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Abstract

We prove the existence of a ground state for some variational problems in Hilbert spaces,
following the approach of Berestycki and Lions. Next, we examine the problem of con-
structing ground state solutions u : RA+k 5 R™ of the system Au(x) = VW (u(x)) (with
W : R™ — R), corresponding to some nontrivial stable solutions e : R¥ — R™. The method
we propose is based on a reduction to a ground state problem in a space of functions H, where
e is viewed as a local minimum of an effective potential defined in H. As an application, by
considering a heteroclinic orbit e : R — R™, we obtain nontrivial solutions u : R4+l 5 Rm
(d > 2), converging asymptotically to ¢, which can be seen as the homoclinic analogs of the
heteroclinic double layers, initially constructed by Alama-Bronsard-Gui and Schatzman.

Mathematics Subject Classification 35J50 - 58E99

1 Introduction

In the first part of the present paper we establish the existence of a ground state for some
variational problems in Hilbert spaces, following the approach of Berestyscki and Lions
in [7]. Their seminal paper, which studies nonlinear scalar fields in RY, with d > 3, was
completed by the work of Berestycki, Gallouét, and Kavian [6], in the two dimensional case,
and by the work of Brezis and Lieb [9] in the vector case. For more recent developments on
these results we refer for instance to the papers [4, 10, 16—18].

Communicated by A. Mondino.

This research project is implemented in the framework of H.F.R.I call “Basic research Financing (Horizontal
support of all Sciences)” under the National Recovery and Resilience Plan “Greece 2.0” funded by the
European Union - NextGenerationEU (H.F.R.I. Project Number: 016097).

B Panayotis Smyrnelis
smpanos @math.uoa.gr

Ioannis Arkoudis
jarkoudis @math.uoa.gr

Department of Mathematics, National and Kapodistrian University of Athens, Panepistimiopolis,
Athens 15784, Greece

Published online: 17 February 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-026-03265-w&domain=pdf
http://orcid.org/0009-0009-0397-7494

81 Page2of23 I. Arkoudis, P. Smyrnelis

In the Euclidean setting, it is known (cf. [9]) that given a potential W € CZ(R™) (with
m > 1) satisfying for instance the following set of assumptions:

W(0) =0, and W (ug) < 0, for some uy € R”, (1a)
when d > 3: lim inf|,|0 % > 0 and im0 % =0, with 2* = 24,
whend =2: W(u) > W(0) =0, for 0 < |u| < 8, for some § > 0, (1b)
and lim sup,,|_, o Wl‘flf,”)l < o0, for some ¢ > 0,

then the minimization problem:
{whend >3 min{% fRd IVu(x)|?dx fRd Wu(x))dx < —1} @)

whend = 2: min{% Jr2 [Vu(x)|?dx : Jr2 Wu(x))dx <0, u # 0}

admits a solution  : RY — R in an appropriate class of maps. Moreover, under a convenient
change of scale, the minimum of (2) gives rise to a ground state solution for the problem

Au(x) = VW (u(x)) in RY, with u %0, I l‘im u(x) =0. 3)

By a ground state solution, we mean a solution u # 0 of (3) such that E;(u) < E4(v) holds
for every nontrivial solution v of (3) in an appropriate class, where we denote by

Ed(v):[ (1|Vv|2+W(U)), or Ed(U,Q):/ (l|vv|2+W(v)), QCcRY (4
R4 2 Q 2

the energy functional associated to system (3).

Finally, we point out that the one dimensional case d = 1 is special, and is treated
differently. Under certain assumptions on W, which are distinct from (1) (cf. for instance
[51), one obtains solutions # : R — R of the O.D.E. problem:

u’(x) = VW (u(x)) in R, withu # 0, | llim u(x) =0. 5)

Such solutions are called homoclinic orbits.
In the setting of Hilbert space (cf. Theorems 1 and 2 in Section 2 below), we consider
sequentially weakly lower semicontinuous potentials WV defined in a separable Hilbert space
‘H and taking their values in an interval [—W,,, +00], which is bounded below. In addition,
we assume that W(0) = 0, and that 0O is respectively a local minimum of W, when d > 3,
and a nondegenerate local minimum of W, when d = 2. Finally, we suppose that condition
(1a) is satisfied for W. In Theorems 1 and 2, we establish that the minimization problem
when d > 3: min{} fpa VUG I24dy © fpa WU )y < —1} ©

when d = 2: min{} [ INUDI52dy © fgz WU ())dy <0, U # 0}

admits a solution in an appropriate class of radial maps U : R4 — H (cf. (30) and (44)).
We point out that the radial symmetry is not a restrictive constraint in the Euclidean setting,
since it is proved in [15] that any minimizer of problem (2) is necessarily radial. The main
issue in the setting of Hilbert spaces, is due to the lower semicontinuity of the potential W,
and to the fact that the imbeddings of Sobolev spaces of functions U : R? > Q — H are
not compact. However, by assuming that V is bounded below, and looking for a minimizer
in the class of radial maps, problem (6) can be solved. Notice also that in contrast with the
Euclidean case, none asymptotic condition is required on W, as | U ||y — o0.
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The ground state solution u in (3) converges asymptotically to the trivial solution 0 of
system (3), and it is close to it in terms of energy. Thus, one may ask if a ground state
corresponding to k > 1 dimensional solutions can also be constructed. This is the scope of
the second part of the present paper.

More precisely, given a solution e : R¥ — R™ of

AeXarts - Xark) = VW (ear, - Xask))s (et - Xa) €RE (D)
we are looking for a solution u : R¥t* — R™ of system
Au(x, .. Xapk) = VW@, - .o Xapx))s (X1, - ., Xapx) € RITE (8a)

satisfying the following properties

u(x) — e(Xa+1, - - -, Xa+k) # 0 where x = (x1, ..., Xq4k), (8b)
lim (u(x) —e(Xg+1,--.,Xa+k)) =0, (8c)
[x]—o00
E(u) < E(v) holds for every solution v # e of (8a) in an appropriate class, (8d)

where £ is a renormalized energy functional related to functional E; 1 (cf. (4)) that will be
defined in (10).

The strategy to solve problem (8) is inspired in the approach from Functional Analy-
sis (evolution equations), where the solution u of (8), is regarded as a map U : RY —
e+ LZ@®RK: R™), [U(xy, ..., Xa)1(Xa+1, -« -y Xd4k) = u(x1, ..., Xq+k), taking its values in
the affine space e + L2(R*; R™), and the initial P.D.E. problem (8) is reduced to the mini-
mization problem (6) for U. This method has previously been applied in [22, 24] to construct
heteroclinic double layers solutions of second and fourth order elliptic systems. We refer
to the work of Alama, Bronsard, Gui [1], and Schatzman [20] for the original construction
of such solutions, which are particularly relevant for the theory of phase transition systems.
Indeed, these results provide nontrivial examples of minimal solutions for system (8a) with
a double well potential W.

Below, we present the main ideas of this method. One issue is due to the fact that the energy
of the solutions we are looking for is infinite. Thus, we have to renormalize the functional
Ej.. For this purpose, we identify the affine space e + L?(R¥; R™) with the Hilbert space
H = L2(R¥; R™), and define the effective potential W : H — R as follows:

Wik = Jex (FIVRI? +[W(e+h) — W(e) — VW(e) - h]), whenh e H (R, R™),
| +o0, when h € L2(RF; R™) \ H!(RF; R™).
©))
Assuming that the map R” > u — VW(u) is globally Lipschitz, the potential W is well
defined. Moreover, we have W(0) = 0, and one can see that given a test function ¢ €
D(RF; R™), it holds W(¢) = Ex(e + ¢, supp @) — Ex (e, supp ¢).

