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ABSTRACT. We prove a general theorem on the existence of heteroclinic or-
bits in Hilbert spaces, and present a method to reduce the solutions of some
P.D.E. problems to such orbits. In our first application, we give a new proof in
a slightly more general setting of the heteroclinic double layers (initially con-
structed by Schatzman [20]), since this result is particularly relevant for phase
transition systems. In our second application, we obtain a solution of a fouth
order P.D.E. satisfying similar boundary conditions.

1. Introduction and statements. Functional Analysis methods are often useful
to solve efficiently P.D.E. problems. We refer to [9, Ch. 10] and [12, Ch. 7 and 9]
for some classical applications to evolution equations. The idea is to view a solution
R? 5 (t,z) = u(t,z) of a PD.E. as amap t — [U(t) :  — [U@®)](z) = u(t,z)]
taking its values in a space of functions, and reduce the initial P.D.E. to an O.D.E.
problem for U. For instance, in the case of the heat equation and the wave equation,
this reduction is based on the theorem of Hille-Yosida [9, Ch. 10] .
In this paper, we apply this viewpoint to the elliptic system

Au(t,x) = VW (u(t,z)), u:R* = R™ (m >2), (t,x) € R?, (1)

where W : R™ — R is a function such that
W € C3(R™;R) is nonnegative, and has exactly 2 zeros a~ and a™, (2a)
D2W (u)(v,v) > ¢, Yu € R™: |u—a*| <7, Vv e R™: |v| =1, with r,¢ > 0, (2b)
lim inf W (u) > 0. (2¢)

|u|—o0
That is, W is a double well potential (2a), with nondegenerate minima (2b), satis-
fying moreover the standard asymptotic condition (2c) to ensure the boundedness
of finite energy orbits. To clarify the notation, we point out that VW (u(t, x)) is
the gradient of W evaluated at u(t,x), while D?*W (u)(v, v) stands for the quadrat-

o 92W (u)
ic form > Bus0u; Vivi> Yu = (Ugy...,Uy) € R™ Vv = (v1,...,0,) € R™. We
irj=1
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also denote respectively by | - | and -, the Euclidean norm and inner product. Fi-
nally, given smooth maps u : R?> — R™, u = (uy,...,un), and ¢ : R? — R™,
¢ = (¢1,--,Pm), we set |Vul? := > |Vu; |2, and Vu - Vo := 3 Vu; - V.
i=1 i=1
System (1) as well as the corresponding O.D.E.
V() = VW (v(z)), v:R—=>R™ (m>2),z €R, (3)
have variational structure. We denote by
1
Eo(u) ;:/ [SIVuP + W], o c R, (4)
Q
and )
Ti(v) = / Gl + W), TR (5)
I

the associated energy functionals. We also recall that a heteroclinic orbit is a
solution e € C%(R;R™) of (3) such that lirﬂrzl e(z) = a*. A heteroclinic orbit is
T—>1T00

called minimal if it is a minimizer of the Action functional (5) in the class A := {v €

Wﬁ)’f(R; R™) : lim, ,100v(2) = at}, ie. if Jr(e) = miﬁl Jr(v) =t Jpin. Assuming
veE

(2), we know that there exists at least one minimal' heteroclinic orbit e (cf. for
instance [7, 14, 23, 4], for a general theorem about the existence of heteroclinic
connections). In addition, since the minima a® are nondegenerate, the convergence
to the minima a® is exponential for every heteroclinic orbit e, i.e.

le(z) —a~| < Keb* Vo <0, and |e(z) — a™| < Ke % vz >0, (6)

where the constants k, K > 0 depend on e (cf. [7, Proposition 6.5.]. Clearly, if
x +— e(x) is a heteroclinic orbit, then the maps

el (z) :=e(x —T),VT € R, (7)
obtained by translating x, are still heteroclinic orbits.

1.1. Heteroclinic orbits in Hilbert spaces. In the first part of this paper, we
establish the existence of minimal heteroclinic orbits in a Hilbert space H, under
very mild assumptions (cf. Theorem 1.1 below). Indeed, the potential W : H —
[0, +00] is assumed to be weakly lower semicontinuous and to satisfy the standard
asymptotic condition (13). For the sake of the applications to P.D.E. (1), we only
consider the standard case of a double well potential WW vanishing at e~ and e™,
but clearly our approach can be applied to more general potentials vanishing either
on finite sets or on manifolds (cf. [7] in the finite dimensional case). Denoting by

(,-) (resp. || -||) the inner product (resp. the norm) in H, the minimal heteroclinic
U will be obtained as a minimizer of the Action functional:
1
FW) = [ [FIV @1 + W e]ae (8)

in the constrained class A defined by:

(V(t) —e™,mn) < 3lp/4, for t <ty

_ 1 . .
A*{V € Hioo(R; 1) : (V(t) — e ,n) > 1ly/4, for t > 7,

— 4t
for some 2y, < tv},

cioe”and Iy == |let — e~ ||. Note that in the definition of A no

flet—e—I”

limitation is imposed on the numbers ¢y, < t$ that may largely depend on V. We

where n :=

! Note that heteroclinic orbits are not always minimal: cf. [7, Remark 3.6.].
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refer to [17, 15, 11, 8], for the general theory of Sobolev spaces of vector-valued
functions.

For nonsmooth potentials, the minimizer U may be considered as a heteroclinic
orbit in a generalized sense, since U(t) converges weakly to e*, as t — +oo (cf.
(15a)), and furthermore U satisfies the equipartition relation (15b). To illustrate
Theorem 1.1 let us take for example W = x4\ (e~ e+}, Where x is the characterictic
function. Then, one obtains in view of (15b) that (up to translations):

e~ for t <0,
Ut)=<e +v2tn for0<t<ly/V2, 9)
et for t > 1y/V/2.

We refer for instance to [10, 19] or [6], for the study of phase transition problems
involving nonsmooth potentials.
In the case where W € C'(H;R) is smooth, the minimizer U is a classical solution
of the system
U"(t) = VW(U(t)),Vt € R, (10)
where given u € H, VW(u) is the element of H corresponding to DW(u) € H' by
identifying H with H’ via the isomorphism:
(VW(u),v) = DW(u)v, Yv € H. (11)
After these explanations, we give the complete statement of Theorem 1.1:

Theorem 1.1. Let H be a Hilbert space®, and assume that W : H — [0, +0o0] is a
weakly lower semicontinuous function satisfying

W has exactly 2 zeros e~ and e, (12)
and
lim inf W(v) > 0. (13)
llofl =00
Then, the condition
inf v 14
Jnf Je(V) < +oo, (14)
implies that Jr admits a minimizer U € A i.e. Jr(U) = ‘r/m% Jr(V), such that
€
U(t) = eF, ast — oo, (15a)
1
iHU/(t)”Q =W(U(t)) for a.e. t € R (equipartition relation). (15b)

Assuming moreover that W € C1(H;R), then (14) holds and U € C*(R;H) is a
classical solution of (10).

The method of constrained minimization to construct the minimal heteroclinic
goes back to [5]. However, most of the arguments used in finite dimensional spaces,
fail in the infinite dimensional case due to the lack of compactness. Thus, in order
to recover compactness on closed balls, the idea is to work with the weak topology.
On the other hand, the convergence in (15a) is established thanks to an argument
first introduced in the context of fourth order O.D.E. (cf. [21, Lemma 2.4.]). In
what follows, we will see that for some specific potentials, the convergence to the
minima e* may hold in the strong sense (cf. (25a)).

