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Abstract
We prove the existence of a ground state for some variational problems in Hilbert spaces,
following the approach of Berestycki and Lions. Next, we examine the problem of con-
structing ground state solutions u : Rd+k → R

m of the system �u(x) = ∇W (u(x)) (with
W : Rm → R), corresponding to some nontrivial stable solutions e : Rk → R

m . The method
we propose is based on a reduction to a ground state problem in a space of functionsH, where
e is viewed as a local minimum of an effective potential defined in H. As an application, by
considering a heteroclinic orbit e : R→ R

m , we obtain nontrivial solutions u : Rd+1 → R
m

(d ≥ 2), converging asymptotically to e, which can be seen as the homoclinic analogs of the
heteroclinic double layers, initially constructed by Alama-Bronsard-Gui and Schatzman.

Mathematics Subject Classification 35J50 · 58E99

1 Introduction

In the first part of the present paper we establish the existence of a ground state for some
variational problems in Hilbert spaces, following the approach of Berestyscki and Lions
in [7]. Their seminal paper, which studies nonlinear scalar fields in R

d , with d ≥ 3, was
completed by the work of Berestycki, Gallouët, and Kavian [6], in the two dimensional case,
and by the work of Brezis and Lieb [9] in the vector case. For more recent developments on
these results we refer for instance to the papers [4, 10, 16–18].
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In the Euclidean setting, it is known (cf. [9]) that given a potential W ∈ C2(Rm) (with
m ≥ 1) satisfying for instance the following set of assumptions:

W (0) = 0, and W (u0) < 0, for some u0 ∈ R
m, (1a)

⎧
⎪⎨

⎪⎩

when d ≥ 3: lim inf |u|→0
W (u)

|u|2∗ ≥ 0 and lim|u|→∞ W (u)

|u|2∗ = 0, with 2∗ = 2d
d−2 ,

when d = 2: W (u) > W (0) = 0, for 0 < |u| ≤ δ, for some δ > 0,

and lim sup|u|→∞
|∇W (u)|
|u|q <∞, for some q > 0,

(1b)

then the minimization problem:
{
when d ≥ 3: min{ 12

∫

Rd |∇u(x)|2dx : ∫
Rd W (u(x))dx ≤ −1}

when d = 2: min{ 12
∫

R2 |∇u(x)|2dx : ∫
R2 W (u(x))dx ≤ 0, u 	≡ 0} (2)

admits a solution u : Rd → R
m in an appropriate class ofmaps.Moreover, under a convenient

change of scale, the minimum of (2) gives rise to a ground state solution for the problem

�u(x) = ∇W (u(x)) in R
d , with u 	≡ 0, lim|x |→∞ u(x) = 0. (3)

By a ground state solution, we mean a solution u 	≡ 0 of (3) such that Ed(u) ≤ Ed(v) holds
for every nontrivial solution v of (3) in an appropriate class, where we denote by

Ed(v) =
∫

Rd

(1

2
|∇v|2 +W (v)

)
, or Ed(v,�) =

∫

�

(1

2
|∇v|2 +W (v)

)
, � ⊂ R

d , (4)

the energy functional associated to system (3).
Finally, we point out that the one dimensional case d = 1 is special, and is treated

differently. Under certain assumptions on W , which are distinct from (1) (cf. for instance
[5]), one obtains solutions u : R→ R

m of the O.D.E. problem:

u′′(x) = ∇W (u(x)) in R, with u 	≡ 0, lim|x |→∞ u(x) = 0. (5)

Such solutions are called homoclinic orbits.
In the setting of Hilbert space (cf. Theorems 1 and 2 in Section 2 below), we consider

sequentially weakly lower semicontinuous potentialsW defined in a separable Hilbert space
H and taking their values in an interval [−Wm,+∞], which is bounded below. In addition,
we assume that W(0) = 0, and that 0 is respectively a local minimum of W , when d ≥ 3,
and a nondegenerate local minimum of W , when d = 2. Finally, we suppose that condition
(1a) is satisfied for W . In Theorems 1 and 2, we establish that the minimization problem

{
when d ≥ 3: min{ 12

∫

Rd ‖∇U (y)‖2Hd dy : ∫
Rd W(U (y))dy ≤ −1}

when d = 2: min{ 12
∫

R2 ‖∇U (y)‖2H2dy : ∫
R2 W(U (y))dy ≤ 0, U 	≡ 0} (6)

admits a solution in an appropriate class of radial maps U : Rd → H (cf. (30) and (44)).
We point out that the radial symmetry is not a restrictive constraint in the Euclidean setting,
since it is proved in [15] that any minimizer of problem (2) is necessarily radial. The main
issue in the setting of Hilbert spaces, is due to the lower semicontinuity of the potential W ,
and to the fact that the imbeddings of Sobolev spaces of functions U : Rd ⊃ � → H are
not compact. However, by assuming that W is bounded below, and looking for a minimizer
in the class of radial maps, problem (6) can be solved. Notice also that in contrast with the
Euclidean case, none asymptotic condition is required on W , as ‖U‖H→∞.
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The ground state solution u in (3) converges asymptotically to the trivial solution 0 of
system (3), and it is close to it in terms of energy. Thus, one may ask if a ground state
corresponding to k ≥ 1 dimensional solutions can also be constructed. This is the scope of
the second part of the present paper.

More precisely, given a solution e : Rk → R
m of

�e(xd+1, . . . , xd+k) = ∇W (e(xd+1, . . . , xd+k)), (xd+1, . . . , xd+k) ∈ R
k, (7)

we are looking for a solution u : Rd+k → R
m of system

�u(x1, . . . , xd+k) = ∇W (u(x1, . . . , xd+k)), (x1, . . . , xd+k) ∈ R
d+k, (8a)

satisfying the following properties

u(x)− e(xd+1, . . . , xd+k) 	≡ 0 where x = (x1, . . . , xd+k), (8b)

lim|x |→∞(u(x)− e(xd+1, . . . , xd+k)) = 0, (8c)

E(u) ≤ E(v) holds for every solution v 	= e of (8a) in an appropriate class, (8d)

where E is a renormalized energy functional related to functional Ed+k (cf. (4)) that will be
defined in (10).

The strategy to solve problem (8) is inspired in the approach from Functional Analy-
sis (evolution equations), where the solution u of (8), is regarded as a map U : Rd →
e+ L2(Rk;Rm), [U (x1, . . . , xd)](xd+1, . . . , xd+k) := u(x1, . . . , xd+k), taking its values in
the affine space e + L2(Rk;Rm), and the initial P.D.E. problem (8) is reduced to the mini-
mization problem (6) forU . This method has previously been applied in [22, 24] to construct
heteroclinic double layers solutions of second and fourth order elliptic systems. We refer
to the work of Alama, Bronsard, Gui [1], and Schatzman [20] for the original construction
of such solutions, which are particularly relevant for the theory of phase transition systems.
Indeed, these results provide nontrivial examples of minimal solutions for system (8a) with
a double well potential W .

Below,we present themain ideas of thismethod. One issue is due to the fact that the energy
of the solutions we are looking for is infinite. Thus, we have to renormalize the functional
Ek . For this purpose, we identify the affine space e + L2(Rk;Rm) with the Hilbert space
H = L2(Rk;Rm), and define the effective potential W : H→ R as follows:

W(h) =
{∫

Rk

( 1
2 |∇h|2 + [W (e + h)−W (e)− ∇W (e) · h]), when h ∈ H1(Rk;Rm),

+∞, when h ∈ L2(Rk;Rm) \ H1(Rk;Rm).

(9)
Assuming that the map R

m � u �→ ∇W (u) is globally Lipschitz, the potential W is well
defined. Moreover, we have W(0) = 0, and one can see that given a test function φ ∈
D(Rk;Rm), it holds W(φ) = Ek(e + φ, suppφ)− Ek(e, suppφ).

Assuming also that the solution e, which is identified with the origin of the Hilbert
space H, is a local minimum of W , then the minimization problem (6) admits a solu-
tion V : Rd → H, provided that W is sequentially weakly lower semicontinuous and
bounded below. Finally, after rescaling V , we obtain a map Ṽ giving rise to the solution
u(x1, . . . , xd+k) = e(xd+1, . . . , xd+k) + [Ṽ (x1, . . . , xd)](xd+1, . . . , xd+k) of problem (8).
In addition, by deriving a Pohozaev identity for Ṽ (cf. Lemma 13), one can show that u is a
least-energy solution in an appropriate class, for the renormalized energy functional:

E(ũ) =
∫

Rd

(1

2
‖∇�̃(y)‖2Hd +W(�̃(y))

)
dy, (10)
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where y = (x1, . . . , xd), ũ(x1, . . . , xd+k) = e(xd+1, . . . , xd+k)+ [�̃(y)](xd+1, . . . , xd+k),
and �̃ : Rd → L2(Rk;Rm). Notice that the energy functional E decouples the partial
derivatives ∂ ũ

∂x1
, . . . , ∂ ũ

∂xd+k
, appearing in Ed+k , since

∫

Rd
‖∇�̃(y)‖2Hd dy =

∫

Rd+k
|∇y ũ(x)|2dx,

while in the expression of W , the derivatives ∂(ũ−e)
∂xi

(i = d + 1, . . . , d + k), as well as the
contribution of W appear.