Assuming also that the solution e, which is identified with the origin of the Hilbert
space H, is a local minimum of W, then the minimization problem (6) admits a solu-
tion V : R — H, provided that W is sequentially weakly lower semicontinuous and
bounded below. Finally, after rescaling V, we obtain a map V giving rise to the solution
Uy, ..., Xgk) = e(Xg+1, - - - Xa+k) + [V(xl,N. cos Xa)1(Xd+1, - - - » X4+k) of problem (8).
In addition, by deriving a Pohozaev identity for V (cf. Lemma 13), one can show that « is a
least-energy solution in an appropriate class, for the renormalized energy functional:

1 - -
E@) = /R L GIVED 3 + WEGD)dy. (10)
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where y = (x1, ..., Xa), #(x1, ..., Xa1x) = e(Xay1. ... Xarx) + [EWMIEag1. - .o Xa4h)s
and 2 : RY — LZ(RZ‘; R™). Notice that the energy functional £ decouples the partial

.. it dil . . .
derivatives Barc o Gxgppc Appearing in E;yi, since

[ Ve dy = [ 19imPar,
R4 Rd+k

d(ii—e)

ox; (i=d+1,...,d+k),as well as the

while in the expression of W, the derivatives
contribution of W appear.

In Section 2, we apply this method to a heteroclinic orbit e : R — R™ of the O.D.E.
system

e =VW(), (11)

with a multiple well potential W > 0 (cf. assumptions (24)). Thatis, e : R — R isasolution
of (11) satisfying lim,_, o0 e(t) = a™, with W(a*) = 0, and a~ # a*. Indeed, in contrast
with other one dimensional solutions of (11) such as homoclinic and periodic orbits, there
exist heteroclinic orbits which are stable. This is a necessary assumption to solve problem
(8), in Theorems 4 and 9 below. We also point out that in the two dimensional case d = 2,
we need an additional symmetry assump‘[ion1 on W (cf. (41b)), to ensure that e is an isolated
minimum of W. Otherwise, W vanishes along the curve {eT :eT (1) :=e(t = T),VT € R}
obtained by translating the heteroclinic orbit e, and the minimization problem (6) does not
have anymore (when d = 2) a solution distinct from 0.

We recall that given a double well potential W : R” — [0, 0o), having (up to translations)
exactly two minimizing heteroclinic orbits e* (i.e. e are minimizers of E| in the affine space
et + H! (R; R™)), the heteroclinic double layers is a solution u : R2 — R™ of system

Au=VW(u), 12)

such that
Iim wu(xy,x) = ei(xg - mi), for some constants m* € R. (13)
xX]—>%o0
It is obtained in [22] as a heteroclinic orbit U, with [U (x1)](x2) = u(xy, x2), connecting in
an appropriate space of functions # , the orbits e*, which are regarded as the minima of an
effective potential WV defined in H.

On the other hand, given a double well potential W : R™ — [0, co0), we consider in
Theorems 4 and 9, a heteroclinic orbit e which is a local (but not global) minimum of E;
in the affine space e + H! (R; R™). Then, setting y = (xy, ..., Xgy), we obtain a nontrivial
solution u : R4t — R™ of system (12) such that

lim u(y, xa+1) = e(xq+1)- (14
|y|—=+o0
This is now a solution of homoclinic type converging as |y| — oo to the orbit e, which
is a local minimum of the potential WV defined in (9). Thus, Theorems 4 and 9 provide a
new relevant example of layered solution, that can be seen as the homoclinic analog of the
heteroclinic double layers solution.

These results also outline the hierarchical structure of solutions of system (12), since
higher dimensional solutions such as those in (13) or (14), reproduce the structure of lower
dimensional solutions (e.g. the heteroclinic in (11) or the ground state solution in (3)) in an
appropriate space of functions . Similarly, there is a perfect analogy between the potential

! This assumption was used in the first construction of heteroclinic double layers (cf. [1]), and also in [2] to
establish the existence of an infinity of periodic layered solutions.

@ Springer



Ground state of some variational problems in Hilbert spaces... Page 5 of 23 81

W defined in R™, and the effective potential W defined in H. This is clear if we compare
the minimization problems (2) and (6): the local minimum O of W has its counterpart in the
heteroclinic e, which is a local minimum of W, while the d-dimensional solution of (3), has
its counterpart in the the d 4+ 1-dimensional solution provided by Theorems 4 and 9. For
additional examples of such layered solutions, we refer for instance to the constructions in
[11,23].

Finally, we point out that provided that the solution e in (7) is a local minimum of Ej
(or its renormalization), other applications of our method can be considered to construct the
corresponding ground state solutions. We shall give some more examples in our subsequent
work. In addition, by working in the affine space e+ H ! (R¥; R™) (instead of e+ L2 (R¥; R™)),
ground state solutions can be obtained for fourth order P.D.E. systems. For more details, we
refer to [22, Theorem 1.3] and [24].

2 Existence of a ground state in Hilbert spaces

In this section, we solve the minimization problem (6) under appropriate conditions on the
potential W, which differ ford > 3 and d = 2.

2.1 The case of three or more dimensions in the domain

Let H be a separable Hilbert space. We consider a potential W satisfying the following
assumptions:

H1) W :H — [-W,,, +0o0o]is asequentially weakly lower semicontinuous function such
that infy W = - W,, € (=00, 0).

H2) WU) = 0,if |U|lnx < 6 (with § > 0). Consequently, it also holds W~ (U) <
M||U||2*, YU € 'H, with 2* = %, d > 3, and a constant M > 0.

(H3) W(0) = 0, and there exists Uy such that W(Uyp) < 0.

That is, the potential YW which is bounded from below, has a local minimum equal to O at
U = 0, and is negative at some point Uy.
When the domain R is of dimension d > 3, we define the space

Dyy(RY: H) ={U € L* R H) : VU € LR HY), U = U 0 g, ¥g € ORD},

with 2* = % (cf. [14] for the general theory of Sobolev spaces of vector valued functions,

and [26, Chapter 1] for the definition and properties of D!:2(R?)), as well as the class

rad

A= {U e DL2RY: H), WU) € L'(RY), / W) < —1}, (15)
R4
which is nonempty if for instance we assume that

(H4) Supte[o’l] |W(IU())| < OQ.

We point out that the Sobolev inequality holds in the setting of Hilbert spaces. It is proved
in [14, Theorem 4.15] for W!-2(R?; 1), and it can be extended to Drlﬁi (R?; H) by using [9,
Remark 3]. Thus, we have

rad

1,2
U 2 ey < IVU Il 2anay. YU € Dy (RY: H).
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In the theorem below, we prove the existence of a minimizer for the problem
1
T:inf{/ f||VU(y)||$1ddy:UeA}. (16)
R4 2
Theorem 1 Under assumptions (H1)—(H3), if A # @, there exists V € A, such that
1
f SIVVIGy =T, V #£0, and / W(V) = —
R4 2 R4

Proof Let U; be a minimizing sequence i.e. U; € A is such that

1
lim — VU2, =T.
Jim 2 [ 190513,
Itis clear that || U || 2+ ReH) and |VU; ||L2(Rd .y are uniformly bounded. Since || Ul is

a radial scalar function belonging to Dm ' (R?), and |V|| Ujli®| < IVUj 344, one can apply
the radial lemma A.III in [7], to obtain the bound

N1U;IH < Call VU L2 (we, Hd)|y| 5 , fora.e. y # 0, where C; > 0, only depends on d.

