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MULTIPHASE SOLUTIONS TO THE VECTOR ALLEN-CAHN EQUATION:
CRYSTALLINE AND OTHER COMPLEX SYMMETRIC STRUCTURES

PETER W. BATES, GIORGIO FUSCO, AND PANAYOTIS SMYRNELIS

ABSTRACT. We present a systematic study of entire symmetric solutions v : R — R™ of the
vector Allen-Cahn equation Au— Wy (u) =0, z € R, where W : R™ — R is smooth, symmetric,
nonnegative with a finite number of zeros, and W, := (0W/duy,..., GW/Bum)T. ‘We introduce
a general notion of equivariance with respect to a homomorphism f : G — I' (G, I reflection
groups) and prove two abstract results, concerning the cases of G finite and G discrete, for the
existence of equivariant solutions. Our approach is variational and based on a mapping property
of the parabolic vector Allen-Cahn equation and on a pointwise estimate for vector minimizers.

1. INTRODUCTION

We study bounded solutions u : R™ — R™ to the vector Allen-Cahn equation
(1.1) Ay —W,(u) =0, z € R",

where W : R”™ — R is a smooth nonnegative multi-well potential that vanishes at N > 1 distinct
points ay,as,---,axy € R™, and W, := (OW/0uy,...,0W/Ou,,)". The stationary Allen-Cahn
equation is formally the L? Euler-Lagrange equation associated to the functional

(1.2) Jo(u) ::/Q(%WUF—H/V(u)) de,

defined on each bounded domain Q C R™ for u € W12(Q,R™).

A complete description of the set of entire solutions of , even in the scalar case m = 1 in
spite of many interesting and deep results (see for example [8] [18] [9] and the references therein),
appears to be an impossible task. In this paper we are mostly interested in the vector case m > 1.
We focus on symmetric potentials and proceed to a systematic discussions of symmetric solutions
that can be determined by minimization of the energy .

The restriction to the symmetric setting has both physical and mathematical motivations. From
the physical point of view we observe that symmetry is ubiquitous in nature and that the modeling
of systems (e.g. materials) that can exist in different symmetric crystalline phases requires the use
of vector order parameters [{]. Symmetric structures are observed at the junction of three or four
coexisting phases in physical space. Similar structures appear at the singularities of soap films and
compounds of soap bubbles.
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From the mathematical point of view, as we discuss in Sec.2, symmetry plays an essential role
in the derivation of pointwise estimate for solutions of . Indeed by exploiting the symmetry
we show, as in [I] and [3], the existence of minimizers of Jg that map fundamental domains in the
domain z-space into fundamental domains in the target u-space. A basic consequence of this is the
existence of minimizers that in certain sub-domains avoid all the minima of W but one. It follows
that in each such sub-domain the potential W can be considered to have a unique global minimum.
This is a key point since, for potentials with two or more global minima, it is very difficult to
determine @ priori in which subregions a minimizer u of Jg is near to one or another of the minima
of W. Even in the scalar case, m = 1, for a potential with two minima this has proved to be a very
difficult question. For instance, this is one of the main difficulties in the problem of characterizing
the level sets of solutions u : R™ — R of the equation

(1.3) Au=u®—u, x € R",
that satisfy the bound |u| < 1 and the conditions
ou
1.4 o— >0,
(1.4) Dz,

a problem related to a celebrated conjecture of De Giorgi [10].

The study of equation under symmetry hypotheses on the potential W was initiated in [6]
and [5] where the existence of a solution u : R? — R? of with the symmetry of the equilateral
triangle was established. Existence of solutions with the symmetry of the regular tetrahedron was
later proved in [I4] for n = m = 3. These solutions are known as the triple and the quadruple
junction states, respectively and, as indicated before with reference to soap films, are related to
minimal surface complexes and in particular to the local structure of singularities where three
sheets meet along a line or where four of these lines meet at a point [20]. Existence of solutions
u : R" — R™ equivariant with respect to a generic finite reflection group G acting both on the
domain and on the target space was studied in [I], [2] and [11].

We introduce an abstract notion of equivariance of maps that includes as a special case the notion
considered in [5], [14] and [I]. We assume there is a finite or discrete (infinite) reflection group G
acting on R™ and a finite reflection group I' acting on R™ and assume there exists a homomorphism
f:G =T between G and I". For the concept of fundamental domain and for the general theory of
reflection groups we refer to [I3] and [16]. We define a map u : R” — R™ to be f-equivariant if

(1.5) u(gx) = f(g)u(z), for g€ G, x € R".

We characterize the homomorphisms which allow for the existence of f-equivariant maps that map
a fundamental domain F' for the action of G on R” into a fundamental domain ® for the action of
I' on R™:

(1.6) u(F) C .

We refer to these homomorphism and to the maps that satisfy as positive. Positive homo-
morphisms (see Definition [1| below) have certain mapping properties that relate the projections
associated to the walls of a fundamental domain F' to the projections associated to the walls of a
correponding region ®. These properties are instrumental to show that minimizing in the class of
f-equivariant maps that satisfy does not affect the Euler-Lagrange equation and renders a
smooth solution of . The proof of this fact is based on a quite sophisticated use of the maximum
principle for parabolic equations that was first introduced in [I9] and [3]. We prove (see Lemma
that, provided f is a positive homomorphism, the L? gradient flow associated to the functional
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preserves the positivity condition . By a careful choice of certain scalar projections of the

vector parabolic equation that describes the above mentioned gradient flow, we show that this fact

is indeed a consequence of the maximum principle. Based on this and on a pointwise estimate from

[1T] and [I2] we prove two abstract existence results: Theorem [3.1] which concerns the case where

G is a finite reflection group and Theorem that treats the case of a discrete (infinite) group G.
From and the f-equivariance of u it follows

(1.7) u(gF) C f(g)®, for g€ G.

Therefore, besides its importance for the proofs of Theorem and Theorem the mapping
property is a source of information on the geometric structure of the vector valued map
u. The fact that holds true in general in the abstract setting of the present analysis can
perhaps be regarded as a major result of our work. Indeed due to the variety of choices for
n and m, the dimensions of domain and target space, of the possible choices of the reflection
groups G and I', and of the homomorphism f : G — I', we will deduce from Theorem and
Theorem the existence of various complex multi-phase solutions of including several types
of lattice solutions. A characterization of all homomorphisms between reflection groups in general
dimensions is not known. For the special case n = m = 2, in the Appendix, we determine all
positive homomorphisms between finite reflection groups and the corresponding solutions of .

The paper is organized as follows. In Sec.2 we discuss the notion of f-equivariance, the concept
of positive homomorphism f : G — I' and give a few examples. In Sec.3 we list the hypotheses
on the potential W and state the main results, Theorem and Theorem that we prove in
Sec.4. In Sec.5 and in Sec.6 we apply the abstract theorems proved in Sec.4 to specific situations
and present a series of solutions of .

We denote by (x,y) the standard inner product of z,y € R¥, k > 1, by |z| = 1/(z,2) the norm
of € R* and by d(z, A) = inf,c 4 |y — x| the distance of z from A C RF.

2. f-EQUIVARIANCE AND THE NOTION OF POSITIVE HOMOMORPHISM

Here and in the following section, together with the abstract concepts and general proofs, we
present simple but significant examples and special cases to help the reader to build a deep under-
standing of the paper. We begin with some examples of f-equivariant maps. We let I, the identity
map of R¥, k > 1. As a first example we observe that, in the particular case where I' = G and the
homomorphism f is the identity, f-equivariance reduces to the notion considered in [5], [14], [,
[2], and [11]:

u(gr) = gu(x), for g€ G, z € R™
The next example is a genuine f-equivariant map. In [4], under the assumption that W is invariant
under the group I' of the equilateral triangle, we constructed a solution u : R? — R? to system

(1.1) such that

(1) u(yz) =~yu(z) for all v € I" (which is the dihedral group D3).