2The existence of a minimizer U satisfying (15a) and (15b) also holds if  is a reflexive Banach
space.
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To apply Theorem 1.1 to P.D.E. problems, one may consider the solution R x
Q> (tx) = ult,z) € R™ (with Q@ € R™”) of a PD.E., as a connecting orbit
t—Ut) € H,U(t): z— [U®)](z) := u(t,z), taking its values in a Hilbert space
‘H of functions, defined according to the boundary conditions satisfied by u. Of
course, this can be done if the initial equation can be reduced to an O.D.E. similar
to (10), and if the boundary conditions satisfied by u are appropriate. The scope of
this paper is to provide a method for performing such a reduction, and constructing
various kinds of solutions of P.D.E. problems.

1.2. First application: heteroclinic double layers. As a first application of
Theorem 1.1 we give a new proof, in a slightly more general setting, of the existence
of heteroclinic double layers (established by Schatzman [20]), since this result is
particularly relevant for the phase transition system (1). Indeed, this construction
provides for system (1) the first examples of two-dimensional minimal solutions, in
the sense that

Esupp 6(1) < Esuppo(u+ ), Vo € CF (R R™). (16)

This notion of minimality is standard for many problems in which the energy of a
localized solution is actually infinite due to non compactness of the domain. Assum-
ing that for system (1), with W as in (2), there exist (up to translations) ezactly two
minimal heteroclinic orbits e~ and et which are also nondegenerate®, Schatzman
constructed a solution of (1) such that

Vr eR: . lirin u(t,x) = e*(x —m¥), for some constants m* € R, (17a)
—> 00
VteR: lim wu(t,z) =a . (17b)

r—+o0

Moreover, the convergence in (17b) as well as in (17a) is exponential, due to the
nondegeneracy of a* and e*. This construction has initially been performed by
Alama, Bronsard and Gui [1] for potentials W invariant by the reflexion which
exchanges a*. The symmetry assumption enabled the authors to control the trans-
lation parameters m*, since they considered only solutions which were equivariant
by the reflexion. In [2], the Alama-Bronsard-Gui solution was constructed under
the weaker assumption (22), and the existence of an infinity of periodic solutions of
(1) was established (cf. also [3]). Recently, new proofs of Schatzman’s result were
given in [13] (where a Gibbon’s type conjecture was also proved), and in [18] via
minimization of the Jacobi functional.

In Theorem 1.2 below we obtain Schatzman’s solution as a minimal heteroclinic
orbit U connecting e* in the appropriate Hilbert space. This construction highlights
the real nature of the heteroclinic double layers, and provides a clear interpretation
of the equipartition property (34) (already observed in the aforementioned works).
The boundary conditions (17b) suggest to set

a”, for z < —1,
eo(z) =qa +(at —a7)ZL, for —1<a <1, (18)
at, for x > 1.

3The heteroclinic orbits e are nondegenerate in the sense that 0 is a simple eigenvalue of the
linearized operators T : W2:2(R; R™) — L2(R;R™), Ty = —¢" 4+ D2W (e®)p.
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and work in the affine subspace* H = ey + L} (R;R™) = {u = eg + h : h €
L?(R;R™)} which has the structure of a Hilbert space with the inner product

(u,v)3 = ((u —eq), (v — o)) L2(m;rm), Yu,v € H. (19)

We denote by |[| - || the norm in H, and by dy (u,v) := |[u — v||2(r;rm) the corre-
sponding distance. We shall also consider the Hilbert space H:=ey+H HR;R™) =
{u=-eg+h:he HY(R;R™)} with the inner product

(u,v) 5 = ((u—eo), (v —eo)) g1 (r;rm), Yu,v € H. (20)

Similarly, |||, and d (u,v) := ||u—v]| g1 (g;rm) stand for the norm and the distance

in H. In view of (6), it is clear that e € H, for every minimal heteroclinic e.
Next, we define in H the effective potential W : H — [0, +o0] by

W) = {JR(u) — Jmin, when the distributional derivative v’ € L?(R;R™),
400, otherwise,

(21)

where Jin = min,e4 Jr(v). Note that W > 0, since v’ € L?(R;R™) implies that

liI:il u(z) = a* ie. u € A, and thus Jr(u) > Jpin. It is also obvious that W
Tr—rL o0

only vanishes on the set F' of minimal heteroclinics. More generally than in [20],
we assume that this set satisfies

F=F UF", with F~ #0, F* #0, and dpjn := dy(F~,F*) >0 (22)

(where dy(F~,F*) :=inf{|le” — e ||p2mrm) : €~ € F~, et € FT}). For instance,
if F' contains (up to translations) a finite number of elements ey,...,e, one may take
F-={zwe(z-T): Ty eR},and FT = {z — ep(a—Tg) : Ty e R, k=2,...,N}
(cf. [1] and [20]). In this case it is easy to check that dy (F~, Ft) > 0, since the
map R > T+ el (z) = e(x — T) € H is continuous for every e € F, and the images
of two distinct minimal heteroclinics do not intersect. In Lemma 3.3 below, we give
explicit examples of potentials for which (22) holds.
Finally we define the constrained class

du(V(t), F7) < dmin/4, for t <ty,

_ 1 . .
A_{V € Higo(R; H) : du(V(t), F*) < dmin/4, for t > t,

= o4t
for some ty, < tv},

and the functional®
1
Ta(V) = /R [SIV @ m) + WV ()] . (23)

Since the effective potential W has been normalized by substracting the constant
Jmin from Jg, it follows that inf 4 Jg < oo. All variational constructions of the
heteroclinic double layers are based on the minimization of this renormalized energy
(cf. also [6] for some other applications). Proceeding as in Theorem 1.1 we are going
to show that this solution is actually a minimizer of Jg in A:

4To stress the analogy with Theorem 1.1, we denote again by #, A, W, and J, the Hilbert
space, the constrained class, the potential, and the action functional, which are relevant in this
subsection.

5In the proof of Theorem 1.2, it will appear how the energy functional E of system (1) is related
to J, and why the definition of W is relevant.
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Theorem 1.2. Assume the potential W satisfies (2), (22), and one of the following

either there exists p > 0 such that W(su) > W(u) for s > 1 and |u| = p. (24a)
w
or limsup M

|u|—o00 |u‘q

< 00, for some q > 2. (24b)

Then, Jr admits a minimizer U € A i.e. Jr(U) = minyea Jr(V), which is such
that

(i) uw € C?*(R%;R™) where u(t,z) := [U#)](z), t = U(t) € H.
(i1) u solves (1) together with the boundary conditions

. +\
lim u(t, ) = a*, uniformly when t remains bounded. (25b)

z—+o0

(iti) For every t € R, u satisfies the equipartition relation |U'(t)||3, = W(U(t)),
or equivalently:

%/R\ut(t, )|2da :/R [%\ux(t,xn? +W(u(t,x))] Az — Jomin. (26)

() w is a minimal solution of (1) (cf. (16)).
In addition, if (24a) holds and W satisfies the nondegeneracy condition

lim inf Wiu)

—_ 2
o Gt e (@7)

then there exist e* € F*, and constants k, K > 0 such that

|Ut) — et |7 < Ke ™, vt >0,||U(t) — e ||l7 < KeM, vt <0, (28a)
lu(t,z) —at| < Ke ™ Vt € R,Vz >0, |u(t,z) —a~| < Ke* Vt € R,Vz < 0.
(28b)

To establish Theorem 1.2, the arguments in the proof of Theorem 1.1 need to be
adjusted, since the set F' is unbounded. However, YW and F' have nice properties,
that allow us to address the lack of compactness issue. Indeed, F' intersected with
closed balls of H is compact (cf. Lemma 3.2 (i)), and dg(u, F) = 0, as W(u) — 0
(cf. Lemma 3.1 (ii)).