In particular
1U; (y)||H<C|y| 5 , fora.e. y # 0, and for a constant C > 0, uniformly in j. a7

As a consequence, setting p = (%)m, we have ||U;(y)|ln < 6 for |y| > p > 0, uniformly
in j.
From the previous uniform bounds, we deduce that up to subsequence:
N 2md. 1/d
e VU;—VV in L*(R%; 'H%), and ||VV||L2 Ry =

e Ui—Vin L? (R?; H), and V is radial.
e Uj(y)—=V(y),forae. yeRY.

The almost everywhere weak convergence U;(y)—V (y), follows from the fact that the
closed balls Bg = {U € H : |U|ln < R} are compact and metrizable in the weak topology,
with a metric d satisfying d(U, 0) < R|U — U||H (cf. for instance [8, Theorem 3.29]).
Moreover, the radial symmetry of U; and the bound (17) imply that the maps U (), viewed
as functions of r = |y|, are uniformly bounded in Hl([a, b]; H), for every) <a < b < oo.
Consequently, the sequence U (r) is equibounded and equicontinuous on [a, b], both with
respect to the norm || - ||7¢, and to the distance d induced by the weak topology. In view of
the theorem of Ascoli applied to the sequence U;(r) via a diagonal argument, we deduce

< liminf ;o [|VU;]2 =T.

L2(R4;H4)

that U;(r)—~U (r), for every r > 0, and for a function U satisfying [|U ()|l < Cr¥.
Finally, given ro > 0, we have U;(r) — U;(rg) = fr:) UJ/. (s)ds, and letting j — oo we get
U(r) —U(ry) = fr:) V/(s)ds, Vr > 0. This proves that U’ = V. To conclude that U =V,
we notice that lim,_, o, U (r) = lim,_, o V(r) = 0, since also V satisfies (17).

At this stage, one can see that the inequality W™ (U;) < M|U; ||%;, implies that the
integrals [ps W~ (U;) are uniformly bounded. On the other hand, since [ WT(U;) =
Jra W (U)) + [ga W(U;), and [ps W(U;) < —1, we conclude that [p, WF(U;) as well
as fRd IW(U;)| are uniformly bounded.

Finally, using Fatou’s lemma and the sequentially weakly lower semicontinuity of W, we
obtain

W(V) < f liminf W(U;) < hmlnf/ W),
RI\B, R RA\B,

‘I\B/) Jj—00 —00
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and in particular fRd\B,, WV (y)|dy < oo, since ||V (¥)|x < §, for |y| > p. Moreover, in
the ball B,,, we have again by Fatou’s lemma

f WV + W) < f
B, B

that is,

liminf W(U;) + Wy,) < lim inff WWU;) +Wp),
j—>00 J—= JB,

P

W) < 11m1nf/ W),
By

and in particular pr IW(V)| < oo. This proves that W(V) € L L(RY), and
/ W(V) < liminf/ w;) < -1
Rd J—>00 R4

1
So far we established that V € A4, and T = > fRd ||VV||§1,,. Arguing as in [9, Lemma 2.3],
one can easily see by scaling (i.e. U(y) — U (Ly)) that

d=2

1 a—z

5[ VU2, = 7( / ww) *, (18)
holds for every U € Dm d(Rd H), such that W(U) € L' (R%), and Jra W(U) < 0. There-
fore, the minimizer V satisfies f]Rd W(V) = —1, and in particular V # 0. O

2.2 The two dimensional case

Let H be a separable Hilbert space. We consider a potential W satisfying the following
assumptions:

H1) W :H — [-W,,, +0o0] is a sequentially weakly lower semicontinuous function such
that infy W = —Wm € (—00, 0).

H2) WU) > a||U|| , for ||U||H < 4, and for constants «, § > 0. Consequently, it also
holds W~ (U) < M||U||H, VYU € 'H, and for a constant M > 0.

(H3) W(0) = 0, and there exists Uy such that W(Up) < 0.

In dimension two, we work with the space

R%H)={U e H'R*H): U =Uog Vg € OR>),

rad

and the class
A= {U € H yR*:H): U #£0, WU) e L'(R?), / W) <0} (19)

which is nonempty if for instance assumption (H4) holds.
We study the following minimization problem:

1
T = inf{/ ~IVUD52dy : U € A} (20)
R2 2
Theorem 2 Under assumptions (H1)—(H3), if A # @, there exists V € A, such that

1
~IVVI3, =T =0.
[ 3IVVE =7 and [ vy =0
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Proof Let U; be a minimizing sequence i.e. U; € A is such that

1
lim — VUI2,=T.
tim 2 [ VU, e

It is clear that [[VU || .2 (g2, 42y is uniformly bounded, and that fHU,-HH<6 U, ”%1 > (, since
WUjll~ € H'(R?) \ {0}. By rescaling, we may assume that fHUjHH<5 U, ”%i =1.

We first prove the following version of [7, Radial lemma A.II] that will be applied to the
radial scalar functions ||Uj|ln € H L(R?).

Lemma 3 Every radial function u € H'(R?) is almost everywhere equal to a function u(r)
of the radius r = |x|, continuous for r > 0, and such that

1
u()| < (f (P + [VumPdy)™, vr=0. @D
{yeR%|y|>r}

F

Proof By a standard density argument, it suffices to consider the case u € D(R?). We have

d o0
d—(ruz) =u? 4+ 2rur’ > —r(u* + 1u')?) = ru*@r) < / s(u(s)|* + |u'(s)1?)ds.
-

r

Thus, ru(r) < 5 iy, (€O + [Vu()Pdy. =

Next, we notice that assumption (H2) and the inequality fRZ W(U;) < 0, imply that U; (R?)
is not contained in the ball B(0, §) of H. Thus, for every j, we can define

ri =max{r > 0:||U;j(r)|ln = 8}.
Consequently, we have for a.e. y € R? such that |y| > r; :
1 (/ , » \2 T+1
U3 + IVU; | )) = ;
N iz . /DI

provided that j is large enough. In particular, we obtain that r; < ?, hence the inequality
T+1

1U;Dll# =

IU; ()l = 6 may occur only for |y| < p := . Finally, since (||Uj |l — 8)* vanishes

for |y| > T;rzl, it follows from the Poincaré mequahty that (||U;lln — 8)T is uniformly

bounded in L2(R2). Therefore, we can see that U ; is also uniformly bounded in L2(R%; H).
From the previous uniform bounds, we deduce that up to subsequence:
e VU;—~VV in L>(R?, 'H?), and | VV|?

e U;j—V in L*(R?, H), and V is radial.
. Uj(y)—\V(y), forae. y € R2.

<liminf; ||VUJ|| =T.

L2R2,H2) — L2(R2,H2)

The almost everywhere weak convergence U; (y)—V (y), is proved exactly as in the higher
dimensional case.

Next, one can see (as in the higher dimensional case) that the integrals [, W (U;)| are
uniformly bounded. Similarly, by using Fatou’s lemma and the sequentially weakly lower
semicontinuity of W, we get W(V) € Ll(Rz), and fRZ W) <0.

It remains to show that V' # 0. To see this, we consider the modified potential

0 when | Ul <6

W) =
W(U) when |Ulx > 6,
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whichis sequentially weakly lower semicontinuous. By applying as previously Fatou’s lemma
to the sequence W(U ), it follows that

W(V) <11m1nf/ W(U ) < hmmf / W(U)—a/
R2

2
1Uj13) = e
1Ujll3¢ <8

which proves that V # 0.