(i) u(—z) = u(z) for all x € R
If we incorporate the additional symmetry (i) in a group structure, this solution can be seen as
an f-equivariant map. Indeed, the regular hexagon reflection group G = Dg contains I' = D3, and
the antipodal map o : R? — R? given by o(z) = —x. Since ¢ commutes with the elements of Ds,
G is isomorphic to the group product {l2,0} x D3. Furthemore, we can define a homomorphism
f: Dg = {I2,0} x D3 — D3, by setting f(v) = v and f(oy) = v, for every v € D3. Then, the
above conditions (7) and (i¢) express the f-equivariance of the solution w in [4].
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Similarly, we can consider the action on R? of the discrete reflection group G’ generated by the
reflections s1, s2 and s3 with respect to the correponding lines Py := {zo = 0}, Py := {z3 = xl/\/g}
and Py := {xy = —/3(2; — 1)} (the dashed lines in Figure . These three lines bound a triangle
F’ with angles 30, 60 and 90 degrees, which is a fundamental domain of G’. The discrete group
G’ contains also all the reflections with respect to the lines drawn in Figure [I} which partition the
plane into triangles congruent to F’.

x> 1

FIGURE 1. The discrete reflection group G’ on the left and the finite reflection
group I' = D3 on the right.

The point group of G’, that is the stabilizer of the origin: {g € G’ : ¢(0) = 0}, is the group
G = Dg, and we have G’ = TG, where T is the translation group of G’. T is generated by the
translations t* by the vectors (%,i@) Now, if we compose the canonical homomomorphism
p: G' — G such that p(tg) = g for every t € T and g € G, with the homomorphism f : Dg — Ds
defined in the previous paragraph, we obtain a homomorphism f’ : G’ — D3. We have in particular

f'(s1) = f(p(s1)) = s1,
(2.1) f'(s3) = f(p(s3)) = p(s3),
f'(s2) = f'(op(s3)) = f(op(ss)) = p(ss),
where p(s3) is the reflection in the line Iy = {ug = —v/3u;}. We note that the image of the line
Py = {z3 = 0} by an f’-equivariant map u : R? — R? is contained in the line IT; := {uz = 0} while
the images of the lines Py = {29 = x1/v/3} and Ps = {25 = —/3(x; — 1)} are contained in the line
Iy := {uz = —v/3u1}. Indeed
r=s1xz = ulz)=u
(2.2) r=sx = u(x)=u(sew)= f(s2)u(z) = p(ss
u

Tr=Ss3xr = u(x) =
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The lines II; and II; define a 60 degree sector ® which is a fundamental domain of the finite
reflection group D3. At a later stage, we will prove the existence of a solution to that maps
the triangle F’ in this sector.

Now we return to the general setting and discuss the notion of positive homomorphism f :
G — T between reflection groups G and I'. Before giving the definition we observe that if s € G
is a reflection we have I,, = f(I,) = f(s)f(s). This and the fact that f(s) is an orthogonal

transformation imply that f(s) is symmetric. Thus f(s) has m ortho-normal eigenvectors v, ..., Uy,
and v; = f(s)f(s)v; = ,u?l/j implies that |p;| = 1 for the corresponding eigenvalues p;, j =
1,...,m. Therefore if we let E C R™ be the span of the eigenvectors corresponding to the eigenvalue

p =1, that is, E = ker(f(s) — I,,) the set of the points fixed by f(s), we have R™ = E @ E+ and
(2.3) f()u=f(s)(ug + (u—ug)) =up — (u —ug) = —u+ 2ug,

where we have used the decomposition © = ug + (v — ug) with ug € F and u —ug € E+. We
can interpret (2.3) by saying that f(s) is a projection with respect to the subspace E or that f(s)
coincides with I,,, on E and with the antipodal map on E*.

Definition 1. Let F' be a fundamental domain of G, bounded by the hyperplanes P,..., P,
correponding to the reflections s1,...,s. We say that a homomorphism f : G — T is positive if
there exists a fundamental domain ® of I', bounded by the hyperplanes Iy, ..., IIx, such that for
every 1 = 1,...,1, there is 1 < k; < k and 1:[1,...,1:[;% € {I,..., I} such that

(2.4) ker(f(s;) = Im) = NjZ,

fi,.
That is, the set of points fixed by the orthogonal map f(s;) is one of the hyperplanes IT;, or the
intersection of several of them.

The property of being positive for a homomorphlsm f is independent of the choice of F. Indeed,
if we take F' = gF, with g € G, then F' is bounded by the hyperplanes gP, ..., gP,, correponding
to the reflections gs;g~!,...,gs;97 . In addition ker(f(gs;g~') — In) = f(g) ker(f(s;) — Ln), thus,
the fundamental domain & = f(g)® can be associated with F , in accordance with the definition.

Note that the choice of ® is not unique, since the homomorphism f can associate F' to ®, or to
—& indifferently.

The homomorphism [/ : G’ — D3 defined above is an example of a positive homomorphism.
Indeed, if we identify F with the triangle F’ and ® with the 60 degree sector {—v/3u; < ug <
0, u; > 0} bounded by the lines IT; and Iy, then expresses the positivity of f’.

It is not true in general that a homomorphism f : G — I' between reflection groups G and T’
is positive. For example the canonical projection p of a discrete reflection group G’ onto its point
group G does not, in general, fulfill this requirement. To see this, let us revisit the discrete reflection
group G’ depicted in Figure [1l We have

p(s1) = reflection in the line IIy,
p(s2) = reflection in the line {ug = u1/\/§},
p(s3) = f(s3) = reflection in the line {uy = —v/3u;},

then p(s;),7 = 1,2,3 are reflections with respect to three distinct lines intersecting at the origin.
Thus, the canonlcal projection p : G’ — G = Dg cannot associate F’ to any fundamental domain
of D¢ (a 30 degree sector).
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3. THE THEOREMS

‘We assume:

Hypothesis 1 (Homomorphism). There exist: a finite (or discrete) reflection group G acting on
R™, a finite reflection group T acting on R™, and a homomorphism f : G — " which is positive in
the sense of Definition[]l We denote by ® the fundamental domain of T that f associates with the
fundamental domain F of G.

Hypothesis 2. The potential W : R™ — [0,00), of class C?, is invariant under the finite reflection
group T, that is,

(3.1) W(yu) = W(u), for ally €T and u € R™.
Moreover, we assume that there exists M > 0 such that W(su) > W (u), for s > 1 and |u] = M.

Hypothesis 3. There exist a € ®, the closure of ®, and ¢* > 0 such that:
(i) 0=W(a) < W(u), for ue ®\ {a} and
(ii) for each v € Sm=1, §™=1 C R™ the unit sphere, the map (0,q*] > ¢ — W(a + qv) has a
strictly positive second derivative.

Hypothesis [2| and [3| determine the number N of minima of W. From Hypothesis [2| we have
W(vya) =0, for v eT.

Therefore, if a € @, that is, a is in the interior of ®, from the fact that y® # ® for v € T'\ {I,,,} it
follows that W has exactly N = |I'| distinct minima, where |G| denotes the order of a group G. If
a € 0P then the stabilizer I'y, = {7 € ' : ya = a} of a is nontrivial and we have N = |T'|/|T4| < |T|
and a is the unique minimum of W in the cone D C R™ defined by

D= Int Uyer, y®.
The set D satisfies
(3.2) for y €I': either YDND =@ or D =D.
It follows that

R™ = U’YGF’}/ﬁ,

that is, R™ is partitioned into N = |I'|/|T'4| cones congruent to D. The cone D C R™ has its
counterpart in the set D C R™ given by
(3.3) D =Int (Uge-1(r,)9F)

which is mapped into D by any positive f-equivariant map u : R” — R™. Indeed, for such a map
implies that u(gF) C D if and only if f(g) € I', or equivalently g € f~(T,).

In the case G =T and f = I, the expression for D reduces to D = Int (Uger, gF) , considered in
[1, [2], and [11].

The set D satisfies the analog of . Therefore also the domain space R"™ is partitioned into
N =|TI'|/|T,]| sets congruent to D.

Let us consider a few examples

(i) if G =T, f is the identity and a is in the interior of ®, then D = ® and D = F.
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(ii)ifm=n=2G=T=D3 ®&®={u:0<uy <V3ui, up >0}, f is the identity and
a = (1,0), then 'y, = {I2, g1} where g1 is the reflection in the line {us = 0}. Therefore
yields D = Int (FU @ F) = {z : |22| < V3z1, 21 > 0}.

