1 0
0 1 −1
0 2 4


 .

'Eqoume

det(A− λI) = det




2− λ 1 0
0 1− λ −1
0 2 4− λ




= (2− λ)((1− λ)(4− λ) + 2) = (2− λ)2(3− λ).

'Ara oi idiotimèc tou A eÐnai oi λ = 2, λ = 3. Ja prosdiorÐsoume t¸ra
ta antÐstoiqa idiodianÔsmata epilÔontac to sÔsthma (A − λI)X = 0 gia
k�je mÐa apì tic dÔo idiotimèc.

Gia λ = 2, to sÔsthma (A− λI)X = 0, ìpou X =




x
y
z


, eÐnai to

y = 0
−y − z = 0
2y + 2z = 0

pou eÐnai isodÔnamo me to

y = 0
y + z = 0.

Oi lÔseic tou sust matoc eÐnai (x, 0, 0), x ∈ R. 'Ara ta idiodianÔsmata

pou antistoiqoÔn sthn idiotim  λ = 2 eÐnai ta




x
0
0


, x ∈ R− {0}.
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Gia λ = 3 to sÔsthma (A− λI)X = 0 eÐnai to

−x + y = 0
−2y − z = 0

2y + z = 0

pou eÐnai isodÔnamo me to

x− y = 0
2y + z = 0.

Oi lÔseic tou sust matoc autoÔ eÐnai oi (x, x,−2x), x ∈ R. 'Ara ta

idiodianÔsmata pou antistoiqoÔn sthn idiotim  λ = 3 eÐnai ta




x
x

−2x


,

x ∈ R− {0}.
3. 'Estw A ∈ F ν×ν ènac pÐnakac kai ϕ(x) ∈ F [x] èna polu¸numo. An to

λ ∈ F eÐnai mia idiotim  tou A kai X ∈ F ν×1 èna idiodi�nusma tou A pou
antistoiqeÐ sth λ, tìte to ϕ(λ) eÐnai mia idiotim  tou ϕ(A) kai to X èna
idiodi�nusma tou ϕ(A) pou antistoiqeÐ sth ϕ(λ).

Pr�gmati, an to λ eÐnai idiotim  tou A tìte up�rqei X ∈ F ν×1, X 6= 0,
me AX = λX. Epomènwc A2X = A(AX) = A(λX) = λAX = λ2X.
Me epagwg  eÔkola prokÔptei ìti AmX = λmX gia k�je m = 1, 2, . . ..
T¸ra an ϕ(x) = anxn + · · ·+ a1x + a0, èqoume

ϕ(A)X = (anAn + · · ·+ a1A + a0I)X
= anAnX + · · ·+ a1AX + a0IX

= anλnX + · · ·+ a1λX + a0X

= (anλn + · · ·+ a1λ + a0)X
= ϕ(λ)X

'Ara to ϕ(λ) eÐnai mia idiotim  tou ϕ(A) kai to X eÐnai èna antÐstoiqo
idiodi�nusma.

PÐnakec me stoiqeÐa polu¸numa
Prin proqwr soume sthn epìmenh shmantik  ènnoia (qarakthristikì polu¸-

numo) ja qreiasteÐ na anaferjoÔme se pÐnakec ta stoiqeÐa twn opoÐwn eÐnai
polu¸numa.
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'Estw A = (ϕij(x)) kai B = (ψij(x)) dÔo ν×ν pÐnakec, ìpou ϕij(x), ψij(x) ∈
F [x], dhlad  ta stoiqeÐa twn A kai B eÐnai polu¸numa me suntelestèc apì to
F . To �jroisma A + B twn A kai B, to ginìmeno AB twn A kai B kai to
ginìmeno ψ(x)(A) enìc ψ(x) ∈ F [x] me to A orÐzontai kat� parìmoio trìpo
me autìn pou eÐdame sto Kef�laio 2 tou tìmou A. Sugkekrimèna èqoume A +
B = (ϕij(x) + ψij(x)), AB = (χij(x)), ìpou χij(x) =

∑
k

ϕik(x)ψkj(x) kai

ψ(x)A = (ψ(x)ϕij(x)).
Oi idiìthtec tou ajroÐsmatoc A + B, tou ginomènou AB kai tou ginomènou

ψ(x)A enìc ψ(x) ∈ F [x] me to A, ìpou oi A kai B eÐnai ν × ν pÐnakec me
stoiqeÐa apì to sÔnolo F [x], eÐnai parìmoiec me tic idiìthtec tou ajroÐsmatoc,
tou ginomènou kai tou bajmwtoÔ ginomènou pin�kwn me stoiqeÐa apì to F , tic
opoÐec melet same stic Paragr�fouc 2.3 kai 2.5 tou A. Oi de apodeÐxeic aut¸n
den diafèroun apì tic antÐstoiqec apodeÐxeic twn idiot twn pou isqÔoun sto
F ν×ν .

'Estw t¸ra A = (ϕij(x)) ènac ν × ν pÐnakac me stoiqeÐa apì to F [x]. H
orÐzousa tou A orÐzetai epagwgik� wc ex c: An ν = 1 tìte det A = ϕ11(x).
'Estw ν > 1. Me Aij sumbolÐzoume ton (ν − 1)× (ν − 1) pÐnaka pou prokÔptei
apì ton A ìtan paraleÐyoume th i gramm  kai th j st lh.
Tìte det A = ϕ11(x) det A11 − ϕ21(x) det A21 + · · ·+ (−1)ν+1ϕν1 det Aν1.

Gia par�deigma, an

A =




x2 0 2
1 x x + 3

x− 1 0 x2 − 2




tìte

detA =

= x2 det
(

x x + 3
0 x2 − 2

)
− det

(
0 2
0 x2 − 2

)
+ (x− 1) det

(
0 2
x x + 3

)

= x2(x(x2 − 2)− 0)− 0 + (x− 1)(0− 2x).

Ja anaferjoÔme t¸ra se merikèc idiìthtec orizous¸n pin�kwn pou èqoun
stoiqeÐa apì to F [x].

'Estw A = (ϕij(x)) ènac ν × ν pÐnakac ìpou ϕij(x) ∈ F [x]. ApodeiknÔetai
ìti gia k�je i = 1, . . . , ν isqÔei

detA =
ν∑

j=1

(−1)i+jϕij(x) detAij (“an�ptugma wc proc thn i gramm ”)
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EpÐshc gia k�je j = 1, . . . , ν isqÔei

detA =
ν∑

i=1

(−1)i+jϕij(x) det Aij (“an�ptugma wc proc thn j st lh”).

Pr�gmati, gia na apodeÐxoume thn pr¸th sqèsh, jewroÔme to polu¸numo

ψi(x) = detA−
ν∑

j=1

(−1)i+jϕij(x) detAij ∈ F [x],

dhlad  to det(ϕij(x))−
ν∑

j=1
(−1)i+jϕij(x) det(ϕ(ij)

s,t (x)), ìpou ϕ
(ij)
s,t (x) = ϕs,t(x),

s 6= i, t 6= j. Qrhsimopoi¸ntac to an�ptugma orizous¸n (wc proc thn i gramm )
pin�kwn pou èqoun stoiqeÐa apì to F , parathroÔme ìti gia k�je a ∈ F èqoume
ψi(a) = 0. 'Ara ψi(x) = 0. Me parìmoio trìpo apodeiknÔetai kai h deÔterh
sqèsh.

Qrhsimopoi¸ntac ta parap�nw anaptÔgmata thc orÐzousac kai epagwg  sto
ν eÔkola prokÔptei ìti detA = det At, ìpou At eÐnai o an�strofoc tou A.

An A,B eÐnai dÔo ν×ν pÐnakec me stoiqeÐa apì to F [x], tìte isqÔei det(AB) =
(detA)(detB). Pr�gmati, gia to polu¸numo ψ(x) ∈ F [x], ìpou ψ(x) = det(AB)−
(detA)(detB), èqoume ψ(a) = 0 gia k�je a ∈ F . 'Ara ψ(x) = 0.

EpishmaÐnoume ìti an o B prokÔptei apì ton A me thn ektèlesh miac pepe-
rasmènhc akoloujÐac stoiqeiwd¸n metasqhmatism¸n gramm¸n   sthl¸n (bl. A
Par�grafoc 2.4), tìte det B = c detA, ìpou c ∈ F [x], c 6= 0. IdiaÐtera, an
oi akoloujÐa stoiqeiwd¸n metasqhmatism¸n perilamb�nei mìno prìsjesh pol-
laplasÐwn gramm¸n (  sthl¸n) tìte detA = detB. H apìdeixh af netai san
�skhsh.

Qarakthristikì polu¸numo pÐnaka
'Estw A ∈ F ν×ν ènac pÐnakac. EÐdame prin ìti oi idiotimèc λ tou A kajorÐ-

zontai apì th sqèsh det(A− λI) = 0. An A = (aij) kai x eÐnai mia metablht ,
tìte

A− xI =




a11 − x a12 · · · a1ν

a21 a22 − x · · · a2ν
...

...
...

aν1 aν2 · · · aνν − x


 .

H orÐzousa det(A − xI) eÐnai èna polu¸numo sth metablht  x me suntelestèc
apì to F . ParathroÔme ìti to λ ∈ F eÐnai mia idiotim  tou A an kai mìno an
eÐnai rÐza tou det(A− xI).
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Orismìc 2.1.11. 'Estw A ∈ F ν×ν . To polu¸numo det(A− xI) onom�zetai to
qarakthristikì polu¸numo tou A kai sumbolÐzetai me χA(x).

Gia par�deigma, to qarakthristikì polu¸numo tou A ∈ R2×2, ìpou A =(
2 3
1 1

)
, eÐnai

χA(x) = det(A− xI)

= det
(

2− x 3
1 1− x

)

= x2 − 3x− 1.

To qarakthristikì polu¸numo tou B ∈ R3×3, ìpou

B =



−1 −3 0

2 −2 1
−4 0 2




eÐnai

χB(x) = det(B − xI)

= det



−1− x −3 0

2 −2− x 1
−4 0 2− x




= −x3 + x2 − 2x− 28.

'Estw A ∈ Rν×ν . EÐnai fanerì ìti to qarakthristikì polu¸numo tou pÐnaka
A ìtan jewr soume autìn wc stoiqeÐo tou Rν×ν tautÐzetai me o qarakthristikì
polu¸numo tou pÐnaka A ìtan jewr soume autìn wc stoiqeÐo tou Cν×ν .

Parathr seic.

1. 'Estw B = (ϕij(x)) ènac ν × ν pÐnakac me stoiqeÐa apì to F [x]. Qrhsi-
mopoi¸ntac epagwg  sto ν kai to an�ptugma thc orÐzousac wc proc thn
pr¸th gramm  apodeiknÔetai ìti detB =

∑±ϕ1σ(1)(x) · · ·ϕνσ(ν)(x), ìpou
to σ diatrèqei tic metajèseic twn 1, 2, . . . ν. Epiplèon o suntelest c tou
ϕ11(x) · · ·ϕνν(x) eÐnai +1.
Pr�gmati, gia k�je j = 1, 2, . . . , ν jètoume Xj = {σ ∈ Sν | σ(1) = j}.
Tìte èqoume th xènh ènwsh 1 Sν = X1∪X2∪. . .∪Xν . Ja apodeÐxoume touc

1Lègontac ìti h ènwsh X1 ∪X2 ∪ . . . ∪Xν eÐnai xènh ennooÔme ìti Xi ∩Xj = ∅ gia k�je
i 6= j.
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isqurismoÔc mac me epagwg  sto ν. H perÐptwsh ν = 1 eÐnai profan c.
'Estw ν > 1 kai èstw ìti alhjeÔoun oi isqurismoÐ gia k�je (ν−1)×(ν−1)
pÐnaka. Qrhsimopoi¸ntac to an�ptugma wc proc thn pr¸th gramm  kai thn
upìjesh thc epagwg c èqoume

det B =
ν∑

j=1

(−1)i+jϕ1j(x) det B1j

=
ν∑

j=1

(−1)i+jϕ1j(x)


 ∑

σ∈Xj

±ϕ2σ(1)(x)ϕ3σ(3)(x) · · ·ϕνσ(ν)(x)




(*)

=
ν∑

j=1

∑

σ∈Xj

±ϕ1σ(1)(x)ϕ2σ(2)(x) · · ·ϕνσ(ν)(x).

Lìgw thc xènhc ènwshc Sν = X1 ∪X2 ∪ . . . ∪Xν èqoume

ν∑

j=1

∑

σ∈Xj

±ϕ1σ(1)(x)ϕ2σ(2)(x) · · ·ϕνσ(ν)(x)

=
∑

σ∈Sν

±ϕ1σ(1)(x)ϕ2(σ(2) · · ·ϕνσ(ν)(x).

'Ara detB =
∑

σ∈Sν

±ϕ1σ(1)(x)ϕ2σ(2) · · ·ϕνσ(ν)(x). Apì thn upìjesh th-

c epagwg c to prìshmo tou ϕ2 2(x) · · ·ϕν ν(x) sthn isìthta det B11 =∑
σ∈X1

±ϕ2σ(2)(x) · · ·ϕνσ(ν)(x) eÐnai +1. Sunep¸c apì thn (∗) èpetai ìti to

prìshmo tou ϕ11(x)ϕ22(x) · · ·ϕνν(x) sthn isìthta detB =
∑

σ∈Sν

±ϕ1σ(1)(x)

ϕ2(σ(2) · · ·ϕνσ(ν)(x) eÐnai +1.

2. 'Estw A ∈ F ν×ν . Apì thn prohgoÔmenh parat rhsh sumperaÐnoume ìti

χA(x) = det




a11 − x a12 · · · a1ν

a21 a22 − x · · · a2ν
...

...
...

aν1 aν2 · · · aνν − x




= (a11 − x)(a22 − x) · · · (aνν − x) + “�lloi ìroi”, (4)

ìpou kajènac apì touc “�llouc ìrouc” eÐnai èna ginìmeno pou perièqei to
polÔ ν − 2 par�gontec apì touc a11 − x, a22 − x, . . . , aνν − x. 'Ara to
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polu¸numo χA(x) eÐnai bajmoÔ ν kai o megistob�jmioc suntelest c eÐnai
(−1)ν .

3. 'Estw A ∈ F ν×ν . Epeid  o bajmìc tou χA(x) eÐnai ν, to χA(x) èqei to
polÔ ν rÐzec sto F . 'Ara o A èqei to polÔ ν idiotimèc.

ParadeÐgmata.

1. 'Estw A =
(

1 4
2 3

)
∈ R2×2. Na brejoÔn oi idiotimèc tou A2004−5A+3I.

'Eqoume χA(x) = det
(

1− x 4
2 3− x

)
= (x − 5)(x + 1). Sunep¸c oi

idiotimèc tou A eÐnai λ1 = 5 kai λ2 = −1. JewroÔme to polu¸numo
ϕ(x) = x2004−5x+3 ∈ R[x]. Apì to Par�deigma 2.1.10 3 sumperaÐnoume
ìti oi ϕ(5), ϕ(−1) eÐnai idiotimèc tou A2004 − 5A + 3I. 'Eqoume ϕ(5) =
52004− 5 · 5 + 3 = 52004− 22 kai ϕ(−1) = (−1)2004− 5(−1) + 3 = 9. 'Ara
ϕ(5) 6= ϕ(−1), dhlad  o pÐnakac A2004 − 5A + 3I èqei toul�qiston dÔo
idiotimèc. Epeid  o pÐnakac autìc eÐnai 2 × 2, èqei to polÔ dÔo idiotimèc.
Sunep¸c oi ϕ(5), ϕ(−1) eÐnai oi idiotimèc tou.

2. 'Estw A ∈ Rν×ν , ìpou o ν eÐnai perittìc. Tìte o A èqei mia toul�qiston
idiotim .

Pr�gmati, to polu¸numo χA(x) eÐnai perittoÔ bajmoÔ kai èqei suntelestèc
apì to R. 'Ara autì èqei toul�qiston mÐa rÐza sto R (bl. Kef�laio 1).

3. Na brejeÐ to qarakthristikì polu¸numo tou pÐnaka A ∈ Rν×ν , ìpou

A =




1 1 · · · 1
...

...
...

1 1 · · · 1


 .

QrhsimopoioÔme stoiqei¸deic metasqhmatismoÔc gramm¸n kai sthl¸n pi-
n�kwn. Prosjètontac sthn pr¸th st lh tou pÐnaka A − xI k�je �llh
st lh tou blèpoume ìti

det(A− xI) = (ν − x) det




1 1 · · · 1
1 1− x · · · 1
...

...
...

1 1 · · · 1− x


 .
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Sth sunèqeia afairoÔme thn pr¸th gramm  tou pÐnaka



1 1 · · · 1
1 1− x · · · 1
...

...
...

1 1 · · · 1− x




apì k�je �llh gramm . Tìte èqoume

det(A− xI) = (ν − x) det




1 1 · · · 1
0 −x · · · 0
...

...
...

0 0 · · · −x




= (−1)ν−1(ν − x)xν−1.

Idiìthtec tou qarakthristikoÔ poluwnÔmou
Ja anaferjoÔme t¸ra se merikèc aplèc idiìthtec tou qarakthristikoÔ po-

luwnÔmou pou ja qrhsimopoi soume se epìmenec paragr�fouc.
An B eÐnai ènac tetragwnikìc pÐnakac me stoiqeÐa apì to F [x], tìte det B =

det(Bt), ìpou Bt eÐnai o an�strofoc tou B. Epomènwc, gia èna pÐnaka A ∈
F ν×ν èqoume χAt(x) = det(At − xI) = det(At − (xI)t) = det(A − xI)t =
det(A− xI) = χA(x). 'Ara apodeÐxame to ex c

Prìtash 2.1.12. 'Estw A ∈ F ν×ν . Tìte to qarakthristikì polu¸numo tou A
tautÐzetai me to qarakthristikì polu¸numo tou At.

Apì thn prohgoÔmenh prìtash èpetai ìti oi pÐnakec A kai At èqoun tic Ðdiec
idiotimèc.

UpenjumÐzoume ìti ènac pÐnakac A ∈ F ν×ν onom�zetai trigwnikìc an o A
eÐnai �nw trigwnikìc   k�tw trigwnikìc.

Prìtash 2.1.13. 'Estw A ∈ F ν×ν ènac trigwnikìc pÐnakac. An A = (aij),
tìte χA(x) = (a11 − x)(a22 − x) · · · (aνν − x).

Apìdeixh. Xèroume ìti h orÐzousa enìc trigwnikoÔ pÐnaka isoÔtai me to ginìmeno
twn stoiqeÐwn pou brÐskontai p�nw sthn kÔria diag¸nio. O pÐnakac A−xI eÐnai
trigwnikìc. Ta diag¸nia stoiqeÐa tou eÐnai ta a11− x, a22− x, . . . , aνν − x.

Epomènwc oi idiotimèc enìc trigwnikoÔ pÐnaka eÐnai ta stoiqeÐa pou brÐskontai
p�nw sthn kÔria diag¸nio.
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Up�rqei mia qr simh genÐkeush thc Prìtashc 2.1.13.

'Estw ∆ =
(

A B
0 Γ

)
∈ F (µ+ν)×(µ+ν), ìpou A ∈ Fµ×µ kai Γ ∈ F ν×ν .

UpenjumÐzoume ìti det∆ = (detA)(detΓ ) (bl. 'Askhsh 6 thc Paragr�fou 6.4
tou A). 'Eqoume

∆− xIµ+ν =
(

A− xIµ B
0 Γ − xIν

)

kai epomènwc det(∆− xIµ+ν) = det(A− xIµ) det(Γ − xIν), dhlad 

χ∆(x) = χA(x)χΓ (x).

Prìtash 2.1.14. 'Estw A ∈ F ν×ν ènac pÐnakac thc morf c

A =




A1

A2 ∗
. . .

0 Aκ


 ,

ìpou Ai ∈ F νi×νi , ν1 + ν2 + · · ·+ νκ = ν. Tìte χA(x) = χA1(x) · · ·χAκ(x).

Apìdeixh. H apìdeixh gÐnetai me epagwg  sto κ kai af netai san �skhsh.

Par�deigma. Na brejoÔn oi idiotimèc tou pÐnaka A ∈ R4×4 ìpou

A =




2 1 a b
1 2 c d
0 0 1 1
0 0 −2 4


 .

'Estw A1 =
(

2 1
1 2

)
kai A2 =

(
1 1

−2 4

)
. Tìte

A =
(

A1 ∗
0 A2

)

kai epomènwc χA(x) = χA1(x)χA2(x). EÔkola blèpoume ìti χA1(x) =
x2 − 4x + 3 = (x − 1)(x − 3) kai χA2(x) = x2 − 5x + 6 = (x − 2)(x − 3).
'Ara

χA(x) = (x− 1)(x− 2)(x− 3)2

kai oi idiotimèc tou A eÐnai oi 1, 2, 3.
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'Estw A ∈ F 2×2, A =
(

a b
c d

)
. EÔkola epalhjeÔetai ìti

χA(x) = det
(

a− x b
c d− x

)
= x2 − (a + b)x + ad− bc.

ParathroÔme ìti o stajerìc ìroc tou poluwnÔmou χA(x) eÐnai h orÐzousa tou
A. EpÐshc, o suntelest c tou x eÐnai −TrA, ìpou TrA parist�nei to Ðqnoc tou
A, dhlad  to �jroisma twn stoiqeÐwn pou brÐskontai p�nw sthn kÔria diag¸nio.

Prìtash 2.1.15. 'Estw A ∈ F ν×ν kai χA(x) = (−1)νxν +aν−1x
ν−1+· · ·+a0.

Tìte
a0 = det A kai aν−1 = (−1)ν−1TrA.

Apìdeixh. 'Eqoume a0 = χA(0) = det(A− 0I) = detA.
'Estw A = (aij). Apì th sqèsh (4) pou eÐdame met� ton Orismì 2.1.11 èqoume
ìti

χA(x) = (a11 − x)(a22 − x) · · · (aνν − x) + β(x)

ìpou β(x) eÐnai èna polu¸numo bajmoÔ to polÔ ν − 2. Sthn parap�nw isìthta
poluwnÔmwn jewroÔme touc suntelestèc tou xν−1. Sto aristerì mèloc autìc
eÐnai aν−1 kai sto dexiì eÐnai (−1)ν−1(a11 + a22 + · · · + aνν). 'Ara aν−1 =
(−1)ν−1(a11 + a12 + · · ·+ aνν) = (−1)ν−1TrA.

Apì thn prohgoÔmenh prìtash sumperaÐnoume ìti ènac tetragwnikìc pÐnakac
me stoiqeÐa apì to F eÐnai antistrèyimoc an kai mìno an o stajerìc ìroc tou
qarakthristikoÔ tou poluwnÔmou eÐnai di�foroc tou mhdenìc.

Ac jewr soume t¸ra thn perÐptwsh pou F = C. 'Estw A ∈ Cν×ν . Epeid 
k�je mh mhdenikì polu¸numo ϕ(x) epÐ tou C èqei deg ϕ(x) rÐzec sto C (ìqi
anagkastik� diakekrimènec) sumperaÐnoume ìti to χA(x) èqei ν rÐzec sto C.
'Estw ìti autèc eÐnai oi λ1, . . . , λν . Sun jwc lème ìti oi idiotimèc tou A ∈ Cν×ν

eÐnai oi λ1, . . . , λν . 'Eqoume

χA(x) = (−1)ν(x− λ1)(x− λ2) · · · (x− λν).

kai epomènwc χA(0) = (−1)ν(−1)νλ1λ2 · · ·λν = λ1λ2 · · ·λν . Apì thn prohgoÔ-
menh prìtash èqoume χA(0) = detA. 'Ara

detA = λ1λ2 · · ·λν .

'Eqoume apodeÐxei to ex c.

Pìrisma 2.1.16. 'Estw A ∈ Cν×ν kai λ1, λ2, . . . , λν oi idiotimèc tou A. Tìte
detA = λ1λ2 · · ·λν .
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'Ena antÐstoiqo apotèlesma gia to Ðqnoc eÐnai to akìloujo.

Pìrisma 2.1.17. 'Estw A ∈ Cν×ν kai λ1, λ2, . . . , λν oi idiotimèc tou A. Tìte
TrA = λ1 + · · ·+ λν .

Apìdeixh. 'Estw χA(x) = (−1)ν(x− λ1) · · · (x− λν) = (−1)νxν + aν−1x
ν−1 +

· · ·+ a0. SugkrÐnontac touc suntelestèc tou xν−1 èqoume (−1)ν+1(λ1 + · · ·+
λν) = aν−1. All� apì thn Prìtash 2.1.15 èqoume ìti aν−1 = (−1)ν−1TrA.

Par�deigma. Na brejoÔn oi idiotimèc enìc pÐnaka A ∈ C4×4 an gnwrÐzoume ìti
χA(x) ∈ R[x], det A = −13, TrA = 4 kai ìti mia idiotim  tou eÐnai h λ1 = 2−3i.
AfoÔ to λ1 = 2 − 3i eÐnai rÐza tou poluwnÔmou χA(x) ∈ R[x], to λ2 = 2 + 3i
eÐnai epÐshc rÐza tou χA(x). 'Estw λ3, λ4 oi �llec dÔo rÐzec tou χA(x). Tìte
apì ta prohgoÔmena dÔo porÐsmata èqoume tic sqèseic

−13 = (2 + 3i)(2− 3i)λ3λ4

4 = 2 + 3i + 2− 3i + λ3 + λ4.

'Ara λ3λ4 = −1 kai λ3 + λ4 = 0, opìte λ3 = 1 kai λ4 = −1 (  λ3 = −1 kai
λ4 = 1). Oi idiotimèc eÐnai oi 2− 3i, 2 + 3i, 1,−1.

Qarakthristikì polu¸numo grammik c apeikìnishc
'Eqoume orÐsei to qarakthristikì polu¸numo χA(x) enìc pÐnaka A ∈ F ν×ν .

EÐdame ìti oi rÐzec tou χA(x) sto F eÐnai oi idiotimèc tou A. 'Estw f : V →
V mia grammik  apeikìnish pou anaparÐstatai apì ton A wc proc mia epilog 
diatetagmènhc b�shc α̂ tou V . GnwrÐzoume ìti oi idiotimèc thc f sumpÐptoun me
tic idiotimèc tou A (bl. Prìtash 2.1.6).

Basizìmenoi se aut  thn parat rhsh, ja jèlame na orÐsoume to qarakth-
ristikì polu¸numo thc f na eÐnai to qarakthristikì polu¸numo χA(x) tou A.
'Omwc o pÐnakac A exart�tai apì thn epilog  diatetagmènhc b�shc α̂ tou V .
Ja doÔme sth sunèqeia ìti isqÔei χA(x) = χB(x) an oi A,B antistoiqoÔn sthn
f wc proc dÔo diatetagmènec b�seic tou V .

UpenjumÐzoume ìti dÔo pÐnakec A,B ∈ F ν×ν lègontai ìmoioi an up�rqei
antistrèyimoc pÐnakac P ∈ F ν×ν tètoioc ¸ste B = P−1AP .

Prìtash 2.1.18. An oi A,B ∈ F ν×ν eÐnai ìmoioi, tìte χA(x) = χB(x).

Apìdeixh. 'Estw ìti up�rqei antistrèyimoc P ∈ F ν×ν me B = P−1AP . Tìte
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èqoume

χB(x) = det(B − xI)

= det(P−1AP − xI)

= det(P−1(A− xI)P )

= detP−1 det(A− xI) det P

= det(A− xI)
= χA(x).

Pìrisma 2.1.19. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F kai f : V → V mia grammik  apeikìnish. 'Estw α̂, β̂ dÔo diatetagmènec
b�seic tou V kai A = (f : α̂), B = (f : β̂). Tìte isqÔei χA(x) = χB(x).

Apìdeixh. Oi A kai B eÐnai ìmoioi sÔmfwna me th sqèsh (3) pou eÐdame prin to
Par�deigma 2.1.4.

EpishmaÐnoume ìti den isqÔei to antÐstrofo thc prohgoÔmenhc prìtashc,
dhlad  eÐnai dunatìn dÔo ν × ν pÐnakec na èqoun tic Ðdiec idiotimèc qwrÐc autoÐ
na eÐnai ìmoioi (bl. 'Askhsh 14).

To Pìrisma 2.1.19 mac epitrèpei na d¸soume ton ex c orismì.

Orismìc 2.1.20. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F kai f : V → V mia grammik  apeikìnish. 'Estw A ènac pÐnakac
pou antistoiqeÐ sthn f wc proc mia epilog  diatetagmènhc b�shc tou V . To
polu¸numo χA(x) onom�zetai to qarakthristikì polu¸numo thc f .

Perissìtera gia to qarakthristikì polu¸numo ja doÔme stic epìmenec pa-
ragr�fouc.

Ask seic 2.1

1. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata twn grammik¸n apeikonÐsewn

f : R2 −→ R2, f(x, y) = (x + y, 4x + y)

g : R3 −→ R3, g(x, y, z) = (x + y + z, 2y + z, 2y + 3z).
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2. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata twn pin�kwn

A =
(

3 −1
13 −3

)
, B =

(
2 −1
1 4

)
,

an jewrhjoÔn wc stoiqeÐa tou

i) R2×2

ii) C2×2.

3. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka A ∈ R3×3, A =


1 −2 2
0 −3 4
0 −2 3


.

4. 'Estw fθ : R2 → R2, fθ(x, y) = (xsunθ − yhmθ, xhmθ + ysunθ), ìpou
θ ∈ R. ApodeÐxte ìti h fθ èqei idiotim  an kai mìno an θ = kπ, k ∈ Z.
ErmhneÔste gewmetrik� to apotèlesma autì.

5. 'Estw f, g : V → V dÔo grammikèc apeikonÐseic. ApodeÐxte ìti an to v
eÐnai èna idiodi�nusma kai thc f kai thc g, tìte eÐnai èna idiodi�nusma thc
grammik c apeikìnishc af + bg gia k�je a, b ∈ F .

6. 'Estw A ∈ F ν×ν .

i) ApodeÐxte ìti to 5 eÐnai mia idiotim  tou A an kai mìno to 3 eÐnai mia
idiotim  tou A− 2I.

ii) 'Estw ϕ(x) ∈ F [x] kai λ ∈ F . Exet�ste an alhjeÔei ìti to λ eÐnai
mia idiotim  tou A an kai mìno an to ϕ(λ) eÐnai mia idiotim  tou ϕ(A).

7. ApodeÐxte ìti oi idiotimèc thc grammik c apeikìnishc f : F ν×ν → F ν×ν ,
f(A) = At, (ν > 1), eÐnai oi 1, −1.

8. 'Estw A ∈ F ν×ν ènac antistrèyimoc pÐnakac. ApodeÐxte ìti an to λ eÐnai
mia idiotim  tou A, tìte λ 6= 0 kai to λ−1 eÐnai mia idiotim  tou A−1.

9. Exet�ste poièc apì tic parak�tw prot�seic eÐnai swstèc.

i) K�je pÐnakac èqei mia toul�qiston idiotim .
ii) Up�rqei pÐnakac A ∈ Cν×ν pou den èqei idiotimèc.
iii) Up�rqei grammik  apeikìnish f : R3 → R3 pou èqei 4 diakekrimènec

idiotimèc.



52 Kef�laio 2. Idiotimèc kai Diagwnisimìthta

iv) Up�rqei grammik  apeikìnish f : R3 → R3 pou èqei 3 diakekrimènec
idiotimèc.

v) To �jroisma dÔo idiotim¸n miac grammik c apeikìnishc eÐnai idiotim .
vi) To �jroisma dÔo idiodianusm�twn miac grammik c apeikìnishc eÐnai

idiodi�nusma.

10. 'Estw A ∈ Cν×ν . ApodeÐxte ìti χA(x) = (−1)νxν an kai mìno an k�je
idiotim  tou A isoÔtai me 0.

11. 'Estw A ∈ F ν×ν . GnwrÐzoume ìti oi A, At èqoun tic Ðdiec idiotimèc. D¸-
ste èna par�deigma enìc A pou èqei èna idiodi�nusma to opoÐo den eÐnai
idiodi�nusma tou At.

12. i) 'Estw f : V → V mia grammik  apeikìnish, ìpou V eÐnai ènac pepe-
rasmènhc di�stashc dianusmatikìc q¸roc kai ν = dimV . 'Estw A
ènac pÐnakac pou antistoiqeÐ sthn f kai λ mia idiotim  thc f . Apo-
deÐxte ìti o idiìqwroc V (λ) èqei di�stash Ðsh me ν − rk(A − λI),
ìpou rk(A− λI) sumbolÐzei thn t�xh tou pÐnaka A− λI.
Upìdeixh: dimV (λ) = dim ker(f − λ1V ) = ν − dim Im(f − λ1V ).
Efarmìste thn Parat rhsh 5.1.5 tou A.

ii) QrhsimopoieÐste stoiqei¸deic metasqhmatismoÔc gramm¸n gia na
prosdiorÐsete tic diast�seic twn idioq¸rwn thc grammik c apeikì-
nishc γA : R3×1 → R3×1, γA(X) = AX, ìpou A eÐnai o pÐnakac thc
�skhshc 3.

13. 'Estw f, g : V → V dÔo grammikèc apeikonÐseic tètoiec ¸ste f ◦ g = g ◦ f .
ApodeÐxte ìti an v eÐnai èna idiodi�nusma thc f tètoio ¸ste v /∈ ker g, tìte
to g(v) eÐnai èna idiodi�nusma thc f .

14. GnwrÐzoume ìti ìmoioi pÐnakec èqoun to autì qarakthristikì polu¸numo
(bl. Prìtash 2.1.18). ApodeÐxte ìti ta qarakthristik� polu¸numa twn

(
1 0
0 1

)
,

(
1 1
0 1

)

tautÐzontai, all� oi pÐnakec autoÐ den eÐnai ìmoioi.

15. 'Estw A,B ∈ F ν×ν dÔo diag¸nioi pÐnakec,

A =




a1 0
. . .

0 aν


 , B =




b1 0
. . .

0 bν


 .

ApodeÐxte ìti ta parak�tw eÐnai isodÔnama
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i) Oi A,B eÐnai ìmoioi.

ii) Up�rqei met�jesh σ ∈ Sν tètoia ¸ste bi = aσ(i) gia k�je i =
1, 2, . . . , ν.

iii) χA(x) = χB(x).

16. i) 'Estw A = (aij) ∈ F 3×3. ApodeÐxte ìti

χA(x) =− x3 + (a11 + a22 + a33)x2

−
(

det
(

a11 a12

a21 a22

)
+ det

(
a22 a23

a32 a33

)

+ det
(

a11 a13

a31 a33

))
x + det A.

ii) H prohgoÔmenh par�stash tou χA(x) epidèqetai mia endiafèrousa
genÐkeush. 'Estw A = (aij) ∈ F ν×ν . An i1 < i2 < · · · < iκ, ìpou
it ∈ {1, . . . , ν}, sumbolÐzoume me Di1···iκ(A) thn orÐzousa tou κ × κ
pÐnaka (aisit), s, t = 1, 2, . . . , κ. Gia par�deigma, an ν = 3, tìte

D1(A) = a11

D2(A) = a22

D3(A) = a33

D12(A) = det
(

a11 a12

a21 a22

)

D13(A) = det
(

a11 a13

a31 a33

)

D23(A) = det
(

a22 a23

a32 a33

)

D123(A) = detA.

ApodeÐxte ìti o suntelest c tou xk, ìpou 0 ≤ k < ν, sto χA(x)
isoÔtai me

(−1)ν−k
∑

1≤i1<...<ik≤ν

Di1···ik(A).
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Upìdeixh. Efarmìste thn ex c idiìthta orizous¸n

det




a
(1)
11 + a

(2)
11 · · · a

(1)
1ν + a

(2)
1ν

...
...

a
(1)
ν1 + a

(2)
ν1 · · · a

(1)
νν + a

(2)
νν




=
2∑

t1,...,tν=1

det




a
(t1)
11 · · · a

(tν)
1ν

...
...

a
(t1)
ν1 · · · a

(tν)
νν




ston pÐnaka

A− xI =




a11 − x a12 + 0 · · · a1ν + 0
a21 + 0 a22 − x · · · a2ν + 0

...
...

...
aν1 + 0 aν2 + 0 · · · aνν − x




17. 'Estw a, b ∈ R. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka

A =




a b b · · · b
b a b · · · b
...

...
...

...
b b b · · · a


 ∈ Rν×ν .

Upìdeixh: To χA(x) mporeÐ na prosdiorisjeÐ me stoiqei¸deic metasqhma-
tismoÔc gramm¸n kai sthl¸n. Bl. kai to Par�deigma 3 prin thn Prìtash
2.1.12. Enallaktik�, o dedomènoc pÐnakac eÐnai thc morf c ϕ(B), ìpou
ϕ(x) ∈ F [x] kai B eÐnai o pÐnakac tou anwtèrw paradeÐgmatoc.

18. 'Estw A ∈ Fµ×ν kai B ∈ F ν×µ.
ApodeÐxte ìti (−1)νxνχAB(x) = (−1)µxµχBA(x).
Sunep¸c, an µ = ν, tìte χAB(x) = χBA(x).
Upìdeixh: Jewr ste thn ex c isìthta (µ + ν)× (µ + ν) pin�kwn
(

AB − xIµ −A
0 −xIν

)(
Iµ 0
B Iν

)
=

(
Iµ 0
B Iν

)( −xIµ −A
0 BA− xIν

)

19. 'Estw A ∈ F ν×ν ènac antistrèyimoc pÐnakac. ApodeÐxte ìti an χA(x) =

(−1)xν +aν−1x
ν−1+ · · ·+a1x+a0, tìte χA−1(x) = (−1)ν

(
xν + a1

a0
xν−1+

· · ·+ aν−1

a0
x + (−1)ν

a0

)
. Upìdeixh: 'Askhsh 8.
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2.2 DiagwnÐsimec Grammikèc ApeikonÐseic

'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F kai f :
V → V mia grammik  apeikìnish. Gia k�je epilog  miac diatetagmènhc b�shc α̂
tou V èqoume ton antÐstoiqo pÐnaka (f : α̂).

Sthn par�grafo aut  ja apodeÐxoume ikanèc kai anagkaÐec sunj kec tètoiec
¸ste o pÐnakac (f : α̂) na eÐnai diag¸nioc. Oi sunj kec autèc anafèrontai stic
ènnoiec pou melet same sthn prohgoÔmenh par�grafo, pou  tan oi idiotimèc, ta
idiodianÔsmata kai to qarakthristikì polu¸numo.

Sumbolismìc. Sthn par�grafo aut , ja sumbolÐzoume me V èna dianusmatikì
q¸ro peperasmènhc di�stashc epÐ tou F kai me ν th di�stas  tou, ν = dimV .

Orismìc 2.2.1. 'Estw f : V → V mia grammik  apeikìnish. An up�rqei mia
diatetagmènh b�sh α̂ tou V tètoia ¸ste o pÐnakac (f : α̂) na eÐnai diag¸nioc, ja
lème ìti h f eÐnai diagwnÐsimh.

ParadeÐgmata 2.2.2.

1. JewroÔme th grammik  apeikìnish f : R2 → R2, f(x, y) = (x+2y, 3x+2y).
EÔkola epalhjeÔetai ìti o pÐnakac pou antistoiqeÐ sthn f wc proc th
diatetagmènh b�sh α̂ = ((1,−1), (2, 3)) tou R2 eÐnai o

(f : α̂) =
( −1 0

0 4

)
,

pou eÐnai diag¸nioc. 'Ara h f eÐnai diagwnÐsimh.
ParathroÔme ìti o pÐnakac thc f wc proc thn kanonik  b�sh ê tou R2

eÐnai o
(f : ê) =

(
1 2
3 2

)
,

pou den eÐnai diag¸nioc.
ShmeÐwsh. Sto eÔlogo kai ousiastikì er¸thma “pwc skeft kame th su-
gkekrimènh b�sh α̂” ja apant soume lÐgo argìtera (bl. Prìtash 2.2.3).

2. 'Estw f : R2 → R2, f(x, y) = (x, x + y). Ja deÐxoume ìti h f den eÐnai
diagwnÐsimh.
'Estw ìti up�rqei diatetagmènh b�sh α̂ tou R2 tètoia ¸ste o (f : α̂) eÐnai
diag¸nioc. Wc proc thn kanonik  b�sh ê tou R2 o pÐnakac thc f eÐnai

(f : ê) =
(

1 0
1 1

)
.
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'Ara oi pÐnakec (f : α̂) kai
(

1 0
1 1

)
eÐnai ìmoioi kai kat� sunèpeia èqoun

tic Ðdiec idiotimèc. AfoÔ o (f : α̂) eÐnai diag¸nioc, oi idiotimèc tou eÐnai

ta diag¸nia stoiqeÐa tou. EÐnai fanerì ìti o
(

1 0
1 1

)
èqei mìno mia

idiotim , thn λ = 1. Epomènwc (f : â) =
(

1 0
1 1

)
= I. Sunep¸c oi I kai

(
1 0
1 1

)
eÐnai ìmoioi, dhlad  up�rqei antistrèyimoc pÐnakac P tètoioc

¸ste
(

1 0
1 1

)
= P−1IP . All� P−1IP = I, opìte

(
1 0
1 1

)
= I,

�topo.

'Estw f : V → V mia grammik  apeikìnish. An h f eÐnai diagwnÐsimh, tìte
up�rqei mia diatetagmènh b�sh α̂ = (α1, . . . , αν) tou V tètoia ¸ste o pÐnakac

(f : α̂) eÐnai diag¸nioc. An (f : α̂) =




λ1 0
λ2

. . .
0 λn


, tìte gia k�je

i = 1, . . . , ν èqoume
f(αi) = λiαi.

Dhlad  ta stoiqeÐa thc b�shc α̂ eÐnai idiodianÔsmata thc f .
AntÐstrofa, an α̂ = (α1, . . . , αν) eÐnai mia diatetagmènh b�sh tou V pou

apoteleÐtai apì idiodianÔsmata thc f , tìte up�rqoun λi ∈ F me f(αi) = λiαi,

i = 1, . . . , ν. Epomènwc èqoume (f : α̂) =




λ1 0
λ2

. . .
0 λν


 dhlad  o

pÐnakac (f : α̂) eÐnai diag¸nioc. 'Eqoume apodeÐxei to akìloujo apotèlesma.

Prìtash 2.2.3. Mia grammik  apeikìnish f : V → V eÐnai diagwnÐsimh an kai
mìno an up�rqei mia b�sh tou V pou apoteleÐtai apì idiodianÔsmata thc f .

H prìtash aut  exhgeÐ pwc epilèxame th sugkekrimènh diatetagmènh b�sh
α̂ = ((1,−1), (2, 3)) sto Par�deigma 2.2.2 1. Ta stoiqeÐa thc b�shc α̂ eÐnai
idiodianÔsmata thc f ìpwc eÐdame sto Par�deigma 2.1.1 2.

Sto Par�deigma 2.2.2 2. diapist¸same ìti h grammik  apeikìnish f : R2 →
R2, f(x, y) = (x, x + y) den eÐnai diagwnÐsimh. Sto sumpèrasma autì mporoÔ-
me na fj�soume kai wc ex c. EÔkola upologÐzoume ìti ta idiodianÔsmata thc
f eÐnai ta (x, 0), x ∈ R − {0}. Epeid  k�je dÔo stoiqeÐa thc morf c (x, 0),
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x ∈ R−{0}, eÐnai grammik� exarthmèna, den up�rqei b�sh tou R2 pou na apote-
leÐtai apì idiodianÔsmata thc f . Sunep¸c apì thn Prìtash 2.2.3 sumperaÐnoume
ìti h f den eÐnai diagwnÐsimh.

Ja asqolhjoÔme t¸ra me ta antÐstoiqa tou OrismoÔ 2.2.1 kai thc Prìtashc
2.2.3 stouc pÐnakec.

Orismìc 2.2.4. 'Enac pÐnakac A ∈ F ν×ν onom�zetai diagwnÐsimoc an eÐnai
ìmoioc me ènan diag¸nio pÐnaka, dhlad  an up�rqei antistrèyimoc pÐnakac P ∈
F ν×ν tètoioc ¸ste o pÐnakac P−1AP na eÐnai diag¸nioc.

Gia par�deigma, o pÐnakac
(

1 2
3 2

)
∈ R2×2 eÐnai diagwnÐsimoc afoÔ

(
1 2

−1 3

)−1 (
1 2
3 2

)(
1 2

−1 3

)
=

( −1 0
0 4

)
.

O pÐnakac
(

1 0
1 1

)
∈ R2×2 den eÐnai diagwnÐsimoc, giatÐ diaforetik� ja up rqe

antistrèyimoc P ∈ R2×2 tètoioc ¸ste P−1

(
1 0
1 1

)
P = I (bl. Par�deigma

2.2.2 1.) opìte
(

1 0
1 1

)
= PIP−1 = I, �topo.

Parathr seic.

1) UpenjumÐzoume ìti dÔo pÐnakec A, B ∈ F ν×ν eÐnai ìmoioi an kai mìno an
up�rqei grammik  apeikìnish f : V → V kai diatetagmènec b�seic α̂, β̂ tou
V tètoiec ¸ste A = (f : α̂) kai B = (f : β̂). (Bl. Prìtash 5.4.3 tou A).

2) Qrhsimopoi¸ntac thn prohgoÔmenh parat rhsh, blèpoume ìti ènac pÐna-
kac A ∈ F ν×ν eÐnai diagwnÐsimoc an kai mìno an o A eÐnai o pÐnakac miac
diagwnÐsimhc grammik c apeikìnishc f : V → V (wc proc k�poia diate-
tagmènh b�sh tou V ). Pr�gmati, èstw ìti o A eÐnai diagwnÐsimoc. Tìte
up�rqei ènac diag¸nioc pÐnakac ∆ ìmoioc me ton A. SÔmfwna me thn Pa-
rat rhsh 1), up�rqei grammik  apeikìnish f : V → V kai diatetagmènec
b�seic α̂, β̂ tou V tètoiec ¸ste A = (f : α̂) kai ∆ = (f : β̂). Efìson o ∆
eÐnai diag¸nioc, h f eÐnai diagwnÐsimh. AntÐstrofa, èstw ìti h grammik 
apeikìnish f : V → V eÐnai diagwnÐsimh kai èstw A = (f : α̂) ìpou α̂ eÐnai
mia diatetagmènh b�sh tou V . Up�rqei diatetagmènh b�sh β̂, tètoia ¸ste
o pÐnakac ∆ = (f : β̂) eÐnai diag¸nioc. 'Omwc oi pÐnakec (f : α̂), (f : β̂)
eÐnai ìmoioi kai kat� sunèpeia o (f : α̂) eÐnai diagwnÐsimoc.
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Prìtash 2.2.5. 'Enac pÐnakac A ∈ F ν×ν eÐnai diagwnÐsimoc an kai mìno an
up�rqei mia b�sh tou F ν×1 pou apoteleÐtai apì idiodianÔsmata tou A.

Apìdeixh. 'Estw ìti o A eÐnai diagwnÐsimoc, dhlad  up�rqei antistrèyimoc P ∈
F ν×ν tètoioc ¸ste P−1AP = ∆, ìpou ∆ ∈ F ν×ν eÐnai diag¸nioc pÐnakac. Tìte
èqoume

AP = P∆. (1)

An A = (aij), P = (pij) kai ∆ =




λ1 0
. . .

0 λν


, tìte apo thn (1) kai to

orismì tou ginomènou pin�kwn, prokÔptei ìti gia k�je i, k = 1, . . . , ν

ν∑

j=1

aijpjk = pikλk. (2)

'Estw P (k) =




p1k
...

pνk


 h k-st lh tou P . Epeid  o P eÐnai antistrèyimoc èqoume

P (k) 6= 0. Apì th sqèsh (2) sun�goume ìti

AP (k) = λkP
(k), (3)

gia k�je k = 1, . . . , ν. Dhlad  to P (k) ∈ F ν×1 eÐnai èna idiodi�nusma tou A.
Epeid  o pÐnakac P eÐnai antistrèyimoc, ta P (k), k = 1, . . . , ν eÐnai grammik� ane-
x�rthta kai afoÔ dimF ν×1 = ν sumperaÐnoume ìti to sÔnolo {P (1), . . . , P (ν)}
eÐnai mia b�sh tou F ν×1.

AntÐstrofa, èstw ìti up�rqei b�sh tou F ν×1 pou apoteleÐtai apì idiodia-
nÔsmata P (1), . . . , P (ν) tou A. Tìte up�rqoun λ1, . . . , λν ∈ F ètsi ¸ste na
isqÔoun oi sqèseic (3). 'Estw P ∈ F ν×ν o pÐnakac tou opoÐou h k-st lh eÐnai
h P (k), k = 1, . . . , ν. Tìte o P eÐnai antistrèyimoc. Apì tic (3) èpetai h (1) kai
�ra P−1AP = ∆.

ShmeÐwsh. EpishmaÐnoume ìti h parap�nw apìdeixh ja mporoÔse na suntomeu-
jeÐ wc ex c: pr¸ta parathroÔme ìti o A eÐnai diagwnÐsimoc an kai mìno an h
γA : F ν×1 → F ν×1, γA(X) = AX, eÐnai diagwnÐsimh (�skhsh) kai met� efarmì-
zoume thn Prìtash 2.2.3. H apìdeixh thc Prìtashc 2.2.5 pou d¸same kajist�
faner  th sÔndesh metaxÔ twn P (k) kai P , pou eÐnai qr simh ìpwc ja doÔme sta
paradeÐgmata kai stic efarmogèc pou akoloujoÔn.
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ParadeÐgmata 2.2.6.

1. Na exetasjeÐ an o pÐnakac A =
(

1 3
4 2

)
∈ R2×2 eÐnai diagwnÐsimoc. An

o A eÐnai diagwnÐsimoc na brejeÐ ènac P ∈ R2×2 tètoioc ¸ste o P−1AP
eÐnai diag¸nioc.

EÔkola brÐskoume ìti oi idiotimèc tou A eÐnai oi −2, 5 kai oi antÐstoiqoi

idioq¸roi eÐnai oi
{(

x
−x

)
, x ∈ R

}
,

{(
3x
4x

)
, x ∈ R

}
. EÐnai fanerì

ìti ta idiodianÔsmata
(

1
−1

)
,
(

3
4

)
eÐnai mia b�sh tou R2×1. 'Ara o A

eÐnai diagwnÐsimoc. SÔmfwna me thn apìdeixh thc Prìtashc 2.2.5 èqoume

P−1AP =
( −2 0

0 5

)
, ìpou P =

(
1 3

−1 4

)
.

2. O pÐnakac A =




2 1 0
0 1 −1
0 2 4


 ∈ R3×3 den eÐnai diagwnÐsimoc.

Pr�gmati, sto Par�deigma 2.1.10 2 eÐdame ìti ta idiodianÔsmata tou A

eÐnai ta




x
0
0


 , x ∈ R− {0},




x
x

−2x


 , x ∈ R− {0}. EÐnai fanerì ìti

den up�rqei b�sh tou R3×1 pou na apoteleÐtai apì tètoia stoiqeÐa.

3. Na exetasjeÐ an o pÐnakac A =
(

1 −1
2 −1

)
eÐnai diagwnÐsimoc wc stoiqeÐo

tou i) R2×2, ii) C2×2.

i) An jewr soume ìti A ∈ R2×2, tìte o A den èqei idiotimèc (bl. Pa-
r�deigma 2.1.10 1) kai �ra o A den eÐnai diagwnÐsimoc.

ii) Wc stoiqeÐo tou C2×2, oi idiotimèc tou A eÐnai oi ±i kai ta antÐstoiqa

idiodianÔsmata eÐnai ta
(

x
(1− i)x

)
, x ∈ C − {0},

(
x

(1 + i)x

)
,

x ∈ C− {0} ìpwc eÐdame sto Par�deigma 2.1.10 2.

Ta idiodianÔsmata
(

1
1− i

)
,
(

1
1 + i

)
eÐnai grammik� anex�rthta

giatÐ det
(

1 1
1− i 1 + i

)
= 2i 6= 0. Sunep¸c mia b�sh tou C2×1

eÐnai h
{(

1
1− i

)
,

(
1

1 + i

)}
kai o A eÐnai diagwnÐsimoc.
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Efarmogèc
AkoloujoÔn merikèc tupikèc efarmogèc twn diagwnÐsimwn pin�kwn.

Efarmogèc 2.2.7.

1. Dun�meic pin�kwn. Na upologisjeÐ h dÔnamh A2004, ìpou

A =




1 −3 3
3 −5 3
6 −6 4


 .

To qarakthristikì polu¸numo tou A eÐnai χA(x) = −(x + 2)2(x− 4) kai
�ra oi idiotimèc eÐnai −2 kai 4. Oi antÐstoiqoi idiìqwroi tou A eÐnai oi



x




1
1
0


 + y




1
0

−1




∣∣∣∣∣x, y ∈ R






x




1
1
2




∣∣∣∣∣x ∈ R


 .

'Eqoume

det




1 1 1
1 0 1
0 −1 2


 = −2 6= 0

kai �ra to sÔnolo








1
1
0


 ,




1
0

−1


 ,




1
1
2






 eÐnai mia b�sh tou R3×1.

Epomènwc o A eÐnai diagwnÐsimoc. 'Eqoume

P−1AP =



−2 0 0

0 −2 0
0 0 4


 ,

ìpou

P =




1 1 1
1 0 1
0 −1 2


 .

Gia k�je jetikì akèraio n èqoume

(P−1AP )n =




(−2)n 0 0
0 (−2)n 0
0 0 4n


 .
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Me epagwg  sto n eÔkola apodeiknÔetai ìti (P−1AP )n = P−1AnP . 'Ara

P−1AnP =




(−2)n 0 0
0 (−2)n 0
0 0 4n


 .

Epomènwc

An = P




(−2)n 0 0
0 (−2)n 0
0 0 4n


P−1,

opìte

A2004 = P




22004 0 0
0 22004 0
0 0 42004


P−1.

UpologÐzontac ton P−1 kai antikajist¸ntac sthn teleutaÐa sqèsh brÐ-
skoume ìti

A2004 =




22004 −22003 + 2 · 42003 22002 − 42004

0 22004 0
0 22003 − 2 · 42003 42004




2. Anadromikèc akoloujÐec. JewroÔme thn akoloujÐa (an), n = 1, 2, . . . ,
tètoia ¸ste a1 = 1, a2 = 3 kai 2an = −3an−1 + 2an−2, n = 3, 4, . . .. Na
ekfrasjeÐ o ìroc an sunart sei twn a1, a2 kai n.
H sqèsh 2an = −3an−1 + 2an−2 eÐnai isodÔnamh me th sqèsh

(
an

an−1

)
=

( −3
2 1
1 0

)(
an−1

an−2

)
.

'Estw A =
( −3

2 1
1 0

)
. Tìte

(
an

an−1

)
= A

(
an−1

an−2

)
. (4)

Efarmìzontac thn (4) diadoqik� èqoume
(

an

an−1

)
= A2

(
an−2

an−3

)
= · · · = An−2

(
a2

a1

)
.

Ja upologÐsoume t¸ra ton pÐnaka An−2 sÔmfwna me th mèjodo pou eÐdame
sthn Efarmog  1. To qarakthristikì polu¸numo tou A eÐnai χA(x) =
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(x+2)
(
x− 1

2

)
, opìte oi idiotimèc eÐnai λ1 = −2 kai λ2 = 1

2 . Ta antÐstoiqa
idiodianÔsmata eÐnai

x

(
λ1

1

)
, x ∈ R− {0}

x

(
λ2

1

)
, x ∈ R− {0}

Up�rqei mia b�sh tou R2×1 pou apoteleÐtai apì idiodianÔsmata tou A, gia

par�deigma h
{(

λ1

1

)
,

(
λ2

1

)}
. 'Ara o A eÐnai diagwnÐsimoc.

'Estw P =
(

λ1 λ2

1 1

)
. Tìte P−1AP =

(
λ1 0
0 λ2

)
, opìte

P−1An−2P =
(

λn−2
1 0

0 λn−2
2

)
. 'Ara

An−2 = P

(
λn−2

1 0
0 λn−2

2

)
P−1

=
(

λ1 λ2

1 1

)(
λn−2

1 0
0 λn−2

2

)(
λ1 λ2

1 1

)−1

=
1

λ1 − λ2

(
λn−1

1 − λn−1
2 λ1λ

n−1
2 − λ2λ

n−1
1

λn−2
1 − λn−2

2 λ1λ
n−2
2 − λ2λ

n−2
1

)
.

Apì th sqèsh
(

an

an−1

)
= An−2

(
a2

a1

)
brÐskoume ìti

an =
1

λ1 − λ2

(
a2(λn−1

1 − λn−1
2 ) + a1(λ1λ2

n−1 − λ2λ
n−1
1 )

)
.

Antikajist¸ntac λ1 = −2, λ2 = 1
2 , a1 = 1, a2 = 3 brÐskoume ìti an =

(−1)n2n−1 + 1
2n−2 .

3. RÐzec pin�kwn. 'Estw

A =




5 2 0
2 6 −2
0 −2 7


 ∈ R3×3.

Na brejoÔn 8 diaforetikoÐ pÐnakec B tètoioi ¸ste B2 = A.
Me pr�xeic epalhjeÔetai ìti χA(x) = −(x − 3)(x − 6)(x − 9). EpÐshc,
up�rqei b�sh tou R3×1 pou apoteleÐtai apì idiodianÔsmata tou A. Mia
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tètoia b�sh eÐnai h








2
−2

1


 ,




2
1
2


 ,




1
2

−2






. 'Ara o A eÐnai dia-

gwnÐsimoc. 'Estw

P =




2 2 1
−2 1 2

1 2 −2


 .

Tìte P−1AP =




3 0 0
0 6 0
0 0 9


, opìte A = P




3 0 0
0 6 0
0 0 9


P−1. An B

eÐnai ènac apì touc 8 pÐnakec

P



±√3 0 0

0 ±√6 0
0 0 ±3


P−1

tìte B2 = A. Oi parap�nw 8 pÐnakec eÐnai an� dÔo di�foroi (giatÐ?).

4. Sust mata diaforik¸n exis¸sewn. An y = y(t) : R → R eÐnai mia
paragwgÐsimh sun�rthsh, me y′ sumbolÐzoume thn par�gwgo thc y. Sto
par�deigma autì ja jewr soume gnwstì ìti, an λ ∈ R, tìte oi lÔseic
thc diaforik c exÐswshc y′ = λy eÐnai oi y = ceλt, c ∈ R. JewroÔme to
sÔsthma

x′1 = 3x1 + x2 + x3

x′2 = 2x1 + 4x2 + 2x3

x′3 = −x1 − x2 + x3

ìpou gia k�je i, xi = xi(t) : R → R eÐnai mia paragwgÐsimh sun�rthsh.
Mia profan c lÔsh eÐnai xi = 0, i = 1, 2, 3. Ja broÔme ìlec tic lÔseic.
JewroÔme thn apeikìnish x : R→ R3×1,

x(t) =




x1(t)
x2(t)
x3(t)


 .

OrÐzoume thn “par�gwgo” thc x na eÐnai h apeikìnish x′ : R→ R3,

x′(t) =




x′1(t)
x′2(t)
x′3(t)


 .
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'Estw

A =




3 1 1
2 4 2

−1 −1 1


 ∈ R3×3

o pÐnakac twn suntelest¸n tou sust matoc. EÔkola epalhjeÔoume ìti oi
idiotimèc tou A eÐnai oi 2, 4 kai ìti o A eÐnai diagwnÐsimoc: mia b�sh tou R3

pou apoteleÐtai apì idiodianÔsmata tou A ìpou eÐnai oi st lec tou pÐnaka

P =



−1 0 −1

0 −1 −2
1 1 1


 .

'Eqoume P−1AP = ∆, ìpou

∆ =




2 0 0
0 2 0
0 0 4


 ,

opìte A = P∆P−1. To arqikì sÔsthma gr�fetai sth morf  x′ = Ax
opìte èqoume x′ = P∆P−1x   isodÔnama P−1x′ = ∆P−1x. OrÐzoume
th sun�rthsh y : R → R3×1, y(t) = P−1x(t), kai parathroÔme ìti y′ =
P−1x′ = ∆P−1x = ∆y. To sÔsthma y′ = ∆y epilÔetai eÔkola: an

y =




y1

y2

y3


, tìte




y′1(t)
y′2(t)
y′3(t)


 =




2y1(t)
2y2(t)
4y3(t)


 ,

opìte y′1(t) = 2y1(t), y′2(t) = 2y2(t), y′3(t) = 4y2(t). Kajemi� apì tic
exis¸seic autèc lÔnetai xeqwrist�. 'Eqoume antÐstoiqa y1(t) = c1e

2t,
y2(t) = c2e

2t, y3(t) = c3e
4t, ìpou c1, c2, c3 ∈ R. Apì th sqèsh y(t) =

P−1x(t) paÐrnoume x(t) = Py(t), opìte



x1(t)
x2(t)
x3(t)


 =



−1 0 −1

0 −1 −2
1 1 1







y1(t)
y2(t)
y3(t)




=



−c1e

2t − c3e
4t

−c2e
2t − 2c3e

4t

c1e
2t + c2e

2t + c3e
4t


 .
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Krit ria diagwnisimìthtac
'Estw f : V → V mia grammik  apeikìnish. 'Eqoume  dh brei èna krit rio

gia to pìte h f eÐnai diagwnÐsimh (bl. Prìtash 2.2.3). Ja apodeÐxoume sth
sunèqeia kai �lla shmantik� krit ria diagwnisimìthtac.

UpenjumÐzoume ìti, an λ ∈ F eÐnai mia idiotim  thc f , o idiìqwroc thc f pou
antistoiqeÐ sth λ eÐnai o dianusmatikìc upìqwroc tou V ,

V (λ) = ker(f − λ1V ).

Xèroume ìti ta idiodianÔsmata thc f pou antistoiqoÔn sthn idiotim  λ eÐnai ta
mh mhdenik� stoiqeÐa tou V (λ).

Sth sunèqeia ja qreiasteÐ na exet�soume pwc “susqetÐzontai” oi idiìqwroi
miac grammik c apeikìnishc.