Theorem 1.2 outlines the hierarchical structure of solutions of (1), since by taking
the limit of u(t,x) as t — oo (resp. © — £00), lower dimensional solutions are
obtained. There is also a striking analogy between the functionals J (cf. (5)) and
J. On the one hand, the zeros a® of W (i.e. the global minimizers of J) have their
counterparts in the minimal heteroclinics e € F, which are the zeros of W (and
the global minimizers of J). On the other hand, the heteroclinic orbits of (3) (one
dimensional solutions) have their counterparts in the heteroclinic orbit U provided
by Theorem 1.2 which corresponds to a two dimensional solution of (1).

Finally, we point out that the shape of heteroclinics can be very complicated (cf.
[22]), and that a nondegeneracy assumption similar to (27) is needed to ensure the
convergence of the orbit U at +00, even in finite dimensional spaces (cf. [7, Corollary
6.3.]). The nondegeneracy assumption considered in [20] implies the existence of
o, 8 > 0 such that dy(u, F) < 8 = W(u) > a(dy(u, F))? (cf. [20, Lemma 4.5.]).
Clearly, this assumption is stronger than (27).
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1.3. Second application. In Theorem 1.2 we constructed a heteroclinic orbit U
connecting at +oo the subsets F'* in the Hilbert space H. Going further one may
ask: what kind of solution is obtained if instead of H, we consider another space?
Assuming that W satisfies (2) as well as

F=F UFT, with F~ #0, F* #0, and duin := dg(F~,F*) >0,  (29)

(cf. subsection 1.2 for the definition of H, F, and W), we shall construct in this
subsection a heteroclinic orbit U connecting at oo the subsets F* in H. This new
orbit U produces a heteroclinic double layers solution @ to the fourth order system

Upten(t, 2) = Al(t, ) — VW (a(t, x)), @ : R? — R™. (30)

Proceeding as in Theorems 1.1 and 1.2, we shall establish that U is a minimizer of
the functional

V)= [ [GIV Ol ey + WV 0] (31)

in the constrained class
dg(V(t), F~) < dmin/4, for t < ty,

i 1 (.47 - 1,
A_{V € Hioo(R; 1) : diy(V(t), FT) < dmin/4, for t > tf7,

for some ¢, < t‘t}
Theorem 1.3. Assume the potential W satisfies (2) and (29). Then, Jr admits a
minimizer U € A i.e. Jr(U) = miny, . 3 Jr(V), which is such that
(i) U € C*(R; H) is a classical solution of system U"(t) = VW(U(t)), where
W e CH(H;[0,00)) (cf. Lemma 3.1 (iii)).
(ii) Setting u(t,x) = [U(t)](z), t — U(t) € H, we have u € HL (R*R™),
Uy, U € L2(R%R™), 4, € L2((o, B) x R;R™), V[a, 5] C R, and @ is a
weak solution of system (30):

/ (igs - 1 + Vi Vo + VW (@) - §) = 0, W6 € CZRER™),  (32)
]R2

satisfying the boundary conditions

Jim iy (U(t), FF) =0, (33a)
(33b)

lim @(t,x) = o™, uniformly when t remains bounded.
z—Fo0

(iii) For every t € R, G satisfies the equipartition relation %HU’(t)H% =W({U(t)),
or equivalently:

1 1
> /(|ﬁt(t, )2+ |fige (t, ) [*)d2 = / [§|ﬂz(t,x)\2 + W(a(t,z))|dz — Jmin. (34)
R R
(iv) wu is a minimal solution of system (30) in the sense that
Eaupp (1) < Bsupp (@t + 0), ¥ € CF(R*R™), (35)

where Eq(u) := Jo [3(ue® +1Vul?) + W(u)] (@ C R?), is the energy func-
tional associated to (30).
In addition, if W satisfies the nondegeneracy condition
- W(u
@ (u(, 11))2
then there exist et € F*, and constants k, K > 0 such that
|U(t) —eT|lg < Ke ™™, vt >0, and |U(t) — e ||z < KeM, vt <0, (37)

>0, (36)
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and the convergence in (33b) is uniform for t € R.

1.4. Other possible applications. The previous method applies directly to con-
struct heteroclinic double layers for the systems associated to the energy func-
tionals Egq(u fQ [| 74 |%|p + W(u)}, with p,q¢ € (1,00), u : R? — R™,
Q c R?, and W as in (2). On the other hand, we expect that Theorem 1.1
can be extended to fourth order systems by considering the functional Jg(V) =
Je BV + W(V(t), V'(t))]dt (cf. [21] for the corresponding result in finite
dimensional spaces). As a consequence, a heteroclinic double layers solution should
be obtained for the system

A%u— AU+ VW (u) =0, u:R* = R™ B>0, W:R™ =0, 00),

which is called the extended Fisher-Kolmogorov equation. Finally, due to the variety
of choices for the space H, several types of boundary conditions may be considered
in the applications of Theorem 1.1.

2. Proof of Theorem 1.1. We first notice that since W : H — [0, +oo] is weakly
lower semicontinuous, the function ¢ — W(V(t)) is lower semicontinuous (thus
measurable), for every V € Wlicz (R; H). Assumption (14) is satisfied for instance if

W is bounded on the line segment [e™,e™]. Indeed, in this case the map Vy € A
defined by

e, for t <0,
Vo(t)=1e +tlet—e), for0<t<1, (38)
et, fort > 1,

is such that Jgr(Vy) < +o00. In what follows we assume that
‘}Iéa TJr(V) < Jo, for a constant Jp < 400,

and we set A, ={V € A: (V) < Jo}. It is clear that
inf = inf .
RV = o JeV) < o
Our next claim is that finite energy orbits are equicontinuous and uniformly bound-

ed:

Lemma 2.1. There exist M, M’ > 0 such that supg |V (#)|| < M, and ||V (t2) —
Vi) < M’\tg—t1|1/2, Vii,ta € R, VV € A,. Moreover every map V' € A, satisfies
V(t) = e, ast — Foo.

Proof. Tt is clear that for every t; < to, and every V € A;, we have

/2

Vi) vl < [ 1Vl s \/ IV/(s)2as] o] V2 < Mt V2
ty

with M’ = /2Jy. Next, in view of (13), ||v|| > R implies that W(v) > m for some

constant m > 0, and R > 0 sufficiently large. Thus, for every V € A, we have

mC ({teR: V()| > R}) < /W (t))dt < T,

where £! stands for the one dimensional Lebesgue measure. Assuming that ||V (¢)|| >
R, for some t € R, it follows that there exists o < ¢ such that ||V ({9)|| = R, and
IV(s)|| > R, Vs € [to, t]. According to what precedes we can see that m(t—tg) < Jo.
Hence we deduce that ||V (t) — V(to)|| < M'(t — to)'/? < \/2/m Ty, and ||V (1) <

R+\2/mJy =M
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Now, we recall that the ball By := {v € H : ||[v]| < M} is compact for the weak
topology. Let V = {v e H : (fj,v—e") < 26,Vj =1,...,N} (with § > 0 and
f; € H\ {0}) be a neighbourhood of e™ for the weak topology. If we assume by
contradiction the existence of a sequence t; such that klim trp = oo, and V (tg) ¢ V

e el
(ie. (fj.,V(tg) —eT) > 26 for some jj € {1,...,N}), we get

(fi: V&) = eb) 2[5, VI(E) = V() +20 2 28 — M| f, [[[t — tx]'? > 6,
provided that |t — t| < n:= 1£r;i§11N(5/M’||fj|\)2. Next, let p be the infimum of W
on the set
Ks:={ve€ By :{(v—e",n) >ly/4, and (fj,v—eT) > § for some j € {1,...,N}},

which is compact for the weak topology. The weakly lower semicontinuity of W
and (12), imply that x4 > 0, thus according to what precedes we have W(V (t)) > u,
Vt € [ty —n,ti +n], with 5 > ), +n. Finally, since the intervals [t; —n, ), + 7] may
be assumed to be disjoint, we obtain Jg(V') = oo, which is a contradiction. This
establishes that V(t) — eT, as t — oo. Similarly we can prove that V(t) — e, as
t — —oc. O

Lemma 2.2. Given a sequence {V,} C Ay, there exist a sequence {zy} C R, and
a map U € Ay, such that Jr(U) < likm inf Jr(Vi), and up to subsequence the maps
B —00
Vie(t) := Vi (t — xx) satisfy

(i) Vt € R: Vi(t) = U(t), as k — oo,

(ii) Vi = U in L*>(R,H), as k — oo.