In Section 2, we apply this method to a heteroclinic orbit e : R → R
m of the O.D.E.

system
e′′ = ∇W (e), (11)

with amultiplewell potentialW ≥ 0 (cf. assumptions (24)). That is, e : R→ R
m is a solution

of (11) satisfying limt→∞ e(t) = a±, with W (a±) = 0, and a− 	= a+. Indeed, in contrast
with other one dimensional solutions of (11) such as homoclinic and periodic orbits, there
exist heteroclinic orbits which are stable. This is a necessary assumption to solve problem
(8), in Theorems 4 and 9 below. We also point out that in the two dimensional case d = 2,
we need an additional symmetry assumption1 on W (cf. (41b)), to ensure that e is an isolated
minimum of W . Otherwise, W vanishes along the curve {eT : eT (t) := e(t − T ),∀T ∈ R}
obtained by translating the heteroclinic orbit e, and the minimization problem (6) does not
have anymore (when d = 2) a solution distinct from 0.

We recall that given a double well potential W : Rm → [0,∞), having (up to translations)
exactly twominimizing heteroclinic orbits e± (i.e. e± areminimizers of E1 in the affine space
e± + H1(R;Rm)), the heteroclinic double layers is a solution u : R2 → R

m of system

�u = ∇W (u), (12)

such that
lim

x1→±∞
u(x1, x2) = e±(x2 − m±), for some constants m± ∈ R. (13)

It is obtained in [22] as a heteroclinic orbit U , with [U (x1)](x2) = u(x1, x2), connecting in
an appropriate space of functions H , the orbits e±, which are regarded as the minima of an
effective potential W defined in H.

On the other hand, given a double well potential W : Rm → [0,∞), we consider in
Theorems 4 and 9, a heteroclinic orbit e which is a local (but not global) minimum of E1

in the affine space e + H1(R;Rm). Then, setting y = (x1, . . . , xd), we obtain a nontrivial
solution u : Rd+1 → R

m of system (12) such that

lim|y|→±∞ u(y, xd+1) = e(xd+1). (14)

This is now a solution of homoclinic type converging as |y| → ∞ to the orbit e, which
is a local minimum of the potential W defined in (9). Thus, Theorems 4 and 9 provide a
new relevant example of layered solution, that can be seen as the homoclinic analog of the
heteroclinic double layers solution.

These results also outline the hierarchical structure of solutions of system (12), since
higher dimensional solutions such as those in (13) or (14), reproduce the structure of lower
dimensional solutions (e.g. the heteroclinic in (11) or the ground state solution in (3)) in an
appropriate space of functionsH. Similarly, there is a perfect analogy between the potential

1 This assumption was used in the first construction of heteroclinic double layers (cf. [1]), and also in [2] to
establish the existence of an infinity of periodic layered solutions.
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W defined in R
m , and the effective potential W defined in H. This is clear if we compare

the minimization problems (2) and (6): the local minimum 0 of W has its counterpart in the
heteroclinic e, which is a local minimum ofW , while the d-dimensional solution of (3), has
its counterpart in the the d + 1-dimensional solution provided by Theorems 4 and 9. For
additional examples of such layered solutions, we refer for instance to the constructions in
[11, 23].

Finally, we point out that provided that the solution e in (7) is a local minimum of Ek

(or its renormalization), other applications of our method can be considered to construct the
corresponding ground state solutions. We shall give some more examples in our subsequent
work. In addition, byworking in the affine space e+H1(Rk;Rm) (instead of e+L2(Rk;Rm)),
ground state solutions can be obtained for fourth order P.D.E. systems. For more details, we
refer to [22, Theorem 1.3] and [24].

2 Existence of a ground state in Hilbert spaces

In this section, we solve the minimization problem (6) under appropriate conditions on the
potential W , which differ for d ≥ 3 and d = 2.

2.1 The case of three or more dimensions in the domain

Let H be a separable Hilbert space. We consider a potential W satisfying the following
assumptions:

(H1) W : H→ [−Wm,+∞] is a sequentially weakly lower semicontinuous function such
that infH W = −Wm ∈ (−∞, 0).

(H2) W(U ) ≥ 0, if ‖U‖H ≤ δ (with δ > 0). Consequently, it also holds W−(U ) ≤
M‖U‖2∗H , ∀U ∈ H, with 2∗ = 2d

d−2 , d ≥ 3, and a constant M > 0.
(H3) W(0) = 0, and there exists U0 such that W(U0) < 0.

That is, the potential W which is bounded from below, has a local minimum equal to 0 at
U = 0, and is negative at some point U0.

When the domain Rd is of dimension d ≥ 3, we define the space

D1,2
rad(Rd ;H) = {U ∈ L2∗(Rd ;H) : ∇U ∈ L2(Rd ;Hd), U = U ◦ g,∀g ∈ O(Rd)},

with 2∗ = 2d
d−2 (cf. [14] for the general theory of Sobolev spaces of vector valued functions,

and [26, Chapter 1] for the definition and properties of D1,2(Rd)), as well as the class

A =
{

U ∈ D1,2
rad(Rd ;H), W(U ) ∈ L1(Rd),

∫

Rd
W(U ) ≤ −1

}

, (15)

which is nonempty if for instance we assume that

(H4) supt∈[0,1] |W(tU0)| <∞.

We point out that the Sobolev inequality holds in the setting of Hilbert spaces. It is proved
in [14, Theorem 4.15] for W 1,2(Rd ;H), and it can be extended to D1,2

rad(Rd ;H) by using [9,
Remark 3]. Thus, we have

‖U‖L2∗ (Rd ;H) ≤ ‖∇U‖L2(Rd ;Hd ), ∀U ∈ D1,2
rad(Rd ;H).
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In the theorem below, we prove the existence of a minimizer for the problem

T = inf

{∫

Rd

1

2
‖∇U (y)‖2Hd dy : U ∈ A

}

. (16)

Theorem 1 Under assumptions (H1)–(H3), if A 	= ∅, there exists V ∈ A, such that
∫

Rd

1

2
‖∇V ‖2Hd = T , V 	≡ 0, and

∫

Rd
W(V ) = −1.

Proof Let U j be a minimizing sequence i.e. U j ∈ A is such that

lim
j→∞

1

2

∫

Rd
‖∇U j‖2Hd = T .

It is clear that ‖U j‖L2∗ (Rd ;H) and ‖∇U j‖L2(Rd ;Hd ) are uniformly bounded. Since ‖U j‖H is

a radial scalar function belonging to D1,2
rad(Rd), and |∇‖U j‖H| ≤ ‖∇U j‖Hd , one can apply

the radial lemma A.III in [7], to obtain the bound

‖U j (y)‖H ≤ Cd‖∇U j‖L2(Rd ;Hd )|y|
2−d
2 , for a.e. y 	= 0, where Cd > 0, only depends on d.

In particular

‖U j (y)‖H≤C |y| 2−d
2 , for a.e. y 	= 0, and for a constant C > 0, uniformly in j . (17)

As a consequence, setting ρ = (C
δ
)

2
d−2 , we have ‖U j (y)‖H ≤ δ for |y| ≥ ρ > 0, uniformly

in j .
From the previous uniform bounds, we deduce that up to subsequence:

• ∇U j⇀∇V in L2(Rd ;Hd), and ‖∇V ‖2
L2(Rd ;Hd )

≤ lim inf j→∞ ‖∇U j‖2L2(Rd ;Hd )
= T .

• U j⇀V in L2∗(Rd ;H), and V is radial.
• U j (y)⇀V (y), for a.e. y ∈ R

d .

The almost everywhere weak convergence U j (y)⇀V (y), follows from the fact that the
closed balls BR = {U ∈ H : ‖U‖H ≤ R} are compact and metrizable in the weak topology,
with a metric d satisfying d(U , Ũ ) ≤ R‖U − Ũ‖H (cf. for instance [8, Theorem 3.29]).
Moreover, the radial symmetry of U j and the bound (17) imply that the maps U j (r), viewed
as functions of r = |y|, are uniformly bounded in H1([a, b];H), for every 0 < a < b <∞.
Consequently, the sequence U j (r) is equibounded and equicontinuous on [a, b], both with
respect to the norm ‖ · ‖H, and to the distance d induced by the weak topology. In view of
the theorem of Ascoli applied to the sequence U j (r) via a diagonal argument, we deduce

that U j (r)⇀U (r), for every r > 0, and for a function U satisfying ‖U (r)‖H ≤ Cr
2−d
2 .