Prin proqwr soume sto epìmeno apotèlesma, ac jewr soume mia eidik 
perÐptwsh. 'Estw f : V → V mia grammik  apeikìnish. Upojètoume ìti
h f èqei toul�qiston dÔo diakekrimènec idiotimèc λ1, λ2. Isqurizìmaste ìti
V (λ1)∩V (λ2) = {0}. Pr�gmati, an u ∈ V (λ1) kai u ∈ V (λ2), tìte f(u) = λ1u
kai f(u) = λ2u, opìte (λ1−λ2)u = 0. Epeid  èqoume λ1−λ2 6= 0 sumperaÐnoume
ìti u = 0.

ParathroÔme ìti h sqèsh V (λ1) ∩ V (λ2) = {0} eÐnai isodÔnamh me to ex c:
an u1 ∈ V (λ1) kai u2 ∈ V (λ2) eÐnai tètoia ¸ste

u1 + u2 = 0

tìte u1 = u2 = 0.
UpenjumÐzoume ìti an W1, . . . ,Wk eÐnai upìqwroi tou V , tìte to �jroisma

aut¸n eÐnai o upìqwroc tou V pou orÐzetai wc ex c

W1 + · · ·+ Wk = {w1 + · · ·+ wk ∈ V | w1 ∈ W1, . . . , wk ∈ Wk}.

L mma 2.2.8. 'Estw f : V → V mia grammik  apeikìnish. 'Estw λ1, . . . , λk oi
diakekrimènec idiotimèc thc f . Tìte isqÔoun ta ex c

i) An èqoume v1 + v2 + · · ·+ vk = 0, ìpou vi ∈ V (λi), i = 1, . . . , k, tìte k�je
vi eÐnai Ðso me mhdèn.

ii) O upìqwroc W = V (λ1) + V (λ2) + · · · + V (λk) èqei di�stash dimW =
dimV (λ1)+dimV (λ2)+ · · ·+dim V (λk). IdiaÐtera, an Bi eÐnai mia b�sh

tou V (λi), i = 1, . . . , k, tìte h
k⋃

i=1
Bi eÐnai mia b�sh tou W .
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Apìdeixh. i) 'Estw ìti èqoume v1 + · · · + vk = 0, vi ∈ V (λi), i = 1, . . . , k kai
k�poio vj eÐnai mh mhdenikì. Tìte up�rqei mia sqèsh thc morf c

vj1 + · · ·+ vjr = 0 (5)

ìpou k�je vjs eÐnai mh mhdenikì, s = 1, . . . , r. Epilègoume mÐa tètoia sqèsh
ìpou to r eÐnai el�qisto. Efarmìzontac th grammik  apeikìnish f paÐrnoume
f(vj1) + · · ·+ f(vjr) = f(0) = 0 kai epomènwc

λj1vj1 + · · ·+ λjrvjr = 0. (6)

Apì thn (5) èqoume vjr = −vj − · · · − vjr−1 . Antikajist¸ntac sthn (6) lamb�-
noume

(λj1 − λjr)vj1 + · · ·+ (λjr−1 − λjr)vjr−1 = 0. (7)

Epeid  ta λi eÐnai diakekrimèna, oi prosjetaÐoi (λj1 − λjr)vj1 , . . . , (λjr−1 −
λjr)vjr−1 eÐnai mh mhdenikoÐ. Dhlad  h sqèsh (7) eÐnai thc morf c (5), all�
sthn (7) èqoume r − 1 prosjetèouc. Autì eÐnai �topo apì ton orismì tou r.

ii) 'Estw Bi = {βi1, . . . , βiri} mia b�sh tou V (λi), i = 1, . . . , k. Ja deÐxoume

ìti h ènwsh B =
k⋃

i=1
Bi eÐnai mia b�sh tou W .

Pr�gmati, eÐnai profanèc ìti to sÔnolo B par�gei to q¸ro W . 'Estw

µ11β11 + · · ·+ µ1r1β1r1 + · · ·+ µk1βk1 + · · ·+ µkrk
βkrk

= 0

ìpou µij ∈ F . Apì to mèroc i) tou L mmatoc sumperaÐnoume ìti

µ11β11+ · · ·+ µ1r1β1r1 = 0
· · ·

µk1βk1+ · · ·+ µkrk
βkrk

= 0.

Epeid  to Bi eÐnai b�sh, i = 1, . . . , k, paÐrnoume

µ11 = · · · = µ1r1 = 0
· · ·

µk1 = · · · = µkrk
= 0.

Sunep¸c to B eÐnai grammik� anex�rthto. 'Ara to B eÐnai mia b�sh tou W . 'Ara
dimW =| B |=| B1 | + · · ·+ | Bk |= dimV (λ1) + · · · + dimV (λk), giatÐ ta
peperasmèna sÔnola Bi eÐnai an� dÔo xèna.
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Parat rhsh. Apì to pr¸toc mèroc tou prohgoÔmenou l mmatoc èpetai �mesa
ìti se diakekrimènec idiotimèc miac grammik c apeikìnishc antistoiqoÔn grammik�
anex�rthta idiodianÔsmata. Pr�gmati, an λ1, ..., λk eÐnai diakekrimènec idiotimèc
thc f kai v1, ..., vk eÐnai antÐstoiqa idiodanÔsmata tètoia ¸ste µ1v1+· · ·+µkvk =
0, tìte sun�goume ìti µ1v1 = 0, · · · , µkvk = 0.
'Ara µ1 = 0, · · · , µk = 0.

Pìrisma 2.2.9. 'Estw f : V → V mia grammik  apeikìnish. An h f èqei ν
diakekrimènec idiotimèc, ìpou ν = dimV , tìte h f eÐnai diagwnÐsimh.

Apìdeixh. An λ1, . . . , λν eÐnai diakekrimènec idiotimèc kai v1, . . . , vν eÐnai antÐ-
stoiqa idiodianÔsmata, tìte aut� eÐnai grammik� anex�rthta. AfoÔ ν = dim V ,
aut� sugkrotoÔn mia b�sh tou V .

Sth gl¸ssa twn pin�kwn, to prohgoÔmeno pìrisma lèei ìti an ènac pÐnakac
A ∈ F ν×ν èqei ν diakekrimènec idiotimèc tìte o A eÐnai diagwnÐsimoc (giatÐ?).

ShmeÐwsh. EpishmaÐnoume ìti to antÐstrofo tou PorÐsmatoc 2.2.9 den alhjeÔei.
Gia par�deigma h tautotik  apeikìnish 1V : R2 → R2 eÐnai bèbaia diagwnÐsimh
all� èqei mìno mÐa idiotim , th λ = 1. 'Ena �llo par�deigma eÐdame sthn Efar-
mog  2.2.7 1. EkeÐ o pÐnakac A ∈ R3×3 eÐqe mìno dÔo diakekrimènec idiotimèc,
all� eÐnai diagwnÐsimoc.

To epìmeno je¸rhma perigr�fei di�fora qr sima krit ria diagwnisimìthtac
kai eÐnai èna apì ta kentrik� apotelèsmata autoÔ tou kefalaÐou.

Je¸rhma 2.2.10. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F , ν = dimV , f : V → V mia grammik  apeikìnish kai λ1, . . . , λk oi
diakekrimènec idiotimèc thc f . Tìte ta akìlouja eÐnai isodÔnama.

i) H f eÐnai diagwnÐsimh.

ii) To qarakthristikì polu¸numo thc f eÐnai ginìmeno prwtob�jmiwn ìrwn,
χf (x) = (−1)ν(x − λ1)ν1 · · · (x − λk)νk , kai gia k�je i = 1, . . . , k isqÔei
dimV (λi) = νi.

iii) IsqÔei ν = dimV (λ1) + · · ·+ dimV (λk).

iv) Up�rqei mia b�sh tou V pou apoteleÐtai apì idiodianÔsmata thc f .

Apìdeixh. i) ⇒ ii) 'Estw ìti h f eÐnai diagwnÐsimh. Tìte up�rqei mia diatetagmè-
nh b�sh α̂ tou V ètsi ¸ste o pÐnakac (f : α̂) eÐnai diag¸nioc. To qarakthristikì
polu¸numo enìc ν×ν diag¸niou pÐnaka eÐnai thc morf c (−1)ν(x−λ1)ν1 · · · (x−
λk)νk , ìpou ν1 + · · ·+ νk = ν.
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'Eqoume dimV (λi) = dim ker(f − λi1V ). Epeid  sto diag¸nio pÐnaka ((f −
λi1V ) : α̂) = (f : α̂) − λiI, akrib¸c νi stoiqeÐa thc kurÐac diagwnÐou eÐnai Ðsa
me mhdèn, sumperaÐnoume ìti dimV (λi) = νi.
ii) ⇒ iii) 'Eqoume ìti dimV (λ1) + · · ·+ dimV (λk) = ν1 + · · ·+ νk = ν.
iii) ⇒ iv) Apì to L mma 2.2.8 ii èqoume ìti dimV (λ1) + · · · + dimV (λk) =
dim(V (λ1) + · · · + V (λk)). 'Ara dim(V (λ1) + · · · + V (λk)) = ν = dim V kai
kat� sunèpeia V = V (λ1)+ · · ·+V (λk). Apì to Ðdio L mma, prokÔptei ìti an Bi

eÐnai mia b�sh tou V (λi), i = 1, . . . , k, tìte mia b�sh tou V = V (λ1)+· · ·+V (λk)

eÐnai h
k⋃

i=1
Bi. Profan¸c ta stoiqeÐa tou sunìlou

k⋃
i=1

Bi eÐnai idiodianÔsmata

thc f .
iv) ⇒ i) Autì prokÔptei apì thn Prìtash 2.2.3.

'Estw A ∈ F ν×ν . An λ ∈ F eÐnai mia idiotim  thc f , jètoume V (λ) =
ker(γA − λI) ìpou γA : F ν×1 → F ν×1, γA(X) = AX. Ja onom�zoume ton
upìqwro V (λ) ton idiìqwro tou pÐnaka A pou antistoiqeÐ sth λ. To antÐstoiqo
tou prohgoÔmenou jewr matoc stouc pÐnakec eÐnai to ex c.

Je¸rhma 2.2.11. 'Estw A ∈ F ν×ν . Tìte ta akìlouja eÐnai isodÔnama

i) O A eÐnai diagwnÐsimoc,

ii) IsqÔei χA(x) = (−1)ν(x − λ1)ν1 · · · (x − λk)νk kai gia k�je i = 1, . . . , k
èqoume dimV (λi) = νi,

iii) IsqÔei ν = dim V (λ1) + · · ·+ dimV (λk),

iv) Up�rqei mia b�sh tou F ν×1 pou apoteleÐtai apì idiodianÔsmata tou A.

Apìdeixh. H apìdeixh èpetai �mesa apì to Je¸rhma 2.2.10 kai thn parat rh-
sh ìti o pÐnakac A eÐnai diagwnÐsimoc an kai mìno an h grammik  apeikìnish
γA : F ν×1 → F ν×1 eÐnai diagwnÐsimh.

ParadeÐgmata 2.2.12.

1. O pÐnakac A ∈ R3×3,

A =




1 1 −1
−1 3 −1
−1 2 0




den eÐnai diagwnÐsimoc sÔmfwna me to Je¸rhma 2.2.11 ii). Pr�gmati,
eÔkola epalhjeÔetai ìti to qarakthristikì polu¸numo tou A eÐnai to
χA(x) = −(x− 1)2(x− 2), en¸ o idiìqwroc pou antistoiqeÐ sthn idiotim 
λ = 1 èqei di�stash 1 (kai ìqi 2).
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2. Wc stoiqeÐo tou R3×3 o pÐnakac

A =




0 0 1
1 0 −1
0 1 1




den eÐnai diagwnÐsimoc giatÐ to qarakthristikì tou polu¸numo, χA(x) =
−(x−1)(x2+1), den analÔetai se ginìmeno prwtob�jmiwn ìrwn (Je¸rhma
2.2.11 ii)). Wc stoiqeÐo tou C3×3, o A eÐnai diagwnÐsimoc giatÐ èqei treic
diakekrimènec idiotimèc.

3. Gia poia a ∈ R h grammik  apeikìnish f : R3 → R3, f(x, y, z) = (x +
az, 2y, ay + 2z) eÐnai diagwnÐsimh?
ParathroÔme ìti o pÐnakac thc f wc proc thn kanonik  b�sh tou R3 eÐnai

o A =




1 0 a
0 2 0
0 a 2


 kai epomènwc to qarakthristikì polu¸numo thc f

eÐnai to χA(x) = −(x − 1)(x − 2)2. Oi idiotimèc eÐnai λ1 = 1, λ2 = 2.
Ja prosdiorÐsoume tic diast�seic twn idiìqwrwn V (λi) qrhsimopoi¸ntac
th sqèsh dimV (λ) = 3− rk(A− λI) ('Askhsh 2.12). Epeid  A− λ1I =


0 0 a
0 1 0
0 a 1


 èqoume

dimV (λ1) = 1

kai epeid  A− λ2I =



−1 0 a

0 0 0
0 a 0


 èqoume

dimV (λ2) =
{

1, a 6= 0
2, a = 0

Sunep¸c, dimV (λ1) + dimV (λ2) = 3 an kai mìno an a = 0. Apì to
Je¸rhma 2.2.11 iii) èqoume ìti h f eÐnai diagwnÐsimh an kai mìno an a = 0.

Diast�seic idiìqwrwn
Sto prohgoÔmeno je¸rhma eÐdame dÔo krit ria diagwnisimìthtac pou afo-

roÔn tic diast�seic twn idiìqwrwn. Ja apodeÐxoume sth sunèqeia èna genikì
apotèlesma sqetik� me tic diast�seic autèc.

An to λ ∈ F eÐnai mia idiotim  miac grammik c apeikìnishc   enìc pÐnaka tìte
aut  eÐnai rÐza tou antÐstoiqou qarakthristikoÔ poluwnÔmou χ(x). 'Ara èqoume
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ìti to x− λ diaireÐ to χ(x). 'Estw m = m(λ) o megalÔteroc jetikìc akèraioc
tètoioc ¸ste to (x−λ)m diaireÐ to χ(x). O m onom�zetai h pollaplìthta thc
idiotim c λ. Gia par�deigma, an to qarakthristikì polu¸numo miac grammik c
apeikìnishc R5 → R5 eÐnai to −(x − 4)(x + 3)2(x2 + 1), tìte m(4) = 1 kai
m(−3) = 2.

SÔmfwna me to Je¸rhma 2.2.10, isqÔei dimV (λ) = m(λ) gia k�je idiotim 
λ miac diagwnÐsimhc apeikìnishc f : V → V . Ja doÔme t¸ra ìti gia tuqaÐa
grammik  apeikìnish f : V → V isqÔei dimV (λ) ≤ m(λ).

Je¸rhma 2.2.13. 'Estw f : V → V mia grammik  apeikìnish. An to λ ∈ F
eÐnai mia idiotim  thc f , tìte isqÔei dimV (λ) ≤ m(λ).

Apìdeixh. 'Estw {α1, . . . , αk} mia diatetagmènh b�sh tou V (λ). EpekteÐnoume
aut  se mia diatetagmènh b�sh α̂ = {α1, . . . , αk, αk+1, . . . , αν} tou V . Gia k�je
i = 1, 2, . . . , k èqoume f(αi) = λαi. Epomènwc o pÐnakac thc f wc proc thn α̂
eÐnai thc morf c

(f : α̂) =
(

λIk B
0 Γ

)

ìpou B ∈ F k×(ν−k), Γ ∈ F (ν−k)×(ν−k) kai 0 eÐnai o (ν−k)×k mhdenikìc pÐnakac.
Apì thn Prìtash 2.1.14 èqoume ìti to qarakthristikì polu¸numo tou parap�nw
pÐnaka (kai epomènwc thc f) eÐnai to ginìmeno (−1)k(x − λ)kχΓ (x). 'Ara to
(x − λ)k diaireÐ to qarakthristikì polu¸numo thc f . Epomènwc k ≤ m(λ),
dhlad  dimV (λ) ≤ m(λ).

Eujèa ajroÐsmata upoq¸rwn
UpenjumÐzoume ìti an W1,W2 eÐnai upìqwroi tou V tètoioi ¸ste W1∩W2 =

{0}, tìte to �jroisma W1 + W2 onom�zetai to eujÔ �jroisma twn W1 kai W2

kai sun jwc sumbolÐzetai me W1 ⊕W2. Xèroume (bl. A, Prìtash 3.2.13) ìti
k�je stoiqeÐo tou W1 ⊕W2 gr�fetai kat� monadikì trìpo sth morf  w1 + w2,
ìpou w1 ∈ W1, w2 ∈ W2.

Gia par�deigma, an λ1, λ2 eÐnai dÔo diakekrimènec idiotimèc miac grammik c
apeikìnishc f : V → V , tìte èqoume, ìpwc eÐdame prin to L mma 2.2.8, ìti
V (λ1) ∩ V (λ2) = {0}. Sunep¸c to �jroisma V (λ1) + V (λ2) eÐnai eujÔ.

T¸ra ja genikeÔsoume ta parap�nw. AntÐ twn dÔo prosjetèwn W1,W2 ja
èqoume opoiod pote peperasmèno pl joc.

Orismìc 2.2.14. 'Estw W ènac dianusmatikìc q¸roc kai W1, . . . , Wk upìqwroi
tou V . Ja lème ìti o W eÐnai to eujÔ �jroisma twn W1, . . . ,Wk kai ja
gr�foume W = W1 ⊕W2 ⊕ · · · ⊕Wk an isqÔoun oi parak�tw sunj kec
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i) W = W1 + W2 + . . . + Wk

ii) Gia k�je j = 1, 2, . . . , k èqoume Wj∩(W1+· · ·+Wj−1+Wj+1+· · ·+Wk) =
{0}.

ParadeÐgmata.

1. 'Eqoume R4 = W1 ⊕ W2 ⊕ W3 ìpou W1 = {(x, y, 0, 0) ∈ R4}, W2 =
{(0, 0, z, 0) ∈ R4}, W3 = {(0, 0, 0, w) ∈ R4}.
Pr�gmati, epeid  k�je stoiqeÐo (x, y, z, w) tou R4 gr�fetai sth morf 
(x, y, z, w) = (x, y, 0, 0) + (0, 0, z, 0) + (0, 0, 0, w) sumperaÐnoume ìti R4 =
W1 + W2 + W3. EÐnai fanerì ìti

W1 ∩ (W2 + W3) = W2 ∩ (W1 + W3) = W3 ∩ (W1 + W2) = {0}.
Mia �llh par�stash tou R4 wc eujÔ �jroisma upoq¸rwn eÐnai R4 =
W1 ⊕W2 ⊕W4, ìpou W4 = {(0, 0, z, z) ∈ R4}.

2. IsqÔei F ν×ν = W1 ⊕W2 ⊕W3, ìpou W1 = {(aij) ∈ F ν×ν | aij = 0 an
i ≥ j}, W2 = {(aij) ∈ F ν×ν | aij = 0 an i ≤ j}, W3 = {(aij) ∈ F ν×ν |
aij = 0 an i 6= j}.

3. An U1 = {(aij) ∈ F ν×ν | aij = 0 an i > j} kai U2 = {(aij) ∈ F ν×ν |
aij = 0 an i < j}, tìte to �jroisma U1+U2 den eÐnai eujÔ afoÔ U1∩U2 6=
{0}.

Je¸rhma 2.2.15. 'Estw W1, . . . ,Wk upìqwroi tou dianusmatikoÔ q¸rou W .
Tìte ta akìlouja eÐnai isodÔnama

i) W = W1 ⊕W2 ⊕ · · · ⊕Wk

ii) W = W1 +W2 + · · ·+Wk kai an w1 + · · ·+wk = 0 me w1 ∈ W1, . . . , wk ∈
Wk, tìte w1 = w2 = · · · = wk = 0.

iii) K�je stoiqeÐo w ∈ W gr�fetai kat� monadikì trìpo wc w = w1 + w2 +
· · ·+ wk me w1 ∈ W1, . . . , wk ∈ Wk.

Apìdeixh. i) ⇒ ii) 'Estw W = W1 ⊕ · · · ⊕ Wk. Tìte bèbaia èqoume W =
W1 + · · ·+ Wk. 'Estw w1 + · · ·+ wk = 0, wi ∈ Wi, i = 1, . . . , k. Tìte gia k�je
j = 1, . . . , k èqoume

wj = −w1−· · ·−wj−1−wj+1−· · ·−wk ∈ Wj∩(W1+· · ·+Wj−1+Wj+1+· · ·+Wk).

'Ara wj = 0, j = 1, . . . , k.
ii) ⇒ iii) 'Estw w ∈ W . AfoÔ W = W1 + · · ·+ Wk, up�rqoun wi ∈ Wi tètoia
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¸ste w = w1 + · · · + wk. 'Estw t¸ra ìti up�rqoun w′1 ∈ W1, . . . , w
′
k ∈ Wk

tètoia ¸ste w = w′1 + · · ·+ w′k. Tìte

(w1 − w′1) + (w2 − w′2) + · · ·+ (wk − w′k) = 0.

Apì th upìjesh paÐrnoume w1 − w′1 = · · · = wk − w′k = 0, opìte w1 =
w′1, . . . , wk = w′k.
iii) ⇒ i) ArkeÐ na deÐxoume ìti gia k�je j = 1, . . . , k èqoume Wj ∩ (W1 +
· · · + Wj−1 + Wj+1 + · · · + Wk) = {0}. 'Estw wj ∈ Wj tètoio ¸ste wj ∈
W1 + . . . + Wj−1 + Wj+1 + · · · + Wk. Tìte up�rqoun wi ∈ Wi (i 6= j) tètoia
¸ste

wj = w1 + · · ·+ wj−1 + wj+1 + · · ·+ wk.

Epeid  èqoume kai th graf  wj = 0+ · · ·+0+wj +0+ · · ·+0, apì thn upìjesh
sumperaÐnoume ìti wi = 0, i = 1, . . . , k. IdiaÐtera, wj = 0.

An W1,W2 eÐnai peperasmènhc di�stashc upìqwroi tou dianusmatikoÔ q¸rou
W kai Bi eÐnai mia b�sh tou Wi (i = 1, 2), tìte eÐnai fanerì ìti to sÔnolo
B1 ∪B2 eÐnai èna sÔnolo gennhtìrwn tou W1 + W2, all� to B1 ∪B2 den eÐnai
anagkastik� mia b�sh tou W1 + W2 (giatÐ?). 'Ara èqoume dim(W1 + W2) ≤
dimW1 + dim W2.

Pìrisma 2.2.16. 'Estw Wi (i = 1, . . . , k) peperasmènhc di�stashc upìqwroi
tou dianusmatikoÔ q¸rou W kai Bi mia b�sh tou Wi. An to �jroisma W1+W2+

· · ·+Wk eÐnai eujÔ, tìte h ènwsh
k⋃

i=1
Bi eÐnai mia b�sh tou W1+W2+· · ·+Wk kai

epiplèon èqoume dim(W1⊕W2⊕· · ·⊕Wk) = dimW1 +dimW2 + · · ·+dimWk.

Apìdeixh. 'Estw ìti to �jroisma W1 + W2 + · · ·Wk eÐnai eujÔ. EÐnai fanerì

ìti to sÔnolo
k⋃

i=1
Bi par�gei to W1 ⊕W2 ⊕ · · · ⊕Wk. To sÔnolo

k⋃
i=1

Bi eÐnai

grammik� anex�rthto, giatÐ an Bi = {βi1, . . . , βiri} kai

(µ11β11 + · · ·+ µ1r1β1r1) + · · ·+ (µk1βk1 + · · ·+ µkrk
βkrk

) = 0,

ìpou µij ∈ F , tìte apì to Je¸rhma 2.2.15 ii) paÐrnoume

µ11β11+ · · ·+ µ1r1β1r1 = 0
· · ·

µk1βk1+ · · ·+ µkrk
βkrk

= 0.
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Epeid  ta Bi eÐnai b�seic, èqoume

µ11 = · · · = µ1r1 = 0
· · ·

µk1 = · · · = µkrk
= 0.

Sunep¸c to
k⋃

i=1
Bi eÐnai mia b�sh tou W1⊕W2⊕· · ·⊕Wk. 'Ara èqoume dim(W1⊕

W2⊕· · ·⊕Wk) =
∣∣∣

k⋃
i=1

Bi

∣∣∣ =| B1 | + · · ·+ | Bk |= dimW1 + · · ·+dim Wk, afoÔ

ta peperasmèna sÔnola Bi eÐnai an� dÔo xèna.

Parathr seic.

i) 'Estw Wi (i = 1, . . . , k) peperasmènhc di�stashc upìqwroi tou dianusma-
tikoÔ q¸rou W . EÐdame ìti, an to �jroisma W1 + · · · + Wk eÐnai eujÔ,
tìte dim(W1 + · · · + Wk) = dimW1 + · · · + dim Wk. EpishmaÐnoume ìti
isqÔei kai to antÐstrofo. Bl. 'Askhsh 20.

ii) AxÐzei na tonÐsoume ed¸ thn omoiìthta twn apodeÐxewn tou L mmatoc 2.2.8
ii) kai tou prohgoÔmenou porÐsmatoc. H omoiìthta aut  ofeÐletai sto
ex c: An λ1, . . . , λk eÐnai oi diakekrimènec idiotimèc miac grammik c apeikì-
nishc f : V → V , tìte to �jroisma V (λ1)+ · · ·+V (λk) eÐnai p�nta eujÔ,
sÔmfwna me to Je¸rhma 2.2.15 kai to L mma 2.2.8.

Pìrisma 2.2.17. 'Estw f : V → V mia grammik  apeikìnish kai λ1, . . . , λk oi
diakekrimènec idiotimèc thc f . Tìte ta akìlouja eÐnai isodÔnama

i) H f eÐnai diagwnÐsimh

ii) V = V (λ1) + · · ·+ V (λk)

iii) V = V (λ1)⊕ · · · ⊕ V (λk).

Apìdeixh. i) ⇒ ii) Apì thn Prìtash 2.2.3 sun�goume ìti V ⊆ V (λ1) + · · · +
V (λk). 'Ara V = V (λ1) + · · ·+ V (λk).
ii) ⇒ iii) Xèroume ìti to �jroisma V (λ1) + · · ·+ V (λk) eÐnai eujÔ.
iii) ⇒ i) Apì to Pìrisma 2.2.16 sun�goume ìti o V èqei mia b�sh apoteloÔmenh
apì idiodianÔsmata thc f . 'Ara h f eÐnai diagwnÐsimh.
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Ask seic 2.2

1. Exet�ste poièc apì tic parak�tw grammikèc apeikonÐseic eÐnai diagwnÐsi-
mec.

i) f : R2 → R2, f(x, y) = (3x− 2y, x + 3y)

ii) f : R2 → R2, f(x, y) = (−2y, x + 3y)

iii) f : R2 → R3, f(x, y, z) = (−2y − 3z, x + 3y + 3z, z)

Se k�je perÐptwsh na upologisjoÔn oi diast�seic twn idiìqwrwn.

2. Exet�ste an oi parak�tw pÐnakec eÐnai diagwnÐsimoi

i) A =




3 0 0
0 0 −1
0 1 0


 ∈ R3×3

ii) A =




3 0 0
0 0 −1
0 1 0


 ∈ C3×3

iii) B =
(

1 1
1 1

)
∈ R2×2

iv) Γ =




1 1 1
1 1 1
1 1 1


 ∈ R3×3

An ènac apì touc parap�nw pÐnakec eÐnai diagwnÐsimoc, na brejeÐ mia b�sh
tou F ν×1 pou na apoteleÐtai apì idiodianÔsmata tou pÐnaka autoÔ.

3. AfoÔ apodeÐxte ìti o pÐnakac A ∈ R3×3,

A =




1 −2 2
0 −3 4
0 −2 3




eÐnai diagwnÐsimoc, na brejeÐ ènac pÐnakac P ∈ R3×3 tètoioc ¸ste o
P−1AP eÐnai diag¸nioc.

4. AfoÔ apodeÐxte ìti oi idiotimèc tou pÐnaka

A =




4 0 1
2 3 2
1 0 4


 ∈ R3×3
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eÐnai oi 3, 5 breÐte mia b�sh gia kajènan apì touc idiìqwrouc V (3), V (5).
AlhjeÔei ìti dimV (3) + dimV (5) = 3?

5. Exet�ste an oi pÐnakec



0 0 0 1
0 0 2 0
0 3 0 0
4 0 0 0


 ,




0 0 0 0
0 0 1 0
0 2 0 0
3 0 0 0




eÐnai diagwnÐsimoi.

6. Na upologisjeÐ o pÐnakac An, n = 1, 2, . . . , ìpou A =
(

1 4
2 3

)
∈ R2×2.

7. JewroÔme thn akoloujÐa (fn) pou orÐzetai apì f0 = 0, f1 = 1, fn =
fn−1 + fn−2 gia n ≥ 2 (akoloujÐa tou Fibonacci). Qrhsimopoi¸ntac th
mèjodo thc Efarmog c 2.2.7 ii), apodeÐxte ìti

fn =
1√
5

((
1 +

√
5

2

)n

−
(

1−√5
2

)n)
, n = 1, 2, . . . .

Upìdeixh: (
fn

fn−1

)
= A

(
fn−1

fn−2

)
, A =

(
1 1
1 0

)
.

8. 'Estw A =
(

4 −2
2 −1

)
. Na brejoÔn tèsseric diaforetikoÐ pÐnakec B ∈

C2×2 tètoioi ¸ste B2 = A.

9. Na lujeÐ to akìloujo sÔsthma diaforik¸n exis¸sewn

x′ = x + y

y′ = 3x− y

ìpou x = x(t) : R → R, y = y(t) : R → R eÐnai paragwgÐsimec sunart -
seic.

10. ApodeÐxte ìti gia k�je a ∈ R, h grammik  apeikìnish f : R2 → R2,
f(x, y) = (ax + y, x + ay), eÐnai diagwnÐsimh.

11. 'Estw f : V → V ènac isomorfismìc. ApodeÐxte ta ex c

i) K�je idiotim  thc f eÐnai mh mhdenik 
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ii) To λ eÐnai idiotim  thc f an kai mìno an to λ−1 eÐnai idiotim  thc f−1.

iii) O idiìqwroc thc f pou antistoiqeÐ sto λ tautÐzetai me ton idiìqwro
thc f−1 pou antistoiqeÐ sto λ−1.

iv) H f eÐnai diagwnÐsimh an kai mìno an h f−1 eÐnai diagwnÐsimh.

12. i) 'Estw A ∈ F ν×ν . ApodeÐxte ìti o A eÐnai diagwnÐsimoc an kai mìno
an o At eÐnai diagwnÐsimoc.

ii) 'Estw A ∈ F ν×ν . GnwrÐzoume ìti χA(x) = χAt(x) sÔmfwna me thn
Prìtash 2.1.12. 'Estw λ mia idiotim  tou A kai V (λ) (antÐstoiqa,
V (λ)′) o idiìqwroc tou A (antÐstoiqa, At) pou antistoiqeÐ sth λ. A-
podeÐxte ìti dimV (λ) = dimV (λ)′. (ShmeÐwsh: den alhjeÔei genik�
ìti V (λ) = V (λ)′, bl. 'Askhsh 2.1.11).

13. ApodeÐxte ìti h grammik  apeikìnish f : F 2×2 → F 2×2, f(A) = At, eÐnai
diagwnÐsimh. Poioc eÐnai o pÐnakac thc f wc proc th diatetagmènh b�sh((

1 0
0 0

)
,

(
0 1
1 0

)
,

(
0 1

−1 0

)
,

(
0 0
0 1

))
tou F 2×2?

14. Kajemi� apì tic parak�tw prot�seic eÐnai l�joc. D¸ste sqetik� antipa-
radeÐgmata.

i) K�je tetragwnikìc pÐnakac eÐnai diagwnÐsimoc

ii) K�je trigwnikìc pÐnakac eÐnai diagwnÐsimoc

ii) To �jroisma dÔo diagwnÐsimwn pin�kwn eÐnai diagwnÐsimoc

iv) K�je 3× 3 diagwnÐsimoc pÐnakac èqei treic diakekrimènec idiotimèc.

15. Na brejeÐ h di�stash tou (monadikoÔ) idiìqwrou tou pÐnaka



λ 1 0 · · · 0 0
0 λ 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · λ 1
0 0 0 · · · 0 λ




16. i) Up�rqei diagwnÐsimoc pÐnakac A ∈ R4×4 me χA(x) =
(x + 1)(x + 2)(x2 + 1)?

ii) An o A ∈ C4×4 eÐnai diagwnÐsimoc kai χA = (x + 1)2(x2 + 1) na
brejoÔn oi diast�seic twn idiìqwrwn tou A.
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17. 'Estw f, g : V → V dÔo grammikèc apeikonÐseic tètoiec ¸ste fg = gf .
ApodeÐxte ìti an h f èqei ν diakekrimènec idiotimèc, ν = dimV , tìte h g
eÐnai diagwnÐsimh. Upìdeixh: An v ∈ Vf (λ) tìte g(v) ∈ Vf (λ), ìpou Vf (λ)
eÐnai o idiìqwroc thc f pou antistoiqeÐ sthn idiotim  λ.

18. Na brejeÐ mia ikan  kai anagkaÐa sunj kh sta a, b, c ∈ R ètsi ¸ste o

A =




5 0 0
a 5 0
b c 7


 ∈ R3×3

na eÐnai diagwnÐsimoc. Upìdeixh: O A eÐnai diagwnÐsimoc an kai mìno an
dimV (5) = 2, dhlad  an kai mìno an rk(A− 5I) = 1.

19. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F kai
W1,W2 upìqwroi tou V tètoioi ¸ste V = W1 ⊕ W2. ApodeÐxte ìti an
f1 : W1 → W1, f2 : W2 → W2 eÐnai diagwnÐsimec grammikèc apeikonÐseic,
tìte orÐzetai mia apeikìnish wc f : W1 ⊕W2 → W1 ⊕W2, f(w1 + w2) =
f1(w1) + f2(w2) h opoÐa eÐnai mia diagwnÐsimh grammik  apeikìnish.

20. 'Estw Wi (i = 1, . . . , k) peperasmènhc di�stashc upìqwroi tou dianusma-
tikoÔ q¸rou W . Tìte ta akìlouja eÐnai isodÔnama.

i) To �jroisma W1 + W2 + · · ·+ Wk eÐnai eujÔ.
ii) IsqÔei dim(W1 +W2 + · · ·+Wk) = dimW1 +dimW2 + · · ·+dimWk.

Upìdeixh. Apì to Pìrisma 2.2.16 arkeÐ na apodeiqjeÐ h sunepagwg  ii) ⇒
i). 'Estw ìti isqÔei to ii) kai èstw Bi mia b�sh tou Wi, i = 1, . . . , k.

ApodeÐxte ìti
∣∣∣∣

k⋃
i=1

Bi

∣∣∣∣ ≥| B1 | + · · ·+ | Bk |. Epomènwc
∣∣∣∣

k⋃
i=1

Bi

∣∣∣∣ =| B1 |

+ · · ·+ | Bk |= dim(W1 + · · ·+Wk). 'Ara to sÔnolo
k⋃

i=1
Bi eÐnai mia b�sh

tou W1 + · · ·+Wk. To zhtoÔmeno prokÔptei t¸ra apì to Je¸rhma 2.2.15.

21. 'Estw A,B ∈ F ν×ν dÔo diagwnÐsimoi pÐnakec. ApodeÐxte ìti oi A,B eÐnai
ìmoioi an kai mìno an χA(x) = χB(x).
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2.3 TrigwnÐsimec Grammikèc ApeikonÐseic

Sthn prohgoÔmenh par�grafo diapist¸same ìti up�rqoun grammikèc apeikonÐ-
seic pou den eÐnai diagwnÐsimec,   isodÔnama up�rqoun tetragwnikoÐ pÐnakec pou
den eÐnai ìmoioi me diag¸niouc pÐnakec. Sthn paroÔsa par�grafo ja apodeÐ-
xoume ìti k�je tetragwnikìc pÐnakac me stoiqeÐa apì to C eÐnai ìmoioc me ènan
trigwnikì pÐnaka.

Sumbolismìc. Sthn par�grafo aut , me V sumbolÐzoume èna dianusmatikì
q¸ro peperasmènhc di�stashc epÐ tou F , ν = dimV .

Orismìc 2.3.1.

i) 'Enac pÐnakac A ∈ F ν×ν onom�zetai trigwnÐsimoc an o A eÐnai ìmoioc me
ènan �nw trigwnikì pÐnaka.

ii) Mia grammik  apeikìnish f : V → V onom�zetai trigwnÐsimh an up�r-
qei mia diatetagmènh b�sh α̂ tou V tètoia ¸ste o pÐnakac (f : α̂) pou
antistoiqeÐ sthn f eÐnai �nw trigwnikìc.

'Estw β̂ mia diatetagmènh b�sh tou V . ParathroÔme ìti mia grammik  a-
peikìnish f : V → V eÐnai trigwnÐsimh an kai mìno an o pÐnakac (f : β̂) eÐnai
trigwnÐsimoc.

ParadeÐgmata.

1. 'Eqoume dei ìti o pÐnakac A =
(

1 1
0 1

)
∈ C2×2 den eÐnai diagwnÐsimoc.

Profan¸c o A eÐnai trigwnÐsimoc.

2. EÔkola epalhjeÔoume ìti o pÐnakac A =
(

12 20
−5 −8

)
∈ C2×2 èqei mona-

dik  idiotim  λ = 2 kai ìti dimV (2) = 1. 'Ara o A den eÐnai diagwnÐsimoc

sÔmfwna me to Je¸rhma 2.2.11. 'Ena idiodi�nusma tou A eÐnai to
(

2
−1

)
.

'Estw U =
(

2 −1
−1 1

)
. Tìte me pr�xeic diapist¸noume ìti

U−1AU =
(

2 5
0 2

)
.

Dhlad  o A einai trigwnÐsimoc.
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Parat rhsh 2.3.2. EpishmaÐnoume ìti to qarakthristikì polu¸numo χA(x)
enìc trigwnÐsimou pÐnaka A eÐnai ginìmeno prwtob�jmiwn ìrwn. Pr�gmati, an
o A eÐnai trigwnÐsimoc tìte eÐnai ìmoioc me èna �nw trigwnikì pÐnaka T . Tìte

χA(x) = χT (x) sÔmfwna me thn Prìtash 2.1.17. All� an T =




λ1 ∗
. . .

0 λν


,

tìte χT (x) = (−1)ν(x− λ1) · · · (x− λν).

'Estw A ∈ Cν×ν . Tìte to qarakthristikì polu¸numo χA(x) tou A eÐnai èna
polu¸numo jetikoÔ bajmoÔ pou èqei suntelestèc apì to C. 'Ara to χA(x) èqei
mia toul�qiston rÐza sto C. Epomènwc o A èqei mia toul�qiston idiotim .

Je¸rhma 2.3.3. K�je tetragwnikìc pÐnakac me stoiqeÐa apì to C eÐnai trigw-
nÐsimoc.

Apìdeixh. 'Estw A ∈ Cν×ν . Ja qrhsimopoi soume epagwg  sto ν. H perÐptw-
sh ν = 1 eÐnai profan c. 'Estw ν ≥ 2. O A èqei mia toul�qiston idiotim  λ1.
'Estw u1 ∈ Cν×1 èna antÐstoiqo idiodi�nusma tou A. EpekteÐnoume to sÔnolo
{u1} se mia diatetagmènh b�sh tou Cν×1, û = {u1, u2, . . . , uν}. JewroÔme ton
pÐnaka U ∈ Cν×ν tou opoÐou h i-st lh eÐnai h ui. Tìte o U eÐnai antistrèyimoc.
Isqurizìmaste ìti o U−1AU eÐnai thc morf c

U−1AU =




λ1 b2 · · · bν

0
... B1

0




ìpou B1 ∈ C(ν−1)×(ν−1) kai b2, . . . , bν ∈ C. Pr�gmati, apì th sqèsh (3) thc
paragr�fou 2.1 sumperaÐnoume ìti o pÐnakac U−1AU eÐnai o pÐnakac thc gram-
mik c apeikìnishc γA : Cν×1 → Cν×1, γA(X) = AX, wc proc th diatetagmènh
b�sh û tou Cν×1. Dhlad  èqoume

U−1AU = (1Cν×1 : û, Ê)−1(γA : Ê, Ê)(1Cν×1 : û, Ê) = (γA : û, û),

ìpou Ê eÐnai h kanonik  b�sh tou Cν×1 me th fusik  di�taxh. Epeid  isqÔei
γA(u1) = λ1u1, sun�goume ìti o pÐnakac (γA : û, û) eÐnai thc morf c




λ1 b1 · · · bν

0
... B1

0


 .
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'Ara apodeÐxame ton isqurismì. 2

O pÐnakac B1 eÐnai (ν−1)×(ν−1). Apì thn upìjesh thc epagwg c up�rqei
antistrèyimoc U1 ∈ F (ν−1)×(ν−1) tètoioc ¸ste o U−1

1 B1U1 eÐnai trigwnikìc.
'Estw Ū ∈ F ν×ν

Ū = U

(
1 0
0 U1

)
.

Tìte o Ū eÐnai antistrèyimoc (giatÐ?) kai èqoume

Ū−1AŪ =
(

1 0
0 U1

)−1

U−1AU

(
1 0
0 U1

)

=
(

1 0
0 U1

)−1




λ1 b2 · · · bν

0
... B1

0




(
1 0
0 U1

)

=
(

1 0
0 U−1

1

)



λ1 b2 · · · bν

0
... B1

0




(
1 0
0 U1

)

=




λ1 b2 · · · bν

0
... U−1

1 B1

0




(
1 0
0 U1

)

=




λ1 (b2 · · · bν)U1

0
... U−1

1 B1U1

0


 .

2Mia �llh apìdeixh tou isqurismoÔ, pou eÐnai upologistik , eÐnai h ex c: an B = U−1AU ,
tìte AU = UB opìte

∑
j

aijujk =
∑
s

uisbsk, ìpou A = (aij), U = (uij), B = (bij). Ja

deÐxoume ìti b21 = b31 = · · · = bν1 = 0. H pr¸th st lh tou AU eÐnai Ðsh me to ginìmeno Au1.
H pr¸th st lh tou UB eÐnai h




∑
s

u1sbs1

...∑
s

uνsbs1


 =

∑
s




u1s

...
uνs


 bs1 =

∑
s

bs1us.

'Ara èqoume Au1 =
∑
s

bs1us. 'Omwc Au1 = λ1u1, opìte λ1u1 =
∑
s

bs1us. Epeid  ta us eÐnai

grammik� anex�rthta, sumperaÐnoume ìti b11 = λ1 kai b21 = b31 = · · · = bν1 = 0.
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O teleutaÐoc pÐnakac eÐnai �nw trigwnikìc.

ParadeÐgmata.

1. O pÐnakac A =
(

0 −1
1 0

)
∈ R2×2 den eÐnai trigwnÐsimoc, afoÔ to qara-

kthristikì polu¸numo tou A eÐnai to χA(x) = x2 + 1 pou den analÔetai
se ginìmeno prwtob�jmiwn paragìntwn epÐ tou R.

An jewr soume ton A wc stoiqeÐo tou C2×2 tìte autìc eÐnai trigwnÐsi-
moc sÔmfwna me to Je¸rhma 2.3.3. Akìma isqurìtera, o sugkekrimènoc
pÐnakac eÐnai diagwnÐsimoc afoÔ èqei dÔo diakekrimènec idiotimèc.

2. 'Estw A =
( −2 1
−4 2

)
∈ C2×2. 'Eqoume χA(x) = x2 kai dimV (0) =

1. 'Ara o A den eÐnai diagwnÐsimoc. 'Ena idiodi�nusma eÐnai to
(

1
2

)
.

EpekteÐnoume to sÔnolo
{(

1
2

)}
se mia b�sh tou C2×1, ac poÔme thn

{(
1
2

)
,

(
1
0

)}
. 'Estw U =

(
1 1
2 0

)
. Tìte

U−1

( −2 1
−4 2

)
U =

(
0 −2
0 0

)
.

3. 'Estw A ∈ C3×3,

A =




2 1 0
0 1 −1
0 2 4


 .

ParathroÔme ìti o A eÐnai thc morf c

(
λ ∗
0 B

)
,

ìpou B =
(

1 −1
2 4

)
. 'Eqoume χB(x) = (x − 2)(x − 3). O B eÐnai

diagwnÐsimoc giatÐ èqei dÔo diakekrimènec idiotimèc, 2 kai 3. AntÐstoiqa

idiodianÔsmata eÐnai ta
(

1
−1

)
,

(
1

−2

)
. 'Ara P−1BP =

(
2 0
0 3

)
,
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ìpou P =
(

1 1
−1 −2

)
. Jètoume U =

(
1 0
0 P

)
=




1 0 0
0 1 1
0 −1 −2


.

Tìte, sÔmfwna me thn apìdeixh tou Jewr matoc 2.3.3 èqoume

U−1AU =
(

1 0
0 P−1

)



2 1 0
0

B
0




(
1 0
0 P

)

=
(

2 (1, 0)P
0 P−1BP

)

=




2 1 1
0 2 0
0 0 3


 .

EÐdame ìti to qarakthristikì polu¸numo trigwnÐsimou pÐnaka eÐnai ginìmeno
prwtob�jmiwn paragìntwn. IsqÔei kai to antÐstrofo.

Je¸rhma 2.3.4. 'Estw A ∈ F ν×ν . Tìte o A eÐnai trigwnÐsimoc an kai mìno
an to qarakthristikì polu¸numo tou A analÔetai se ginìmeno prwtob�jmiwn
paragìntwn epÐ tou F .

Apìdeixh. An o A eÐnai trigwnÐsimoc, tìte to χA(x) eÐnai ginìmeno prwtob�jmiwn
ìrwn. H apìdeixh tou antistrìfou eÐnai parìmoia me aut  tou Jewr matoc 2.3.3
kai diafèrei mìno se èna shmeÐo: Gia na efarmìsoume thn epagwgik  upìjesh,
ja prèpei na exasfalÐsoume thn Ôparxh miac idiotim c tou B ∈ F (ν−1)×(ν−1)

ìpou
U−1AU =

(
λ ∗
0 B

)
∈ F ν×ν .

'Omwc, an to χA(x) eÐnai ginìmeno prwtob�jmiwn poluwnÔmwn, tìte to Ðdio sum-
baÐnei me to χB(x) sÔmfwna me thn Prìtash 2.1.14 kai kat� sunèpeia o B
èqei mia toul�qiston idiotim . H pl rhc diatÔpwsh thc apìdeixhc af netai san
�skhsh.

ShmeÐwsh. Gia em�c, pou meletoÔme Grammik  'Algebra stic peript¸seic F = R
  C, h praktik  shmasÐa tou Jewr matoc 2.3.4 eÐnai h ex c. 'Estw A ∈ Rν×ν .
Apì to Je¸rhma 2.3.3 sun�goume ìti up�rqei antistrèyimoc U ∈ Cν×ν (kai ìqi
anagkastik� U ∈ Rν×ν) tètoioc ¸ste o U−1AU ∈ Cν×ν eÐnai trigwnikìc. An
ìmwc gnwrÐzoume ìti to χA(x) analÔetai se ginìmeno prwtob�jmiwn paragìntwn
epÐ tou R, tìte apì to Je¸rhma 2.3.4 sun�goume ìti up�rqei antistrèyimoc
U ∈ Rν×ν tètoioc ¸ste o U−1AU ∈ Rν×ν eÐnai trigwnikìc.
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EÐnai fanerì ìti h antÐstoiqh diatÔpwsh tou Jewr matoc 2.3.3 gia grammikèc
apeikonÐseic eÐnai h ex c:

Je¸rhma 2.3.5. K�je grammik  apeikìnish f : V → V , ìpou o V eÐnai ènac
dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou C, eÐnai trigwnÐsimh.

Efarmogèc
Apì to Je¸rhma 2.3.3 mporoÔme na sumper�noume ìti h orÐzousa (antÐstoi-

qa, to Ðqnoc) enìc pÐnaka A ∈ Cν×ν eÐnai to ginìmeno (antÐstoiqa, to �jroisma)
twn idiotim¸n tou A. Pr�gmati, an χA(x) = (−1)ν(x− λ1) · · · (x− λν), λi ∈ C,
tìte o A eÐnai ìmoioc me ènan trigwnikì pÐnaka thc morf c

A′ =




λ1 ∗
λ2

. . .
0 λν


 .

'Omoioi pÐnakec èqoun thn Ðdia orÐzousa kai to Ðdio Ðqnoc (giatÐ?). 'Ara detA =
det A′ = λ1λ2 · · ·λν , TrA = TrA′ = λ1+λ2+ · · ·+λν . (Mia �llh apìdeixh twn
sqèsewn det A = λ1λ2 · · ·λν , TrA = λ1 +λ2 + · · ·+λν eÐdame sthn Par�grafo
2.1).

Mia �llh efarmog  eÐnai h akìloujh. 'Estw A ∈ Cν×ν . An µ eÐnai mia
idiotim  tou A2 tìte to √µ   to −√µ eÐnai mia idiotim  tou A. Pr�gmati, an

o A eÐnai ìmoioc me ènan trigwnikì pÐnaka




λ1 ∗
. . .

0 λν


, tìte o A2 eÐnai

ìmoioc me ènan thc morf c




λ2
1 ∗

. . .
0 λ2

ν


. 'Ara oi idiotimèc tou A2 eÐnai oi

λ2
1, . . . , λ

2
ν kai epomènwc µ = λ2

i gia k�poio i.
'Allec efarmogèc tou Jewr matoc 2.3.3 ja doÔme sthn epìmenh par�grafo

kai se parak�tw kef�laia.
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Ask seic 2.3

1. Na brejeÐ ènac pÐnakac U ∈ C3×3 tètoioc ¸ste o U−1AU na eÐnai �nw
trigwnikìc, ìpou

A =




3 1 2
0 1 −1
0 2 4


 ∈ C3×3

AlhjeÔei ìti up�rqei U ∈ R3×3 tètoioc ¸ste o U−1AU na eÐnai trigwni-
kìc?
AlhjeÔei ìti o A eÐnai diagwnÐsimoc?

2. ApodeÐxte ìti an o A ∈ R2×2 èqei toul�qiston mia pragmatik  idiotim ,
tìte o A eÐnai trigwnÐsimoc.

3. D¸ste èna par�deigma enìc A ∈ R3×3 (pou èqei toul�qiston mia pragma-
tik  idiotim ), pou den eÐnai trigwnÐsimoc.

4. i) ApodeÐxte ìti k�je �nw trigwnikìc pÐnakac B eÐnai ìmoioc me k�poion
k�tw trigwnikì. Upìdeixh: Jewr ste ton pÐnaka T−1BT ìpou

T =




0 · · · 0 1
0 · · · 1 0
...

...
...

1 · · · 0 0


 .

ii) ApodeÐxte ìti k�je A ∈ Cν×ν eÐnai ìmoioc me ènan k�tw trigwnikì
pÐnaka.

5. AlhjeÔei ìti an to qarakthristikì polu¸numo tou A ∈ Cν×ν eÐnai to
χA = (−1)ν(x− λ1) · · · (x− λν), tìte to qarakthristikì polu¸numo tou
A2 eÐnai to χA2(x) = (−1)ν(x− λ2

1) · · · (x− λ2
ν)?

6. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou C kai
U1, U2 upìqwroi tou V tètoioi ¸ste V = U1 ⊕ U2. 'Estw f1 : U1 → U1,
f2 : U2 → U2 dÔo grammikèc apeikonÐseic. ApodeÐxte ìti gia th grammik 
apeikìnish f1⊕f2 : U1⊕U2 → U1⊕U2, (f1⊕f2)(u1+u2) = f1(u1)+f2(u2)
up�rqei mia diatetagmènh b�sh tou V tètoia ¸ste o antÐstoiqoc pÐnakac
eÐnai thc morf c (

A 0
0 B

)

ìpou oi A,B eÐnai �nw trigwnikoÐ.
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7. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F ,
ν = dim V . 'Estw f : V → V mia grammik  apeikìnish. ApodeÐxte ìti
an F = C, tìte gia k�je i = 1, 2, . . . , ν up�rqei upìqwroc Wi tou V
di�stashc i tètoioc ¸ste f(Wi) ⊆ Wi. AlhjeÔei to sumpèrasma autì an
F = R?

8. 'Estw A = (aij) ∈ F ν×ν . OrÐzoume h(A) =
∑
i,j

aijaji.

i) ApodeÐxte ìti an oi pÐnakec A kai B eÐnai ìmoioi, tìte h(A) = h(B).
Upìdeixh: Jewr ste to Ðqnoc tou A2.

ii) An F = C, tìte h(A) = λ2
1 + · · ·+ λ2

ν , ìpou λ1, . . . , λν ∈ C eÐnai oi
idiotimèc tou A.

9. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou C kai
f, g : V → V dÔo grammikèc apeikonÐseic tètoiec ¸ste fg = gf . ApodeÐxte
ta ex c

i) An Vf (λ) eÐnai ènac idiìqwroc thc f , tìte g(Vf (λ)) ⊆ Vf (λ).
ii) ApodeÐxte ìti oi f kai g èqoun èna koinì idiodi�nusma. Upìdeixh:

Jewr ste th grammik  apeikìnish Vf (λ) → Vf (λ), v 7→ g(v).
iii) ApodeÐxte ìti up�rqei mia diatetagmènh b�sh û tou V tètoia ¸ste

oi pÐnakec (f : û), (g, û) eÐnai trigwnikoÐ. Upìdeixh: Tropopoi ste
kat�llhla thn apìdeixh tou Jewr matoc 2.3.3.

10. 'Estw A ∈ Rν×ν tètoioc ¸ste Aν = I. ApodeÐxte ìti −ν ≤ TrA ≤ ν.
Upìdeixh. Jewr ste A ∈ Cν×ν . Oi idiotimèc tou A eÐnai ν-stèc rÐzec thc
mon�dac. Efarmìste thn trigwnik  anisìthta.
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2.4 To Je¸rhma twn Cayley-Hamilton

'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F . Sthn
par�grafo aut  ja apodeÐxoume ìti k�je grammik  apeikìnish f : V → V
mhdenÐzei to qarakthristikì thc polu¸numo, dhlad  an χf (x) = (−1)νxν +
aν−1x

ν−1 + · · ·+ a0 eÐnai to qarakthristikì polu¸numo thc f , tìte h grammik 
apeikìnish (−1)νfν + aν−1f

ν−1 + · · ·+ a01V eÐnai h mhdenik  apeikìnish.
UpenjumÐzoume ìti h di�stash tou q¸rou L(V ) twn grammik¸n apeikonÐ-

sewn apì to V sto V eÐnai ν2, ìpou ν = dim V . 'Estw f ∈ L(V ). Ta
stoiqeÐa 1V = f0, f, f2, . . . , fν2 eÐnai grammik� exarthmèna epÐ tou F giatÐ to
pl joc touc eÐnai ν2 + 1. Sunep¸c up�rqoun a0, . . . , aν2 ∈ F (ìqi ìla mhdèn)
tètoia ¸ste aν2fν2

+ · · · + a1f + a01V = 0. An a(x) eÐnai to polu¸numo
aν2xν2

+ · · · + a1x + a0, blèpoume ìti a(f) = 0. Me �lla lìgia h f mhdenÐzei
k�poio mh mhdenikì polu¸numo pou èqei bajmì to polÔ ν2. Ja doÔme t¸ra ìti
h f mhdenÐzei to qarakthristikì thc polu¸numo pou èqei bajmì ν.

Je¸rhma 2.4.1. 'Estw F = C kai f : V → V mia grammik  apeikìnish. An
χf (x) eÐnai to qarakthristikì polu¸numo thc f , tìte χf (f) = 0.

Apìdeixh. Apì to Je¸rhma 2.3.5 sun�goume ìti up�rqei mia diatetagmènh b�sh
û = {u1, . . . , uν} tou V tètoia ¸ste o pÐnakac (f : û) eÐnai �nw trigwnikìc.
Autì shmaÐnei ìti up�rqoun λi ∈ C kai aij ∈ C tètoia wste

f(u1) = λ1u1

f(u2) = a12u1 + λ2u2

· · ·
f(uν) = a1νu1 + a2νu2 + · · ·+ aν−1νuν−1 + λνuν .

Gia suntomÐa èstw gi = f − λi1V . Apì tic prohgoÔmenec sqèseic èqoume

g1(u1) = 0
g2(u2) = a12u1

· · ·
gν(uν) = a1νu1 + · · ·+ aν−1νuν−1.

Isqurizìmaste ìti gia k�je i = 1, . . . , ν èqoume

g1g2 · · · gi(uj) = 0, j ≤ i. (∗)

Gia thn apìdeixh tou isqurismoÔ, pr¸ta parathroÔme ìti an σ eÐnai mia me-
t�jesh twn 1, 2, . . . , i, tìte gσ(1) · · · gσ(i) = g1 · · · gi.
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ApodeiknÔoume ton isqurismì me epagwg  sto i. H perÐptwsh i = 1 eÐnai
profan c. Upojètontac thn (∗) ja apodeÐxoume ìti g1 · · · gi+1(uj) = 0, j ≤ i+1.
An j ≤ i, tìte

g1 · · · gi+1(uj) = gi+1g1 · · · gi(uj) = 0.

An j = i + 1, tìte

g1 · · · gi+1(ui+1) = g1 · · · gi(a1i+1u1 + · · ·+ aii+1ui)
= a1i+1g1 · · · gi(u1) + · · ·+ aii+1g1 · · · gi(ui)
= 0.

Jètontac t¸ra i = ν ston isqurismì èqoume

g1 · · · gν(uj) = 0, j = 1, . . . , ν.

Epeid  ta u1, . . . , uν par�goun to V sumperaÐnoume ìti g1 · · · gν = 0 dhlad 
(f − λ11V ) · · · (f − λν1V ) = 0.

To qarakthristikì polu¸numo thc f eÐnai to qarakthristikì polu¸numo tou
�nw trigwnikoÔ pÐnaka (f : û), dhlad  eÐnai to χf (x) = (−1)ν(x− λ1) · · · (x−
λν). 'Ara χf (f) = 0.

Je¸rhma 2.4.2 (Cayley-Hamilton gia pÐnakec). 'Estw A ∈ F ν×ν . An
χA(x) eÐnai to qarakthristikì polu¸numo tou A, tìte χA(A) = 0.

Apìdeixh. i) 'Estw F = C. JewroÔme mia grammik  apeikìnish f : V → V ,
ìpou V eÐnai ènac dianusmatikìc q¸roc di�stashc ν, kai mia diatetagmènh b�sh
α̂ tou V tètoia ¸ste A = (f : α̂). Tìte χA(A) = (χA(f) : α̂) sÔmfwna
me thn Prìtash 2.1.5. Epeid  χA(x) = χf (x), apì to Je¸rhma 2.4.1 èqoume
χA(A) = (χf (f) : α̂) = 0.

ii) 'Estw F = R. Epeid  to qarakthristikì polu¸numo tou A den exart�tai
apì to an o A jewrhjeÐ wc stoiqeÐo tou Rν×ν   tou Cν×ν , èqoume χA(A) = 0
apì thn prohgoÔmenh perÐptwsh.

Je¸rhma 2.4.3 (Cayley-Hamilton gia grammikèc apeikonÐseic). 'Estw
f : V → V mia grammik  apeikìnish. An χf (x) eÐnai to qarakthristikì polu¸-
numo thc f , tìte χf (f) = 0.

Apìdeixh. 'Estw A = (f : α̂), ìpou α̂ eÐnai mia diatetagmènh b�sh tou V . Tìte
χf (A) = (χf (f) : α̂). All� χf (x) = χA(x). Epeid  èqoume χA(A) = 0,
paÐrnoume 0 = χA(A) = χf (A) = (χf (f) : α̂). 'Ara χf (f) = 0.
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'Opwc ja faneÐ sta epìmena paradeÐgmata, to Je¸rhma Cayley-Hamilton
eÐnai suqn� qr simo se upologismoÔc.

ParadeÐgmata.

1. An A =
(

1 2
−1 4

)
, tìte to qarakthristikì polu¸numo tou A eÐnai

χA(x) = x2 − 5x + 6. EÔkola epalhjeÔetai me pr�xeic ìti pr�gmati
χA(A) = A2 − 5A + 6I = 0.

2. 'Estw A =




2 −1 −1
0 −2 −1
0 3 2


 ∈ R3×3.

i) Na ekfrasteÐ o A−1 wc grammikìc sunduasmìc twn I, A kai A2.

ii) ApodeÐxte ìti A2004 − 2A2003 = A2 − 2A.
Gia to i) èqoume χA(x) = −x3 + 2x2 + x − 2. AfoÔ o stajerìc
ìroc tou χA(x) eÐnai mh mhdenikìc, o A eÐnai antistrèyimoc. Apì to
Je¸rhma Cayley-Hamilton èqoume

−A3 + 2A2 + A− 2I = 0

opìte pollaplasi�zontac me A−1 paÐrnoume −A2+2A+I−2A−1 = 0
dhlad  A−1 = 1

2(−A2 + 2A + I).
Gia to ii) gr�foume th sqèsh −A3 + 2A2 + A− 2I = 0 sth morf 

A3 − 2A2 = A− 2I,

opìte blèpoume ìti

A4 − 2A3 = A2 − 2A

A5 − 2A4 = A3 − 2A2 = A− 2I

A6 − 2A5 = A2 − 2A

· · ·

ApodeiknÔetai eÔkola me epagwg  sto n ìti

A2n − 2A2n−1 = A2 − 2A, n ≥ 2.

'Ara A2004 − 2A2003 = A2 − 2A.



2.4. To Je¸rhma twn Cayley-Hamilton 89

3. To qarakthristikì polu¸numo enìc pÐnaka A eÐnai χA(x) = −x3 +2x−3.
Na aplopoihjeÐ h par�stash A6 − 2A4 + 2A3 + 3A− 2I.

Diair¸ntac to polu¸numo x6 − 2x4 + 2x3 + 3x − 2 me to x3 − 2x + 3
brÐskoume x6 − 2x4 + 2x3 + 3x = (x3 − 2x + 3)(x3 − 1) + x + 1. 'Ara
A6 − 2A4 + 2A3 + 3A− 2I = (A3 − 2A + 3I)(A3 − I) + A + I = A + I,
afoÔ A3 − 2A + 3I = 0 apì to Je¸rhma Cayley-Hamilton.

4. UpologÐste ton pÐnaka A10(A− 2I)11 ìpou

A =
( −1 2
−2 3

)
.