Proof. By extracting if necessary a subsequence we may assume that Jg(Vj) con-
verges to likm inf Jr(V%), as k — oo. For every k we define the sequence
—00

—oo < z1(k) < x22(k) < ... < zan,—1(k) < zan, (k) = 00

by induction:

o z1(k) =sup{t e R: (Vi(s) —e ,n) <3ly/4,¥s < t} < o0,
o z9;(k) =sup{t e R: (Vi(s) —e ,n) > 1y/4,Vs € [x9;_1(k), ]} < oo,
o z9;11(k) = sup{t € R : (Vk(s) —e7,n) < 3lg/4,Vs € [wa;(k),t]} < oo, if
le( ) 00,
where 1 = 1,..., Ng. In addition, we set

® y2i—1(k) =sup{t < @zi—1(k) : (Vk(t) —e™,m) <lo/4},

o yo;(k) = sup{t < z9;(k) : (Vi(t) — e ,n) > 3lg/4}, if zo;(k) < 0.

Next, we notice that the set K = {v € H : ||v]| < M,lp/4 < (v—e",n) <
3lg/4} is compact for the weak topology. As a consequence of (12) and the lower
semicontinuity of W, we have Wy := minyex W(v) = W(vg), for some vy € K, thus
Wy > 0. Finally, since

z;j(k)
Tl (&), (k)] (Vi / VWV () [VE@®)lldt > /Wo /210,
y; (k)

holds for every k > 1 and j = 1,...,2N; — 1, we can see that (2N — 1)/ Wy/21p <
Jo, i.e. the integers Nj are uniformly bounded. By passing to a subsequence, we
may assume that N is a constant integer N > 1.

Our next claim (cf. [21, Lemma 2.4.]) is that up to subsequence, there exist an
integer ig (1 <ig < N) and an integer jo (ig < jo < N) such that
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(V(t) —e",m) = 1,/4

XU:—O"_‘,

V(y,)

]
I
[}
1
I
i
1
I
I
1
I
I
1
1
]
I
I
1
I
1
1
|
[}
1
I
1

(V(t) —e™,n) < 3ly/4

FIGURE 1. The sequence —o0o =2 < y1 < 21 < Yo < 22 < ... <
ToN = OQ, (N = 2).

(a) the sequence xgj,—1(k) — x2;,—1(k) is bounded,

(b) lim (w2i,-1(k) — @2i—2(k)) = oo,

(¢) Nm (225, (k) — 224, -1(k)) = oo,

k—oo
where for convenience we have set (k) := —oc.
Indeed, we are going to prove by induction on N > 1, that given 2N +1 sequences
—o00 < (k) < z1(k) < ... < xa2n(k) < 00, such that klim (x1(k)—=zo(k)) = o0, and
— 00

klim (zan (k) — zan—1(k)) = 0o, then up to subsequence the properties (a), (b), and

— 00
(c) above hold, for two fixed indices 1 < iy < jo < N. When N = 1, the assumption
holds by taking ig = jo = 1. Assume now that N > 1, and let [ > 1 be the largest
integer such that the sequence z;(k) — x1(k) is bounded. Note that [ < 2N. If |
is odd, we are done, since the sequence x;41(k) — x;(k) is unbounded, and thus we
can extract a subsequence {ny} such that klim (x1+1(nk) — 21 (ng)) = co. Otherwise

—00

Il =2m (with 1 < m < N), and the sequence Zom+1(k) — o (k) is unbounded.

We extract a subsequence {n} such that klim (zam+1(nk) — xom(ng)) = co. Then,
—00

we apply the inductive statement with N’ = N — m, to the 2N’ + 1 sequences

xgm(nk) < l‘2m+1(’nk) < ... < ng(nk).
At this stage, we consider appropriate translations of the sequence {Vk}, by
setting Vi (t) = Vi (t — wa4,—1(k)). Since {V{} is uniformly bounded in L?(R,H), it

follows that up to subsequence V;/ — V in L*(R, ), and moreover

/||V||2 gnmmf/ 17212, (39)
R k*}OO R

On the other hand, we write Vi(t) = Vi(0) + f(f V{(s)ds, and notice that up
to subsequence Vj(0) — wg in H, since ||[Vi(0)|] < M (cf. Lemma 2.1). Our
claim is that U(t) := ug + fg V(s)ds has all the desired properties. Indeed, since
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fo Vi (s)ds — fo s)ds holds in H for every t € R, we also have Vj,(t) — U(t) for

every t € R. In view of the weakly lower semicontinuity of W, this implies that

likm inf W(Vi(t)) > W(U(t)) for every ¢t € R, thus by Fatou’s Lemma we obtain
—00

/W ))dt < hmmf W (Vi (t))dt (40)

—oo JR
Combining (39) with (40) it is clear that Jr(U) < likm inf Jg(V). To conclude it
—00
remains to show that U € A. In view of the above property (b) it follows that
(U(t) —e,n) < 3ly/4, for every ¢ < 0. Similarly, in view of (a) and (c), we have
(U(t) —e ,n) >1p/4, for t > T > 0 large enough. O
Applying Lemma 2.2 to a minimizing sequence i.e. {V;} C A such that
li = inf
g, ) = g, TV

we immediately obtain the existence of the minimizer U. To show that the minimizer
U satisfies the equipartition property (ii) we are going to check that

0= /R (%||U’(t)”2 _ W(U(t)))qﬁ(t)dt, Vo € C°(R; R). (41)

Actually, since every ¢ € C§°(R;R) is the uniform limit of step functions, we just
need to prove that

/ L2 = / WU (t))dt, V]a,b] € (42)
For every x > 0, let

U(t), for t <a,
Vi(t) = U(a+ £=9), for t € [a,a + k(b — a)],
Ut+(1—r)b—a)), fort>a+k(b—a).

It is easy to see that V,, € A and,
b
(1—r)
) -5 = [ Do+ - [ we (13)
Since Jr(Vi;) — Jr(U) > 0 by the minimality of U, letting x — 17 and xk — 17 in
(43), we obtain (42).

Finally we assume that W € C1(H;R). Given £ € C§°(R;H), and A € R, we
compute

B0 +30 = [ (00 €0) + (TW e, o))
By the minimality of U, we have Jg(U + \§) — Jr(U) > 0, hence
/R [(U'(1).€'()) + (VW(U (1)), £(t))] dt = 0.

This implies that the derivative of t — U’(t) in D'(R; H) is t — VW(U (¢)) and that
U € C?(R;H) is a classical solution of (10).
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3. Properties of the effective potential ¥V and of the set of minimal het-
eroclinics F. We establish below some properties of the effective potential W
defined in subsection 1.2, assuming that the function W satisfies (2):

Lemma 3.1. (i) The potential W is sequentially weakly lower semicontinuous.
(i1) Let {uy} C H be such that klim W(ur) = 0. Then, there exist a sequence
— 00

{z} C R, and e € F, such that (up to subsequence) the maps tuy(x) =
ug(z—xy) satisfy klim |tur —ell g1 (r;rmy = 0. As a consequence, dy(u, F') — 0,
—00 '
as W(u) — 0, and for every c; > 0, there exists ca > 0 such that dy(u, F) >
ci(resp. dg(u, F) > c1) = W(u) > co.
(iii) W restricted to H is a C*(H;[0,00)) smooth function, and

DW(u)h = /[u’ WA VW(W)-h), Vuedl, Vhe H'®R™).