Finally, we establish that fRZ W(V) = 0.Letus assume by contradiction that fRz W) <
0. Then, we proceed as in [25, Lemma 4.1.] to derive a Pohozaev type identity for V. For
every 0 < r < s fixed, and « € (0, f), we define the radial comparison map

V(L) when 0 <1t < kr,
V) = 1V + (s —r)=L) whenkr <1 <, (22)
V() when ¢ > s.

Here, by abuse of notation, we write V. (¢) instead of V,.(y), where t = |y|, y € R2.
One can check that when « is sufficiently close to 1, we have

/W(vu:ﬁ/ w<v>+/ W(V)
R2 B(0.r) R2\B(0,s)

N t_
+27T/ ((s—/cr)

’

r s —
+Kr) P

which implies that V,. € A. Therefore, setting f (k) := ng %HVVK 2., we deduce that

H2?

s

f(")=/(; 7Tf||V/(l)||%1df+/ n((s—/cr);

S ey Y P
—r s —Kr HED

r

and f'(1) = £ f v’ (t)||H = 0, in view of the minimality of V. This implies that V' = 0,
and V =0, Wthh is a contradiction. m]

3 The ground state corresponding to a heteroclinic orbit

In this section, we consider the elliptic system
Au(xy, ..., xd41) = VW(u(x1, ..., x441)), u: Rt S R™ d.m > 2, (23)

where the potential W is such that

WecC 2(]R’”; RR) is nonnegative, and has (at least) two zeros a~ and a™, (24a)

the Hessian matrices DZW(ai) are positive definite, (24b)

the map u — VW (u) is globally Lipschitz in R™. (24c¢)

N{roreover, we assume the existence of a heteroclinic orbit e € C 2(]R; R™) connecting a™ to
a’:

e"(t) = VW (e(r)), Jim e(r) = a*. (24d)

Since the minima a™ are nondegenerate, we know that e converges exponentially fast to the

minima a¥ (cf. for instance [5]). In particular, we have W (e), |¢|2, |¢”|> € L1 (R). We also
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81 Page 10 0f 23 I. Arkoudis, P. Smyrnelis

recall that the Action functional associated to system (24d) is denoted by

1 /12 1 12
El(v):/R(Elvl + W(v)), or Ei(v, 1):/{(§|u| + W), I CR. (25)

In order to construct a ground state corresponding to the heteroclinic orbit e, we shall work
in the affine space e + Lz(R; R™), and consider the following renormalized functional:

W) = Ei(e +h) — E{(e), when the distributional derivative &’ € L%(R; R™),
- +o00, otherwise,

(26)
defining a potential WV in the Hilbert space H = L?(R; R™). Itis clear that W takes its values
in [-W,,, +o0], with W,, = Ej(e), and one can see as in [22, Lemma 3.1. (i)] that W is
sequentially weakly lower semicontinuous. In addition, when & € H'(R; R™), an integration
by parts gives [ VW(e) -h = [pe”-h = — [pe - I, since ¢ € H'(R;R™). Thus, we
derive an alternative expression of the potential W:

W(h) = / [1|e’ +H)? - 1|e’|2 +W(e+h)— W(e)]
R L2 2

= / [%|h’|2 +W(e+h) —W(e)— VW) - h] (27)
R

Setting f(¢,h) = W(e(t) + h) — W(e(t)) — VW(e(?)) - h, we have in view of (24c¢):
|f(t, h)| < L|h|2, vVt € R, Yh € R™, and for a constant L > 0. (28)

3.1 Ground state ford > 3

When d > 3, we also assume that
W(h) > 0 holds for ||h] < § (with § > O small enough), (29a)
and W(ho) < 0, for some hg € H'(R; R™). (29b)

In Proposition 1, we provide examples of potentials W satisfying assumptions (24) and (29).
Provided that (24) as well as (29) hold (with d > 3), it is clear that the potential WV satisfies
the assumptions (H1)-(H4) of Theorem 1. Therefore, there exists a radial map V € A solving
the minimization problem (16), in the class

A= {U e D2 (R H), W(U) e L'RY), /d W) < —1} , (30)
R

Moreover, we have [ps W(V) = —1,and V # 0.

Setting x = (x1,...,Xq+1) = (¥, Xa+1), with y = (x1, ..., xg), we recover from the
minimizer V : RY - H = L2(R; R™) a solution u to system (23). Indeed, we shall prove
that the map v(x) := [V (y)](x4+1) solves the equation

RED)

2
0xg 11

nAy(y, xat1) + (y: xa41) = VW(e(xar1) +v(y, xa+1)) = VW(e(xa11)), (31)

for (v,x441) € R? x R, and for a Lagrange multiplier & > 0. Then, setting 9(x) =

v(,u’%y, Xd+1), it follows that the map u(x) = v(x) + e(xg+1) is a solution to system (23)
satisfying the asymptotic properties of Theorem 4 below.
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Finally, this solution u can be characterized variationally, by introducing the following
r~enormalized energy functignal for ii(x) = e(xg4+1) + £(x), with £E(x) = [E(Y)](xa+1),
€ € D)2 (RY; H), and W(E) € L' (RY):

1 - -
£(i) = fR L GIVE®) 3 + WEGD)dy. (32)

Notice that £ is related to the functional

1
Ean(0.9) = [ G190+ Ww). @ c R, 33)
Q
associated to system (23), since given a test function ¢ € D(R*!: R™), one can check that

Eq+1(e(xa+1) + ¢ (x), supp @) — Eg41(e(xa+1), supp ¢)
= (1|V</>(x)|2 + f(xat1, ¢ (0))dx = E(e(xqr1) + P (x)).  (34)
Rd+!1 2

Theorem 4 Letd > 3. Under assumptions (24) and (29), there exists a solutionu € C2(RY x
R; R™) to system (23) satisfying the following properties.

(i) u(y,xq+1) = u(z, x4+1), whenever |y| = |z| (with, y, z € RY).
(i) lim|x|- oo (U(x) — e(xg4+1)) = 0 (Withx = (x1, ..., xg+1)), and u(x) —e(xq41) # 0. In
particular limyeRd"yl_)oo u(y, xg+1) = e(x4+1)-
(iii) Let it be a weak solution to system (23) such that ii(x) = e(xg4+1) + é(x), with §(x) =
[EMIxa+1), E € DL2RY H), € # 0, and W(E) € L' (RY). Then, we have E(u) <
E).

Proof Let V € A, be the minimizer provided by Theorem 1. We proceed in several steps
to recover the solution u from the minimizer V. In what follows By (0, R) is a ball of R?
centered at 0.

Lemma5 Letv(x) := [V (y)(Xg41), then, we havev € H'(B4(0, R) xR; R™). On the other
hand, let Hol,md(Bd (0, R) xR; R™) be the subspace of functions ¢ € HO1 (B4(0, R) xR; R™)
which are radial with respect to y, i.e. p(gy, Xa+1) = ¢ (¥, Xa+1), Vg € O(R?), and for a.e.
(¥, X4+1) € Bg(0, R) x R. Any ¢ € Hol,md(Bd(O, R) x R; R™), is extended to a map of
HY (R R™) by setting ¢ = 0 on R4\ B;(0, R) x R. Then, setting [®(y)](xg41) =
¢(x), we have V + Ld € Drlﬁi(]Rd; H), and W(V + A®) € L1 (RY), for every A € R.