'Eqoume χA(x) = x2−2x+1 opìte A2−2A+I = 0 dhlad  A(A−2I) = −I.
Tìte A10(A−2I)11 = (A(A−2I))10(A−2I) = (−I)10(A−2I) = A−2I =( −3 2
−2 1

)
.

Parat rhsh. 'Estw A ∈ F ν×ν . SÔmfwna me to Je¸rhma Cayley-Hamilton
up�rqei èna polu¸numo bajmoÔ ν pou mhdenÐzetai apì ton pÐnaka A. EpishmaÐ-
noume ìti eÐnai dunatì na up�rqei mh mhdenikì polu¸numo mikrìterou bajmoÔ
pou mhdenÐzetai apì ton A. Gia par�deigma, o tautotikìc pÐnakac I ∈ F ν×ν

mhdenÐzei to polu¸numo x− 1. EpÐshc an

A =




1 −2 2
0 −3 4
0 −2 3


 ,

tìte eÔkola epalhjeÔetai ìti A2 = I, dhlad  o A mhdenÐzei to x2 − 1.

Oloklhr¸noume thn par�grafo aut  dÐnontac mia deÔterh apìdeixh tou Je-
wr matoc Cayley-Hamilton, h opoÐa den exart�tai apì to Je¸rhma 2.3.3.

UpenjumÐzoume ìti an B = (bij) eÐnai ènac ν × ν pÐnakac tìte o prosar-
thmènoc pÐnakac adjB eÐnai o ν × ν pÐnakac tou opoÐou to stoiqeÐo sth jèsh
(i, j) eÐnai to (−1)i+jdji, ìpou dji eÐnai h orÐzousa tou (ν − 1)× (ν − 1) pÐnaka
pou prokÔptei apì ton B an diagr�youme thn j gramm  kai thn i st lh. Sthn
Par�grafo 6.5 tou A eÐdame ìti

B(adjB) = (adjB)B = (detB)I. (1)

DeÔterh Apìdeixh tou Jewr matoc 2.4.2. 'Estw A ∈ F ν×ν . Apì autì pou
eÐpame gia ton prosarthmèno pÐnaka prokÔptei ìti ta stoiqeÐa tou adj(A− xI)
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eÐnai polu¸numa thc metablht c x bajmoÔ to polÔ ν − 1. Sunep¸c up�rqoun
pÐnakec Bi ∈ F ν×ν tètoioi ¸ste

adj(A− xI) = Bν−1x
ν−1 + Bν−2x

ν−2 + · · ·+ B1x + B0. (2)

Apì thn (1) èqoume

(A− xI)adj(A− xI) = adj(A− xI)(A− xI) = (det(A− xI))I. (3)

'Estw ìti
χA(x) = (−1)νxν + aν−1x

ν−1 + · · ·+ a0. (4)

Antikajist¸ntac tic (2) kai (4) sthn (3) èqoume

(A− xI)(Bν−1x
ν−1 + Bν−2x

ν−2 + · · ·+ B0)

=
(
(−1)νxν + aν−1x

ν−1 + · · ·+ a0

)
I. (5)

Ektel¸ntac tic pr�xeic sthn (5) kai sugkrÐnontac suntelestèc twn dun�mewn
tou x sta dÔo mèlh lamb�noume

−Bν−1 = (−1)νI

ABν−1 −Bν−2 = aν−1I

ABν−2 −Bν−3 = aν−2I

· · ·
AB1 −B0 = a1I

AB0 = a0I

(6)

Pollaplasi�zoume ta dÔo mèlh thc pr¸thc isìthtac apì tic sqèseic (6) me Aν ,
thc deÔterhc me Aν−1, . . . , thc proteleutaÐac me A kai thc teleutaÐac me I, kai
sth sunèqeia prosjètoume kat� mèlh. Tìte paÐrnoume

0 = (−1)νAν + aν−1A
ν−1 + · · ·+ a1A + a0I,

dhlad  χA(A) = 0. ¤

Ask seic 2.4

1. 'Estw A =
(

1 2
−2 1

)
∈ R2×2

i) Na aplopoihjeÐ h par�stash A7 − 3A6 + 3A5 + 5A4 + A
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ii) Na upologisjeÐ o pÐnakac A2003(A− 2I)2004

iii) Na ekfrasjeÐ o A−1 wc grammikìc sunduasmìc twn I kai A

iv) Na ekfrasjeÐ o A3 wc grammikìc sunduasmìc twn I kai A.

2. 'Estw A ∈ F 2×2 me χA(x) = x2 − x. ApodeÐxte ìti An = A gia k�je
n = 1, 2, . . ..

3. 'Estw A ∈ F 3×3 me χA(x) = −x3+x. ApodeÐxte ìti gia k�je n = 1, 2, . . .
èqoume

An =
{

A, n perittìc
A2, n �rtioc .

4. Exhg ste giatÐ h parak�tw “apìdeixh” tou Jewr matoc Cayley-Hamilton
den eÐnai swst .
'Estw A ∈ F ν×ν . Tìte χA(x) = det(A − xI). Epomènwc χA(A) =
det(A−AI) = det(A−A) = 0.

5. i) ApodeÐxte ìti up�rqoun �peiroi to pl joc pÐnakec A ∈ F 2×2 tètoioi
¸ste A2 − 5A + 6I = 0.

ii) ApodeÐxte ìti up�rqoun �peira to pl joc polu¸numa ϕ(x) ∈ F [x],

tètoia ¸ste φ(A) = 0, ìpou A =
(

1 1
−2 4

)
∈ F 2×2.

6. i) 'Estw A ènac �nw trigwnikìc pÐnakac tètoioc ¸ste ta stoiqeÐa pou
brÐskontai p�nw sthn kÔria diag¸nio eÐnai Ðsa me mhdèn. ApodeÐxte
ìti Ak = 0 gia k�je k ≥ ν.

ii) Na upologÐsete tic dun�meic An, n = 1, 2, . . . , ìpou

A =




1 −1 2
0 1 3
0 0 1


. Upìdeixh: An = (I + B)n = I +

(
n
1

)
B +

(
n
2

)
B2 + · · ·+ Bn, ìpou B =




0 −1 2
0 0 3
0 0 0


.

7. 'Estw A ∈ C2×2 kai χA(x) = x2 + ax + b, a, b ∈ C. ApodeÐxte ìti o
pÐnakac A2 mhdenÐzei to polu¸numo x2 − (a2 − 2b)x + b2.

8. 'Estw A, B ∈ F ν×ν tètoioi ¸ste AB = BA = 0. ApodeÐxte ìti χA(A +
B) = χA(B) − (detA)I. Upìdeixh: IsqÔei (A + B)n = An + Bn, n =
1, 2, . . ..
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Kef�laio 3

Kanonikèc Morfèc

S� autì to kef�laio ja doÔme ìti gia k�je grammik  apeikìnish
f : V → V , ìpou V dianusmatikìc q¸roc epÐ tou F peperasmènhc di�sta-
shc, up�rqei mia diatetagmènh b�sh v̂ tou V ètsi ¸ste o pÐnakac thc f wc proc

v̂, (f : v̂, v̂), na eÐnai thc morf c




A1 0
. . .

0 Aκ


, ìpou Ai eÐnai tetragwnikoÐ

pÐnakec apl c morf c. IsodÔnama, k�je tetragwnikìc pÐnakac A ∈ Fµ×µ eÐnai

ìmoioc proc èna pÐnaka thc morf c




A1 0
. . .

0 Aκ


, ìpou Ai eÐnai tetragw-

nikoÐ pÐnakec apl c morf c.
'Etsi h melèth miac grammik c apeikìnishc f : V → V (antÐst. enìc tetra-

gwnikoÔ pÐnaka A) an�getai sth melèth twn A1, . . . , Aκ oi opoÐoi eÐnai pÐnakec
mikrìterou megèjouc kai apl c morf c.

Gia to skopì autì ja qrhsimopoi soume thn ènnoia tou elaqÐstou poluwnÔ-
mou thc f (antÐstoiqa tou A), to opoÐo, ìpwc kai to qarakthristikì polu¸numo
thc f (ant. tou A), perièqei pollèc plhroforÐec gia thn f (ant. ton A).

3.1 El�qisto Polu¸numo

S� aut  thn enìthta ja eis�goume thn ènnoia tou el�qistou poluwnÔmou miac
grammik c apeikìnishc f : V → V . Se genikèc grammèc autì eÐnai èna polu¸nu-
mo el�qistou bajmoÔ pou mhdenÐzetai apì thn f .

'Estw V ènac dianusmatikìc q¸roc epÐ tou F di�stashc µ me µ 6= 0 kai
f : V → V mia grammik  apeikìnish. An L(V ) eÐnai to sÔnolo twn grammik¸n

93



94 Kef�laio 3. Kanonikèc Morfèc

apeikonÐsewn apì to V sto V tìte xèroume ìti to L(V ) eÐnai ènac dianusmatikìc
q¸roc epÐ tou F di�stashc µ2. 'Ara ta µ2 + 1 stoiqeÐa 1V , f, f2, . . . , fµ2 tou
L(V ) eÐnai grammik� exarthmèna. Sunep¸c up�rqei ènac akèraioc ν ètsi ¸ste

en¸
ta 1V , f, . . . , fν−1 eÐnai grammik� anex�rthta
ta 1V , f, . . . , fν−1, fν eÐnai grammik� exarthmèna.

'Ara h fν gr�fetai me monadikì trìpo wc grammikìc sunduasmìc twn
1V , f, . . . , fν−1, èstw

fν = α01V + α1f + α2f
2 + · · ·+ αν−1f

ν−1, αi ∈ F 0 ≤ i ≤ ν − 1.

JewroÔme to polu¸numo

(∗) m(x) = −α0 − α1x− α2x
2 − α3x

3 − · · · − αν−1x
ν−1 + xν ∈ F [x]

Tìte m(x) 6= 0 kai m(f) = −α01V − α1f · · · − αν−1f
ν−1 + fν = 0.

Ja doÔme ìti an ϕ(x) ∈ F [x] kai ϕ(f) = 0 tìte m(x) | ϕ(x).Autì prokÔptei
apì to akìloujo

L mma 3.1.1. 'Estw r(x) ∈ F [x] me r(x) 6= 0 kai deg r(x) < ν, tìte r(f) 6= 0.

Apìdeixh. 'Estw r(x) = β0 + β1x + · · · + βκxκ. Epeid  r(x) 6= 0 èqoume ìti
(β0, β1, . . . , βκ) 6= (0, 0, . . . , 0).
An r(f) = β01V +β1f + . . .+βκfκ = 0 tìte ta stoiqeÐa 1V , f, . . . , fκ tou L(V )
eÐnai grammik� exarthmèna afoÔ (β0, β1, . . . , βk) 6= (0, . . . , 0). Autì ìmwc den
isqÔei afoÔ ta 1V , f, . . . , fκ eÐnai grammik� anex�rthta kaj¸c ta 1V , f, . . . , fν−1

eÐnai grammik� anex�rthta kai {1V , . . . , fκ} ⊆ {1V , . . . , fν−1}. 'Ara r(f) 6=
0.

'Estw t¸ra ϕ(x) ∈ F [x] me ϕ(f) = 0. Xèroume ìti up�rqoun monos manta
orismèna polu¸numa ψ(x), r(x) ∈ F [x] me ϕ(x) = m(x)ψ(x) + r(x), ìpou
r(x) = 0   r(x) 6= 0 kai deg r(x) < deg m(x) = ν.
All� r(f) = ϕ(f)−m(f)ψ(f) = 0, �ra apì to prohgoÔmeno L mma èpetai ìti
r(x) = 0, sunep¸c ϕ(x) = m(x)ψ(x), dhlad  to polu¸numo m(x) diaireÐ to
ϕ(x), m(x) | ϕ(x).

Prìtash 3.1.2. 'Estw V ènac peperasmèna paragìmenoc dianusmatikìc q¸roc
epÐ tou F kai f : V → V mia grammik  apeikìnish. Tìte up�rqei monadikì
polu¸numo m(x) ∈ F [x] tètoio ¸ste

(1) m(x) 6= 0, m(f) = 0 kai o pr¸toc suntelest c tou m(x) eÐnai 1
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(2) an ϕ(x) ∈ F [x] kai ϕ(f) = 0 tìte to m(x) diaireÐ to ϕ(x), m(x) | ϕ(x).

To polu¸numo autì lègetai to el�qisto polu¸numo thc f kai sumbolÐzetai
me mf(x)

Apìdeixh. DeÐxame ìti up�rqei èna tètoio polu¸numo m(x) ∈ F [x], autì pou
orÐsthke mèsw thc (∗) kai ikanopoieÐ tic (1) kai (2). Mènei na deÐxoume ìti
eÐnai monadikì. 'Estw m′(x) ∈ F [x] pou na ikanopoieÐ tic (1) kai (2). Epeid 
m′(x) | m(x) kai m(x) | m′(x) èpetai ìti deg m′(x) = deg m(x) = ν. 'Ara
m(x) = cm′(x), ìpou c ∈ F . All� apì thn (1) èpetai ìti c = 1.

Pìrisma 3.1.3. To el�qisto polu¸numo miac grammik c apeikìnishc
f : V → V diaireÐ to qarakthristikì polu¸numo thc f , dhlad  mf (x) | χf (x).

Apìdeixh. 'Amesh apì to Je¸rhma Cayley-Hamilton kai thn idiìthta (2) tou
el�qistou poluwnÔmou thc f .

Parat rhsh. Apì ta anwtèrw èpetai ìti to el�qisto polu¸numo miac grammi-
k c apeikìnishc f : V → V , mf (x), eÐnai to polu¸numo me to mikrìtero bajmì
kai pr¸to suntelest  1 pou èqei thn idiìthta mf (f) = 0.

An�loga èqoume ìti an A eÐnai ènac tetragwnikìc pÐnakac, A ∈ Fµ×µ, tìte
up�rqei ènac akèraioc ν tètoioc ¸ste oi pÐnakec Iµ, A, A2, . . . , Aν−1 eÐnai gram-
mik� anex�rthta stoiqeÐa tou Fµ×µ en¸ oi Iµ, A, . . . , Aν−1, Aν eÐnai grammik�
exarthmèna. 'Ara o Aν gr�fetai me monadikì trìpo wc grammikìc sunduasmìc
twn Iµ, . . . , Aν−1, èstw

Aν = α0Iµ + α1A + . . . + αν−1A
ν−1.

To polu¸numo

(∗)′ m(x) = −α0 − α1x . . .− αν−1x
ν−1 + xν ∈ F [x]

èqei tic idiìthtec

(1) m(x) 6= 0, m(A) = 0 kai o pr¸toc suntelest c tou m(x) eÐnai 1

(2) an ϕ(x) ∈ F [x] kai ϕ(A) = 0, tìte m(x) | ϕ(x).

'Opwc prin paÐrnoume ìti gia k�je tetragwnikì pÐnaka A ∈ Fµ×µ up�rqei mona-
dikì polu¸numo m(x) ∈ F [x] tètoio ¸ste

(1) m(x) 6= 0, m(A) = 0 kai o pr¸toc suntelest c tou m(x) eÐnai 1

(2) an ϕ(x) ∈ F [x] kai ϕ(A) = 0, tìte m(x) | ϕ(x).
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To polu¸numo autì lègetai to el�qisto polu¸numo tou A kai sumbolÐzetai
me mA(x)

Pìrisma 3.1.4. To el�qisto polu¸numo enìc tetragwnikoÔ pÐnaka A ∈ Fµ×µ

diaireÐ to qarakthristikì polu¸numo tou A, dhlad , mA(x) | χA(x).

Apìdeixh. An�logh me thn apìdeixh tou 3.1.3.

Prìtash 3.1.5. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F di�stashc µ kai
f : V → V mia grammik  apeikìnish. An v̂ = (v1, . . . , vµ) eÐnai mia diatetagmènh
b�sh tou V kai (f : v̂, v̂) = A ∈ Fµ×µ, tìte to el�qisto polu¸numo thc f isoÔtai
me to el�qisto polu¸numo tou A, dhlad  mf (x) = mA(x).

Apìdeixh. Apì thn Prìtash 2.1.5 èqoume ìti an ϕ(x) ∈ F [x] tìte (ϕ(f) :
v̂, v̂) = ϕ(A). 'Ara ϕ(f) = 0 an kai mìno an ϕ(A) = 0. Epomènwc

mf (x) | mA(x) kai mA(x) | mf (x).

To zhtoÔmeno t¸ra èpetai �mesa.

Apì ta PorÐsmata 3.1.3 kai 3.1.4 èpetai ìti k�je rÐza tou mf (x) (antÐstoiqa
mA(x)) eÐnai kai rÐza tou χf (x) (antÐstoiqa χA(x)). Ja deÐxoume ìti isqÔei kai
to antÐstrofo:

Je¸rhma 3.1.6. Ta polu¸numa mf (x) kai χf (x) (antÐstoiqa mA(x) kai χA(x))
èqoun tic Ðdiec rÐzec.

Apìdeixh. ArkeÐ na deÐxoume ìti k�je rÐza tou χf (x) eÐnai kai rÐza tou mf (x).
'Estw λ mia rÐza tou χf (x). Dhlad  to λ eÐnai mia idiotim  thc f �ra up�rqei v0 ∈
V me v0 6= 0 kai f(v0) = λv0. Xèroume ìti an ψ(x) ∈ F [x] tìte (ψ(f))(v0) =
ψ(λ)v0. 'Ara gia ψ(x)= mf (x) èqoume (mf (f))(v0) = mf (λ)v0. All� mf (f) =
0, �ra (mf (f))(v0) = 0 sunep¸c mf (λ)v0 = 0. 'Omwc v0 6= 0, �ra mf (λ) = 0,
dhlad  to λ eÐnai mia rÐza tou mf (x). Sunep¸c deÐxame ìti oi idiotimèc thc f
eÐnai akrib¸c oi rÐzec tou mf (x).

ParadeÐgmata 3.1.7.

1. 'Estw A =
(

3 −2
0 −3

)
∈ R2×2. Na brejeÐ to mA(x).

Xèroume ìti χA(x) = (x−3)(x+3). Epeid  to el�qisto polu¸numo tou A
diaireÐ to qarakthristikì polu¸numo tou A kai èqoun tic Ðdiec rÐzec èpetai
ìti mA(x) = (x− 3)(x + 3) = χA(x)
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2. 'Estw A =




3 −1 0
0 2 0
1 −1 2


 ∈ R3×3. Na brejeÐ to mA(x).

To χA(x) = det(A− xI3) = −(x− 2)2(x− 3).
Epeid  mA(x) | χA(x) kai mA(x), χA(x) èqoun tic Ðdiec rÐzec èpetai ìti to
mA(x) eÐnai (x−2)(x−3)   (x−2)2(x−3). All� (A−2I3)(A−3I3) = 0,
�ra mA(x) = (x− 2)(x− 3).

3. 'Estw h grammik  apeikìnish f : R2 → R2 me f(r1, r2)=(2r1+5r2,6r1+r2).
Na brejeÐ to mf (x).

'Eqoume ìti (f : ê, ê) =
(

2 5
6 1

)
= A ∈ R2×2 kai xèroume ìti

mf (x) = mA(x). T¸ra χA(x) = det(A − xI2) = (x − 7)(x + 4). E-
peid  mA(x) | χA(x) kai ta mA(x), χA(x) èqoun tic Ðdiec rÐzec, èpetai ìti
mA(x) = (x− 7)(x− 4). 'Ara mf (x) = (x− 7)(x− 4).

4. 'Estw A =




2 1 1
0 2 0
0 0 2


 ∈ R3×3. Na brejeÐ to mA(x).

'Eqoume ìti χA(x) = −(x − 2)3. Epeid  mA(x) | χA(x) kai to mA(x),
χA(x) èqoun tic Ðdiec rÐzec, èpetai ìti mA(x) eÐnai (x − 2)   (x − 2)2  
(x− 2)3. All� (A− 2I3) 6= 0 kai epomènwc to mA(x) eÐnai to (x− 2)2  
to (x− 2)3. 'Omwc (A− 2I3)2 =0 �ra mA(x) = (x− 2)2.

Oi akìloujec prot�seic anafèrontai se orismènec �mesec kai qr simec idiì-
thtec tou el�qistou poluwnÔmou.

Prìtash 3.1.8. 'Omoioi pÐnakec èqoun to Ðdio el�qisto polu¸numo.

1h Apìdeixh. 'Estw A,B ∈ Fµ×µ ìmoioi pÐnakec. Tìte xèroume ìti up�rqei
mia grammik  apeikìnish f : Fµ×1 → Fµ×1 kai diatetagmènec b�seic v̂, ŵ tou
Fµ×1 ètsi ¸ste (f : v̂, v̂) = A kai (f : ŵ, ŵ) = B. All� mf (x) = mA(x) kai
mf (x) = mB(x), �ra mA(x) = mB(x).

2h Apìdeixh. 'Estw A,B ∈ Fµ×µ ìmoioi pÐnakec. 'Ara up�rqei antistrèyimoc
pÐnakac S ∈ Fµ×µ me S−1AS = B. An ψ(x) = α0 + α1x + · · · + ακxκ ∈ F [x]
tìte, epeid  Bν = S−1AνS, gia k�je fusikì arijmì ν, èqoume ìti

ψ(B) = α0Iµ + α1S
−1AS + α2S

−1A2S + · · ·+ ακS−1AκS

= α0S
−1IµS + α1S

−1AS + · · ·+ ακS−1AκS

= S−1(α0Iµ + α1A + · · ·+ ακAκ)S = S−1ψ(A)S.
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'Ara ψ(B) = 0 an kai mìnon an ψ(A) = 0. Sunep¸c mA(x) = mB(x).

Prìtash 3.1.9. 'Estw A ∈ F ν×ν me A =
(

B 0
0 Γ

)
, ìpou B ∈ F κ×κ kai

Γ ∈ F σ×σ me σ + κ = ν. Tìte mA(x) =e.k.p. (mB(x),mΓ (x)).

Apìdeixh. An ϕ(x) ∈ F [x] tìte xèroume ìti ϕ(A) =
(

ϕ(B) 0
0 ϕ(Γ )

)
. T¸-

ra 0 = mA(A) =
(

mA(B) 0
0 mA(Γ )

)
, �ra mA(B) = 0 kai mA(Γ ) = 0.

Sunep¸c mB(x) | mA(x) kai mΓ (x) | mA(x), �ra to mA(x) eÐnai èna koinì
pollapl�sio twn mB(x) kai mΓ (x).

'Estw t¸ra ψ(x) ∈ F [x] èna pollapl�sio twn mB(x) kai mΓ (x). AfoÔ
mB(x) | ψ(x) èpetai ìti ψ(B) = 0 kai afoÔ mΓ (x) | ψ(x) èpetai ìti ψ(Γ ) = 0.

'Ara ψ(A) =
(

ψ(B) 0
0 ψ(Γ )

)
= 0 �ra mA(x) | ψ(x). Sunep¸c

mA(x) = e.k.p.(mB(x),mΓ (x)).

Pìrisma 3.1.10. 'Estw A ∈ F ν×ν me A =




B1 0
B2

. . .
0 Bρ


 ìpou

Bi ∈ F σi×σi kai σ1 + σ2 + · · ·+ σρ = ν. Tìte

mA(x) = e.k.p.(mB1(x), . . . ,mBρ(x)).

Apìdeixh. Af netai san �skhsh.
Upìdeixh: Epagwg  wc proc ρ kai Prìtash 3.1.9.

Sumbolismìc. (i) 'Estw V ènac dianusmatikìc q¸roc epÐ tou F kai
f : V → V mia grammik  apeikìnish. An W ≤ V me f(W ) ⊆ W tìte h
apeikìnish W → W me w → f(w) sumbolÐzetai me fW .

(ii) 'Estw V ènac dianusmatikìc q¸roc epÐ tou F kai f : V → V mia
grammik  apeikìnish. An ϕ(x), ψ(x) ∈ F [x] kai ϕ(x)ψ(x) = z(x) tìte ja
sumbolÐzoume thn apeikìnish ϕ(f) ◦ ψ(f) me ϕ(f)ψ(f). (Xèroume bèbaia ìti
ϕ(f) ◦ ψ(f) = z(f) = ψ(f) ◦ ϕ(f)).

Prìtash 3.1.11. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F kai f : V → V mia grammik  apeikìnish. An W eÐnai ènac upìqwroc
tou V me f(W ) ⊆ W , tìte mfW

(x) | mf (x).
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Apìdeixh. ArkeÐ na deÐxoume ìti mf (fW )(w) = 0, gia k�je w ∈ W . 'Omwc
mf (fW )(w) = mf (f)(w) = 0 afoÔ h apeikìnish mf (f) : V → V eÐnai h
mhdenik  apeikìnish.

ParadeÐgmata 3.1.12.

1. 'Estw B =




2 0 0
0 2 0
0 0 2


 ∈ R3×3. Na brejeÐ to mA(x).

'Estw B1 = (2) ∈ R1×1, tìte mB1(x) = x − 2. 'Ara apì to Pìrisma
3.1.10 èpetai ìti mB(x) = x− 2.

Sqìlio. Oi pÐnakec B =




2 0 0
0 2 0
0 0 2


 kai A =




2 1 1
0 2 0
0 0 2


,

A,B ∈ R3×3 den eÐnai ìmoioi giatÐ mB(x) = x− 2 en¸ mA(x) = (x− 2)2

(ParadeÐgmata 3.1.6 (iv)). ParathroÔme ìti χB(x) = χA(x) = −(x−2)3.

2. 'Estw A =




4 2 0 0 0
1 3 0 0 0
0 0 0 3 0
0 0 0 0 0
0 0 0 0 2



∈ R5×5. Na brejeÐ to mA(x).

Apì to Pìrisma 3.1.10 èqoume ìti, an A1 =
(

4 2
1 3

)
, A2 =

(
0 3
0 0

)

kai A3 = (2) tìte mA(x) =e.k.p.(mA1(x), mA2(x),mA3(x)).

EÔkola blèpoume ìti χA1(x) = (x−2)(x−5), �ra mA1(x) = (x−2)(x−5).
Epiplèon χA2(x) = x2 kai epeid  A2 6= 0 èqoume ìti mA2(x) = x2.

T¸ra χA3(x) = x− 2, �ra mA3(x) = x− 2.

Sunep¸c mA(x) =e.k.p.((x− 2)(x− 5), x2, x− 2) = (x− 2)(x− 5)x2.

Orismìc 3.1.13. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F peperasmènhc
di�stashc kai f : V → V mia grammik  apeikìnish. 'Enac upìqwroc W tou V
lègetai f-analloÐwtoc upìqwroc tou V an f(W ) ⊆ W .

ParadeÐgmata 3.1.14.

1. An f : V → V eÐnai mia grammik  apeikìnish tìte oi upìqwroi {0V }, V
eÐnai f -analloÐwtoi upìqwroi tou V .
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2. 'Estw f : V → V mia grammik  apeikìnish kai v0 ∈ V me v0 6= 0. Tìte eÐnai
fanerì ìti to v0 eÐnai èna idiodi�nusma thc f an kai mìno an o upìqwroc <
v0 > tou V eÐnai f -analloÐwtoc. Sunep¸c k�je upìqwroc enìc idiìqwrou
thc f eÐnai f -analloÐwtoc.

3. 'Estw f : R3 → R3 h grammik  apeikìnish me

(r1, r2, r3) −→ (r1 + r3, r2, r3 − r2).

'Estw W1 =< e1, e3 >. ParathroÔme ìti an v ∈ W1, tìte v = λe1 + µe3,
gia k�poia λ, µ ∈ R kai f(v) = f(λe1 + µe1) = λf(e1) + µf(e3) =
λ(1, 0, 0)+µ(1, 0, 1) = (λ+µ)e1 +µe3 ∈< e1, e3 >= W1. 'Ara o W1 eÐnai
ènac f -analloÐwtoc upìqwroc tou R3.

'Estw W2 =< e3 >. An v ∈ W2, tìte v = λe3, gia k�poio λ ∈ R kai
f(v) = f(λe3) = λf(e3) = λ(1, 0, 1) = λe1 + λe3 /∈< e3 >= W2. 'Ara o
W2 den eÐnai ènac f -analloÐwtoc upìqwroc tou R3.

4. 'Estw A =




a11 a12 a13

0 a22 a23

0 0 a33


 ∈ R3×3 kai γA : R3×1 → R3×1 h grammik 

apeikìnish me γA(X) = AX.

ParathroÔme ìti

AE1 = A(1) = a11E1

AE2 = A(2) = a12E1 + a22E2.

'Ara an V1 =< E1 > kai V2 =< E1, E2 >, tìte γA(V1) ⊆ V1 kai
γA(V2) ⊆ V2. Sunep¸c oi V1, V2 eÐnai γA-analloÐwtoi upìqwroi tou R3×1.

Prìtash 3.1.15. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F kai f : V → V mia grammik  apeikìnish. An W eÐnai ènac f -
analloÐwtoc upìqwroc tou V , dhlad  f(W ) ⊆ W , me W 6= {0V } tìte

(i) χfW
(x) | χf (x)

(ii) mfW
(x) | mf (x).

Apìdeixh. 'Estw w1, . . . , wκ mia b�sh tou W kai w1, . . . , wκ, uκ+1, . . . , uν mia
b�sh tou V . Epeid  o W eÐnai f -analloÐwtoc èpetai ìti f(wi) ∈ W , 1 ≤ i ≤ κ.
'Ara an v̂ = (w1, . . . , wκ, uκ+1, . . . , uν), tìte f(wi) = a1iw1+a2iw2+· · ·+aκiwκ,
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1 ≤ i ≤ κ. Sunep¸c

(f : v̂, v̂) =




a11 · · · a1κ a1κ+1 · · · a1ν
...

... · ·
aκ1 · · · aκκ · ·

· ·
0 · ·

aνκ+1 · · · aνν




.

'Estw ŵ = (w1, . . . , wκ), tìte (fW : ŵ, ŵ) =




a11 · · · a1κ
...

aκ1 · · · aκκ


 = A kai

(f : v̂, v̂) =
(

A Γ
0 B

)
= ∆ ìpou B =




aκ+1κ+1 · · · aκ+1ν
...

aνκ+1 · · · aνν


 kai

Γ =




a1κ+1 · · · a1ν
...

aκκ+1 · · · aκν


.

All� χf (x) = χ∆(x) kai χfW
(x) = χA(x). Epiplèon χ∆(x) = χA(x)χB(x) �ra

χfW
(x) | χf (x), opìte deÐxame thn (i).
T¸ra epeid  mf (x) = m∆(x), èqoume ìti mf (∆) = 0, all� mf (∆) =(

mf (A) ∗
0 mf (B)

)
, �ra mf (A) = 0, sunep¸c mA(x) | mf (x). 'Ara mfW

(x) =

mA(x) | mf (x). Mia �llh apìdeixh tou ii) dìjhke sthn Prìtash 3.1.11.

Ask seic 3.1

1. Na brejeÐ to el�qisto polu¸numo twn akìloujwn pin�kwn me stoiqeÐa
apì to R

(i)
(

2 1
1 2

)
(ii)

(
1 1
0 1

)
(iii)




3 0 1
2 2 2

−1 0 1




2. Na brejeÐ to el�qisto polu¸numo twn akìloujwn grammik¸n apeikonÐse-
wn

(i) f : R2 → R2 me f(r1, r2) = (r1 + r2, r1 − r2)

(ii) f : R2[x] → R2[x] me f(ϕ(x)) = ϕ′(x) + 2ϕ(x)

(iii) f : Rν×ν → Rν×ν me f(A) = At kai ν > 1 (Upìdeixh: f2 = 1Rν×ν ).
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3. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou F kai
f : V → V mia grammik  apeikìnish. Na deiqjeÐ ìti

(i) H f eÐnai isomorfismìc an kai mìno an mf (0) 6= 0

(ii) An h f eÐnai isomorfismìc kai mf (x) = α0+α1x+· · ·+ακ−1x
κ−1+xκ

tìte f−1 = − 1
α0

(α11V + · · ·+ ακ−1f
κ−2 + fκ−1)

4. 'Estw f : V → V mia grammik  apeikìnish me µ diakekrimènec idiotimèc,
ìpou µ = dimF V . Tìte na deiqjeÐ ìti deg mf (x) = µ.

5. Na brejoÔn ta χA(x), mA(x) kai χB(x), mB(x) ìpou

A =




3 5 0
0 3 5
0 0 3


 , B =




3 0 0
0 3 0
0 0 3


 , A,B ∈ R3×3

kai na exetasjeÐ an oi A,B eÐnai ìmoioi.

6. Na brejoÔn ta mA(x) kai mB(x) ìpou

A =




1 1 0
0 2 0
0 0 1


 kai B =




2 0 0
0 2 2
0 0 2


 , A,B ∈ R3×3

kai na exetasjeÐ an oi A,B eÐnai ìmoioi.

7. 'Estw A ∈ Fµ×µ. Na deiqjeÐ ìti mA(x) = mAt(x).

8. 'Estw A ∈ Fµ×µ me Aκ = 0 gia k�poio κ > µ. Na deiqjeÐ ìti Aµ = 0.

9. Na deiqjeÐ ìti o A =




7 −1 −2
−1 7 2
−2 2 10


 ∈ R3×3 eÐnai antistrèyimoc kai

na grafeÐ o A−1 wc grammikìc sunduasmìc twn I3 kai A.

10. 'Estw A ∈ F ν×ν kai ϕ(x) ∈ F [x]. Tìte o pÐnakac ϕ(A) eÐnai antistrèyi-
moc an kai mìno an (ϕ(x),mA(x)) = 1.

11. 'Estw A ∈ Fµ×µ me χA(x) = (−1)µ(x−λ1)ρ1 · · · (x−λκ)ρκ ìpou λ1, . . . , λκ

diakekrimèna stoiqeÐa tou F .

Na deiqjeÐ ìti mA(x) = (x−λ1)σ1(x−λ2)σ2 · · · (x−λκ)σκ ìpou 0 < σi ≤ pi

gia k�je 1 ≤ i ≤ κ.
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12. 'Estw f : V → V grammik  kai V = V1 ⊕ V2 ìpou f(V1) ⊆ V1 kai
f(V2) ⊆ V2.

Na deiqjeÐ ìti mf (x) =e.k.p.(mfV1
(x),mfV2

(x)).

13. 'Estw A ∈ R3×3 kai èstw ìti up�rqei mia b�sh v1, v2, v3 tou R3×1 tètoia
¸ste oi upìqwroi V =< v1 > kai W =< v1, v2 > tou R3×1 na eÐnai γA-
analloÐwtoi. Tìte na deiqjeÐ ìti o A eÐnai ìmoioc proc èna �nw trigwnikì
pÐnaka.
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3.2 Krit rio Diagwnisimìthtac

To kÔrio Je¸rhma aut c thc paragr�fou mac dÐnei èna krit rio diagwnisimìth-
tac mèsw tou el�qistou poluwnÔmou.

Prìtash 3.2.1. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F kai f : V → V
mia grammik  apeikìnish. An ϕ(x) ∈ F [x], tìte oi upìqwroi tou V , kerϕ(f) kai
Imϕ(f) eÐnai f -analloÐwtoi.

Apìdeixh. 'Estw v0 ∈ kerϕ(f). Ja deÐxoume ìti f(v0) ∈ kerϕ(f). All�
ϕ(f)(f(v0)) = f(ϕ(f)(v0)) = f(0V ) = 0V , �ra f(v0) ∈ kerϕ(f).
'Estw t¸ra v0 ∈ Imϕ(f). Ja deÐxoume ìti f(v0) ∈ Imϕ(f). AfoÔ v0 ∈ Imϕ(f),
èqoume ìti v0 = (ϕ(f))(v1) gia k�poio v1 ∈ V . Sunep¸c f(v0) = f(ϕ(f)(v1)) =
ϕ(f)(f(v1)), �ra f(v0) ∈ Imϕ(f).

Je¸rhma 3.2.2. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F kai f : V → V mia grammik  apeikìnish. Tìte h f eÐnai diagwnÐsimh an
kai mìno an to el�qisto polu¸numo thc f , mf (x), eÐnai ginìmeno diakekrimènwn
prwtob�jmiwn paragìntwn dhlad  eÐnai thc morf c

mf (x) = (x− λν) · · · (x− λκ)

ìpou λ1, . . . , λκ eÐnai oi diakekrimènec idiotimèc thc f .

Apìdeixh. 'Estw ìti h f eÐnai diagwnÐsimh kai ìti λ1, . . . , λκ eÐnai oi diakekri-
mènec idiotimèc thc f . Tìte xèroume ìti V = V (λ1) ⊕ · · · ⊕ V (λκ). 'Ara
an v ∈ V , tìte v = v1 + · · · + vκ ìpou vi ∈ V (λi), 1 ≤ i ≤ κ. 'Estw
ϕ(x) = (x− λ1) · · · (x− λκ) ∈ F [x].
Epeid  (f − λi1V )(vi) = 0, gia k�je 1 ≤ i ≤ κ, èpetai ìti ϕ(f)(vi) =
(f − λ11V ) · · · (f − λi1V ) · · · (f − λκ1V )(vi) = 0, gia k�je 1 ≤ i ≤ κ. 'Ara
ϕ(f)(v) = ϕ(f)(v1 + · · ·+vκ) = ϕ(f)(v1)+ · · ·+ϕ(f)(vκ) = 0, gia k�je v ∈ V .
Sunep¸c mf (x) | ϕ(x). All� xèroume ìti oi idiotimèc thc f eÐnai oi rÐzec tou
mf (x), �ra ϕ(x) | mf (x). Epeid  loipìn mf (x) | ϕ(x), ϕ(x) | mf (x) kai ta
polu¸numa ϕ(x), mf (x) èqoun pr¸to suntelest  1 èpetai ìti ϕ(x) = mf (x).
'Ara deÐxame ìti an h f eÐnai diagwnÐsimh, tìte to el�qisto polu¸numo thc f
eÐnai ginìmeno diakekrimènwn prwtob�jmiwn paragìntwn.

'Estw t¸ra ìti mf (x) = (x−λ1) · · · (x−λκ) ìpou λ1, . . . , λκ oi diakekrimènec
idiotimèc thc f . Ja deÐxoume ìti h f eÐnai diagwnÐsimh, dhlad  ja deÐxoume ìti
up�rqei mia b�sh tou V apì idiodianÔsmata thc f .

H apìdeixh ja gÐnei me epagwg  wc proc µ = dimF V .
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An dimF V = 1 tìte k�je grammik  apeikìnish f : V → V eÐnai diagwnÐsimh.
'Estw t¸ra ìti µ > 1 kai ìti k�je grammik  apeikìnish ρ : V → V , thc opoÐ-
ac to el�qisto polu¸numo, mρ(x), eÐnai ginìmeno diakekrimènwn prwtob�jmiwn
paragìntwn kai dimF V < µ, eÐnai diagwnÐsimh.

JewroÔme mia grammik  apeikìnish f : V → V me dimF V = µ kai mf (x) =
(x− λ1) · · · (x− λκ) ìpou λ1, . . . , λκ oi diakekrimènec idiotimèc thc f .

'Estw h grammik  apeikìnish f − λκ1V : V → V kai W = Im(f − λκ1V ).
Xèroume ìti µ = dimF ker(f − λκ1V ) + dimF Im(f − λκ1V ) = dimF V (λκ) +
dimF W . Epeid  h λκ eÐnai mia idiotim  thc f , V (λκ) = ker(f − λκ1V ) 6= {0V },
�ra dimF V (λκ) > 0, sunep¸c dimF W < µ. An W = {0V }, tìte f = λκ1V ,
�ra h f eÐnai diagwnÐsimh. 'Estw ìti W 6= {0V }. Tìte 0 < dimF W < µ. O
upìqwroc W = Im(f−λκ1V ) tou V eÐnai f -analloÐwtoc, �ra mfW

(x) | mf (x).
Sunep¸c to mfW

(x) eÐnai ginìmeno diakekrimènwn prwtob�jmiwn paragìntwn kai
epeid  dimF W < µ, apì thn upìjesh thc epagwg c èpetai ìti h
fW : W → W eÐnai diagwnÐsimh. 'Ara up�rqei mia b�sh B1 tou W pou a-
poteleÐtai apì idiodianÔsmata thc fW , sunep¸c kai thc f .
Ja deÐxoume ìti V = W ⊕V (λκ). Epeid  dimF V = µ = dimF W +dimF V (λκ)
arkeÐ na deÐxoume ìti W ∩ V (λκ) = {0V }. Pr�gmati, èstw w0 ∈ W tìte
w0 = (f − λκ1V )(v0), gia k�poio v0 ∈ V , afoÔ W = Im(f − λκ1V ). 'Ara
(f−λ11V ) · · · (f−λκ−11V )(w0) = (f−λ11V ) · · · (f−λκ−11V )(f−λκ1V )(v0) =
mf (f)(v0) = 0. Sunep¸c mfW

(x) | (x − λ1) · · · (x − λκ−1), pou shmaÐnei ìti h
λκ den eÐnai mia idiotim  thc fW , sunep¸c W ∩ V (λκ) = {0V }. 'Etsi deÐxame ìti
V = W ⊕ V (λκ).

An t¸ra B2 eÐnai mia b�sh tou V (λκ), tìte xèroume ìti B = B1 ∪ B2 eÐnai
mia b�sh tou V . All� ta stoiqeÐa thc B eÐnai idiodianÔsmata thc f . 'Ara h f
eÐnai diagwnÐsimh.

Pìrisma 3.2.3. 'Enac tetragwnikìc pÐnakac A, A ∈ Fµ×µ, eÐnai ìmoioc proc
èna diag¸nio pÐnaka an kai mìno an to mA(x) eÐnai thc morf c

mA(x) = (x− λ1) · · · (x− λκ),

ìpou λ1, . . . , λκ eÐnai oi diakekrimènec idiotimèc tou A.

Apìdeixh. O A eÐnai ìmoioc proc èna diag¸nio pÐnaka an kai mìno an up�rqei
mia b�sh tou Fµ×1 apì idiodianÔsmata tou A, dhlad  an kai mìno an h γA eÐnai
diagwnÐsimh. Epiplèon epeid  (γA : Ê, Ê) = A xèroume ìti mA(x) = mγA(x).
To apotèlesma t¸ra èpetai apì to Je¸rhma 3.2.2.

Pìrisma 3.2.4. 'Estw V ènac peperasmèna paragìmenoc dianusmatikìc q¸roc
epÐ tou F kai f : V → V mia diagwnÐsimh grammik  apeikìnish. An W eÐnai
ènac f -analloÐwtoc upìqwroc tou V , tìte h fW : W → W eÐnai diagwnÐsimh.
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Apìdeixh. 'Amesh apì 3.1.11 kai 3.2.2.

Prìtash 3.2.5. 'Estw V ènac dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou F kai f, g : V → V diagwnÐsimec grammikèc apeikonÐseic. Tìte up�rqei
mia b�sh tou V apì idiodianÔsmata thc f kai g an kai mìno an f ◦ g = g ◦ f .

Apìdeixh. 'Estw {v1, . . . , vµ} mia b�sh tou V apì idiodianÔsmata thc f kai g.
An f(vi) = λivi kai g(vi) = µivi gia 1 ≤ i ≤ µ, tìte èqoume (f ◦ g)(vi) =
f(g(vi)) = f(µivi) = µif(vi) = µiλivi = (g ◦ f)(vi) gia k�je 1 ≤ i ≤ µ.

An t¸ra v ∈ V tìte v =
µ∑

i=1
γivi kai (f ◦ g)(v) = (f ◦ g)

(
µ∑

i=1
γivi

)
=

µ∑
i=1

γi(f ◦ g)(vi) =
µ∑

i=1
γi(g ◦ f)(vi) = (g ◦ f)

(
µ∑

i=1
γivi

)
= (g ◦ f)(v). 'Ara

f ◦ g = g ◦ f.

'Estw t¸ra ìti f ◦ g = g ◦ f . Epeid  h f eÐnai diagwnÐsimh èpetai ìti V =
V (λ1)⊕ · · · ⊕ V (λκ), ìpou λ1, . . . , λκ eÐnai oi diakekrimènec idiotimèc thc f kai
V (λi) = {x ∈ V | f(x) = λix}.

'Estw vi ∈ V (λi). Tìte f(g(vi)) = g(f(vi)) = g(λivi) = λig(vi). 'Ara
g(vi) ∈ V (λi), dhlad  o V (λi) eÐnai ènac g-analloÐwtoc upìqwroc tou V , gia
k�je 1 ≤ i ≤ κ.

'Omwc epeid  h g :V →V eÐnai diagwnÐsimh xèroume ìti h gVλi
:V (λi)→V (λi)

eÐnai diagwnÐsimh, �ra up�rqei mia b�sh Bi tou V (λi) apì idiodianÔsmata thc
gVλi

, sunep¸c kai thc g.

Fusik� ta stoiqeÐa thc Bi eÐnai idiodianÔsmata kai thc f . 'Ara h B =
κ⋃

i=1
Bi

eÐnai mia b�sh tou V apì idiodianÔsmata thc f kai thc g.

Pìrisma 3.2.6. 'Estw A,B ∈ Fµ×µ diagwnÐsimoi pÐnakec. Tìte up�rqei a-
ntistrèyimoc pÐnakac S ∈ Fµ×µ me S−1AS = ∆1, S−1BS = ∆2, ìpou ∆1,∆2

diag¸nioi pÐnakec, an kai mìno an AB = BA.

Apìdeixh. Af netai san �skhsh.

ParadeÐgmata 3.2.7.

1. 'Estw h grammik  apeikìnish f : R3 → R3 me

f(r1, r2, r3) = (7r1 − r2 − 2r3,−r1 + 7r2 + 2r3,−2r1 + 2r2 + 10r3).

Na exetasjeÐ an h f eÐnai diagwnÐsimh.
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O pÐnakac thc f wc proc thn kanonik  b�sh eÐnai

(f : ê, ê) =




7 −1 −2
−1 7 2
−2 2 10


 = A.

T¸ra upologÐzoume to χA(x) = χf (x) = −(x − 6)2(x − 12) kai parath-
roÔme ìti (A− 6I3)(A− 12I3) = 0, �ra mf (x) = (x− 6)(x− 12).
Dhlad  to el�qisto polu¸numo thc f eÐnai ginìmeno diakekrimènwn prw-
tobajmÐwn paragìntwn, �ra h f eÐnai diagwnÐsimh. Profan¸c kai o A eÐnai

diagwnÐsimoc kai m�lista eÐnai ìmoioc proc ton




6 0 0
0 6 0
0 0 12


.

2. Na kajorisjoÔn oi pÐnakecA∈R2×2 pou ikanopoioÔn thnA2− 3A+2I2 =0.
'Estw ϕ(x) = x2 − 3x + 2 ∈ R[x]. Tìte mA(x) | ϕ(x) all� ϕ(x) =
(x− 1)(x− 2), �ra to mA(x) eÐnai (x− 1)   (x− 2)   (x− 1)(x− 2).
An mA(x) = (x− 1), tìte A = I2.
An mA(x) = (x− 2), tìte A = 2I2.
An mA(x) = (x− 1)(x− 2), tìte o A eÐnai diagwnÐsimoc me idiotimèc 1 kai

2, �ra o A eÐnai ìmoioc proc
(

1 0
0 2

)
.

3. 'Estw A ∈ Rν×ν me A3 = A. Ja deÐxoume ìti o A eÐnai diagwnÐsimoc.
'Estw ϕ(x) = x3 − x. Tìte ϕ(A) = 0 kai mA(x) | ϕ(x) = x3 − x =
x(x−1)(x+1). 'Ara to mA(x) eÐnai ginìmeno diakekrimènwn prwtob�jmiwn
paragìntwn.

EÐdame ìti eÔkola qeirÐzetai kaneÐc touc diag¸niouc pÐnakec algebrik�. Gia

par�deigma an A =




λ1 0 0 0
0 λ1 0 0
0 0 λ2 0
0 0 0 λ3


 ∈ F 4×4 kai ϕ(x) ∈ F [x] tìte

ϕ(A) =




ϕ(λ1) 0 0 0
0 ϕ(λ1) 0 0
0 0 ϕ(λ2) 0
0 0 0 ϕ(λ3)


 .

Sto epìmeno je¸rhma ja doÔme ìti an�loga apotelèsmata isqÔoun kai gia touc
diagwnÐsimouc pÐnakec. Prin to diatup¸soume na parathr soume ìti an
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A =




λ1 0 0 0
0 λ1 0 0
0 0 λ2 0
0 0 0 λ3


 tìte A = λ1D1 + λ2D2 + λ3D3, ìpou

D1 =




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


, D2 =




0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0


, D3 =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


,

kai ϕ(A) = ϕ(λ1)D1 + ϕ(λ2)D2 + ϕ(λ3)D3. Epiplèon
D1 + D2 + D3 = I4, D2

i = Di, 1 ≤ i ≤ 3 kai DiDj = 0 an i 6= j.

Je¸rhma 3.2.8. 'Estw A ∈ F ν×ν kai λ1, . . . , λκ oi diakekrimènec idiotimèc tou
A. Tìte o A eÐnai diagwnÐsimoc an kai mìno an up�rqoun pÐnakec E1, . . . , Eκ

tètoioi ¸ste
(1) A = λ1E1 + λ2E2 + · · ·+ λκEκ

(2) E2
i = Ei, 1 ≤ i ≤ κ

(3) EiEj = 0 an i 6= j, 1 ≤ i, j ≤ κ.
(4) E1 + E2 + · · ·+ Eκ = Iν .
An o pÐnakac A eÐnai diagwnÐsimoc tìte epiplèon èqoume ìti:
(5) Oi pÐnakec Ei, 1 ≤ i ≤ κ eÐnai monos manta orismènoi apì ton A kai tic

idiìthtec (1), (2), (3) kai (4).
(6) An ϕ(x) ∈ F [x], tìte ϕ(A) = ϕ(λ1)E1 + · · ·+ ϕ(λκ)Eκ.
(7) 'Enac pÐnakac B ∈ F ν×ν metatÐjetai me ton A an kai mìno an o B

metatÐjetai me k�je Ei, 1 ≤ i ≤ κ.

Apìdeixh. 'Estw ìti o A eÐnai diagwnÐsimoc. Tìte χA(x) = (−1)ν(x− λ1)σ1 · · ·
(x−λκ)σκ , gia k�poiouc fusikoÔc arijmoÔc σi, 1 ≤ i ≤ κ kai up�rqei antistrè-

yimoc pÐnakac S ∈ F ν×ν me S−1AS =




λ1Iσ1

. . .
λκIσκ


 (∗).

'Estw Di o pÐnakac pou prokÔptei apì ton (∗) an jèsoume λi = 1 kai λj = 0
gia j 6= i. Tìte D2

i = Di, DiDj = 0 gia i 6= j, Iν = D1 + D2 + · · · + Dκ kai
S−1AS = λ1D1 + λ2D2 + · · ·+ λκDκ.

Sunep¸c A = λ1SD1S
−1 + λ2SD2S

−1 + · · ·+ λκSDκS−1.
OrÐzoume Ei = SDiS

−1, tìte
A = λ1E1 + λ2E2 + · · ·+ λκEκ.
E2

i = SDiS
−1SDiS

−1 = SD2
i S

−1 = SDiS
−1 = Ei

EiEj = SDiS
−1SDjS

−1 = SDiDjS
−1 = 0, gia i 6= j

E1 + E2 + · · ·+ Eκ = SD1S
−1 + SD2S

−1 + · · ·+ SDκS−1

= S(D1 + D2 + · · ·+ Dκ)S−1 = SIνS
−1 = Iν .
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Prin deÐxoume to antÐstrofo ja deÐxoume ìti an gia èna pÐnaka A ∈ F ν×ν

isqÔoun oi (1), (2), (3) kai (4) tìte isqÔei kai h (6).
Pr�gmati A2 = (λ1E1 + λ2E2 + · · · + λκEκ)(λ1E1 + λ2E2 + · · · + λκEκ) =
∑
i,j

λiλjEiEj +
κ∑

i=1
λ2

i E
2
i =

κ∑
i=1

λ2
i Ei kai me epagwg  paÐrnoume ìti Aν =

ν∑
i=1

λν
i Ei

gia k�je fusikì arijmì ν. An t¸ra ϕ(x) = a0 + a1x + · · ·+ aν−1x
ν−1 + aνx

ν

tìte
ϕ(A) = a0Iν + a1A + · · ·+ aν−1A

ν−1 + aνA
ν

= a0

(
κ∑

i=1
λν

i Ei

)
+ aν

(
κ∑

i=1
λiEi

)
+ · · ·+ aν−1

(
κ∑

i=1
λν−1

i Ei

)

+aν

(
κ∑

i=1
λν

i Ei

)
= ϕ(λ1)E1 + ϕ(λ2)E2 + · · ·+ ϕ(λκ)Eκ.

T¸ra ja deÐxoume to antÐstrofo. 'Estw ìti gia èna pÐnaka A ∈ F ν×ν me
diakekrimènec idiotimèc λ1, . . . , λκ isqÔoun oi (1), (2), (3), (4) (�ra kai h (6)).
Ja deÐxoume ìti o A eÐnai diagwnÐsimoc. Xèroume ìti arkeÐ na deÐxoume ìti to
mA(x) eÐnai ginìmeno prwtob�jmiwn diakekrimènwn paragìntwn. Sunep¸c arkeÐ
na deÐxoume ìti up�rqei èna polu¸numo ψ(x) ∈ F [x] to opoÐo eÐnai ginìmeno
diakekrimènwn prwtob�jmiwn paragìntwn kai ψ(A) = 0.
'Estw ψ(x) = (x−λ1) · · · (x−λκ). Tìte ψ(A) = ψ(λ1)E1+ · · ·+ψ(λκ)Eκ all�
ψ(λi) = 0, gia k�je 1 ≤ i ≤ κ, �ra ψ(A) = 0 sunep¸c o A eÐnai diagwnÐsimoc.

Gia thn (5), èstw ìti up�rqoun pÐnakec F1, F2, . . . , Fκ me
A = λ1F1 + · · ·+ λκFκ

F 2
i = Fi, 1 ≤ i ≤ κ

FiFj = 0, 1 ≤ i, j ≤ κ, i 6= j
Iν = F1 + F2 + · · ·+ Fκ.

Tìte EiA = AEi = λiEi kai FiA = AFi = λiFi gia k�je 1 ≤ i ≤ κ.
'Ara Ei(AFj) = EiλjFj = (EiA)Fj = λiEiFj .
'Ara (λj − λi)EiFj = 0 kai gia i 6= j èqoume ìti EiFj = 0.
Sunep¸c Ei = EiIν = Ei(F1+· · ·+Fκ) = EiFi = (E1+· · ·+Eκ)Fi = IνFi = Fi

gia k�je 1 ≤ i ≤ κ. 'Ara deÐxame thn (5).
Gia thn (7), eÐnai profanèc ìti an ènac pÐnakac B metatÐjetai me k�je Ei, 1 ≤

i ≤ κ tìte autìc metatÐjetai kai me ton A, afoÔ A = λ1E1 + · · ·+λκEκ. 'Estw
t¸ra ìti o pÐnakac B metatÐjetai me ton A, tìte ja metatÐjetai me k�je pÐnaka
Γ pou eÐnai thc morf c ϕ(A), gia k�poio polu¸numo ϕ(x) ∈ F [x]. ArkeÐ loipìn
na deÐxoume ìti Ei = ϕi(A), gia k�poio polu¸numo ϕi(x) ∈ F [x]. Pr�gmati
èstw ϕ′i(x) = (x−λ1) · · · (x−λi−1)(x−λi+1) · · · (x−λκ). Tìte ϕ′i(λi) 6= 0 kai
apì thn (6) èpetai ìti ϕ′i(A) = ϕ′i(λ1)E + · · · + ϕ′i(λκ)Eκ = ϕ′i(λi)Ei, �ra an
ϕi(x) = 1

ϕ′i(λi)
ϕ′i(x) tìte ϕi(A) = Ei, 1 ≤ i ≤ κ.

Ask seic 3.2
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1. Na exetasjeÐ an oi akìloujec grammikèc apeikonÐseic f : R3 → R3 eÐnai
diagwnÐsimec. Gi� autèc pou eÐnai na brejeÐ mia b�sh tou R3 apì idiodia-
nÔsmat� touc

(i) f(r1, r2, r3) = (3r1 − r2 + r3,−r1 + 5r2 − r3, r1 − r2 + 3r3)

(ii) f(r1, r2, r3) = (2r1, r1 + 2r2,−r1 + r2 + r3)

(iii) f(r1, r2, r3) = (r1 − r3, 2r2, r1 + r2 + 3r3)

(iv) f(r1, r2, r3) = (−2r1 − r2 + r3, 2r1 + r2 − 3r3,−r3)

2. (i) Na exetasjeÐ an up�rqoun antistrèyimoi pÐnakec P1, P2 me
P−1

1 AP1 = ∆1 kai P−1
2 BP2 = ∆2, ìpou

A =



−1 2 2

2 2 2
−3 −6 −6


 , B =




1 −2 2
0 −3 4
0 −2 3




kai ∆1,∆2 diag¸nioi pÐnakec.
(ii) Na exetasjeÐ an up�rqei antistrèyimoc pÐnakac S me S−1AS = ∆1

kai S−1BS = ∆2, ìpou ∆1,∆2 diag¸nioi pÐnakec.

3. 'Estw A =




1 α β
0 1 γ
0 0 −2


 ∈ R3×3.

Poi� sunj kh prèpei na plhroÔn ta α, β, γ ¸ste o A na eÐnai diagwnÐsimoc?

4. An A ∈ F ν×ν me χA(x) = (−1)ν(λ1−x)σ1 · · · (λκ−x)σκ ikanopoieÐ tic (1),
(2), (3) kai (4) tou Jewr matoc 3.2.8 na deiqjeÐ ìti rkEi = σi, 1 ≤ i ≤ κ.

5. 'Estw A =




0 −2 −3
1 3 3
0 0 1


 ∈ R3×3. Na deiqjeÐ ìti o A eÐnai diagwnÐsi-

moc kai na brejoÔn oi E1, . . . , Eκ pou ikanopoioÔn tic (1), (2), (3) kai (4)
tou Jewr matoc 3.2.8.
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3.3 Je¸rhma Prwtarqik c An�lushc

S� aut  kai thn epìmenh par�grafo ja diapist¸soume ìti k�je tetragwnikìc
pÐnakac eÐnai ìmoioc proc k�poion aploÔsterhc morf c.

Ed¸ ja doÔme ìti an sthn an�lush tou el�qistou poluwnÔmou enìc pÐnaka A
se ginìmeno anag¸gwn, emfanÐzontai κ diakekrimèna an�gwga polu¸numa, tìte

o A eÐnai ìmoioc proc èna pÐnaka thc morf c




A1 0
A2

. . .
0 Aκ


, ìpou Ai,

1 ≤ i ≤ κ eÐnai kat�llhloi tetragwnikoÐ pÐnakec.
IsodÔnama, an sthn an�lush tou el�qistou poluwnÔmou miac grammik c a-

peikìnishc f : V → V se ginìmeno anag¸gwn, emfanÐzontai κ diakekrimèna
an�gwga polu¸numa, tìte up�rqei mia diatetagmènh b�sh v̂ tou V ètsi ¸ste

(f : v̂, v̂) =




A1 0
. . .

0 Aκ


, ìpou Ai, 1 ≤ i ≤ κ eÐnai kat�llhloi tetragw-

nikoÐ pÐnakec.
'Estw gia par�deigma mia grammik  apeikìnish f : V → V kai èstw ìti

up�rqei mia diatetagmènh b�sh v̂ = (v1, . . . , vs) me

(f : v̂, v̂) =
(

A 0
0 B

)
=




α11 α12 0 0 0
α21 α22 0 0 0
0 0 β11 β12 β13

0 0 β21 β22 β23

0 0 β31 β32 β33




.

Ac jewr soume touc upìqwrouc V1 =< v1, v2 > kai V2 =< v3, v4, v5 > tou V .
ParathroÔme ìti

f(v1) = α11v1 + α21v2 ∈ V1

f(v2) = α21v1 + α22v2 ∈ V1

dhlad  f(V1) ⊆ V1, dhlad  o V1 eÐnai ènac f -analloÐwtoc upìqwroc tou V kai
m�lista an B1 = (v1, v2) tìte A = (fV1 : B1,B1).

An�loga blèpoume ìti

f(v3) = β11v3 + β21v4 + β31v5 ∈ V2

f(v4) = β12v3 + β22v4 + β32v5 ∈ V2

f(v5) = β13v3 + β23v4 + β33v5 ∈ V2
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�ra f(V2) ⊆ V2, dhlad  o V2 eÐnai ènac f -analloÐwtoc upìqwroc tou V kai an
B2 = (v3, v4, v5) tìte B = (fV2 : B2,B2).

AntÐstrofa an V = W1 ⊕W2, ìpou W1,W2 eÐnai f -analloÐwtoi upìqwroi
tou V kai B1 = (v1, . . . , vρ) mia diatetagmènh b�sh tou W1, B2 = (u1, . . . , uσ)
mia diatetagmènh b�sh tou W2, tìte xèroume ìti h v̂ = (v1, . . . , vρ, u1, . . . , uσ)

eÐnai mia b�sh tou V kai paÐrnoume ìti (f : v̂, v̂) =
(

A1 0
0 A2

)
ìpou

A1 = (fW1 : B1,B1) kai A2 = (fW2 : B2,B2).
Dhlad  to prìblhma tou na broÔme mia b�sh v̂ tou V wc proc thn opoÐa

o pÐnakac thc f eÐnai thc morf c




A1 0
. . .

0 Aκ


, eÐnai isodÔnamo me to na

broÔme mia an�lush tou V se eujÔ �jroisma f -analloÐwtwn upoq¸rwn tou.

To akìloujo Je¸rhma mac dÐnei mia tètoia an�lush tou V mèsw tou el�qi-
stou polu¸numou thc f .

Je¸rhma 3.3.1 (Je¸rhma Prwtarqik c An�lushc). 'Estw V ènac dia-
nusmatikìc q¸roc epÐ tou F peperasmènhc di�stashc, f : V → V mia grammik 
apeikìnish me mf (x) = p1(x)ν1p2(x)ν2 · · · pκ(x)νκ , ìpou p1(x), p2(x), . . . , pκ(x)
eÐnai diakekrimèna an�gwga polu¸numa sto F [x]. Tìte k�je Vi = ker pi(f)νi

eÐnai ènac f -analloÐwtoc upìqwroc tou V kai V = V1⊕V2⊕ · · · ⊕Vκ. Epiplèon
mfVi

(x) = pi(x)νi , 1 ≤ i ≤ κ.