Finally, given r0 > 0, we have U j (r) − U j (r0) =
∫ r

r0
U ′j (s)ds, and letting j → ∞ we get

U (r)−U (r0) =
∫ r

r0
V ′(s)ds, ∀r > 0. This proves that U ′ = V ′. To conclude that U = V ,

we notice that limr→∞U (r) = limr→∞ V (r) = 0, since also V satisfies (17).
At this stage, one can see that the inequality W−(U j ) ≤ M‖U j‖2∗H , implies that the

integrals
∫

Rd W−(U j ) are uniformly bounded. On the other hand, since
∫

Rd W+(U j ) =∫

Rd W−(U j ) +
∫

Rd W(U j ), and
∫

Rd W(U j ) ≤ −1, we conclude that
∫

Rd W+(U j ) as well
as

∫

Rd |W(U j )| are uniformly bounded.
Finally, using Fatou’s lemma and the sequentially weakly lower semicontinuity ofW , we

obtain ∫

Rd\Bρ

W(V ) ≤
∫

Rd\Bρ

lim inf
j→∞ W(U j ) ≤ lim inf

j→∞

∫

Rd\Bρ

W(U j ),
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and in particular
∫

Rd\Bρ
|W(V (y))|dy <∞, since ‖V (y)‖H ≤ δ, for |y| ≥ ρ. Moreover, in

the ball Bρ , we have again by Fatou’s lemma
∫

Bρ

(W(V )+Wm) ≤
∫

Bρ

lim inf
j→∞ (W(U j )+Wm) ≤ lim inf

j→∞

∫

Bρ

(W(U j )+Wm),

that is, ∫

Bρ

W(V ) ≤ lim inf
j→∞

∫

Bρ

W(U j ),

and in particular
∫

Bρ
|W(V )| <∞. This proves that W(V ) ∈ L1(Rd), and

∫

Rd
W(V ) ≤ lim inf

j→∞

∫

Rd
W(U j ) ≤ −1.

So far we established that V ∈ A, and T = 1

2

∫

Rd ‖∇V ‖2Hd . Arguing as in [9, Lemma 2.3],

one can easily see by scaling (i.e. U (y)→ U (λy)) that

1

2

∫

Rd
‖∇U‖2Hd ≥ T

(
−

∫

Rd
W(U )

) d−2
d

, (18)

holds for every U ∈ D1,2
rad(Rd ;H), such that W(U ) ∈ L1(Rd), and

∫

Rd W(U ) < 0. There-
fore, the minimizer V satisfies

∫

Rd W(V ) = −1, and in particular V 	≡ 0. ��

2.2 The two dimensional case

Let H be a separable Hilbert space. We consider a potential W satisfying the following
assumptions:

(H1) W : H→ [−Wm,+∞] is a sequentially weakly lower semicontinuous function such
that infH W = −Wm ∈ (−∞, 0).

(H2) W(U ) ≥ α‖U‖2H, for ‖U‖H ≤ δ, and for constants α, δ > 0. Consequently, it also
holds W−(U ) ≤ M‖U‖2H, ∀U ∈ H, and for a constant M > 0.

(H3) W(0) = 0, and there exists U0 such that W(U0) < 0.

In dimension two, we work with the space

H1
rad(R2;H) = {U ∈ H1(R2;H) : U = U ◦ g,∀g ∈ O(R2)},

and the class

A =
{

U ∈ H1
rad(R2;H) : U 	= 0, W(U ) ∈ L1(R2),

∫

R2
W(U ) ≤ 0

}

, (19)

which is nonempty if for instance assumption (H4) holds.
We study the following minimization problem:

T = inf

{∫

R2

1

2
‖∇U (y)‖2H2 dy : U ∈ A

}

(20)

Theorem 2 Under assumptions (H1)–(H3), if A 	= ∅, there exists V ∈ A, such that
∫

R2

1

2
‖∇V ‖2H2 = T , and

∫

R2
W(V ) = 0.
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Proof Let U j be a minimizing sequence i.e. U j ∈ A is such that

lim
j→∞

1

2

∫

R2
‖∇U j‖2H2 = T .

It is clear that ‖∇U j‖L2(R2;H2) is uniformly bounded, and that
∫

‖U j‖H≤δ
‖U j‖2H > 0, since

‖U j‖H ∈ H1(R2) \ {0}. By rescaling, we may assume that
∫

‖U j‖H≤δ
‖U j‖2H = 1.

We first prove the following version of [7, Radial lemma A.II] that will be applied to the
radial scalar functions ‖U j‖H ∈ H1(R2).

Lemma 3 Every radial function u ∈ H1(R2) is almost everywhere equal to a function u(r)

of the radius r = |x |, continuous for r > 0, and such that

|u(r)| ≤ 1√
2πr

( ∫

{y∈R2:|y|>r}
(|u(y)|2 + |∇u(y)|2)dy

) 1
2
, ∀r > 0. (21)

Proof By a standard density argument, it suffices to consider the case u ∈ D(R2). We have

d

dr
(ru2) = u2 + 2ruu′ ≥ −r(|u|2 + |u′|2)⇒ ru2(r) ≤

∫ ∞

r
s(|u(s)|2 + |u′(s)|2)ds.

Thus, ru2(r) ≤ 1
2π

∫

|y|>r (|u(y)|2 + |∇u(y)|2)dy. ��

Next, we notice that assumption (H2) and the inequality
∫

R2 W(U j ) ≤ 0, imply that U j (R
2)

is not contained in the ball B(0, δ) of H. Thus, for every j , we can define

r j = max{r > 0 : ‖U j (r)‖H ≥ δ}.
Consequently, we have for a.e. y ∈ R

2 such that |y| ≥ r j :

‖U j (y)‖H ≤ 1√
2π |y|

( ∫

‖U j‖H≤δ

(‖U j‖2H + ‖∇U j‖2H2)
) 1

2 ≤
√

T + 1√
π |y| ,

provided that j is large enough. In particular, we obtain that r j ≤ T+1
πδ2

, hence the inequality

‖U j (y)‖H ≥ δ may occur only for |y| ≤ ρ := T+1
πδ2

. Finally, since (‖U j‖H − δ)+ vanishes

for |y| ≥ T+1
πδ2

, it follows from the Poincaré inequality that (‖U j‖H − δ)+ is uniformly

bounded in L2(R2). Therefore, we can see that U j is also uniformly bounded in L2(R2;H).
From the previous uniform bounds, we deduce that up to subsequence:

• ∇U j⇀∇V in L2(R2,H2), and ‖∇V ‖2
L2(R2,H2)

≤ lim inf j→∞ ‖∇U j‖2L2(R2,H2)
= T .

• U j⇀V in L2(R2,H), and V is radial.
• U j (y)⇀V (y), for a.e. y ∈ R

2.

The almost everywhere weak convergence U j (y)⇀V (y), is proved exactly as in the higher
dimensional case.

Next, one can see (as in the higher dimensional case) that the integrals
∫

R2 |W(U j )| are
uniformly bounded. Similarly, by using Fatou’s lemma and the sequentially weakly lower
semicontinuity of W , we get W(V ) ∈ L1(R2), and

∫

R2 W(V ) ≤ 0.
It remains to show that V 	= 0. To see this, we consider the modified potential

W̃(U ) =
{
0 when ‖U‖H ≤ δ

W(U ) when ‖U‖H > δ,
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which is sequentiallyweakly lower semicontinuous.By applying as previouslyFatou’s lemma
to the sequence W̃(U j ), it follows that

∫

R2
W̃(V ) ≤ lim inf

j→∞

∫

R2
W̃(U j ) ≤ lim inf

j→∞

( ∫

R2
W(U j )− α

∫

‖U j‖H≤δ

‖U j‖2H
)
≤ −α,

which proves that V 	= 0.
Finally, we establish that

∫

R2 W(V ) = 0. Let us assume by contradiction that
∫

R2 W(V ) <

0. Then, we proceed as in [25, Lemma 4.1.] to derive a Pohozaev type identity for V . For
every 0 < r < s fixed, and κ ∈ (0, s

r ), we define the radial comparison map

Vκ (t) =

⎧
⎪⎨

⎪⎩

V ( t
κ
) when 0 ≤ t ≤ κr ,

V (r + (s − r) t−κr
s−κr ) when κr ≤ t ≤ s,

V (t) when t ≥ s.

(22)

Here, by abuse of notation, we write Vκ (t) instead of Vκ (y), where t = |y|, y ∈ R
2.