Proof Since V e L% (R?; H), we also have that V € L%(B,(0, R); H), for every ball
Bq(0, R) of R?. In view of the isomorphism
L*(B4(0, R) x R; R™) =~ L*(B4(0, R); L*(R; R™)),

we deduce that v € Lz(Bd(O, R) x R;R™). Similarly, since Vy,,...,V,, belong to
Lz(Rd; LQ(R; R™)), it follows that the weak derivatives vy, ..., vy, exist and belong to
L2(R4*+1; R™). Next, in view of (27) and (28), we have

11d[V(»)] 2
/ _|2rY (xdﬂ)‘ dx :/ W(V) —/ F (g1, v(0))dx < 0.
By(0,R)xR 21 dxgy1 By(0,R) By(0,R)xR

This implies that the derivative vy, exists and belongs to L2(B4(0, R) x R; R™).
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On the other hand, given ¢ € H()l.md(Bd(O, R) x R; R™), the corresponding map @ is
radial and belongs to HO] (B4(0, R); LZ(R; R™)) as well as to H!(R?; L2(R; R™)) which
is embedded in L?* (RY; L2(R; R™)) (cf. [14, Theorem 4.151). This proves that V 4+ Ad €
Drlfd (Rd; ‘H). Moreover, since

1
f IW(V+1.0)] < / (510ss Hrey D OPHf g, 0+29) )] .
Bq(0,R) B;(0,R)xR

it is clear that W(V + A®) € L1 (RY). o

In view of Lemma 5, given R > 0, v is a minimizer of the functional

S(w) = / IVyw(x)[*dx,
B;(0,R)xR
in the class
C={w=v+¢:¢ e Hy, . (B0, R) x R;R™) : F(w) < —1},

where
1
Fry= [ (Gl P+ feawe))ar= [ W+ oy,
BO.R)XR Ba(0.R)

Next, we define the continuous linear functionals on H(} raad(Ba (0, R) x R; R™):

Gi(p) = /RM (Vg () + By (X) + [VW (e (xgs1) 4+ v(x)) — VW (e(xq41))] - ¢ (x))dx,
and

G2(¢):/ (le '¢x1 +...+'de -qud)dx,
RA+1

where ¢ € Hol’md(Bd(O, R) x R; R™) is extended to a map of HY (R R™) by setting
¢ =0, on R\ B;(0, R) x R. One can see that

d

L Fw+r ‘ — G1(9).

S F0+A9)| = Gi9)

In the next lemma we show that minimizing functional S under the constraint F < —1,
provides a Lagrange multiplier for the functionals G| and G».

Lemma 6 Let R > 0 be large enough so that de(o R) ||VV(y)||%{ddy > 0. Then, there exists
a constant u > 0 (independent of R) such that uG, + G; = 0.

Proof Our first claim is that
G1(¢9) =0= G2(¢) = 0. (35)
Indeed, if G1(¢) = 0, then we get

/ WV +1D)dy = / WV ())dy + re(h) = —1 + re(R),
R4 R4

with limy_,0 € (%) = 0. In particular, the map ¥, (y) = (V +AP)(| — 1+ Ae(A)Iéy) is such
that W(W,) = —1. Thus, in view of the minimality of V, we have for A close to 0:

/ ||VV(y)||§f,dys/ ||Wx<y)||§iddy=(1—Ae<x)>¥f IV(V +22) )54y,
R4 R4 R4
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which implies that fRd (VV(y) - VO(y))ady = G2(¢p) = 0.

Next, we check that G, # 0, provided that de(o,R) ||VV||$1(, > (. Indeed, if G, = 0, the
map v which is radial with respect to y would satisfy Ayv(y, x4+1) = 0in B4(0, R) x R
(cf. the principle of symmetric criticality in [19]). Hence, we would obtain that v(y, x4+1) =
A(xg41) + B(xg+1) |y |2_d, for some functions A, B : R — R. However, the integrability of
[Vyv]? on B4(0, R) x R, implies that B = 0, and Vyv = 0, which is a contradiction.

In view of (35), it follows that G; # 0, and both linear functionals G| and G, are
proportional. Let i # 0, be such that G, + G = 0. By choosing a test function ¢ such that
G1(¢) # 0, one can see that u = — g;gﬁ; is independent of R (large enough). Moreover, if
G1(¢) <0, then V + 1® € A provided that A > 0 is small enough. Thus, the minimality of
V implies that G,(¢) > 0. This proves that u > 0. O

So far we established that
0= /]RHI (M(vxl . ¢x1 +...+ Uxg * ¢x,1) + Uxgqgp * ¢xd+1)dx

+ /R o (VW elarn) +v(x) = VW (e(xar1) - (x))dx, V¢ € Dyag(RITHR™),
(36)

where D, 4q(RIH1; R™) is the subspace of test functions which are radial with respect to y.

Setting v(x) = v(pf% ¥, X4+1), we deduce in view of the principle of symmetric criticality
(cf. [19]) that

Av(x) = VW (e(xg+1) + 0(x)) — VW (e(xg+1)) holds weakly in RYH,

Therefore, u(x) = v(x) + e(x4+1) is a weak solution of system (23). In the next lemma, we
study its asymptotic properties.

Lemma 7 (Asymptotic behaviour) We have

(i) im0 191 1 (Bx,1y:mm) = 0.
(ii) § € C2RIHR™), and limyy) oo 5(x) = 0, as well as limiy .00 Vi(x) = 0.

Proof (i) Let x, = (yu,zn) € RY x R be a sequence such that lim,_, o |x,| =
oo. If limy— oo |yn| = o0, then it is clear that limy—co [0ll12(p(x,1y:rmy = O, since
lim|y|— o0 IV 2R:rmy = 0. Otherwise, if sup, [y,| < R, for a constant R, then we
have lim,,_, o0 |2, | = 00, and we know that § € L2(B(0, R+ 1) x R; R™). Consequently, we
also obtain limy | oo ||ﬁ||L2(B(x’1);Rm) = 0. Finally, itis clear that fori =1, ..., d, we have
limx)— o0 |10x; | 22(8(x.1):rm) = 0, since Ty, € L*(RYT!; R™). On the other hand, in view of
the inequality

1
/ 2 Vs [ = / W(V) — / f (a1, v(x))dx
By(yn, R)xR Bi(yn.R) Ba(yn,R)xR
< W(V) + L{vl; Ry
/an, ® L2(Bg(yn R)XR;RM)
one can check as previously that lim|y|—co | Uxs, | 2B (x, 1):Rm) = O
(i) Set g(x) = VW(e(xg+1) + 0(x)) — VW(e(xg+1)). In view of i) and since the

map R” > u +— VW(u) is globally Lipschitz, it is clear that g € H} (R R™),
and limjy|—co I8l g1 (B(x,1):Rm)y = 0. Therefore, we obtain by elliptic regularity that

@ Springer



81 Page 140f 23 I. Arkoudis, P. Smyrnelis

v e H) (R R™), and limyy)sco 101 g3 ((x.1/2)mm) = 0. Next, by a standard boot-
strap argument, it follows that v € CE(RI+!, R™), and limy|—» 00 U(x) = 0, as well as
limy |- 00 VO(x) = 0. |

To complete the proof of Theorem 4, it remains to establish the variational characterization
of the solution u. Let v(x) = u(x) —e(xq+1), [V(y)](de) =v(xp, .. s Xd+1), and let i be
a Weak solutlon to system (23) such that u(x) =e(x44+1)+ “;‘ (x), with S(x) =[EW)](xd+1),

D}2(RY; H), & # 0, and W(E) € L' (R?). Then, we have in view of (A3):

- 2d -
fR VYO By = - /R W@y, (372)

- 2d -
VEWIZudy = ——— | W(E())dy. 37b
[ 190 Bty = =75 [ ey (370)
Moreover, we know that V(y) = V(/L_% v), and the minimizer V satisfies

1
T =/ IVVIZ, :min{/ SIVUIZ, U eA}, and/ WWV)=-1. (38
R4 R4 2 R4

Consequently, one can check that

1 e -\ T
3 LB =1 (= [ W) 7

On the other hand, we also have (cf. (18)):

%/R IVER, = 7(~ [ W) T,

Combining (37) with these relations, we deduce that — fRd W(V) < - fRd W(E), which
implies in view of (A4) that £(u) < E(i). O

=
|
N

Now, we provide examples of potentials satisfying the assumptions of Theorem 4.