(i) if n =m =2, G = Dg = {I,0} x D3, T' = D3, f(v) =~ and f(o7y) = for every v € Ds,
anda € ® = {u:0 < uz < V3uy, uy > 0}, then Ty = {L} and f~1(T,) = {Iz,0}.
Therefore D = ® and D =Int (FUoF) ={z:0 < —HE < %, 1 #0} (F={z:0<
—ZTg < %,1‘1 > O})

(iv) If in the previous example we take a = (1,0) € ® we have I', = {I3,91} and f~1(T,) =
{l2,0,91,001}. Tt follows D = Int (EUgli) = {0 < |ua| < VBuy, u; > 0} and D =
Int(FUGFUgGFUogF)={z:0< || < %}

.

FIGURE 2. The sets F', ®, D and D and their correspondence by an f-equivariant
map in the the examples (i)-(iv).

If G is a discrete (infinite) group, then D has infinitely many connected components. As examples

(iii) and (iv) above show, even when G is a finite group, D does not need to be connected. To
characterize one of the connected components of D, let G¢ C f~(T',) be the subgroup generated
by f~1(T.) N {s1,...,s} and define
(3.4) Dy :=Int Uyega gF.
Since G* is a reflection group generated by a subset of {s1, ..., s}, the set of reflections in the planes
that bound F, the set Dy is connected. To show that Dy is one of the connected components of D
we show that Do and D\ Dy are disconnected. This is equivalent to prove that if s is the reflection
in one of the planes that bound Dy, then s ¢ f~(I',). The definition of Dy implies s = s;5%s; for
some s; € G* and some reflection s° € {s1,..., s} \ f71(T'y) and therefore s = s;s5; = s° € G®
if se f~1(Ty).

For examples (i)-(iv) we have: F'= Dy = D in (i); F C Do = D in (ii); ;F = Dy € D = DoUo Dy
in (iii); F € Do =Int (FUg1F) € D =Dy UoDy in (iv). Figure 2 illustrates these properties.

We are now in a position to state the main results.
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Theorem 3.1. Under Hypotheses[1H3, and assuming that G is a finite reflection group, there exists
an f-equivariant classical solution u to system (1.1), and a positive decreasing map q : [0, +00) — R
with lim,_, o q(r) = 0, such that
(i) w(F) Cc ® and u(D) C D,
(i) lu(x) - al < q(d(2,0D)), for z € D,
(iil) if the matriz D*W (a) is positive definite, then q(r) < Ke™*" for some constants k, K > 0
and therefore |u(z) — a| < Ke *d®9D) = for x € D.
Theorem 3.2. Under Hypotheses |IH3, and assuming that G is a discrete reflection group, there
exists for every R > Ry (a positive constant), a nontrivial f-equivariant classical solution ug to
system
(3.5) Aup — R*W,(ug) =0, forz e R"
such that
(i) ur(F) C ® and ug(D) C D.
(i) |ug(z) —a| < q(Rd(x,0D)), for x € D where q is as in Theorem|3.]
(iil) |ugr(z) — a| < Ke k@) for 4 € D,
for positive constants k, K, provided D*W (a) is positive definite.

The solution ug of (3.5) given by Theorem is periodic. We describe this periodic structure
of ur under the assumption that the positive homomorphism f satisﬁesﬂ

(3.6) f(t) = I, for teT.
This covers the examples that we present below. On the other hand we are not aware of positive

homomorphisms that do not satisfy (3.6]). Assuming (3.6)), if G = TGy with G the point group of
G and T its translation group we have

ugr(tx) = ugr(x), for teT, x €C

where -
C =Int Ugeg, gF

is the elementary cell. C'is a convex polytope that satisfies
tCNC =g, for teT\{IL,}

and defines a tessellation of R™ as the union of the translations tC, t € T of C: R" = UcrtC. In
this sense we can say that ug has a crystalline structure and that C is the elementary crystal.

Let us illustrate Theorem [3.2] with the help of the example described in Sec.2, where the discrete
reflection group G’ acts on the domain z-plane while the finite reflection group I' = D3 acts on
the target u-plane. We have already verified that the homomorphism f’ : G’ — T' is positive
and therefore Hypothesis [I] is satisfied. When Hypotheses 2H3] also hold, Theorem [3.2] ensures the
existence, for every R sufficiently large, of a nontrivial f’-equivariant solution ug to , such
that ur(F’) C ®. By f’-equivariance, the other fundamental domains of G’ are mapped into

1 For an example of a homomorphism that does not satisfy 1' take I' = {Im,~} with 7 the reflection in the
plane {u; = 0} and G = (sj)jcz = T'Go where s; is the reflection in the plane {1 = j}, T is the translation group
generated by the translation ¢g by the vector (2,0,...,0) and Go = {In, so}. Define f: G — T by

f(to) = f(s25) =,
f(s2j41) = Im.
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fundamental domains of I" as in Figure [3] Properties (i) and (iii) state that for every « € D, ug(z)
approaches as R grows, the unique minimum a of W in ®, with a speed that depends on d(z,dD).
If for instance the potential W has six minima (one in the interior of each fundamental domain of
Ds3), then the set D is the union of the fundamental domains of G’ with the same colour (cf. Figure
[3|1eft) and D is the sector with the same color of D (cf. Figure[3|right). If a lies on the boundary of
the fundamental domain of Ds, for instance a = (1, 0) then D is the 120 degree sector that contains
a and D is the union of all fundamental domains (triangles) with the same colors of the two sectors
that compose D. For this example condition is satisfied and the elementary crystal C, is the
hexagon determined by the fundamental domains (triangles) whose closure contains 0 € R2.

FIGURE 3. Fundamental domains for the actions on R? of G’ (left) and D3 (right).
The f’-equivariant solution ug of (1.1]) given by Theorem [3.2] maps fundamental
domains into fundamental domains with the same color.

To give a first application of Theorem consider the particular case where G = Dg = {I5,0} x
D3, T'= Ds, and f the positive homomorphism defined by f(v) =+, f(ovy) =7, for every v € Ds.
Figure [2| (iii) and (iv) shows the correspondence of the fundamental domains by f- equivariant
solutions u of when the potential W has respectively six and three minima. The case of W
with three minima when w has a six-fold structure, see Figure [2| (iv) was first considered in [4].
Other examples of application of Theorem and Theorem are given in Sec.5 and Sec.6.

4. PROOFS OF THEOREM [3.1] AND THEOREM
Step 1 (Minimization).

In the case where G is a finite reflection group, we first construct the solution in a ball B C R"
of radius R > 0 centered at the origin. We set Fr = F'N Br and define the class

AR = {u € Wh2(Bg,R™) : u is f-equivariant and u(Fg) C 6}

in which we have imposed the positivity constraint u(F ) C ®. Then, we consider the minimization
problem

: B 1 2
min JBg, where Jg, (u) = /BR <§|Vu| + W(u)) dz.
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Since AT is convex and hence weakly closed in W2(Bg, R™), a minimizer ug exists, and because
of Hypothesis [2] we can assume that

(4.1) lur(z)] < M.

In the case where G is a discrete reflection group, we can work directly in the fundamental
domain F'. Suppose first that F' is bounded. Then, we consider the class

A= {ue W2(R",R™) : uis f-equivariant and such that u(F) C @},

oc

and choose a minimizer ug of the problem
1
min Jf, where Jf(u) :/ <§|Vu|2 + R?W(u)) de,
F

satisfying the estimate (4.1).
Now, suppose that F' is not bounded. This implies that all the reflection hyperplanes of G are
parallel to a subspace {0}” x R C R" (with v +d = n, d > 1), and that G also acts in R”. Since
F = F, x R, with F, C R” bounded, we have, according to the preceding argument, a minimizer

vg : RY — R™ of

1
TE () = / (51Ve.o? + RBW ) da,
F,

1,2

_t _ ocC
f-equivariant and satisfy v(F,) C ®. Then, we set ug(z) := vg(x,), where = (z,,24) € R™.

in the analog of A with n replaced by v, that is, the class of W 7(R”,R™) maps v, which are

Step 2 (Removing the positivity constraint with the gradient flow).