Apìdeixh. Xèroume ìti oi upìqwroi Vi = ker pi(f)νi , 1 ≤ i ≤ κ, eÐnai
f -analloÐwtoi. Ja deÐxoume ìti

V = V1 ⊕ V2 ⊕ · · · ⊕ Vκ.

An κ = 1 tìte p1(f)ν1 = mf (f) = 0 kai V = V1 = ker p1(f)ν1 . 'Estw κ ≥ 2
kai èstw

ψi(x) =
mf (x)
pi(x)νi

= p1(x)ν1 · · · pi−1(x)νi−1pi+1(x)νi+1 · · · pκ(x)νκ , 1 ≤ i ≤ κ.

Tìte ta polu¸numa ψ1(x), ψ2(x), . . . , ψκ(x) eÐnai pr¸ta metaxÔ touc �ra up�r-
qoun polu¸numa σ1(x), . . . , σκ(x) ∈ F [x] tètoia ¸ste

σ1(x)ψ1(x) + σ2(x)ψ2(x) + · · ·+ σκ(x)ψκ(x) = 1.

Sunep¸c èqoume ìti 1V = σ1(f)ψ1(f) + σ2(f)ψ2(f) + · · ·+ σκ(f)ψκ(f).
'Ara an v ∈ V , tìte v = σ1(f)ψ1(f)(v)+σ2(f)ψ2(f)(v)+ · · ·+σκ(f)ψκ(f)(v).
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'Estw vi = σi(f)ψi(f)(v), tìte v = v1 + v2 + · · ·+ vκ. Epiplèon

pi(f)νi(vi) = pi(f)νi(σi(f)ψi(f)(v))
= σi(f)pi(f)νiψi(f)(v) = σi(f)mf (f)(v) = 0

�ra vi ∈ ker pi(f)νi = Vi. Epomènwc

V = V1 + V2 + · · ·+ Vκ.

Ja deÐxoume ìti V = V1 ⊕ V2 ⊕ · · · ⊕ Vκ. Epeid  V = V1 + V2 + · · ·+ Vκ arkeÐ
na deÐxoume ìti an v1 + v2 + · · ·+ vκ = 0 me vi ∈ Vi, 1 ≤ i ≤ κ, tìte vi = 0 gia
k�je 1 ≤ i ≤ κ.

'Estw loipìn

(∗) v1 + v2 + · · ·+ vκ = 0

me vi ∈ Vi = ker pi(f)νi , 1 ≤ i ≤ κ. Epeid  pj(x)νj | ψi(x), gia i 6= j, èpetai ìti
ψi(f)(vj) = 0, gia k�je j 6= i, �ra apì thn (∗) paÐrnoume

ψi(f)(v1 + v2 + · · ·+ vκ) = ψi(f)(v1) + · · ·+ ψi(f)(vi) + · · ·+ ψi(f)(vκ)
= ψi(f)(vi).

All� v1 + v2 + · · ·+ vκ = 0, �ra ψi(f)(v1 + · · ·+ vκ) = ψ(f)(v) = 0. Sunep¸c
ψi(f)(vi) = 0. All� ta pi(x)νi kai ψi(x) eÐnai pr¸ta metaxÔ touc sunep¸c
up�rqoun polu¸numa ϕ(x) kai z(x) ∈ F [x] me ϕ(x)pi(x)νi + z(x)ψi(x) = 1.
'Ara

1V = ϕ(f)pi(f)νi + z(f)ψi(f)

Sunep¸c vi = ϕ(f)pi(f)νi(vi) + z(f)ψi(f)(vi) = 0, afoÔ vi ∈ ker pi(f)νi kai
deÐxame ìti ψi(f)(vi) = 0. 'Ara vi = 0 gia k�je 1 ≤ i ≤ κ kai epomènwc
V = V1 ⊕ · · · ⊕ Vκ.

T¸ra ja deÐxoume ìti mfVi
(x) = pi(x)νi .

Epeid  Vi = ker pi(f)νi èpetai ìti pi(f)νi(vi) = 0, gia k�je vi ∈ Vi, �ra
mfVi

(x) | pi(x)νi , sunep¸c

(1) mfVi
(x) = pi(x)τi me τi ≤ νi, 1 ≤ i ≤ κ.

'Estw t¸ra ψ(x) = p1(x)τ1 · · · pκ(x)τκ .
Tìte gia v ∈ V me v = v1 + v2 + · · · + vκ, vi ∈ Vi, 1 ≤ i ≤ κ èqoume
ψ(f)(v) = p1(f)τ1 · · · pκ(f)τκ(v1) + · · · + p1(f)τ1 · · · pκ(f)τκ(vκ) = 0, �ra
mf (x) | ψ(x).

Sunep¸c pi(x)νi | pi(x)τi , 1 ≤ i ≤ κ �ra

(2) νi ≤ τi, 1 ≤ i ≤ κ.

Apì thn (1) kai (2) èpetai ìti mfVi
(x) = pi(x)νi , 1 ≤ i ≤ κ.
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Pìrisma 3.3.2. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F , dimF V = µ kai
f : V → V mia grammik  apeikìnish me χf (x) = (−1)µp1(v)τ1 · · · pκ(x)τκ kai
mf (x) = p1(x)νi · · · pκ(x)νi ìpou p1(x), . . . , pκ(x) eÐnai diakekrimèna an�gwga
polu¸numa sto F [x] me pr¸to suntelest  1. An Bi = (vi

1v
i
2 · · · vi

ρ) eÐnai mia
diatetagmènh b�sh tou ker pi(f)νi tìte h B = (v1

1 · · · v1
ρ1

v2
1 · · · v2

ρ2
· · · vκ

1 · · · vκ
ρκ

)
eÐnai mia diatetagmènh b�sh tou V kai

(f : B,B) =




A1 0
. . .

0 Aκ


 , ìpou Ai = (fker pi(f)νi : Bi,Bi).

Epiplèon χAi(x) = (−1)τi deg pi(x)pi(x)τi kai mAi(x) = pi(x)νi .

Apìdeixh. EÐnai �mesh apì to Je¸rhma 3.3.1.

Pìrisma 3.3.3. 'Estw A ∈ Fµ×µ me χA(x) = (−1)µp1(x)τ1 · · · pκ(x)τκ kai
mA(x) = p1(x)ν1 · · · pκ(x)νκ , ìpou p1(x), . . . , pκ(x) eÐnai diakekrimèna an�gw-
ga polu¸numa sto F [x] me pr¸to suntelest  1. Tìte o A eÐnai ìmoioc proc

èna pÐnaka thc morf c




A1 0
. . .

0 Aκ


 me χAi(x) = −1)τi deg pi(x)pi(x)τi kai

mAi(x) = pi(x)νi

Apìdeixh. JewroÔme th grammik  apeikìnish γA : Fµ×1 → Fµ×1. Epeid 
(γA : Ê, Ê) = A, xèroume ìti χγA(x) = χA(x) kai mγA(x) = mA(x).

Apì to Pìrisma 3.3.2 èqoume ìti up�rqei diatetagmènh b�sh B tou Fµ×1

ètsi ¸ste (γA : B,B) =




A1 0
. . .

0 Aκ


, ìpou χAi(x) = (−1)τi deg pi(x) kai

mAi(x) = pi(x)νj .
An t¸ra B = (v1, . . . , vµ) kai S = (S(1) · · ·S(µ)) ∈ Fµ×µ me S(i) = vi, tìte

o S eÐnai antistrèyimoc kai S−1AS =




A1 0
. . .

0 Aκ


.

ParadeÐgmata 3.3.4.

1. 'Estw h grammik  apeikìnish
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f : R3 → R3 me f(r1, r2, r3) = (−r3, r1 + r3, r2 + r3). JewroÔme ton

(f : ê, ê) =




0 0 −1
1 0 1
0 1 1


 = A

kai brÐskoume ìti χA(x) = −(x+1)(x−1)2 en¸ mA(x) = (x+1)(x−1)2.
Sunep¸c h f den eÐnai diagwnÐsimh. Apì to Je¸rhma 3.3.1 èpetai ìti

R3 = ker(f + 1R3)⊕ ker(f − 1R3)2

Ja broÔme mia b�sh B1 gia ton ker(f + 1R3) kai mia b�sh B2 gia ton
ker(f − 1R3).
T¸ra (f + 1R3)(r1, r2, r3) = (r1 − r3, r1 + r2 + r3, r2 + 2r3)

�ra (r1, r2, r3) ∈ ker(f + 1R3) an kai mìno an

r1 − r3 = 0
r1 + r2 + r3 = 0

r2 + 2r3 = 0.

Sunep¸c ker(f + 1R3) = {ρ(1,−2, 1) | ρ ∈ R}.
Epiplèon

(f − 1R3)2(r1, r2, r3) = (f − 1R3)((f − 1R3)(r1, r2, r3)
= (f − 1R3)(−r3 − r1, r1 + r3 − r2, r2)
= (−r2 + r3 + r1,−2r3 − 2r1 + 2r2, r1 − r3 − r2).

'Ara (r1, r2, r3) ∈ ker(f − 1R3)2 an kai mìno an

r3 + r1 − r2 = 0
2r2 − 2r1 − 2r3 = 0

r1 − r3 − r2 = 0.

Sunep¸c ker(f − 1R3)2 = {ρ(0, 1, 1) + σ(1, 1, 0) | ρ, σ ∈ R}.
'Estw loipìn B1 = {(1,−2, 1)} kai B2 = {(0, 1, 1), (1, 1, 0)} kai jewroÔme

thn B = ((1,−2, 1), (0, 1, 1), (1, 1, 0)) tìte (f : B,B) =



−1 0 0

0 2 1
0 −1 0


.

'Ara an S =




1 0 1
−2 1 1

1 1 1


 tìte S−1AS =



−1 0 0

0 2 1
0 −1 0


.
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Parat rhsh. ParathroÔme ìti o A eÐnai ìmoioc proc èna �nw trigwnikì
afoÔ to χA(x) eÐnai ginìmeno prwtob�jmiwn paragìntwn. Oi idiotimèc
tou A eÐnai −1 kai 1 kai epeid  o A den eÐnai diagwnÐsimoc èqoume ìti
dimR V (−1) = 1 kai dimR V (1) = 1. An v1 ∈ V (−1) me v1 6= 0 kai
v2 ∈ V (1) me v2 6= 0 tìte xèroume ìti v1, v2 eÐnai grammik� anex�rthta.
'Estw v̂ = (v1, v2, w) mia diatetagmènh b�sh tou R3 kai S(3) = w. Tìte

S−1AS =



−1 0 σ1

0 1 σ2

0 0 −1


 gia k�poia σ1, σ2 ∈ R.

2. 'Estw A =




6 −3 −2
4 −1 −2

10 −5 −3


 ∈ R3×3.

BrÐskoume ìti χA(x) = −(x2 + 1)(x− 2) kai mA(x) = (x2 + 1)(x− 2).

Profan¸c o A den eÐnai ìmoioc proc èna diag¸nio oÔte proc èna �nw
trigwnikì pÐnaka.

JewroÔme thn γA : R3×1 → R3×1. Apì to Je¸rhma 3.3.1 xèroume ìti
R3×1 = ker(γ2

A + 1R3×1)⊕ ker(γA − 21R3×1).

Ja broÔme b�seic gia touc ker(γ2
A + 1R3×1) kai gia ker(γA − 21R3×1).

'Eqoume ìti γ2
A + 1R3×1 = γA2 + γI3 = γA2+I3 .

O pÐnakac A2 + I3 =




5 −5 0
0 0 0

−10 −10 0


 kai

ker(γ2
A + 1R3×1) = {X ∈ R3×1 | (A2 + I3)X = 0} =

〈


1
1
0


 ,




0
0
1




〉
.

T¸ra γA − 21R3×1 = γA − γ2I3 = γA−2I3 .

O pÐnakac A− 2I3 =




4 −3 −2
4 −3 −2

10 −5 −5


 kai

ker(γA − 21R3×1) = {X ∈ R3×1(A− 2I3)X = 0} =

〈


1
0
2




〉
.

An t¸ra B =







1
1
0


 ,




0
0
1


 ,




1
0
2





, tìte
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γA




1
1
0


 = A




1
1
0


 =




3
3
5


 = 3




1
1
0


 + 5




0
0
1




γA




0
0
1


 = A




0
0
1


 =



−2
−2
−3


 = −2




1
1
0


 + (−3)




0
0
1




γA




1
0
2


 = A




1
0
2


 =




2
0
4


 =




1
0
2


,

�ra (γA : B,B) =




3 −2 0
5 −3 0
0 0 2


.

Sunep¸c an S =




1 0 1
1 0 0
0 1 2


, tìte S−1AS =




3 −2 0
5 −3 0
0 0 2


.

Ask seic 3.3

1. 'Estw h grammik  apeikìnish

f : R3 → R3 me f(r1, r2, r3) = (2r1 + r2 − r3,−2r1 − r2 + 3r3, r3).

Na brejeÐ to mf (x) kai na deiqjeÐ ìti R3 = ker f ⊕ ker(f − 1R3)2.

Epiplèon na brejeÐ mia diatetagmènh b�sh v̂ tou R3 ètsi ¸ste

(f : v̂, v̂) =




α 0 0
0 β δ
0 γ ε


 gia k�poia α, β, δ, γ, ε ∈ R.

2. 'Estw h grammik  apeikìnish

f : R3 → R3 me f(r1, r2, r3) = (−2r1 − r2 + r3, 2r1 + r2 − 3r3,−r3).

Na brejeÐ mia diatetagmènh b�sh v̂ tou R3 ètsi ¸ste

(f : v̂, v̂) =




α 0 0
0 β γ
0 δ ε


 gia k�poia α, β, δ, γ, ε ∈ R.

3. Na brejoÔn tetragwnikoÐ pÐnakec A1, A2 ètsi ¸ste o pÐnakac



1 1 1
1 1 1
1 1 1


 ∈ R3×3 na eÐnai ìmoioc proc

(
A1 0
0 A2

)
.
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4. Qrhsimopoi¸ntac to Je¸rhma Prwtarqik c An�lushc deÐxte ìti an to
el�qisto polu¸numo miac grammik c apeikìnishc f : V → V eÐnai thc
morf c mf (x) = (x − λ1) · · · (x − λκ), ìpou λ1, . . . , λκ oi diakekrimènec
idiotimèc thc f , tìte h f eÐnai diagwnÐsimh.

5. (i) 'Estw A ∈ Fµ×µ kai A =
(

A1 0
0 A2

)
ìpou A1 ∈ F ν1×ν1 kai

A2 ∈ F ν2×ν2 . Na deiqjeÐ ìti o A eÐnai ìmoioc proc B =
(

A2 0
0 A1

)
kai

na brejeÐ antistrèyimoc pÐnakac S ∈ Fµ×µ me S−1AS =
(

A2 0
0 A1

)
.

(Upìdeixh: (γA : Ê, Ê) = A, ìpou Ê = (E1, . . . , Eµ). An v̂ = (Eν1+1, . . . ,
Eν1+ν2 , E1, . . . , Eν1) tìte (γA : v̂, v̂) = B).

(ii) 'Estw Γ =
(

Γ1 0
0 Γ2

)
∈ Fµ×µ me Γi ∈ F νi×νi , i = 1, 2. An Γ1 eÐnai

ìmoioc proc ∆1 kai Γ2 ìmoioc proc ∆2 tìte na deiqjeÐ ìti o Γ eÐnai ìmoioc

proc ton ∆ =
(

∆1 0
0 ∆2

)
.

(Upìdeixh: An S−1
i ΓiSi = ∆i kai S =

(
S1 0
0 S2

)
tìte o S eÐnai anti-

strèyimoc kai S−1ΓS = ∆).

6. (i) 'EstwA ∈ Fµ×µ kaiA =




A1 0
. . .

0 Aκ


 ìpouAi ∈ F ν×ν , 1 ≤ i ≤ κ.

An σ eÐnai mia met�jesh tou {1, 2, . . . , κ}, dhlad  h apeikìnish
σ : {1, 2, . . . , κ} → {1, 2, . . . , κ} eÐnai 1 − 1 kai epÐ, tìte na deiqjeÐ ìti

o A eÐnai ìmoioc proc




Aσ(1) 0
. . .

0 Aσ(κ)


.

(ii) 'EstwΓ =




Γ1 0
. . .

0 Γκ


 ∈ Fµ×µ meΓi ∈ F νi×νi , 1 ≤ i ≤ κ. A-

n Γi ìmoioc proc ∆i, 1 ≤ i ≤ κ tìte o Γ eÐnai ìmoioc proc ∆ =


∆1

. . .
0 ∆κ


.
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3.4 Kanonik  Morf  Jordan

Ed¸ ja deÐxoume ìti an to el�qisto polu¸numo miac grammik c apeikìnishc
f : V → V eÐnai ginìmeno prwtob�jmiwn paragìntwn tìte up�rqei mia dia-
tetagmènh b�sh B tou V ètsi ¸ste o pÐnakac thc f wc proc B, (f,B,B) =


J1

. . .
Jτ


 ìpou Ji eÐnai eidik c morf c �nw trigwnikoÐ pÐnakec.

IsodÔnama ìti an to el�qisto polu¸numo enìc tetragwnikoÔ pÐnaka A eÐnai
ginìmeno prwtob�jmiwn paragìntwn tìte o A eÐnai ìmoioc proc èna pÐnaka thc

morf c




J1

. . .
Jτ


, ìpou Ji eÐnai eidik c morf c �nw trigwnikoÐ pÐnakec.

Ja qrhsimopoi soume to Je¸rhma Prwtarqik c An�lushc kai tic idiaÐterec
idiìthtec pou èqei mia grammik  apeikìnish f : V → V gia thn opoÐa isqÔei ìti
fκ = 0 gia k�poio fusikì arijmì κ.

OrismoÐ 3.4.1. (i) 'Estw V ènac dianusmatikìc q¸roc epÐ tou F peperasmènhc
di�stashc kai f : V → V mia grammik  apeikìnish. H f lègetai mhdenodÔna-
mh an fν = 0 gia k�poio fusikì arijmì ν. O el�qistoc fusikìc arijmìc κ gia
ton opoÐo isqÔei fκ = 0 lègetai o deÐkthc thc f .
(ii) 'Enac tetragwnikìc pÐnakac A ∈ Fµ×µ lègetai mhdenodÔnamoc an Aν = 0
gia k�poio fusikì arijmì ν. O el�qistoc fusikìc arijmìc κ gia ton opoÐo isqÔei
Aκ = 0 lègetai o deÐkthc tou A.

ParadeÐgmata 3.4.2.

1. H grammik  apeikìnish f : R3 → R3 me f(r1, r2, r3) = (0, r1, r2) eÐnai
mhdenodÔnamh deÐktou 3. Pr�gmati f2(r1, r2, r3) = f(0, r1, r2) = (0, 0, r1)
kai f3(r1, r2, r3) = f(0, 0, r1) = (0, 0, 0). 'Ara f2 6= 0 kai f3 = 0.

2. 'Estw f : Cν → Cν grammik  apeikìnish me monadik  idiotim  to 0. Tìte
χf (x) = xν �ra apì to Je¸rhma Cayley-Hamilton fν = 0, �ra h f eÐnai
mhdenodÔnamh.

Sqìlio. An f : V → V eÐnai mia grammik  apeikìnish h opoÐa eÐnai mhdenodÔ-
namh deÐktou µ kai x ∈ V me fµ−1(x) 6= 0, tìte eÔkola blèpoume ìti ta stoiqeÐa
x, f(x), . . . , fµ−1(x) eÐnai grammik� anex�rthta. Qrhsimopoi¸ntac autì, mpo-
roÔme na deÐxoume eÔkola ìti an h f : V → V eÐnai mia grammik  apeikìnish kai
dimF V = µ, tìte h f eÐnai mhdenodÔnamh deÐktou µ an kai mìno an up�rqei mia
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diatetagmènh b�sh v̂ tou V me (f : v̂, v̂) =
(

0 Iµ−1

0 0

)
. Autì idiaÐtera sune-

p�getai ìti ènac tetragwnikìc pÐnakac A ∈ Fµ×µ eÐnai mhdenodÔnamoc deÐktou

µ, an kai mìno an o A eÐnai ìmoioc proc
(

0 Iµ−1

0 0

)
.

Gia na deÐxoume to basikì Je¸rhma ja qreiastoÔme ta akìlouja apotelè-
smata.

Prìtash 3.4.3. 'Estw f : V → V mia grammik  apeikìnish. Tìte gia k�je
fusikì arijmì i èqoume

(1) ker f i ⊆ ker f i+1

(2) an x ∈ ker f i+1 tìte f(x) ∈ ker f i.

Apìdeixh.

(1) An v ∈ ker f i tìte f i(v) = 0 �ra f i+1(v) = f(f i(v)) = f(0V ) = 0V �ra
v ∈ ker f i+1

(2) An y ∈ ker f i+1 tìte f i(f(v)) = f i+1(v) = 0V �ra f(v) ∈ ker f i.

Genik� an f : V → V eÐnai mia grammik  apeikìnish tìte paÐrnoume mia
akoloujÐa upoq¸rwn tou V thc morf c

{0V } ⊆ ker f ⊆ ker f2 ⊆ · · · ⊆ ker f i ⊆ ker f i+1 ⊆ · · · .

Sthn perÐptwsh pou h f eÐnai mhdenodÔnamh isqÔei to akìloujo.

Prìtash 3.4.4. 'Estw f : V → V mia grammik  apeikìnish h opoÐa eÐnai mh-
denodÔnamh deÐktou κ. Tìte paÐrnoume mia akoloujÐa diakekrimènwn upoq¸rwn
tou V

{0V } $ ker f $ ker f2 $ · · · $ ker fκ−1 $ ker fκ = V.

Apìdeixh. AfoÔ fκ = 0, èpetai ìti ker fκ = V . Apì thn prohgoÔmenh t¸ra
prìtash, èpetai ìti èqoume mia akoloujÐa upoq¸rwn tou V

{0V } ⊆ ker f ⊆ ker f2 ⊆ · · · ⊆ ker fκ−1 ⊆ ker fκ = V.

ParathroÔme ìti {0V } $ ker f . Pr�gmati, an ker f = {0V } tìte epeid  fκ(v) =
f(fκ−1(v)) = 0 gia k�je v ∈ V ja eÐqame ìti fκ−1(v) = 0 gia k�je v ∈ V ,
dhlad  fκ−1 = 0, �topo afoÔ h f eÐnai deÐktou κ.
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T¸ra ja deÐxoume ìti ker f i $ ker f i+1, 1 ≤ i ≤ κ − 1. 'Estw ìti up�rqei
i ∈ {1, . . . , κ− 1} tètoio ¸ste ker f i = ker f i+1. Tìte gia k�je v ∈ V , èqoume
ìti

0V = fκ(v) = f i+1(fκ−(i+1)(v)),

�ra fκ−(i+1)(v) ∈ ker f i+1 = ker f i, sunep¸c

0V = f i(fκ−(i+1)(v)) = fκ−1(v).

'Ara fκ−1 = 0, �topo. Sunep¸c ker f i $ ker f i+1, gia k�je 1 ≤ i ≤ κ− 1.

Prìtash 3.4.5. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F peperasmènhc
di�stashc kai f : V → V mia grammik  apeikìnish tètoia ¸ste
ker f i $ ker f i+1 $ ker f i+2 gia k�poio fusikì arijmì i. 'Estw v1, . . . , vκ

mia b�sh tou ker f i+1 kai v1, . . . , vκ, w1, . . . , wρ mia b�sh tou ker f i+2. An
u1, . . . , uσ eÐnai mia b�sh tou ker f i tìte ta stoiqeÐa

u1, . . . , uσ, f(w1), . . . , f(wρ)

eÐnai grammik� anex�rthta stoiqeÐa tou ker f i+1.

Apìdeixh. EÐdame pio p�nw ìti ta stoiqeÐa f(w1), . . . , f(wρ) an koun ston
ker f i+1. 'Estw

(1) γ1u1 + · · ·+ γσuσ + µ1f(w1) + · · ·+ µρf(wρ) = 0.

Tìte f i(γ1u1 + · · ·+ γσuσ + µ1f(w1) + · · ·+ µρf(wρ)) = 0.
All� f i(uj) = 0 gia k�je 1 ≤ j ≤ σ �ra f i+1(µ1w1 + · · ·+ µρwρ) = 0.
Sunep¸c µ1w1 + · · ·+ µρwρ ∈ ker f i+1 =< v1, . . . , vκ >.

An µ1w1 + · · ·+ µρwρ 6= 0 tìte up�rqoun a1, . . . , aκ ∈ F me (a1, . . . , aκ) 6=
(0, . . . , 0) ètsi ¸ste µ1w1+· · ·+µρwρ = a1v1+· · ·+aκvκ, �topo afoÔ v1, . . . , vκ,
w1, . . . , wρ eÐnai grammik� anex�rthta. 'Ara µ1w1 + · · · , µρwρ = 0, kai kaj¸c
ta w1, . . . , wρ eÐnai grammik� anex�rthta, prèpei µ1 = µ2 = · · · = µρ = 0. T¸ra
apì thn (1) èpetai ìti γ1u1 + · · · + γσuσ = 0, all� u1, . . . , uσ eÐnai grammik�
anex�rthta, �ra γ1 = · · · = γσ = 0. Sunep¸c deÐxame to zhtoÔmeno.

Parat rhsh. 'Estw f : V → V mia grammik  apeikìnish me ker fν $ ker fν+1

gia k�poio fusikì arijmì ν. An v1, . . . , vκ eÐnai mia b�sh tou ker fν kai v1, . . . , vκ,
w1, . . . , wρ mia tou b�sh tou ker fν+1 tìte apì thn prohgoÔmenh Prìtash èpetai
ìti ta f(w1), . . . , f(wρ) eÐnai grammik� anex�rthta stoiqeÐa tou ker fν .

T¸ra ja eis�goume thn ènnoia enìc �nw trigwnikoÔ pÐnaka eidik c morf c:



122 Kef�laio 3. Kanonikèc Morfèc

Orismìc 3.4.6. 'Enac stoiqei¸dhc pÐnakac Jordan , Jλ,µ ∈ Fµ×µ eÐnai ènac
tetragwnikìc pÐnakac thc morf c

Jλ,µ =




λ 1 0 0

0 λ 1
...

0 λ 0
...

...
... . . . 1

0 0 0 λ




ParadeÐgmata 3.4.7.

J3,1 = (3) ∈ F 1×1 J3,2 =
(

3 1
0 3

)
∈ F 2×2

J3,3 =




3 1 0
0 3 1
0 0 3


 ∈ F 3×3 J3,4 =




3 1 0 0
0 3 1 0
0 0 3 1
0 0 0 3


 ∈ F 4×4

J0,2 =
(

0 1
0 0

)
J0,3 =




0 1 0
0 0 1
0 0 0


 .

Prìtash 3.4.8. 'Estw Jλ,µ =




λ 1 0 · · · 0

0 λ 1
...

... 0 λ
...

...
...

... 0
0 0 0 · · · λ



∈ Fµ×µ. Tìte

(i) h di�stash tou idioq¸rou tou Jλ,µ eÐnai 1
(ii) mJλ,µ

(x) = (x− λ)µ.

Apìdeixh. Af netai san �skhsh.

(Upìdeixh gia (ii): Jλ,µ =




λ 0
. . .

0 λ


 + J0,µ kai o J0,µ eÐnai ènac mhdeno-

dÔnamoc pÐnakac deÐktou µ).

Je¸rhma 3.4.9. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F me dimF V = µ
kai f : V → V mia mhdenodÔnamh grammik  apeikìnish deÐktou κ. Tìte up�rqei
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mia diatetagmènh b�sh v̂ tou V me (f : v̂, v̂) =




J0,δ1 0
J0,δ2

. . .
0 J0,δτ


 ,

ìpou J0,δi ∈ F δi×δi eÐnai stoiqei¸deic pÐnakec Jordan.

Apìdeixh. 'Estw Wi = ker f i. Tìte epeid  h f eÐnai mhdenodÔnamh deÐktou κ
paÐrnoume thn akoloujÐa diakekrimènwn upoq¸rwn tou V

{0V } = W0 $W1 $W2 $ · · · $Wκ−1 $Wκ = V.

'Estw B1 mia b�sh tou W1. Aut  thn epekteÐnoume se mia b�sh tou W2. 'Estw
loipìn Γ2 ⊆ W2 me B1 ∪ Γ2 mia b�sh tou W2. T¸ra epekteÐnoume aut  th b�sh
tou W2 se mia b�sh tou W3. 'Estw Γ3 ⊆ W3 me B1 ∪ Γ2 ∪ Γ3 mia b�sh tou W3.
SuneqÐzontac m� autì ton trìpo brÐskoume mia b�sh Bκ = B1∪Γ2∪Γ3∪ . . .∪Γκ

tou Wκ = V , tètoia ¸ste Bi = B1∪Γ2∪ . . .∪Γi eÐnai mia b�sh tou Wi gia k�je
2 ≤ i ≤ κ.

'Estw ìti Γκ = {vκ
1 , . . . , vκ

σκ
} ⊆ Wκ. 'Eqoume ìti h Bκ−1 eÐnai mia b�sh tou

Wκ−1 = ker fκ−1, h Bκ = Bκ−1 ∪ Γκ eÐnai mia b�sh tou Wκ = ker fκ kai h
Bκ−2 eÐnai mia b�sh tou Wκ−2 = ker fκ−2. 'Ara apì thn Prìtash 3.4.5 èqoume
ìti sÔnoloBκ−2∪{f(vκ

1 ), . . . , f(vκ
σκ

)} eÐnai èna grammik� anex�rthto uposÔnolo
tou Wκ−1. Autì to epekteÐnoume se mia b�sh B′κ−1 tou Wκ−1,

B′κ−1 = Bκ−2 ∪ {f(vκ
1 ), . . . , f(vκ

σκ
)} ∪ {uκ−1

1 , . . . , uκ−1
σκ−1

}.

An Γ ′κ−1 = {f(vκ
1 ), . . . , f(vκ

σκ
), uκ−1

1 , . . . , uκ−1
σκ−1

} tìte to Bκ−2 eÐnai mia b�sh
tou Wκ−2 = ker fκ−2 kai to B′κ−1 = Bκ−2 ∪ Γ ′κ−1 eÐnai mia b�sh tou Wκ−1 =
ker fκ−3.'Ara apì thn Prìtash 3.4.5 paÐrnoume ìti

Bκ−3 ∪ f(Γ ′κ−1) = Bκ−3 ∪ {f2(vκ
1 ), . . . , f2(vκ

σκ
), f(uκ−1

1 ), . . . , f(uκ−1
σκ−1

)}

eÐnai èna grammik� anex�rthto uposÔnolo tou Wκ−2. Autì to epekteÐnoume se
mia b�sh B′κ−2 tou Wκ−2,

B′κ−2 = Bκ−3∪{f2(vκ
1 ), . . . , f2(vκ

σκ
), f(uκ−1

1 ), . . . , f(uκ−1
σκ−1

)}∪{uκ−2
1 , . . . , uκ−2

σκ−2
}.

An

Γ ′κ−2 = {f2(vκ
1 ), . . . , f2(vκ

σκ
), f(uκ−1

1 ), . . . , f(uκ−1
σκ−1

), uκ−2
1 , . . . , uκ−2

σκ−2
}

tìte B′κ−2 = Bκ−3 ∪ Γ ′κ−2 eÐnai mia b�sh tou Wκ−2.
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SuneqÐzontac m� autì ton trìpo, brÐskoume mia b�sh B′i tou Wi tètoia ¸ste
B′i = Bi−1 ∪ Γ ′i kai f(Γ ′i ) ⊆ Γ ′i−1, gia k�je 1 ≤ i ≤ κ− 1.

Xèroume ìti to f(Γ ′2) eÐnai èna grammik� anex�rthto uposÔnolo tou W1

to opoÐo epekteÐnoume se mia b�sh Γ ′1 tou W1, Γ ′1 = f(Γ ′2) ∪ {u1
1, . . . , u

1
σ(1)}.

Dhlad  èqoume

V = Wκ = Wκ−1⊕ < Γκ >= Wκ−1⊕ < vκ
1 , . . . vκ

σκ
>

Wκ−1 = Wκ−2⊕ < Γ ′κ−1 >, Γ ′κ−1 = {f(vκ
1 ), . . . f(vκ

σκ
), uκ−1

1 , . . . , uκ−1
σκ−1

}
Wκ−2 = Wκ−3⊕ < Γ ′κ−2 >, Γ ′κ−2 = {f2(vκ

1 ), . . . f2(vκ
σκ

), f(uκ−1
1 ), . . . ,

f(uκ−1
σκ−1

), uκ−2
1 , . . . , uκ−2

σκ−2
}

...
W2 = W1⊕ < Γ ′2 >, Γ ′2 = {fκ−2(vκ

1 ), . . . , fκ−2(vκ
σκ

), fκ−3(uκ−1
1 ), . . . ,

fκ−3(uκ−1
σκ−1

), . . . , u2
1, . . . , u

2
σ2
}

W1 =< Γ ′1 >,Γ ′1 = {fκ−1(vκ
1 ), . . . , fκ−1(vκ

σκ
), fκ−2(uκ−1

1 ), . . . ,

fκ−2(uκ−1
σκ−1

), . . . , f(u2
1), . . . , f(u2

σ2
), u1

1, . . . , u
1
σ1
}

To sÔnolo Γ ′1 eÐnai mia b�sh tou W1 = ker f kai sunep¸c to sÔnolo Γ ′1 ∪ Γ ′2

eÐnai mia b�sh tou W2 kai to
κ−1⋃
i=1

Γ ′i eÐnai mia b�sh tou Wκ−1.

'Ara to sÔnolo
κ−1⋃
i=1

Γ ′i ∪ {vκ
1 , . . . , vκ

σκ
} eÐnai mia b�sh tou V .

JewroÔme thn akìloujh di�taxh aut c thc b�shc

v̂ =(fκ−1(vκ
1 ), fκ−2(vκ

1 ), . . . , f(vκ
1 ), vκ

1 , fκ−1(vκ
2 ), . . . , f(vκ

2 ), vκ
2 , . . . ,

fκ−1(vκ
σκ

), . . . , f(vκ
σκ

), vκ
σκ

, fκ−2(uκ−1
1 ), . . . , uκ−1

1 , . . . ,

f(u2
1), u

2
1, . . . , f(u2

σ2
), u2

σ2
, u1

1, . . . , u
1
σ1

).

EÔkola diapist¸noume ìti o pÐnakac thc f wc proc th diatetagmènh b�sh v̂ tou
V eÐnai thc zhtoÔmenhc morf c.

Parathr seic 3.4.10.

(1) Apì thn apìdeixh tou prohgoÔmenou Jewr matoc èpetai ìti to pl joc
twn stoiqeiwd¸n pin�kwn Jordan pou emfanÐzontai isoÔtai me th di�stash
tou ker f . Dhlad  τ = dimF ker f .

(2) H apìdeixh tou prohgoÔmenou Jewr matoc mac èdwse mia an�lush tou
V se eujÔ �jroisma f -analloÐwtwn upoq¸rwn wc V = Z(vκ

1 )⊕ Z(vκ
2 )⊕
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· · · ⊕ Z(vκ
σκ

) ⊕ · · · ⊕ Z(uκ−1
1 ) ⊕ · · · ⊕ Z(uκ−1

σκ−1
) ⊕ · · · ⊕ Z(u2

σ2
) ⊕ · · · ⊕

Z(u1
1) ⊕ · · · ⊕ Z(u1

σ1
), ìpou Z(wi

j) =< wi
j , f(wi

j), . . . , f
i−1(wi

j) >. Ta
wi

j ∈ Wi = ker f i, 1 ≤ j ≤ σj .

EÔkola blèpoume ìti o Z(wi) eÐnai ènac f -analloÐwtoc upìqwroc tou V .
Epiplèon an ŵi

j = (f i−1(wi
j), . . . , f(wi

j), w
i
j), tìte (fZ(wi

j)
: ŵi

j , ŵ
i
j) = J0,i.

Par�deigma 3.4.11. 'Estw f : R4 → R4 h grammik  apeikìnish me
f(r1, r2, r3, r4) = (0, r1, r4, 0). EÔkola blèpoume ìti h f eÐnai mhdenodÔnamh
deÐktou 2.

'Estw W1 = ker f = {(0, r2, r3, 0) | r3, r4 ∈ R} kai W2 = ker f2 = R4.
T¸ra èstw B1 = {(0, 1, 0, 0), (0, 0, 1, 0)} mia b�sh tou W1 thn opoÐa epekteÐ-

noume se mia b�sh B2 = B1 ∪ Γ2 tou W2. 'Estw Γ2 = {(1, 0, 0, 0), (0, 0, 0, 1)} =
{e1, e4}.

T¸ra to sÔnolo f(Γ2) = {(0, 1, 0, 0), (0, 0, 1, 0)} = {f(e1), f(e4)} eÐnai èna
grammik� anex�rthto uposÔnolo tou W1 = ker f . JewroÔme thn ex c diatetag-
mènh b�sh tou R4

v̂ = (f(e1)
q
v1

, e1
q
v2

, f(e4)
q
v3

, e4
q
v4

).

Tìte

f(v1) = f(f(e1)) = 0
f(v2) = f(e1) = v1

f(v3) = f(f(e4)) = 0
f(v4) = f(e4) = v3

�ra

(f : v̂, v̂) =




0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0


 =

(
J0,2

J0,2

)

Pìrisma 3.4.12. 'Estw V ènac dianusmatikìc q¸roc epÐ tou F peperasmènhc
di�stashc kai f : V → V mia grammik  apeikìnish. An mf (x) = (x− λ)ν , tìte

up�rqei mia diatetagmènh b�sh v̂ tou V me (f : v̂, v̂) =




Jλ,δ1
. . .

Jλ,δτ


.

Apìdeixh. 'Estw g : V → V h grammik  apeikìnish g = f − λ1V . Epeid 
mf (x) = (x − λ)ν èqoume ìti h g eÐnai mhdenodÔnamh deÐktou ν. Apì to
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prohgoÔmeno Je¸rhma èpetai ìti up�rqei mia diatetagmènh b�sh v̂ tou V me

(g : v̂, v̂) =




J0,δ1
. . .

J0,δτ


.

All� (g : v̂, v̂) = (f − λ1V : v̂, v̂) = (f : v̂, v̂)− (λ1V : v̂, v̂), �ra

(f :v̂, v̂) = (g : v̂, v̂) + (λ1V : v̂, v̂)

=




J0,δ1
. . .

J0,δτ


 +




λ 0
. . .

0 λ


 =




Jλ,δ1
. . .

Jλ,δτ


 .

Parat rhsh 3.4.13. An f : V → V eÐnai mia grammik  apeikìnish me
χf (x) = (x−λ)µ kai mf (x) = (x−λ)ν , tìte eÐdame ìti up�rqei mia diatetagmènh

b�sh B tou V me (f : B,B) =




Jλ,δ1
. . .

Jλ,δτ


. Apì thn Parat rhsh

3.4.10 èpetai ìti
(1) τ = dimF V (λ).

Epeid  χf (x) = χJλ,δ1(x) · · ·χJλ,δτ (x) = (x− λ)µ èpetai ìti

(2) µ =
τ∑

i=1
δi.

Epeid  mf (x) =e.k.p.(mJλ,δ1
(x), . . . , mJλ,δτ

(x)) = (x− λ)ν èpetai ìti
(3) up�rqei toul�qiston èna i ∈ {1, . . . , τ} me δi = ν.

Pìrisma 3.4.14. 'Estw V dianusmatikìc q¸roc epÐ tou F me dimF V = µ kai
f : V → V mia grammik  apeikìnish me

mf (x) = (x− λ1)νi(x− λ2)ν2 · · · (x− λκ)νκ

ìpou λ1, . . . , λκ oi diakekrimènec idiotimèc thc f . Tìte up�rqei mia diatetagmènh
b�sh B tou V me

(f : B,B) =




Jλ1,δ(1,λ1)

. . .
Jλ1,δ(τλ1

,λ1)

. . .
Jλκ,δ(1,λκ)

. . .
Jλκ,δ(τλκ

,λκ)



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Apìdeixh. Apì to Je¸rhma prwtarqik c an�lushc èqoume ìti V = V1 ⊕ V2

⊕· · ·⊕Vκ ìpou Vi = ker(f−λi)νi kai mfVi
= (x−λi)νi . 'Ara apì to prohgoÔmeno

pìrisma èpetai ìti up�rqei mia diatetagmènh b�sh Bi = (vi
1, . . . , v

i
ρi

) tou Vi me

(fVi : Bi,Bi) =




Jλi,δ(1,λi)

Jλi,δ(2,λi)

. . .
Jλi,δ(τλi

,λi)




.

An t¸ra jewr soume th diatetagmènh b�sh B tou V me

B = (v1
1, . . . , v

1
ρ1

, . . . , v2
1, . . . , v

2
ρ2

, . . . , vκ
1 , . . . , vκ

ρκ
)

tìte o pÐnakac (f : B,B) eÐnai o zhtoÔmenoc.

Parat rhsh 3.4.15. IsqÔei k�ti perissìtero apì autì pou anafèrame sto
Pìrisma 3.4.14 pou ìmwc den ja to deÐxoume ed¸. Sugkekrimèna isqÔei epiplèon
ìti an B′ eÐnai mia diatetagmènh b�sh tou V me

(f : B′,B′) =




J1

. . .
Jσ


 (∗)

kai Ji stoiqei¸deic pÐnakec Jordan tìte oi J1, . . . , Jσ eÐnai mia met�jesh twn
Jλ1,δ(1,λ1)

, . . . , Jλ1,δ(τλ1
,λ1)

, . . . , Jλκ,δ(1,λ1)
, . . . , Jλκ,δ(τλκ

,λκ)
.

Sunep¸c emeÐc deÐxame ìti gia k�je grammik  apeikìnish f : V → V thc o-
poÐac to el�qisto polu¸numo eÐnai ginìmeno prwtob�jmiwn paragìntwn, up�rqei
mia diatetagmènh b�sh B tou V ètsi ¸ste o pÐnakac thc f wc proc B,

(f : B,B) =




J1

. . .
Jσ


 (∗)

ìpou Ji eÐnai stoiqei¸deic pÐnakec Jordan. IsqÔei epiplèon ìti oi J1, . . . , Jσ eÐnai
monos manta orismènoi apì thn f .

O pÐnakac (∗), pou ìpwc eÐdame eÐnai monos manta orismènoc apì thn f ektìc
apì met�jesh twn J1, . . . , Jσ, lègetai kanonik  morf  Jordan thc f .

Apì to Pìrisma 3.4.14 kai Parat rhsh 3.4.15 èqoume ìti
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Pìrisma 3.4.16. 'Estw A ∈ Fµ×µ me mA(x) = (x− λ1)ν1 · · · (x− λκ)νκ ìpou
λ1, . . . , λκ eÐnai oi diakekrimènec idiotimèc tou A. Tìte o pÐnakac A eÐnai ìmoioc
proc ton 


J1

. . .
Jσ


 (∗)

ìpou J1, . . . , Jσ eÐnai stoiqei¸deic pÐnakec Jordan. Epiplèon o (∗) eÐnai monos -
manta orismènoc apì ton A ektìc apì met�jesh twn J1, . . . , Jσ kai lègetai h
kanonik  morf  Jordan tou A.

To akìloujo apotèlesma èpetai �mesa apì to Pìrisma 3.4.16

Pìrisma 3.4.17. 'Estw A,B ∈ Fµ×µ me kanonikèc morfèc Jordan tic



J1

. . .
Jσ


 ,




J ′1
. . .

J ′τ


 antÐstoiqa.

Tìte oi A,B eÐnai ìmoioi an kai mìno an èqoun thn Ðdia kanonik  morf  Jordan,
dhlad , an τ = σ kai J1, . . . , Jσ eÐnai mia met�jesh twn J ′1, . . . , J

′
σ.

Par�deigma 3.4.18. 'Estw oi pÐnakec A1, B1 ∈ R4×4 me

A1 =




2 1
0 2

2 1
0 2


 B1 =




2 1
0 2

2
2


 .

ParathroÔme ìti oi A1, B1 èqoun to Ðdio qarakthristikì polu¸numo,
χA1(x) = χB1(x) = (x − 2)4 kai to Ðdio el�qisto polu¸numo mA1(x) =
mB1(x) = (x − 2)2. All� apì to Pìrisma 3.4.17 èpetai ìti oi pÐnakec A1, B1

den eÐnai ìmoioi.

ParadeÐgmata 3.4.19.

1. 'Estw f : R7 → R7 mia grammik  apeikìnish me χf (x) = −(x−1)3(x−2)4

kai mf (x) = (x− 1)2(x− 2)3.

'Estw t¸ra




J1

. . .
Jσ


 h kanonik  morf  Jordan thc f . Epeid 

mf (x) =e.k.p.(mJ1(x), . . . , mJσ(x)) = (x − 1)2(x − 2)3 èpetai ìti ènac
apì touc J1, . . . , Jσ eÐnai o J1,2 kai ènac �lloc o J2,3.
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All� χf (x) = χJ1(x) · · ·χJσ(x) kai epeid  oi J1,2, J2,3 eÐnai oi dÔo apì tou-
c J1, . . . , Jσ èpetai ìti σ = 4 kai oi J1, J2, J3, J4 eÐnai oi J1,2, J1,1, J2,3, J2,1.

Sunep¸c h kanonik  morf  Jordan thc f eÐnai




1 1
0 1

1
2 1 0
0 2 1
0 0 2

2




.

2. 'Estw f : R7 → R7 mia grammik  apeikìnish me χf (x) = −(x−1)3(x−2)4

kai mf (x) = (x− 1)2(x− 2)2.

An h kanonik  morf  Jordan thc f eÐnai




J1

. . .
Jσ


 tìte epeid 

mf (x) =e.k.p.(mJ1(x), . . . , mJσ(x)) = (x − 1)2(x − 2)2 èpetai ìti ènac
apì touc J1, . . . , Jσ eÐnai o J1,2 kai ènac �lloc o J2,2. Epiplèon epeid 
χf (x) = χJ1(x), . . . , χJσ(x) èpetai ìti
σ = 4 kai oi J1, J2, J3, J4 eÐnai oi J1,2, J1,1, J2,2, J2,2

h σ = 5 kai J1, J2, J3, J4, J5 eÐnai oi J1,2, J1,1, J2,2, J2,1, J2,1.
'Ara h kanonik  morf  Jordan thc f eÐnai




1 1
0 1

1
2 1
0 1

2 1
0 1




 




1 1
0 1

1
2 1
0 1

2 1




.

3. 'Estw f : R4 → R4 mia grammik  apeikìnish me χf (x) = (x− 2)4.
Tìte mf (x) eÐnai (x− 2)   (x− 2)2   (x− 2)3   (x− 2)4.
An mf (x) = (x− 2) tìte h kanonik  morf  Jordan thc f eÐnai




J2,1

J2,1

J2,1

J2,1


 =




2
2

2
2


 .
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An mf (x) = (x− 2)2 tìte h kanonik  morf  Jordan thc f eÐnai

(
J2,2

J2,2

)
=




2 1
0 2

2 1
0 2




 



J2,2

J2,1

J2,1


 =




2 1
0 2

2
2


 .

An mf (x) = (x− 2)3 tìte h kanonik  morf  Jordan thc f eÐnai

(
J2,3

J2,1

)
=




2 1 0
0 2 1
0 0 2

2


 .

An mf (x) = (x− 2)4 tìte h kanonik  morf  Jordan thc f eÐnai

(J2,4) =




2 1 0 0
0 2 1 0
0 0 2 1
0 0 0 2


 .

Par�deigma 3.4.20. 'Estw A =




2 1 1 1 0
0 2 0 0 0
0 0 2 1 0
0 0 0 1 1
0 −1 −1 −1 0



∈ R5×5.

BrÐskoume ìti χA(x) = −(x − 1)3(x − 2)2. Epiplèon eÔkola blèpoume ìti
dimR V (1) = 1 kai dimR V (2) = 2. 'Ara h kanonik  morf  Jordan tou A eÐnai


J1,σ1

J2,σ2

J2,σ3


 gia k�poia σ1, σ2, σ3. All� χA(x) = χJ2,σ2

(x)χJ2,σ3
(x)

�ra σ1 = 3, σ2 = 1, σ3 = 1 �ra h kanonik  morf  Jordan tou A eÐnai


1 1 0
0 1 1
0 0 1

2
2




(∗).

Epiplèon apì thn (∗) paÐrnoume ìti mA(x) = (x− 1)3(x− 2).
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Ta akìlouja apotelèsmata eÐnai dÔo tupikèc efarmogèc thc kanonik c mor-
f c Jordan.

Prìtash 3.4.21. 'Estw A ∈ Cµ×µ. Tìte o A eÐnai ìmoioc proc At.

Apìdeixh. Epeid  A ∈ Cµ×µ èqoume ìti χA(x) = (−1)µ(x−λ1)σ1 · · · (x−λκ)σκ ,
ìpou λ1, . . . , λκ oi diakekrimènec idiotimèc tou A. 'Ara mA(x) = (x − λ1)ν1 · · ·
(x − λκ)νκ gia k�poio νi me 0 < νi ≤ σi, 1 ≤ i ≤ κ. Sunep¸c o A eÐnai ìmoioc

proc




J1 0
. . .

0 Jρ


, ìpou Ji eÐnai stoiqei¸deic pÐnakec Jordan.

Up�rqei loipìn antistrèyimoc pÐnakac S ∈ Fµ×µ me

S−1AS =




J1 0
. . .

0 Jρ


 . (1)

'Ara StAt(S−1)t =




J1 0
. . .

0 Jρ




t

. Xèroume ìti (S−1)t = (St)−1 kai




J1 0
. . .

0 Jρ




t

=




J t
1 0

. . .
0 J t

ρ


 �ra èqoume ìti

StAt(St)−1 =




J t
1 0

. . .
0 J t

ρ


 . (2)

T¸ra ja deÐxoume ìti o Jλ,ν eÐnai ìmoioc proc ton J t
λ,ν gia k�je fusikì arijmì

ν. Pr�gmati

Jλ,ν =




λ 1 · · · 0

0 λ
...

... 0 1
0 0 · · · λ




kai J t
λ,ν =




λ 0 · · · 0

1 λ
...

0 1
...

... 0 0
0 0 · · · λ




.

'Eqoume ìti (γJλ,ν
: Ê, Ê) = Jλ,ν kai an v̂ = (Eν , Eν−1, . . . , E1) tìte

(γJλ,ν
: v̂, v̂) = J t

λ,ν .
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'Ara P−1
ν Jλ,νPν = J t

λ,ν ìpou Pν = (EνEν−1 · · ·Eν) =




0 0 1
... 0 0

0 1
...

1 0 0



∈ F ν×ν .

AfoÔ o Jλ,ν eÐnai ìmoioc proc J t
λ,ν èpetai ìti




J1

. . .
Jρ


 eÐnai ìmoioc proc




J t
1

. . .
J t

ρ


 (3)

Apì tic (1), (2) kai (3) t¸ra èpetai ìti o A eÐnai ìmoioc proc At.

Parat rhsh. IsqÔei ìti k�je A ∈ Fµ×µ eÐnai ìmoioc proc ton an�strofo tou
At. Den mporoÔme ìmwc me ìsa xèroume na to deÐxoume gia A ∈ Rµ×µ.
Par�deigma 3.4.22. Na brejoÔn ìloi oi ν × ν pÐnakec epÐ tou C, A, pou ika-
nopoioÔn thn A2 = Iν .
Epeid  A ∈ Cν×ν èpetai ìti up�rqei antistrèyimoc pÐnakac S ∈ Cν×ν me

S−1AS =




J1

. . .
Jρ


 = J ìpou Ji eÐnai stoiqei¸deic pÐnakec Jordan,

1 ≤ i ≤ ρ.
An A2 = Iν tìte mA(x) | x2− 1 �ra mJi(x) | x2− 1 = (x− 1)(x + 1), sunep¸c
mJi(x) eÐnai (x− 1)   x + 1. Epomènwc Ji ∈ C1×1, 1 ≤ i ≤ j kai o Ji eÐnai (1)
  (−1). 'Ara o J eÐnai ènac diag¸nioc pÐnakac me diag¸nia stoiqeÐa 1   −1, �ra

o J eÐnai ìmoioc proc
(

Ir 0
0 − Is

)
gia k�poia r, s ∈ {0, . . . , ν} me r + s = ν.

Br kame ìti an A2 = Iν tìte o A eÐnai ìmoioc proc èna pÐnaka thc morf c(
Ir 0
0 − Is

)
me r, s ∈ {0, 1, . . . , ν} kai r + s = ν.

Profan¸c an o A eÐnai ìmoioc proc
(

Ir 0
0 − Is

)
tìte A2 = Iν . 'Ara A2 = Iν

an kai mìno an o A eÐnai ìmoioc proc
(

Ir 0
0 − Is

)
gia k�poio r, s ∈ {0, . . . , ν}

me r + s = ν.
Gia par�deigma an ν = 3 tìte ènac pÐnakac A ∈ C3×3 ikanopoieÐ thn A2 = I3

an kai mìno an o A eÐnai ìmoioc proc akrib¸c èna apì touc

Iν ,




1 0 0
0 1 0
0 0 −1


 ,




1 0 0
0 −1 0
0 0 −1


 ,



−1 0 0

0 −1 0
0 0 −1


 .
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Par�deigma 3.4.23. Na brejoÔn oi pÐnakec A ∈ C3×3 pou ikanopoioÔn thn
A2 = A3.
Epeid  A ∈ C3×3 èpetai ìti up�rqei S ∈ C3×3 antistrèyimoc me S−1AS =


J1

. . .
Jρ


 ìpou Ji stoiqei¸deic pÐnakec Jordan.

An A2 = A3 tìte mA(x) | x3 − x2 = x2(x− 1) �ra mJi(x) | x2(x− 1) sunep¸c

mJi(x) eÐnai x   x2   (x − 1). 'Ara Ji eÐnai (0)  
(

0 1
0 0

)
  (1) gia k�je

1 ≤ i ≤ ρ.
Sunep¸c an A2 = A3 tìte o A eÐnai ìmoioc proc èna akrib¸c apì touc

(1)




0
0

0


 ,




1
1

1


 ,




0
0

1


 ,




1
1

0


 ,




0 1
0 0

0


 ,




0 1
0 0

1


 .

Oi pÐnakec pou eÐnai ìmoioi proc èna apì touc pÐnakec thc (1) ikanopoioÔn thn
A2 = A3.

'Ara oi 3 × 3 pÐnakec A me A2 = A3 eÐnai ìloi oi pÐnakec pou eÐnai ìmoioi
proc èna apì touc pÐnakec thc (1).

Ask seic 3.4

1. Na brejeÐ h kanonik  morf  Jordan twn akìloujwn pin�kwn kai na exe-
tasjeÐ poia zeÔgh pin�kwn eÐnai ìmoioi.

(i) A1 =
(

1 3
0 1

)
, A2 =

(
1 1
0 1

)
me A1, A2 ∈ R2×2

(ii) B1 =
(

0 1
−1 0

)
, B2 =

(
i 0
0 −i

)
me B1, B2 ∈ C2×2

(iii) Γ1 =




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2


 , Γ2 =




1 0 0 0
0 −1 0 0
0 0 2 0
0 0 0 1


 me Γ1, Γ2 ∈ R4×4

(iv) ∆1 =




3 1 0
−1 1 0

0 0 2


 , ∆2 =




2 0 0
0 2 7
0 0 2


 me ∆1, ∆2 ∈ R3×3.
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2. Na brejoÔn oi A ∈ C5×5 me A = A2.

3. Na brejoÔn oi A ∈ C6×6 me χA(x) = (x− 1)2(x− 2)4.

4. Na brejoÔn oi A ∈ C6×6 me mA(x) = (x− 1)2(x + 1)2.

5. Na brejoÔn oi A ∈ C6×6 me χA(x) = (x− 1)6 kai mA(x) = (x− 1)3.

6. 'Estw ϕ(x) ∈ F [x] me ϕ(x) = (x − 2)2(x − 3)2. Na brejeÐ A ∈ F 4×4 me
χA(x) = mA(x) = ϕ(x).

7. 'Estw ϕ(x) = α0 + α1x + · · ·+ αν−1x
ν−1 + xν ∈ F [x] kai

A =




0 0 · · · 0 −α0

1 0
... −α1

0 1
...

...
... 0 · · · 0

...
0 0 · · · 1 −αν−1



∈ F ν×ν .

Na deiqjeÐ ìti mA(x) = ϕ(x) kai χA(x) = (−1)νϕ(x).
(Upìdeixh: ParathroÔme ìti Ai E1 = E1+i, 1 ≤ i ≤ ν − 1 kai

AνE1 = −
ν−1∑
i=0

αiA
iE1, ap� ìpou èpetai ìti mA(x) = ϕ(x)).

8. (i) 'Estw A ∈ C3×3 me A antistrèyimo. Na deiqjeÐ ìti up�rqei
B ∈ C3×3 me A = B2.

(ii) Na deiqjeÐ ìti den up�rqei B ∈ C3×3 ètsi ¸ste B2 =




0 1 0
0 0 1
0 0 0


.

9. 'Estw A ∈ Cµ×µ kai λ mia idiotim  tou A. Na deiqjeÐ ìti to sÔnolo
{X ∈ Cµ×1 | (A − λIµ)κX = 0 gia k�poio fusikì arijmì κ} isoÔtai me
to q¸ro lÔsewn tou omogenoÔc sust matoc (A− λIµ)µX = 0.

10. 'Estw A ∈ Fµ×µ me χA(x) = (−1)µ(x− λ1)σ1 · · · (x− λκ)σκ . Na deiqjeÐ
ìti up�rqoun pÐnakec D,N ∈ Fµ×µ me D diagwnÐsimo, N mhdenodÔnamo
ètsi ¸ste

A = D + N kai DN = ND.

Epiplèon gia k�je fusikì arijmì ν isqÔei

Aν = Dν +
(

ν

1

)
NDν−1 +

(
ν

2

)
N2Dν−2 + · · ·+

(
ν

ν − 1

)
Nν−1D + Nν .
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11. 'Enac pÐnakac A ∈ Cµ×µ lègetai monadodÔnamoc an o pÐnakac A − Iµ

eÐnai mhdenodÔnamoc.

(i) Na deiqjeÐ ìti o A eÐnai monadodÔnamoc an kai mìno an to 1 eÐnai h
mình idiotim  tou A.

(ii) An A antistrèyimoc tìte na deiqjeÐ ìti up�rqoun pÐnakec
D, U ∈ Cµ×µ me D diagwnÐsimo, U monadodÔnamo ètsi ¸ste

A = DU kai DU = UD.
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Kef�laio 4

DianusmatikoÐ Q¸roi me
Eswterikì Ginìmeno

'Opwc kai sta prohgoÔmena kef�laia me F ja sumbolÐzoume to sÔnolo twn
pragmatik¸n arijm¸n R   to sÔnolo twn migadik¸n arijm¸n C. 'Estw V ènac
dianusmatikìc q¸roc epÐ tou F peperasmènhc di�stashc1. H dom  tou V , mèqri
t¸ra, kajorÐsjhke apì thn prìsjesh twn dianusm�twn tou V kai to bajmwtì
ginìmeno enìc stoiqeÐou tou F epÐ èna di�nusma. Wc basikì prìtupo gia aut 
th dom  mporeÐ na jewrhjeÐ to sÔnolo twn dianusm�twn tou epÐpedou, dhlad  o
dianusmatikìc q¸roc R2 epÐ tou R. Up�rqoun ìmwc ènnoiec pou èqoun nìhma gia
ta dianÔsmata tou epipèdou all� den èqoun orisjeÐ, sta prohgoÔmena kef�laia,
gia èna tuqaÐo dianusmatikì q¸ro. Tètoiec ènnoiec eÐnai aut  tou m kouc enìc
dianÔsmatoc kai h gwnÐa metaxÔ dÔo epÐpedwn dianusm�twn mèsw twn opoÐwn
jemeli¸netai h EukleÐdeia GewmetrÐa. EÐnai gnwstì, all� ja to doÔme kai
amèswc pio k�tw, ìti autèc oi dÔo ènnoiec mporoÔn na orisjoÔn me th bo jeia
tou gnwstoÔ eswterikoÔ ginomènou dÔo dianusm�twn tou R2.

Se autì to Kef�laio ja jewr soume eswterik� ginìmena orizìmena epÐ enìc
tuqaÐou dianusmatikoÔ q¸rou V kai ja exet�soume tic idiìthtec twn dianusm�-
twn tou V wc proc èna tètoio eswterikì ginìmeno. Ta pio shmantik� apotelè-
smata ìmwc aforoÔn th melèth orismènwn oikogenei¸n grammik¸n apeikonÐsewn
tou V oi opoÐec qarakthrÐzontai apì to eswterikì ginìmeno pou orÐzetai epÐ tou
V .

1 'Oloi oi dianusmatikoÐ q¸roi ed¸ ja jewroÔntai peperasmènhc di�stashc. DianusmatikoÐ
q¸roi �peirhc di�stashc meletoÔntai kai emfanÐzontai kurÐwc sthn sunarthsiak  an�lush.
Arketèc apì tic idiìthtec twn q¸rwn peperasmènhc di�stashc den isqÔoun gia touc q¸rouc
�peirhc di�stashc.
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4.1 Eswterik� Ginìmena

JewroÔme to dianusmatikì q¸ro R2. An α1, α2 kai β1, β2 eÐnai oi sunist¸sec
(wc proc th b�sh e1 = (1, 0), e2 = (0, 1)) twn dianusm�twn α kai β tou R2

antÐstoiqa, tìte, wc gnwstìn, to eswterikì ginìmeno tou α epÐ tou β orÐzetai
wc o pragmatikìc arijmìc

α · β = α1β1 + α2β2.

An jewr soume to trÐgwno OAB (bl. Sq. 1),

Sq. 1

ParathroÔme ìti to m koc tou α eÐnai:

‖α‖ =
√

α · α =
√

α2
1 + α2

2

H de gwnÐa metaxÔ twn α kai β orÐzetai na eÐnai h gwnÐa AOB = θ ètsi ¸ste
0 ≤ θ ≤ π.