Proposition 1 Let W e C2(R™; R) be a nonnegative potential vanishing only at the points
a~ and a™, and satisfying (24b), as well as lim inf |y - o0 W(u) > 0. Letalso e € C2(R; R™)
be a minimizing heteroclinic orbit* connecting a™ to a™:

¢’ (t) = VW (e(t)), Jim () = a*t, (39a)

- 1 ~ ~ 1 ~
Eie) = f 517+ W] < Ertetn) = f [3le+h P+ e+ vh e H' @ R™.
R R
(39b)
Then, there exists an open neighbourhood O of the compact set K = e(R) U {a*), and a

nonnegative potential W € C*(R™; R) coinciding with W in O, and satisfying assumptions
(24) and (29).

Proof Let vy € C2([—1,1]; R™) be a simple regular curve such that yp(£1) = a*, and

1 ((—1, 1)) N K = @. Given € > 0 small enough, let O be an open and bounded neighbour-
hood of K such that O N yp([—1 + €, 1 — €]) = . We construct a nonnegative potential W
in such a way that

2 'We refer for instance to [5] for the existence of such an orbit.
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o W) =W, forueo, ~
e 0 < W(u) < 2Sup}’o([*1,*1+€])UV0([1*€,1]) W, foru € )/0((_1, 1)),
e W e C%(R™; R), and the second derivatives of W are bounded in R™.

By taking € small enough we can ensure that fVO V2W < Ei(e) = E1(e).

On the other hand, we know by [3, Proposition 2.1], that there is an equipartition
parametrization of the curve yy(s), s € [—1, 1]. That is, there is an orientation preserv-
ing diffeomorphism ¢ : R — (—1, 1), such that the map y(r) = pp(¢(t)), satisfies
2Iy O =Wy @), vt € R. Consequently, it follows that

1
B = [ [P ewe]|= [P = [ Vawoii = [ VaW < B,
rL2 R R "™

and |y —a~|? (respectively |y —a*t|?) is integrable in a neighbourhood of —oco (respectively
+00), since the zeros a* of W are nondegenerate, and W(y) € L'(R). This proves that
y —e € H'(R; R™), and condition (29b) is fulfiled.

To complete the proof, it remains to check that (29a) also holds. Let 8 > 0 be such that
||h||H1(]R Ry = ,8 = e(t) + h(t) € O, Vt € R. Then, when |4 and

2LB
”h ”LZ(R R™) = 1+2L°
Otherwise, when || A2

< B
L2(R;Rm) — 1+2L°
it is clear in view of (39b) that W(h) = Ej(e + h) — E1(e) > 0.

2L
DRRER) S 1+2L,and (1% ||L2(]R Ry = 1+2L,we have again W(h) > 0

in view of (27) and (28). This proves that W(h) > 0, provided that ||h||L2(]R Rm) < ]fu
O

The following version of Theorem 4 applies when instead of (24c), we assume that

3Ry > O such that VW (u) - u > 0, provided that |u| > Rp. (40)

Corollary 8 Let d > 3. Under assumptions (24a), (24b), (24d), (29) and (40), there exists a
solutionu € C2(R? x R; R™) 1o system (23) satisfying properties (i) and (ii) of Theorem 4.
Property (iii) of Theorem 4 also holds if we assume in addition that the solution i is bounded.

Proof The maximum principle (cf. forinstance [21, Theorem 3.2]) implies that every bounded
solution of (23) takes its values in the ball B(0, Ry) of R™. This is true in particular for the
trivial solutions a¥, for the heteroclinic orbit e, and for the solution & considered in Theorem
4 (iii). Moreover, the map hg in (29b) can be taken so that (e + hg)(R) C B(0, Rp), since the
projection onto the closed ball B(0, Ry — €) (with € > 0 small enough), reduces the energy
E|.

Next, we modify the potential W outside the ball B(0, Ry) in such a way that both (24c)
and (40) hold. In view of Theorem 4, we obtain a bounded solution u corresponding to the
modified potential. However, it follows again from the maximum principle that |u(x)| < Ry,
Vx € R9*! Thus, u is also a solution of (23) for the initial potential W. ]

3.2 Ground state ford = 2

The case d = 2 is particular, since in view of assumption (H2) of Theorem 2, the heteroclinic
orbit e must be a nondegenerate local minimum of V. In this context we need to strengthen
assumptions (24) and (29). When d = 2, we assume that

wWecC 2(]Rm; R) is nonnegative, and has (at least) two zeros a~ and a™, (41a)
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W is invariant by the reflection o which exchanges a*, (41b)
the Hessian matrices DZW(ai) are positive definite, (41c)
the map u — VW (u) is globally Lipschitz in R™. (41d)

Moreover, we assume the existence of a symmetric heteroclinic orbit e € C 2(]R; R™) con-
nectinga~ toat:

e'(t) = VW(e()), t_l)irjltlooe(t) =at, e(—1) = oe(t), Vt € R. (41e)

Without loss of generality we assume that e(0) = 0. We shall work in the Hilbert space
Ho = {h € L*(R;R™) : h(—t) = oh(t) forae.t € R} C L*(R; R™),

of symmetric maps. The symmetry of & € H, removes the degeneracy due to the translation
invariance of the functional W. Finally, we assume that

W(h) > oz||h||n2HG holds for & € H, such that ||2]|3¢, < 6 (with o, § > 0 small enough),
(42a)
and W(hg) < 0, for some hg € H'(R: R™) N H,. (42b)

Remark 1 Assumption (42a) holds provided that the heteroclinic orbit e is nondegenerate
in the sense that 0 is a simple eigenvalue of the linearized operator T : W>2(R; R™) —
L2R;R™), To = —¢" + D?>W (e)¢ (cf. [20], and in particular Lemma 4.5 therein). Indeed,
the nondegeneracy of e implies the existence of constants «, 8 > 0 such that

h € Ho VH' R R™), 1hl131 gy < B = W) = allhll3 g.gm- (43)
2L+2 e . .
Then, when ”h”iZ(R;RW) < m,andnh’uiz(R;RM) < (2L:2:‘ﬁ,1tls clearin view of (43)

that W(h) = |12 .y - Otherwise, when 1112, ¢ oy < 2755577 a0d 1A 112 . oy =
gzLLLial/ff, we have again W(h) > a”h”iz(R;RW) in view of (27) and (28). This proves that

1
(42a) holds with § = (ZI‘J#H) 2. Finally, we refer to [13] and [20, Theorem 4.3 and Remark
4.4] for examples of potentials having such nondegenerate orbits.

In Proposition 2, we provide examples of potentials W satisfying assumptions (41) and
(42). When d = 2, and (41) as well as (42) hold, it is clear that the potential W : H, —
(—00, +0o0] satisfies the assumptions (H1)-(H4) of Theorem 2 applied to the Hilbert space
‘Ho . Therefore, we deduce the existence of a radial map V € A solving the minimization
problem (20), in the class

A= {U € H! (R, H,) : U #0, W) € L'(R?), fz W) < 0}. (44)
R

Moreover, we have fRz W(V) =0,and V # 0. From the minimizer V, we recover a solution
u to system (23) satisfying the properties of Theorem 9 below. In what follows, we write
x = (x1,x2,x3) = (y, x3) € R, with y = (x1, x2) € R%.