One can check that when κ is sufficiently close to 1, we have

∫

R2
W(Vκ ) = κ2

∫

B(0,r)

W(V )+
∫

R2\B(0,s)
W(V )

+ 2π
∫ s

r

(
(s − κr)

t − r

s − r
+ κr

) s − κr

s − r
W(V (t))dt ≤ 0,

which implies that Vκ ∈ A. Therefore, setting f (κ) := ∫

R2
1
2‖∇Vκ‖2H2 , we deduce that

f (κ) =
∫ r

0
π t‖V ′(t)‖2Hdt +

∫ s

r
π

(
(s − κr)

t − r

s − r
+ κr

) s − r

s − κr
‖V ′(t)‖2Hdt,

and f ′(1) = πrs
s−r

∫ s
r ‖V ′(t)‖2H = 0, in view of the minimality of V . This implies that V ′ ≡ 0,

and V ≡ 0, which is a contradiction. ��

3 The ground state corresponding to a heteroclinic orbit

In this section, we consider the elliptic system

�u(x1, . . . , xd+1) = ∇W (u(x1, . . . , xd+1)), u : Rd+1 → R
m, d, m ≥ 2, (23)

where the potential W is such that

W ∈ C2(Rm;R) is nonnegative, and has (at least) two zeros a− and a+, (24a)

the Hessian matrices D2W (a±) are positive definite, (24b)

the map u �→ ∇W (u) is globally Lipschitz in R
m . (24c)

Moreover, we assume the existence of a heteroclinic orbit e ∈ C2(R;Rm) connecting a− to
a+:

e′′(t) = ∇W (e(t)), lim
t→±∞ e(t) = a±. (24d)

Since the minima a± are nondegenerate, we know that e converges exponentially fast to the
minima a± (cf. for instance [5]). In particular, we have W (e), |e′|2, |e′′|2 ∈ L1(R). We also
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recall that the Action functional associated to system (24d) is denoted by

E1(v) =
∫

R

(1

2
|v′|2 +W (v)

)
, or E1(v, I ) =

∫

I

(1

2
|v′|2 +W (v)

)
, I ⊂ R. (25)

In order to construct a ground state corresponding to the heteroclinic orbit e, we shall work
in the affine space e + L2(R;Rm), and consider the following renormalized functional:

W(h) =
{

E1(e + h)− E1(e), when the distributional derivative h′ ∈ L2(R;Rm),

+∞, otherwise,
(26)

defining a potentialW in the Hilbert spaceH = L2(R;Rm). It is clear thatW takes its values
in [−Wm,+∞], with Wm = E1(e), and one can see as in [22, Lemma 3.1. (i)] that W is
sequentially weakly lower semicontinuous. In addition, when h ∈ H1(R;Rm), an integration
by parts gives

∫

R
∇W (e) · h = ∫

R
e′′ · h = − ∫

R
e′ · h′, since e′ ∈ H1(R;Rm). Thus, we

derive an alternative expression of the potential W:

W(h) =
∫

R

[1

2
|e′ + h′|2 − 1

2
|e′|2 +W (e + h)−W (e)

]

=
∫

R

[1

2
|h′|2 +W (e + h)−W (e)− ∇W (e) · h

]
. (27)

Setting f (t, h) = W (e(t)+ h)−W (e(t))− ∇W (e(t)) · h, we have in view of (24c):

| f (t, h)| ≤ L|h|2, ∀t ∈ R, ∀h ∈ R
m , and for a constant L > 0. (28)

3.1 Ground state for d ≥ 3

When d ≥ 3, we also assume that

W(h) ≥ 0 holds for ‖h‖H ≤ δ (with δ > 0 small enough), (29a)

and W(h0) < 0, for some h0 ∈ H1(R;Rm). (29b)

In Proposition 1, we provide examples of potentials W satisfying assumptions (24) and (29).
Provided that (24) as well as (29) hold (with d ≥ 3), it is clear that the potential W satisfies
the assumptions (H1)-(H4) of Theorem 1. Therefore, there exists a radial map V ∈ A solving
the minimization problem (16), in the class

A =
{

U ∈ D1,2
rad(Rd ;H), W(U ) ∈ L1(Rd),

∫

Rd
W(U ) ≤ −1

}

, (30)

Moreover, we have
∫

Rd W(V ) = −1, and V 	≡ 0.
Setting x = (x1, . . . , xd+1) = (y, xd+1), with y = (x1, . . . , xd), we recover from the

minimizer V : Rd → H = L2(R;Rm) a solution u to system (23). Indeed, we shall prove
that the map v(x) := [V (y)](xd+1) solves the equation

μ�yv(y, xd+1)+ ∂2v

∂x2d+1
(y, xd+1) = ∇W (e(xd+1)+ v(y, xd+1))− ∇W (e(xd+1)), (31)

for (y, xd+1) ∈ R
d × R, and for a Lagrange multiplier μ > 0. Then, setting ṽ(x) =

v(μ− 1
2 y, xd+1), it follows that the map u(x) = ṽ(x)+ e(xd+1) is a solution to system (23)

satisfying the asymptotic properties of Theorem 4 below.
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Finally, this solution u can be characterized variationally, by introducing the following
renormalized energy functional for ũ(x) = e(xd+1) + ξ̃ (x), with ξ̃ (x) = [�̃(y)](xd+1),
�̃ ∈ D1,2

rad(Rd ;H), and W(�̃) ∈ L1(Rd):

E(ũ) =
∫

Rd

(1

2
‖∇�̃(y)‖2Hd +W(�̃(y))

)
dy. (32)

Notice that E is related to the functional

Ed+1(v,�) =
∫

�

(1

2
|∇v|2 +W (v)

)
, � ⊂ R

d+1, (33)

associated to system (23), since given a test function φ ∈ D(Rd+1;Rm), one can check that

Ed+1(e(xd+1)+ φ(x), suppφ)− Ed+1(e(xd+1), suppφ)

=
∫

Rd+1

(1

2
|∇φ(x)|2 + f (xd+1, φ(x))

)
dx = E(e(xd+1)+ φ(x)). (34)

Theorem 4 Let d ≥ 3. Under assumptions (24) and (29), there exists a solution u ∈ C2(Rd×
R;Rm) to system (23) satisfying the following properties.

(i) u(y, xd+1) = u(z, xd+1), whenever |y| = |z| (with , y, z ∈ R
d ).

(ii) lim|x |→∞(u(x)− e(xd+1)) = 0 (with x = (x1, . . . , xd+1)), and u(x)− e(xd+1) 	≡ 0. In
particular limy∈Rd ,|y|→∞ u(y, xd+1) = e(xd+1).

(iii) Let ũ be a weak solution to system (23) such that ũ(x) = e(xd+1) + ξ̃ (x), with ξ̃ (x) =
[�̃(y)](xd+1), �̃ ∈ D1,2

rad(Rd ;H), �̃ 	≡ 0, and W(�̃) ∈ L1(Rd). Then, we have E(u) ≤
E(ũ).

Proof Let V ∈ A, be the minimizer provided by Theorem 1. We proceed in several steps
to recover the solution u from the minimizer V . In what follows Bd(0, R) is a ball of Rd

centered at 0.

Lemma 5 Let v(x) := [V (y)](xd+1), then, we have v ∈ H1(Bd(0, R)×R;Rm). On the other
hand, let H1

0,rad(Bd(0, R)×R;Rm) be the subspace of functions φ ∈ H1
0 (Bd(0, R)×R;Rm)

which are radial with respect to y, i.e. φ(gy, xd+1) = φ(y, xd+1), ∀g ∈ O(Rd), and for a.e.
(y, xd+1) ∈ Bd(0, R) × R. Any φ ∈ H1

0,rad(Bd(0, R) × R;Rm), is extended to a map of

H1(Rd+1;Rm) by setting φ ≡ 0 on R
d+1 \ Bd(0, R) × R. Then, setting [�(y)](xd+1) :=

φ(x), we have V + λ� ∈ D1,2
rad(Rd ;H), and W(V + λ�) ∈ L1(Rd), for every λ ∈ R.

Proof Since V ∈ L2∗(Rd ;H), we also have that V ∈ L2(Bd(0, R);H), for every ball
Bd(0, R) of Rd . In view of the isomorphism

L2(Bd(0, R)× R;Rm) � L2(Bd(0, R); L2(R;Rm)),

we deduce that v ∈ L2(Bd(0, R) × R;Rm). Similarly, since Vx1 , . . . , Vxd belong to
L2(Rd ; L2(R;Rm)), it follows that the weak derivatives vx1 , . . . , vxd exist and belong to
L2(Rd+1;Rm). Next, in view of (27) and (28), we have
∫

Bd (0,R)×R
1

2

∣
∣
∣
d[V (y)]
dxd+1

(xd+1)
∣
∣
∣
2
dx =

∫

Bd (0,R)

W(V )−
∫

Bd (0,R)×R
f (xd+1, v(x))dx <∞.

This implies that the derivative vxd+1 exists and belongs to L2(Bd(0, R)× R;Rm).
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On the other hand, given φ ∈ H1
0,rad(Bd(0, R) × R;Rm), the corresponding map � is

radial and belongs to H1
0 (Bd(0, R); L2(R;Rm)) as well as to H1(Rd ; L2(R;Rm)) which

is embedded in L2∗(Rd ; L2(R;Rm)) (cf. [14, Theorem 4.15]). This proves that V + λ� ∈
D1,2

rad(Rd ;H). Moreover, since
∫

Bd (0,R)

|W(V+λ�)| ≤
∫

Bd (0,R)×R

(1

2
|(vxd+1+λφxd+1)(x)|2+| f (xd+1, (v+λφ)(x))|

)
dx,

it is clear that W(V + λ�) ∈ L1(Rd). ��
In view of Lemma 5, given R > 0, v is a minimizer of the functional

S(w) =
∫

Bd (0,R)×R
|∇yw(x)|2dx,

in the class

C = {w = v + φ : φ ∈ H1
0,rad(Bd(0, R)× R;Rm) : F(w) ≤ −1},

where

F(w) =
∫

Bd (0,R)×R

(1

2
|wxd+1(x)|2 + f (xd+1, w(x))

)
dx =

∫

Bd (0,R)

W(V +�)dy.