T¸ra apì to nìmo twn sunhmitìnwn èqoume

‖α− β‖2 = ‖α‖2 + ‖β‖2 − 2‖α‖‖β‖sunθ.
  (an ‖α‖ 6= 0 kai ‖β‖ 6= 0)

sunθ =
‖α− β‖2 − ‖α‖2 − ‖β‖2

−2‖α‖‖β‖
=

(α1 − β1)2 + (α2 − β2)2 − (α2
1 + α2

2 + β2
1 + β2

2)
−2‖α‖‖β‖

=
α1β1 + α2β2

‖α‖‖β‖ =
α · β
‖α‖‖β‖ .

'Etsi blèpoume ìti tìso h gwnÐa θ metaxÔ twn α kai β ìso kai to m koc enìc
dianÔsmatoc mporoÔn na orisjoÔn mèsw tou eswterikoÔ ginomènou. Shmei¸noume
ìti merikèc forèc to eswterikì ginìmeno tou α epÐ to β dÐdetai wc

α · β = ‖α‖‖β‖sunθ
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pou fusik� eÐnai to Ðdio me autì pou orÐsjhke prohgoumènwc. EpishmaÐnoume
ìti apì autì faÐnetai ìti dÔo dianÔsmata eÐnai k�jeta (an to mhdenikì di�nusma
jewrhjeÐ na eÐnai k�jeto proc opoiod pote �llo di�nusma) an kai mìnon an to
eswterikì ginìmenì touc eÐnai mhdèn.

EÐnai eÔkolo na diapist¸soume ìti to eswterikì ginìmeno ikanopoieÐ tic ex c
idiìthtec:

i) α · β = β · α
ii) λα · β = λ(α · β)

iii) (α + β) · γ = α · γ + β · γ
iv) α · α > 0, gia k�je α 6= 0,

ìpou α, β, γ ∈ R2 kai λ ∈ R.
Me ton Ðdio trìpo orÐzetai to gnwstì eswterikì ginìmeno dianusm�twn sto

tridi�stato q¸ro R3. Dhlad  an α = (α1, α2, α3) kai β = (β1, β2, β3), αi, βi ∈
R, i = 1, 2, 3 tìte orÐzoume

α · β = α1β1 + α2β2 + α3β3 = ‖α‖‖β‖sunθ

ìpou ‖α‖ =
√

α2
1 + α2

2 + α3
1 =

√
α · α kai h gwnÐa θ metaxÔ twn α kai β orÐzetai

ìpwc kai gia ta epÐpeda dianÔsmata. An kai gia touc dianusmatikoÔc q¸rouc Rn

me n > 3 den eÐnai dunat  h sqedÐash twn dianusm�twn, h genÐkeush tou prohgoÔ-
menou eswterikoÔ ginomènou gia dÔo tuqaÐa dianÔsmata α = (α1, α2, · · · , αn),
β = (β1, β2, · · · , βn) eÐnai profan c kai dÐdetai wc

α · β = α1β1 + α2β2 + · · ·+ αnβn. (∗)

Apì autì ton tÔpo orÐzetai to m koc tou α wc o m  arnhtikìc pragmatikìc
arijmìc: ‖α‖ =

√
α2

1 + α2
2 + · · ·+ α2

n =
√

α · α kai h gwnÐa θ metaxÔ twn α kai

β wc o pragmatikìc arijmìc 0 ≤ θ ≤ π tètoioc ¸ste sunθ =
α · β
‖α‖‖β‖ .

An t¸ra jewr soume ton migadikì q¸ro Cn, tìte eÐnai eÔlogo na jewr -
soume èna an�logo eswterikì ginìmeno se autì to q¸ro. All� se aut  thn
perÐptwsh h idiìthta iv) den ikanopoieÐtai, afoÔ, gia par�deigma, gia to di�nu-
sma α = (1, i, 0, · · · , 0) ja èqoume

α · α = 1 + i2 = 0.

Dhlad  mèsw autoÔ tou eswterikoÔ ginomènou den orÐzetai to m koc enìc dia-
nÔsmatoc.
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Gia na orisjeÐ èna eswterikì ginìmeno gia ton Cn, pou na sumfwneÐ ìso
to dunatìn perissìtero me autì pou jewr same gia ton Rn, epikaloÔmeja th
gnwst  sqèsh

| α |2= αᾱ

pou isqÔei gia ènan tuqaÐo migadikì arijmì α = α1+α2i, α1, α2,∈ R, kai sundèei
thn apìluth tim , (mètro) | α |=

√
α2

1 + α2
2 tou α kai ton suzug  ᾱ = α1−α2i

tou α.
'Etsi gia èna di�nusma α = (α1, α2, . . . , αn) ∈ Cn, an orÐsoume to m koc tou

α wc to mh arnhtikì pragmatikì arijmì

‖α‖ =
√
| α1 |2 + · · ·+ | αn |2

blèpoume ìti
‖α‖2 = α1ᾱ1 + · · ·+ αnᾱn.

Aut  h sqèsh upainÐssetai ìti to “kat�llhlo” eswterikì ginìmeno dÔo dianu-
sm�twn α = (α1, . . . , αn) kai β = (β1, . . . , βn) tou Cn ja prèpei na orisjeÐ
wc

α · β = α1β̄1 + α2β̄2 + · · ·+ αnβ̄n. (∗∗)
Aplèc pr�xeic deÐqnoun ìti autìc o orismìc ikanopoieÐ tic idiìthtec ii), iii) kai
iv), en¸ h idiìthta i) paÐrnei th morf 

α · β = β · α

kaj¸c β · α = β1ᾱ1 + · · ·+ βnᾱn = β̄1α1 + · · ·+ β̄nαn.
ParathroÔme de ìti an ta α kai β èqoun pragmatikèc sunist¸stec tìte h

èkfrash (∗∗) sumpÐptei me thn èkfrash (∗). Tic ekfr�seic (∗) kai (∗∗) ja tic
lème kanonik� eswterik� ginìmena epÐ tou R kai epÐ tou C antÐstoiqa. 'Opwc
ja faneÐ argìtera aut� ta ginìmena eÐnai ta plèon qr sima.

DÐnoume t¸ra to genikì orismì enìc eswterikoÔ ginomènou epÐ enìc q¸rou
V .

Orismìc 4.1.1. 'Ena eswterikì ginìmeno epÐ tou V eÐnai mia apeikìnish apì to
kartesianì ginìmeno V ×V sto sÔnolo F , thn tim  thc opoÐac sto diatetagmèno
zeÔgoc (v, w), v, w ∈ V sun jwc ja sumbolÐzoume me < v,w >, tètoia ¸ste
aut  na ikanopoieÐ tic ex c idiìthtec

1) < v, w >=< w, v >

2) < λv, w >= λ < v,w >

3) < v + w, u >=< v, u > + < w, u >
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4) < v, v >> 0, gia k�je v 6= 0,
ìpou v, w, u ∈ V kai λ ∈ F .

Lème de ìti o V eÐnai ènac dianusmatikìc q¸roc me eswterikì ginìmeno.
An to sÔnolo F eÐnai oi pragmatikoÐ arijmoÐ (antÐstoiqa oi migadikoÐ arijmoÐ)
tìte o V lègetai pragmatikìc (antÐstoiqa migadikìc) EukleÐdeioc q¸roc.

Apì tic idiìthtec 1) kai 2) prokÔptei ìti, gia λ, µ ∈ F , isqÔei

< λv, µw >= λ < v, µw >= λ < µw, v >= λµ < w, v > = λµ̄ < v, w >,

dhlad 
< λv, µw >= λµ̄ < v,w > .

'Omoia, apì tic 1) kai 3) prokÔptei ìti

< v, w + u >=< w + u, v >=< w, v > + < u, v >=< v, w > + < v, u > .

Genik�, èqoume thn isìthta
〈∑

λivi,
∑

µkwk

〉
=

∑∑
λiµ̄k < vi, wk > .

EpÐshc parathroÔme ìti p�nta < v, v >∈ R kai �ra h 4) èqei nìhma.
Mia �llh idiìthta pou prokÔptei apì ton orismì eÐnai ìti < 0, v >=<

v, 0 >= 0, gia k�je v ∈ V , afoÔ < w − w, v >=< w, v > − < w, v >= 0.

ParadeÐgmata.

1. An λ1, λ2, . . . , λn eÐnai jetikoÐ pragmatikoÐ arijmoÐ, tìte eÔkola prokÔptei
ìti h apeikìnish

< , >: Fn × Fn −→ F,

ìpou < (α1, α2, . . . , αn), (β1, . . . , βn) >=
n∑

i=1
λiαiβ̄i eÐnai èna eswterikì

ginìmeno epÐ tou Fn. Gia λ1 = λ2 = · · · = λn = 1 paÐrnoume to kanonikì
eswterikì ginìmeno (∗∗).

2. An V eÐnai ènac q¸roc me eswterikì ginìmeno < , > kai λ eÐnai ènac jetikìc
pragmatikìc arijmìc tìte kaj¸c λ < v, w >=< λv, w > kai k�je v ∈ V

eÐnai thc morf c λ

(
1
λ

v

)
= λv′, o V eÐnai epÐshc ènac q¸roc me eswterikì

ginìmeno to λ < , >. EpÐshc eÔkola prokÔptei ìti an < , >1 kai < , >2

eÐnai dÔo eswterik� ginìmena epÐ enìc q¸rou V tìte kai to < , >1 + < , >2

eÐnai èna eswterikì ginìmeno epÐ tou V , ìpou h tim  tou < , >1 + < , >2

sto (v, w) ∈ V ×V eÐnai h < v, w >1 + < v,w >2. Prosoq , h “diafor�”
< , >1 − < , >2 den eÐnai èna eswterikì ginìmeno (giatÐ?).
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3. H apeikìnish < , >: R2 → R, ìpou < (α1, α2), (β1, β2) >= α1β1−α2β1−
α1β2 +2α2β2 eÐnai èna eswterikì ginìmeno epÐ tou R2, kaj¸c èqoume, gia
par�deigma,
< (α1, α2), (β1, β2) >= β1α1−β1α2−β2α1+2β2α2 =< (β1, β2), (α1, α2) >,
< (α1, α2), (α1, α2) >= (α1 − α2)2 + α2

2 > 0 gia (α1, α2) 6= 0.
Oi �llec idiìthtec epalhjeÔontai me aplèc pr�xeic.

4. JewroÔme to q¸ro Rn[x] ìlwn twn poluwnÔmwn miac metablht c me su-
ntelestèc apì to R bajmoÔ to polÔ n. 'Etsi èqoume ìti dimRn[x] = n+1.
Gia dÔo polu¸numa f(x), g(x) ∈ Rn[x] orÐzoume

< f(x), g(x) >=

1∫

0

f(x)g(x)dx =
k∑

i=0

m∑

j=0

αiβj

i + j + 1

ìpou f(x) =
k∑

i=0
αix

i, αk 6= 0 kai g(x) =
m∑

j=0
βjx

j , βm 6= 0.

EÔkola prokÔptei ìti to < , >: Rn[x] × Rn[x] → R eÐnai èna eswterikì
ginìmeno. Fer� eipeÐn, h idiìthta 4) isqÔei afoÔ

< f(x), f(x) >=
k∑

i=0

α2
i

2i + 1
+ 2

∑

0≤i<j≤k

αiαj

i + j + 1
=

1∫

0

f(x)2dx ≥ 0

kai eÐnai mhdèn mìnon ìtan ìla ta αi = 0, dhlad  f(x) = 0. Oi �llec
idiìthtec prokÔptoun apì tic basikèc idiìthtec thc olokl rwshc.

Ask seic 4.1

1. Na brejeÐ h gwnÐa metaxÔ twn dianusm�twn (3,−2, 1) kai (1,−1, 1) tou
R3 kai twn dianusm�twn (3,−2) kai (1,−1) tou R2.

2. Poièc apì tic epìmenec apeikonÐseic < , >: R2 × R2 → R eÐnai eswterik�
ginìmena tou R2, ìpou v = (α1, α2), v′ = (β1, β2).

i) < v, v′ >= α1β1 + α2β1 + α1β2 − α2β2

ii) < v, v′ >= α2
1β

2
1 + α2

2β
2
2 .

3. 'Estw V = Rn×n o dianusmatikìc q¸roc twn n × n pin�kwn me stoiqeÐa
pragmatikoÔc arijmoÔc.
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i) EÐnai h apeikìnish < , >: V × V → R me < A, B >= det(AB) èna
eswterikì ginìmeno epÐ tou V ?

ii) EÐnai h apeikìnish < , >: V × V → R me < A, B >= tr(AB) eswte-
rikì ginìmeno epÐ tou V ?

iii) EÐnai h apeikìnish < , >: V × V → R me < A, B >= tr(BtA) esw-
terikì ginìmeno epÐ tou V ?

4. Na kajorisjoÔn ìla ta eswterik� ginìmena epÐ tou R kai epÐ tou C.

5. 'Estw < , > to kanonikì eswterikì ginìmeno epÐ tou R3. An v1 = (1, 2, 0),
v2 = (1,−1, 0) kai v3 = (0, 2, 3) tìte na brejeÐ èna di�nusma v ∈ R3 tètoio
¸ste < v, v1 >= 1, < v, v2 >= 3 kai < v, v3 >= −1.

6. 'Estw A ∈ M2(R). DeÐxte ìti h apeikìnish < , >: R2 → R, ((α1, α2), (β1, β2)) =

(β1, β2)A
(

α1

α2

)
eÐnai èna eswterikì ginìmeno an kai mìnon an A = At =

(
x z
z y

)
, x > 0, y > 0 kai xy − z2 > 0.
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4.2 M koc Dianusm�twn

'Opwc eÐdame an V eÐnai ènac q¸roc me eswterikì ginìmeno < , >, tìte < v, v >≥
0, v ∈ V . OrÐzoume to m koc tou v, pou ja sumbolÐzoume me ‖v‖, wc th mh
arnhtik  tetragwnik  rÐza tou < v, v >, dhlad 

‖v‖ =
√

< v, v >.

Sunep¸c to mìno di�nusma pou èqei m koc mhdèn eÐnai to mhdenikì di�nusma,
dhlad  ‖v‖ = 0 an kai mìnon an v = 0. EpÐshc gia k�je λ ∈ F kai v ∈ V isqÔei

‖λv‖ =
√

< λv, λv > =
√

λλ̄ < v, v > =| λ | ‖v‖.

Fer� eipeÐn, sto prohgoÔmeno par�deigma 1, to m koc enìc dianÔsmatoc (α1, α2, . . . , αn)
eÐnai h tetragwnik  rÐza

√
λ1 | α1 |2 + · · ·+ λn | αn |2, en¸ to m koc enìc dia-

nÔsmatoc (α1, α2) tou paradeÐgmatoc 3 eÐnai
√

(α1 − α2)2 + α2
2.

T¸ra lème ìti èna di�nusma v eÐnai k�jeto proc èna �llo di�nusma w  
ìti ta v kai w eÐnai k�jeta metaxÔ touc an < v, w >= < w, v > = 0 (opìte
kai < w, v >= 0). Profan¸c to mhdenikì di�nusma eÐnai k�jeto proc k�je
di�nusma kai eÐnai to mìno di�nusma pou èqei aut  thn idiìthta (giatÐ?). Me aut 
thn ènnoia thc kajetìthtac mporoÔme na genikeÔsoume se q¸rouc me eswterikì
ginìmeno orismèna jewr mata thc stoiqei¸douc gewmetrÐac. 'Ena apì aut� eÐnai
to gnwstì, gia toul�qiston 2500 qrìnia, Pujagìreio Je¸rhma.

Je¸rhma 4.2.1 (tou Pujagìra). An v1 kai v2 eÐnai dÔo k�jeta metaxÔ touc
dianÔsmata enìc q¸rou V me eswterikì ginìmeno tìte ‖v1+v2‖2 = ‖v1‖2+‖v2‖2.
Genikìtera, an v1, v2, . . . , vn eÐnai dianÔsmata tou V an� dÔo k�jeta metaxÔ touc
tìte

‖v1 + · · ·+ vn‖2 = ‖v1‖2 + · · ·+ ‖vn‖2.

Apìdeixh. Apì thn upìjesh èqoume < v1, v2 >= 0, opìte ‖v1 + v2‖2 =<
v1 + v2, v1 + v2 >=< v1, v1 > + < v1, v2 > + < v2, v1 > + < v2, v2 >=
‖v1‖2 + ‖v2‖2, afoÔ < v2, v1 >=< v1, v2 >= 0. Mia apl  efarmog  thc majh-
matik c epagwg c se n an� dÔo k�jeta dianÔsmata dÐnei th genik  morf  tou
Pujagìreiou Jewr matoc.

Parat rhsh. An gia dÔo dianÔsmata v1, v2 ∈ V isqÔei ‖v1 + v2‖2 = ‖v1‖2 +
‖v2‖2 autì den shmaÐnei ìti ta dianÔsmata eÐnai k�jeta metaxÔ touc all� ìti
to �jroisma < v1, v2 > + < v2, v1 >=< v1, v2 > + < v1, v2 >= 0, dhlad 
ìti to pragmatikì mèroc tou migadikoÔ arijmoÔ < v1, v2 > eÐnai mhdèn. Sune-
p¸c to Pujagìreio Je¸rhma isqÔei an kai mìnon an to pragmatikì mèroc tou
eswterikoÔ ginomènou dÔo dianusm�twn eÐnai mhdèn. 'Ara se ènan pragmatikì
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EukleÐdeio q¸ro dÔo dianÔsmata v1, v2 eÐnai k�jeta metaxÔ touc an kai mìnon
an ‖v1 + v2‖2 = ‖v1‖2 + ‖v2‖2.

Sthn par�grafo 4.1 eÐdame ìti to eswterikì ginìmeno dÔo dianusm�twn α kai
β tou R2 orÐzetai me tètoio trìpo ètsi ¸ste to sunhmÐtono thc gwnÐac metaxÔ tou

α kai β na eÐnai
α · β
‖α‖‖β‖ , sunep¸c h apìlutoc tim  tou

(α · β)
‖α‖‖β‖ eÐnai mikrìterh

  Ðsh tou 1. T¸ra deÐqnoume me th bo jeia tou Pujagìreiou Jewr matoc ìti
autì isqÔei genik� se opoiod pote q¸ro me eswterikì ginìmeno.

Je¸rhma 4.2.2 (Anisìthta twn Cauchy-Schwarz). An v1, v2 ∈ V , tìte

|< v1, v2 >|≤ ‖v1‖‖v2‖,

ìpou h isìthta isqÔei an kai mìnon an ta v1 kai v2 eÐnai grammik� exarthmèna,
dhlad  to èna eÐnai pollapl�sio tou �llou.

Apìdeixh. An v1 = 0   v2 = 0, tìte kai ta dÔo mèlh thc anisìthtac eÐnai mhdèn
kai sunep¸c h anisìthta isqÔei. 'Estw ìti v2 6= 0. ParathroÔme ìti to di�nusma
v1 − < v1, v2 >

< v2, v2 >
v2 eÐnai k�jeto proc to di�nusma v2 kai isqÔei

v1 =
< v1, v2 >

< v2, v2 >
v2 +

(
v1 − < v1, v2 >

< v2, v2 >
v2

)
.

'Ara apì to Pujagìreio Je¸rhma èqoume

‖v1‖2 =
∥∥∥∥
< v1, v2 >

< v2, v2 >
v2

∥∥∥∥
2

+
∥∥∥∥v1 − < v1, v2 >

< v2, v2 >
v2

∥∥∥∥
2

kai sunep¸c isqÔei

‖v1‖2 ≥ |< v1, v2 >|
‖v2‖2

 
‖v1‖2‖v2‖2 ≥|< v1, v2 >|2

kai telik�

‖v1‖‖v2‖ =
√
‖v1‖2‖v2‖2 ≥

√
|< v1, v2 >|2 =|< v1, v2 >| .

T¸ra isqÔei ‖v1‖2‖v2‖2 =|< v1, v2 >|2 an kai mìnon an

‖v1‖2 =
|< v1, v2 >|2

‖v2‖ =
∥∥∥∥
< v1, v2 >

< v2, v2 >
v2

∥∥∥∥
2
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kai ìpwc eÐdame autì isqÔei an kai mìnon an
∥∥∥∥v1 − < v1, v2 >

< v2, v2 >
v2

∥∥∥∥
2

= 0, pou

eÐnai isodÔnamo me thn isìthta v1 =
< v1, v2 >

< v2, v2 >
v2. Autì apodeiknÔei to deÔtero

isqurismì tou jewr matoc.

Par�deigma. An v1 = (α1, . . . , αn), v2 = (β1, . . . , βn) ∈ Cn, tìte èqoume
∣∣∣
∑

αiβ̄i

∣∣∣ ≤
√
| α1 |2 + · · ·+ | αn |2

√
| β1 |2 + · · ·+ | βn |2.

Parathr seic.

1. 'Opwc eÐdame h anisìthta twn Cauchy-Schwarz apodeÐqjhke qrhsimopoi¸-
ntac to Pujagìreio Je¸rhma, gr�fontac to di�nusma v1 wc �jroisma e-
nìc pollapl�siou tou v2 sun enìc dianÔsmatoc k�jetou proc to v2. Autì
prosdiorÐzetai gr�fontac v1 = λv2 +(v1−λv2), opìte h apaÐthsh na eÐnai
to v1 − λv2 k�jeto sto v2, dhlad  < v1 − λv2, v2 >=< v1, v2 > −λ <

v2, v2 >= 0, dÐnei λ =
< v1, v2 >

< v2, v2 >
.

2. An o q¸roc V eÐnai ènac pragmatikìc EukleÐdeioc q¸roc tìte h anisìth-
ta twn Cauchy-Schwarz dhl¸nei ìti, an v1 kai v2 eÐnai dÔo mh-mhdenik�
dianÔsmata, isqÔei

−1 ≤ < v1, v2 >

‖v1‖‖v2‖ ≤ 1.

Sunep¸c up�rqei ènac (monadikìc) pragmatikìc arijmìc θ, 0 ≤ θ ≤ π
tètoioc ¸ste

sunθ =
< v1, v2 >

‖v1‖‖v2‖ .

Ton arijmì autìn θ to lème h gwnÐa metaxÔ twn v1 kai v2. Gia par�deigma,
an ta v1 kai v2 eÐnai k�jeta metaxÔ touc tìte sunθ = 0, opìte θ =

π

2
. An

ta dianÔsmata v1 kai v2 eÐnai grammik� exarthmèna, èstw v1 = λv2, tìte
gia λ > 0 èqoume sunθ = 1, opìte θ = 0, en¸ gia λ < 0, sunθ = −1,
opìte θ = π. T¸ra h exÐswsh

< v1 − v2, v1 − v2 > = ‖v1‖2 + ‖v2‖2 − 2 < v1, v2 >

= ‖v1‖2 + ‖v2‖2 − 2‖v1‖‖v2‖sunθ

ekfr�zei to gnwstì nìmo twn sunhmitìnwn.



4.2. M koc Dianusm�twn 147

3. Stouc migadikoÔc EukleÐdeiouc q¸rouc h ènnoia thc gwnÐac den orÐzetai.
GnwrÐzoume ìti gia dÔo migadikoÔc arijmoÔc z1, z2 isqÔei | z1 + z2 |≤
| z1 | + | z2 |. Qrhsimopoi¸ntac thn anisìthta twn Cauchy-Schwarz
ja deÐxoume t¸ra ìti h Ðdia anisìthta isqÔei genik� se k�je q¸ro me
eswterikì ginìmeno. Bèbaia, sth stoiqei¸dh gewmetrÐa eÐnai gnwstì ìti
to �jroisma twn mhk¸n twn dÔo pleur¸n enìc trig¸nou eÐnai megalÔtero
  Ðso tou m kouc thc trÐthc pleur�c tou trig¸nou. Gia to lìgo autì h
idiìthta aut  lègetai trigwnik  idiìthta   anisìthta .

Pìrisma 4.2.3 (Trigwnik  Anisìthta). An v1, v2 ∈ V tìte

‖v1 + v2‖ ≤ ‖v1‖+ ‖v2‖.
Apìdeixh. 'Eqoume

‖v1 + v2‖2 = < v1 + v2, v1 + v2 >= ‖v1‖2 + ‖v2‖2+ < v1 + v2 > + < v2 + v2 >

=‖v1‖2 + ‖v2‖2+ < v1 + v2 > + < v1 + v2 >

≤ ‖v1‖2 + ‖v2‖2+ |< v1 + v2 >| + |< v1 + v2 >|
=‖v1‖2 + ‖v2‖2 + 2 |< v1 + v2 >|
≤ ‖v1‖2 + ‖v2‖2 + 2‖v1‖‖v2‖ = (‖v1‖+ ‖v2‖)2

(lìgw tou 4.2.2), apì to opoÐo prokÔptei to zhtoÔmeno.

Parat rhsh. H isìthta sto 4.2.3 isqÔei an kai mìnon an isqÔoun oi isìthtec
< v1, v2 > + < v1, v2 >= 2 |< v1, v2 >| kai |< v1, v2 >|= ‖v1‖ + ‖v2‖. Oi
dÔo isìthtec ìmwc autèc eÐnai isodÔnamec me thn isìthta < v1, v2 >= ‖v1‖‖v2‖.
EÐnai eÔkolo na deiqjeÐ ìti h teleutaÐa aut  isìthta isqÔei an kai mìnon an
v1 = λv2 gia k�poio λ ≥ 0, λ ∈ R (dec 4.2.2).

Sth stoiqei¸dh gewmetrÐa h apìstash dÔo shmeÐwn tou R2 (  tou R3) eÐnai
to m koc tou dianÔsmatoc pou orÐzetai wc h diafor� twn dianusm�twn twn
orizìmenwn apì ta dÔo shmeÐa. Genik¸c orÐzoume wc apìstash dÔo dianusm�twn
v1, v2 enìc q¸rou V me eswterikì ginìmeno to m koc d(v1, v2) = ‖v1 − v2‖ tou
dianÔsmatoc v1 − v2. EÔkola prokÔptei ìti

d(v1, v2) = d(v2, v1)

kai an v3 ∈ V tìte

d(v1, v3) = ‖(v1 − v2) + (v2 − v3)‖ ≤ ‖v1 − v2‖+ ‖v2 − v3‖
= d(v1, v2) + d(v2, v3).
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Ask seic 4.2

1. Na upologisjoÔn ta m kh ‖v‖, ‖v′‖, ‖v+v′‖, h tim  < v, v′ > kai h gwnÐa
metaxÔ twn v kai v′. EpÐshc na epalhjeuteÐ h anisìthta twn Cauchy-
Schwarz kai h Trigwnik  anisìthta ìpou

i) v = (1, 0, 2,−2) kai v′ = (1, 1,−2, 0) eÐnai stoiqeÐa tou R4 me esw-
terikì ginìmeno to kanonikì eswterikì ginìmeno

ii) v = x, v′ = 1 + x eÐnai stoiqeÐa tou R3[x] me eswterikì ginìmeno

< f(x), g(x) >=
1∫
0

f(x)g(x)dx.

2. (Nìmoc tou Parallhlogr�mmou) 'Estw V ènac q¸roc me eswterikì ginì-
meno < > epÐ tou F . DeÐxte ìti gia k�je v, v′ ∈ V isqÔei

‖v + v′‖2 + ‖v − v‖2 = 2‖v‖2 + 2‖v′‖2,

opìte upologeÐste to m koc ‖v‖ enìc dianÔsmatoc v ∈ V an gia èna
di�nusma v′ ∈ V isqÔei

‖v′‖ = 3, ‖v + v′‖ = 4 kai ‖v − v′‖ = 6.

EpÐshc deÐxte ìti gia k�je v, v′ ∈ V isqÔei ‖v‖ − ‖v′‖ ≤ d(v, v′) kai
4 < v, v′ >= ‖v + v‖2 − ‖v − v′‖2.

3. Na deiqjeÐ ìti to di�nusma (2, 3,−2) eÐnai k�jeto proc sto di�nusma
(1, 2, 4) ston R3. EpÐshc na brejoÔn ìla ta dianÔsmata tou C2 pou eÐnai
k�jeta proc to di�nusma (1 − i, 1 + i), ìpou o R3 kai o C2 eÐnai efodia-
smènoi me to kanonikì eswterikì ginìmeno.

4. DeÐxte ìti isqÔei h anisìthta



n∑

j=1

αjβj




2

≤



n∑

j=1

jα2
j







n∑

j=1

β2
j

j




gia ìlouc touc pragmatikoÔc arijmoÔc α1, . . . , αn, β1, . . . , βn.

5. An < , > eÐnai èna eswterikì ginìmeno epÐ enìc dianusmatikoÔ q¸rou V ,
deÐxte ìti gia k�je v, v′ ∈ V isqÔei

< v, v′ >= 0 an kai mìnon an ‖v‖ ≤ ‖v + λv′‖

gia ìla ta λ ∈ F .
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6. An V eÐnai ènac q¸roc me eswterikì ginìmeno < , > kai v, v′ ∈ V eÐnai
dianÔsmata tètoia ¸ste ‖v‖ = ‖v′‖ tìte deÐxte ìti to v + v′ eÐnai k�jeto
proc to v − v′.
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4.3 Orjokanonikèc B�seic

Ja prèpei na èqei gÐnei katanohtì ìti sth grammik  �lgebra shmantikì rìlo
paÐzei h melèth twn idiot twn twn grammik¸n apeikonÐsewn apì èna dianusma-
tikì q¸ro V se ènan �llo W . Epeid  de arketèc idiìthtec miac grammik c
apeikìnishc T qarakthrÐzontai apì tic ekfr�seic twn eikìnwn T (vi) miac b�shc
v̂ = {v1, . . . , vn} tou V wc proc mia b�sh ŵ = {w1, . . . , wm} tou W , èna apì
ta basik� probl mata gia th melèth aut  eÐnai h eÔresh kat�llhlwn b�sewn
v̂ kai ŵ twn V kai W antÐstoiqa ètsi ¸ste autèc oi eikìnec na dÐdontai apì,
ìso ton dunatìn, aplèc ekfr�seic. Gia q¸rouc me eswterikì ginìmeno, kurÐarqo
rìlo gia to skopì autì, ìpwc ja doÔme stic epìmenec paragr�fouc, paÐzoun oi
orjokanonikèc b�seic me tic opoÐec ja asqolhjoÔme eujÔc amèswc.

Orismìc 4.3.1. 'Ena sÔnolo {v1, . . . , vk} dianusm�twn enìc q¸rou V me esw-
terikì ginìmeno lègetai orjog¸nio sÔnolo an ta dianÔsmata vi eÐnai an� dÔo
k�jeta metaxÔ touc. 'Ena orjog¸nio sÔnolo ja lègetai orjokanonikì an k�je
di�nusma tou sunìlou èqei m koc 1. Ta dianÔsmata pou èqoun m koc 1 lègontai
monadiaÐa dianÔsmata kai gia to lìgo autì ta orjokanonik� sÔnola lègontai
epÐshc orjomonadiaÐa sÔnola.

An 0 6= v ∈ V , tìte to di�nusma
v

‖v‖ eÐnai monadiaÐo. Epeid  gia dÔ-

o dianÔsmata mh mhdenik� v1, v2 ∈ V isqÔei < v1, v2 >= 0 an kai mìnon an〈
v1

‖v1‖ ,
v2

‖v2‖
〉

= 0, apì èna orjog¸nio sÔnolo mh mhdenik¸n dianusm�twn paÐr-

noume èna orjokanonikì sÔnolo. (Shmei¸noume ìti k�je monosÔnolo jewreÐtai
orjog¸nio sÔnolo). An jewr soume to q¸ro R2[x] twn poluwnÔmwn bajmoÔ
≤ 2 me suntelestèc pragmatikoÔc arijmoÔc kai me eswterikì ginìmeno autì
pou orÐsjhke sto Par�deigma 4 thc §4.1, tìte eÔkola blèpoume ìti to sÔnolo{

x,
2x2 − 1

6

}
eÐnai orjog¸nio. Epeid  de ‖x‖ =

1√
3

kai
∥∥∥∥
2x2 − 1

6

∥∥∥∥ =
1
6

√
7
15

,

to sÔnolo

{
√

3x,

√
15(2x2 − 1)√

7

}
eÐnai orjokanonikì.

L mma 4.3.2. An {v1, . . . , vk} eÐnai èna orjokanonikì sÔnolo tou V , tìte

‖λ1v1 + · · ·+ λkvk‖2 =| λ1 |2 + · · ·+ | λk |2 .

Apìdeixh. Autì prokÔptei �mesa apì to Pujagìreio Je¸rhma.

Pìrisma 4.3.3. K�je orjokanonikì sÔnolo (  k�je orjog¸nio sÔnolo mh mh-
denik¸n dianusm�twn) tou V eÐnai èna grammik� anex�rthto sÔnolo.
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Apìdeixh. 'Estw {v1, . . . , vk} èna orjokanonikì sÔnolo tou V . Tìte, apì to
4.3.2, k�je sqèsh thc morf c

λ1v1 + · · ·+ λkvk = 0, λi ∈ F

shmaÐnei ìti | λ1 |2 + · · ·+ | λk |2= 0, dhlad  λi = 0, i = 1, . . . , k.

Pìrisma 4.3.4. 'Ena orjokanonikì sÔnolo {v1, . . . , vk} eÐnai b�sh tou V an
kai mìnon an k = dim V .

Apìdeixh. Profan c.

Orismìc 4.3.5. Mia b�sh {v1, . . . , vk} tou V lègetai orjokanonik  b�sh an
to sÔnolo autì eÐnai orjokanonikì.

Je¸rhma 4.3.6. 'Ena orjokanonikì sÔnolo {v1, . . . , vk} tou V eÐnai mia orjo-
kanonik  b�sh an kai mìnon an isqÔei < v, v >=| λ1 |2 + · · ·+ | λk |2, gia k�je
v ∈ V , ìpou λi =< v, vi >, i = 1, . . . , k.

Apìdeixh. An to {v1, . . . , vk} eÐnai mia orjokanonik  b�sh, tìte gia k�je v ∈ V
up�rqoun (monadik�) λ1, . . . , λk ∈ F tètoia ¸ste

v = λ1v1 + · · ·+ λkvk.

Opìte < v, vi >= λ1 < v1, vi > + · · · + λk < vk, vi >= λi, gia i = 1, . . . , k,
afoÔ < vi, vi >= 1 kai < vj , vi >= 0, i 6= j. T¸ra to Pujagìreio Je¸rhma,
ìpwc kai sto 4.3.2, dÐnei to zhtoÔmeno apotèlesma. AntÐstrofa, èstw ìti gia
k�je v ∈ V isqÔei h dosmènh isìthta. GnwrÐzoume apì to 4.3.3 ìti to sÔnolo
{v1, . . . , vk} eÐnai grammik� anex�rthto kai sunep¸c epekteÐnetai se mia b�sh.
An mporoÔsame na to epekteÐnoume se mia b�sh h opoÐa na  tan orjokanonik ,
tìte ja eÐqame gia k�je v ∈ V me v = λ1v1 + · · ·+λkvk +λk+1vk+1 + · · ·+λnvn,
thn isìthta

< v, v >=| λ1 |2 + · · ·+ | λk |2 + | λk+1 |2 + · · ·+ | λn |2=| λ1 |2 + · · ·+ | λk |2

ìpou λj =< v, vj >, j = k + 1, . . . , n kai {v1, . . . , vk, vk+1, . . . , vn} eÐnai mia
epèktash tou dosmènou orjokanonikoÔ sunìlou se mia orjokanonik  b�sh.
Autì deÐqnei ìmwc ìti λk+1 = · · · = λn = 0 kai �ra to dosmèno orjokano-
nikì sÔnolo apoteleÐ b�sh. Sunep¸c prèpei na deÐxoume ìti k�je orjokano-
nikì sÔnolo {v1, . . . , vk} mporeÐ na epektajeÐ se mia orjokanonik  b�sh. An
kai h kataskeuastik  mèjodoc twn Gram-Schmidt miac orjokanonik c b�sh-
c apì mia �llh opoiad pote b�sh, pou ja dojeÐ amèswc met�, eggu�tai thn
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Ôparxh miac tètoiac epèktashc, ed¸ dÐnoume mia anex�rthth apìdeixh. SÔmfw-
na me to 4.3.3 kanèna orjokanonikì sÔnolo de mporeÐ na perièqei perissìtera
apì n dianÔsmata, ìpou n = dim V . Profan¸c mporoÔme na jewr soume mia
epèktash {v1, v2, . . . , vk, vk+1, . . . , vm} tou {v1, . . . , vk} pou na eÐnai èna orjo-
kanonikì sÔnolo ètsi ¸ste to m na eÐnai mègisto me m ≤ n. 'Estw v ∈ V
kai w = µ1v1 + · · · + µmvm, ìpou µj =< v, vj >, j = 1, . . . ,m. Opìte
èqoume µj =< m, vj >=< v, vj >, j = 1, . . . , m. 'Ara < w − v, vj >= 0,
j = 1, . . . , m, pou shmaÐnei ìti w − v = 0, diìti diaforetik� to m den ja  ta-

n mègisto giatÐ to
{

v1, . . . , vm,
w − v

‖w − v‖
}

ja  tan orjokanonikì. 'Ara prèpei

v = w = µ1v1 + · · ·+ µmvm. Dhlad  k�je di�nusma v gr�fetai wc grammikìc
sunduasmìc twn grammik� anexart twn dianusm�twn v1, . . . , vm. Autì shmaÐnei
ìti aut� prèpei na apoteloÔn b�sh tou V .

Parathr seic.

1. H isìthta pou anafèretai sto 4.3.6 sun jwc lègetai “isìthta tou Par-
seval”. Apì aut  thn isìthta prokÔptei h ex c “anisìthta tou Bes-
sel”: An {v1, . . . , vk} eÐnai èna orjokanonikì sÔnolo (ìqi anagkastik�
b�sh) tìte gia k�je v ∈ V isqÔei

< v, v >≥| λ1 |2 + · · ·+ | λk |2

ìpou λi =< v, vi >, i = 1, . . . , k.

2. An mac dojeÐ mia b�sh {v1, . . . , vn} tou V , tìte gia k�je v ∈ V up�rqoun
λ1, . . . , λn ∈ F tètoia ¸ste v = λ1v1 + · · · + λnvn. O prosdiorismìc
ìmwc twn suntelest¸n λi genik� eÐnai polÔplokoc. H spoudaiìthta twn
orjokanonik¸n b�sewn èggeitai sto gegonìc ìti autoÐ oi suntelestèc
eÐnai apl� oi arijmoÐ < v, vi > sthn perÐptwsh pou ta dianÔsmata vi,
i = 1, . . . , n, apoteloÔn b�sh, kaj¸c tìte isqÔei, ìpwc eÐdame, v =<
v, v1 > v1 + · · ·+ < v, vn > vn.

Je¸rhma 4.3.7 (Mèjodoc OrjokanonikopoÐhshc twn Gram-Schmidt).
.K�je q¸roc V me eswterikì ginìmeno èqei mia orjokanonik  b�sh.

Apìdeixh. 'Estw {v1, . . . , vn} mia b�sh tou V . Ja kataskeu�soume mia orjo-
kanonik  b�sh qrhsimopoi¸ntac th b�sh {v1, . . . , vn}. OrÐzoume epagwgik� to
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uposÔnolo {u1, u2, . . . , uk} tou V wc ex c.

u1 = v1

u2 = v2 − < v2, u1 >

‖u1‖2
u1

u3 = v3 − < v3, u2 >

‖u2‖2
u2 − < v3, u1 >

‖u1‖2
u1

...

un = vn − < vn, un−1 >

‖un−1‖2
un−1 − · · · − < vn, u1 >

‖u1‖2
u1.

'Etsi ta u1, u2, . . . , un eÐnai mh-mhdenik� dianÔsmata, giatÐ diaforetik� to sÔnolo
{v1, . . . , vn} den ja  tan grammik� anex�rthto. Efarmìzoume t¸ra epagwg  gia
na deÐxoume ìti to sÔnolo {u1, u2, . . . , un} eÐnai orjog¸nio. Gia n = 1, autì
eÐnai dedomèno. An n > 1 kai to {u1, . . . , un−1} eÐnai orjog¸nio tìte èqoume

< un, ui >= < vn, ui > −< vn, un−1 >

‖un−1‖2
< un−1, ui >

− · · · − < vn, u1 >

‖u1‖2
< u1, ui >

= < vn, ui > −< vn, ui >

‖ui‖2
< ui, ui >= 0

ìpwc apaiteÐtai. 'Etsi sÔmfwna me to 4.3.3 to sÔnolo {u1, . . . , un} eÐnai gram-
mik� anex�rthto kai �ra eÐnai mia b�sh tou V . Jètontac wi =

ui

‖ui‖ paÐrnoume

mia orjokanonik  b�sh.

Gia par�deigma, h mèjodoc twn Gram-Schmidt sto epÐpedo gewmetrik� sh-
maÐnei to ex c: an {v1, v2} mia b�sh tou R2, tìte o arijmìc

< v2, v1 >

‖v1‖ =

‖v2‖sunθ eÐnai to m koc thc probol c tou v2 epÐ thc eujeÐac Rv1 = {λv1 |
λ ∈ R} kai to di�nusma v2 − ‖v2‖sun v1

‖v1‖ = u2 eÐnai k�jeto sto u1. To de

di�nusma v2 analÔetai se duo k�jetec sunist¸sec wc

v2 = ‖v2‖sunθ v1

‖v1‖ +
(

v2 − ‖v2‖sunθ v1

‖v1‖
)

.

Blèpe to Sq ma
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Pìrisma 4.3.8. K�je orjokanonikì sÔnolo tou V mporeÐ na epektajeÐ se mia
orjokanonik  b�sh tou V .

ParadeÐgmata.

1. Profan¸c h kanonik  b�sh tou Cn eÐnai mia orjokanonik  b�sh.

2. 'Estw R2[x] o q¸roc twn poluwnÔmwn bajmoÔ ≤ 2 me pragmatikoÔc su-

ntelestèc kai me eswterikì ginìmeno < f(x), g(x) >=
1∫
0

f(x)g(x)dx. Je-

wroÔme th b�sh {1, x, x2} apì thn opoÐa paÐrnoume

u1 =1

u2 =x− < x, u1 >

‖u1‖2
u1 = x−




1∫

0

xdx


 1 = x− 1

2

u3 =x2 − < x2, u2 >

‖u2‖2
u2 − < x2, u1 >

‖u1‖2
u1

=x2 −



1∫

0

x2

(
x− 1

2

)
dx


 2x− 1

360
−

1∫

0

x2dx

=x2 − x +
1
6
, ìpou ‖u1‖ = 1, ‖u2‖ =

1√
12

kai ‖u3‖ =
1

6
√

5
.

Opìte to sÔnolo
{

1, x− 1
2
, x2 − x +

1
6

}
eÐnai orjog¸nio kai to sÔnolo

{1,
√

3(2x− 1),
√

5(6x2 − 6x + 1)} eÐnai mia orjokanonik  b�sh.

Sunep¸c k�je polu¸numo f(x) ∈ R2[x] gr�fetai wc

f(x) = α0 · 1 +
√

3α1(2x− 1) +
√

5α2(6x2 − 6x + 1),
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ìpou

α0 =

1∫

0

f(x)dx, α1 =

1∫

0

√
3(2x− 1)f(x)dx kai

α2 =

1∫

0

√
5(6x2 − 6x + 1)f(x)dx.

Shmei¸noume ìti an jewr soume to grammik� anex�rthto sÔnolo {x, x2}
kai p�roume th b�sh {1, x, x2} wc epèktash autoÔ, tìte h prohgoÔmenh
orjokanonik  b�sh eÐnai mia orjokanonik  epèktash tou {x, x2}. Mpo-
roÔme ìmwc na kanonikopoi soume to {x, x2} gia na p�roume to orjoka-
nonikì sÔnolo {√3x,

√
5(4x2 − 3x)}. An autì to epekteÐnoume se mia

b�sh {v1,
√

3x,
√

5(4x2− 3x)} kai apì aut  p�roume me th mèjodo Gram-
Schmidt mia orjokanonik  b�sh, tìte p�li aut  eÐnai mia orjokanonik 
epèktash tou {x, x2}.

3. Polu¸numa tou Legendre. JewroÔme th b�sh {1, x, . . . , xn} tou n+1-
di�statou q¸rou Rn[x] me eswterikì ginìmeno

< f(x), g(x) >=

1∫

−1

f(x)g(x)dx.

Gia n = 3, eÔkola prokÔptei ìpwc prin, h orjokanonikopoÐhsh thc b�shc
{1, x, x2} dÐnei thn orjokanonik  b�sh

{
1√
2
,

√
3
2
x,

√
5
8
(3x2 − 1),

√
7
8
(5x3 − 3x)

}
.

An jewr soume ta polu¸numa

Pm(x) =
1

2mm!
dm

dxm
(x2 − 1)m

(Gia par�deigma, P0(x) = 1, P1(x) = x, P2(x) =
1
2
(3x2 − 1), P3(x) =

1
2
(5x3 − 3x)) mporeÐ na apodeiqjeÐ ìti ‖Pm‖2 =

1∫
−1

Pm(x)2dx =
2

2m + 1
kai ìti to sÔnolo

{√
2m + 1

2
Pm(x)/m = 0, . . . , n− 1

}
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eÐnai h orjokanonik  b�sh pou paÐrnoume me thn mèjodo twn Gram-Schmidt
apì th b�sh {1, x, . . . , xn−1}.
To polu¸numo Pm(x) lègetai polu¸numo tou Legendre. Autì eÐnai baj-
moÔ m kai eÐnai mia lÔsh thc diaforik c exÐswshc

(1− x2)y′′ − 2xy′ + m(m + 1)y = 0.

Ta polu¸numa tou Legendre kai oi idiìthtèc touc paÐzoun shmantikì rì-
lo se probl mata thc fusik c ìpwc gia par�deigma sto prìblhma thc
metafor�c thc jermìthtac.

Ask seic 4.3

1. 'Estw {v1, v2, v3} mia orjokanonik  b�sh enìc q¸rou V me eswterikì

ginìmeno di�stashc 3. DeÐxte ìti kai ta dianÔsmata w1 =
1
3
(2v1+2v2−v3),

w2 =
1
3
(2v1 − v2 + 2v3) kai w3 =

1
3
(−v1 + 2v2 + 2v3) apoteloÔn mia

orjokanonik  b�sh tou V .

2. QrhsimopoieÐste th mèjodo twn Gram-Schmidt gia na orjokanonikopoieÐ-
sete ta ex c sÔnola

i) {(1,−1, 1), (2, 1, 1), (1, 0, 1)} tou R3 me to kanonikì eswterikì ginì-
meno.

ii) {1, x, x2} tou R3[x] me eswterikì ginìmeno

< f(x), g(x) >=

1∫

0

(1− x2)f(x)g(x)dx.

3. Na brejeÐ mia orjokanonik  b�sh tou upìqwrou W tou R4 (me to kanonikì
eswterikì ginìmeno) pou par�getai apì to sÔnolo

{(−1, 1, 1, 1), (1,−1, 1, 1, ), (1, 1,−1, 1)}.
Katìpin na epekteÐnetai aut  th b�sh tou W se mia orjokanonik  b�sh
tou R4.

4. 'Estw {v1, . . . , vm} èna grammik� anex�rthto sÔnolo dianusm�twn enìc
q¸rou V me eswterikì ginìmeno. DeÐxte ìti up�rqoun 2m orjokanonik�
sÔnola {u1, . . . , um} dianusm�twn tou V tètoia ¸ste

< u1, . . . , uj >=< v1, . . . , vj >

gia ìla ta j ∈ {1, . . . ,m}.
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5. An v1, v2, . . . , vk eÐnai k dianÔsmata enìc pragmatikoÔ EukleÐdeiou q¸rou
V me eswterikì ginìmeno < , > di�stashc n, tìte h orÐzousa

∆ =

∣∣∣∣∣∣∣∣

< v1, v1 >, . . . , < v1, vk >
.......................................
.......................................
< vk, v1 >, . . . , < vk, vk >

∣∣∣∣∣∣∣∣

lègetai orÐzousa tou Gram twn dianusm�twn v1, . . . , vk. DeÐxte ìti ta
vi, i = 1, . . . , k eÐnai grammik� exarthmèna an kai mìnon ∆ = 0.

DeÐxte ìti an u1, . . . , uk eÐnai mia orjokanonik  b�sh enìc upìqwrou tou
V di�stashc k pou perièqei ta v1, . . . , vk, tìte

∆ = (det(xij))2(= det(xij) det(xij)t)

ìpou vj =
k∑

i=1
xijui, j = 1, . . . , k.

Gia par�deigma an k = 2, èqoume

∆ =< v1, v1 >< v2, v2 > − < v1, v2 >2

= ‖v1‖2‖v2‖2 − ‖v1‖2‖v2‖2sun2ϕ

= ‖v1‖2‖v2‖2(1− sun2ϕ) = ‖v1‖2‖v2‖2hm2ϕ

= ‖v1‖2‖v2‖2(sunϕ1hmϕ2 − hmϕ1sunϕ2)2

=
∣∣∣∣
‖v1‖sunϕ1 ‖v1‖hmϕ1

‖v2‖sunϕ2 ‖v2‖hmϕ2

∣∣∣∣ =
∣∣∣∣

x11 x12

x21 x22

∣∣∣∣
2

,

ìpou x11 = ‖v1‖sunϕ1, x12 = ‖v1‖hmϕ1, x21 = ‖v2‖sunϕ2, x22 =
‖v2‖hmϕ2 kai ϕ = ϕ2 − ϕ1 (blèpe Sq ma)

ParathroÔme ìti ∆ ≥ 0 kai sunep¸c |< v1, v2 >|≤ ‖v1‖‖v2‖ pou eÐ-
nai h gnwst  anisìthta twn Cauchy-Schwarz. Shmei¸noume epÐshc ìti h
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apìluth tim  thc orÐzousac
∣∣∣∣

x11 x12

x21 x22

∣∣∣∣ eÐnai to embadìn tou parallhlì-

grammou me pleurèc ta dianÔsmata (x11, x12) kai (x21, x22). 'Opwc epÐshc

kai h apìluth tim  thc orÐzousac Ω =

∣∣∣∣∣∣

x11 x12 x13

x21 x22 x23

x31 x32 x33

∣∣∣∣∣∣
dÐnei ton ìgko

tou parallhlepipèdou twn tri¸n dianusm�twn (x11, x12, x13) (x21, x22, x23)
(x31, x32, x33) ston R3 kai èqoume ∆ = Ω2.

Genik�, èna parallhlepÐpedo Π ston Rn pou par�getai apì k dianÔsmata
v1, v2, . . . , vk orÐzetai wc to sÔnolo

Π = {α1v1 + · · ·+ αkvk|0 ≤ αi ≤ 1, i = 1, . . . , k}.

Ta vi lègontai korufèc tou Π kai o ìgkoc V (Π) tou Π orÐzetai epagw-
gik� wc proc k. JewroÔme to parallhlepÐpedo me korufèc ta v2, . . . , vk

(paÐrnontac to wc b�sh tou Π). Gr�foume to v1 sth (monadik ) morf 
v1 = v + w ìpou w eÐnai èna di�nusma tou upìqwrou W pou par�getai
apì ta v2, . . . , vk kai to v eÐnai èna k�jeto di�nusma proc sto w. (Autì
epitugq�netai jewr¸ntac mia orjokanonik  b�sh tou upìqwrou pou pa-
r�getai apì ton W kai to v1). To di�nusma v to lème Ôyoc tou Π apì
thn koruf  v1 sth b�sh tou Π. O ìgkoc tou Π orÐzetai wc to ginìmeno
‖v‖ epÐ ton ìgko thc b�shc tou Π.

Sunep¸c h orÐzousa tou Gram ∆, k dianusm�twn, eÐnai to tetr�gwno tou
ìgkou enìc parallhlepipèdou di�stashc k.

6. (Schur) 'Estw T ∈ L(V ) ìpou V eÐnai ènac q¸roc me eswterikì ginìmeno.
DeÐxte ìti an up�rqei b�sh thc V wc proc thn opoÐa o pÐnakac thc T eÐnai
�nw trigwnikìc tìte up�rqei kai orjokanonik  b�sh tou V wc proc thn
opoÐa o pÐnakac thc T eÐnai �nw trigwnikìc. Sunep¸c an F = C, tìte
p�nta up�rqei orjokanonik  b�sh tou V wc proc thn opoÐa o pÐnakac thc
T eÐnai �nw trigwnikìc.
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4.4 Orjog¸nia AjroÐsmata

An M1,M2 eÐnai dÔo uposÔnola tou V lème ìti aut� eÐnai k�jeta metaxÔ touc
  ìti to M1 eÐnai k�jeto proc to M2, an k�je di�nusma tou M1 eÐnai k�jeto
proc k�je di�nusma tou M2. Se aut  thn perÐptwsh gr�foume M1⊥M2.

L mma 4.4.1. An dÔo uposÔnola M1,M2 tou V eÐnai k�jeta metaxÔ touc tìte
h tom  touc M1 ∩M2 eÐnai to kenì sÔnolo ∅ an èna apì ta dÔo den perièqei to
mhdèn. Diaforetik�, h tom  M1 ∩M2 = {0}.

Apìdeixh. An v ∈ M1 ∩M2, tìte < v, v >= 0 opìte anagkastik� v = 0.

Pìrisma 4.4.2. An dÔo upìqwroi V1, V2 tou V eÐnai k�jetoi metaxÔ touc tìte
V1 ∩ V2 = {0}. Opìte to �jroisma V1 + V2 eÐnai eujÔ.

Orismìc 4.4.3. 'Ena �jroisma V1+· · ·+Vk upìqwrwn tou V lègetai orjìgwnio
�jroisma upìqwrwn an Vi⊥Vj , i 6= j, i, j = 1, . . . , k, dhlad  an oi upìqwroi
an� dÔo eÐnai k�jetoi metaxÔ touc.

Pìrisma 4.4.4. K�je orjog¸nio �jroisma V1 + · · ·+Vk upìqwrwn tou V eÐnai
eujÔ �jroisma.

Apìdeixh. Efarmìzoume epagwg  sto k.

H shmasÐa thc ènnoiac enìc orjogwnÐou ajroÐsmatoc V1 + · · ·+Vk se sqèsh
me to eswterikì ginìmeno èggeitai sto gegonìc ìti an gnwrÐzoume ton periorismì
tou eswterikoÔ ginomènou tou V se k�je upìqwro Vi, i = 1, . . . , k, tìte gnwrÐ-
zoume to eswterikì ginìmeno epÐ tou V1+· · ·+Vk. Pr�gmati, an v = v1+· · ·+vk

kai v′ = v′1 + · · ·+ v′k, vi, v
′
i ∈ Vi, tìte < v, v′ >=

k∑
1

< vi, v
′
i >.

T¸ra èstw W ènac upìqwroc tou V . To uposÔnolo ìlwn twn dianusm�-
twn tou V pou eÐnai k�jeta proc k�je di�nusma tou W lègetai orjog¸nio
sumpl rwma tou W kai sumbolÐzetai me W⊥. Dhlad 

W⊥ = {v ∈ V |< v, w >= 0, gia k�je w ∈ W}.

EÐnai fanerì ìti to W⊥ eÐnai ènac upìqwroc kai V ⊥ = {0} ìpwc epÐshc {0}⊥ =
V .

Je¸rhma 4.4.5. Gia k�je upìqwro W tou V isqÔei
a) V = W ⊕W⊥ kai b) (W⊥)⊥ = W .
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Apìdeixh. 'Estw {v1, . . . , vm} mia orjokanonik  b�sh tou W . An v ∈ V , jew-
roÔme ta dianÔsmata

w =
m∑

i=1

< v, vi > vi kai w′ = v − w.

Profan¸c v = w + w′ kai < w, vi >=< v, vi > − < w, vi >=< v, vi >

−
〈

m∑
j=1

< v, vj > vj , vi

〉
=< v, vi > − < v, vi >= 0. Sunep¸c w′ ∈ W⊥,

opìte prokÔptei to a).
Gia to b) èqoume profan¸c W ⊆ (W⊥)⊥. EpÐshc an v ∈ (W⊥)⊥ tìte apì

to a) up�rqoun monadik� dianÔsmata w ∈ W , w′ ∈ W⊥ tètoia ¸ste v = w+w′.
Opìte < v, w′ >=< w′, w′ >= 0, afoÔ v ∈ (W⊥)⊥ kai w′ ∈ W⊥. 'Ara w′ = 0
kai sunep¸c v = w′ ∈ W . Telik� (W⊥)⊥ = W .

Parat rhsh. Gr�fontac èna di�nusma v ∈ V wc

v = w + w′

ìpou w ∈ W kai w′ ∈ W⊥, apì to Pujagìreio Je¸rhma prokÔptei ìti ‖v‖2 =
‖w‖2 + ‖w′‖2 kai ‖v‖2 ≥ ‖w‖2 pou eÐnai h anisìthta tou Bessel (blèpe §4.3).
O arijmìc ‖v − w‖ lègetai apìstash tou dianÔsmatoc v apì ton upìqwro
W . H onomasÐa aut  dikaiologeÐtai apì to gegonìc ìti gia k�je u ∈ W isqÔei
‖v − u‖ ≥ ‖v − w‖, kai an gia èna u isqÔei h isìthta, tìte u = w. Pr�gmati,
èqoume ‖v − w‖2 ≤ ‖v − w‖2 + ‖w − u‖2 = ‖(v − w) + (w − u)‖2 = ‖v − u‖2,
afoÔ v − w ∈ W⊥ kai w − u ∈ W (opìte isqÔei to Pujagìreio Je¸rhma).

Dhlad  to di�nusma w =
m∑

i=1
< v, vi > vi eÐnai to monadikì di�nusma tou W pou

h apìstash d(v, w) eÐnai h mikrìterh dunat  tou v apì k�je �llo di�nusma tou
W . Shmei¸noume ìti h parat rhsh aut  èqei pollèc efarmogèc se probl mata
elaqistopoÐhshc.

Par�deigma. JewroÔme ton upìqwro W tou C3 pou par�getai apì ta dianÔ-
smata v1 = (1, 0, i), v2 = (2, 1, 1 + i) pou profan¸c eÐnai grammik� anex�rthta.
Gia na broÔme to di�nusma tou W pou èqei thn mikrìterh apìstash apì èna
dosmèno di�nusma v ∈ C3, èstw v = (0, i, 1), ja prèpei katarq n na kanoniko-
poi soume th b�sh {v1, v2} tou W . 'Eqoume

u1 =(1, 0, i), me ‖u1‖ =
√
| 1 |2 + | i |2 =

√
2 kai

u2 =(2, 1, 1 + i)− < (2, 1, 1 + i), (1, 0, i) >

‖(1, 0, i)‖2
(1, 0, i)

=
1
2
(1 + i, 2,−1 + i), me ‖u2‖ =

1
2

√
| 1 + i |2 + | 2 |2 + | −1 + i |2 =

√
2.
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Opìte to sÔnolo
{

e1 =
u1√

2
, e2 =

u2√
2

}
eÐnai mia orjokanonik  b�sh tou W .

Sunep¸c to di�nusma w =< v, e1 > e1+ < v, e2 > e2 = −1
4
(1+2i, 1− i,−2+ i)

eÐnai to zhtoÔmeno di�nusma tou W pou h apìstas  tou apì to v eÐnai d(v, w) =

‖v − w‖ =
√

5
2

.

Ask seic 4.4

1. 'Estw W upìqwroc tou R4 pou par�getai apì ta dianÔsmata (1, 1, 0, 0)
kai (1, 1, 1, 2). Na brejeÐ mia b�sh tou k�jetou upìqwrou W⊥ proc ton
W .

2. JewroÔme èna sÔsthma grammik¸n exis¸sewn
n∑

j=1
αijxj = 0, i = 1, 2, . . . ,m

dhlad , Axt = 0 ìpou A = (αij) ∈ Fm×n, xt =




x1
...

xn


.

An jewr soume ta dianÔsmata ri = (αi1, . . . , αin) ∈ Fn, i = 1, . . . , m,
tìte autì to sÔsthma mporeÐ na parastajeÐ wc

< ri, x >= 0, i = 1, . . . ,m.

ìpou < , > eÐnai to kanonikì eswterikì ginìmeno epÐ tou Fn. An W eÐnai o
upìqwroc tou V pou par�getai apì ta r1, . . . , rm, deÐxte ìti o upìqwroc
twn lÔsewn tou sust matoc eÐnai o W⊥ Opìte deÐxte ìti dimW⊥ =
n−t�xh (A wc proc st lec) kai �ra h t�xh tou A wc proc tic grammèc
eÐnai Ðsh me thn t�xh tou A wc proc tic st lec, ìpwc èqoume dei kai ston
Tìmo A.
Wc efarmog  autoÔ na lujeÐ to sÔsthma

3x1 + x2 + x4 = 0
x1 + 2x2 + x3 + x4 = 0

ìpwc epÐshc jewreÐste kai lÔste me autì ton trìpo ìpoio grammikì sÔ-
sthma epijumeÐte.

3. JewroÔme to pragmatikì EukleÐdeio q¸ro R3 me to kanonikì eswterikì
ginìmeno. 'Ena “omoparallhlikì epÐpedo” Π sto R3 eÐnai èna uposÔnolo
{p+w | w ∈ W} ìpou p ∈ R3 kai W eÐnai ènac upìqwroc tou R3 di�stashc
2.
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i) DeÐxte ìti èna sÔnolo Π eÐnai èna epÐpedo tou R3 an kai mìnon an
up�rqei èna di�nusma u ∈ R3 kai ènac pragmatikìc arijmìc α ètsi
¸ste

Π = {v ∈ V < v, u >= α}
Upìdeixh: 'Estw Π = {p + ww ∈ W} èna epÐpedo pou orÐzetai apì
to di�nusma p kai ton 2-di�stato q¸ro W .
DeÐxte ìti up�rqei mia orjog¸nia b�sh {w1, w2, u} tou R3 ìpou
w1, w2 ∈ W , opìte gia k�je v = p + w ∈ Π isqÔei < v, u >=<
p, u >.
AntÐstrofa, dosmènwn tou dianÔsmatoc u kai tou arijmoÔ α, je-
wreÐste mia orjog¸nia b�sh tou R3 pou perièqei to u, èstw thn
{u,w1, w2}, opìte o q¸roc W pou par�getai apì ta w1, w2 eÐnai o
k�jetoc upìqwroc proc to u. An de v ∈ Π, dhlad  < v, u >= α,
gr�fontac v = λ1u + λ2w1 + λ3w2, èqoume ìti λ1 =

α

‖n‖2
kai

Π = {p + w | w ∈ W} ìpou p =
α

‖u‖2
n. (u opoiad pote di�nusma

p =
α

‖u‖2
u + w, w ∈ W ).