Theorem 9 Under assumptions (41) and (42), there exists a solution u € CZ(R3; R™) 10
system (23) such that

(i) u(y,x3) = u(z, x3), whenever |y| = |z| (with , y,z € R?), and u(y, —x3) = ou(y, x3),
Y(y,x3) e RZ x R.
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(ii) 1imy|— 00 (u(x) —e(x3)) = O (withx = (x1, x2, x3)), and u(x) —e(x3) # 0. In particular
limyERz,ly\%oo u(y, x3) = e(x3). ) ~

(iii) Lgt i be a WNeak solution to system (23) such thatjl(x) = e(x3) + £(x), with £(x) =
[EM](x3), B € HY2R2: Hy), E £ 0, and W(E) € L' (R?). Then, we have E(u) <

rad

E(u), where & is defined in (32).

Proof Let V € A, be the minimizer provided by Theorem 2. We proceed as in the proof of
Theorem 4, to recover the solution u from the minimizer V.
Let H! (R3;R™) be the subspace of equivariant maps w € H 1(R3; R™) which are

equ

° ra;iia] with respect to y, i.e. w(gy, x3) = w(y, x3), Vg € O(R?), and for a.e. (y,x3) €

R-,
e symmetric with respect to x3, i.e. w(y, —x3) = ow(y, x3), for a.e. (y, x3) € R3.
By adjusting the proof of Lemma 5, we first establish the following result.

Lemma 10 Let v(x) := [V (¥)](x3). Then, we have v € Helqu (R3; R™). On the other hand,
let ¢ € Helqu (R3; R™), and let [® (y)](x3) := ¢ (x). Then, for every A € R, V 4+ Ad belongs
to H! ,(R% Hy), and W(V +1d) € L' (R?).

rad
In view of Lemma 10, v is a minimizer of the functional

S(w) = / IVyw(x)Pdx,
R3
in the class
C={w=v+¢:¢eH, R R"):w#0, Fw)<0),

where

1
F(w) =f (§|wx3(x)|2 + f(x3, w(x)))dx =/ WV + d)dy.
R3 R2

Next, we define the continuous linear functionals on Helq u (]R3; R™):

Gi(¢) = /R} (V23 (0) - By (¥) + [VW (e(x3) + v(x)) = VW (e(x3))] - 9 (x))dx,

and

Ga2(¢) = / (vx; - @y + Vx, - Pxy)dx,
R3

where ¢ € H elqu (R3; R™). One can see that

d

F+id)| _ =Gi@).

)| o 1(¢)
At this stage, we prove the analog of Lemma 6:

Lemma 11 (Lagrange multiplier)

(i) We have G, # 0.
(ii) There exists a constant p > 0 such that uG, + Gy = 0.

Proof (i) Assuming by contradiction that G; = 0, then for a.e. y € R, the map V(y) :
x3 +— v(y, x3) belongs to H'(R; R™), and the map R 3 x3 — e(x3) + v(y,x3) is a
heteroclinic orbit connecting a~ to a™. In addition, since every heteroclinic orbit converges
at o0 exponentially fast to a*, it follows that V(y) e H 2(R; R™). Consequently, writing
by abuse of notation V (r) instead of V (y), where r = |y|, y € R2, there exists a negligible
set N C (0, 00), such that for r € (0, 00) \ N:
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o V(r) € HX(R;R™),and R 3 x3 — e(x3)+[V (r)](x3) is a heteroclinic orbit connecting
a” toat: e (x3) + T (13) = YW (e(xz) + [V()1(x3)), Va3 € R,

o lim,_,, Y-V v,(r) holds in L?(R; R™), where V, is the weak derivative of the

map r — V(r).
Next, we introduce the function (0, 00) 3 r > ¢(r) = [ W(e(x3) + [V (r)](x3))dx3. By
the mean value theorem we have

g(s) —¢(r) = /Rpr,s(m) ([V($)10x3) = [V (1)](x3))dxs, (45)

with pys(x3) = VW(e(x3) + [V(")](x3) + ¢ s (x3) [V ()](x3) — [V(r)](x3))), and 0 <
¢r.s(x3) < 1. Moreover, one can see using (41d) that the functions p, ; are uniformly bounded
in L>(R; R™), provided that r,s € [a,b], with 0 < a < b < oo. This implies that the
function ¢ is absolutely continuous on [a, b]. We also compute for » € (0, co) \ N:

lim £@) = 80) _ lim/ prs(x3) [V (s)](x3) — [V(r)](X3)dx

s—>r s —r s=>r R

= /RVW(E(X3) + [V(N1(x3)) - [Vr (N](x3)dx3, (46)

S —r

since in view of (41d), p, s — VW(e 4 [V (r)]) in L3(R; R™),ass — r.
On the other hand, for every r € (0, c0) \ N, the heteroclinic orbit R 5 x3 > e(x3) +
[V (r)](x3) satisfies the equipartition relation:

1y, dlvr)]
W(ein) + IV 1) = e/ + S e v € B
thus we have for r, s € (0, 00) \ N:

([l y V@IR L dvep
£() =8 = 2 A;[ dxs ’ B dxs ] 3
_ 1/ [d([V(S)] [V(r)])] ) [26/+ ([V(S)H-[V(r)])]dx3
2 Jr

dx3 dx3

= —% / [V(s) = V()] - [VW(e+V(s)+VW(e+ V(r))ldxs,
R

and

L) = ¢r) _

(0,00)\N3s—r S —r

—/RVW(e(X3) + [V(MNI3)) - [Vr(ND](x3)dx3,  (47)

since using (41d), one can see that VW (e + V(s)) - VW(e + V(r)) in L2(R; R™), as
s — r.In view of (46) and (47), we deduce that lim,_,, *82=£©) = 0, for r € (0, 00) \ N,
and consequently the function ¢ is constant. Moreover, proceeding as in (45), and writing

¢(r) = /R W(e(x3))dxs = /Rpr(xs) A[V(N)](x3)dxs, (48)
with p,(x3) = VW (e(x3) + ¢, (x3)[V(r)](x3)), and 0 < ¢,(x3) < 1, one can see as pre-
viously that lim, ,» ¢(r) = fR W(e). Thus, ¢(r) = fR W (e) . In view of the equipartition

relation, this implies that W(V (r)) = 0, Vr € (0, 00) \ N. Therefore, using (42a), we
conclude that V = 0, which is a contradiction.
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(>ii) Itis clear that G, # 0, since G, (v) = fRz ||VV(y)||§{2 dy > 0. Moreover, if G1(¢) <

0, we have v + A¢ € C, for 0 < A <« 1, and thus G, (¢) ZGO. Consequently, there exists a
constant i > 0 such that uG, + G| = 0.
O

To complete the proof of Theorem 9, we proceed exactly as in the higher dimensional case.
One can see that the map v solves (31), while the map u(x) = v(x) + e(x3), with v(x) =
v(,u_% v, x3), is a solution to system (23). On the other hand, the asymptotic properties of
u are established as in Lemma 7. Finally, let & be a weak solution to system (23) such
that Z(x) = e(x3) + &(x), with E(x) = [EO)](x3), & € HLIR%: M), E # 0, and

W(E) € L' (R?). Then, setting [V (y)](x3) = 9(x1, x2, x3), we have

Ew) = 1[ IVVI3, = 1/ IVVIZ, < 1/ IVEIZ, = E@@)
u_Z ]RZ HZ_Z RZ HZ_Z R2 HHZ_ u’

since V(y) = V(" y), and fpo W(E) = [ W(V) = 0, in view of (A3).