Next, we define the continuous linear functionals on H1
0,rad(Bd(0, R)× R;Rm):

G1(φ) =
∫

Rd+1

(
vxd+1(x) · φxd+1(x)+ [∇W (e(xd+1)+ v(x))−∇W (e(xd+1))

] · φ(x)
)
dx,

and

G2(φ) =
∫

Rd+1
(vx1 · φx1 + . . .+ vxd · φxd )dx,

where φ ∈ H1
0,rad(Bd(0, R) × R;Rm) is extended to a map of H1(Rd+1;Rm) by setting

φ ≡ 0, on Rd+1 \ Bd(0, R)× R. One can see that

d

dλ
F(v + λφ)

∣
∣
∣
λ=0 = G1(φ).

In the next lemma we show that minimizing functional S under the constraint F ≤ −1,
provides a Lagrange multiplier for the functionals G1 and G2.

Lemma 6 Let R > 0 be large enough so that
∫

Bd (0,R)
‖∇V (y)‖2Hd dy > 0. Then, there exists

a constant μ > 0 (independent of R) such that μG2 + G1 = 0.

Proof Our first claim is that

G1(φ) = 0 �⇒ G2(φ) = 0. (35)

Indeed, if G1(φ) = 0, then we get
∫

Rd
W(V + λ�)dy =

∫

Rd
W(V (y))dy + λε(λ) = −1+ λε(λ),

with limλ→0 ε(λ) = 0. In particular, the map �λ(y) = (V + λ�)(| − 1+ λε(λ)| 1d y) is such
that W(�λ) = −1. Thus, in view of the minimality of V , we have for λ close to 0:
∫

Rd
‖∇V (y)‖2Hd dy ≤

∫

Rd
‖∇�λ(y)‖2Hd dy = (1−λε(λ))

2−d
d

∫

Rd
‖∇(V +λ�)(y))‖2Hd dy,
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which implies that
∫

Rd 〈∇V (y) · ∇�(y)〉Hd dy = G2(φ) = 0.
Next, we check that G2 	≡ 0, provided that

∫

Bd (0,R)
‖∇V ‖2Hd > 0. Indeed, if G2 ≡ 0, the

map v which is radial with respect to y would satisfy �yv(y, xd+1) = 0 in Bd(0, R) × R

(cf. the principle of symmetric criticality in [19]). Hence, we would obtain that v(y, xd+1) =
A(xd+1)+ B(xd+1)|y|2−d , for some functions A, B : R→ R. However, the integrability of
|∇yv|2 on Bd(0, R)× R, implies that B ≡ 0, and ∇yv ≡ 0, which is a contradiction.

In view of (35), it follows that G1 	≡ 0, and both linear functionals G1 and G2 are
proportional. Letμ 	= 0, be such thatμG2+G1 = 0. By choosing a test function φ such that
G1(φ) 	= 0, one can see that μ = −G1(φ)

G2(φ)
is independent of R (large enough). Moreover, if

G1(φ) < 0, then V + λ� ∈ A provided that λ > 0 is small enough. Thus, the minimality of
V implies that G2(φ) ≥ 0. This proves that μ > 0. ��
So far we established that

0 =
∫

Rd+1

(
μ(vx1 · φx1 + . . .+ vxd · φxd )+ vxd+1 · φxd+1

)
dx

+
∫

Rd+1
(∇W (e(xd+1)+ v(x))− ∇W (e(xd+1)) · φ(x)

)
dx, ∀φ ∈ Drad(Rd+1;Rm),

(36)

where Drad(Rd+1;Rm) is the subspace of test functions which are radial with respect to y.

Setting ṽ(x) = v(μ− 1
2 y, xd+1), we deduce in view of the principle of symmetric criticality

(cf. [19]) that

�ṽ(x) = ∇W (e(xd+1)+ ṽ(x))− ∇W (e(xd+1)) holds weakly in Rd+1.

Therefore, u(x) = ṽ(x)+ e(xd+1) is a weak solution of system (23). In the next lemma, we
study its asymptotic properties.

Lemma 7 (Asymptotic behaviour) We have

(i) lim|x |→∞ ‖ṽ‖H1(B(x,1);Rm ) = 0.
(ii) ṽ ∈ C2(Rd+1;Rm), and lim|x |→∞ ṽ(x) = 0, as well as lim|x |→∞ ∇ṽ(x) = 0.

Proof (i) Let xn = (yn, zn) ∈ R
d × R be a sequence such that limn→∞ |xn | =

∞. If limn→∞ |yn | = ∞, then it is clear that limn→∞ ‖ṽ‖L2(B(x,1):Rm ) = 0, since
lim|y|→∞ ‖V (y)‖L2(R;Rm ) = 0. Otherwise, if supn |yn | ≤ R, for a constant R, then we
have limn→∞ |zn | = ∞, and we know that ṽ ∈ L2(B(0, R+1)×R;Rm). Consequently, we
also obtain lim|x |→∞ ‖ṽ‖L2(B(x,1);Rm ) = 0. Finally, it is clear that for i = 1, . . . , d , we have
lim|x |→∞ ‖ṽxi ‖L2(B(x,1);Rm ) = 0, since ṽxi ∈ L2(Rd+1;Rm). On the other hand, in view of
the inequality

∫

Bd (yn ,R)×R
1

2
|vxd+1 |2dx =

∫

Bd (yn ,R)

W(V )−
∫

Bd (yn ,R)×R
f (xd+1, v(x))dx

≤
∫

Bd (yn ,R)

W(V )+ L‖v‖2L2(Bd (yn ,R)×R;Rm )
,

one can check as previously that lim|x |→∞ ‖ṽxd+1‖L2(B(x,1);Rm ) = 0.
(ii) Set g(x) = ∇W (e(xd+1) + ṽ(x)) − ∇W (e(xd+1)). In view of i) and since the

map R
m � u �→ ∇W (u) is globally Lipschitz, it is clear that g ∈ H1

loc(R
d+1;Rm),

and lim|x |→∞ ‖g‖H1(B(x,1);Rm ) = 0. Therefore, we obtain by elliptic regularity that
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ṽ ∈ H3
loc(R

d+1;Rm), and lim|x |→∞ ‖ṽ‖H3(B(x,1/2);Rm ) = 0. Next, by a standard boot-
strap argument, it follows that ṽ ∈ C2(Rd+1;Rm), and lim|x |→∞ ṽ(x) = 0, as well as
lim|x |→∞ ∇ṽ(x) = 0. ��

To complete the proof of Theorem 4, it remains to establish the variational characterization
of the solution u. Let ṽ(x) = u(x)− e(xd+1), [Ṽ (y)](xd+1) = ṽ(x1, . . . , xd+1), and let ũ be
a weak solution to system (23) such that ũ(x) = e(xd+1)+ ξ̃ (x), with ξ̃ (x) = [�̃(y)](xd+1),
�̃ ∈ D1,2

rad(Rd ;H), �̃ 	≡ 0, and W(�̃) ∈ L1(Rd). Then, we have in view of (A3):
∫

Rd
‖∇ Ṽ (y)‖2Hd dy = − 2d

d − 2

∫

Rd
W(Ṽ (y))dy, (37a)

∫

Rd
‖∇�̃(y)‖2Hd dy = − 2d

d − 2

∫

Rd
W(�̃(y))dy. (37b)

Moreover, we know that Ṽ (y) = V (μ− 1
2 y), and the minimizer V satisfies

T =
∫

Rd
‖∇V ‖2Hd = min

{∫

Rd

1

2
‖∇U‖2Hd : U ∈ A

}

, and
∫

Rd
W(V ) = −1. (38)

Consequently, one can check that

1

2

∫

Rd
‖∇ Ṽ ‖2Hd = T

(
−

∫

Rd
W(Ṽ )

) d−2
d

.

On the other hand, we also have (cf. (18)):

1

2

∫

Rd
‖∇�̃‖2Hd ≥ T

(
−

∫

Rd
W(�̃)

) d−2
d

.

Combining (37) with these relations, we deduce that − ∫

Rd W(Ṽ ) ≤ − ∫

Rd W(�̃), which
implies in view of (A4) that E(u) ≤ E(ũ). ��

Now, we provide examples of potentials satisfying the assumptions of Theorem 4.