To show that the positivity constraint built in A® (or A) does not affect the Euler-Lagrange
equation we will utilize the gradient flow associated to the elliptic system. In the case where G is
a finite reflection group we consider

% :Au—Wu(u), in B}{>< (0500)7
ou

(4.2) T =0, on dBg x (0, 00),
u(z,0) = uo(z), in B,

where 0/0n is the normal derivative.
In the case where G is a discrete reflection group, we consider

9u = Au— R*W,(u), inR" x (0, 00),
(4.3) ot
u(z,0) = up(x), in R™.

Since W is C3, the results in [15] apply and provide a unique solution to (4.2 (or (4.3)) which is
smooth if we assume that ug is globally Lipschitz. In the next two lemmas we will establish that
the gradient flow preserves the f-equivariance and the positivity of a smooth initial condition.

Lemma 4.1. Under Hypothesis[3, if the initial condition ug is a smooth, f-equivariant map, then
for every t > 0, the solution u(-,t) of problem (4.2) (or (4.3)) is also f-equivariant.
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Proof. We only write the proof for , since it is identical for . Let ¢ € G and v =
f(g) € T < O(R™). We are going to check that for every x € Bg and every t > 0, we have
u(gr,t) = yu(x,t) or equivalently u(x,t) = v u(gz,t). Let us set v(x,t) := v u(gx,t). Since g is
an isometry, Av(z,t) = v (Au)(gz,t). On the other hand, we have %(m,t) = VT%(gx,t), and

utilizing the symmetry of the potential: W, (v(z,t)) = v W, (u(gz,t)). Finally, we see that for

0
x € OB and t > 0, 8—v(x,t) = 'yTa—u(gx,t) = 0. Thus, v is also a smooth solution of (4.2)) with
n gn
initial condition vy(z) = v ug(gz) = ug(x), and by uniqueness u = v. O

Lemma 4.2. Under Hypotheses[1H{3, and assuming that the initial condition ug is a smooth map,
we have:

o uy € AR = wu(-,t) € AR, Vt >0, when G is a finite reflection group.

o uy € A= u(,t) € A, Vt >0, when G is a discrete reflection group.

Proof. We first present the proof in a specific case where the argument can be described with
simpler notation and then consider the abstract situation and give the proof for the general case.
The case we discuss first is the example of Sec.2 where we have the discrete reflection group G’
acting on the domain, I' = D3 acting on the target, and the homomorphism f' : G’ — I'. We
conserve the notation of Sec.2 and refer to Figure [I] and to the comments following Theorem
In particular, we still denote by F’ the fundamental domain of G’ and by f’ the homomorphism
G’ — T (which are denoted by F and f in the statement of Theorem and in the first step of its
proof). We also denote by p; and ps the outward unit normals to the lines II; and IIs that bound
the fundamental domain ® of T'. Let II3 = {us = \/gul} be the third reflection line of I" and let
p3 = (—/3/2,1/2) L1I5. From and the symmetry of W given by , it follows that for
every j = 1,2, 3, the projection hj(z,t) := (u(x,t), p;) satisfies the linear scalar equation:
% =0in R? x (0, +00),
with ¢ = R%c; and ¢; (cf. below) continuous and bounded on R? x [0, T, for every T' >0 .
Now, suppose that for some to > 0, u(.,tp) does not belong to the class A.
In order to have equations with nonpositive coefficients, we do the standard transformation and
set h;(x,t) := e *h;(z,t), where the constant A is chosen larger than sup{c;(z,t) | x € R?, t €
[0,t0], 7 =1,2,3}. Then, we have

B

%f:omR2xmmemm§:quga

Let p := max{d(e Mu(z,t),®) | € F’, t € [0,%9]} > 0, and suppose that this is achieved at
T € I/ at time £ € (0,t] (since up € A). Define

Ah]‘ + C;hj —

(4.4) Ahj+ & h; —

U= e_)‘fu(i‘,t), pi= | K

where © is the unique point of d® (since ® is convex) such that d(@,?) = p. According to the
direction of p, we distinguish the following cases:
(i) If p = p1, then ¥ € II; N ® and we define w := {(z,t) € R? x (0,t] : (e Mu(x,t),p1) > 0}.
Clearly, (#,1) € w which is relatively open in R? x (0, to].
(ii) If p = pa, then © € Iy N ®. Similarly, define w := {(z,t) € R2 x (0,o] : (e Mu(x,t), p2) >
0}, and we have (Z,#) € w which is relatively open in R? x (0, ).



12 PETER W. BATES, GIORGIO FUSCO, AND PANAYOTIS SMYRNELIS

(iii) If p = p3, then © = 0. We check that (%,%) € w := {(z,t) € R? x (0,to] : (e Mu(x,1), p3) >
0}, which is relatively open in R? x (0, ¢o].
(iv) If p = a1p1 + agps with oy, az > 0, then © = 0 and we define
w = {(z,t) € R? x (0,t0] : (e Mu(x,t),p;) > 0 for j =1 and j = 3}. Thanks to the fact
that (p1, p3) > 0, we have again (#,7) € w which is relatively open in R? x (0, to].
(v) I, p = agps + azps with as,az > 0, then © = 0 and we define w in a similar way.
We want to apply the maximum principle to h(z,t) := (e~ *u(x,t), p) in a neighborhood of (z,1).
In the cases (i), (ii) and (iii) above, the equation trivially holds in w. In the cases (iv) and
(v), we have the inequality

2 . Oh
Ah+&h— %0 > 0inw, with & = max{& | j =1,2,3} <0.
Indeed, we can check that for instance in the case (iv):

- - Oh - -
Ah+c¢h— E = al(E* — 5{)}“ + 0[3(6* — ég)hg >0, V((E,t) € w.

At this stage, the fact that ® is an acute angle sector (i.e. (p1,p2) < 0) is essential to conclude
the proof. This property implies that

(4.5) aeIl; (with j =1,2) = 0, p €11,
and as a consequence
(4.6) f'(si)¢T,=2¢P,
where P; (i = 1,2,3) is a line bounding F”, corresponding to the reflection s; € G’. To show (4.6]),
suppose that & € P;. Then, s,(Z) = &, and by f’-equivariance
u(#,7) = ulsi(@),8) = [ (s:)u(@, D)  u(@, D) € ker(f/(s:) — I).
Since ker(f’(s;) — I2) is either the line II; or the line II (cf. Hypothesis [I), we deduce thanks to
(4.5) that
p € ker(f'(s;) — ) & f'(si) € Ty

Property (4.6]) will enable us to locate & in F’. Let G’ be the subgroup of G’ generated by the

reflections s; (i = 1,2,3) such that f'(s;) € I'). By f’-equivariance we have

1= h(z,t) = max{h(z,t) : x € Ugeé,gﬁ, t € [0,t0]}

But now z € Int (U gecr gﬁ), thus thanks to the maximum principle for parabolic equations

applied in w, we can see that iL(x,f) = pu, for * € Bs(%) N F’ (where § > 0). To finish the proof,
we are going to show that the set S := {y € F : h(y,) = u} is relatively open. Indeed, let y € S
and let w be the projection of e~ *u(y,t) on ®. We have e~ *u(y,1) — w = up, and repeating the
above argument we find h(x,) = p, for # € Bs:/(y) N F’ (where & > 0). Thus, by connectedness
h(.,t) = > 0 on F’ which is a contradiction since (0,%) = 0.

Let us now give the proof of the Lemma for arbitrary groups. We just present it when G is a
finite reflection group since it is similar for discrete reflection groups. We will need to apply the
maximum principle to some projections of the solution u. We denote by p1,..., pr the outward
unit normals to the hyperplanes Iy, ..., II; that bound the fundamental domain ® (see Definition
. We also consider the collection IIy, ..., II; (k < q) of all the reflection hyperplanes of I', and
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choose for j > k, a unit normal p; to II;. Since the potential W is symmetric, we know that for
every j =1,...,q, the projection hj(z,t) := (u(z,t), p;) satisfies the linear scalar equation:

Oh,
—2 =01in Bg x (0, +0c0),

Ahj + thj — ot

with
(47) o= W (14 (5 — D) {uspy )y s, ).