Now, we provide examples of potentials satisfying the assumptions of Theorem 9.

Proposition2 Ler W € C2(R™; R) be a nonnegative potential vanishing only at the points
a~ and a™, and satisfying (41b), (41c) as well as lim inf)y| 500 W(u) > 0. Let also e €
C2(R; R™) be a nondegenerate symmetric minimizing heteroclinic orbit® connecting a™ to

at:
e"(t) = VW(e(t)), Iligloo e(t) = ai, e(—t) =oe(t), Vt € R, (49a)
1 72 (17 1 / 72 37 1
/ [S1eP+ W] < / [Sle + 0P+ Fe+n] vhe H'®RR™,  @9b)
rL2 RL2

dimker T = 1, where T : W*2(R; R™) — L*(R; R™), T = —¢" + D>*W(e)g. (49¢)

Then, there exists an open neighbourhood O of the compact set K = e(R) U {a*}, and a
nonnegative potential W € C2(R™; R) coinciding with W in O, and satisfying assumptions
(41) and (42).

Proof We consider a simple regular symmetric curve yy € C2([—1, 1]; R™) such that
yo(£1) = a%, and y((—1,1)) N K = @. Then, we proceed as in the proof of Proposi-
tion 1. O

As in the higher dimensional case, we can show that the following version of Theorem 9
applies when instead of (41d), we assume that (40) holds.

Corollary 12 Under assumptions (41a), (41b), (41c), (41e), (42) and (40), there exists a
solution u € C*R3; R™) to system (23) satisfying properties (i) and (ii) of Theorem 9.
Property (iii) of Theorem 9 also holds if we assume in addition that the solution u is bounded.

3 We refer to Remark 1 and to [5] for the existence of such an orbit.
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Appendix A Hamiltonian and Pohozaev identities

Hamiltonian identities have originally been derived in [12] for solutions of system (12)
satisfying some asymptotic conditions. Here, we establish a version of these identities for
the solutions of section 3. They are used to prove the ground state property (iii) of Theorems
4 and 9.

Lemma 13 Letd > 2, and set x = (x1,...,Xq4+1) = (¥, Xg+1), with y = (x1,...,Xq).
Under the assumptions of Theorem 4 when d > 3 (respectively T{zeorem 9whend = 2), let
il be a weak solution to system (23) such that u(x) = e(xq+1) + & (x), with

|

Then, for everyi =1, ...,d, there exists a negligible set N; C R such that

(63l

e DL2(R; H), E#£0, and W(E) e L'(RY),  whend > 3,

rad

€ H2(R% Hy), E#0, and W(E) € L'(R?), whend = 2.

[

1~ > 1 = 2 =
(F1E5 O = 5 Y1y 0 = WEGD )dyi ... dyi-1dyisn ...y =0
yi=h i i
s j#l
(A1)
holds for . € R\ N;. Consequently, we also have

1 = 2 1 = 2 = .

/Rd (G185 01— 5 j§# 12, 0~ WEG))dy =0, Yi=1,...d,  (A2)

as well as
/R (0= DIVED I —awEn)dy =0, (A3)
Moreover,
Ea) = 1/ IVEWII3,a. and ifd > 3, £Gii) = —i/ W(E)dy,  (Ad)
d Jrd H d—2 Jrd
where £ is defined in (32).

Proof By reproducing the arguments of Lemmas 5 and 7 when d > 3 (respectively Lemmas
10and 7 when d = 2), we first notice that i is a classical solution satisfying lim |- oo §(x) =
0, and limy| - oo V§ (x) = 0. In what follows, we still denote by e, the map (xy, ..., Xg4+1) >
e(x4+1). Next, we consider the stress-energy tensor (cf. [3, Chapter 3]) associated to solutions
of system (23):

1
Ty = iy - iy, — 5i,-(§|va|2 + W(ﬁ)), l<i,j<d+1, (A5)
and the divergence free vector fields A;(x) = (Ti,1, ..., Tia+1) € Rt (i = 1i ..., ad).
Giveni € {1, ..., d}, there exits a negligible set N; C R such that the functions |V E(y) |I§{d

and W(E(y)) are integrable on the hyperplanes y; = A, for every A € R\ N;. By applying
the divergence theorem to the vector field A; in the box

B=[-R,RI" ! x[A At x [=R, R x [-L, L],
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with A* € R\ N;, we obtain the equation

d+1 d+1

2120 =0
j=1 j=1

where

_ A+l pt
0B =UItIBT,

BE = {x e R i x; =A%, xgq1| < L, gl < RVK ¢ (i, d + 1)),

Bj—o—l ={xeRIx; e AT A ) xgp1 = £L, Ixx| < R, Vk ¢ (i, d + 1)},

while for j ¢ {i,d + 1},

Bf = {x e R xj =£R, x; € A7, 44, lxgq1l < L. Ikl < R VK ¢ (i, j,d + 1)),
and

1 - 1 - 1 - .
I /B_i GEP=( X &) = Slewn P — ey Ey = Wee +),

(Lo dt1)31 i
. . . + = =
vigld+n:if = [ & &,
7=,

+ ~ ~
Id+1 = _/;31 x; - (eXd+1 +fxd+1)-

d+1

It is clear that as L — o0, and R remains fixed, lim; _, o 1;[+1 = 0. On the other hand, after
an integration by parts, we obtain

1 - 1~ -
1?=/Bi GEPL=( X SEP) — s B~ leql)

(L, d+1}31i

/ S : exd+1 +f E
xi =A%, xg11=L,|xt| <R.Vk¢{i . d+1} xi=A%E xg11=

“Cxipns
=—L,|x|<RVk¢{i,d+1)}

and letting L — 00, one can see that

1 -~ 1 ~ -
lim (17 —17) =/ SIEy, I3, — = Iy, W%, — WED))
L—oo ! ! yi=At, vk | <R Vk#£i (2 . o2 {1,...%:91@&1‘ 8 & )

1 - 1 - -
f/y:r S GIEvOIF =5 2 184 Wi~ WE).

(1,....d) ki
while

Vie{l,...d}\ {i}: Lli)m@(}lf:/

(é)’i - éyz (y)).
yi=%R, y; €[A7, A7), |yk|<R,Vk{i 1}

Finally, since |V & ||,2Hd e L'(R?),and W(E) e L' (R?), we conclude letting R — oo along
a subsequence that

lim / (B, () By () =0,
R—00 Jy,=+R, y;e[A=, A1 Iyk| <R ¥k{i 1)
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while
lim / (S1E, 03 - = Do IELWIG - WEL)
=i =k =
R=>00 )y =3 |yl <R k2 20 ek
1 - 1 - -
= f CGIEsWI =5 2 18I~ WEW).
yi=h (1,....d}ok#i

This proves that for every A=, AT € R\ N;, we have
1 = ( 2 l = ) 2 W =
e \2 1€y, Wz — 3 ; 12y, M5, — W(E(®)))

| 1 - _
_ / . (3180 — 5 Y125, 0)B, - WED),
" j#i

and using again the integrability of the functions ||V é(y) ”%—td and W(E(y)), it follows that

[ > 1 = 2 =
Vi€ R\ N ; (185 O = 5 21, 0 = WEGD) = 0. (A6)
yi=h J#i
Next, by integrating (A6) with respectto y; € R, we derive (A2). Finally, the sum of equations
(A2)fori =1, ...,d gives (A3). ]
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