R

Proof. (i) Let {uy} C H be such that ux — uin H (i.e. up —u — 0 in L?(R;R™)),

and let us assume that [ = likm inf W(ug) < oo (since otherwise the statement is
— 00

trivial). By extracting a subsequence we may assume that klim Wug) = 1. In
— 00

view of Lemma 2.1 (applied in the finite dimensional case with W instead of W),
the sequence {uy} is equicontinuous and uniformly bounded. Thus, the theorem of
Ascoli implies that ur, — @ in Cloe(R;R™), as k — oo (up to subsequence). On
the other hand, since [|u},||r2(rz=) is bounded, we have that uj, — v, in L*(R; R™)
(up to subsequence). In addition, one can easily see that u = @ € H} (R;R™), and
u' = v. Finally, by the weakly semicontinuity of the L?(R; R™) norm and Fatou’s
Lemma (cf. the end of the proof of Lemma 2.2), we deduce that W(u) < I, i.e.
W(u) < likrgior.}f W (ug).

(ii) We first establish that given u € H such that ' € L?(R;R™), and e € F, we
have

1
W) = / [ = €'P 4+ W ()~ W(e) = VW(e) - (u— )] (44)
R
In view of (6), it is clear that ¢ = VW (e) € L?(R;R™), thus ¢/ € H*(R;R™). As
a consequence, we can see that [y e’ (u—e)=— [pe - (u' —¢'), and
Loe 1.,
W) = [ [Gh = S+ W) - wee)
R

= [ [P =3P = =) £ W) = W) =€ (a=e)],

from which (44) follows.
Now, we consider a sequence {uy} C H such that klim W(ug) = 0. According
—00

to Lemma 2.2, there exist a sequence {z;} C R, and e € F, such that (up to
subsequence) the maps g (x) := ug(x — xy) satisfy

lim @ (z) = e(x), Vo € R. (45)
k—o0

Having a closer look at the proof of Lemma 2.2, we can show that in the case of a
finite dimensional space, the convergence in (45) actually holds in Cjo.(R; R™)°.

SIndeed, when H = R™, one can apply in the proof of Lemma 2.2 the theorem of Ascoli to the
sequence Vy, since by Lemma 2.1 it is equicontinuous and uniformly bounded.
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Our claim is that
lim Hl_l,k — eHHl(]R;JRm) =0. (46)
k—o0

According to hypothesis (2b) we have

W (u) > g|u— a2 Vu: ju—a®| <, (47a)

W(v)—W(uw)—VW(u) - (v—u) > g|v—u\2,Vu,v Su—aT| <7 jv—a®| <7 (47b)
Let ¢ > 0 be such that

W(u)<%|u—ai|2,VueRm:|u—ai|§r, (48)

let € € (0,7), and let v be a unit vector of R™. We notice using (48) that the map
0,1] 2+ 2(z) = a* + eva, is such that Jj1y(2) < “T‘Hez. As a consequence,

inf{Jia,51(v) s vE H' ([, B, R™), [u(e)-a”| =¢, [v(B)-a™ =€} > Jmin— ()€, (49)

since otherwise we can construct a map in A whose action is less than Jyj,. On the
other hand we have

inf{Jj, 5 (v) 1 v € H' ([o, B; R™), [v(a) —a™ | =¢, [v(B) —a*| =1} > Ve(r—e)e. (50)
Indeed, for such a map v, we can check that
B
Ty () > / VW@ > Velr - o)e.
Let g € (0,7) be such that (u + 2)e? < \/e(r — €)e, Ve < €. Next, for € < €

fixed, choose an interval [A~,A*] such that |e(z) —a™| < €/2, Vo < A7, and
le(xz) — at| < €/2, Vo > AT. According to (45), we have for k > N large enough:

U (AF) — a®| < e, (51a)

‘ /M_ A+](W(ﬂk) —W(e) = VW(e) - (ax —e))| < €%, (51b)
[tr — ellL2(a— a+)irm) < € (51c)

W(ﬂk) < 2. (51(1)

Then, combining (49) with (51d), one can see that
JR\[,\—7)\+](’[L1€) < (u+ 2)62 < \ﬁ(r —€)e. (52)

Therefore, in view of (50) and (51a), it follows that |tg(z) —a™| < r (vesp. |ug(z)—
at| <r), Vo <A~ (resp. Vo > AT). Furthermore, as a consequence of (47b) we get

_ _ C\ -
/ (W(ag) —W(e) — VW(e) - (ux —€)) = §||uk - 6||%2(R\[,\—,A+};Rm)~ (53)
R\A=,A%]

To conclude, we apply formula (44) to @, and combine (51d) with (51b) and (53),
to obtain

_ 2e _
2k — ell L2@\pn- a+rm) < 7 and [|u}, — €'[| L2 rrm) < 2e. (54)

Finally, in view of (51c), we have [|a; — €| z2@zrm) < (1 + %)e This establishes
our claim (46), from which the statement (ii) of Lemma 3.1 is straightforward.
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(iii) We recall that o := sup ||| L ®rm) < 0o (cf. Lemma 2.1). Given u € H,
eclF

set k1 1= max(||ul| Lo rrm), 0), and kg := sup{|D*W (v)(v,v)| : [v] < 2k1,|v| = 1}.
From formula (44), it is clear that

1 K2
W(u) < 5”“’ - e/H%Z(R;Rm) + EHU - €||2L2(1R;1Rm) < 00.

On the other hand, one can see that VW (u) € L?*(R;R™). Furthermore, when
|2l 51 (rymmy is small enough, such that ||A| e @rm) < K1, we have

W+ h) — Wiu) —/

R
This proves that W is differentiable at u, and DW(u)h = [,[u'-h'+VW (u)-h]. O

1 K9
[ B+ VW () - B]| < 5101 oy + o Il iy

From the arguments in the proof of Lemma 3.1, we deduce some useful properties
of the set F' (defined in subsection 1.2).

Lemma 3.2. (i) Let {ex} C F be bounded in H, then there exists e € F', such
that up to subsequence klim llex — e[l g1 ryrmy = 0.
—00

(ii) There exists a constant v > 0, such that for every e € F, we can find T € R
such that setting e* (z) = e(z — T), we have [T |7 < 7.

(iii) For every v € H (resp. v € H), there exists e € F such that dy(v, F) =
o —ell3 (resp. dg(v, F) = [lv —ellg).

Proof. (i) Since {ex} C F is bounded in H, we have up to subsequence e, — e in
H, as k — oo, for some e € H. Proceeding as in the proof of Lemma 3.1 (i), we
first obtain that (up to subsequence) e — e in Cloc(R;R™), as k — oo, with e € F.
Next, we reproduce the arguments after (46), with ej instead of .

(if) Assume by contradiction the existence of a sequence N 5 k — e, € F, such
that [le{||;; > k, VT € R. Then, by Lemma 3.1 (ii), there exists a sequence {z)} C
R, and e € F, such that (up to subsequence) the maps e;* satisfy kli—?;o llext —ell7 =
0. Clearly, this is a contradiction.

(iii) Let {ex} C F be a sequence such that [|[v — ex|l% < dw (v, F)+ 4, Vk. Then,
in view of (i) we have (up to subsequence) e, — e in H, as k — oo, with e € F. As
a consequence dy (v, F) = ||[v — e||x. O

In Lemma 3.3 below, we give examples of potentials for which assumption (22)
holds.