Proposition 1 Let W̃ ∈ C2(Rm;R) be a nonnegative potential vanishing only at the points
a− and a+, and satisfying (24b), as well as lim inf |u|→∞ W̃ (u) > 0. Let also e ∈ C2(R;Rm)

be a minimizing heteroclinic orbit2 connecting a− to a+:

e′′(t) = ∇W̃ (e(t)), lim
t→±∞ e(t) = a±, (39a)

Ẽ1(e) =
∫

R

[1

2
|e′|2+W̃ (e)

]
≤ Ẽ1(e+h) =

∫

R

[1

2
|e′+h′|2+W̃ (e+h)

]
,∀h ∈ H1(R;Rm).

(39b)
Then, there exists an open neighbourhood O of the compact set K = e(R) ∪ {a±}, and a
nonnegative potential W ∈ C2(Rm;R) coinciding with W̃ in O, and satisfying assumptions
(24) and (29).

Proof Let γ0 ∈ C2([−1, 1];Rm) be a simple regular curve such that γ0(±1) = a±, and
γ0((−1, 1))∩ K = ∅. Given ε > 0 small enough, let O be an open and bounded neighbour-
hood of K such that O ∩ γ0([−1+ ε, 1− ε]) = ∅. We construct a nonnegative potential W
in such a way that

2 We refer for instance to [5] for the existence of such an orbit.
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• W (u) = W̃ (u), for u ∈ O,
• 0 < W (u) ≤ 2 supγ0([−1,−1+ε])∪γ0([1−ε,1]) W̃ , for u ∈ γ0((−1, 1)),
• W ∈ C2(Rm;R), and the second derivatives of W are bounded in R

m .

By taking ε small enough we can ensure that
∫

γ0

√
2W < Ẽ1(e) = E1(e).

On the other hand, we know by [3, Proposition 2.1], that there is an equipartition
parametrization of the curve γ0(s), s ∈ [−1, 1]. That is, there is an orientation preserv-
ing diffeomorphism φ : R → (−1, 1), such that the map γ (t) = γ0(φ(t)), satisfies
1
2 |γ ′(t)|2 = W (γ (t)), ∀t ∈ R. Consequently, it follows that

E1(γ ) =
∫

R

[1

2
|γ ′|2 +W (γ )

]
=

∫

R

|γ ′|2 =
∫

R

√
2W (γ )|γ ′| =

∫

γ0

√
2W < E1(e),

and |γ −a−|2 (respectively |γ −a+|2) is integrable in a neighbourhood of−∞ (respectively
+∞), since the zeros a± of W are nondegenerate, and W (γ ) ∈ L1(R). This proves that
γ − e ∈ H1(R;Rm), and condition (29b) is fulfiled.

To complete the proof, it remains to check that (29a) also holds. Let β > 0 be such that
‖h‖2

H1(R;Rm )
≤ β ⇒ e(t) + h(t) ∈ O, ∀t ∈ R. Then, when ‖h‖2

L2(R;Rm )
≤ β

1+2L , and

‖h′‖2
L2(R;Rm )

≤ 2Lβ
1+2L , it is clear in view of (39b) that W(h) = E1(e + h) − E1(e) ≥ 0.

Otherwise, when ‖h‖2
L2(R;Rm )

≤ β
1+2L , and ‖h′‖2L2(R;Rm )

≥ 2Lβ
1+2L , we have againW(h) ≥ 0

in view of (27) and (28). This proves that W(h) ≥ 0, provided that ‖h‖2
L2(R;Rm )

≤ β
1+2L . ��

The following version of Theorem 4 applies when instead of (24c), we assume that

∃R0 > 0 such that ∇W (u) · u > 0, provided that |u| ≥ R0. (40)

Corollary 8 Let d ≥ 3. Under assumptions (24a), (24b), (24d), (29) and (40), there exists a
solution u ∈ C2(Rd ×R;Rm) to system (23) satisfying properties (i) and (ii) of Theorem 4.
Property (iii) of Theorem 4 also holds if we assume in addition that the solution ũ is bounded.

Proof Themaximumprinciple (cf. for instance [21, Theorem3.2]) implies that every bounded
solution of (23) takes its values in the ball B(0, R0) of Rm . This is true in particular for the
trivial solutions a±, for the heteroclinic orbit e, and for the solution ũ considered in Theorem
4 (iii). Moreover, the map h0 in (29b) can be taken so that (e+h0)(R) ⊂ B(0, R0), since the
projection onto the closed ball B(0, R0 − ε) (with ε > 0 small enough), reduces the energy
E1.

Next, we modify the potential W outside the ball B(0, R0) in such a way that both (24c)
and (40) hold. In view of Theorem 4, we obtain a bounded solution u corresponding to the
modified potential. However, it follows again from the maximum principle that |u(x)| < R0,
∀x ∈ R

d+1. Thus, u is also a solution of (23) for the initial potential W . ��

3.2 Ground state for d = 2

The case d = 2 is particular, since in view of assumption (H2) of Theorem 2, the heteroclinic
orbit e must be a nondegenerate local minimum ofW . In this context we need to strengthen
assumptions (24) and (29). When d = 2, we assume that

W ∈ C2(Rm;R) is nonnegative, and has (at least) two zeros a− and a+, (41a)
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W is invariant by the reflection σ which exchanges a±, (41b)

the Hessian matrices D2W (a±) are positive definite, (41c)

the map u �→ ∇W (u) is globally Lipschitz in R
m . (41d)

Moreover, we assume the existence of a symmetric heteroclinic orbit e ∈ C2(R;Rm) con-
necting a− to a+:

e′′(t) = ∇W (e(t)), lim
t→±∞ e(t) = a±, e(−t) = σe(t), ∀t ∈ R. (41e)

Without loss of generality we assume that e(0) = 0. We shall work in the Hilbert space

Hσ = {h ∈ L2(R;Rm) : h(−t) = σh(t) for a.e. t ∈ R} ⊂ L2(R;Rm),

of symmetric maps. The symmetry of h ∈ Hσ removes the degeneracy due to the translation
invariance of the functional W . Finally, we assume that

W(h) ≥ α‖h‖2Hσ
holds for h ∈ Hσ such that ‖h‖Hσ ≤ δ (with α, δ > 0 small enough),

(42a)
and W(h0) < 0, for some h0 ∈ H1(R;Rm) ∩Hσ . (42b)

Remark 1 Assumption (42a) holds provided that the heteroclinic orbit e is nondegenerate
in the sense that 0 is a simple eigenvalue of the linearized operator T : W 2,2(R;Rm) →
L2(R;Rm), T ϕ = −ϕ′′ + D2W (e)ϕ (cf. [20], and in particular Lemma 4.5 therein). Indeed,
the nondegeneracy of e implies the existence of constants α, β > 0 such that

h ∈ Hσ ∩ H1(R;Rm), ‖h‖2H1(R;Rm )
≤ β ⇒W(h) ≥ α‖h‖2H1(R;Rm )

. (43)

Then,when ‖h‖2
L2(R;Rm )

≤ β
2L+2α+1 , and ‖h′‖2L2(R;Rm )

≤ (2L+2α)β
2L+2α+1 , it is clear in viewof (43)

thatW(h) ≥ α‖h‖2
L2(R;Rm )

. Otherwise, when ‖h‖2
L2(R;Rm )

≤ β
2L+2α+1 , and ‖h′‖2L2(R;Rm )

≥
(2L+2α)β
2L+2α+1 , we have again W(h) ≥ α‖h‖2

L2(R;Rm )
in view of (27) and (28). This proves that

(42a) holds with δ = ( β
2L+2α+1

) 1
2 . Finally, we refer to [13] and [20, Theorem 4.3 and Remark

4.4] for examples of potentials having such nondegenerate orbits.

In Proposition 2, we provide examples of potentials W satisfying assumptions (41) and
(42). When d = 2, and (41) as well as (42) hold, it is clear that the potential W : Hσ →
(−∞,+∞] satisfies the assumptions (H1)-(H4) of Theorem 2 applied to the Hilbert space
Hσ . Therefore, we deduce the existence of a radial map V ∈ A solving the minimization
problem (20), in the class

A =
{

U ∈ H1
rad(R2;Hσ ) : U 	= 0, W(U ) ∈ L1(R2),

∫

R2
W(U ) ≤ 0

}

. (44)

Moreover, we have
∫

R2 W(V ) = 0, and V 	≡ 0. From the minimizer V , we recover a solution
u to system (23) satisfying the properties of Theorem 9 below. In what follows, we write
x = (x1, x2, x3) = (y, x3) ∈ R

3, with y = (x1, x2) ∈ R
2.

Theorem 9 Under assumptions (41) and (42), there exists a solution u ∈ C2(R3;Rm) to
system (23) such that

(i) u(y, x3) = u(z, x3), whenever |y| = |z| (with , y, z ∈ R
2), and u(y,−x3) = σu(y, x3),

∀(y, x3) ∈ R
2 × R.
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(ii) lim|x |→∞(u(x)−e(x3)) = 0 (with x = (x1, x2, x3)), and u(x)−e(x3) 	≡ 0. In particular
limy∈R2,|y|→∞ u(y, x3) = e(x3).