From this formula, one can see that ¢; is continuous and bounded on By x [0,T7], for every T > 0.
Now, suppose that for some tq > 0, u(., o) does not belong to the class A%.
In order to have an equation with a nonpositive coefficient, we again do the standard transfor-
mation and set h;(x,t) := e *h;(x,t), where the constant A is chosen bigger than sup{c;(z,t) :
x € By, t€[0,t], j=1,...,q}. Then, we have

. - hs
Ahj+éjhj —% =0in BR X (O,to], with Ej =Cj —)\SO

Let p = max{d(e Mu(z,t),®) | x € Fg, t € [0,%0]} > 0, and suppose that this is achieved at
T € Fg at time ¢ € (0,o] (since ug € Ag). Define
where ¥ is the unique point of 9P (since ® is convex) such that d(a,0) = p. We will apply the
maximum principle to h(x,t) := (e Mu(z,t),p) in a neighborhood of (Z,%) in Br x (0,ty]. To
do this, in analogy to what was done in the special case considered above we need to consider
various possibilities for the unit vector p. If © belongs to the interior of a m — p dimensional face
ILHn...NIL,N® (1 <p <k) of &, then, using also that p1,...,px are linearly independent, we
have
pLE, E:=T,N...N1T,, thatis, p€ E* =Rp; ©... ©Rp,
where Rp; = {z : © = tp;,t € R} and E* is the orthogonal complement of E. Let I be the subgroup
of I' generated by the reflections with respect to the hyperplanes 1I,...,1I,. The elements of I
leave invariant the subspace F, and actually I' acts in E+. Let N D {#£p1,...,+p,}, be the set of
all the unit normals to the reflection hyperplanes of I'. We claim that
p=oaiv +...+opys, with 1 <p<p, ai,...,a5 >0, v1,...,v5 €N,

(4.8)

and (v;,v;) >0, for 1<i,5<p.

Given p linearly independent vectors v1,...,v, € N we denote by C(v1,...,v,) the cone
(4.9) Clv,...,vp) i ={oann + ...+ oprp | o1,...,q > 0}
To prove the claim we start by observing that (since p1,..., p, are linearly independent) we have
p € C with
C=C(p},---,pp), with pi=p; or —p;, j=1,...,p.

To conclude the proof we show that C can be partitioned in cones of the form (4.9) that satisfy the
condition

(4.10) Cv,...,vp) NN ={v1,..., 0}
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Note that lb and the fact that T is a reflection group automatically imply
(vi,vj) >0, for 1<4,j<p.

Indeed N is invariant under T' (N is the root system of I') and therefore (v;, v;) < 0 implies that the
reflection v & {v;,v;} of v; in the hyperplane orthogonal to v; belongs to both N and C(v1,..., 1)
in contradiction with . If C does not satisfy there exists v € N that (possibly after
a renumbering of the vectors pf, ... ,p;,) has the form v = ajp] + ... + aﬁpg with 2 < p < p,
ay,...,p > 0 and we can partition C into the p cones C; = C(p, ..., 0i_1,VsPiy1s---1Pp), I =
1,...,p defined by the linearly independent vectors pi,...,p;_1,v, 0} 1,50 @ = 1,...,p. If C;
does not satisfy we partition C; in the same fashion used for C and continue in this way.
Note that at each step (if some of the cones of the partition does not satisfies (4.10)) the number
of vectors in IV used to generate the cones of the partition increases by one. Therefore, since N is
a finite set, the process terminates after a finite number of steps exactly when all the cones of the
partition satisfy . This conclude the proof of the claim.
Since @ € E, it follows that (with v; ..., v; the vectors in ({.8))

(#,1) € w:= {(x,t) € Br x (0,t0] | <e_’\tu(x,t)71/j> >0,Vj=1,...,p}

which is relatively open in Br x (0,%], and in addition we have

- Oh
Ah—i—éh—aZOinw, with ¢ =max{¢; | j=1,...,¢} <0.

At this stage, the fact that ® has acute angles (i. e. (p;,p;) <0 for 1 <i < j < k) is essential to
conclude the proof. This property implies that
(4.11) i el (with1<j<k)= v, pell,
and as a consequence
(4.12) f(si) gLy =T ¢ P,
where P; is, as in Definition[1] a hyperplane bounding F' corresponding to the reflection s; € G. To
show (4.12)), suppose that € P;. Then
u(Z,t) € ker(f(si) — In) by f-equivariance,
and thanks to Hypothesis |1| and (4.11)),
p € ker(f(s;) — Im) = f(si) € T'p.

Property (4.12) will enable us to locate  in Fz. Let G be the subgroup of G generated by the

reflections s; (i =1,...,1) such that f(s;) € I',. By f-equivariance we have

p=h(z, 1) = max{h(z,t) | z € U,eadFr, t € [0,t0]}-

But now, either & € Int (UQEGQTR) or & € Int (Ugeégf> NOBr. In both cases, we can see, thanks

to the maximum principle for parabolic equations applied in w and thanks to Hopf’s Lemma, that
h(z,t) = p, for € Bs(#) N Fr (where § > 0). To finish the proof, we are going to show that the
set S := {y € Fr | h(y,t) = p} is relatively open. Indeed, let y € S and let w be the projection

of e_’\fu(yf) on ®. We have e Mu(y,t) — w = up and according to the preceding argument

h(z,t) = p for € By (y) ﬂ@ (where ¢’ > 0). Thus, by connectedness h(.,t) = u > 0 on Fg
which is a contradiction since h(0,%) = 0. O
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If the initial condition in (respectively ([4.3)) is a W'?(Bg, R™) (respectively, W2 (R R™)),
bounded map, then the solution to (respectively, (4.3))) belongs to C([0, ), W12(Bg,R™))
(respectively C([O,oo),ﬂfl})’f(R”,Rm))), and is smooth for ¢ > 0. We are now going to take the
minimizer ug constructed in Step 1, as the initial condition in (respectively ) Thanks
to Lemma below (and to its analog for discrete reflection groups), we can construct a sequence
of smooth, f-equivariant, and positive maps (uy) which converges to ug for the W12 norm, as
k — oo. Applying then Lemmas and to ug, and utilizing the continuous dependence for
the flow of the initial condition, we obtain that the solution to (4.2) (respectively ), with ini-
tial condition ug, is f-equivariant and positive, that is, u(-,t;ug) € AR, for t > 0 (respectively
u(-,t;ug) € A, for t > 0).

Lemma 4.3. Let u € WH2(Bg,R™) N L>®°(Bg,R™) be a f-equivariant map such that u(Fg) C ®.
Then, there erists a sequence (u) C C(Bgr,R™) of globally Lipschitz maps with the following
properties:

(i) ug is f-equivariant,

(i) NukllroeBrrm) < lullpe (B rm),

(il) uk(Fr) C @ (positivity),

(iv) ug converges to u in W2(Bg,R™), as k — oo.
Proof. See Proposition 5.2 in [3]. O

Thanks to the fact that ug is a global minimizer of Jg, (respectively J&) in A® (respectively
A), and since u(-,t;upr) is a classical solution to (4.2) (respectively (4.3)) for ¢ > 0, we conclude
from the computation

(4.13) gJBR(u(-,t)) = —/ lug|* do | respectively gJ]ff(u(~,t)) = —/ ug)? o

a . at .
that |us(z,t)| =0, for all x € Br (respectively x € F') and ¢ > 0. Hence, for ¢ > 0, u(-, t) satisfies
(4.14) Au(z,t) — Wy (u(z,t)) =0 (respectively Au(z,t) — R*W, (u(z,t)) = 0).

By taking t — 0+ and utilizing the continuity of the flow in W12(Bg, R™) (respectively VVI})E (R™,R™))
at t = 0, we obtain that ug is a f-equivariant, classical solution to system (respectively )
satisfying also ur(Fr) C ® (respectively ur(F) C ®).