Lemma 3.3. Let W € C?(R%R) be a potential satisfying (2). In addition we
assume that
o W(uy,uz) =Wiuy, —us),
e at = (£),0),
e the heteroclinic orbit n taking its values onto the open line segment (a™,a™)
is not minimal.”

Then, F is partitioned into two nonempty sets F*, such that dy(F~, F*) > 0.
Proof. By symmetry, if z +— (e1(z),e2(z)) € R? is a minimal heteroclinic orbit,

then x — (e1(x), —ez(x)) is also a minimal heteroclinic orbit. Since the images of
two distinct minimal heteroclinic orbits do not intersect, and the heteroclinic orbit

7An explicit example of a potential satisfying all the above assumptions is constructed in [7,
Remark 3.6.].



CONNECTING ORBITS IN HILBERT SPACES 2811

7 is not minimal, it follows that a minimal heteroclinic orbit either takes its values
in the upper half-plane {uz > 0} or in the lower half-plane {us < 0}. We denote
by F* the corresponding subsets. If dyy(F~, F+) = 0, then there exists a sequence
e = (fx,grx) C F* such that klgrolo ll9kllz2(r) = 0. According to Lemma 2.2, there

also exists a sequence z; € R, such that klim ex(x — ) = (f(x),0) = u(z) € A.
—00

Furthermore, we have Jg(u) < Jupn. Therefore, w is a minimal heteroclinic orbit
coinciding up to translations with 1. This is a contradiction, since the orbit 7 is not
minimal. 0

4. Proof of Theorem 1.2.

Proof of the existence of the minimizer U. To see that infy e Jr(V) < 00, we take
Vi € Aasin (38), with et € F*. Since e~ and e satisfy the exponential estimate
(6), it is clear that Jr(Vo) < co. Next, we define the constants

e Wi :=inf{W() : dy(v,F) € [dmin/8, dmin/4]} € (0,00) (cf. Lemma 3.1 (ii)),
e M > 0 such that W(v) < 1 = ||[v|[pecmrm) < M (cf. Lemma 2.1 applied to
w),

C > 0 such that |D*W (v)(v,v)| < C, Vo: |v] < M, Vv € R™: |v| =1,

7 € (0, duin/8) such that (1 + C)n? < v/2W; (dmin/8),

Wy = inf{W() : dy (v, F) > n} € (0,00) (cf. Lemma 3.1 (ii)),

€ € (0,1) such that € < v/2W; (dmin/8) — (1 + C)n?,

and consider a minimizing sequence i.e. {V;} C A such that klim Te(Vi) =
— 00

\}Iéit Jr (V). For every k, we set
A, :=sup S, , where S, :={t e R: W(Vi(t)) <€, du(Vi(t),F~) <n},

A =inf S}, where S,j' ={t >N cW(Vi(t) <€, duy(Vi(t), FT) < n}.
Note that Si # 0, since Jr(Vi) < oo implies that lim inf W(Vj,(t)) = 0, and also
t|—o0

[t|—
lllr‘n inf dy (Vi (t), F) = 0 by Lemma 3.1 (ii). Moreover, one can see that actually
t|—o0

A, = maxS, , and )\z = minS, . Indeed, let {t;} C S, be a sequence such
that t; — A_, as j — oo. Then, there exists a sequence {e;} C F~ such that
IVi(t;)—e;lln < n. Inaddition, in view of Lemma 3.2 (i), we have up to subsequence
e; - ein M, as j — oo, for some e € F~, thus ||[Vi()\;) — el|» < 7. On the other
hand, from Lemma 3.1 (i) we get immediately that W(Vi,(A\,)) < e.

By definition of i, either W(Vi(t)) > € or dy(Vi(t), F) > 5 holds for t €
(AnsA)). Thus, we have W(Vi(t)) > min(e, W2), V¢t € (A, ,Af), and as a con-
sequence of the boundedness of the sequence k — Jr(V%), it follows that A :=
supp (A — ) € (0,00). Our next claim is that we may assume that the minimiz-
ing sequence {V} satisfies (cf. [7, Lemma 4.3.]):

dq.[(vk(t)7F_) S dmin/4,Vt S )\];, and dH(Vk(t)7F+) S dmin/47Vt 2 )\Z (55)

Indeed, if a map Vj, is such that for instance dy (Vi(to), F'~) > dmin/4, for some
to < A, we can construct a competitor V, € A, such that Jz(Vi) < Tr(Vi),
and (55) holds for Vj,. To see this, let e~ € F~ be such that ||[Vi(A\;) —e |lx =
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du(Vi(A7), =) <, and set

Vie(t), for t > A,
Vk(t) =qe + (=M +D)(Ve(A,) —e), forte [, —1,A] (56)
e, fort <A, — 1.

One can see that fi‘(’; Vi3, = IVik(A\y) — e ||3,. Next, applying formula (44) to
e =e¢ and u = Vi()\}) together with W(Vi(A)) < €, we obtain [ 3|(Vi(A;) —
e7)[2 < e+ $|Vi(Ay) — 7|13 Finally, a second application of formula (44) to e~
and e~ + s(Vi(\;) — e7), with s € [0,1], gives W(Vi(t)) < e + C||[Vi(\y) — e |12,
vt € [\, —1,A;]. Thus we have checked that ‘7(7007)\;](1/;6) < e+ (CHD|[Ve(A) —
e~ ||3, < e+ (C +1)n*. On the other hand, assuming that dy (Vi (o), F~) > dmin/4
holds for some to < A, , we have

oy (Vi) /[ VIV 2 VI i)
05
Therefore, by definition of € and n we deduce that ‘7(7007)\;](‘%) < \7(7009\;}(‘/;6).
This proves our claim (55).

To show the existence of the minimizer U, we shall consider appropriate transla-
tions of the sequence vy (¢, x) := [Vi(t)](z) (R 3t — Vi (t) € H), with respect to the
variables x and t. Then, we shall establish the convergence of the translated maps to
the minimizer U. Given T' € R, and V € H = eo + L*(R; R™), we denote by LT (V)
the map of H defined by R > z + V(x — T) € R™. It is obvious that W(LT(V)) =
W(V). Similarly, if ¢ — V(t) belongs to H{_(R;H), we obtain that t — LT (V (t))
also belongs to Hp (R;H), with [[(LTV) ()| L2erm) = IV ()] L2Rimm)-

In view of Lemma 3.2 (ii), for every k, we can find T, € R and e, € F~ such
that [lex|ls < v and [||[LT*Vi(Ay) — ekl < m. We set Vi(t) := LT (Vi (t + Ay)).
Clearly, Vi, € H} (R;H) satisfies Jr(Vi) = Tr(Vi), as well as

dy(Vie(t), F7) < dmin/4, ¥t <0, and dy (Vi(t), FT) < dmin/4,¥t > A, (57)
Since ||Vi(0)||3 < n+~ holds for every k, we have that (up to subsequence) V4 (0) —
ug in H, as k — oo, for some ug € H. Next, proceeding as in the proof of Lemma
2.2 we can see that (up to subsequence) V/ — V in L?(R; L?(R;R™)) as k — oo,
and moreover setting Vi (t) = Vi (0) + fg Vi (s)ds, and U(t) = ug + fot V(s)ds, we
have Vi (t) = U(t) in H, as k — oo, Vi € R. The fact that Jr(U) < liknig.}f Tr(Vi)

follows as in the proof of Lemma 2.2 from the sequentially weakly lower semicon-
tinuity of W (cf. Lemma 3.1 (i)). To conclude that Jr(U) = ‘r/ni% Jr(V), we are
€

going to check that U satisfies (57). Indeed, given ¢ < 0, let {e;} C F~ be such

that ||[Vi(t) — exllx < dmin/4, VEk. Since {e;} is bounded in H, we have (up to

subsequence) klim er = e in H, for some e € F~ (cf. Lemma 3.2 (i)). Thus, it is
—00

clear that dy (U(t), F~) < dy(U(t),e) < lim inf Vi (t) — exll# < dmin/4. Similarly,
dy(U(t), FT) < din/4 holds for ¢t > A. O
Proof of (i), (i), (iii) and (iv). We first establish two lemmas:
Lemma 4.1. Writing U(t) = eo + H(t), with

H € Hyoo(R; L*(R;R™)) C Lipo(R; L*(R; R™)),

loc
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and identifying H with a L3 (R* R™) function via h(t,x) := [H(t)](z), we have
(i) h € HL_ (R%R™), hy € L2(R2;R™),
(i) and th”%"’((a,ﬁ)xR;Rm) < Co(|8 — «l), for a constant Cy > 0 depending only
on the length of the interval (a, ) C R.