(iii) Let ũ be a weak solution to system (23) such that ũ(x) = e(x3) + ξ̃ (x), with ξ̃ (x) =
[�̃(y)](x3), �̃ ∈ H1,2

rad(R2;Hσ ), �̃ 	≡ 0, and W(�̃) ∈ L1(R2). Then, we have E(u) ≤
E(ũ), where E is defined in (32).

Proof Let V ∈ A, be the minimizer provided by Theorem 2. We proceed as in the proof of
Theorem 4, to recover the solution u from the minimizer V .

Let H1
equ(R3;Rm) be the subspace of equivariant maps w ∈ H1(R3;Rm) which are

• radial with respect to y, i.e. w(gy, x3) = w(y, x3), ∀g ∈ O(R2), and for a.e. (y, x3) ∈
R
3,

• symmetric with respect to x3, i.e. w(y,−x3) = σw(y, x3), for a.e. (y, x3) ∈ R
3.

By adjusting the proof of Lemma 5, we first establish the following result.

Lemma 10 Let v(x) := [V (y)](x3). Then, we have v ∈ H1
equ(R3;Rm). On the other hand,

let φ ∈ H1
equ(R3;Rm), and let [�(y)](x3) := φ(x). Then, for every λ ∈ R, V + λ� belongs

to H1
rad(R2;Hσ ), and W(V + λ�) ∈ L1(R2).

In view of Lemma 10, v is a minimizer of the functional

S(w) =
∫

R3
|∇yw(x)|2dx,

in the class
C = {w = v + φ : φ ∈ H1

equ(R3;Rm) : w 	≡ 0, F(w) ≤ 0},
where

F(w) =
∫

R3

(1

2
|wx3(x)|2 + f (x3, w(x))

)
dx =

∫

R2
W(V +�)dy.

Next, we define the continuous linear functionals on H1
equ(R3;Rm):

G1(φ) =
∫

R3

(
vx3(x) · φx3(x)+ [∇W (e(x3)+ v(x))− ∇W (e(x3))

] · φ(x)
)
dx,

and

G2(φ) =
∫

R3
(vx1 · φx1 + vx2 · φx2)dx,

where φ ∈ H1
equ(R3;Rm). One can see that

d

dλ
F(v + λφ)

∣
∣
∣
λ=0 = G1(φ).

At this stage, we prove the analog of Lemma 6:

Lemma 11 (Lagrange multiplier)

(i) We have G2 	≡ 0.
(ii) There exists a constant μ > 0 such that μG2 + G1 = 0.

Proof (i) Assuming by contradiction that G1 ≡ 0, then for a.e. y ∈ R
2, the map V (y) :

x3 �→ v(y, x3) belongs to H1(R;Rm), and the map R � x3 �→ e(x3) + v(y, x3) is a
heteroclinic orbit connecting a− to a+. In addition, since every heteroclinic orbit converges
at ±∞ exponentially fast to a±, it follows that V (y) ∈ H2(R;Rm). Consequently, writing
by abuse of notation V (r) instead of V (y), where r = |y|, y ∈ R

2, there exists a negligible
set N ⊂ (0,∞), such that for r ∈ (0,∞) \ N :
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• V (r) ∈ H2(R;Rm), andR � x3 �→ e(x3)+[V (r)](x3) is a heteroclinic orbit connecting

a− to a+: e′′(x3)+ d2[V (r)]
dx23

(x3) = ∇W (e(x3)+ [V (r)](x3)), ∀x3 ∈ R.

• lims→r
V (r+s)−V (r)

s−r = Vr (r) holds in L2(R;Rm), where Vr is the weak derivative of the
map r �→ V (r).

Next, we introduce the function (0,∞) � r �→ ζ(r) = ∫

R
W

(
e(x3) + [V (r)](x3)

)
dx3. By

the mean value theorem we have

ζ(s)− ζ(r) =
∫

R

pr ,s(x3) ·
([V (s)](x3)− [V (r)](x3)

)
dx3, (45)

with pr ,s(x3) = ∇W
(
e(x3) + [V (r)](x3) + cr ,s(x3)([V (s)](x3) − [V (r)](x3))

)
, and 0 ≤

cr ,s(x3) ≤ 1.Moreover, one can see using (41d) that the functions pr ,s are uniformly bounded
in L2(R;Rm), provided that r , s ∈ [a, b], with 0 < a < b < ∞. This implies that the
function ζ is absolutely continuous on [a, b]. We also compute for r ∈ (0,∞) \ N :

lim
s→r

ζ(s)− ζ(r)

s − r
= lim

s→r

∫

R

pr ,s(x3) · [V (s)](x3)− [V (r)](x3)

s − r
dx3

=
∫

R

∇W
(
e(x3)+ [V (r)](x3)

) · [Vr (r)](x3)dx3, (46)

since in view of (41d), pr ,s → ∇W (e + [V (r)]) in L2(R;Rm), as s → r .
On the other hand, for every r ∈ (0,∞) \ N , the heteroclinic orbit R � x3 �→ e(x3) +

[V (r)](x3) satisfies the equipartition relation:

W
(
e(x3)+ [V (r)](x3)

) = 1

2

∣
∣
∣e′(x3)+ d[V (r)]

dx3
(x3)

∣
∣
∣
2
, ∀x3 ∈ R,

thus we have for r , s ∈ (0,∞) \ N :

ζ(s)− ζ(r) = 1

2

∫

R

[∣
∣
∣e′ + d[V (s)]

dx3

∣
∣
∣
2 −

∣
∣
∣e′ + d[V (r)]

dx3

∣
∣
∣
2]

dx3

= 1

2

∫

R

[d([V (s)] − [V (r)])
dx3

]
·
[
2e′ + d([V (s)] + [V (r)])

dx3

]
dx3

= −1

2

∫

R

[V (s)− V (r)] · [∇W (e + V (s))+ ∇W (e + V (r))]dx3,

and

lim
(0,∞)\N�s→r

ζ(s)− ζ(r)

s − r
= −

∫

R

∇W
(
e(x3)+ [V (r)](x3)

) · [Vr (r)](x3)dx3, (47)

since using (41d), one can see that ∇W (e + V (s)) → ∇W (e + V (r)) in L2(R;Rm), as
s → r . In view of (46) and (47), we deduce that lims→r

ζ(s)−ζ(r)
s−r = 0, for r ∈ (0,∞) \ N ,

and consequently the function ζ is constant. Moreover, proceeding as in (45), and writing

ζ(r)−
∫

R

W (e(x3))dx3 =
∫

R

pr (x3) · [V (r)](x3)dx3, (48)

with pr (x3) = ∇W
(
e(x3) + cr (x3)[V (r)](x3)

)
, and 0 ≤ cr (x3) ≤ 1, one can see as pre-

viously that limr→∞ ζ(r) = ∫

R
W (e). Thus, ζ(r) ≡ ∫

R
W (e) . In view of the equipartition

relation, this implies that W(V (r)) = 0, ∀r ∈ (0,∞) \ N . Therefore, using (42a), we
conclude that V ≡ 0, which is a contradiction.
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(ii) It is clear that G2 	≡ 0, since G2(v) = ∫

R2 ‖∇V (y)‖2H2
σ

dy > 0.Moreover, if G1(φ) <

0, we have v + λφ ∈ C, for 0 < λ  1, and thus G2(φ) ≥ 0. Consequently, there exists a
constant μ > 0 such that μG2 + G1 = 0.

��

To complete the proof of Theorem 9, we proceed exactly as in the higher dimensional case.
One can see that the map v solves (31), while the map u(x) = ṽ(x) + e(x3), with ṽ(x) =
v(μ− 1

2 y, x3), is a solution to system (23). On the other hand, the asymptotic properties of
u are established as in Lemma 7. Finally, let ũ be a weak solution to system (23) such
that ũ(x) = e(x3) + ξ̃ (x), with ξ̃ (x) = [�̃(y)](x3), �̃ ∈ H1,2

rad(R2;Hσ ), �̃ 	≡ 0, and
W(�̃) ∈ L1(R2). Then, setting [Ṽ (y)](x3) = ṽ(x1, x2, x3), we have

E(u) = 1

2

∫

R2
‖∇ Ṽ ‖2H2 = 1

2

∫

R2
‖∇V ‖2H2 ≤ 1

2

∫

R2
‖∇�̃‖2H2 = E(ũ),

since Ṽ (y) = V (μ− 1
2 y), and

∫

R2 W(�̃) = ∫

R2 W(Ṽ ) = 0, in view of (A3).
��

Now, we provide examples of potentials satisfying the assumptions of Theorem 9.

Proposition 2 Let W̃ ∈ C2(Rm;R) be a nonnegative potential vanishing only at the points
a− and a+, and satisfying (41b), (41c) as well as lim inf |u|→∞ W̃ (u) > 0. Let also e ∈
C2(R;Rm) be a nondegenerate symmetric minimizing heteroclinic orbit3 connecting a− to
a+:

e′′(t) = ∇W̃ (e(t)), lim
t→±∞ e(t) = a±, e(−t) = σe(t), ∀t ∈ R, (49a)

∫

R

[1

2
|e′|2 + W̃ (e)

]
≤

∫

R

[1

2
|e′ + h′|2 + W̃ (e + h)

]
,∀h ∈ H1(R;Rm), (49b)

dim ker T = 1, where T : W 2,2(R;Rm)→ L2(R;Rm), T ϕ = −ϕ′′ + D2W̃ (e)ϕ. (49c)

Then, there exists an open neighbourhood O of the compact set K = e(R) ∪ {a±}, and a
nonnegative potential W ∈ C2(Rm;R) coinciding with W̃ in O, and satisfying assumptions
(41) and (42).