If G is a finite reflection group, from the family of solutions up € C3(Bg,R™), R > 1 we can
deduce the existence of an entire f-equivariant classical solution u € C3(R",R™) to system
defined by
(4.15) u(r) = lim wug,(z),

Jj—+oo
where R; — +o00 is a suitable subsequence and the convergence is in the C? sense in compact
subsets of R™. This follows from the fact that up satisfies the bound

(416) ||URH02+a(BiR’Rm) < Ml?

for some o € (0,1) and M’ > 0 independent of R > 1. The estimate (4.16) follows by elliptic
regularity from (4.1), from the assumed smoothness of W and from the fact that 9Bp is uniformly
smooth for R > 1. The solution u satisfies also: u(F') C ®.

Step 3 (Pointwise estimates).
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From Step.2 to complete the proof of Theorem [3.1] and Theorem [3.2]it remains to prove that the
entire solution u to system (|1.1) and the solution ug to system (3.5|) satisfy the pointwise estimates
stated in Theorem [3.I] and Theorem [3:2] respectively. For establishing these estimates we utilize the
following theorem that we quote from [12]. We need the concept of local minimizer
Definition 2. Let  C R™ an open set. A map u € C?(£;R™) N L>(Q,R™) is a local minimizer if
(4.17) Jor (u) < Jar(u+v),
for all v € Wy *(Q,R™) N L>®(,R™) and for all smooth bounded open subset ' C €.
Theorem 4.4. Assume W : R™ — R is a nonnegative C°® potential and that W(a) = 0 for some
a € R™ satisfying condition (ii) in Hypothesis[3 Let Z C R™ be the set Z = {z # a : W(z) = 0}
and let Zs = U,czB. s a d-neighborhood of Z.

Assume that u : Q — R™ is a local minimizer and that there is M > 0 such that
(4.18) lul + [Vu| < M, ze€Q

Then there is a ¢ € (0,q*] and a strictly decreasing continuous function r : (0,q] — (0,00),
lim,_,o+ 7(q) = 400, such that the condition
(4.19) Br(q) (xg) CQ and u(Br(q) (x0))NZs = 2,
implies

|u(zo) — al < q.
The map r depends only on W and M if Z = & and also on § otherwise.

Moreover, if a is nondegenerate in the sense that D*W (a) is positive definite, then there exists
a constant kg > 0 such that

(4.20) r(q) <r(@) + kiouogg,\, g€ (0,q.

Remark 4.5. The map r has a strictly decreasing inverse q : [r(q),+o0) — (0,q]. If a is nonde-
generate implies

(4.21) q(r) < Koe ™" r € [r(q), +o0),

for some Kg > 0.

For the proof of Theorem [1.4] we refer to [12], [I1]. In [I2] the proof is for the case of a generic
potential and covers all cases where Dy = F'. To treat the general case F' C Dy one needs to show
that Theorem holds true in the case of symmetric potentials and f-equivariant local minimizers.
In [T1] the validity of Theorem is established for symmetric potential and f = I. The arguments
in [I1] extend naturally to cover the general case of f-equivariance.

If G is a finite reflection group we apply Theorem @ to ur with Q = Dy g := Dy N B and
Z = {ya}yer \ {a}. From Step.2 we have ur(Fr) C ® and therefore by f-equivariance

(422) 'U/R(ﬁO,R) C uR(ﬁR) C U,\/epa’ya =D.
Since by Hypothesis[3] as we have seen, a is the unique minimizer of W in D it results
(423) UR(DO,R) NZs =4, for § = d(a, 82)) > 0.

This, the bound (4.16) and Theorem [4.4] imply
(4.24) lur(z) —a| < q(d(z,0Do,r)), € Do,g,
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for some positive function » — ¢(r) that does not depend on R. Therefore the inequality
passes to the limit along the sequence ug; that defines the entire solution u. This and the f-
equivariance of u establish (ii). The exponential estimate (iii) follows from Remark The proof
of Theorem [3.1] is complete.

Assume now that G is a discrete group. In this case the fundamental domain can be bounded
as for the group G’ considered in Section [2| or unbounded as for the group G generated by the
reflections in the plane {x; = 0} and {1 =1} of R", n > 1 where FF = {z € R" : 0 < 21 < 1}. For
establishing the estimates (ii) and (iii) in Theorem it suffices to consider the case where F is
bounded. For R > 0 define

vr(y) = ur(%), y € R",
(4.25)
FE={yecR": % cF},

and let GF the discrete reflection group generated by the reflections in the planes Pf, .. .,PZR
that bound F. There is an obvious group isomorphim 7% : G — G between G¥ and G and the
minimality of ug implies that vp € I/Vli)f (R™,R™) is a local minimizers in the class of ff-equivariant
maps where ff := f onft. Therefore vy is a solution of

(4.26) Av —Wy(v) =0, in R™
This, (4.1) and elliptic regularity implies
(4.27) |Vogr| < M', in R",

for some M’ > 0 independent of R. As before we have
UR(E()) C U’yGFa76 = 5,

or equivalently

(4.28) vr(Dy) € D,

where Eff = Ugega (nR)_l(g)FR. From it follows

(4.29) vr(DE)N Zs = @, for § =d(a,dD) > 0.

Therefore we can apply Theorem to vg with Q = D and deduce, for R > Ry :=r(q)
(4.30) lvr(y) — a| < q(d(y,8Dy)), y € D,

which is equivalent to

(4.31) lug(x) —a| < q(Rd(x,0Dy)), x € Dy.

The rest of the proof is as in the case of G finite discussed before. The proof of Theorem is
complete.

5. THREE DETAILED EXAMPLES INVOLVING THE REFLECTION GROUP OF THE TETRAHEDRON

5.1. Preliminaries. In this subsection we recall some properties of the group of symmetry of a
regular tetrahedron and the group of symmetry of a cube.

Let 7 be the group of symmetry of a regular tetrahedron A;AsAszAs4 (with A; = (1,1,1),
Ay = (-1,-1,1), A3 = (1,—1,-1), Ay = (—1,1,—1)) which can be inscribed in a cube centered
at the origin O (see Figure {]). The order of T is |T| = 24 and T is isomorphic to the permutation
group Sy. The 24 elements of T are associated to the following elements of Sy:

e I3 the identity map of R3, corresponds to the unit of Sy (I3 fixes the 4 vertices),
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e the 8 rotations of angle +27/3 with respect to the axes OA; correspond to the 3-cycles
(j k1) (only the vertex A; is fixed),

o the 6 reflections with respect to the planes OA;A; correspond to the transpositions (k [)
(the vertex A; and A; are fixed),

e the 3 symmetries with respect to the coordinate axes correspond to the permutations
(@ j)(k 1) (no vertex fixed),

e a reflection with respect to the plane O Ay A; composed with a rotation with respect to the
axis OA; corresponds to one of the six 4-cycles (i j k 1) (no vertex fixed).

Since there exists a homomorphism between the permutation groups S4 and S3, and since Sj3 is
isomorphic to the dihedral group Ds which is the group of symmetry of an equilateral triangle in
the plane, we also have a homomorphism ¢ : 7 — Dj3. ¢ associates:

e 3 and the symmetries with respect to the coordinate axes to I
(i.e. ker ¢ = {I5 and the three symmetries with respect to the coordinate axes}),
e the rotation of angle 27 /3 with respect to the axis OA; to the rotation p of angle 27/3 in
the plane,
o the reflections with respect to the planes OA; Ay and O Az A, to the reflection o : R? — R?
in the uy axis (cf. Figure []),
e the reflections with respect to the planes OA; A4 and O A A3 to the reflection o1 = poy,
e the reflections with respect to the planes OA; Az and OA; Ay to the reflection oy = p?oy.

Let K be the group of symmetry of a cube centered at the origin O with vertices at the points
(£1,£1,4+1). The order of K is |[K| = 48, and K contains the group of symmetry of the regular
tetrahedron as a subgroup (ie. 7 < K). Let 0 : R® — R3 o(x) = —z, be the antipodal map.
Clearly, o is an element of K of order 2 which does not belong to 7, and K = 7 UoT. Furthermore,
o commutes with the reflections with respect to the planes OA;A;, thus o commutes with every
element of . As a consequence, the correspondence

{I3,0} xT 3 (o, B) = aB € K,

defines an isomorphism of the group product {I3, 0} x T onto K, and we can define a homomorphism
Y K= T by setting ¥(8) = 8, and ¢¥(¢8) = B, for every 5 € T. By definition, ¢ leaves invariant
the elements of 7. We also mention that I contains the 3 reflections with respect to the coordinate
planes z; = 0 (which are the symmetries with respect to the coordinate axes Oz; composed with
o).