An jewr soume thn kanonik  b�sh e1, e2, e3 kai gr�youme u = α1e1+
α2e2 + α3e3, tìte gia k�je v ∈ Π me v = x1e1 + x2e2 + x3e3, tìte
gia thn exÐswsh < v, u >= α1x1 + α2x2 + α3x3 = α. Sunep¸c an
jewr soume ta dianÔsmata tou R3 wc tri�dec (x1, x2, x3), tìte èna
epÐpedo tou R3 eÐnai to sÔnolo twn dianusm�twn pou eÐnai oi lÔseic
miac exÐswshc thc morf c

αx1 + α2x2 + α3x3 = α.

AntÐstrofa, oi lÔseic miac tètoiac exÐswshc orÐzoun èna epÐpedo.

ii) Wc efarmog  tou prohgoÔmenou erwt matoc na breÐte èna di�nusma
u kai mia b�sh tou k�jetou proc ton u upìqwrou W gia to epÐpedo

3x1 − x2 + x3 − 1 = 0.

AntÐstrofa, an dÐdontai ta dianÔsmata

u = (1,−1, 2) kai p = (−1, 1, 0)

na brejeÐ h exÐswsh tou epipèdou pou orÐzetai ìpwc prin apì ta u
kai p.
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iii) DeÐxte ìti èna di�nusma v an kei sto epÐpedo pou orÐzetai apì ta u
kai p an kai mìnon an

< v − p, u >= 0.

Gia par�deigma, an èna epÐpedo dièrqetai apì ta dianÔsmata (3, 0, 1),
(2, 1, 1) kai (1, 0, 0), tìte paÐrnontac èna apì aut�, èstw to (2, 1, 1),
to di�nusma u pou kajorÐzei to epÐpedo ja prèpei na ikanopoieÐ tic
exis¸seic

kai
< (3, 0, 1)− (2, 1, 1), u >=< (1,−1, 0), u >= 0
< (1, 0, 0)− (2, 1, 1), u >=< (−1,−1,−1), u >= 0.

Dhlad  an u = (α1, α2, α3), ja prèpei α1−α2 = 0 kai α1+α2+α3 =
0. 'Ena tètoio u, gia α1 = 1, eÐnai to (1, 1,−2). Sunep¸c to epÐpedo
perièqei ìla ta dianÔsmata v = (x1, x2, x3) ta opoÐa ikanopoioÔn thn
exÐswsh < v−(2, 1, 1), u >= 0, dhlad  thn exÐswsh x1+x2−2x3 = 1.

iv) 'Estw v = (1, 1, 1). Na brejeÐ to di�nusma w tou epipèdou x1 +x2−
2x3 = 1 pou h apìstas  tou apì to v eÐnai h mikrìterh dunat  apì
thn apìstash tou v apì k�je �llo di�nusma tou epipèdou. (Dec
Parat rhsh met� thn 4.4.5). H apìstash aut  lègetai sun jwc h
k�jeth apìstash apì to v proc to epÐpedo.

4. H Mèjodoc twn ElaqÐstwn Tetrag¸nwn. Upojètoume ìti pragmato-
poioÔme di�fora peir�mata anamènontac ìti ta apotelèsmata ja ekfr�-
zontai apì mia grammik  sun�rthsh y = f(x1, . . . , xm) = α1x1 + α2x2 +
· · · + αmxm ìpou x1, . . . , xn parist�noun ta dedomèna pou jètoume sta
peir�mata kai α1, . . . , αm eÐnai oi �gnwstoi suntelestèc pou prèpei na
prosdiorisjoÔn. Ed¸ ja perigr�youme th mèjodo twn elaqÐstwn tetra-
g¸nwn pou arketèc forèc qrhsimopoieÐtai gia ton upologismì aut¸n twn
suntelest¸n. Aut  sthrÐzetai sthn ènnoia thc el�qisthc apìstashc pou
apèqei èna di�nusma apì ènan upìqwro tou Rn me eswterikì ginìmeno.

'Estw ìti sto i-ostì peÐrama ta tejènta dedomèna eÐnai x1i, . . . , xmi kai
to apotèlesma eÐnai to yi. Ektel¸ntac n peir�mata paÐrnoume to sÔsthma

α1x11 + α2x21 + · · ·+ αmxm1 = y1

α1x12 + α2x22 + · · ·+ αmxm2 = y2

.......................................................

α1x1n + α2x2n + · · ·+ αmxmn = yn.

(∗)
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Sun jwc to pl joc twn n peiram�twn eÐnai megalÔtero apì to pl joc m
twn agn¸stwn kai ta apotelèsmata twn peiram�twn den eÐnai akrib  kai
perièqoun sf�lmata. Me �lla lìgia to sÔsthma (∗) sun jwc den eÐnai
sumbibastì, dhlad  den up�rqei epilog  twn α1, . . . , αm pou na sumfwneÐ
akrib¸c me ta apotelèsmata y1, . . . , yn. 'Etsi prokÔptei to prìblhma th-
c elaqistopoÐhshc tou sf�lmatoc, dhlad  tou kajorismoÔ suntelest¸n
α1, . . . , αm tètoiwn ¸ste to aristerì mèloc to sust matoc na proseggÐzei
ìso to dunatìn perissìtero ta apotelèsmata y1, . . . , yn. San èna mètro
prosèggishc paÐrnoume thn onomazìmenh “mèsh apìklish” twn arister¸n
mel¸n twn exis¸sewn apì ta antÐstoiqa yi pou orÐzetai apì thn posìthta

n∑

i=1

(α1x1i + α2x2i + · · ·+ αmxmi − yi)2. (∗∗)

Gia thn elaqistopoÐhsh aut c thc posìthtac jewroÔme ston Rn ta dianÔ-
smata

v1 = (x11, x12, . . . , x1n)
v2 = (x21, x22, . . . , x2n)
...................................

vm = (xm1, xm2, . . . , xmn)
kai w = (y1, y2, . . . , yn).

Opìte to di�nusma α1v1 + α2v2 + · · · + αmvm = v èqei sunist¸sec ta
arister� mèlh twn exis¸sewn tou sust matoc (∗). Sunep¸c h posìthta
(∗∗) den eÐnai tÐpota �llo par� to tetr�gwno thc apìstashc tou w apì
to v. Sunep¸c to prìblhma elaqistopoÐhshc thc mèshc apìklishc eÐnai
isodÔnamo me to prìblhma thc epilog c m arijm¸n α1, . . . , αm ètsi ¸ste
h apìstash tou v apì to w na eÐnai h mikrìterh dunat  apì tic apost�-
seic tou w apì ta dianÔsmata tou upìqwrou W pou par�getai apì ta
v1, . . . , vm. Dhlad  ‖v−w‖ ≤ ‖v′−w‖, gia k�je v′ ∈ W . Gia na broÔme
ta αi, i = 1, . . . , m, ìpwc èqoume dei to v − w prèpei na eÐnai k�jeto
ston W , dhlad  < v − w, vi >= 0, i = 1, . . . , m, h < v, vi >=< w, vi >,
i = 1, , . . . , m pou shmaÐnei ìti èqoume to sÔsthma m exis¸sewn

α1 < v1, vi > + · · ·+ αm < vm, vi >=< w, vi >, i = 1, . . . , m,

ìpou

< w, vi >=
n∑

j=1

xijyj , < vj , vi >=
n∑

k=1

xjkxik.
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MporoÔme na upojèsoume ìti ta v1, . . . , vm eÐnai grammik� anex�rthta
(giatÐ?), opìte to prohgoÔmeno sÔsthma èqei monadik  lÔsh. Autì to
sÔsthma onom�zetai sth Statistik  wc to sÔsthma twn kanonik¸n exis¸-
sewn.

Gia par�deigma, an to sÔsthma (∗) eÐnai miac agn¸stou α, dhlad  èqoume
αx1 = y1, . . . , αxn = yn, tìte h lÔsh eÐnai

α =
< (x1, . . . , xn), (y1, . . . , yn) >

‖(x1, . . . , xn‖2
=

n∑
1

xiyi

n∑
1

x2
i

.

Autì shmaÐnei ìti ta shmeÐa (x1, y1), . . . , (xn, yn) tou R2 eÐnai ìso to du-
natìn kont� sthn eujeÐa pou dièrqetai apì to 0 kai èqei klÐsh α.

Efarmìste ta prohgoÔmena sto sÔsthma

α1 + α2 = 1
2α1 − α2 = 2

−2α1 + 4α2 = 7

elaqistopoi¸ntac th mèsh apìklish tou

(α1 + α2 − 1)2 + (2α1 − α2 − 2)2 + (−2α1 + 4α2 − 7)2.



166 Kef�laio 4. DianusmatikoÐ Q¸roi me Eswterikì Ginìmeno

4.5 IsomorfismoÐ Q¸rwn me Eswterikì Ginìmeno

UpenjumÐzoume ìti dÔo dianusmatikoÐ q¸roi epÐ tou F eÐnai isìmorfoi an kai
mìnon an èqoun thn Ðdia di�stash. IdiaÐtera an V eÐnai ènac dianusmatikìc q¸roc
di�stashc n epÐ tou F , tìte autìc eÐnai isìmorfoc me to gnwstì dianusmatikì
q¸ro Fn twn n-�dwn (α1, . . . , αn), αi ∈ F . Autì shmaÐnei ìti k�je idiìthta
pou isqÔei ston Fn kai exart�tai apì to �jroisma dianusm�twn kai to bajmwtì
ginìmeno stoiqeÐwn tou F epÐ dianusm�twn tou Fn, isqÔei kai ston V . Me aut 
thn ènnoia, dhlad  aut  pou afor� th dom  twn V kai Fn wc proc thn prìsjesh
dianusm�twn kai to bajmwtì ginìmeno, o V kai Fn mporoÔn na jewrhjoÔn wc
o “Ðdioc” q¸roc. 'Enac gnwstìc shmantikìc qarakthrismìc twn isomorfism¸n
T : V → Fn anafèrei ìti an {v1, . . . , vn} eÐnai b�sh tou V tìte kai to sÔnolo
{T (vi) | i = 1, . . . , n} eÐnai b�sh tou Fn. O pio “aplìc” isomorfismìc T : V →
Fn eÐnai autìc gia ton opoÐo T (vi) = ei = (0, . . . , 1, 0, . . . , 0), dhlad  to sÔnolo
{T (vi) | i = 1, . . . , n} eÐnai h kanonik  b�sh tou Fn,   isodÔnama h T eÐnai aut 
pou stèlnei k�je di�nusma v = α1v1 + · · ·+ αnvn sthn n-�da (α1, . . . , αn).

'Estw t¸ra V kai W dÔo dianusmatikoÐ q¸roi me eswterikì ginìmeno < , >
kai [ , ] antÐstoiqa. An pèra thc prìsjeshc twn dianusm�twn kai tou bajmwtoÔ
ginomènou sth dom  twn dianusmatik¸n q¸rwn l�boume upìyh kai to eswterikì
ginìmeno, tìte gia na jewrhjoÔn oi V kai W wc o “Ðdioc” q¸roc, dhlad  gia
na tautisjeÐ o V me ton W mèsw tou isomorfismoÔ T : V → W ja prèpei
kai ta eswterik� ginìmen� touc na tautÐzontai mèsw tou T . Sunep¸c ja lème
ìti mia 1 − 1 kai epÐ grammik  apeikìnish T : V → W eÐnai isomorfismìc
dianusmatik¸n q¸rwn me eswterikì ginìmeno an

[T (v), T (v′)] =< v, v′ >, gia k�je v, v′ ∈ V.

'Ara gia na eÐnai dÔo q¸roi me eswterikì ginìmeno isìmorfoi prèpei na èqoun
thn Ðdia di�stash. IsqÔei kai to antÐstrofo. Dhlad  dÔo q¸roi me eswterikì
ginìmeno pou èqoun thn Ðdia di�stash eÐnai isìmorfoi. Pr�gmati, jewroÔme to
q¸ro Fn me to kanonikì eswterikì ginìmeno

< (α1, . . . , αn), (β1, . . . , βn) >=
n∑

i=1

αiβ̄i

kai ènan dianusmatikì q¸ro V di�stashc n me eswterikì ginìmeno [ , ]. 'Estw
{v1, . . . , vn} mia orjokanonik  b�sh tou V . 'Hdh anafèrjhke ìti h apeikìnish T :
V → Fn, T (vi) = ei = (0, . . . , 1, . . . , 0) eÐnai ènac isomorfismìc dianusmatik¸n
q¸rwn. An v = α1v1 + · · ·+ αnvn, v′ = β1v1 + · · ·+ βnvn eÐnai dÔo dianÔsmata
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tou V tìte

[v, v′] =< T (v), T (v′) > =

〈
n∑

i=1

αiT (vi),
n∑

j=1

βjT (vj)

〉

=
∑

i,j

αiβ̄i < (T (vi), T (vj) >

=
n∑

i=1

αiβ̄i =< (α1, . . . , αn), (β1, . . . , βn) >

afoÔ

< T (vi), T (vj) >=< ei, ej >=
{

1 gia i = j
0 gia i 6= j.

Sunep¸c ìloi oi dianusmatikoÐ q¸roi di�stashc n me eswterikì ginìmeno eÐnai
isìmorfoi me to q¸ro Fn efodiasmènoi me to kanonikì eswterikì ginìmeno. 'Etsi
èqoume to

Je¸rhma 4.5.1. Duo dianusmatikoÐ q¸roi me eswterikì ginìmeno eÐnai isìmor-
foi an kai mìnon an èqoun thn Ðdia di�stash.

Parat rhsh. An W eÐnai ènac upìqwroc enìc pragmatikoÔ EukleÐdeiou q¸rou
V , me eswterikì ginìmeno < , >, tìte o periorismìc tou < , > sto W × W
eÐnai èna eswterikì ginìmeno epÐ tou W . Sunep¸c an jewr soume ton upìqwro
pou par�getai apì dÔo   trÐa dianÔsmata tou V , autìc eÐnai isìmorfoc me
èna upìqwro tou EukleÐdeiou q¸rou R2   R3. Sunep¸c k�je idiìthta pou
isqÔei ston R2   R3 kai qarakthrÐzetai apì thn prìsjesh dianusm�twn, to
m koc dianusm�twn kai th gwnÐa metaxÔ dianusm�twn, dhlad  mia idiìthta thc
stoiqei¸douc gewmetrÐac, aut  isqÔei kai se k�je pragmatikì EukleÐdeio q¸ro
V . Fer� eipeÐn, h trigwnik  idiìthta isqÔei ston V epeid  aut  isqÔei ston R3  
gia par�deigma, an v, v′ ∈ V tìte

‖v − v′‖2 + ‖v + v′‖2 = 2(‖v‖2 + ‖v′‖2)

pou aut  h isìthta ekfr�zei th gnwst  idiìthta pou isqÔei gia ta parallhlì-
gramma: to �jroisma twn tetrag¸nwn twn mhk¸n twn diagwnÐwn enìc parallh-
logr�mmou isoÔtai me to �jroisma twn tetrag¸nwn twn tess�rwn pleur¸n tou
(blèpe Sq ma).
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Ask seic 4.5

1. 'Estw V kai W dÔo dianusmatikoÐ q¸roi me eswterikì ginìmeno epÐ tou F .
An V1 kai W1 eÐnai upìqwroi twn V kai W antÐstoiqa kai dimV = dimW ,
deÐxte ìti up�rqei ènac isomorfismìc T : V → W me T (V1) = W1.

2. 'Estw V kai W dÔo q¸roi me eswterikì ginìmeno thc Ðdiac di�stashc epÐ
tou F . An S eÐnai ènac isomorfismìc tou V sto W deÐxte ìti:

H apeikìnish T → STS−1 eÐnai ènac isomorfismìc tou L(V, V ) sto-
n L(W,W ) me eswterik� ginìmena < T1, T2 >= trT1T

∗
2 , gia T1, T2 ∈

L(V, V )   T1, T2 ∈ L(W,W ).

3. Na brejeÐ ènac isomorfismìc tou R2 me eswterikì ginìmeno

< (x1, x2), (y1, y2) >= x1y1 − x2y1 − x1y2 + 4x2y2

sto eswterikì q¸ro twn poluwnÔmwn R2[x] me eswterikì ginìmeno

< f(x), g(x) >=
1∫
0

f(x)g(x)dx.
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4.6 H Suzug c miac Grammik c Apeikìnishc

Kat� analogÐa tou suzugoÔc enìc migadikoÔ arijmoÔ ed¸ orÐzoume, wc proc to
eswterikì ginìmeno epÐ tou V , th suzug  grammik  apeikìnish miac grammik -
c apeikìnishc tou V . H ènnoia aut  ja mac odhg sei sth melèth orismènwn
grammik¸n apeikonÐsewn pou èqoun shmantikèc idiìthtec.

EÐnai gnwstì ìti an {v1, . . . , vn} eÐnai mia b�sh tou V kai w1, . . . , wn eÐnai
n opoiad pote dianÔsmata enìc dianusmatikoÔ q¸rou W tìte up�rqei mia mo-
nadik  grammik  apeikìnish apì ton V ston W pou apeikonÐzei to vi sto wi,
i = 1, 2, . . . , n. An jewr soume to sÔnolo F wc dianusmatikì q¸ro epÐ tou F ,
ta stoiqeÐa tou L(V, F ) ta lème grammik� morfèc tou V . Sunep¸c, wc proc
th b�sh v1, . . . , vn tou V , se k�je di�nusma v =

∑
αivi orÐzetai monos manta

h grammik  morf  f ∈ L(V, F ) ìpou f(vi) = αi. An jewr soume ton V me esw-
terikì ginìmeno < , >, tìte oi grammikèc morfèc tou V mporoÔn na ekfrasjoÔn
(anex�rthta thc b�shc tou V ) me ton ex c aplì trìpo.

L mma 4.6.1 (Prìtash tou Riesz). 'Estw V ènac dianusmatikìc q¸roc me
eswterikì ginìmeno < , >. Tìte h antistoiqÐa

V −→ L(V, F ), v −→ fv

ìpou fv(w) =< w, v >, eÐnai 1− 1 kai epÐ.

Apìdeixh. Kaj¸c < λw1 + w2, v >= λ < w1, v > + < w2, v >, h fv eÐnai
grammik  morf  tou V . An de fv1 = fv2 , gia v1, v2 ∈ V , dhlad  < w, v1 >=<
w, v2 >, gia k�je w ∈ V , tìte gia w = v1− v2, èqoume < v1− v2, v1− v2 >= 0
pou isqÔei mìnon an v1 = v2. Dhlad  h en lìgw antistoiqÐa eÐnai 1− 1.

'Estw t¸ra f ∈ L(V, F ). JewroÔme ton pur na K = ker f thc f . An
K = V , dhlad  an f = 0, tìte f = f0. Upojètoume ìti K 6= V , dhlad 
f(V ) = F . Opìte dimK = dimV − 1 kai èqoume V = Fv ⊕ K, ìpou v
eÐnai èna di�nusma k�jeto proc ton upìqwro K kai Fv sumbolÐzei ton upìqwro
{λv | λ ∈ F} =< v >. Dhlad  k�je di�nusma w tou V gr�fetai monadik� wc
w = λv + t, λ ∈ F , t ∈ K. Opìte f(w) = f(λv) = λf(v). T¸ra parathroÔme
ìti an jèsoume

v0 =
f(v)

< v, v >
v

tìte

fv0(w) =< w, v0 >=

〈
w,

f(v)
< v, v >

v

〉
=

f(v)
< v, v >

< w, v >

=
f(v)

< v, v >
< λv + t, v >=

f(v)
< v, v >

λ < v, v >= λf(v) = f(w).
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'Ara f = fv0 , pou shmaÐnei ìti h en lìgw antistoiqÐa eÐnai epÐ.

Par�deigma. JewroÔme ton EukleÐdeio q¸ro R3 me to sunhjismèno eswterikì
ginìmeno. An f : R3 → R, (x1, x2, x3) → α1x1 + α2x2 + α3x3, α1, α2, α3 ∈ R,
tìte f = f(α1,α2,α3).

Parat rhsh. An {v1, v2, . . . , vn} eÐnai mia orjokanonik  b�sh tou V , tìte
k�je di�nusma w ∈ V gr�fetai wc

w =< w, v1 > v1 + · · ·+ < w, vn > vn.

Sunep¸c an f ∈ L(V, F ), èqoume

f(w) = f(< w, v1 > v1 + · · ·+ < w, vn > vn)
=< w, v1 > f(v1) + · · ·+ < w, vn > f(vn)

=< w, f(v1)v1 > + · · ·+ < w, f(vn)vn >

=< w, f(v1)v1 + · · ·+ f(vn)vn > .

Sunep¸c to monadikì di�nusma pou antistoiqeÐ sthn f eÐnai to

v0 = f(v1)v1 + · · ·+ f(vn)vn,

dhlad  f = fv0 .
Efarmìzontac to prohgoÔmeno l mma mporoÔme na antistoiqÐsoume monos -

manta se k�je grammik  apeikìnish tou V mia �llh grammik  apeikìnish tou V
wc ex c.

'Estw T ∈ L(V ) kai v ∈ V . Tìte h apeikìnish

f : V −→ F, w −→ f(w) =< T (w), v >

eÐnai mia grammik  morf  tou V . Sunep¸c, sÔmfwna me to 4.6.1 up�rqei èna
monadikì di�nusma v′ ∈ V tètoio ¸ste2

< T (w), v >= f(w) = fv′(w) =< w, v′ > . (∗)

'Ara se k�je di�nusma v antistoiqeÐ èna di�nusma v′. 'Estw T ∗ : V → V ,
v → v′ = T ∗(v) aut  h antistoiqÐa (pou eÐnai apeikìnish, afoÔ T ∗(v) eÐnai to
monadikì di�nusma gia to opoÐo isqÔei h (∗)).

2An {v1, . . . , vn} eÐnai mia orjokanonik  b�sh sÔmfwna me thn prohgoÔmenh parat rhsh

èqoume v′ =
n∑

i=1

< T (vi), v > vi
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H T ∗ eÐnai mia grammik  apeikìnish tou V . Pr�gmati, isqÔei

< w, T ∗(λv1 + v2) > =< T (w), λv1 + v2 >= λ̄ < T (w), v1 > + < T (w), v2 >

= λ̄ < w, T ∗(v1) > + < w, T ∗(v2) >

=< w, λT ∗(v1) + T ∗(v2) > .

Autì shmaÐnei ìti

< w, T ∗(λv1 + v2)− (λT ∗(v1) + T ∗(v2)) >= 0,

gia k�je w ∈ V . Opìte T ∗(λv1 + v2) = λT ∗(v1) + T ∗(v2), dhlad  T ∗ ∈ L(V ).
Gia thn T ∗ ja qrhsimopoi soume thn ex c orologÐa thn opoÐa ja dikaiolo-

g soume argìtera.

Orismìc 4.6.2. 'Estw T ∈ L(V ). H (monadik ) grammik  apeikìnish T ∗ pou
orÐzetai apì th sqèsh

< T (w), v >=< w, T ∗(v) >

onom�zetai h suzug c thc T (wc proc to eswterikì ginìmeno < , >).

Parathr seic. 1. Merikèc forèc antÐ tou ìrou suzug c qrhsimopoieÐtai o
ìroc proshrthmènh   ìroc duðk  ìtan anaferìmaste sthn ènnoia tou duðkoÔ
q¸rou tou V , ènnoia me thn opoÐa den ja asqolhjoÔme ed¸.

2. Apì ton orismì thc T ∗ faÐnetai ìti h suzug c exart�tai apì to eswterikì
ginìmeno pou orÐzetai epÐ tou V .

Par�deigma. JewroÔme ton EukleÐdeio q¸ro R3 me to kanonikì eswterikì
ginìmeno. 'Estw T : R3 → R3, (x1, x2, x3) → (0, x1, x2). Tìte èqoume

< (x1, x2, x3),T ∗(y1, y2, y3) >=< T (x1, x2, x3), (y1, y2, y3) >

=< (0, x1, x2), (y1, y2, y3) >= x1y2 + x2y3

=< (x1, x2, x3), (y2, y3, 0) > .

Opìte
T ∗(y1, y2, y3) = (y2, y3, 0).

Prìtash 4.6.3. H apeikìnish L(V ) → L(V ), T → T ∗ èqei tic ex c idiìthtec

a) (T ∗)∗ = T

b) (λT1 + T2)∗ = λ̄T ∗1 + T ∗2
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g) (T1T2)∗ = T ∗2 T ∗1

d) 1∗V = 1V kai O∗ = O

e) (T ∗)−1 = (T−1)∗, an h T eÐnai antistrèyimh.

Apìdeixh. H apìdeixh eÐnai �mesh sunèpeia twn orism¸n. Gia par�deigma, h
idiìthta a) prokÔptei �mesa, kaj¸c

< T (w), v >=< w, T ∗(v) >=< T ∗(v), w >=< v, (T ∗)∗(w) >=< (T ∗)∗(w), v >,

gia k�je w, v ∈ V , en¸ gia th g) èqoume

< (T1T2)(w), v >=< T1(T2(w)), v >=< T2(w), T ∗1 (v) >=< w, (T ∗2 T ∗1 )(v) >

kai apì th monadikìthta thc suzugoÔc prokÔptei (T1T2)∗ = T ∗2 T ∗1 .
'Estw t¸ra v̂ = {v1, . . . , vn} mia b�sh tou V kai A o pÐnakac miac grammik c

apeikìnishc T ∈ L(V ) wc proc thn v̂. Tìte apì th sqèsh < T (w), v >=<
w, T ∗(v) > mporoÔme na upologÐsoume ton pÐnaka A∗ thc T ∗ wc proc thn v̂.
Epeid  h T ∗ orÐzetai apì to eswterikì ginìmeno, o pÐnakac A∗ mporeÐ eukolìtera
na upologisjeÐ an h v̂ jewrhjeÐ orjokanonik . Pr�gmati, an h v̂ eÐnai mia
orjokanonik  b�sh kai

T (vi) =
n∑

j=1

αjivj , T ∗(vi) =
n∑

j=1

βjivj

tìte èqoume

< T (vi), vk >=
n∑

j=1

αji < vj , vk >= αki,

< T ∗(vi), vk >=
∑

βji < vj , vk >= βki.

Opìte, epeid  < T (vi), vk >=< T ∗(vk), vi >, prèpei αki = β̄ik, dhlad  A∗ =
(ᾱji).

Sunep¸c èqoume thn

Prìtash 4.6.4. An A = (αij) eÐnai o pÐnakac miac grammik c apeikìnishc T
wc proc mia orjokanonik  b�sh tou V , tìte o pÐnakac pou antistoiqeÐ sthn T ∗

wc proc aut  th b�sh eÐnai o A∗ = (ᾱji).
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Orismìc 4.6.5. Ton pÐnaka (ᾱji) ton sumbolÐzoume me Āt kai ton lème ana-
strofosuzug  tou pÐnaka A = (αij).

Fer� eipeÐn, o anastrofosuzug c tou
(

i −3i
1 0

)
eÐnai o Āt =

( −i 1
3i 0

)

Prosoq ! An A eÐnai o pÐnakac miac grammik c apeikìnishc T tou V wc proc
mia mh orjokanonik  b�sh tìte o pÐnakac thc T ∗ wc proc thn Ðdia b�sh den eÐnai
o Āt. Genik� o upologismìc tou pÐnaka thc T ∗ wc proc mia mh orjokanonik 
b�sh eÐnai arket� polÔplokoc.

Pìrisma 4.6.6. An {λ1, λ2, . . . , λn} eÐnai to sÔnolo twn idiotim¸n miac gram-
mik c apeikìnishc T , tìte to sÔnolo {λ̄1, λ̄2, . . . , λ̄n} eÐnai oi idiotimèc thc T ∗.

Apìdeixh. Autì prokÔptei apì to gegonìc ìti an A eÐnai o pÐnakac thc T wc
proc mia orjokanonik  b�sh, (opìte o A − λIn eÐnai o pÐnakac thc T − λI wc
proc aut  th b�sh) tìte o Āt − λ̄In eÐnai o pÐnakac thc (T − λI)∗ = T ∗ − λ̄I
wc proc thn Ðdia b�sh.

Ask seic 4.6

1. 'Estw V = R2[x] me eswterikì ginìmeno to < f(x), g(x) >=
1∫
0

f(x)g(x)dx.

JewroÔme thn T ∈ L(V ) pou antistoiqeÐ ston pÐnaka




1 −1 0
−2 1 1

0 1 1




wc proc th b�sh {1, x, x2}. Na brejeÐ o T ∗.

2. 'Estw V = Fn me to kanonikì eswterikì ginìmeno kai T ∈ L(V ) me
T (x1, . . . , xn) = (0, x1, . . . , xn−1). Na brejeÐ h T ∗.

3. 'Estw V = C2 me to kanonikì eswterikì ginìmeno kai T ∈ L(V ). A-
n o pÐnakac pou antistoiqeÐ ston T wc proc thn kanonik  b�sh eÐnai o(

1 i
−2 −1

)
na brejeÐ o T ∗.

4. 'Estw V = R2[x] me to prohgoÔmeno eswterikì ginìmeno. Na brejeÐ èna
f(x) ∈ V tètoio ¸ste

i) f

(
1
2

)
=

1∫
0

f(x)g(x)dx, gia k�je g(x) ∈ V

ii)
1∫
0

f(x)(sunπx)dx =
1∫
0

f(x)g(x)dx, gia k�je g(x) ∈ V .
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5. DeÐxte ìti an T ∈ L(V ), ìpou V eÐnai ènac q¸roc me eswterikì ginìmeno
tìte isqÔoun ta ex c:

i) kerT ∗ = (ImT )⊥,
ii) ImT ∗ = (kerT )⊥,
iii) kerT = (ImT ∗)⊥,
iv) ImT = (kerT ∗)⊥.

Opìte h T eÐnai 1 − 1 an kai mìnon an h T ∗ eÐnai epÐ kai h T eÐnai epÐ an
kai mìnon an h T ∗ eÐnai 1− 1. EpÐshc deÐxte ìti ènac upìqwroc W tou V
eÐnai T -analloÐwtoc an kai mìnon an o W⊥ eÐnai T ∗-analloÐwtoc.

6. 'Estw V = C3 me to kanonikì eswterikì ginìmeno kai T ∈ L(V ) pou o
antÐstoiqoc pÐnakac wc proc thn kanonik  b�sh eÐnai o



−1 −i 1
−i 1 i
1 i −1


 .

Na brejeÐ o kerT ∗.

7. 'Estw V ènac q¸roc me eswterikì ginìmeno < , >. AfoÔ deÐxete ìti h a-
ntistoiqÐa T : V → V me T (v) =< v, v1 > v2 eÐnai mia grammik  apeikìnish
tou V , ìpou v1 kai v2 eÐnai dÔo stajer� dianÔsmata tou V , na breÐte thn
T ∗. (QrhsimopoieÐste to gegonìc ìti < T (v), w >=< v, < w, v2 > v1 >).
'Estw ìti to < , > eÐnai to kanonikì eswterikì ginìmeno, na brejeÐ o pÐ-
nakac A pou antistoiqeÐ ston T wc proc thn kanonik  b�sh tou V , an
v1 = (α1, . . . , αn) kai v2 = (β1, . . . , βn). S� aut  thn perÐptwsh na breÐte
thn dim(ImT ), dhlad  thn t�xh tou A.

8. 'Estw V = R2[x] me eswterikì ginìmeno to

< f(x), g(x) >=

1∫

0

f(x)g(x)dx.

Na brejeÐ h suzug c grammik  apeikìnish D∗ tou diaforikoÔ D, ìpou
D(1) = 0, D(x) = 1, D(x2) = 2x.
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4.7 Kanonikèc Grammikèc ApeikonÐseic

UpenjumÐzoume (Prìtash 2.2.3) ìti mia grammik  apeikìnish T ∈ L(V ) antistoi-
qeÐ se èna diag¸nio pÐnaka wc proc mia b�sh tou V an kai mìnon an up�rqei mia
b�sh tou V pou apoteleÐtai apì idiodianÔsmata thc T . Se aut  kai stic epìmenec
paragr�fouc ja melet soume tic grammikèc apeikonÐseic T tou V gia tic opoÐec
up�rqei mia orjokanonik  b�sh tou V pou apoteleÐtai apì idiodianÔsmata thc
T .

Orismìc 4.7.1. 'Estw T ∈ L(V ). H T lègetai kanonik  an metatÐjetai me th
suzug  thc, dhlad  an ikanopoieÐ th sqèsh

TT ∗ = T ∗T.

Epeid  wc proc mia orjokanonik  b�sh oi pÐnakec twn suzug¸n grammik¸n
apeikonÐsewn eÐnai oi anastrofosuzugeÐc twn pin�kwn twn antÐstoiqwn grammi-
k¸n apeikonÐsewn, prokÔptei ìti mÐa grammik  apeikìnish eÐnai kanonik  an kai
mìnon an o pÐnakac A pou antistoiqeÐ se aut n wc proc mia orjokanonik  b�sh
ikanopoieÐ th sqèsh

AĀt = ĀtA.

Gia par�deigma, èstw T h grammik  apeikìnish tou q¸rou C2 epÐ tou C me
to sunhjismèno eswterikì ginìmeno thc opoÐac o pÐnakac wc proc th b�sh{

e1 =
(

1
0

)
, e2 =

(
0
1

)}
eÐnai o

A =
(

2 −3
3 2

)
.

Epeid  AĀt = ĀtA, h T eÐnai kanonik . Oi idiotimèc thc T eÐnai 2 + 3i kai

2 − 3i kai parathroÔme ìti ta dianÔsmata
1√
2

(
i
1

)
kai

1√
2

( −i
1

)
eÐnai

idiodianÔsmata thc T pou antistoiqoÔn sthn pr¸th kai th deÔterh idiotim  thc
T antÐstoiqa. Aut� de apoteloÔn mia orjokanonik  b�sh tou C2 epÐ tou C.

An kai to sÔnolo twn idiotim¸n thc suzugoÔc grammik c apeikìnishc T ∗

miac T ∈ L(V ), ìpwc eÐdame sto Pìrisma 4.6.6, apoteleÐtai apì tic suzugeÐc
idiotimèc thc T , genik� oi dÔo apeikonÐseic T kai T ∗ èqoun diaforetik� idiodianÔ-
smata. Gia tic kanonikèc apeikonÐseic isqÔei, ìpwc faÐnetai kai sto prohgoÔmeno
par�deigma, to ex c.

L mma 4.7.2. 'Estw T ∈ L(V ) mÐa kanonik  grammik  apeikìnish. An v ∈ V
eÐnai èna idiodi�nusma thc T me idiotim  λ tìte to v eÐnai epÐshc èna idiodi�nu-
sma thc T ∗ me idiotim  λ̄. Epiplèon idiodianÔsmata thc T pou antistoiqoÔn se
diaforetikèc idiotimèc eÐnai k�jeta metaxÔ touc.
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Apìdeixh. 'Estw 0 6= v ∈ V me (T − λ1V )(v) = 0. EÔkola prokÔptei ìti epeid 
h T eÐnai kanonik , kai h T − λ1V eÐnai kanonik . 'Ara èqoume

0 =< (T − λ1V )(v), (T − λ1V )(v) >=< v, (T − λ1V )∗(T − λ1V )(v) >

=< (T − λ1V )∗(v), (T − λ1V )∗(v) > .

Autì isqÔei mìnon an (T ∗ − λ̄1V )(v) = (T − λ1V )∗(v) = 0, dhlad  mìnon an to
v eÐnai èna idiodi�nusma tou T ∗.

'Estw t¸ra T (v1) = λ1v1 kai T (v2) = λ2v2. Tìte èqoume

λ1 < v1, v2 > =< λ1v1, v2 >=< T (v1), v2 >=< v1, T
∗(v2) >

=< v1, λ̄2v2 >= λ2 < v1, v2 > .

Opìte (λ1 − λ2) < v1, v2 >= 0. Sunep¸c an λ1 6= λ2 tìte < v1, v2 >= 0.

'Opwc eÐnai gnwstì, h diagwnopoÐhsh miac grammik c apeikìnishc exart�tai
apì to F epÐ tou opoÐou orÐzetai o V . To epìmeno je¸rhma dÐnei to basikì qa-
rakthrismì twn kanonik¸n grammik¸n apeikonÐsewn twn migadik¸n EukleÐdeiwn
q¸rwn. 'Opwc de ja faneÐ pio k�tw, autì to je¸rhma apoteleÐ èna apì ta
kentrik� apotelèsmata thc dom c twn q¸rwn me eswterikì ginìmeno.

Je¸rhma 4.7.3. 'Estw V ènac migadikìc EukleÐdeioc q¸roc kai T ∈ L(V ).
Tìte h T eÐnai kanonik  an kai mìnon an up�rqei mia orjokanonik  b�sh tou V
pou apoteleÐtai apì idiodianÔsmata thc T , dhlad  o pÐnakac thc T wc proc aut 
th b�sh eÐnai diag¸nioc.

Apìdeixh. 'Estw ìti o pÐnakac A thc T wc proc mia orjokanonik  b�sh tou V
eÐnai o diag¸nioc pÐnakac 


λ1 0

. . .
0 λn


 .

Opìte o pÐnakac A∗ thc T ∗ wc proc aut  thn Ðdia b�sh eÐnai o

Āt =




λ̄1 0
. . .

0 λ̄n


 .

Epeid  AĀt = ĀtA ja eÐnai kai TT ∗ = T ∗T . AntÐstrofa, èstw ìti h T eÐnai
kanonik . Epeid  o V orÐzetai epÐ tou C mporoÔme na jewr soume èna idiodi�-
nusma v1 thc T . JewroÔme ton k�jeto upìqwro V1 tou V proc to v1. Tìte o
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V1 eÐnai T -analloÐwtoc upìqwroc. Pr�gmati, an v ∈ V1 kai T (v1) = λ1v1, tìte,
apì to 4.7.2,

< v1, T (v) >=< T ∗(v1), v >= λ̄1 < v1, v >= 0,

dhlad  T (v) ∈ V1. Sunep¸c h T èqei èna idiodi�nusma v2 pou an kei sto V1.
'Estw V2 o k�jetoc upìqwroc proc to v2 pou kai autìc, gia ton Ðdio lìgo, eÐnai
T -analloÐwtoc. Opìte, h tom  V ′

2 = V2∩V1 eÐnai ènac T -analloÐwtoc upìqwroc.
'Estw v3 èna idiodi�nusma thc T pou an kei ston V ′

2 kai èstw V3 o k�jetoc
upìqwroc proc to v3. Tìte o V ′

3 = V1∩V2∩V3 eÐnai T -analloÐwtoc kai k�jetoc
proc to sÔnolo {v1, v2, v3}. SuneqÐzontac me autì ton trìpo (epeid  dimV <
∞) ja p�roume èna sÔnolo {v1, v2, . . . , vn} an� dÔo k�jetwn idiodianusm�twn
thc T (pou fusik� apoteloÔn b�sh tou V ) ètsi ¸ste V1∩V2∩ . . .∩Vn = 0 kai o
V1∩V2∩ . . .∩Vk eÐnai T -analloÐwtoc kai k�jetoc proc to sÔnolo {v1, . . . , vk}.
Fusik� an to vi eÐnai èna idiodi�nusma thc T , kai to vi/ < vi, vi >1/2 eÐnai
èna idiodi�nusma. Sunep¸c mporoÔme na jewr soume ìti h b�sh {v1, v2, . . . , vn}
eÐnai orjokanonik  wc proc thn opoÐa o pÐnakac thc T eÐnai diag¸nioc.

T¸ra ja melet soume thn perÐptwsh twn kanonik¸n grammik¸n apeikonÐsewn
enìc pragmatikoÔ EukleÐdeiou q¸rou. Katarq n qreiazìmaste to ex c l mma.

L mma 4.7.4. 'Estw V ènac mh mhdenikìc dianusmatikìc q¸roc epÐ tou R kai
T ∈ L(V ). Tìte up�rqei toul�qiston ènac T -analloÐwtoc upìqwroc tou V
di�stashc 1   2.

Apìdeixh. An h T èqei èna idiodi�nusma v tìte o q¸roc Rv =< v > eÐnai T -
analloÐwtoc. Upojètoume ìti h T den èqei kanèna idiodi�nusma. Autì shmaÐnei
ìti to qarakthristikì thc polu¸numo χT (x) den èqei kami� pragmatik  rÐza.
Dhlad  oi rÐzec tou χT (x) eÐnai ìlec kajar� migadikèc kai an λ = α + iβ eÐnai
mia rÐza tìte kai h λ̄ = α − iβ eÐnai rÐza, afoÔ oi suntelestèc tou χT (x) eÐnai
pragmatikoÐ arijmoÐ. 'Estw {v1, . . . , vn} mia b�sh tou V kai èstw A o pÐnakac
thc T wc proc aut  th b�sh. JewroÔme thn exÐswsh

(A− λIn)Z = 0

h opoÐa èqei mh mhdenikèc migadikèc lÔseic, afoÔ h orÐzousa tou pÐnaka A−λIn

eÐnai Ðsh me χT (λ) = 0. 'Estw

v =




z1
...

zn


 =




t1
...
tn


 + i




s1
...

sn


 = t + is, zi = ti + isi, ti, si ∈ R,
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mia mh mhdenik  lÔsh, opìte èqoume

Av = λv kai Av̄ = λ̄v̄ (∗)
ìpou v̄ = t − is (afoÔ ta stoiqeÐa tou pÐnaka A eÐnai pragmatikoÐ arijmoÐ kai
�ra A = Ā). Prosjètontac kai afair¸ntac tic dÔo exis¸seic (∗) paÐrnoume tic
exis¸seic

At = αt− βs kai As = βt + αs (∗∗)
kaj¸c t =

v + v̄

2
kai s =

v − v̄

2i
.

An jewr soume t¸ra ta dianÔsmata tou V

w1 = t1v1 + · · ·+ tnvn kai w2 = s1v1 + · · ·+ snvn

tìte oi exis¸seic (∗∗) eÐnai isodÔnamec me tic

T (w1) = αw1 − βw2 kai T (w2) = βw1 + αw2.

Autì shmaÐnei ìti o upìqwroc W tou V pou par�getai apì ta w1 kai w2 eÐnai
T -analloÐwtoc kai èqei di�stash 1   2. An dimW = 1 kai w ∈ W , w 6= 0, tìte
epeid  o W eÐnai T -analloÐwtoc ja eÐqame T (w) = µw, µ ∈ R. Autì ìmwc ja
s maine ìti to µ eÐnai mia pragmatik  idiotim  tou T , dhlad  mia rÐza tou χT (x),
pou eÐnai �topo apì thn upìjes  mac. 'Ara prèpei dimW = 2 kai sunep¸c ta
dianÔsmata w1 kai w2 eÐnai grammik� anex�rthta (autì bèbaia faÐnetai kai apì
ton pÐnaka thc T wc proc {w1, w2}).
Je¸rhma 4.7.5. 'Estw T mia kanonik  grammik  apeikìnish enìc pragmatikoÔ
EukleÐdeiou q¸rou V . Tìte up�rqei mia orjokanonik  b�sh tou V wc proc thn
opoÐa o pÐnakac thc T èqei th morf 




λ1

λ2

. . .
λk

ρ1sunϕ1 ρ1hmϕ1

−ρ1hmϕ1 ρ1sunϕ1

. . .
ρmsunϕm ρmhmϕm

−ρmhmϕm ρmsunϕm




ìpou k, m ≥ 0, k + m = n kai λi, ρi, ϕi ∈ R me ϕi ∈ (0, π).
AntÐstrofa, an T eÐnai mia grammik  apeikìnish tou V o pÐnakac thc opoÐac

wc proc mia orjokanonik  b�sh èqei thn prohgoÔmenh morf  tìte h T eÐnai
kanonik .
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Apìdeixh. Upojètoume ìti T eÐnai mÐa kanonik  grammik  apeikìnish tou V .
An to qarakthristikì polu¸numo χT (x) èqei ìlec tic rÐzec tou pragmatikèc,
tìte h apìdeixh tou jewr matoc eÐnai h Ðdia me aut  tou 4.7.3. 'Estw ìti to
χT (x) èqei mia mh pragmatik  rÐza λ = α + iβ. Tìte ìpwc sthn apìdeixh
tou prohgoÔmenou l mmatoc mporoÔme na jewr soume dÔo grammik� anex�rthta
dianÔsmata w1, w2 ∈ V ta opoÐa ikanopoioÔn tic sqèseic

T (w1) = αw1 − βw2 kai T (w2) = βw1 + αw2.

Sthn prokeimènh perÐptwsh ja deÐxoume ìti ta w1 kai w2 eÐnai k�jeta metaxÔ tou-
c kai epiplèon ìti o upìqwroc pou eÐnai k�jetoc proc aut� eÐnai T -analloÐwtoc.
Pr�gmati, gia thn eÔresh twn w1 kai w2 sto prohgoÔmeno l mma ousiastik�
eÐqame jewr sei to migadikì q¸ro Cn epÐ tou C gia tic lÔseic thc exÐswshc

AZ = λZ.

Ed¸ jewroÔme th b�sh {v1, v2, . . . , vn} tou V na eÐnai orjokanonik  kai ton
Cn wc to migadikì EukleÐdeio q¸ro me to sunhjismèno eswterikì ginìmeno. Gia
autì to q¸ro h kanonik  b�sh {e1, . . . , en} eÐnai orjokanonik . An jewr soume
th grammik  apeikìnish T ′ tou Cn pou antistoiqeÐ ston pÐnaka A wc proc thn
kanonik  b�sh, tìte h T ′ eÐnai mÐa kanonik  grammik  apeikìnish (afoÔ o A
eÐnai o pÐnakac pou antistoiqeÐ sthn T wc proc th b�sh {v1, . . . , vn} tou V ).
Sunep¸c, sÔmfwna me to 4.7.2, ja prèpei < v, v̄ >= 0, ìpou ta dianÔsmata
v, v̄ pou jewr same sthn apìdeixh tou 4.7.4 eÐnai idiodianÔsmata thc T ′ pou
antistoiqoÔn stic idiotimèc λ kai λ̄ antÐstoiqa. 'Ara èqoume < w1, w2 >=<

t, s >=
1
4i

< v + v̄, v − v̄ >= 0, kaj¸c < v, v >=< v̄, v̄ >. MporoÔme epÐshc

na epilèxoume to v na èqei mètro
√

2, opìte ‖w1‖ = ‖w2‖ = 1.
'Estw t¸ra M o upìqwroc tou V pou eÐnai k�jetoc proc ta dianÔsmata

w1 kai w2 kai M ′ o upìqwroc pou eÐnai k�jetoc sto {v, v̄}. Lìgw tou 4.7.2,
gnwrÐzoume ìti (T ′)∗(v) = λ̄v kai (T ′)∗(v̄) = λv̄, �ra an r ∈ M ′ èqoume <
T ′(r), v >= r, (T ′)∗(v) >= λ < r, v >= 0 kai < T ′(r), v̄ >=< r, (T ′)∗(v̄ >=
λ̄ < r, v̄ >= 0. Autì shmaÐnei ìti o M ′ eÐnai T ′-analloÐwtoc.

EpÐshc eÔkola prokÔptei apì tic idiìthtec tou eswterikoÔ ginomènou ìti o
M ′ sumpÐptei me ton upìqwro tou V pou eÐnai k�jetoc sto {t, s}. 'Etsi an
y ∈ M , y = y1v1 + y2v2 + · · ·+ ynvn, epeid 

〈
t,




y1
...

yn




〉
=< w1, y >= 0 kai

〈
s,




y1
...

yn




〉
=< w2, y >= 0,
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ja èqoume ìti




y1
...

yn


 ∈ M ′ kai A




y1
...

yn


 ∈ M ′. 'Ara

kai

< T (y), w1 >=

〈
A




y1
...

yn


 , t

〉
= 0

< T (y), w2 >=

〈
A




y1
...

yn


 , s

〉
= 0.

Dhlad  o upìqwroc M eÐnai T -analloÐwtoc.
T¸ra o periorismìc T1 thc T ston M antistoiqeÐ wc proc th b�sh {w1, w2}

ston pÐnaka
A1 =

(
α β

−β α

)
.

Gr�fontac ton migadikì arijmì λ = α + iβ se polikèc suntetagmènec, α =
ρsunϕ, β = ρhmϕ, ρ =

√
α2 + β2, èqoume

A1 = ρ

(
sunϕ hmϕ
−hmϕ sunϕ

)
.

Gia to telikì st�dio thc apìdeixhc akoloujoÔme th diadikasÐa pou efarmì-
same sthn apìdeixh tou Jewr matoc 4.7.3. H mình diafor� ed¸ eÐnai ìti den
mporoÔme na isqurisjoÔme ìti k�je upìqwroc V ′

i pou eÐnai T -analloÐwtoc pe-
rièqei èna idiodi�nusma vi+1 tou T . All� an den up�rqei kanèna idiodi�nusma
thc T ston Vi, tìte ìpwc eÐdame mìlic prin, up�rqei èna zeÔgoc k�jetwn metaxÔ
touc dianusm�twn wi+1, w

′
i+1 tou Vi pou ikanopoioÔn tic sqèseic

kai
T (wi+1) = αi+1wi+1 − βi+1w

′
i+1

T (w′i+1) = βi+1wi+1 + βi+1w
′
i+1.

Gia ton upìqwro Vi+1 mporoÔme na jewr soume ton upìqwro pou eÐnai k�je-
toc sto {wi+1, w

′
i+1}. Tìte o V ′

i+1 eÐnai T -analloÐwtoc. Me autì ton trìpo,
an suneqÐsoume aut  th diadikasÐa, telik� ja p�roume mia orjokanonik  b�sh
v1, v2, . . . , vk, wk+1, w

′
k+1, . . . , wk+m, w′k+m pou ikanopoieÐ tic sqèseic

T (vi) = λivi i = 1, . . . , k

T (wj) = αjwj − βjw
′
j

T (w′j) = βjwj + αjw
′
j

}
j = k + 1, . . . , k + m
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ìpou λi ∈ R, i = 1, . . . , k, λj = αj + iβj ∈ C, βj 6= 0, j = k + 1, . . . , k + m.
Autì deÐqnei ìti o pÐnakac thc T wc proc aut  th b�sh èqei th apaitoÔmenh

morf .
To antÐstrofo af netai wc �skhsh.

Ask seic 4.7

1. 'Estw V = C3 me to kanonikì eswterikì ginìmeno. JewroÔme th grammik 
apeikìnish T tou V sthn opoÐa antistoiqeÐ o pÐnakac




1 i 1 + i
1 + i 1 i

i 1 + i 1




wc proc thn kanonik  b�sh. DeÐxte ìti h T eÐnai kanonik  kai na brejeÐ
mia orjokanonik  b�sh tou V pou na apoteleÐtai apì idiodianÔsmata thc
T .

2. 'Estw T mia grammik  apeikìnish enìc 3-di�statou q¸rou V me eswterikì
ginìmeno sthn opoÐa antistoiqeÐ o pÐnakac




1 2 −2
2 −1 0

−2 1 0




wc proc mia mh orjokanonik  b�sh v1, v2, v3 me ‖v1‖ = 1. Na brejeÐ mia
orjokanonik  b�sh tou V an h T eÐnai kanonik . (JewreÐste ton pÐnaka
thc T wc proc thn orjokanonik  b�sh pou prokÔptei apì thn {v1, v2, v3}
me th mèjodo twn Gram-Schmidt).

3. 'Estw V ènac q¸roc me eswterikì ginìmeno. a) DeÐxte ìti an T eÐnai mia
kanonik  grammik  apeikìnish tou V kai W eÐnai ènac T -analloÐwtoc upì-
qwroc, tìte o W⊥ eÐnai T -analloÐwtoc. b) DeÐxte ìti o periorismìc T |W
sto W eÐnai mia kanonik  grammik  apeikìnish tou W , afoÔ deÐxete ìti
(T |W )∗ = T ∗|W . g) An o V eÐnai migadikìc EukleÐdeioc q¸roc tìte deÐxte
ìti h T ∈ L(V ) eÐnai kanonik  an kai mìnon an gia k�je T -analloÐwto
upìqwro W tou V o W⊥ eÐnai T -analloÐwtoc.

4. DeÐxte ìti an h T ∈ L(V ) eÐnai kanonik  tìte ImT = ImT ∗ kai kerT k =
kerT , ImT k = ImT , gia k�je k ∈ N.

5. DeÐxte ìti mia mhdenodÔnamh kanonik  apeikìnish eÐnai h mhdenik  apeikì-
nish.
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6. 'Estw V ènac migadikìc EukleÐdeioc q¸roc. DeÐxte ìti an T eÐnai mia
kanonik  grammik  apeikìnish tou V tìte up�rqei mia kanonik  grammik 
apeikìnish S tou V tètoia ¸ste Sm = A, gia k�je m ∈ N. Poio eÐnai to
mègisto dunatì pl joc aut¸n twn S?

7. DeÐxte ìti an T eÐnai mia kanonik  grammik  apeikìnish enìc q¸rou me
eswterikì ginìmeno tìte T ∗ = f(T ) gia k�poio polu¸numo f(x) ∈ F [x].
(Dec Je¸rhma 3.2.8).

8. 'Estw V ènac q¸roc me eswterikì ginìmeno. DeÐxte ìti h T ∈ L(V )
eÐnai kanonik  an kai mìnon an metatÐjetai me ton TT ∗, dhlad  T (TT ∗) =
(TT ∗)T   T (TT ∗−T ∗T ) = 0. Sunep¸c T (TT ∗−T ∗T ) = 0 an kai mìnon
an TT ∗ − T ∗ = 0.

Upìdeixh: QrhsimopoieÐste to gegonìc ìti an S ∈ L(V ) kai tr(SS∗) = 0,
tìte S = 0. P�rte gia S thn apeikìnish TT ∗ − T ∗T .

9. DeÐxte ìti an dimV ≥ 2, tìte to sÔnolo twn kanonik¸n grammik¸n apei-
konÐsewn tou V den eÐnai ènac upìqwroc tou L(V ).

10. KukloeideÐc PÐnakec: Se k�je di�nusma v = (α1, . . . , αn) tou Fn a-
ntistoiqoÔme ton pÐnaka

Mv =




α1 α2 · · · αn

αn α1 · · · αn−1
...

α2 α3 · · · α1


 ∈ Fn×n

tou opoÐou h i-ost  gramm  eÐnai to di�nusma (αn−i+1, αn−i+3, . . . ,
αn, α1, α2, . . . , αn−i), 1 < i ≤ n, dhlad  h i-ost  gramm  eÐnai h ku-
klik  met�jesh (1, n, n − 1, n − 2, . . . , 2) twn deikt¸n thc i − 1-ost c
gramm c. O Mv lègetai kukloeid c pÐnakac tou dianÔsmatoc v. Sunep¸c
ènac pÐnakac M = (αij) ∈ Fn×n eÐnai kukloeid c pÐnakac tou dianÔsmatoc
(α11, α12, . . . , α1n) an

αi−1,j = αi,j+1, gia i 6= 1 kai j 6= n

αi−1,n = αi,1, gia i 6= 1
αn,j = α1,j+1, gia j 6= n.

Gia par�deigma, o pÐnakac sthn �skhsh 1. antistoiqeÐ sto di�nusma
(1, i, 1 + i) ∈ C3.
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JewroÔme t¸ra touc n sto pl joc pÐnakec Mei pou antistoiqoÔn sta
dianÔsmata ei thc kanonik c b�shc tou Fn. Fer� eipeÐn, gia n = 3 èqoume
touc kukloeideÐc pÐnakec

Me1 =




1 0 0
0 1 0
0 0 1


 , Me2 =




0 1 0
0 0 1
1 0 0


 , kai Me3 =




0 0 1
1 0 0
0 1 0


 .

AutoÐ oi pÐnakec parousi�zoun endiafèron giatÐ k�je kukloeid c pÐnakac
Mv gr�fetai monadik� sth morf  (giatÐ?)

Mv =
n∑

i=1

αiMei , v = (α1, . . . , αn).

ApodeÐxte ìti isqÔei

Mλv+v′ = λMv + Mv′ , gia k�je λ ∈ F kai v, v′ ∈ Fn.

Sunep¸c h apeikìnish Φ : Fn → Fn×n, v → Mv, eÐnai grammik  kai h eikì-
na Φ(Fn) eÐnai o upìqwroc tou Fn×n tou opoÐou to sÔnolo {Me1 ,Me2 , . . . , Men}
eÐnai mia b�sh. 'Ara dimΦ(Fn) = n kai o Φ eÐnai ènac isomorfismìc dia-
nusmatik¸n q¸rwn, tou Fn epÐ tou Φ(Fn).

T¸ra apodeÐxte ìti gia k�je i = 1, 2, . . . , n, isqÔei

M i
en

= Men−i+1 = M∗
ei

(∗)

apì to opoÐo prokÔptei (apodeÐxte to) ìti h grammikèc apeikonÐseic pou
antistoiqoÔn se autoÔc touc pÐnakec eÐnai kanonikèc (kai m�lista isome-
trÐec, blèpe epìmenh par�grafo). Na brejoÔn epÐshc oi idiotimèc tou Men

epÐ twn migadik¸n. (ProspajeÐste pr¸ta gia n = 4).

Apì th sqèsh (∗) blèpoume ìti o kukloeid c pÐnakac Mv, v = (α1, . . . , αn),
gr�fetai sth morf 

Mv = ϕ(Men)

ìpou ϕ(x) =
n∑

i=1
αix

n−i+1. 'Ara (apodeÐxte to) k�je kukloeid c pÐnakac

antistoiqeÐ se kanonik  grammik  apeikìnish. DeÐxte epÐshc ìti oi mìnoi
pÐnakec pou metatÐjentai me ìlouc touc pÐnakec sto Φ(Fn) eÐnai oi Ðdioi
pÐnakec tou Φ(Fn).
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4.8 IsometrÐec

Mia endiafèrousa kathgorÐa kanonik¸n grammik¸n apeikonÐsewn, ìpwc ja doÔ-
me, apoteloÔn oi automorfismoÐ tou V , dhlad  oi isomorfismoÐ tou q¸rou me
eswterikì ginìmeno V sto V oi opoÐoi onom�zontai isometrÐec tou V . Dhlad 
mia isometrÐa T tou V eÐnai mia antistrèyimh grammik 3 apeikìnish tou V pou
den all�zei thn tim  tou eswterikoÔ ginomènou:

< T (v), T (w) >=< v,w >, gia ìla ta v, w ∈ V.

EÐnai fanerì ìti o ìroc isometrÐa ofeÐletai sto gegonìc ìti mia tètoia apeikìnish
den all�zei to mètro enìc dianÔsmatoc afoÔ apì ton orismì isqÔei

‖T (v)‖ = ‖v‖, gia ìla ta v ∈ V.

IsqÔei ìmwc kai to antÐstrofo.

Prìtash 4.8.1. Mia grammik  apeikìnish T tou V eÐnai isometrÐa an kai mìnon
an

‖T (v)‖ = ‖v‖, gia ìla ta v ∈ V.

Apìdeixh. 'Estw ìti ‖T (v)‖ = ‖v‖, gia ìla ta v ∈ V . Tìte h T eÐnai antistrèyi-
mh, afoÔ an T (v) = 0, gia k�poio v ∈ V , tìte ‖v‖ = 0, pou isqÔei mìnon an v =
0. Gia v, w ∈ V , λ ∈ F , èqoume < T (v+λw), T (v+λw) >=< v+λw, v+λw >  
λ̄ < T (v), T (w) > +λ < T (w), T (v) >= λ̄ < v, w > +λ < w, v >. An F = C,
gia λ = 1 kai λ = i paÐrnoume antÐstoiqa

kai
< T (v), T (w) > + < T (w), T (v) >=< v,w > + < w, v >

− < T (v), T (w) > + < T (w), T (v) >= − < v,w > + < w, v > .

Opìte prosjètontac autèc tic dÔo isìthtec èqoume to zhtoÔmeno apotèlesma.
An F = R, tìte h pr¸th isìthta dÐnei to apotèlesma.

Oi pr¸tec �mesec all� shmantikèc idiìthtec twn isometri¸n eÐnai oi ex c.
3H upìjesh ìti h T eÐnai grammik  kai antistrèyimh mporeÐ na antikatastajeÐ me thn

upìjesh ìti h T eÐnai epÐ. Dhlad , mia opoiad pote epÐ apeikìnish T : V → V gia thn
opoÐa isqÔei < T (v), T (w) >=< v, w > eÐnai grammik  kai antistrèyimh. Pr�gmati, èqoume
< T (v − w), T (v − w) >=< v − w, v − w >=< v, v > + < w, w > − < v, w > − <
w, v >=< T (v), T (v) > + < T (w), T (w) > − < T (v), T (w) > − < T (w), T (v) >=<
T (v) − T (w), T (v) − T (w) >, dhlad  ‖T (v) − T (w)‖ = ‖v − w‖. 'Ara gia v 6= w, ‖T (v) −
T (w)‖ = ‖v − w‖ 6= 0 pou shmaÐnei T (v) 6= T (w), dhlad  h T eÐnai 1 − 1. T¸ra èqoume
< T (λv + w), T (w′) >=< λv + w, w′ >= λ < v, w′ > + < w, w′ >= λ < T (v), T (w′) > + <
T (w), T (w′) >=< λT (v) + T (w), T (w′) >. 'Ara < T (λv + w)− (λT (v) + T (w)), T (w′) >= 0
gia k�je v, w, w′ ∈ V kai λ ∈ F . 'Ara T (λv + w) = λT (v) + T (w) (giatÐ?).
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Prìtash 4.8.2. a) To ginìmeno dÔo isometri¸n tou V eÐnai mia isometrÐa tou
V .

b) h T eÐnai isometrÐa an kai mìnon an h T−1 eÐnai isometrÐa.
g) h T eÐnai isometrÐa an kai mìnon an T ∗ = T−1.
d) K�je isometrÐa eÐnai mÐa kanonik  grammik  apeikìnish.