Proof. We recall that given any interval («, ), we can identify L?((a, 8) x R;R™)
with L?((a, B); L2(R;R™)) via the canonical isomorphism

L*((a, B) x R;R™) ~ L*((av, B); L*(R; R™))
f ol B) 3t [FO)] 2 o> f(t2)], F(1) € 2R R™).

Let g(t,z) := [U'(t)](x), with g € L?(R?;R™), and let us prove that h; = g. Given
a function ¢ € C§°(R?*R™), we also view it as a map ® € CY(R; L*(R;R™)),
t — ®(t), by setting [®(¢)](z) := ¢(t,x). Assuming that supp ® C («, ), we have

B
[ o+ 90 = [ (@) @10+ (02O,
and clearly the second integral vanishes if H € C'([a, B]; L?(R;R™)). Since H
can be approximated in H!((a, 8); L2(R;R™)) by C([e, B]; L*(R; R™)) maps, we
deduce that [p,[he: + g@] =0, i.e. hy = g.
On the other hand, [, W(U(t))dt < oo implies that for a.e. t € R, we have
W(U(t)) < oo, and U(t) € H. By using difference quotients, we can see that

h(t — h(t 2
D= RO Fa < [ <OV 0 T 2Ky (55)
R R

holds for a.e. t € R, for n € R\ {0}, and some constant k& > 0. Thus, the
difference quotients W are bounded in L?((a, 3) x R;R™) for every
interval [o, 3] C R, and as a consequence h, € L?((a,) x R;R™). Finally, an
integration of (58) gives ”hI”%Z((a,ﬁ)xR;Rm) < Co(|8 — a), with

Co = 4k / W)t + 2418 — 0] 2min + )2 azm):

Lemma 4.2. If (24a) holds, there exists a minimizer U of Jr in A satisfying:
U @) oo (rirmy < p, VE € R, (59)

Proof. Let P : R™ — R™ be the projection onto the closed ball {u € R™ :
lu] < p}. Given V € H, it is clear that the map PV : z — P(V(z)) belongs
to H. In addition, given V1,V, € H, we have ||PV; — PVally < ||[Vi — Va|ln.
As a consequence, the map PU : t — P(U(t)) € H belongs to H.} (R;H), and
|(PU) ()| L2mirmy < U ()| L2 ®;zm) holds for a.e. ¢ € R. On the other hand, it
is clear that W((PU)(t)) < W(U(t)) holds for every ¢t € R. To deduce that PU is
a minimizer of Jg in A, it remains to check that PU satisfies (57). Given t < 0,
let e € F~ be such that ||U(t) — e|y < dmin/4, and note that [le]|L@mrm) < p,
since e is a minimal heteroclinic. This implies that for every = € R, we have
[[PU®)](z) — e(x)] < |[UW@))(z) — e(x)]. Thus, it follows that dy(PU(t),e) <

dy(U(t),e) < dmin/4. Similarly, dg (PU(t), F*) < dpyin/4 holds for ¢ > A. O
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Given a function ¢ € C§(R?;R™), we also view it as a map ® € C§(R; L2(R; R™)),
t — ®(t), by setting [®(¢)](x) := ¢(¢, z). For every A € R, it is clear that
Te(U) < Te(U + A2), (60)

and
(I ’ = / 1|| l(t) )\ l(t)”Q R™ dt /<Ll(t) @l(t)> 2 m dt (61)
A A=0 R 2 L2(R; ) R ? L (R;R ) .

On the other hand, since [, W(U(t))dt < oo, it follows that for a.e. ¢ € R, we have
W(U(t)) < oo, and U(t) € H. Our claim is that

dA‘A O/W £) + AB(t))dt = /¢ (62)
where (1) := [ [d[U(t)] a¢ ; x) + VW ([U®)](z)) - ¢(t,z)]dz. We first notice that

dz

for every A ;é 0, the functlons Ya(t) = V(U (t) + A®(t)) — W(U(t))] are defined
a.e. Moreover, we can see that 1, (t) is equal to

[T 20ten) oot
rL dzx ox 21 Ox

YW (U B)@)+er(t 2Dl 2) - ot @) da,

(63)
with 0 < ¢y (¢,2) < 1. As a consequence, we obtain lim 1/»\( ) =1(¢) for a.e. t € R.

Finally, setting u(t,z) := [U(t)](x), we have u € HIOC(R2 R™) C LI (R*R™),
Vg > 2 (cf. Lemma 4.1), and moreover u € L*(R?;R™) when (24a) holds (cf
(59)). This implies that either under assumption (24b) or (24a), we can find a
function ¥ € L'(R) such that |1, (¢)] < ¥(t) holds a.e., when |A| is small. Thus,
we deduce (62) by dominated convergence. Now, we gather the previous results
to conclude. In view of (60), (61) and (62), the minimizer U satisfies the Euler-
Lagrange equation

/R (U (8), ' (8)) 2 gy + ()t = 0. (64)

which is equivalent to
/ (Vu-Vé+VW(u)-¢)=0. (65)
R2

By elliptic regularity (cf. respectively [16, Theorem 8.34. and Corollary 4.14.] under
assumption (24a), and [16, Theorem 8.8. and Corollary 4.14.] under assumption
(24D)) it follows that w is a classical solution of (1). When (24a) holds it is clear that
w is uniformly continuous on R?, since |Vu| is bounded on R?. Similarly, when (24Db)
holds, Lemma 4.1 implies that |u||z1(prmy and ||[VW (u)| r2(pyrmy are uniformly
bounded on the discs D of radius 1 included in the strip [a, 8] X R (with [, 5] C R).
Thus, in view of [16, Theorem 8.8.], u is uniformly continuous on the strip [, 3] x R.
To prove (25b), assume by contradiction the existence of a sequence (tx, ) such
that klgrolo T = 00, ty € [, 8], and |u(tg, k) —at| > € > 0. As a consequence of the

uniform continuity of u, we can construct a sequence of disjoint discs of fixed radius,
centered at (tg,x), over which W(u) is bounded uniformly away from zero. This
clearly violates the finiteness of Ej, gjxr(u) = Jja,5(U) + Jmin(8 — @). To prove

(25a), assume by contradiction the existence of a sequence tj, such that klim ty, = o0,
— 00

and dy (U(ty), FT) > 2¢ > 0. Since R > ¢ — U(t) € H is uniformly continuous,
we can construct a sequence of disjoint intervals [t — n, t; + 7] of fixed length over
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which dy(U(t), F*) > € > 0, and W(U(t)) is bounded uniformly away from zero
(c¢f. Lemma 3.1 (ii)). This again violates the finiteness of Jr(U). Finally, the
equipartition property (iii) is established as in Theorem 1.1, and (iv) follows from
(60), since Ejq gjxr(u+9) = Jja,5(U+P) 4 (8 — a) Jmin, if supp(b C(a,f)xR. O