Proof We consider a simple regular symmetric curve γ0 ∈ C2([−1, 1];Rm) such that
γ0(±1) = a±, and γ0((−1, 1)) ∩ K = ∅. Then, we proceed as in the proof of Proposi-
tion 1. ��

As in the higher dimensional case, we can show that the following version of Theorem 9
applies when instead of (41d), we assume that (40) holds.

Corollary 12 Under assumptions (41a), (41b), (41c), (41e), (42) and (40), there exists a
solution u ∈ C2(R3;Rm) to system (23) satisfying properties (i) and (ii) of Theorem 9.
Property (iii) of Theorem 9 also holds if we assume in addition that the solution ũ is bounded.

3 We refer to Remark 1 and to [5] for the existence of such an orbit.
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Appendix A Hamiltonian and Pohozaev identities

Hamiltonian identities have originally been derived in [12] for solutions of system (12)
satisfying some asymptotic conditions. Here, we establish a version of these identities for
the solutions of section 3. They are used to prove the ground state property (iii) of Theorems
4 and 9.

Lemma 13 Let d ≥ 2, and set x = (x1, . . . , xd+1) = (y, xd+1), with y = (x1, . . . , xd).
Under the assumptions of Theorem 4 when d ≥ 3 (respectively Theorem 9 when d = 2), let
ũ be a weak solution to system (23) such that ũ(x) = e(xd+1)+ ξ̃ (x), with

{
�̃ ∈ D1,2

rad(Rd ;H), �̃ 	≡ 0, and W(�̃) ∈ L1(Rd), when d ≥ 3,

�̃ ∈ H1,2
rad(R2;Hσ ), �̃ 	≡ 0, and W(�̃) ∈ L1(R2), when d = 2.

Then, for every i = 1, . . . , d, there exists a negligible set Ni ⊂ R such that
∫

yi=λ

(1

2
‖�̃yi (y)‖2H −

1

2

∑

j 	=i

‖�̃y j (y)‖2H −W(�̃(y))
)

dy1 . . . dyi−1dyi+1 . . . dyd = 0

(A1)

holds for λ ∈ R \ Ni . Consequently, we also have
∫

Rd

(1

2
‖�̃yi (y)‖2H −

1

2

∑

j 	=i

‖�̃y j (y)‖2H −W(�̃(y))
)

dy = 0, ∀i = 1, . . . d, (A2)

as well as
∫

Rd

((
1− d

2

)‖∇�̃(y)‖2Hd − dW(�̃(y))
)

dy = 0. (A3)

Moreover,

E(ũ) = 1

d

∫

Rd
‖∇�̃(y)‖2Hd , and if d ≥ 3, E(ũ) = − 2

d − 2

∫

Rd
W(�̃(y))dy, (A4)

where E is defined in (32).

Proof By reproducing the arguments of Lemmas 5 and 7 when d ≥ 3 (respectively Lemmas
10 and 7when d = 2), we first notice that ũ is a classical solution satisfying lim|x |→∞ ξ̃ (x) =
0, and lim|x |→∞ ∇ ξ̃ (x) = 0. Inwhat follows, we still denote by e, themap (x1, . . . , xd+1) �→
e(xd+1). Next, we consider the stress-energy tensor (cf. [3, Chapter 3]) associated to solutions
of system (23):

Ti, j = ũxi · ũx j − δi j

(1

2
|∇ũ|2 +W (ũ)

)
, 1 ≤ i, j ≤ d + 1, (A5)

and the divergence free vector fields Ai (x) = (Ti,1, . . . , Ti,d+1) ∈ R
d+1, (i = 1, . . . , d).

Given i ∈ {1, . . . , d}, there exits a negligible set Ni ⊂ R such that the functions ‖∇�̃(y)‖2Hd

and W(�̃(y)) are integrable on the hyperplanes yi = λ, for every λ ∈ R \ Ni . By applying
the divergence theorem to the vector field Ai in the box

B = [−R, R]i−1 × [λ−λ+] × [−R, R]d−i × [−L, L],
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with λ± ∈ R \ Ni , we obtain the equation

d+1∑

j=1
I+j −

d+1∑

j=1
I−j = 0,

where

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂ B = ∪d+1
j=1B±j ,

B±i = {x ∈ R
d+1 : xi = λ±, |xd+1| ≤ L, |xk | ≤ R, ∀k /∈ {i, d + 1}},

B±d+1 = {x ∈ R
d+1 : xi ∈ [λ−, λ+], xd+1 = ±L, |xk | ≤ R, ∀k /∈ {i, d + 1}},

while for j /∈ {i, d + 1},
B±j = {x ∈ R

d+1 : x j = ±R, xi ∈ [λ−, λ+], |xd+1| ≤ L, |xk | ≤ R, ∀k /∈ {i, j, d + 1}},
and

I±i =
∫

B±i

(1

2
|ξ̃xi |2 −

( ∑

{1,...,d+1}�l 	=i

1

2
|ξ̃xl |2

)− 1

2
|exd+1 |2 − exd+1 · ξ̃xd+1 −W (e + ξ̃ )

)
,

∀ j /∈ {i, d + 1} : I±j =
∫

B±j
ξ̃xi · ξ̃x j ,

I±d+1 =
∫

B±d+1
ξ̃xi · (exd+1 + ξ̃xd+1).

It is clear that as L →∞, and R remains fixed, limL→∞ I±d+1 = 0. On the other hand, after
an integration by parts, we obtain

I±i =
∫

B±i

(1

2
|ξ̃xi |2 −

( ∑

{1,...,d+1}�l 	=i

1

2
|ξ̃xl |2

)− f (xd+1, ξ̃ )− |exd+1 |2
)

−
∫

xi=λ±,xd+1=L,|xk |≤R,∀k /∈{i,d+1}
ξ̃ · exd+1 +

∫

xi=λ±,xd+1=−L,|xk |≤R,∀k /∈{i,d+1}
ξ̃ · exd+1 ,

and letting L →∞, one can see that

lim
L→∞(I+i − I−i ) =

∫

yi=λ+,|yk |≤R,∀k 	=i

( 1

2
‖�̃yi (y)‖2H −

1

2

∑

{1,...,d}�k 	=i

‖�̃yk (y)‖2H −W(�̃(y))
)

−
∫

yi=λ−,|yk |≤R,∀k 	=i

( 1

2
‖�̃yi (y)‖2H −

1

2

∑

{1,...,d}�k 	=i

‖�̃yk (y)‖2H −W(�̃(y))
)
.

while

∀l ∈ {1, . . . d} \ {i} : lim
L→∞ I±l =

∫

yl=±R, yi∈[λ−,λ+],|yk |≤R,∀k /∈{i,l}
(
�̃yi (y) · �̃yl (y)

)
.

Finally, since ‖∇�̃‖2Hd ∈ L1(Rd), andW(�̃) ∈ L1(Rd), we conclude letting R →∞ along
a subsequence that

lim
R→∞

∫

yl=±R, yi∈[λ−,λ+],|yk |≤R,∀k /∈{i,l}
(
�̃yi (y) · �̃yl (y)

) = 0,
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while

lim
R→∞

∫

yi=λ±,|yk |≤R,∀k 	=i

(1

2
‖�̃yi (y)‖2H −

1

2

∑

{1,...,d}�k 	=i

‖�̃yk (y)‖2H −W(�̃(y))
)

=
∫

yi=λ±

(1

2
‖�̃yi (y)‖2H −

1

2

∑

{1,...,d}�k 	=i

‖�̃yk (y)‖2H −W(�̃(y))
)
.

This proves that for every λ−, λ+ ∈ R \ Ni , we have
∫

yi=λ−

(1

2
‖�̃yi (y)‖2H −

1

2

∑

j 	=i

‖�̃y j (y)‖2H −W(�̃(y))
)

=
∫

yi=λ+

(1

2
‖�̃yi (y)‖2H −

1

2

∑

j 	=i

‖�̃y j (y)‖2H −W(�̃(y))
)
,

and using again the integrability of the functions ‖∇�̃(y)‖2Hd and W(�̃(y)), it follows that

∀λ ∈ R \ Ni :
∫

yi=λ

(1

2
‖�̃yi (y)‖2H −

1

2

∑

j 	=i

‖�̃y j (y)‖2H − W(�̃(y))
)
= 0. (A6)

Next, by integrating (A6)with respect to yi ∈ R, we derive (A2). Finally, the sumof equations
(A2) for i = 1, . . . , d gives (A3). ��
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