Apìdeixh. a) An T1, T2 eÐnai isometrÐec, tìte, gia v ∈ V , isqÔei

‖(T1T2)(v), (T1T2)(v)‖ = ‖T1(T2(v)), T1(T2(v))‖ = ‖T2(v), T2(v)‖ = ‖v‖.

b) 'Estw v ∈ V kai T mia isometrÐa. Tìte èqoume

‖v‖ = ‖(TT−1)(v), (TT−1)(v)‖ = ‖T−1(v), T−1(v)‖.

g) 'Estw ìti h T eÐnai mia isometrÐa. GnwrÐzoume ìti h suzug c T ∗ thc T eÐnai h
monadik  grammik  apeikìnish gia thn opoÐa isqÔei < T (v), w >=< v, T ∗(w) >,
v, w ∈ V . Gr�fontac w = T (T−1(w)), epeid  h T eÐnai isometrÐa èqoume

< v, T ∗(w) >=< T (v), T (T−1(w) >=< v, T−1(w) > .

'Ara T ∗ = T−1. AntÐstrofa, an T ∗ = T−1, èqoume

< T (v), T (w) >=< v, T ∗(T (w)) >=< v, w >,

dhlad  h T eÐnai mia isometrÐa.
d) Apì thn idiìthta g) an T eÐnai mia isometrÐa isqÔei T ∗T = 1V = TT ∗ afoÔ
T ∗ = T−1 (kai h T−1 metatÐjetai me thn T ).

Metafr�zontac to prohgoÔmeno qarakthrismì 4.8.2 g),d) twn isometri¸n se
pÐnakec, sÔmfwna me thn Prìtash 4.6.5 èqoume to ex c.

Pìrisma 4.8.3. Mia grammik  apeikìnish T tou V eÐnai isometrÐa an kai mìnon
an o pÐnakac thc T wc proc mia orjokanonik  b�sh ikanopoieÐ th sqèsh

AĀt = In.

An A = (αij), h sunj kh AĀt = In shmaÐnei ìti

n∑

j=1

|αij |2 =
n∑

j=1

αijᾱij = 1 kai
n∑

j=1

αijᾱkj = 0, gia i 6= k. (∗)

Dhlad  to �jroisma twn tetrag¸nwn twn mètrwn twn stoiqeÐwn k�je gram-
m c tou A eÐnai Ðso me 1, en¸ to �jroisma twn ginomènwn twn stoiqeÐwn miac
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gramm c epÐ twn antÐstoiqwn suzug¸n stoiqeÐwn miac �llhc gramm c eÐnai Ðso me
mhdèn. Me �lla lìgia, oi grammèc tou A apoteloÔn mia orjokanonik  b�sh tou
dianusmatikoÔ q¸rou V = {(x1, . . . , xn) | xi ∈ F} me eswterikì ginìmeno to
kanonikì eswterikì ginìmeno. Epeid  isqÔei kai AĀt = In, to Ðdio apotèlesma
prokÔptei kai gia tic st lec tou A, dhlad 

n∑

j=1

|αji|2 =
∑

αjiᾱji = 1 kai
n∑

j=1

αjiᾱjk = 0, gia i 6= k. (∗∗)

Genik� ènac n×n pÐnakac A pou ikanopoieÐ thn sunj kh AĀt = In   isodÔnama
th sunj kh Āt = A−1 lègetai monadiaÐoc. Sunep¸c oi monadiaÐoi pÐnakec eÐnai
oi pÐnakec isometri¸n wc proc mia orjokanonik  b�sh. An ènac n × n pÐnakac
A ikanopoieÐ th sunj kh AAt = In   isodÔnama th sunj kh At = A−1 lègetai
orjog¸nioc. 'Ara ènac monadiaÐoc pÐnakac eÐnai orjog¸nioc an kai mìnon an ta
stoiqeÐa tou eÐnai pragmatikoÐ arijmoÐ. EpÐshc an o V eÐnai ènac pragmatikìc
EukleÐdeioc q¸roc, tìte h T ∈ L(V ) eÐnai isometrÐa an kai mìnon an o pÐnakac
A thc T wc proc mia orjokanonik  b�sh eÐnai orjog¸nioc.

'Enac basikìc qarakthrismìc twn isometri¸n ekfr�zetai sto ex c.

Je¸rhma 4.8.4. 'Estw T ∈ L(V ). Tìte h T eÐnai mia isometrÐa an kai mìnon an
gia k�je orjokanonik  b�sh {v1, . . . , vn} tou V to sÔnolo {T (v1), . . . , T (vn)}
eÐnai epÐshc mia orjokanonik  b�sh tou V .

Apìdeixh. An h T eÐnai mia isometrÐa tìte

< T (vi), T (vj) >=< vi, vj >= δij =
{

1 an i = j
0 an i 6= j

dhlad  to sÔnolo {T (v1), . . . , T (vn)} eÐnai mia orjokanonik  b�sh. AntÐstrofa,
upojètoume ìti gia mia opoiad pote orjokanonik  b�sh {v1, . . . , vn} to sÔnolo
{T (v1), . . . , T (vn)} apoteleÐ orjokanonik  b�sh. An v = α1v1 + · · ·+ αnvn kai
w = β1v1 + · · ·+ βnvn eÐnai dÔo dianÔsmata tou V , tìte èqoume

< T (v), T (w) >=

〈
n∑

i=1

λiT (vi),
n∑

i=1

βiT (vi)

〉
=

n∑

i=1

αiβi =< v, w > .

Dhlad  h T eÐnai mia isometrÐa.

Pìrisma 4.8.5. 'Estw {v1, . . . , vn} mia orjokanonik  b�sh tou V . Tìte ènac

pÐnakac A = (αij) eÐnai monadiaÐoc an kai mìnon an to sÔnolo
{

wj =
n∑

i=1
αijvi |

j = 1, 2, . . . , n
}

apoteleÐ mia orjokanonik  b�sh tou V .
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Apìdeixh. An o A eÐnai ènac monadiaÐoc pÐnakac, tìte h T ∈ L(V ) me T (vj) =

wj =
n∑

i=1
αijvi eÐnai mia isometrÐa afoÔ h sqèsh AĀt = In sunep�getai th

sqèsh TT ∗ = 1V . 'Ara apì to prohgoÔmeno je¸rhma h b�sh {w1, . . . , wn} eÐnai
orjokanonik . AntÐstrofa, an to {w1, . . . , wn} eÐnai mia orjokanonik  b�sh
tìte p�li apì to prohgoÔmeno je¸rhma h T prèpei na eÐnai isometrÐa, opìte o
A eÐnai monadiaÐoc.

GnwrÐzoume ìti an T ∈ L(V ) kai A,B eÐnai oi pÐnakec pou antistoiqoÔn sthn
T wc proc dÔo b�seic B1 = {v1, . . . , vn} kai B2 = {w1, . . . , wn} tou V , tìte
B = Γ−1AΓ , ìpou Γ eÐnai o pÐnakac pou antistoiqeÐ sth grammik  apeikìnish

U(vj) = wj =
n∑

i=1

uijvi.

Dhlad  oi A kai B eÐnai ìmoioi pÐnakec. AntÐstrofa, an A kai B eÐnai ìmoioi,
tìte autoÐ mporoÔn na jewrhjoÔn wc pÐnakec miac apeikìnishc wc proc dÔo
diaforetikèc b�seic. Thn omoiìthta pin�kwn mporoÔme ìmwc na th jewr soume
kai wc proc thn Ðdia b�sh tou V . Dhlad  se aut  thn perÐptwsh oi pÐnakec A
kai B antistoiqoÔn se dÔo diaforetikèc apeikonÐseic T1 kai T2 antÐstoiqa wc
proc thn Ðdia b�sh, o de pÐnakac Γ antistoiqeÐ se mia antistrèyimh apeikìnish
S tou V (dhlad  se èna automorfismì tou V ) wc proc aut  th b�sh. Opìte h
sqèsh A = Γ−1BΓ eÐnai isodÔnamh me th sqèsh T1 = S−1T2S. 'Etsi orÐzoume
thn omoiìthta grammik¸n apeikonÐsewn: DÔo apeikonÐseic T1, T2 eÐnai ìmoiec an
up�rqei ènac automorfismìc S tou V tètoioc ¸ste T1 = S−1T2S.

Prìtash 4.8.6. 'Estw T1, T2 ∈ L(V ). Tìte h T1 eÐnai ìmoia me thn T2 an kai
mìnon an up�rqoun dÔo b�seic B1, B2 tou V wc proc tic opoÐec oi antÐstoiqoi
pÐnakec twn T1 kai T2 antÐstoiqa eÐnai Ðsoi.

Apìdeixh. 'Estw ìti T1 = S−1T2S kai B1 = {v1, . . . , v2} mia b�sh tou V . Tìte
to sÔnolo B2 = {S(vi) | i = 1, 2, . . . , n} eÐnai mia b�sh tou V . 'Estw

tìte

T1(vj) =
n∑

i=1

αijvi

T2(S(vj)) = T2S(vj) = ST1(vj) = S

(
n∑

i=1

αijvi

)
=

n∑

i=1

αijS(vi).

Opìte o pÐnakac A = (αij) pou antistoiqeÐ sthn T1 wc proc th b�sh B1 eÐnai o
Ðdioc pou antistoiqeÐ ston T2 wc proc th b�sh B2. AntÐstrofa, upojètoume ìti
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up�rqoun dÔo b�seic B1 = {v1, . . . , vn} kai B2 = {w1, . . . , wn} tou V wc proc
tic opoÐec oi pÐnakec A kai B twn T1 kai T2 antÐstoiqa eÐnai Ðsoi, A = B.

'Estw S h grammik  apeikìnish tou V gia thn opoÐa S(vi) = wi, i =
1, 2, . . . , n. Tìte èqoume

S−1T2S(vj) = S−1T2(wj) = S−1

(
n∑

i=1

βijwi

)

=
n∑

i=1

βijS
−1(wi) =

n∑

i=1

βijvi = T1(vj),

afoÔ βij = αij . Autì shmaÐnei ìti T1 = S−1T2S.

T¸ra an jewr soume ìti o V eÐnai ènac q¸roc me eswterikì ginìmeno, oi
automorfismoÐ tou eÐnai oi isometrÐec kai sunep¸c thn omoiìthta twn grammik¸n
apeikonÐsewn ìpwc epÐshc kai twn pin�kwn se sqèsh me to q¸ro V prèpei na th
jewr soume k�tw apì tic isometrÐec. Me �lla lìgia, ja lème ìti dÔo grammikoÐ
apeikonÐseic T1 kai T2 eÐnai isometrik� ìmoiec an up�rqei mia isometrÐa S tou
V tètoia ¸ste T1 = S−1T2S. Opìte an jewr soume mia orjokanonik  b�sh tou
V tìte ja èqoume A1 = U−1A2U , ìpou A1, A2, U eÐnai oi pÐnakec pou antistoi-
qoÔn stic grammikèc apeikonÐseic T1, T2, S antÐstoiqa wc proc thn orjokanonik 
b�sh. Oi pÐnakec pou ikanopoioÔn mia tètoia sqèsh lègontai monadiaÐa-ìmoioi.
Sunep¸c dÔo grammikèc apeikonÐseic enìc q¸rou V me eswterikì ginìmeno eÐnai
isometrik� ìmoiec an kai mìnon an oi pÐnakec pou antistoiqoÔn se autèc wc proc
mia orjokanonik  b�sh eÐnai monadiaÐa ìmoioi.

EpÐshc lìgw thc prohgoÔmenhc prìtashc mporoÔme na diatup¸soume to ex c.

Pìrisma 4.8.7. DÔo grammikèc apeikonÐseic T1 kai T2 tou V eÐnai isometrik�
ìmoiec an kai mìnon an up�rqoun dÔo orjokanonikèc b�seic tou V tètoiec ¸ste
o pÐnakac pou antistoiqeÐ sthn T1 wc proc th mia b�sh sumpÐptei me ton pÐnaka
thc apeikìnishc T2 pou antistoiqeÐ wc proc thn �llh b�sh.

EÐnai gnwstì ìti an T1 kai T2 eÐnai dÔo ìmoiec grammikèc apeikonÐseic tìte
autèc èqoun to Ðdio qarakthristikì polu¸numo. Fusik� to antÐstrofo genik�
den isqÔei. An ìmwc jewr soume kanonikèc grammikèc apeikonÐseic pou ta qara-
kthristik� touc polu¸numa sumpÐptoun tìte, sÔmfwna me ta basik� Jewr mata
4.7.3 kai 4.7.5, wc proc kat�llhla epilegmènec orjokanonikèc b�seic oi pÐna-
kèc touc sumpÐptoun kai �ra autoÐ eÐnai isometrik� ìmoioi. Sunep¸c èqoume to
je¸rhma.

Je¸rhma 4.8.8. DÔo kanonikèc grammikèc apeikonÐseic enìc q¸rou me eswte-
rikì ginìmeno eÐnai isometrik� ìmoiec an kai mìnon an èqoun to Ðdio qarakthri-
stikì polu¸numo.
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To antÐstoiqo je¸rhma gia pÐnakec diatup¸netai wc ex c.

Je¸rhma 4.8.9. DÔo pÐnakec A kai B epÐ twn pragmatik¸n   epÐ twn migadik¸n
arijm¸n pou metatÐjentai me touc anastrofosuzugeÐc touc Āt kai B̄t antÐstoiqa
eÐnai monadiaÐa-ìmoioi an kai mìnon an èqoun to Ðdio qarakthristikì polu¸numo.

Shmei¸noume ìti autì to Je¸rhma prokÔptei kai apì to 4.7.3 kai thn �skhsh
2.2.21.

Ac tonisjeÐ ìti gia èna pÐnaka A gia ton opoÐo isqÔei AĀt = ĀtA up�rqei
ènac monadiaÐoc pÐnakac U ètsi ¸ste o pÐnakac U−1AU = Ū tAU eÐnai diag¸nioc
sthn perÐptwsh twn migadik¸n arijm¸n   èqei th morf  enìc pÐnaka pou anafè-
retai sto Je¸rhma 4.7.5 sthn perÐptwsh twn pragmatik¸n arijm¸n. Sunep¸c
isometrik  omoiìthta dÔo kanonik¸n grammik¸n apeikonÐsewn eÐnai isodÔnamh me
th sun jh omoiìthta.

'Opwc èqoume dei (4.8.2 d), oi isometrÐec eÐnai eidikèc peript¸seic kanoni-
k¸n grammik¸n apeikonÐsewn. Sunep¸c ta prohgoÔmena dÔo jewr mata dÐnoun
ikanèc kai anagkaÐec sunj kec gia thn isometrik  omoiìthta twn isometri¸-
n. H shmantikìterh diafor� metaxÔ twn isometri¸n kai twn �llwn kanonik¸n
grammik¸n apeikonÐsewn dÐdetai sta dÔo epìmena jewr mata sta opoÐa dÐdetai
o qarakthrismìc twn isometri¸n mèsw tou opoÐou taxinomoÔntai oi isometrÐec.

Je¸rhma 4.8.10. 'Estw V ènac migadikìc EukleÐdeioc q¸roc kai T ∈ L(V ).
Tìte h T eÐnai mia isometrÐa an kai mìnon an up�rqei mia orjokanonik  b�sh tou
V pou apoteleÐtai apì idiodianÔsmata thc T pou antistoiqoÔn se idiotimèc pou
èqoun mètro 1.

Apìdeixh. 'Estw {v1, . . . , vn} mia orjokanonik  b�sh tou V tètoia ¸ste T (vi) =

λvi me |λi| = 1, i = 1, 2, . . . , n. Gia v ∈ V , èqoume v =
n∑

i=1
< v, vi > vi. Sunep¸c

‖T (v)‖ =

∥∥∥∥∥
n∑

i=1

< v, vi > T (vi)

∥∥∥∥∥ =
n∑

i=1

| < v, vi > |2 = ‖v‖,

afoÔ |λ|2 = 1 kai < vi, vi >= 1, < vi, vj >= 0, i 6= j. 'Ara h T eÐnai mia
isometrÐa. AntÐstrofa, èstw ìti T eÐnai mia isometrÐa. Tìte genik� an v eÐnai
èna idiodi�nusma thc T pou antistoiqeÐ sthn idiotim  λ, dhlad  T (v) = λv,
èqoume λλ̄ < v, v >=< λv, λv >=< T (v), T (v) >=< v, v >. Opìte, afoÔ
v 6= 0, λλ̄ =| λ |2= 1 kai �ra | λ |= 1. T¸ra kaj¸c h T eÐnai mia kanonik 
grammik  apeikìnish to Je¸rhma 4.7.3 dÐnei to apotèlesma.
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Pìrisma 4.8.11. Gia k�je monadiaÐo pÐnaka A (epÐ twn migadik¸n arijm¸n)
up�rqei ènac monadiaÐoc (migadikìc) pÐnakac U tètoioc ¸ste

U−1AU =




λ1 0
. . .

0 λn


 me | λi |= 1, i = 1, . . . , n.

Je¸rhma 4.8.12. 'Estw V ènac pragmatikìc EukleÐdeioc q¸roc kai T ∈ L(V ).
Tìte h T eÐnai mia isometrÐa an kai mìnon an up�rqei mia orjokanonik  b�sh tou
V wc proc thn opoÐa o pÐnakac thc T èqei th morf 




λ1

. . .
λs

µ1

. . .
µt

sunϕ1 hmϕ1

−hmϕ1 sunϕ1

. . .
sunϕm hmϕm

−hmϕm sunϕm




ìpou λ1 = · · · = λs = 1, µ1 = · · · = µt = −1 kai hmϕi 6= 0, gia i = 1, . . . , m,
ìpou s, t, m ≥ 0 kai s + t + m = dimV .

Apìdeixh. H mia kateÔjunsh tou jewr matoc eÐnai profan c, afoÔ | λi |=
| µi |= 1 kai oi pÐnakec

(
sunϕi hmϕi

−hmϕi sunϕ1

)
eÐnai orjog¸nioi pÐnakec. 'Estw

ìti h T eÐnai mia isometrÐa. Epeid  h T eÐnai mÐa kanonik  apeikìnish, sÔmfwna
me to Je¸rhma 4.7.5 up�rqei mia orjokanonik  b�sh {v1, . . . , vn} tou V wc proc
thn opoÐa o pÐnakac thc T èqei th morf  pou dÐdetai sto Je¸rhma 4.7.5. An λ
eÐnai èna stoiqeÐo thc diagwnÐou enìc tètoiou pÐnaka tìte up�rqei èna di�nusma
vi thc b�shc gia to opoÐo isqÔei T (vi) = λvi. Epeid  h T eÐnai isometrÐa ja
prèpei | λ |= 1. 'Ara λ = 1   −1. An jewr soume èna pÐnaka thc morf c

ρ

(
sunϕi hmϕi

−hmϕi sunϕ1

)

pou brÐsketai kat� m koc thc diagwnÐou, ìpwc èqoume dei autìc o pÐnakac a-
ntistoiqoÔse se èna zeug�ri dianusm�twn v, v′ thc b�shc tètoio ¸ste T (v) =
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αv−βv′ kai T (v′) = βv+αv′, ìpou ρ =
√

α2 + β2 eÐnai to mètro tou migadikoÔ
arijmoÔ α+iβ o opoÐoc eÐnai mia migadik  rÐza tou qarakthristikoÔ poluwnÔmou
thc T . Sunep¸c èqoume

1 = ‖v‖2 = ‖T (v)‖2 = (α2 + β2)‖v‖

dhlad  α2 + β2 = 1.

Pìrisma 4.8.13. Gia k�je orjog¸nio pÐnaka A up�rqei ènac orjog¸nioc pÐna-
kac U ètsi ¸ste o U−1AU èqei th morf  pou dÐdetai sto 4.8.12.

Pìrisma 4.8.14. Oi rÐzec tou qarakthristikoÔ poluwnÔmou miac isometrÐac,
enìc q¸rou me eswterikì ginìmeno, ìlec èqoun mètro 1. An o q¸roc eÐnai ènac
pragmatikìc EukleÐdeioc q¸roc peritt c di�stashc tìte h T prèpei na èqei to 1
  to −1 wc mia idiotim .

Par�deigma. 'Estw ìti o V eÐnai EukleÐdeioc q¸roc R3. Tìte gia k�je iso-
metrÐa tou V , lìgw tou 4.8.12, up�rqei mia orjokanonik  b�sh {v1, v2, v3} wc
proc thn opoÐa o pÐnakac thc T èqei mia apì tic ex c morfèc:

a)




1
1

1


 d)



−1

−1
−1




b)



−1

1
1


 e)




1
sunϕ hmϕ

−hmϕ sunϕ


 hmϕ 6= 0

g)




1
−1

−1


 z)



−1

sunϕ hmϕ
−hmϕ sunϕ


 hmϕ 6= 0

Profan¸c, h a) dÐnei thn tautotik  apeikìnish, oi b), g) kai d) dÐnoun anakl�seic
sto epÐpedo twn v2, v3, sthn eujeÐa tou v1 kai sto shmeÐo 0 antÐstoiqa, en¸ h e)
dÐnei mia strof  kat� gwnÐa ϕ gÔrw apì thn eujeÐa tou v1. Tèloc h perÐptwsh
z) eÐnai h sÔnjesh miac strof c kat� gwnÐa ϕ gÔrw apì thn eujeÐa tou v1 me
th for� twn deikt¸n tou wrologÐou kai miac an�klashc sto epÐpedo twn v2 kai
v3. (Blèpe �skhsh 4.8.5).

Ask seic 4.8



192 Kef�laio 4. DianusmatikoÐ Q¸roi me Eswterikì Ginìmeno

1. Na brejoÔn ta x, y, z ètsi ¸ste oi pÐnakec




1√
3

1√
3

i√
3

x y z
i√
3

0
1√
2


 ,




2
3

2
3

x

2
3

−1
3

y

−1
3

2
3

z




na eÐnai monadiaÐoi.

2. KajoreÐste ìlouc touc orjomonadiaÐouc 2× 2 pÐnakec.

3. Na brejeÐ ènac monadiaÐoc pÐnakac pou na mhn eÐnai orjog¸nioc kai antÐ-
strofa na breÐte ènan orjog¸nio pou na mhn eÐnai monadiaÐoc.

4. Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka

A =
(

sunθ −hmθ
hmθ sunθ

)
∈ C2×2.

5. ApodeÐxte ìti an n eÐnai ènac perittìc arijmìc kai T eÐnai mia isometrÐa
enìc pragmatikoÔ EukleÐdeiou q¸rou V di�stashc n tìte h T èqei mia
idiotim  Ðsh me 1   −1. An o n eÐnai �rtioc, poièc mporeÐ na eÐnai oi
idiotimèc thc T ? An to n eÐnai perittìc deÐxte ìti up�rqei èna mh mhdenikì
di�nusma v ∈ V gia to opoÐo T 2(v) = v.

(Upìdeixh: h orÐzousa det(T ) = ±1, opìte det(T 2) = 1 kai mia isometrÐa
pou èqei orÐzousa 1, gia n perittì, èqei toul�qiston mia idiotim  Ðsh me
1).

Genik�, mia isometrÐa T tou Rnlègetai strof  an detT = 1.

Ac jewr soume tic peript¸seic twn q¸rwn R2 kai R3.

PerÐptwsh R2: Mia isometrÐa T orÐzetai pl rwc apì tic eikìnec thc T (e1)
kai T (e2) ìpou {e1, e2} eÐnai h kanonik  b�sh. An T (e1) = (α, β) tìte
α2 + β2 = 1 kai T (e2) = (−β, α) h T (e2) = (β,−α) (giatÐ?). 'Estw
α = sunθ kai β = hmθ, gia k�poio θ, 0 ≤ θ < 2π. An T (e2) = (−α, β),
tìte h T antistoiqeÐ ston pÐnaka

A =
(

α −β
β α

)
=

(
sunθ −hmθ
hmθ sunθ

)

pou eÐnai h strof  kat� gwnÐa θ (proc thn antÐjeth for� tou rologioÔ)
gÔrw apì to 0. Ed¸ èqoume det T = 1. An T (e2) = (β,−α), tìte h T
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antistoiqeÐ ston pÐnaka

B =
(

α β
β −α

)
=

(
sunθ hmθ
hmθ −sunθ

)

kai sunep¸c detT = −1. EpÐshc blèpoume ìti

B2 =
(

α2 + β2 0
0 α2 + β2

)
=

(
1 0
0 1

)

kai �ra detT 2 = 1. MporeÐte t¸ra na deÐxete ìti ta dianÔsmata v1 =(
sun

θ

2
, hm

θ

2

)
, v2 =

(
−hm

θ

2
,sun

θ

2

)
eÐnai idiodianÔsmata gia tic idiotimèc

1,−1 antÐstoiqa. EÐnai de < v1, v2 >= 0, ‖v1‖ = ‖v2‖ = 1 kai R2 =
Rv1 ⊕ Rv2, ìpou V (1) = Rv1, V (−1) = Rv2. An jewr soume ton pÐnaka
thc T wc proc thn orjokanonik  b�sh {v1, v2} autìc eÐnai o

Γ =
(

1 0
0 −1

)

kai gia v = λ1v1+λ2v2, T (v) = λv1−λ2v2 = v−2 < v, v2 > v2. Sunep¸c
h T eÐnai h an�klash wc proc thn eujeÐa Rv1 (blèpe Sq ma).

Sq ma

'Ara èqoume deÐxei ìti �k�je isometrÐa tou R2 eÐnai mia strof    mia an�-
klash�.
PerÐptwsh R3: 'Estw T mia isometrÐa tou R3, pou eÐnai strof , dhlad 
detT = 1. Tìte oi idiotimèc λ1, λ2, λ3 thc T wc rÐzec enìc poluwnÔmou
bajmoÔ 3 me pragmatikoÔc suntelestèc ja prèpei   ìlec na eÐnai pragma-
tikoÐ arijmoÐ   mìno mia, èstw h λ1 na eÐnai pragmatikìc arijmìc kai oi
�llec dÔo na eÐnai gn sioi migadikoÐ arijmoÐ, o ènac suzug c tou �llou.
Epeid  detT = λ1λ2λ3 = 1, ètsi èqoume tic ex c dunatìthtec:

a) λ1 = 1,λ2 = λ3 = ±1 (an qrei�zetai mporoÔme na all�xoume
touc deÐktec).

kai
b) λ1 = 1, λ2 = λ̄3 /∈ R.

Sunep¸c se opoiad pote perÐptwsh to 1 eÐnai idiotim  (autì prokÔptei
�mesa kai apì to Je¸rhma 4.8.12). An v eÐnai èna idiodi�nusma tou T gia
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thn idiotim  1 kai W eÐnai o k�jetoc upìqwroc proc to v, tìte h orÐzousa
tou periorismoÔ T |W tou T sto W pou eÐnai T -analloÐwtoc prèpei na eÐnai
1 (giatÐ?) kai �ra eÐnai mia strof  epÐ tou epipèdou W . Me �lla lìgia
h T eÐnai mia strof  gÔrw apì mia eujeÐa pou dièrqetai apì to 0. (Autì
eÐnai èna je¸rhma tou Euler).
'Estw t¸ra T mia isometrÐa tou R3 me detT = −1. Se aut  thn perÐptwsh
èqoume tic ex c dunatìthtec gia tic idiotimèc thc T

a) λ1 = −1, λ2 = λ3 = ±1

kai
b) λ1 = −1, λ2 = λ̄3 /∈ R.

jewroÔme èna idiodi�nusma v gia thn idiotim  λ1 = −1 kai èstw W o
k�jetoc T -analloÐwtoc upìqwroc (epÐpedo) proc to v. Epeid  det T |W =
λ2λ3 = 1, h T |W eÐnai mia strof  epÐ tou W . 'Ara mporoÔme na epilèxoume
mia orjokanonik  b�sh {v1, v2, v3} tou R3 me v2, v3 ∈ W , (ìpwc anafèrei
kai to Je¸rhma 4.8.12) ètsi ¸ste o pÐnakac tou T wc proc aut  th b�sh
na eÐnai o

A =



−1 0 0

0 sunθ −hmθ
0 hmθ sunθ


 .

An θ = 0, tìte T |W = 1W , dhlad  èqoume T (v) = v, gia v ∈ W kai
T (v) = −v, gia v ∈ W⊥. Me �lla lìgia h T eÐnai h an�klash wc proc
to epÐpedo W h opoÐa mporeÐ na ekfrasjeÐ me ton tÔpo

T (v) = v − 2 < v, v1 > v1,

ìpou v = λ1v1 + λ2v2 + λ3v3, λ1, λ2, λ3 ∈ R.
O de pÐnakac A s� aut  thn perÐptwsh eÐnai o



−1 0 0

0 1 0
0 0 1


 .

Telik� parathroÔme ìti mia isometrÐa T tou R3 pou èqei orÐzousa −1 eÐnai
h sÔnjesh miac an�klashc wc proc èna epÐpedo W epÐ mia strof  gÔrw
apì mia eujeÐa pou dièrqetai apì to 0 kai eÐnai k�jeth sto W , afoÔ

A =



−1 0 0

0 sunθ −hmθ
0 hmθ sunθ


 =




1 0 0
0 sunθ −hmθ
0 hmθ sunθ






−1 0 0

0 1 0
0 0 1


 .
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6. 'Estw V = Fn×n me eswterikì ginìmeno

< A, B >= tr(AB̄t).

DeÐxte ìti gia X ∈ V , h grammik  apeikìnish TX ∈ L(V ), TX(A) = XA
eÐnai isometrÐa an kai mìnon an o X eÐnai ènac monadikìc pÐnakac.
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4.9 Summetrikèc Grammikèc ApeikonÐseic

Mia �llh shmantik  kathgorÐa kanonik¸n grammik¸n apeikonÐsewn T enìc q¸-
rou V me eswterikì ginìmeno eÐnai autèc gia tic opoÐec isqÔei

T = T ∗.

Autèc oi grammikèc apeikonÐseic onom�zontai summetrikèc grammikèc apei-
konÐseic   autosuzugeÐc. Sunep¸c h T eÐnai summetrik  an kai mìnon an isqÔei

(T (v), w) = (v, T (w)) gia ìla ta v, w ∈ V,

afoÔ h T ∗ orÐzetai mèsw aut c thc sqèshc me monadikì trìpo.
EpÐshc an A eÐnai o pÐnakac thc T wc proc mia orjokanonik  b�sh tìte h T

eÐnai summetrik  an kai mìnon an

A = Āt.

Oi pÐnakec pou ikanopoioÔn aut  th sqèsh onom�zontai ErmitianoÐ   auto-
suzugeÐc (�ra oi pragmatikoÐ ErmitianoÐ pÐnakec eÐnai oi summetrikoÐ pÐnakec).
Sunep¸c wc proc mia orjokanonik  b�sh, oi ErmitianoÐ pÐnakec antistoiqoÔn
stic summetrikèc grammikèc apeikonÐseic kai antÐstrofa oi summetrikèc grammi-
kèc apeikonÐseic antistoiqoÔn stouc ErmitianoÔc pÐnakec. Gia par�deigma, an
T eÐnai h grammik  apeikìnish tou C3 pou o pÐnak�c thc wc proc thn kanonik 
b�sh eÐnai o 


1 α 0
−i 2 2− i
0 β −1




tìte h T eÐnai summetrik  an kai mìnon an α = i kai β = 2 + i. EpÐshc
k�je apeikìnish, pou wc proc mia orjokanonik  b�sh tou V o pÐnak�c thc eÐnai
diag¸nioc me diag¸nia stoiqeÐa pragmatikoÔc arijmoÔc, eÐnai summetrik .

To �jroisma summetrik¸n grammik¸n apeikonÐsewn eÐnai summetrik  gram-
mik  apeikìnish, afoÔ isqÔei (T1 + T2)∗ = T ∗1 + T ∗2 . EpÐshc an α ∈ R kai h T
eÐnai mia summetrik  grammik  apeikìnish tìte kai h αT eÐnai summetrik , afoÔ
(αT )∗ = ᾱT ∗ = αT ∗ = αT . EÐnai de fanerì ìti an T eÐnai summetrik  tìte kai
h Tn, n ∈ N, eÐnai summetrik . Sunep¸c an T eÐnai mÐa summetrik  grammik 
apeikìnish kai α0, α1, . . . , αn ∈ R, tìte h apeikìnish

αnTn + αn−1T
n−1 + · · ·+ α0I

eÐnai summetrik .
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Prìtash 4.9.1. 'Olec oi idiotimèc miac summetrik c grammik c apeikìnishc
eÐnai pragmatikoÐ arijmoÐ.

Apìdeixh. 'Estw ìti h T eÐnai summetrik  kai λ eÐnai mia idiotim  thc. An v eÐnai
èna idiodi�nusma pou antistoiqeÐ sthn λ, tìte

λ‖v‖2 =< λv, v >=< T (v), v >=< v, T (v) >=< v, λv >= λ̄‖v‖2.

Sunep¸c prèpei λ = λ̄.

Pìrisma 4.9.2. 'Olec oi idiotimèc enìc ErmitianoÔ pÐnaka A eÐnai pragmatikoÐ
arijmoÐ.

Apìdeixh. O A mporeÐ na jewrhjeÐ wc o pÐnakac miac summetrik c grammik c
apeikìnishc wc proc thn kanonik  b�sh.

Je¸rhma 4.9.3. 'Estw V ènac migadikìc   pragmatikìc EukleÐdeioc q¸roc kai
T ∈ L(V ). Tìte h T eÐnai summetrik  an kai mìnon an up�rqei mia orjokanonik 
b�sh tou V wc proc thn opoÐa o pÐnakac thc T eÐnai diag¸nioc me diag¸nia
stoiqeÐa pragmatikoÔc arijmoÔc.

Apìdeixh. 'Estw ìti h T eÐnai summetrik . Tìte h T eÐnai kanonik  thc opoÐac
ìlec oi idiotimèc eÐnai pragmatikoÐ arijmoÐ kai sÔmfwna me ta Jewr mata 4.7.3
kai 4.7.5 paÐrnoume to zhtoÔmeno apotèlesma. AntÐstrofa, an o pÐnakac A thc
T wc proc mia orjokanonik  b�sh eÐnai diag¸nioc me pragmatik� stoiqeÐa, autì
shmaÐnei ìti Āt = A kai sunep¸c T ∗ = T .

To antÐstoiqo je¸rhma gia pÐnakec diatup¸netai wc ex c (sÔmfwna me to
4.8.9).

Je¸rhma 4.9.4. 'Enac migadikìc pÐnakac A eÐnai Ermitianìc an kai mìnon an
up�rqei ènac monadiaÐoc pÐnakac U ètsi ¸ste o U−1AU eÐnai diag¸nioc me prag-
matik� stoiqeÐa. EpÐshc ènac pragmatikìc pÐnakac A eÐnai summetrikìc an kai
mìnon an up�rqei ènac pragmatikìc orjog¸nioc pÐnakac U ètsi ¸ste o U−1AU
eÐnai diag¸nioc.

Pìrisma 4.9.5. 'Estw T mÐa summetrik  grammik  apeikìnish enìc q¸rou V
me eswterikì ginìmeno kai λ1, λ2, . . . , λm oi diakekrimènec idiotimèc thc. Tìte

V = V (λ1)⊕ · · · ⊕ V (λm)

ìpou V (λi) sumbolÐzei ton idiìqwro pou antistoiqeÐ sthn idiotim  λi. Epiplèon
k�je di�nusma tou V (λi), i = 1, 2, . . . , m, eÐnai k�jeto proc k�je di�nusma tou
V (λj), gia i 6= j, j = 1, 2, . . . , m.

An o q¸roc V eÐnai ènac migadikìc EukleÐdeioc q¸roc tìte to Ðdio apotèlesma
isqÔei kai gia tic kanonikèc grammikèc apeikonÐseic.
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Apìdeixh. Autì eÐnai �mesh sunèpeia tou 4.9.3 kai tou 2.2.17. (Gia tic kanonikèc
grammikèc apeikonÐseic autì prokÔptei apì to 4.7.3 kai to 2.2.17).

ParadeÐgmata.

1. 'Estw T h apeikìnish tou R2 pou orÐzetai apì ton pÐnaka
(

2
√

2√
2 3

)

wc proc thn kanonik  b�sh. Profan¸c h T eÐnai summetrik  kai gia tic
idiotimèc thc èqoume: (2−λ)(3−λ)−(

√
2)2 = λ2−5λ+4, opìte λ = 1, 4.

Gia ta idiodianÔsmata èqoume:

Gia λ = 1,
(

2
√

2√
2 3

) (
x1χ2

)
=

(
2x1 +

√
2y1√

2x1 + 3y1

)
=

(
x1χ2

)
, �ra

x1 = −√2y1.

Gia λ = 4,
(

2x1 +
√

2y1√
2x1 + 3y1

)
=

(
4x1

4x2

)
, opìte x1 =

√
2

2
y1.

Sunep¸c ta dianÔsmata

kai

v1 =

(
−√2y1√
y2
1 + 2y2

1

,
y1√

y2
1 + 2y2

1

)
=

(
−

√
2
3
,

1√
3

)

v2 =




√
2

2 y1√
y2
1 + 1

2y2
1

,
y1√

y2
1 + 1

2y2
1


 =

(
1√
3
,

√
2
3

)
,

ìpou jèsame y = 1, eÐnai idiodianÔsmata kai apoteloÔn mia orjokanonik 

b�sh tou R2 wc proc thn opoÐa o pÐnakac thc T eÐnai o
(

1 0
0 4

)
.

2. Ac jewr soume th mh summetrik  grammik  apeikìnish T tou R2 thc opoÐac

o antÐstoiqoc pÐnakac wc proc thn kanonik  b�sh eÐnai o
(

1 2
0 1

)
. H

suzug c T ∗ thc T antistoiqeÐ ston pÐnaka
(

1 0
2 1

)
kai �ra

(
1 2
0 1

) (
1 0
2 1

)
=

(
5 2
2 1

)
6=

(
1 2
2 5

)
=

(
1 0
2 1

) (
1 2
0 1

)
.

Sthn perÐptwsh aut  den up�rqei orjokanonik  b�sh wc proc thn opoÐ-
a o pÐnakac thc T na èqei diag¸nia morf . Pr�gmati, an up rqe tètoia
b�sh {v1, v2} wc proc thn opoÐa o pÐnakac thc T na  tan thc morf c
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(
λ1 0
0 λ2

)
, tìte T (v1) = λ1v1 +0 ·v2 = λv1 kai T (v2) = 0 ·v1 +λ2v2 =

λ2v2. Sunep¸c ta λ1, λ2 ja  tan oi idiotimèc thc T en¸ ta v1, v2 ja
 tan antÐstoiqa idiodianÔsmata. EÔkola ìmwc faÐnetai ìti oi idiotimèc
thc T eÐnai λ1 = λ2 = 1 kai an (x, y) eÐnai èna idiodi�nusma, dhlad 
T (x, y) = (x + 2y, y) = 1 · (x, y), tìte y = 0. Epomènwc ta v1, v2 ja
eÐnai thc morf c v1 = (x1, 0), v2 = (x2, 0) me x1 6= 0, x2 6= 0, opìte
< v1, v2 >= x1x2 6= 0, dhlad  ta v1 kai v2 den eÐnai k�jeta. To par�deig-
ma autì deÐqnei thn anagkaiìthta thc upìjeshc ìti h T eÐnai summetrik 
gia na eÐnai diagwnÐsimh epÐ twn pragmatik¸n arijm¸n.

Ask seic 4.9

1. 'Estw V = R2[x] me eswterikì ginìmeno

< f(x), g(x) >=

1∫

0

f(x)g(x)dx.

JewroÔme th grammik  apeikìnish T ∈ L(V ) me

T (α2x
2 + α1x + α0) = α1x.

DeÐxte ìti h T den eÐnai summetrik  an kai o pÐnakac pou antistoiqeÐ sthn
T wc proc th b�sh {1, x, x2} eÐnai o




0 0 0
0 1 0
0 0 0




pou eÐnai summetrikìc. Pwc to dikaiologeÐte autì?

2. ApodeÐxte ìti den up�rqei mia summetrik  grammik  apeikìnish T ∈ L(R3)
tètoia ¸ste

T ((1, 2, 3)) = (0, 0, 0) kai T ((2, 5, 7)) = (2, 5, 7).

3. DeÐxte ìti mia kanonik  grammik  apeikìnish enìc migadikoÔ EukleÐdeiou
q¸rou eÐnai summetrik  an kai mìnon an oi idiotimèc thc eÐnai pragmatikoÐ
arijmoÐ (dec Prìtash 4.9.1).

4. EÐnai genik� to ginìmeno summetrik¸n grammik¸n apeikonÐsewn mia sum-
metrik  grammik  apeikìnish? ApodeÐxte ìti to ginìmeno duo summetrik¸n
grammik¸n apeikonÐsewn eÐnai summetrik  grammik  apeikìnish an kai mì-
non an autèc metatÐjentai.
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5. i) 'Estw V ènac migadikìc EukleÐdeioc q¸roc di�stashc n. DeÐxte ìti
to sÔnolo twn summetrik¸n grammik¸n apeikonÐsewn tou V den eÐnai
upìqwroc tou L(V ), all� eÐnai ènac dianusmatikìc q¸roc epÐ twn
pragmatik¸n arijm¸n di�stashc n2.

ii) 'Estw V ènac pragmatikìc EukleÐdeioc q¸roc di�stashc n. DeÐxte
ìti to sÔnolo twn summetrik¸n grammik¸n apeikonÐsewn eÐnai ènac

upìqwroc tou L(V ) di�stashc
n(n + 1)

2
.

6. 'Estw V ènac pragmatikìc dianusmatikìc q¸roc kai T ∈ L(V ). DeÐxte
ìti o V èqei mia b�sh pou apoteleÐtai apì idiodianÔsmata tou T an kai
mìnon an up�rqei èna eswterikì ginìmeno tou V wc proc to opoÐo h T
eÐnai summetrik . (SugkrÐnetè to me to Je¸rhma 4.10.2).
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4.10 Parallhlismìc MetaxÔ tou L(V ) kai tou C.

Se aut  thn par�grafo ja doÔme ìti h ènnoia thc suzugoÔc miac grammik c apei-
kìnishc enìc q¸rou me eswterikì ginìmeno V eÐnai an�logh aut c tou suzugoÔc
enìc migadikoÔ arijmoÔ kai ìti oi summetrikèc grammikèc apeikonÐseic paÐzoun,
kat� k�poia ènnoia, gia to q¸ro L(V ) ton Ðdio rìlo me autì pou paÐzoun oi
pragmatikoÐ arijmoÐ stouc migadikoÔc arijmoÔc C.

'Estw T mia summetrik  grammik  apeikìnish thc V . Tìte, lìgw tou 4.9.3,
up�rqei mia orjokanonik  b�sh {v1, . . . , vn} tou V apoteloÔmenh apì idiodia-
nÔsmata tou V kai oi idiotimèc λi thc T eÐnai pragmatikoÐ arijmoÐ. Sunep¸c

gr�fontac èna v ∈ V wc v =
n∑

i=1
αivi, paÐrnoume < T (v), v >=

n∑
i=1

λi‖αi‖2 ∈ R.
Dhlad , an h T eÐnai mia summetrik  grammik  apeikìnish, anex�rthta an o V
eÐnai pragmatikìc   migadikìc EukleÐdeioc q¸roc, h tim  < T (v), v >∈ R, gia
k�je v ∈ V . Fusik�, apì ton orismì tou eswterikoÔ ginomènou, gia mia opoia-
d pote grammik  apeikìnish T enìc pragmatikoÔ EukleÐdeiou q¸rou V isqÔei
< T (v), v >∈ R, gia k�je v ∈ V . Ja deÐxoume t¸ra ìti gia touc migadikoÔ-
c EukleÐdeiouc q¸rouc autì isqÔei mìnon an h T eÐnai summetrik . Katarq n
èqoume thn ex c

Prìtash 4.10.1. 'Estw V ènac migadikìc EukleÐdeioc q¸roc kai T ∈ L(V )
tètoia ¸ste < T (v), v >= 0, gia k�je v ∈ V . Tìte T = 0.

Apìdeixh. ParathroÔme ìti gia v, w ∈ V èqoume genik�

< T (v), w >=
1
4
[< T (v + w), (v + w) >− < T (v − w), (v − w) >

+i(< T (v + iw), (v + iw) >− < T (v − iw), (v − iw) >)]

An < T (v), v >= 0, gia k�je v ∈ V , tìte h prohgoÔmenh isìthta dÐnei ìti isqÔei
kai < T (v), w >= 0, gia k�je v, w ∈ V . Opìte isqÔei kai < T (v), T (v) >= 0,
gia k�je v ∈ V , pou shmaÐnei T (v) = 0, gia ìla ta v ∈ V , dhlad  T = 0.

Parat rhsh. An o V eÐnai ènac pragmatikìc EukleÐdeioc q¸roc tìte h 4.10.1
den isqÔei. Gia par�deigma, an V = R2 kai T ∈ L(R2) eÐnai h strof  kat�

gwnÐa 90◦ gÔrw apì to 0 tìte T

(
x1

x2

)
=

( −x2

x1

)
(wc proc thn kanonik 

b�sh) kai < T (v), v >= 0, gia k�je v ∈ R2. An ìmwc h T eÐnai summetrik  ètsi
¸ste < T (v), v >= 0, tìte oi idiotimèc thc T eÐnai mhdèn kai �ra T = 0.

Je¸rhma 4.10.2. 'Estw V ènac migadikìc EukleÐdeioc q¸roc kai T ∈ L(V ).
Tìte isqÔei < T (v), v >∈ R, gia k�je v ∈ V an kai mìnon an h T eÐnai summe-
trik .
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Apìdeixh. An h T eÐnai summetrik  tìte eÐdame ìti < T (v), v >∈ R, v ∈ V .
'Estw ìti < T (v), v >∈ R, v ∈ V . Tìte epeid  < T (v), v >=< v, T (v) >=<
v, T (v) >=< T ∗(v), v > èqoume < T (v)− T ∗(v), v >=< (T − T ∗)(v), v >= 0,
gia ìla ta v ∈ V . 'Ara T = T ∗, sÔmfwna me ton 4.10.1.

Apì ta prohgoÔmena dikaiologeÐtai o ex c orismìc.

Orismìc 4.10.3. Mia summetrik  grammik  apeikìnish T enìc q¸rou V me
eswterikì ginìmeno lègetai mh arnhtik  (jetik ) an isqÔei < T (v), v >≥ 0
gia ìla ta v ∈ V (antÐstoiqa < T (v), v >> 0, gia ìla ta v ∈ V , v 6= 0).

An α, β ∈ R kai T1, T2 eÐnai mh-arnhtikèc apeikonÐseic tìte kaj¸c
< (αT1 + βT2)(v), v >= α < T1(v), v > +β < T2(v), v >≥ 0, gia k�je v ∈ V ,
prokÔptei ìti kai h αT1 + βT2 eÐnai mh-arnhtik .

Endiafèron parousi�zei to ginìmeno TT ∗ gia mia opoiad pote apeikìnish,
afoÔ (TT ∗)∗ = (T ∗)∗T ∗ = TT ∗, dhlad  h TT ∗ eÐnai p�nta summetrik  kai
epiplèon eÐnai kai mh-arnhtik . Pr�gmati, isqÔei

< (TT ∗)(v), v >=< T (v), T (v) >≥ 0, v ∈ V.

Autì shmaÐnei ìti an h T eÐnai mh-arnhtik , tìte kai h T 2 eÐnai mh-arnhtik .

L mma 4.10.4. 'Estw T mia summetrik  grammik  apeikìnish. Tìte h T eÐnai
mh-arnhtik  an kai mìnon an oi idiotimèc thc eÐnai mh-arnhtikèc.

Apìdeixh. 'Estw ìti h T eÐnai mh-arnhtik  grammik  apeikìnish kai v èna idio-
di�nusma me antÐstoiqh idiotim  λ. Tìte, afoÔ < v, v >> 0 kai < T (v), v >=
λ < v, v >≥ 0, prèpei λ ≥ 0.

AntÐstrofa, èstw ìti {v1, . . . , vn} eÐnai mia orjokanonik  b�sh apoteloÔme-
nh apì idiodianÔsmata me antÐstoiqec idiotimèc λ1, λ2, . . . , λn. Upojètoume ìti

λi ≥ 0, i = 1, . . . , n. Gia v ∈ V , gr�foume v =
n∑

i=1
αivi. Tìte

< T (v), v >=
n∑

i=1

λi‖αi‖2 ≥ 0.

L mma 4.10.5. Mia mh-arnhtik  apeikìnish T eÐnai jetik  an kai mìnon an h
T eÐnai antistrèyimh.
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Apìdeixh. JewroÔme mia orjokanonik  b�sh {v1, . . . , vn} tou V apoteloÔmenh
apì idiodianÔsmata pou antistoiqoÔn stic idiotimèc λ1, . . . , λn tou V . 'Etsi an

v ∈ V , v =
n∑

i=1
αivi, èqoume < T (v), v >=

n∑
i=1

λi‖αi‖2 ≥ 0. All� h orÐzousa

tou pÐnaka thc T wc proc mia (opoiad pote) b�sh tou V eÐnai λ1λ2 · · ·λn pou
eÐnai di�forh tou mhdenìc an kai mìnon an λi 6= 0, gia ìla ta i = 1, . . . , n.
Sunep¸c an aut  eÐnai di�forh tou mhdenìc prèpei λi > 0, afoÔ < T (vi), vi >=

λi ≥ 0, kai �ra < T (v), v >=
n∑

i=1
λi‖αi‖2 = 0 mìnon an α1 = · · · = αn = 0,

dhlad  v = 0. An λ1 · · ·λn = 0 tìte toul�qiston mia idiotim  λi eÐnai mhdèn kai
�ra < T (vi), vi >= 0. Autì den mporeÐ na sumbaÐnei an h T eÐnai jetik , dhlad 
prèpei λ1 · · ·λn 6= 0.

T¸ra lème ìti mia grammik  apeikìnish X eÐnai mia tetragwnik  rÐza miac
grammik c apeikìnishc T an

T = X2.

Genik� mia tètoia exÐswsh mporeÐ na mhn èqei kami� lÔsh,   èna peperasmèno
pl joc lÔsewn   èna �peiro pl joc lÔsewn. Fer� eipeÐn h exÐswsh X2 = I2

èqei �peirec lÔseic afoÔ, gia par�deigma, oi pÐnakec

(
α β

1−α2

β −α

)
, β 6= 0,

thn ikanopoioÔn.
To epìmeno je¸rhma deÐqnei ìti oi mh-arnhtikèc apeikonÐseic èqoun thn Ðdia

idiìthta me aut  twn mh arnhtik¸n pragmatik¸n arijm¸n èkastoc twn opoÐwn
èqei mia monadik  mh arnhtik  tetragwnik  rÐza.

Je¸rhma 4.10.6. H T eÐnai mÐa mh-arnhtik  grammik  apeikìnish tou V an
kai mìnon an up�rqei mia monadik  mh arnhtik  grammik  apeikìnish tou V , pou
ja thn sumbolÐzoume me

√
T , tètoia ¸ste

(
√

T )2 = T.

Epiplèon k�je grammik  apeikìnish pou metatÐjetai me thn T metatÐjetai kai
me thn

√
T .

Apìdeixh. 'Estw T mia mh-arnhtik  grammik  apeikìnish. Tìte up�rqei mia or-
jokanonik  b�sh {v1, . . . , vn} tou V pou apoteleÐtai apì idiodianÔsmata kai oi
antÐstoiqec idiotimèc λ1, . . . , λn eÐnai ìlec mh-arnhtikèc. JewroÔme th grammik 
apeikìnish S tou V pou orÐzetai apì tic sqèseic

S(vi) =
√

λivi, i = 1, . . . , n.



204 Kef�laio 4. DianusmatikoÐ Q¸roi me Eswterikì Ginìmeno

Tìte S2 = T kai h S eÐnai mia mh-arnhtik  grammik  apeikìnish, afoÔ eÐnai
summetrik , lìgw tou 4.9.3, kai mh-arnhtik  afoÔ

√
λi ≥ 0, i = 1, . . . , n.

T¸ra mporoÔme na upojèsoume ìti oi λ1, λ2, . . . , λm eÐnai oi diakekrimènec
idiotimèc (jewr¸ntac thn di�taxh twn v1, . . . , vn na eÐnai tètoia oÔtwc ¸ste Ðsec
idiotimèc, (an up�rqoun) na antistoiqoÔn se diadoqik� dianÔsmata thc b�shc).
Tìte apì to 4.9.10 èqoume

V = V (λ1)⊕ · · · ⊕ V (λm).

'Estw T0 ∈ L(V ) mia mh-arnhtik  grammik  apeikìnish gia thn opoÐa isqÔei
T 2

0 = T . An λ eÐnai mia idiotim  thc T0 kai v eÐnai èna idiodi�nusma pou antistoiqeÐ
sthn λ, tìte T (v) = T 2

0 (v) = T0(λv) = λ2v. Sunep¸c λ2 = λj , gia k�poio
j = 1, . . . ,m. Me �lla lìgia, λ =

√
λj , gia k�poio j = 1, . . . ,m. Epiplèon o

idiìqwroc V (
√

λj) perièqetai ston idiìqwro V (λj) thc T pou antistoiqeÐ sthn
idiotim  λj , ìpwc faÐnetai apì thn prohgoÔmenh sqèsh. Epeid  de, ìpwc mìlic
eÐdame, oi mìnec dunatèc idiotimèc thc T0 eÐnai oi

√
λ1, . . . ,

√
λm kai h T0 eÐnai

summetrik , èqoume

V = V (λ1)⊕ · · · ⊕ V (λm) = V (
√

λ1)⊕ · · · ⊕ V (
√

λm)

kai �ra V (
√

λi) = V (λi), dhlad  o idiìqwroc tou T0 gia thn idiotim 
√

λi eÐnai
Ðsoc me ton idiìqwro thc T gia thn idiotim  λi. Autì shmaÐnei ìti an v ∈ V (λi),
tìte T0(v) =

√
λiv = S(v), gia k�je i = 1, . . . , m. 'Ara S = T0.

To antÐstrofo èqei  dh apodeiqjeÐ (prin apì to L mma 4.10.4).
Gia to deÔtero isqurismì, èstw X ∈ L(V ) me XT = TX. Oi pÐnakec twn T

kai
√

T wc proc thn prohgoÔmenh b�sh èqoun th morf 

A =




λ1I1

λ2I2

. . .
λmIm


 kai

√
A =




√
λ1I1

. . . √
λmIm


 .

Parist�nontac ton pÐnaka tou X sthn antÐstoiqh morf  p�li me

X =




X11 X12 · · · X1m
...

...
Xm1 Xm2 · · · Xmm


 ,

h sunj kh XA = AX mac lèei ìti

(λj − λk)Xjk = 0, j, k = 1, 2, . . . ,m.
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Epeid  λj 6= λk, gia j 6= k, prèpei Xjk = 0, j 6= k. 'Ara



X11 0
. . .

0 Xmn




kai sunep¸c

√
AX =




√
λ1X11

. . . √
λmXmm


 = X

√
A.

Pìrisma 4.10.7. H T ∈ L(V ) eÐnai mh-arnhtik  an kai mìnon an T = S∗S,
gia k�poion S ∈ L(V ).

Apìdeixh. An h T eÐnai mh arnhtik  tìte up�rqei h
√

T (pou eÐnai mh arnhtik 
kai �ra summetrik ) gia thn opoÐa isqÔei

T = (
√

T )2 =
√

T
√

T = (
√

T )∗
√

T .

AntÐstrofa, an T = S∗S,  dh èqoume deÐxei ìti h T eÐnai mh-arnhtik  (prin apì
to L mma 4.10.4).

Pìrisma 4.10.8. To ginìmeno mh arnhtik¸n grammik¸n apeikonÐsewn pou me-
tatÐjentai eÐnai mia mh-arnhtik  grammik  apeikìnish. Sunep¸c poluwnumikèc
ekfr�seic thc morf c

αnTn + αn−1T
n−1 + · · ·+ α0I

ìpou αi ≥ 0, αi ∈ R, kai T mh arnhtik , eÐnai mh arnhtikèc grammikèc apeiko-
nÐseic.

Upojètoume t¸ra ìti o q¸roc V eÐnai ènac migadikìc EukleÐdeioc q¸roc kai
T ∈ L(V ), tìte kat� analogÐa me thn par�stash enìc migadikoÔ arijmoÔ z se
Kartesianèc suntetagmènec z = x + iy, x, y ∈ R, èqoume parìmoia par�stash
thc T wc

T = X + iY, ìpou X =
1
2
(T + T ∗) kai Y =

1
2i

(T − T ∗)

eÐnai (profan¸c) summetrikèc grammikèc apeikonÐseic. 'Eqoume de

T ∗ = X∗ − iY ∗ = X − iY.
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Mia tètoia par�stash thc T eÐnai monadik  afoÔ an  tan T = X1 + iY1, ìpou
X1 = X∗

1 kai Y = Y ∗
1 , tìte T ∗ = X1 − iY1, opìte

X1 =
1
2
(T + T ∗) = X kai Y1 =

1
2i

(T − T ∗) = Y.

'Etsi kat� aut  thn ènnoia h suzug c thc T èqei thn an�logh ènnoia me ton su-
zug  enìc migadikoÔ arijmoÔ z. Oi summetrikèc grammikèc apeikonÐseic antistoi-
qoÔn stouc migadikoÔc z gia touc opoÐouc z̄ = z, dhlad  stouc pragmatikoÔc
kai oi apeikonÐseic T gia touc opoÐouc T ∗ = −T antistoiqoÔn stouc gn sia
fantastikoÔc migadikoÔc arijmoÔc z, z̄ = −z.

Oi grammikèc apeikonÐseic T , enìc opoioud pote q¸rou me eswterikì ginì-
meno, pou ikanopoioÔn thn sqèsh T ∗ = −T lègontai antisummetrikèc. Ac
shmeiwjeÐ ìti an o V eÐnai ènac opoiosd pote q¸roc me eswterikì ginìmeno kai
T ∈ L(V ), tìte p�li h T gr�fetai monadik� wc to �jroisma miac summetrik -
c kai miac antisummetrik c grammik c apeikìnishc, kaj¸c T = X + Y , ìpou

X =
1
2
(T + T ∗) kai Y =

1
2
(T − T ∗), X∗ = X, Y ∗ = −Y .

Wc gnwstìn èna shmantikì uposÔnolo twn migadik¸n arijm¸n C eÐnai o
monadiaÐoc kÔkloc o opoÐoc apoteleÐtai apì touc migadikoÔc arijmoÔc z pou
èqoun mètro | z |= 1. H sunj kh | z |= 1 eÐnai isodÔnamh me th sunj kh
zz̄ = 1. Anaferìmenoi sthn prohgoÔmenh paromoÐwsh metaxÔ twn migadik¸n
arijm¸n kai twn apeikonÐsewn, aut  h sunj kh gia touc migadikoÔc arijmoÔc
ja antistoiqoÔse gia tic apeikonÐseic sth sunj kh TT ∗ = I pou shmaÐnei ìti h
T prèpei na eÐnai mia isometrÐa. Dhlad  o monadiaÐoc kÔkloc sto C antistoiqeÐ
sto sÔnolo twn isometri¸n.

Epeid  t¸ra k�je migadikìc arijmìc z, di�foroc tou mhdenìc, gr�fetai sth

morf  z =| z |
(

z

| z |
)

=
√

zz̄

(
z

| z |
)
, ìpou

z

| z | eÐnai èna stoiqeÐo tou mona-

diaÐou kÔklou, mporoÔme na eik�soume ìti k�je apeikìnish T ∈ L(V ) gr�fetai
wc èna ginìmeno miac mh-arnhtik c apeikìnishc (kai m�lista thc

√
TT ∗) epÐ mia

isometrÐa. To epìmeno apotèlesma epibebai¸nei aut  thn eikasÐa. Autì to apo-
tèlesma basÐzetai sto gegonìc ìti an dÔo apeikonÐseic pou all�zoun me ton Ðdio
trìpo ta m kh dianusm�twn tou V , tìte h mia eÐnai to ginìmeno miac isometrÐac
epÐ thc �llhc. Me �lla lìgia isqÔei

L mma 4.10.9. 'Estw T1, T2 ∈ L(V ), ìpou V eÐnai ènac q¸roc me eswterikì
ginìmeno. An isqÔei < T1(v), T1(v) >=< T2(v), T2(v) >, gia k�je v ∈ V , tìte
up�rqei mia isometrÐa U ∈ L(V ) tètoia ¸ste

T2 = UT1.
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Apìdeixh. 'Estw V1 = ImT1 kai V2 = ImT2. JewroÔme thn antistoiqÐa

U1 : V1 → V2, T1(v) → T2(v), v ∈ V.

DeÐqnoume ìti aut  h antistoiqÐa eÐnai mia grammik  apeikìnish pou mporeÐ
na epektajeÐ se ìlon ton V . Pr�gmati, katarq n h U1 eÐnai mia apeikìnish.
Gia v1 ∈ V1, èstw w1, w2 ∈ V me T1(w1) = T1(w2) = v1, tìte U1(v1) =
U1(T1(w1)) = T2(w1), U1(T1(w2)) = T2(w2). All� apì thn upìjesh isqÔ-
ei ‖T2(w1 − w2)‖ = ‖T1(w1 − w2‖ = 0, afoÔ w1 − w2 ∈ kerT1. Sunep¸c
T2(w1 − w2) = 0, dhlad  T2(w1) = T2(w2). Me �lla lìgia to T2(v) orÐzetai
monos manta apì thn antistoiqÐa T1(v) → T2(v), v ∈ V . EpÐshc an v2 ∈ V2,
tìte up�rqei w ∈ V me T2(w) = v2. Jètontac T1(w) = v1 èqoume U1(v1) = v2,
dhlad  h U1 eÐnai epÐ. Aut  eÐnai kai 1 − 1, afoÔ ‖U1(v1)‖ = ‖U1(T1(v))‖ =
‖T2(v)‖ = ‖v1‖, ìpou T1(v) = v1, gia k�poio v ∈ V . Epiplèon isqÔei

U1(λv1 + v′1) = U1(λT1(v) + T1(v′)) = U1(T1(λv + v′)) = T2(λv + v′)
= λT2(v) + T2(v′) = λU1(T1(v)) + U1(T1(v′)) = λU1(v1) + U1(v′1)

ìpou v1 = T1(v), v′1 = T1(v′), gia k�poia v, v′ ∈ V . Sunep¸c blèpoume ìti h
apeikìnish U1 eÐnai ènac isomorfismìc tou q¸rou V1 epÐ tou q¸rou V2. Autì
shmaÐnei ìti dimV1 = dimV2 kai epeid 

V = V1 ⊕ V ⊥
1 = V2 ⊕ V ⊥

2 ,

ìpou V ⊥
1 kai V ⊥

2 eÐnai oi k�jetoi upìqwroi proc ton V1 kai V2 antÐstoiqa,
isqÔei kai dimV ⊥

1 = dimV ⊥
2 . Kaj¸c oi V ⊥

1 , V ⊥
2 eÐnai q¸roi me eswterikì

ginìmeno thc Ðdiac di�stashc, autoÐ eÐnai isìmorfoi, dhlad  up�rqei mÐa 1 − 1
grammik  apeikìnish U2 : V ⊥

1 → V ⊥
2 tètoia ¸ste gia k�je w1, w

′
1 ∈ V ⊥

1 , isqÔei
< U2(w1), U2(w′1) >=< w1, w

′
1 >. EÔkola t¸ra prokÔptei ìti h antistoiqÐa

U : V → V , v = v1 + w1 → U1(u1) + U2(w1), ìpou v1 ∈ V1, w1 ∈ V ⊥
1 , eÐnai

mia isometrÐa tou V kai UT1 = T2, afoÔ gia k�je v ∈ V , T1(v) ∈ V1, opìte
(UT1)(v) = U(T1(v)) = U1(T1(v)) = T2(v).