5.2. A solution u : R* — R? to (1.1)) with the reflection group of the tetrahedron acting
on the domain and the reflection group of the equilateral triangle acting on the target.
In this example we consider the aforementioned homomorphism ¢ : 7 — Ds. Let F be the

fundamental domain of 7 bounded by the planes OA;As, OA3A4 and OA1 A4, and & be the
fundamental domain of D3 bounded by the lines us = 0 and uy = V3uy corresponding to the
reflections og and o7. According to what precedes, the image by ¢ of the reflections with respect
to the planes OA; As and OA3Ay is g, while the image by ¢ of the reflection with respect to the
plane OA3A, is 01. Thus ¢ is a positive homomorphism that associates F' to ®, and Hypothesis
is satisfied. If Hypotheses also hold, Theorem ensures the existence of a ¢-equivariant
solution u to (L.I). In particular (see Figure [d]) ¢-equivariance implies that u maps

o the coordinate axes into the reflection lines (with the same colour),

e the planes OA1A> and OA3A, into the reflection line us = 0,

e the planes OA4; A4 and OAsA; into the reflection line us = v/3uq,
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e the planes OA; A3 and OAs A, into the reflection line us = —v/3uy,
e the diagonals of the cube at the origin O.

In addition Theorem implies that the solution u is positive (i.e. u(F) C @), and therefore u
maps each fundamental domain of 7 into a fundamental domain of Dj as in Figure[d] If for instance
the potential W has 6 minima (one in the interior of each fundamental domain of D3), then the
domain space R? is also split into six regions as in Figure@ Properties (ii) and (iii) of Theorem 3.1
state that for every z in such a region D, u(zx) converges as d(x,dD) — oo, to the corresponding
minimum a of W.

FIGURE 4. Fundamental domains for the action of 7 on R3 (left) and for the action
of D3 on R? (right). The ¢-equivariant solution u : R® — R? of given by
Theorem [3.1] maps fundamental domains into fundamental domains with the same
color. In particular u maps the infinite double cone (union of four fundamental
domains) generated by O and by the two yellow triangle into the sector ®.

5.3. A solution u: R3 — R3 to with the reflection group of the cube acting on the
domain and the reflection group of the tetrahedron acting on the target.

In this example we consider the homomorphism % : K — T defined previously. Now, we denote
by F be the fundamental domain of K bounded by the planes OA; A, OA1 A4 and x5 = 0, and
by ® be the fundamental domain of 7 bounded by the planes OA; As, OA; Ay and OAzA; (cf.
Figure. According to what precedes, 1) leaves invariant the reflections with respect to the planes
OA1 Ay and OA; Ay, while the image by ¥ of the reflection with respect to the plane x5 = 0 is
the coordinate axis xo, that is, the intersection of the planes OA; A4 and OAsAs. Thus ¢ is a
positive homomorphism that associates F' to ®, and Hypothesis [1] is satisfied. If Hypotheses
also hold, Theorem ensures the existence of a 1-equivariant solution u to . More precisely,
1-equivariance implies that u maps

e cvery plane OA;A; into itself,
e every diagonal of the cube into itself,
e the coordinate planes into the perpendicular coordinate axes,
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e the coordinate axes at the origin O.

In addition, the solution u is positive (i.e. u(F) C ®), and in fact u maps each fundamental domain
of K into a fundamental domain of 7 as in Figure

FIGURE 5. Fundamental domains for the action on R?® of K (left) and 7 (right).
The 1-equivariant solution v : R® — R3 of given by Theorem maps
fundamental domains into fundamental domains with the same color. Note in
particular that « maps F U ¢ F into ®.

If the potential W has for instance 4 minima (located at the vertices of the tetrahedron A;,As, A3
and Ay), then the stabilizer T', of @ = A; in T = T has six elements: I3, the reflections with respect
to the planes OA; Az, OA1 Az and OA; Ay, and the rotations of angle +27/3 with respect to the
axis OA;. Thus D is the (interior of the closure) of the union of the six fundamental domains that
have A; on their boundary; the group ¥ ~*(I'y) = I'; U oI, has 12 elements, and the set D has
two connected components: the solid right angle Dy = {z; > 0, Vi = 1,2,3} and 0Dy = —Dy
(cf. Figure [6] and also note that the group G® is in this particular case the group I'y). According
to Theorem if x € Dy and d(x,0Dp) — oo (that is, if z; — 400 for every i = 1,2,3) then
u(z) — a. Of course, the same result is true when © € —Dg and d(z,d(—Dgp)) — oo, and the
solution also converges in the other solid right angle cones to the corresponding minima of W as in

Figure [6]

5.4. A crystalline structure in R3.

Now, let us consider the discrete reflection group K’ acting in R® which is generated by the
reflections si, so, s3 and s, with respect to the corresponding planes P; := OA;As, Py := OA1 Ay,
P; ;= {x9 = 0} and P, := {x1 + 3 = 2}. These planes bound the fundamental domain F’ of K’
with vertices at the points O, Ay, I := (1,0,1) and B := (0,0,2) (cf. Figure . The point group
of K, that is the stabilizer of the origin, is the group K, and we have K’ = TK, where T is the
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FIGURE 6. Thesets D = {u=a1(1,1,-1)4+aa(-1,1,1)+a3(1,-1,1),a; > 0,7 =
1,2,3}, Dg = {z1 > 0,Vi = 1,2,3} and D = Dy U oDy when W has four minima
on the vertices of the tetrahedron. In this case the solution u of given by
Theorem [3.1] satisfies: u(z) — A;, for min; |2;| — 400, € D.

translation group of K'. T is generated by the translations with respect to the vectors ¢; := (2,0, 2),
ty := (0,2,2) and t3 := (0,—2,2). By composing the canonical homomorphism p : K’ — K such
that p(tg) = g for every t € T and g € K, with the homomorphism v : £ — T defined previously,
we obtain a homomorphism ¢’ : K’ — 7. We note that ¢/(s4) is the image by 1 of the reflection
with respect to the plane OAsAs, which is the reflection with respect to OAsAs. Thus, ¢’ is a
positive homomorphism which associates F’ to the fundamental domain ® of 7 bounded by the
planes OA; Az, OA1 Ay and OAzAs. In this case the elementary crystal C = UgexcgE” is a rhombic
dodecahedron (cf. Figure @ that tiles the three dimensional space when translated by the elements
of T El Several structures are possible for the solution ug given by Theorem depending on the
position of a € ®. For instance if a € ® we have D = ® and Do = F’. If a = (0,1,0) (cf. Figure
then D = {w : max{|u1|, |us|} < uz} and Dy is the pyramid with basis the rhombus defined by the
points Ay, B, (1,-1,1),(2,0,0), and vertex in O. Finally, if a = A;, D is the cone which has vertex
in O and is generated by the triangle with vertices at the points (1,1, -1),(1,-1,1),(—1,1, 1), while
Dy is the polyhedron (union of two pyramids) with vertices at the points O, (2,0,0), (0,2,2), B, A;
and D = UtGT(DO @] UD(]).

6. APPENDIX: OTHER EXAMPLES IN LOWER DIMENSION

6.1. Positive homomorphisms between finite reflection groups of the plane.

2Space filling tessellation with rhombic dodecahedra is the crystal structure in which often are found garnets and
other minerals like pyrite and magnetite.
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FIGURE 7. Fundamental domains for the action on R3 of K’ (left) and 7 (right).
The fundamental domain F’ of K’ is a pyramid with basis the triangle A; BI and
vertex in O. Under the action of the point group K, F’ generates the rhombic
dodecahedron C' (left) which tiles the domain space R® when translated by the
elements of T. The )'-equivariant solution u : R? — R? of given by Theorem
[3:2 maps fundamental domains into fundamental domains with the same color.
Note in particular that u maps U;er(F’ U o F’) into .