Proof of (28). The proof proceeds as in [7, Proposition 6.1.]. In view of (27), let
to € R and x > 0 be such that

WU (1)) > kd3,(U(t), F7), Vt < to. (66)

For t < tg fixed, let e~ € F~ be such that dy(U(t),e™) = dy(U(t), F~), and define
the map

t t— - =U(t fort—1<s<t
Z(s) = Uj )+ (t—s)(e U(t)), for <s<t, (67)
e, fors<t-—1.
By reproducing the argument after (56) we obtain Jj;_14(Z) < W(U(t)) + (C +
1)d3,(U(t),F~), with C =  sup |D?*W(u)(v,v)|. Thanks to the variational
\u|<p lv]=1
characterization of U and to (66), it follows that
t
li/ d3,(U( ds</ WU (5))ds < T oo (U) < Ti-1.4(2)

U(t) + (C +1)d5,(U(t), F7). (68)
Setting 0(t) := fioo(d%(U(S),F_) + W(U(s)))ds, we deduce that § € Wh!((—o0,

to]), and v0 < 6’ holds a.e. on (—oo, %] for some constant v > 0. By integrating
this inequality, it follows that

0(t) < O(tg)e?tto), (69)

Now, we notice that by the equipartition property, we have
t
/ 1T ()13 2 ey ds < 26(t0)e™ 7100, Wt <t (70)
—0o0

and for every j € N:

t—j t—j i .
[0 Olgamds < ([ 10/l annds) < V26,
t

—j—1 t—j—1
(71)
Therefore,

t 20(to) =
/ U (8)]l 2 (memmyds < 7(0365(’540) < o9, (72)

and U(t) — e~ in H, as t — —oo, for some e~ € F~. Similarly, we establish the
existence of e™ € F't such that U(t) — et in H, as t — oo.

Next, we choose € € (0,7/2) such that (u+1)e? < \/c(r —2¢)e, where 1 is defined
n (48). Let L > 0 be such that |e*(x) —a™| < €/4 (vesp. |e*(z) —at| < €/4)
holds for every & < —L (resp. x« > L). Our claim is that |u(t,z) —a™| < r
(resp. |u(t,x) —a™| <7) holds for x < —L — 1 (resp. z > L+ 1) and |¢t| > T large
enough. Without loss of generality we are only going to check that |u(t,z)—a=| <r
holds for x < —L — 1 and ¢t > T large enough. Indeed, otherwise there exists a
sequence (tg,x)) such that ler{:otk =00, 2 < =L —1, and |u(ty,zx) —a~| > 7.

Up to subsequence, we have klim u(ty,z) = et (z) for ae. z € R. Let T > 0
— 00
be such that |u(tx,Lo) — a~| < €/2 holds for some Ly € (—L — 1,—L), when
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ty > T. By the uniform continuity of w, there exists n > 0 (independent of k)
such that |u(t,zr) —a™| > r —€/2 and |u(t,Lo) —a~| < € hold for t € [ty —
7t +n]. In view of (49) and (50) we deduce that W(U(t)) > v/e(r — 2e)e — (u +
1)e* > 0, Vt € [ty — 1, t, + 1], with ¢, > T. Thus we obtain [, W(U(t))dt = oo
which is a contradiction. This establishes our claim, and now (28b) follows easily
from a standard comparison argument. Moreover, using elliptic estimates we also
obtain that |Vu(t,z)| < K’e~*1#| holds for some constants k', K’ > 0, and |D?u]
is bounded on RZ. As a consequence, the function R 3 ¢ — (t) := W(U(t)) is

Lipschitz, since ' (t) = [g [uz(t, ) - ue (t, ) + VW (u(t, )) - ue (¢, z)]dz is uniformly
bounded by a constant B > 0. We infer that
WU (1)) < 24/B0(tg)e? 1) i < . (73)

To see this, let ¢ < ¢y be fixed and let A := ¢(t). For s € [t — %,

() > () — Bls — t| > 3. Thus, we get 25 < f;% P(s)ds < 0(to)e?—t) from
2

which (73) is straightforward. Finally, (72) implies that

t], we have

20(t
U0~ e lgagpiamy < LD bt vt < 1, (74)
while according to (44) we have
(8, ) = (€7) |22 ey < 2WU (1)) + CIU®) — €™ L2 gy (75)

Gathering the previous results, we deduce that ||U(t) — e || g1 (r:rm) converges ex-
ponentially to 0. O

5. Proof of Theorem 1.3. To prove the existence of the minimizer U, just replace
in the proof of Theorem 1.2, H, dmin, J and A, by ’H dmm, J and A. Next, given
a function ® € C}(R; H*(R; R™)) such that supp ® C [, 5] C R, it is clear that for
every A € R, we have

Te(U) < Te(U + \®), (76)

and
’ / ! Hdl(t) + A\ (1) |2 o dt = /(U’(t) &' () g1 (repmy dt (77)
dAIx=0 Jp 2 H(R;R™) R ) H(R;R™)UL-

On the other hand, proceeding as in the proof of Theorem 1.2 we obtain

d—AO/W £) + AB(E))dt = /w (78)
with 9(t) = J (A5 - 450 4 YW (T(0)@)) - [@(0)]()]dr = DWT(0)()
(cf. Lemma 3.1 (iii)). Indeed, in view of (63), the functions ¥y (t) := +W(U(t) +

AD(t)) — W(U(t))] converge as A — 0 to 1(t), and are uniformly bounded when
|A| <1, by the integrable function

U(t) =(1T Ol + llepll 2 @zm) + 12O ) I12(6)]l
+ R ([0l + 12O ) 1285 + 26m2X 10,5 (1),

where
o= SEIPB](||U(t)||L°°(R;Rm) + [ 2() | oo (rRm) )
€la,
e k1= sup |D*W(u)(v,v)|,

lu|<r,|v|=1
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® Ko = Sup |VW(U)|v
lul<r
e and x is the characteristic function.

Gathering the previous results we conclude that the minimizer U satisfies the Euler-
Lagrange equation

/}R (T (8), @' (8)) 11 spoey + DW(T () B(1))dt = 0, (79)

and thus U € C%(R;H) is a classical solution of system U” = VW(U). Next, we
notice that the space L?((«, 8); H'(R;R™)) is imbedded in L?((a, B); L*(R;R™))
which is isomorphic to L?((a, 8) x R;R™), while the space H!((a, 3); H!(R;R™))

is imbedded in H'((a, 8); L*(R;R™)), thus Lemma 4.1 also applies to U. That

is, setting a(t,x) = [U(t)](x), t — U(t) € H, we have @ € HL_(R%R™), i, €
L?(R%R™), and @, € L?((a, ) x R;R™). Furthermore, we can see that @y, €
L?(R?;R™) by using difference quotients as in the proof of Lemma 4.1. In view of
the previous results, (79) and (76) read respectively (32) and (35), when ¢(t,x) :=
[®(t)](x) is a CZ(R?;R™) function. To prove (33b), we notice that @ is uniform-
ly continuous on the strips [, 8] x R, since [a, 3] 3 t — U(t) € H is Lipschitz
continuous, and |a@(t, z) — @(t,y)| < Alz — y|2 holds for ¢ € [, B8], z,y € R, and
A =Sup[, g ||[~](t)||ﬁ Then, we establish (33b), (33a) and the equipartition proper-
ty (34) as in the proof of Theorem 1.2. Finally, when W satisfies the nondegeneracy
condition (36), the arguments in the proof of Theorem 1.2 still apply to show (37), s-
ince we have sup{||e|| o ®rm) : € € F'} < 00 as well as sup,cg ||U’(t)||Loo(]R;Rm) < 00.
On the other hand, it is clear in view of (37) that the uniform convergence in (33b)
holds for t € R.
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