Je¸rhma 4.10.10. An T ∈ L(V ) tìte up�rqei mia isometrÐa U tou V kai mia
monadik  mh-arnhtik  grammik  apeikìnish S tou V tètoia ¸ste

T = SU, S =
√

TT ∗.

An h T eÐnai antistrèyimh, tìte h isometrÐa U eÐnai monadik .

Apìdeixh. ParathroÔme ìti gia k�je v ∈ V èqoume

< T ∗(v), T ∗(v) > =< v, TT ∗(v) >=< v, (
√

TT ∗)2(v) >

=<
√

TT ∗(v),
√

TT ∗(v) >
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(afoÔ apì to Je¸rhma 4.10.6 h
√

TT ∗ eÐnai mh-arnhtik  grammik  apeikìnish kai
�ra (

√
TT ∗)∗ =

√
TT ∗). Sunep¸c mporoÔme na efarmìsoume to prohgoÔmeno

l mma gia tic apeikonÐseic T1 = T ∗ kai T2 =
√

TT ∗. 'Ara up�rqei mia isometrÐa
U tètoia ¸ste UT ∗ =

√
TT ∗   (UT ∗)∗ = TU∗ =

√
TT ∗ kai epeid  U∗ = U−1

èqoume telik� T =
√

TT ∗U .
'Estw ìti isqÔei epÐshc T = SU ìpou S eÐnai mia mh-arnhtik  grammik 

apeikìnish. Tìte T ∗ = U−1S kai �ra TT ∗ = SUU−1S = S2 kai sÔmfwna me
to Je¸rhma 4.10.6, h S eÐnai monadik  apeikìnish, dhlad  h S =

√
TT ∗. An h

T eÐnai antistrèyimh tìte kai h
√

TT ∗ = S eÐnai antistrèyimh kai �ra h U eÐnai
monadik  afoÔ U = S−1T .

Parathr seic.

1. An sto prohgoÔmeno je¸rhma jewr soume th suzug  T ∗ thc T tìte blè-
poume ìti up�rqei mia isometrÐa U ′ gia thn opoÐa T ∗ =

√
T ∗TU ′, opìte

T = (T ∗)∗ = U ′−1
√

T ∗T . Dhlad  gia k�je T ∈ L(V ) up�rqei mia isome-
trÐa U kai mia (monadik ) mh arnhtik  grammik  apeikìnish S (h

√
T ∗T )

ètsi ¸ste T = US. Bèbaia genik� isqÔei US 6= SU (en¸ gia touc migadi-

koÔc arijmoÔc isqÔei h metajetikìthta
√

zz̄

(
z

| z |
)

=
(

z

| z |
)√

z̄z).

H par�stash enìc T ∈ L(V ) sthn morf  SU onom�zetai polik  an�lush
thc T kat� analogÐa thc par�stashc enìc migadikoÔ arijmoÔ z se polikèc
suntetagmènec

√
zz̄(sunθ + ihmθ).

2. An epilèxoume mia orjokanonik  b�sh tou V , tìte oi monadiaÐoi kai oi
ErmitianoÐ pÐnakec antistoiqoÔn se isometrÐec kai se summetrikèc apei-
konÐseic, opìte to prohgoÔmeno je¸rhma gia touc pÐnakec anafèrei ìti:
K�je n× n pÐnakac mporeÐ na grafeÐ wc to ginìmeno enìc ErmitianoÔ epÐ
enìc monadiaÐou. IdiaÐtera, an to F eÐnai oi pragmatikoÐ arijmoÐ, tìte k�je
n × n pragmatikìc pÐnakac mporeÐ na gr�fei wc to ginìmeno enìc prag-
matikoÔ summetrikoÔ pÐnaka epÐ enìc pragmatikoÔ orjog¸niou pÐnaka pou
kai oi dÔo èqoun mh arnhtikèc idiotimèc.

3. An T = SU eÐnai h polik  an�lush miac T ∈ L(V ) ìpou S =
√

TT ∗,
tìte up�rqei mia orjokanonik  b�sh tou V wc proc thn opoÐa o pÐnakac
thc U èqei thn morf  pou orÐzetai sto 4.8.11   4.8.12. EpÐshc up�rqei
mia orjokanonik  b�sh tou V wc proc thn opoÐa o pÐnakac thc S èqei thn
morf  pou orÐzetai sto 4.9.3. Prosoq  ìmwc: mporeÐ na mhn up�rqei mia
orjokanonik  b�sh wc proc thn opoÐa tautìqrona oi antÐstoiqoi pÐnakec
twn U kai S èqoun tic morfèc pou orÐzontai sta 4.8.11, 4.8.12 kai 4.9.3.
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4. To prohgoÔmeno je¸rhma, sthn perÐptwsh pou h T eÐnai antistrèyimh,
bebai¸nei ìti kai h isometrÐa U eÐnai monadik . IsqÔei kai to antÐstrofo,
kaj¸c an h T den  tan antistrèyimh tìte o k�jetoc upìqwroc V ⊥

1 proc
ton V1, ìpwc kai o upìqwroc V ⊥

2 pou jewr same sthn apìdeixh ja  tan
di�foroi tou mhdenìc. All� se aut  thn perÐptwsh up�rqoun perissìterec
apì mia epilogèc gia ènan isomorfismì U2 : V ⊥

1 → V ⊥
2 , opìte ja up rqan

perissìterec apì mia isometrÐec U tètoiec ¸ste T = SU . 'Ara h T prèpei
na eÐnai antistrèyimh.
Shmei¸noume epÐshc ìti sthn perÐptwsh miac antistrèyimhc apeikìnishc
èqoume ImT ∗ = V1 = V , opìte V ⊥

1 = 0 kai V ⊥
2 = 0, pou shmaÐnei h U1

eÐnai ìlh h U .

ParadeÐgmata.

1. 'Estw T ∈ L(F 3) pou orÐzetai wc T (z1, z2, z3) = (z3, 2z1, 3z2).
Opìte T ∗(z1, z2, z3) = (2z2, 3z3, z1) kai

T ∗T (z1, z2, z3) = (4z1, 9z2, z3),
√

T ∗T (z1, z2, z3) = (2z1, 3z2, z3),
TT ∗(z1, z2, z3) = (z1, 4z2, 9z3),

√
TT ∗(z1, z2, z3) = (z1, 2z2, 3z3).

Profan¸c h T eÐnai antistrèyimh kai sunep¸c up�rqei monadik  isometrÐa
U antÐstoiqa (U ′) tètoia ¸ste

T = U
√

T ∗T (= (
√

TT ∗)U ′).

Ed¸ èqoume (Im
√

T ∗T ) = ImT = ImT ∗ = (Im
√

TT ∗) = V kai h isome-
trÐa U orÐzetai wc U : (Im

√
T ∗T ) → ImT , (2z1, 3z2, z3) → (z3, 2z1, 3z2),

dhlad  U(z1, z2, z3) = (z3, z1, z2), (z1, z2, z3) ∈ F 3, en¸ h U ′ orÐzetai wc
U ′ : V → V , (z1, z2, z3) → (z3, z1, z2), dhlad  U = U ′.

2. 'Estw T ∈ L(F 4) me T (z1, z2, z3, z4) = (0, 3z1, 2z2,−3z4). Apì th sunj -
kh
< (0, 3z1, 2z2,−3z4), (z′1, z

′
2, z

′
3, z

′
4) >=< (z1, z2, z3, z4), (z′′1 , z′′2 , z′′3 , z′′4 ) >,

ìpou T ∗(z′1, z
′
2, z

′
3, z

′
4) = (z′′1 , z′′2 , z′′3 , z′′4 ), dhlad  3z1z

′
2 + 2z2z

′
3 − 3z4z

′
4 =

z1z
′′
1 +z2z

′′
2 +z3z

′′
3 +z4z

′′
4 , gia k�je (z1, z2, z3, z4), (z′1, z

′
2, z

′
3, z

′
4) ∈ F 4 pro-

kÔptei z′′1 = 3z′2, z′′2 = 2z′3, z′′3 = 0, z′′4 = −3z′4 dhlad  T ∗(z1, z2, z3, z4) =
(3z2, 2z3, 0,−3z4).
Opìte TT ∗(z1, z2, z3, z4) = (0, 9z2, 4z3, 9z4)
kai T ∗T (z1, z2, z3, z4) = (9z1, 4z2, 0, 9z4).
Sunep¸c

√
T ∗T (z1, z2, z3, z4) = (0, 3z2, 2z3, 3z4) kai√
TT ∗(z1, z2, z3, z4) = (3z1, 2z2, 0, 3z4).
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T¸ra èqoume ImT ∗ = {(z1, z2, 0, z4) | z1, z2z4 ∈ F}
kai �ra U1 : ImT ∗ → Im

√
TT ∗, (z1, z2, 0, z4) → (0, z1, z2,−3z4).

EÐnai de (ImT ∗)⊥ = {(0, 0, z3, 0) | z3 ∈ F}
kai (Im

√
TT ∗)⊥ = {(z1, 0, 0, 0) | z1 ∈ F}.

'Estw U2 : (ImT ∗)⊥ → (Im
√

TT ∗)⊥, (0, 0, z3, 0) → (z3, 0, 0, 0).

O U2 eÐnai profan¸c ènac isomorfismìc kai o

U : (z1, z2, z3, z4) = (z1, z2, 0, z4) + (0, 0, z3, 0) →
U1(z1, z2, 0, z4) + U2(0, 0, z3, 0) = (z3, z1, z2,−z4)

eÐnai mia isometrÐa tètoia ¸ste T = (
√

TT ∗)U , ìpwc eÔkola mporeÐ na
diapistwjeÐ. ParathroÔme de ìti an antÐ tou isomorfismoÔ U2 p�roume
(opoiad pote �llon isomorfismì) gia par�deigma ton U ′

2 : (0, 0, z3, 0) →
(λz3, 0, 0, 0), λ ∈ F , tìte kai h isometrÐa U ′ : (z1, z2, z3, z4) → (λz3, z1, z2,
−z4) eÐnai tètoia ¸ste T = (

√
TT ∗)U ′. Fusik� ed¸ h T den eÐnai anti-

strèyimh kai sunep¸c ìpwc eÐdame prohgoumènwc up�rqoun perissìterec
thc miac isometrÐec me aut  thn idiìthta.

An T ∈ L(V ), mia �llh qr simh efarmog  thc mh arnhtik c apeikìnishc√
T ∗T prokÔptei an jewr soume tic idiotimèc thc. 'Otan jewroÔme grammikèc

apeikonÐseic apì èna dianusmatikì q¸ro se ènan �llo tìte se autoÔc antistoi-
qoÔme pÐnakec wc proc mia b�sh tou pr¸tou q¸rou kai mia b�sh tou deÔterou
q¸rou. 'Otan ìmwc jewroÔme apeikonÐseic enìc dianusmatikoÔ q¸rou tìte su-
n jwc, wc gnwstìn, h antistoiqÐa aut  gÐnetai wc proc mia b�sh. Se aut  thn
perÐptwsh èqoume dei ìti den up�rqei b�sh wc proc thn opoÐa o antÐstoiqoc pÐ-
nakac na eÐnai diag¸nioc, ektìc an h T ikanopoieÐ orismènec idiìthtec (fer� eipeÐn
an eÐnai summetrik ). Ja deÐxoume t¸ra ìti an µ1, µ2, . . . , µn eÐnai oi idiotimèc
thc

√
T ∗T tìte p�nta mporoÔme na broÔme dÔo b�seic tou V wc proc tic opoÐec

o pÐnakac thc T èqei th diag¸nia morf 



µ1 0
µ2

. . .
0 µn


 .

Je¸rhma 4.10.11. 'Estw T ∈ L(V ). Tìte up�rqoun dÔo orjokanonikèc b�seic
{v1, . . . , vn} kai {w1, . . . , wn} tou V ètsi ¸ste

T (v) = µ1 < v, v1 > w1 + · · ·+ µn < v, vn > wn
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gia k�je v ∈ V . 'Opou µ1, µ2, . . . , µn eÐnai oi idiotimèc thc
√

TT ∗ me k�je idiotim 
µ na epanalamb�netai dimV (µ) forèc, ìpou V (µ) eÐnai o idiìqwroc thc

√
T ∗T

pou antistoiqeÐ sth µ.

Apìdeixh. SÔmfwna me to Je¸rhma 4.9.3, up�rqei mia orjokanonik  b�sh {v1, . . . , vn}
wc proc thn opoÐa o pÐnakac thc

√
T ∗T eÐnai diag¸nioc, dhlad  (

√
T ∗T )(vi) =

µivi, i = 1, . . . , n. Gia v ∈ V , èqoume

v =
n∑

i=1

< v, vi > vi

kai �ra (
√

T ∗T )(v) =
n∑

i=1
µi < v, vi > vi, v ∈ V .

'Estw t¸ra U mia isometrÐa gia thn opoÐa isqÔei T = U
√

T ∗T . 'Ara èqou-

me T (v) =
n∑

i=1
µi < v, vi > U(vi). Epeid  h U eÐnai isometrÐa to sÔnolo

{U(v1), . . . , U(vn)} eÐnai mia orjokanonik  b�sh tou V .

Par�deigma. Gia thn grammik  apeikìnish T sto prohgoÔmeno par�deigma
2, eÔkola faÐnetai ìti oi idiotimèc thc

√
T ∗T eÐnai 3, 2 kai 0 me dimV (3) =

2, dimV (2) = dimV (0) = 1, �ra µ1 = µ2 = 3, µ3 = 2, µ4 = 0. Gia thn orjoka-
nonik  b�sh {v1 = (1, 0, 0, 0), v2 = (0, 0, 0, 1), v3 = (0, 1, 0, 0), v4 = (0, 0, 1, 0)}
èqoume

(
√

T ∗T )v = 3 < v, v1 > v1 + 3 < v, v2 > v2 + 2 < v.v3 > v3.

EÔkola prokÔptei ìti T = U
√

T ∗T , ìpou U(z1, z2, z3, z4) = (z3, z1, z2,−z4).
'Ara

T (v) = 3 < v, v1 > U(v1) + 3 < v, v2 > U(v2) + 2 < v, v3 > U(v3)

ìpou U(v1) = (0, 1, 0, 0) = w1, U(v2) = (0, 0, 0,−1) = w2

U(v3) = (0, 0, 1, 0) = w3, U(v4) = (1, 0, 0, 0) = w4

Sunep¸c o pÐnakac thc T wc proc tic b�seic {v1, v2, v3, v4} kai {w1, w2, w3, w4}
eÐnai o 



3 0
3

2
0 0


 .
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Probolèc kai h Fasmatik  An�lush twn Kanonik¸n Grammik¸n
ApeikonÐsewn

'Opwc èqei gÐnei fanerì, sun jwc gia na melet soume tic idiìthtec twn gram-
mik¸n apeikonÐsewn tic parist�noume me pÐnakec. Pollèc forèc ìmwc mia tètoia
par�stash den eÐnai arket� apotelesmatik . Se aut  thn perÐptwsh prospa-
joÔme na ekfr�soume th dosmènh apeikìnish sunart sei �llwn aploÔsterwn
apeikonÐsewn. EÐdame ìti mÐa kanonik  grammik  apeikìnish mporeÐ na parasta-
jeÐ apì ènan pÐnaka thc morf c pou dÐdetai sto 4.7.3. T¸ra ja ekfr�soume
autèc tic apeikonÐseic sunart sei aploÔsterwn apeikonÐsewn -twn legìmenwn
probol¸n- oi opoÐec eÐnai mh-arnhtikèc.

An W eÐnai ènac upìqwroc tou V , tìte gr�fontac èna di�nusma v ∈ V
sthn monadik  tou èkfrash v = v1 + v2, v1 ∈ W , v2 ∈ W⊥, to di�nusma v1

onom�zetai h probol  tou v epÐ tou W . H de antistoiqÐa PW : V → W ,
v → v1, onom�zetai probol  tou V epÐ tou W . EÐnai fanerì apì ton orismì
ìti h probol  PW -thn opoÐa ja sumbolÐzoume apl� me P - eÐnai mia apeikìnish.
Epiplèon èqoume to ex c.

L mma 4.10.12. Mia apeikìnish P tou V ston eautì tou eÐnai mia probol 
(dhlad  P = PW , gia k�poion upìqwro W tou V ) an kai mìnon an h P eÐnai mia
mh-arnhtik  grammik  apeikìnish pou ikanopoieÐ th sunj kh P = P 2.

Apìdeixh. 'Estw P = PW , gia k�poio upìqwro W tou V . Gia dÔo dianÔsmata
v, v ∈ V , me v = v1 + v2, v′ = v′1 + v′2, v1, v

′
1 ∈ W , v2, v

′
2 ∈ W⊥, èqoume

th grammikìthta

P (λv + v′) = λv1 + v′1 = λP (v) + P (v′), λ ∈ F,

th summetrikìthta

< P (v), v′ >=< v1, v
′
1 + v′2 >=< v1, v

′
1 >=< v1, P (v′) >, dhlad  P = P ∗,

th jetikìthta

< P (v), v >=< v1, v1 + v2 >=< v1, v1 >≥ 0,

kai isqÔei

P 2(v) = P (P (v)) = P (v1) = P (v), dhlad  P 2 = P.

AntÐstrofa èstw P mia summetrik  grammik  apeikìnish pou ikanopoieÐ th sqè-
sh P 2 = P . Tìte h P eÐnai h probol  tou V sthn eikìna ImP . Pr�gmati,
gr�fontac k�je di�nusma v ∈ V wc

v = P (v) + (1V − P )(v),
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tìte afenìc P (v) = P (P (v)) kai afetèrou (ImP )⊥ = Im(1V − P ), afoÔ gia
k�je P (v) ∈ ImP kai k�je (1V − P )(w) ∈ Im(1V − P ), v, w ∈ V , èqoume

< P (v), (1V − P )(w) > =< v, P ∗(1V − P )(w) >=< v, P (1V − P )(w) >

=< v, P (w)− P 2(w) >=< v, 0 >= 0.

An P eÐnai mia probol  tou V epÐ tou upìqwrou W tìte eÐnai fanerì ìti
h 1V − P eÐnai h probol  tou V epÐ tou k�jetou upìqwrou W⊥ proc ton W .
Epiplèon isqÔei P (1V − P ) = 0. An P1 kai P2 eÐnai dÔo probolèc tou V epÐ
twn upìqwrwn W1 kai W2 antÐstoiqa, tìte h opoiad pote sqèsh pou up�rqei
metaxÔ twn P1 kai P2 mporeÐ na qarakthrisjeÐ apì tic sqèseic pou up�rqoun
metaxÔ twn eikìnwn touc, dhlad  twn W1 kai W2. Gia par�deigma isqÔei to ex c
apotèlesma.

Prìtash 4.10.13. Ta ex c eÐnai isodÔnama
a) P1P2 = 0
b) Oi upìqwroi W1 kai W2 eÐnai k�jetoi metaxÔ touc
g) To �jroisma P1 + P2 eÐnai probol  (kai m�lista P1 + P2 = PW1+W2).

Apìdeixh. An P1P2 = 0, tìte gia w1 ∈ W1, w2 ∈ W2 èqoume

< w1, w2 >=< P1(w1), P2(w2) >=< w1, P1P2(w2 >= 0.

'Estw ìti oi W1 kai W2 eÐnai k�jetoi metaxÔ twn. An w1 ∈ W1, w2 ∈ W2 tìte

P (w1 + w2) = P (w1) + P (w2) = (P1 + P2)(w1) + (P1 + P2)(w2)
= P1(w1) + P2(w2) + P1(w2) + P2(w2) = w1 + w2.

EpÐshc parathroÔme ìti (W1 + W2)⊥ = W⊥
1 ∩ W⊥

2 kai an w ∈ (W1 + W2)⊥

èqoume P (w) = 0. Dhlad  P = PW1+W2 . Tèloc upojètoume ìti h P1 +P2 = P
eÐnai probol , opìte isqÔei (P1 + P2)2 = P1 + P2. 'Ara

(P1+P2)(P1+P2) = P 2
1 +P1P2+P2P1+P 2

2 = P1+P2+P1P2+P2P1 = P1+P2,

dhlad  P1P2 + P2P1 = 0. Sunep¸c èqoume

P1(P1P2+P2P1) = P1P2+P1P2P1 = 0 kai (P1P2+P2P1)P1 = P1P2P1+P2P1 = 0.

Prosjètontac autèc tic dÔo teleutaÐec exis¸seic paÐrnoume P1P2P1 = 0, lìgw
thc P1P2 + P2P1 = 0. 'Ara P1P2 = 0, afoÔ P1P2 + P1P2P1 = 0.
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EpÐshc isqÔei to ex c.

Prìtash 4.10.14. IsqÔei P1P2 = P2P1 an kai mìnon an h P1P2 = P eÐnai
probol  kai m�lista P = PW1∩W2 . Sunep¸c isqÔei P1P2 = PW2 an kai mìnon
an W2 ⊂ W1 kai isqÔei autì an kai mìnon an h diafor� P1 − P2 eÐnai probol .

Apìdeixh. 'Estw ìti P1P2 = P2P1. Tìte gia k�je v ∈ W1 ∩ W2 èqoume
P2P1(v) = P2(v) = v. All� (W1∩W2)⊥ = W⊥

1 +W⊥
2 kai gia v ∈ (W1∩W2)⊥,

v = v1 + v2, v1 ∈ W⊥
1 , v2 ∈ W⊥

2 , èqoume

P2P1(v) = P2P1(v1 + v2) = P2P1(v1) + P2P1(v2) = P2P1(v1) + P1P2(v2) = 0.

Sunep¸c blèpoume ìti W1∩W2 ⊂ ImP2P1 kai (W1∩W2)⊥ ⊂ (ImP2P1)⊥. 'Ara
(W1 ∩W2)⊥ = (ImP2P1)⊥, dhlad  h P2P1 = P1P2 eÐnai h probol  tou V epÐ
tou W1 ∩W2.

AntÐstrofa, èstw ìti h P1P2 eÐnai probol , tìte lìgw thc summetrikìthtac
èqoume

P1P2 = (P1P2)∗ = P ∗
2 P ∗

1 = P2P1.

T¸ra èstw T = 1V − (P1 − P2) = (1V − P1) + P2. Lìgw thc prohgoÔmenhc
Prìtashc 4.10.13, h T eÐnai probol  an kai mìnon an oi upìqwroi Im(1V −P1) =
(ImP1)⊥ kai ImP2 = W2 eÐnai k�jetoi metaxÔ touc. Autì isqÔei an kai mìnon an
(ImP1)⊥ ⊂ (ImP2)⊥ pou eÐnai isodÔnamo me th sunj kh ImP2 ⊂ ImP1, dhlad 
W2 ⊂ W1. Sunep¸c W2 ⊂ W1 an kai mìnon an h 1V − T = P1 − P2 eÐnai
probol  kai m�lista eÐnai h probol  tou V epÐ tou (W⊥

1 +W2)⊥, afoÔ h T eÐnai
h probol  tou V epÐ tou W⊥

1 + W2.

T¸ra apodeiknÔoume mia apì tic shmantikìterec efarmogèc thc ènnoiac thc
probol c pou eÐnai h fasmatik  an�lush miac kanonik c grammik c apeikìnishc
enìc migadikoÔ EukleÐdeiou q¸rou.

Je¸rhma 4.10.15 (Fasmatik c An�lushc). 'Estw V ènac migadikìc Eu-
kleÐdeioc q¸roc. Mia grammik  apeikìnish T tou V eÐnai kanonik  an kai mìnon
an up�rqoun diakekrimènoi migadikoÐ arijmoÐ λ1, λ2, . . . , λs kai s mh mhdenikèc
probolèc P1, P2, . . . , Ps tou V tètoiec ¸ste

a) PiPj = 0, gia i 6= j, 1 ≤ i, j ≤ s
b) P1 + P2 + · · ·+ Ps = I
g) T = λ1P1 + λ2P2 + · · ·+ λsPs.
Epiplèon an T eÐnai mÐa kanonik  grammik  apeikìnish tìte h T èqei mia

kai mìno èkfrash thc morf c g) h opoÐa eÐnai h T = λ1P1 + · · · + λsPs, ìpou
λ1, λ2, . . . , λs eÐnai oi idiotimèc thc T kai Pi, i = 1, . . . , s, eÐnai h probol  tou V
epÐ tou idiìqwrou Vi pou antistoiqeÐ sthn idiotim  λi. Aut  h èkfrash thc T
onom�zetai Fasmatik  an�lush thc T .
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Apìdeixh. 'Estw ìti ikanopoioÔntai oi a), (b) kai g). Tìte

TT ∗ =

(
s∑

i=1

λiPi

)


s∑

j=1

λ̄jP
∗
j


 =

(
s∑

i=1

λiPi

)


s∑

j=1

λ̄jPj




=
s∑

i=1

| λi |2 Pi = T ∗T,

dhlad  h T eÐnai kanonik .
AntÐstrofa, èstw ìti h T eÐnai kanonik  apeikìnish tou V . Tìte, an

λ1, λ2, . . . , λs eÐnai oi idiotimèc thc T , apì to Pìrisma 4.9.5 èqoume

V = V1 ⊕ · · · ⊕ Vs,

ìpou Vi eÐnai o idiìqwroc pou antistoiqeÐ sthn idiotim  λi, i = 1, . . . , s. To
zhtoÔmeno apotèlesma eÐnai �mesh sunèpeia tou Jewr matoc 3.2.8, antikaji-
st¸ntac kat�llhla touc pÐnakec Ei sto 3.2.8 me tic probolèc Pi = PVi kai
af netai wc �skhsh.

Wc �meso apotèlesma thc apìdeixhc tou 4.10.15 paÐrnoume gia tic kanoni-
kèc grammikèc apeikonÐseic to Je¸rhma twn Cayley-Hamilton pou wc gnwstìn
(Kef�laio II) isqÔei gia k�je T ∈ L(V ).

Pìrisma 4.10.16. An T eÐnai mia kanonik  grammik  apeikìnish tìte χT (T ) =
0.

Apìdeixh. IsqÔei χT (λi) = 0, gia k�je idiotim  λi, opìte

χT (T ) = χT (λ1)P1 + · · ·+ χT (λs)Ps = 0,

ìpou T = λ1P1 + · · ·+ λsP eÐnai h fasmatik  an�lush thc T .

EpÐshc �mesh sunèpeia tou 4.10.15 eÐnai ta ex c  dh gnwst� apotelèsmata.

Pìrisma 4.10.17. Mia kanonik  apeikìnish tou V eÐnai summetrik    mia
isometrÐa   antisummetrik  an kai mìnon an oi idiotimèc thc eÐnai antÐstoiqa
pragmatikoÐ arijmoÐ   migadikoÐ arijmoÐ mètrou 1   fantastikoÐ migadikoÐ arijmoÐ.

Apìdeixh. An T = λ1P1 + · · · + λsPs eÐnai h fasmatik  an�lush thc T tìte h
fasmatik  an�lush thc suzugoÔc thc eÐnai T ∗ = λ̄1P1 + · · · + λ̄sPs. Sunep¸c
h sunj kh T = T ∗ eÐnai isodÔnamh me thn λi = λ̄i. En¸ th sunj kh TT ∗ = I,
dhlad  | λi |2 P1 + · · ·+ | λs |2 Ps = P1 + · · · + Ps eÐnai isodÔnamh me thn
| λi |2= 1. Tèloc h sunj kh T = −T ∗ eÐnai isodÔnamh me thn λi = −λ̄i dhlad 
oi idiotimèc thc T eÐnai ìlec fantastikèc.

Ask seic 4.10
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4.11 Tetragwnikèc Morfèc sto Rn

Sthn par�grafo aut  ja doÔme mia efarmog  thc Grammik c 'Algebrac sth
melèth mh grammik¸n exis¸sewn. EpÐshc ja taxinom soume touc pragmatikoÔc
summetrikoÔc pÐnakec wc proc isotimÐa (Je¸rhma 4.11.5).

Ac jewr soume to parak�tw prìblhma.
Na gÐnei h grafik  par�stash thc epÐpedhc kampÔlhc pou orÐzetai apì thn

exÐswsh
7x2 − 6

√
3xy + 13y2 = 16. (1)

'Enac komyìc trìpoc epÐlushc eÐnai na jèsoume

x =
√

3
2

X − 1
2
Y

y =
1
2
X +

√
3

2
Y

opìte met� apì pr�xeic diapist¸noume ìti h sqèsh (1) metasqhmatÐzetai sthn

4X2 + 16Y 2 = 16. (2)

H (2) parist� mia èlleiyh. An jèsoume

P =

( √
3

2 −1
2

1
2

√
3

2

)
=

(
sun30◦ −hm30◦

hm30◦ sun30◦

)
,

tìte èqoume (
x

y

)
= P

(
X

Y

)
. (3)

Wc proc thn kanonik  b�sh tou R2, o pÐnakac P antistoiqeÐ sth grammik  apeikì-
nish R2 → R2 pou “strèfei” to epÐpedo kat� gwnÐa 30◦. Sthn antÐjeth for� me
aut n thc kÐnhshc twn deikt¸n tou rologioÔ. Apì th sqèsh (3) sumperaÐnoume
ìti h zhtoÔmenh grafik  par�stash eÐnai
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ParathroÔme ìti h parap�nw lÔsh sunÐstatai se mia “kal ” epilog  b�shc tou

R2, dhlad  thc

{(√
3

2
,
1
2

)
,

(
−1

2
,

√
3

2

)}
, wc proc thn opoÐa h arqik  exÐswsh

lamb�nei mia “aploÔsterh morf ”. H sqèsh (2) jewreÐtai aploÔsterh apì thn
(1) giatÐ den perièqetai o ìroc XY .
ShmeÐwsh. Sto eÔlogo kai ousiastikì er¸thma “pwc skefj kame th sugkekri-
mènh b�sh tou R2 ” ja apant soume parak�tw.

Orismìc 4.11.1. Mia tetragwnik  morf  tou Rn eÐnai mia apeikìnish q(x) :
Rn×1 → R thc morf c

q(x) =
∑

1≤i≤j≤n

αijxixj

ìpou αij ∈ R kai x = (x1, . . . , xn)t ∈ Rn×1.

Gia par�deigma, oi apeikonÐseic 7x2
1− 6

√
3x1x2 +13x2

2, 5x2
1−x2

2 eÐnai tetra-
gwnikèc morfèc tou R2, all� h 7x2

1 − 6
√

3x1 + 13x2
2 den eÐnai.

'Estw q(x) =
∑

1≤i≤j≤n αijxixj mia tetragwnik  morf  tou Rn. Jètontac

A =




α11
α12

2
α13

2
· · · α1n

2α12

2
α22

α23

2
· · · α2n

2...
...

...
α1n

2
α2n

2
α3n

2
· · · αnn



∈ Rn×n

parathroÔme ìti o pÐnakac A eÐnai summetrikìc kai epiplèon èqoume

q(x) = xtAx,

ìpou x = (x1, . . . , xn)t ∈ Rn×1. EÔkola epalhjeÔetai ìti an B ∈ Rn×n eÐnai
ènac summetrikìc pÐnakac tètoioc ¸ste xtAx = xtBx gia k�je x ∈ Rn×1, tìte
A = B. O A onom�zetai o antÐstoiqoc pÐnakac thc q(x). Gia par�deigma,
o antÐstoiqoc pÐnakac thc tetragwnik c morf c 7x2

1 − 6
√

3x1x2 + 13x2
2 tou R2

eÐnai o
(

7 −3
√

3
−3
√

3 13

)
.

Mia tetragwnik  morf  tou Rn thc morf c

q(x) = α1x
2
1 + α2x

2
2 + · · ·+ αnx2

n

lègetai diag¸nia tetragwnik  morf . Gia par�deigma, an o pÐnakac Λ ∈
Rn×n eÐnai diag¸nioc tìte h tetragwnik  morf  xtΛx eÐnai diag¸nia. Pr�gmati,

an Λ =




λ1 0
. . .

0 λn


, tìte xtΛx = λ1x

2
1 + · · ·+ λnx2

n.
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Allag  metablht¸n
'Estw P ∈ Rn×n ènac antistrèyimoc pÐnakac. Gia k�je x ∈ Rn×1 up�rqei
monadikì x′ ∈ Rn×1 tètoio ¸ste

x = Px′.

'Estw q(x) = xtAx mia tetragwnik  morf  tou Rn. ParathroÔme ìti

x′t(P tAP )x′ = xtAx = q(x) (4)

gia k�je x ∈ Rn×1. Ja lème ìti h tetragwnik  morf  q′(x′) = x′t(P tAP )x′

prokÔptei apì thn q(x) me thn allag  metablht¸n x = Px′ (  ìti antistoiqeÐ
sthn q(x) wc proc thn allag  metablht¸n x = Px′).

Gia par�deigma, apì thn tetragwnik  morf  tou aristeroÔ mèlouc thc sqè-
shc (1) prokÔptei h tetragwnik  morf  tou aristeroÔ mèlouc thc (2) me thn
allag  metablht¸n pou dÐnetai apì thn (3).

Sthn par�grafo 4.7 eÐdame ìti gia k�je summetrikì pÐnaka A ∈ Rn×n u-
p�rqei orjog¸nioc P ∈ Rn×n tètoioc ¸ste o pÐnakac P−1AP eÐnai diag¸nioc.
Epeid  o P eÐnai orjog¸nioc, èqoume P−1 = P t. Sunep¸c an q(x) = xtAx eÐnai
mia tetragwnik  morf , ìpou A ∈ Rn×n eÐnai ènac summetrikìc pÐnakac, tìte
up�rqei orjog¸nioc pÐnakac P ∈ Rn×n tètoioc ¸ste gia k�je x ∈ Rn×1,

x′t(P tAP )x′ = q(x),

ìpou x = Px′, kai o P tAP eÐnai diag¸nioc. An

P tAP =




λ1 0
. . .

0 λn


 ,

tìte
x′t(P tAP )x′ = λ1(x′1)

2 + λ2(x′2)
2 + · · ·+ λn(x′n)2, (5)

ìpou x′ = (x′1, . . . , x
′
n)t. H sqèsh (5) isqÔei gia k�je x′ ∈ Rn×1, afoÔ o

P eÐnai antistrèyimoc. 'Ara èqoume ìti gia k�je z = (z1, . . . , zn) ∈ Rn×1,
zt(P tAP )z = λ1z

2
1 + · · ·+ λnz2

n. Sunep¸c èqoume to ex c apotèlesma.

Je¸rhma 4.11.2. 'Estw A ∈ Rn×n ènac summetrikìc pÐnakac. Tìte

1. Up�rqei ènac orjog¸nioc pÐnakac P ∈ Rn×n tètoioc ¸ste o P tAP eÐnai

diag¸nioc, P tAP =




λ1 0
. . .

0 λn


.
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2. H tetragwnik  morf  pou prokÔptei apì thn q(x) = xtAx me thn allag 
metablht¸n x = Pz eÐnai h

λz2
1 + λ2z

2
2 + · · ·+ λnz2

n.

TonÐzoume ìti, me touc sumbolismoÔc tou prohgoÔmenou jewr matoc, oi

λ1, . . . , λn eÐnai oi idiotimèc tou A, afoÔ o A eÐnai ìmoioc me ton




λ1 0
. . .

0 λn




kaj¸c P−1AP = P tAP =




λ1 0
. . .

0 λn


.

ParadeÐgmata 4.11.3.

1. Anaferìmenoi sto prìblhma pou eÐdame sthn arq  aut c thc paragr�fou,
mia diag¸nia tetragwnik  morf  pou antistoiqeÐ sthn 7x2

1 − 6
√

3x1x2 +

13x2
2 eÐnai h 4z2

1+16z2
2 . Pr�gmati, oi idiotimèc tou pÐnaka

(
7 −3

√
3

−3
√

3 13

)

eÐnai oi 4, 16.

2. JewroÔme thn tetragwnik  morf 

q(x) = 4x2
1 + 2x2

2 + 3x2
3 − 4x1x3 − 4x2x3

tou R3. Tìte q(x) = xtAx, ìpou

A =




4 0 −2
0 2 −2

−2 −2 3


 .

Oi idiotimèc tou A eÐnai 0, 3, 6. Sunep¸c mia diag¸nia tetragwnik  morf 
tou R3 pou antistoiqeÐ sthn q(x) eÐnai h 3z2

2 + 6z2
3 .

3. Na brejeÐ ènac P ∈ R3×3 ètsi ¸ste o pÐnakac P tAP eÐnai diag¸nioc, ìpou
A eÐnai o pÐnakac tou prohgoÔmenou paradeÐgmatoc.
EÐdame ìti oi idiotimèc tou A eÐnai oi 0, 3, 6. Xèroume ìti se diakekrimènec
idiotimèc enìc summetrikoÔ pÐnaka antistoiqoÔn orjog¸nia idiodianÔsma-
ta wc proc to kanonikì eswterikì ginìmeno tou R3. Me upologismoÔc
brÐskoume ìti antÐstoiqa idiodianÔsmata eÐnai ta




1
2
2


 ,




2
−2

1


 ,




2
1

−2


 .
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DiairoÔme kajèna apì aut� me to mètro tou kai sqhmatÐzoume ton pÐnaka

P =
1
2




1 2 2
2 −2 1
2 1 −2


 .

Autìc eÐnai orjog¸nioc. 'Ara P t = P−1. Epeid  o P eÐnai pÐnakac i-
diodianusm�twn pou antistoiqoÔn stic idiotimèc 0, 3, 6 gnwrÐzoume apì thn
par�grafo 2.2 ìti

P−1AP =




0 0 0
0 3 0
0 0 6


 .

'Ara P tAP =




0 0 0
0 3 0
0 0 6


.

Me autìn ton trìpo prosdiorÐsame ton pÐnaka P sto prìblhma pou eÐdame
sthn arq  aut c thc paragr�fou.

Je¸rhma tou Sylvester

'Estw q(x) = xtAx mia tetragwnik  morf  tou Rn, ìpou o pÐnakac A ∈ Rn×n

eÐnai summetrikìc. SÔmfwna me to prohgoÔmeno je¸rhma, up�rqei mia diag¸nia
tetragwnik  morf  pou antistoiqeÐ sthn q(x). Genik� sth q(x) eÐnai dunatìn
na antistoiqoÔn pollèc tetragwnikèc morfèc. Gia par�deigma, sthn tetragw-
nik  morf  7x2

1 − 6
√

3x1x2 + 13x2
2 antistoiqeÐ h 4z2

1 + 16z2
2 , ìpwc eÐdame sto

Par�deigma 14.11.3 1.

Mia �llh diag¸nia tetragwnik  morf  pou antistoiqeÐ sthn 7x2
1−6

√
3x1x2+

13x2
2 eÐnai h w2

1 + w2
2. Pr�gmati, an

P t

(
7 −3

√
3

−3
√

3 13

)
P =

(
4 0
0 16

)
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tìte 
P




1
2

0

0
1
4







t (
7 −3

√
3

−3
√

3 13

)
P




1
2

0

0
1
4




=




1
2

0

0
1
4


P t

(
7 −3

√
3

−3
√

3 13

)
P




1
2

0

0
1
4




=




1
2

0

0
1
4




(
4 0
0 16

)



1
2

0

0
1
4




=
(

1 0
0 1

)
.

EÔkola blèpoume ìti mia diag¸nia tetragwnik  morf  pou antistoiqeÐ sthn 7x2
1−

6
√

3x1x2 + 13x2
2 eÐnai h µ1w

2
1 + µ2w

2
2, gia k�je µ1, µ2 > 0.

'Estw
d(z) = λ1z

2
1 + λ2z

2
2 + · · ·+ λnz2

n

mia diag¸nia tetragwnik  morf  pou antistoiqeÐ sth q(x). Genik� h d(z) exar-

t�tai apì ton pÐnaka P sth sqèsh P tAP =




λ1 0
. . .

0 λn


. EpishmaÐnoume

ìti ta λi den eÐnai anagkastik� oi idiotimèc tou A, giatÐ ed¸ den apaitoÔme na
eÐnai o P orjog¸nioc.

OrÐzoume

rk(d(z)) = #{λi | λi 6= 0}
sign(d(z)) = #{λi | λi > 0} −#{λi | λi < 0}.

Gia par�deigma, èstw h tetragwnik  morf  tou R3, d(z) = 5z2
1−4z2

2−z2
3 . Tìte

rk(d(z)) = 3 kai sign(d(z)) = 1− 2 = −1.

Je¸rhma 4.11.4 (Sylvester). 'Estw q(x) = xtAx mia tetragwnik  morf 
tou Rn, ìpou o A eÐnai summetrikìc. 'Estw d1(z) = λ1z

2
1 + · · ·+ λnz2

n, d2(w) =
µ1w

2
1 + · · · + µnw2

n dÔo diag¸niec tetragwnikèc morfèc pou antistoiqoÔn sth
q(x). Tìte

rk(d1(z)) = rk(d2(w)) kai sign(d1(z)) = sign(d2(w)).
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Apìdeixh. 'Estw ìti h d1(z) prokÔptei apì thn q(x) me thn allag  metablht¸n
x = P1z kai h d2(w) apì thn q(x) me thn allag  metablht¸n x = P2w. Tìte

èqoume P t
1AP1 =




λ1 0
. . .

0 λn


 kai P t

2AP2 =




µ1 0
. . .

0 µn


.

'Eqoume ìti rk(d1(z)) eÐnai Ðsh me thn t�xh tou pÐnaka




λ1 0
. . .

0 λn


.

'Ara rk(d1(z)) = rk(P t
1AP1) = rkA afoÔ o P1 eÐnai antistrèyimoc. 'Omoia,

rk(d2(w)) = rkA. 'Ara rk(d1(z)) = rk(d2(w)).
'Estw r = rk(d1(z)) = rk(d2(w)). QwrÐc bl�bh thc genikìthtac mporoÔme

na upojèsoume ìti

d1(z) = λ1z
2
1 + · · ·+ λtz

2
t − λt+1z

2
t+1 − · · · − λrz

2
r ,

ìpou λ1, . . . , λr > 0, kai

d2(w) = µ1w
2
1 + · · ·+ µsw

2
s − µs+1w

2
s+1 − · · · − µrw

2
r ,

ìpou µ1, . . . , µr > 0. Ja deÐxoume ìti t = s.
Up�rqoun antistrèyimoi P1, P2 ∈ Rn×n tètoioi ¸ste x = P1z kai x = P2w.

Sunep¸c 


w1

w2
...

wn


 = P−1

2 P1




z1

z2
...

zn


 .

'Estw t > s. JewroÔme to omogenèc grammikì sÔsthma

w1 = · · · = ws = zt+1 = · · · = zr = 0

stouc agn¸stouc z1, . . . , zn. To pl joc twn exis¸sewn eÐnai

s + (r − t) = r − (t− s) < r ≤ n.

Sunep¸c to sÔsthma èqei mh mhdenikèc lÔseic. 'Estw ìti mÐa apì autèc eÐnai h

z(0) =




z
(0)
1
...

z
(0)
(t)

0
...
0




.
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Tìte èqoume
d1(z(0)) = λ1(z

(0)
1 )2 + · · ·+ λt(z

(0)
t )2 > 0.

'Estw

w(0) =




w
(0)
1
...

w
(0)
n


 = P−1

2 P1




z
(0)
1
...

z
(0)
(t)

0
...
0




.

Qrhsimopoi¸ntac dÔo forèc th sqèsh (4) èqoume d1(z) = ztP t
1AP1z = xtAx =

wtP t
2AP2w = d2(w), ìpou x = P1z kai x = P2w. Epomènwc

d1(z(0)) =d2(w(0))

=µ1(w
(0)
1 )2 + · · ·+ µs(w(0)

s )2 − µs+1(w
(0)
s+1)

2 − · · · − µr(w(0)
r )2

=− µs+1(w
(0)
s+1)− · · · − µr(w(0)

r )2

≤ 0,

afoÔ w
(0)
1 = · · · = w

(0)
s = 0. Autì eÐnai �topo. 'Ara t ≤ s. Me an�logo trìpo

apodeiknÔetai ìti t ≥ s kai sunep¸c t = s.

'Estw q(x) = xtAx mia tetragwnik  morf  tou Rn kai d(z) = λ1z
2
1 +

· · · + λnz2
n mia diag¸nia tetragwnik  morf  tou Rn pou antistoiqeÐ sth q(x).

SÔmfwna me to je¸rhma tou Sylvester, to pl joc twn mh mhdenik¸n λi den
exart�tai apì th d(z). EÐdame de ìti to pl joc autì isoÔtai me thn t�xh tou
pÐnaka A. To pl joc autì onom�zetai h t�xh thc tetragwnik c morf c q(x)
kai sumbolÐzetai me rk(q(x)).

Apì to je¸rhma tou Sylvester èpetai ìti kai oi akèraioi

#{λi | λi > 0}, #{λi | λi < 0}

den exart¸ntai apì th d(z). H de diafor�

#{λi | λi > 0} −#{λi | λi < 0}

onom�zetai h upograf  thc q(x) kai sumbolÐzetai me sign(q(x))   s(q(x)). O
akèraioc #{λi | λi > 0} onom�zetai o deÐkthc thc q(x) kai sumbolÐzetai me
i(q(x)).
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Par�deigma. Gia na broÔme thn t�xh, thn upograf  kai to deÐkth thc tetra-
gwnik c morf c

q(x) = x2
1 − 2x1x3 + x2

2 − 4x2x3

tou R4 arkeÐ na broÔme ta prìshma twn idiotim¸n tou summetrikoÔ pÐnaka

A =




1 0 1 0
0 1 2 0
1 2 1 0
0 0 0 0


 .

Oi idiotimèc tou A eÐnai oi −4, 0, 1, 1. 'Ara rk(q(x)) = 3, i(q(x)) = 2 kai
s(q(x)) = 2− 1 = 1.

ShmeÐwsh. EÐdame ìti se mia tetragwnik  morf  q(x) = xtAx tou Rn anti-
stoiqoÔn, genik�, pollèc diag¸niec tetragwnikèc morfèc. 'Omwc, sÔmfwna me
to je¸rhma tou Sylvester, autèc èqoun thn Ðdia t�xh r, thn Ðdia upograf  s
kai ton Ðdio deÐkth i. Oi akèraioi r, s, i onom�zontai oi analloÐwtec thc q(x).
Shmei¸noume ìti r = i + (i− s) = 2i− s.
Taxinìmhsh summetrik¸n pin�kwn wc proc isotimÐa

'Estw A ∈ Rn×n ènac summetrikìc pÐnakac. H upograf  thc tetragwnik c
morf c q(x) = xtAx tou Rn onom�zetai h upograf  tou A kai sumbolÐzetai
s(A). An�loga orÐzoume to deÐkth i(A) tou A na eÐnai o akèraioc i(q(x)).
ParathroÔme ìti rkA = 2i(A)− s(A).

'Estw A,B ∈ Rn×n. Ja lème ìti o A eÐnai isìtimoc me ton B an up�rqei
antistrèyimoc P ∈ Rn×n tètoioc ¸ste P tAP = B. EÔkola blèpoume ìti h
sqèsh pou orÐzetai apì

A ∼ B ⇔ o A eÐnai isìtimoc me ton B

eÐnai mia sqèsh isodunamÐac sto Rn×n. Sthn perÐptwsh pou o A eÐnai isìtimoc
me ton B, mporoÔme na lème ìti oi A,B eÐnai isìtimoi.

Gia par�deigma, oi pÐnakec
(

7 1
1 7

)
,
(

8 0
0 16

)
eÐnai isìtimoi afoÔ

(
1 −1
1 1

)t (
7 1
1 7

)(
1 −1
1 1

)
=

(
8 0
0 6

)
.

EpÐshc oi pÐnakec
(

8 0
0 6

)
,
(

1 0
0 1

)
eÐnai isìtimoi afoÔ




1√
8

0

0
1√
6




t (
8 0
0 6

)



1√
8

0

0
1√
6


 =

(
1 0
0 1

)
.
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Oi pÐnakec
(

8 0
0 6

)
,
(

1 0
0 −1

)
den eÐnai isìtimoi (giatÐ?)

Anaferìmenoi sto prìblhma pou eÐdame sthn arq  aut c thc paragr�fou,

oi pÐnakec
(

7 −3
√

3
−3
√

3 13

)
,
(

4 0
0 16

)
eÐnai isìtimoi afoÔ

P t

(
7 −3

√
3

−3
√

3 13

)
P =

(
4 0
0 16

)
.

EÐdame prin ìti k�je summetrikìc pÐnakac A ∈ Rn×n eÐnai isìtimoc me ènan
diag¸nio pÐnaka. 'Estw r = rkA, i = i(A) kai s = s(A). Ja doÔme t¸ra ìti o
A eÐnai isìtimoc me ton diag¸nio pÐnaka




Ii

−Ii−s

0


 . (7)

Pr�gmati, apì to Je¸rhma 4.11.2 up�rqei pÐnakac P ∈ Rn×n tètoioc ¸ste

P tAP =




λ1 0
. . .

0 λn


 . (8)

Apì thn �skhsh 6 mporoÔme na upojèsoume ìti ta λi eÐnai ètsi diatetagmèna
¸ste sth sqèsh (8) na èqoume

λ1 > 0, . . . , λi > 0
λi+1 < 0, . . . , λr < 0
λr+1 = · · · = λn = 0.

JewroÔme ton diag¸nio pÐnaka

B =




1√
λ1

. . .
1√
λi

1√−λi+1
. . .

1√−λr
1

. . .
1




∈ Rn×n.
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Tìte

(PB)tAPB = Bt(P tAP )B = Bt




λ1 0
. . .

0 λn


B =




Ii

−Ii−s

0


 .

ApodeÐxame ìti k�je pragmatikìc summetrkìc pÐnakac eÐnai isìtimoc me ènan
pÐnaka thc morf c (7)

Je¸rhma 4.11.5.

i) K�je summetrikìc pÐnakac A ∈ Rn×n eÐnai isìtimoc me ton pÐnaka



Ii

−Ii−s

0




ìpou i = i(A) eÐnai o deÐkthc tou A kai s = sign(A) eÐnai h upograf  tou
A.

ii) 'Estw A,B ∈ Rn×n dÔo summetrikoÐ pÐnakec. Tìte oi A,B eÐnai isìtimoi
an kai mìnon an

rkA = rkB kai sign(A) = sign(B).

Apìdeixh. i) Autì èqei apodeiqjeÐ sta sqìlia pou prohg jhkan tou jewr ma-
toc.
ii) 'Estw ìti oi A, B eÐnai isìtimoi. Apì th sqèsh B = P tAP , ìpou P antistrè-
yimoc, sumperaÐnoume ìti rkA = rkB.

Up�rqei mia diag¸nia tetragwnik  morf  pou antistoiqeÐ kai sthn tetragw-
nik  morf  xtAx kai sthn xtBx (wc proc duì allagèc metablht¸n). Pr�gmati,
xèroume ìti o A eÐnai isìtimoc me ènan diag¸nio pÐnaka D kai �ra up�rqei a-
ntistrèyimoc Q me QtDQ = A. H diag¸nia tetragwnik  morf  q(z) = ztDz
profan¸c antistoiqeÐ sthn tetragwnik  morf  xtAx. H ztDz antistoiqeÐ kai
sthn xtBx, afoÔ

xtBx = xtP tAPx = xtP tQtDQPx = (QPx)tD(QPx).

'Ara sign(A) = sign(q(z)) = sign(B)
AntÐstrofa, èstw rkA = rkB = r kai sign(A) = sign(B) = s. Apì to i)

tou jewr matoc sumperaÐnoume ìti oi A,B eÐnai isìtimoi me ton diag¸nio pÐnaka



Ii

−Ii−s

0


 ,

ìpou i = i(A) = i(B). 'Ara h A,B eÐnai isìtimoi.
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Epeid  èqoume rk(A) = 2i(A)− s(A) paÐrnoume �mesa to ex c pìrisma.

Pìrisma 4.11.6. 'Estw A,B ∈ Rn×n dÔo summetrikoÐ pÐnakec. Ta akìlouja
eÐnai isodÔnama.

1) Oi A,B eÐnai isìtimoi.

2) IsqÔei rkA = rkB kai sign(A) = sign(B).

3) IsqÔei rkA = rkB kai i(A) = i(B).

4) IsqÔei sign(A) = sign(B) kai i(A) = i(B).

ParadeÐgmata.

1. K�je 2 × 2 pragmatikìc summetrikìc pÐnakac eÐnai isìtimoc me akrib¸c
ènan apì touc parak�tw pÐnakec

(
0 0
0 0

)
,

(
1 0
0 0

)
,

( −1 0
0 0

)

(
1 0
0 1

)
,

(
1 0
0 −1

)
,

( −1 0
0 −1

)
.

2. 'Estw

A =




1 1 3
−1 2 1

3 1 1


 , B =




1 2 1
2 3 2
1 2 1


 , C =




1 0 1
0 1 2
1 2 1


 .

Oi idiotimèc eÐnai

A : 1, 1,−24
B : 1,−1,−1
C : 1, 1,−4

opìte rk(A) = rk(B) = rk(C) = 3 kai i(A) = 2, i(B) = 1, i(C) = 2.

'Ara oi A kai C eÐnai isìtimoi en¸ o B den eÐnai isìtimoc me ton A   ton
C.

Ask seic 4.11

1. Gia k�je mÐa apì tic parak�tw tetragwnikèc morfèc na brejeÐ mia antÐ-
stoiqh diag¸nia tetragwnik  morf .
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i) 5x2
1 + 4x1x2 + 2x2

2 tou R2.
ii) 2x2

1 − 6x1x2 + 5x2
2 − 2x2x3 + 2x2

3 tou R3.

2. Gia k�je ènan apì touc parak�tw summetrikoÔc pÐnakec na brejeÐ ènac
orjog¸nioc P ètsi ¸ste o P tAP eÐnai diag¸nioc

i) A =
(

5 2
2 2

)

ii) B =




2 3 0
3 5 −1
0 −1 2


.

3. i) Exet�ste an oi pÐnakec
(

4
√

3√
3 6

)
,
(

2 4
4 5

)
eÐnai isìtimoi.

ii) D¸ste èna par�deigma dÔo pin�kwn pou eÐnai isìtimoi all� ìqi ìmoioi.
iii) ApodeÐxte ìti dÔo ìmoioi summetrikoÐ pragmatikoÐ pÐnakec eÐnai isì-

timoi.

4. 'Estw q(x) = xtAx mia tetragwnik  morf  tou Rn, ìpou o A eÐnai summe-
trikìc pÐnakac. ApodeÐxte ìti, an q(x) ≥ 0 gia k�je x ∈ Rn×1, tìte k�je
idiotim  tou A eÐnai mh arnhtik .

5. i) 'Estw A =
(

3 −1
−1 3

)
, Na brejeÐ ènac orjog¸nioc pÐnakac P

tètoioc ¸ste o P tAP eÐnai diag¸nioc.
ii) Na gÐnei h grafik  par�stash thc epÐpedhc kampÔlhc pou orÐzetai

apì thn exÐswsh 3x2 + 3y2 − 2xy − 2 = 0.

6. 'Estw




λ1 0
. . .

0 λn


,




µ1 0
. . .

0 µn


 ∈ Rn×n dÔo diag¸nioi pÐna-

kec tètoioi ¸ste up�rqei mia met�jesh σ twn 1,2,...,n ètsi ¸ste gia k�je
i, èqoume µσ(i) = λi. ApodeÐxte ìti oi pÐnakec autoÐ eÐnai isìtimoi.

7. 'Estw A, B ∈ Rn×n. Oi A,B lègontai isìtimoi epÐ tou C an up�rqei
antistrèyimoc P ∈ Cn×n tètoioc ¸ste B = P tAP . ApodeÐxte ìti dÔo
summetrikoÐ A,B ∈ Rn×n eÐnai isìtimoi epÐ tou C an kai mìno an rkA =
rkB.



Sun jeic SumbolismoÐ

F : to sÔnolo R twn pragmatik¸n arijm¸n   to sÔnolo C twn
migadik¸n arijm¸n

F ν×µ : to sÔnolo twn ν × µ pin�kwn me stoiqeÐa apì to F

F ν : to sÔnolo twn diatetagmènwn ν-�dwn me stoiqeÐa apì to F

ê : h kanonik  b�sh tou F ν me th fusik  di�taxh

Ê : h kanonik  b�sh tou F ν×1 me th fusik  di�taxh
Ai : h i gramm  enìc pÐnaka A

A(i) : h i st lh enìc pÐnaka A

V : ènac dianusmatikìc q¸roc epÐ tou F

L(V ) : to sÔnolo twn grammik¸n apeikonÐsewn f : V → V

V (λ) : idiìqwroc miac grammik c apeikìnishc f : V → V   enìc pÐnaka
(f : α̂)   (f : α̂, α̂) : o pÐnakac miac grammik c apeikìnishc f : V → V wc proc th

diatetagmènh b�sh α̂ tou V

χA(x) : to qarakthristikì polu¸numo enìc pÐnaka A

χf (x) : to qarakthristikì polu¸numo miac grammik c apeikìnishc
f : V → V

mA(x) : to qarakthristikì polu¸numo enìc pÐnaka A

mf (x) : to el�qisto polu¸numo miac grammik c apeikìnishc f : V → V

< , >   [ , ] : èna eswterikì ginìmeno
d(u1, u2) : apìstash twn u1, u2

W⊥ : orjog¸nio sumpl rwma tou W

T ∗ : h suzug c miac grammik c apeikìnishc T : V → V

Jλ,µ   Ji : stoiqei¸dhc pÐnakac Jordan

229



230 Sun jeic SumbolismoÐ



BibliografÐa

[1]

[2]

231



232 BibliografÐa



Euret rio

f -analloÐwtoc upìqwroc, 99
Ðsa

polu¸numa, 1

algìrijmoc
diaÐreshc, 7

an�gwgo
polu¸numo, 6

an�lush
poluwnÔmou, 15

analloÐwtec thc q(x), 224
anaparÐstatai, 33
anastrofosuzug , 173
anisìthta tou Bassel, 152
antÐstoiqoc pÐnakac, 217
antistoiqeÐ, 33
antisummetrikèc, 206
apìstash, 147
autosuzugeÐc, 196

bajmìc
poluwnÔmou, 2

deÐkthc, 223
deÐkthc thc f , 119
deÐkthc tou A, 119
diag¸nia tetragwnik  morf , 217
diagwnÐsimh, 55
diagwnÐsimoc, 57
duðk , 171

e.k.p.

poluwnÔmwn, 16
el�qisto polu¸numo, 95
ErmitianoÐ, 196
eswterikì ginìmeno, 140
eujÔ �jroisma, 70
EukleÐdeioc Algìrijmoc, 11

Fasmatik  an�lush, 214

ginìmeno
poluwnÔmwn, 3

grammik� morfèc, 169
gwnÐa, 146

idiìqwro, 68
idiìqwroc, 32
idiodi�nusma, 37
idiodi�nusma , 30
idiotim , 37
idiotim  , 30
isìthta tou Parseval, 152
isìtimoc, 224
isometrÐec, 184
isometrik� ìmoiec, 188
isomorfismìc dianusmatik¸n q¸rwn

me eswterikì ginìmeno, 166

je¸rhma
jemeli¸dec thc 'Algebrac, 22

jemeli¸dec
je¸rhma thc 'Algebrac, 22

k�jeta metaxÔ touc, 144

233



234 Euret rio

k�jeto, 144
kanonik� eswterik�, 140
kanonik , 175
kanonik  morf  Jordan thc f , 127
kanonik  morf  Jordan tou A, 128

m koc, 144
m.k.d.

poluwnÔmwn, 9
megistob�jmioc ìroc

poluwnÔmou, 2
megistob�jmioc suntelest c

poluwnÔmou, 2
metablht 

poluwnÔmou, 1
mh arnhtik  (jetik ), 202
mhdenikì

polu¸numo, 2
mhdenodÔnamh, 119
mhdenodÔnamoc, 119
mon¸numo, 1
monadiaÐa, 150
monadiaÐa-ìmoioi, 188
monadiaÐoc, 186
monikì

polu¸numo, 2

nìmo twn sunhmitìnwn, 146

omoiec, 187
omoioi, 49
orjog¸nio, 150
orjog¸nio �jroisma upìqwrwn, 159
orjog¸nio sumpl rwma, 159
orjog¸nioc, 186
orjokanonik , 151
orjokanonikì, 150
orjomonadiaÐa sÔnola, 150

phlÐko
poluwnÔmwn, 7

polik  an�lush, 208
pollapl�sio

poluwnÔmou, 5
pollaplìthta, 70

rÐzac poluwnÔmou, 21
pollaplasiasmìc

poluwnÔmwn, 2
polu¸numa

Ðsa, 1
sqetik� pr¸ta, 13

polu¸numo
an�gwgo, 6

poluwnÔmou
an�lush, 15
pollapl�sio, 5

prìsjesh
poluwnÔmwn, 2

probol , 212
proshrthmènh, 171

qarakthristikì polu¸numo, 43, 50

rÐza
poluwnÔmou, 20

stajerì
polu¸numo, 2

stoiqei¸dhc pÐnakac Jordan, 122
strof , 192
summetrikèc grammikèc apeikonÐseic,

196
suntelest c

poluwnÔmou, 1
suzug c, 171

t�xh, 223
tetragwnik  morf , 217
tim 

poluwnÔmou, 20
trigwnik  idiìthta   anisìthta, 147



Euret rio 235

upìloipo
poluwnÔmwn, 7

upograf , 223