The finite reflection groups of the plane are the dihedral groups D,, with n > 1. D,, contains
2n elements: the rotations 10 = I, rl ... v~ (where I is the identity map of the plane, and r,,
is the rotation of angle 27 /n), and the reflections r0s = s, rls,..., r?71s (where s is the reflection

with respect to the x; coordinate axis). Similarly, the elements of D, (with k& > 1) are the

rotations: 70, = Iy, rl, ..., ’I“lez_l (where 7, is the rotation of angle 27 /nk) and the reflections
rgks = s, r}Lks,..., rZ,’i‘ls. In the two Propositions below we have determined all the positive

homomorphisms between finite reflection groups of the plane (up to an isomorphism). From the
list of homomorphisms between dihedral groups established in [I7], we have extracted the positive
ones.

For m = =£1 we define the homomorphism f,, : Dpx — D, by setting f,,(r?,) = r"? and
Jm(rP,s) = ri"Ps, for every integer p. Thanks to the property sr = r~!s (which holds for every
reflection s and every rotation r), it is easy to check that f,, is a homomorphism from D, onto
D,,. We can also define the homomorphism g : Doy, — D, by setting g(r5, ) = s? and g(r%, s) = sPo
for every integer p, where o denotes the the antipodal map cu = —u.

Proposition 6.1. If n > 2, k > 1, G = D, acts on the domain plane R?, and T = D,, on
the target plane R2?, then for every m = =+1, f,, is a positive homomorphism which associates
the fundamental domain F = {re'* | 0 < r, 0 < t < w/nk} of G to the fundamental domain
O = {ret | 0<r, 0<mt<mw/n} of . In addition, the homomorphism f,, leaves invariant the
elements of D,, < Dy if and only if mk =1 mod n.
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FIGURE 8. The sets Dy and D when W has six minima (one in the middle of each
side of the tetrahedron). In this case the 1)’-equivariant solution ug : R3 — R3
given by Theorem satisfies limp_y oo up(z+1t) = (0,1,0) for x € DgUc Dy, t €
T.

Proof. By definition, the lines that bound the fundamental domain F' correspond to the reflections
s and rps. Since for m = %1, the fixed points of the reflections f,,(s) = s and fi,(rnxs) = r's
are the lines that bound the fundamental domain ®, the homomorphism f,, can associate F' to ®.
fm leaves invariant the elements of D,, < Dy, if and only if f,,,(r,,) = 7, that is, if and only if

mk—1

fm(Tn):fm(T'ka):”"ZLk:Tn@?"n =1l < mk=1 modn.

O

Proposition 6.2. If k > 1, G = Dy acts on the domain plane R?, and I' = Dy on the target
plane R?, then g is a positive homomorphism which associates the fundamental domain F = {re® |
0<r 0<t<m/2k} of G to the fundamental domain ® = {re |0 <r, 0 <t < w/2} of T.

Proof. As previously, we see that g(s) = o fixes only the origin, while g(raxs) = so fixes the ug
coordinate axis. Thus, the homomorphism g can associate F' to ® (and in fact it can associate F
to any of the 4 fundamental domains of Ds). O

To illustrate the Propositions above, let us give some examples.

e The homomorphism f : Dg — D3 that was mentioned at the beginning of Sec.2 (cf. also
[4]) coincides with the homomorphism f_; of Proposition with n = 3, £ = 2 and

m = —1. Since mk = —2 =1 mod 3, we see again that it leaves invariant the elements of
Ds.
e Taking n = 3, k = 5 and m = —1, we check that mk = 1 mod n, and we obtain a new

homomorphism f_; : D15 — D3 that leaves invariant the elements of D3. The kernel of
this homomorphism is the cyclic group generated by the rotation rs.
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e Taking n = 2, k = 2 and m = 1, we obtain the positive homomorphism f; : Dy — Ds.
When Hypotheses also hold, Theorem ensure the existence of a fi-equivariant
solution to which maps F into ®, and the other fundamental domains of G = Dy as
in Figure [9]

e Considering the homomorphism ¢ : Dy — D> of Proposition (with k=2) we can also
construct a g-equivariant solution u to . This solution has the particularity that the
coordinate axes are mapped at the origin. Indeed, by g-equivariance, if z,y € R? are
symmetric with respect to one of the coordinate axes, then u(xz) = —u(y) (cf. Figure
for the correspondence of the fundamental domains).

u,

FI1GURE 9. The correspondence of the fundamental domains for a solution to ([1.1))
equivariant with respect to the homomorphism f; : Dy — Ds.

FIGURE 10. The correspondence of the fundamental domains for a solution to (1.1
equivariant with respect to the homomorphism ¢ : Dy — Ds.

6.2. Saddle solutions.

In this subsection we are going to construct as an application of Theorems and scalar
solutions to and having particular symmetries. The only finite reflection group that acts
on the target space R is the dihedral group I' = D; with two elements: the identity I; and the
antipodal map ocu = —u. We assume that a finite or a discrete reflection group G acts on the
domain space R", and that W : R — R satisfies Hypotheses that is,

e W is a nonnegative and even function,
o there exists M > 0 such that W(u) > W (M), for u > M,
e W(u) =0« u = +a, with in addition a > 0 and W"(a) > 0.
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Clearly, the map e which sends the orientation-preserving motions to I;, and the orientation-
reversing motions to o, is a positive homomorphism from G onto I'. Thus, Theorems and
ensure the existence of classical solutions u : R — R to (1.1 and (3.5) with the following
properties:

(i) e-equivariance implies that if z,y € R™ are symmetric with respect to a reflection plane
of G, then u(z) = —u(y). In particular, u vanishes on the reflection planes of G. If G is
a discrete reflection group, then u is periodic in the sense that u(x + t) = u(x), for every
z € R™, and every translation ¢ in the translation group T' < G.
(ii) Positivity means that either u > 0 or 4 < 0 in each fundamental domain F' of G.
(iii) In each fundamental domain F, u(x) approaches either a or —a, as € F and d(z,0F)
increases.

We also give another example, more elaborated, when G = Doy, (with k > 1) acts on R?. Let
us consider the homomorphism h : Doy — Dy such that h(rh,) = oP and h(rh,s) = oP, for every
integer p (see the previous subsection for the notation). In this particular set-up, we can again
construct a h-equivariant solution u : R? — R to which has in each fundamental domain of
Doy, alternatively even and odd symmetries. Figure [11]represents the symmetries of such a solution
for k= 2.

N » odd

\\ //,_I_
malh
+/, \\\_I_

e | iy

/ ~

even

FIGURE 11. The symmetries of a solution u : R? — R to (1.1)) equivariant with
respect to the homomorphism h : Dy — D;.

6.3. Other examples involving discrete reflection groups.

To finish, we give some more examples illustrating Theorem Let us assume again that the
discrete reflection group G’ acts on the domain x-plane as in Sec.2 (cf. also the end of Sec.3), but
let us consider now a new reflection group acting on the target u-plane: the group I' = Dy. We
construct a homomorphism f” : G’ — D, by composing the canonical projection p : G’ — Dg with
the homomorphism ¢ : Dg — D5 defined in subsection (that is, f” = g op). As we did before
for the homomorphism f’, we can check that f” is a positive homomorphism. Thus, once again,
Theorem [3.2] allows us to construct f”-equivariant solutions ug to (3.5)). Figure [12] represents the
correspondence of the fundamental domains of G’ with the fundamental domains of Dy for such
solutions (compare with Figure [3). The f”-equivariant solutions have the particularity that some
reflection lines of the group G’ are mapped at the origin.

Let us also mention a last example involving the discrete reflection group of the plane H, gen-
erated by the reflections with respect to the lines zo = 0, zo = z; and x; = 1. The point group
associated to H is the group Dy, and we can compose the canonical projection H — Dy either with
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FIGURE 12. The correspondence of the fundamental domains by the f”-equivariant
solution ug: on the right the fundamental domains of the discrete reflection group
G’ and on the left the fundamental domains of the finite reflection group Ds.

the homomorphism f; : Dy — D5 or with the homomorphism ¢ : Dy — D> defined in subsection
to construct positive homomorphisms from H onto Ds.
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