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In this paper, we describe domain walls appearing in a thin, nematic liquid crystal
sample subject to an external field with intensity close to the Fréedericksz transition
threshold. Using the gradient theory of the phase transition adapted to this situation,
we show that depending on the parameters of the system, domain walls occur in the
bistable region or at the border between the bistable and the monostable region.
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1. Introduction

Inhomogeneous initial conditions caused by, e.g., inherent fluctuations of macro-
scopic systems, generate the emergence of equilibria in different parts of space,
which are usually identified as spatial domains. These domains are separated by
domain walls or interface between the equilibria. A classic example of this phenom-
ena is the magnetic domains and walls [I1]. Depending on the configuration of the
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magnetization these walls are usually denominated as Ising, Bloch, and Neel. Like-
wise, similar walls have been observed in liquid crystals, when a liquid crystal film
is subjected to magnetic or electric fields [I5]. In particular, nematic liquid crystals
with planar anchoring exhibit Ising walls [3]. Close to the reorientation instabil-
ity of the molecules, Fréedericksz transition, this system is well described by the
Allen-Cahn equation. Besides, using a photosensitive wall, it is possible to induce a
molecular reorientation in a thin liquid crystal film [§]. This type of device is called
a liquid crystal light valve (see [I7] and references therein). Due to the inhomoge-
neous illumination generated by light on the liquid crystal layer, the dynamics of
molecular reorientation is described by

Oru(z1, T2,t) = EAu + (21, v2)u — u® + aexy f(x1, T2), (1.1)

where u(x1, x2,t) accounts for the average rotational amplitude of the molecules, ,
x1, and xo, respectively, stand for time and the transverse coordinates of the liquid
crystal layer, 2 is the direction in which the molecules are anchored, f(z1,z2) =
— %8961 w(x1, x2), and non-dimensional parameters ¢, a are positive. Equation ([IT]) is
the amplitude equation and can be obtained formally from the Oseen—Frank model
of liquid crystals (see [5, [9]). Because in general the size of a liquid crystal sample
is large compared with the size of a defect (domain wall in this particular case), to
describe it, it is reasonable to consider () in the whole space.
The function
22 +a3

w(xy, xe) = po + e ~w% (1.2)
which accounts the forcing given by the external electric field and the effect of
the illuminated photo-sensitive wall characterized by the light intensity I, > 0,
is typically sign changing i.e. —Ip < po < 0. This last condition describes the
situation when the electrical voltage applied to the liquid crystal sample is less
than the Fréedericksz voltage. The level set {pu(xz1,22) = 0} separates two disjoint
regions where p is of constant sign. For any = € {x > 0} the potential

U(z2) = —u(a) = + =

has precisely two non-degenerate minima of equal depth at z = +/u(x), while
in the region {u < 0}, U is nonnegative and its only minimum occurs at z = 0.
Motivated by this we will call the set {y > 0} C R?, the bistable region and the set
{u < 0} C R? the monostable region. Note that with the choice of the function y in
([C2) the bistable region is a disk and the monostable region is its complement in R2.
The objective of this paper is to understand how the location of the domain walls,
defined as the set of zeros of the solutions of ([II]), changes when the parameters e
and « vary. For this purpose we will restrict our attention to the time independent
solutions, the idea being that the system quickly relaxes to its stationary state.

If one ignores the dependence on the transversal zs coordinate, the system
exhibits two type of walls that separate domains that evanesce asymptotically [IL [5].
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One corresponds to the extension of Ising wall, standard kink, in this inhomogeneous
system, which is a symmetric solution and centered in the region of the maximal
illumination i.e. = 0 (since p(x) attains its maximum in the origin). The other
corresponds to a wall centered in the non-illuminated part, shadow kink [II [5]. To
understand the latter one can expand the solution around the point where p(x) = 0.
In this limit the profile of the transition is described by the second Painlevé equation
[4, 5 20]. This paper is devoted to understand the physically relevant equilibrium
situation when the dependence on the second coordinate is not neglected.

In this limit the stationary solutions of (IT]) can be characterized as the minima
of the following energy functional

E(U) = ~/]R2 %lvu|2 B %u(mﬁﬁ + iu4 B afl(x)u’ (1'3)

where u € H!(R?) and € > 0, a > 0 are real parameters. More generally as in (2]
we suppose that g € C°°(R?) is radial i.e. u(z) = praa(|z]), With praq € C°°(R)
an even function. We take f = (f1, f2) € C>°(R? ,R?) also to be radial i.e. f(z) =
frad(|:1:|)|;—|. Note that since f is smooth, fraq has an odd extension f.q € C*°(R)
to the whole real line. In addition we assume that

pe L®(R?), ul4<0 in(0,00), and pad(p) =0 for a unique p > 0,
f e LY(R? R?)NL>®(R?,R?), and fraa >0 on (0,00).

(1.4)
The Euler—Lagrange equation of E is
EAu+ p(r)u —u® +eafi(r) =0, x = (r1,22) € R? (1.5)
and we also write its weak formulation:
/R2 —2Vu - Vb + purp — v + eafip =0, Vip € HY(R?), (1.6)

where - denotes the inner product in R2. Note that due to the radial symmetry of
wu and f, the energy (L3) and Eq. (L) are invariant under the transformations
u(zy, x2) — —u(—x1, 22), and u(x1, x2) — u(xy, —2).

Our purpose in this paper is to study qualitative properties of the global
minimizers of E as the parameters ¢ and e vary. Our focus will be mainly on
the regime where ¢ > 0 is small and ¢ > 0 is fixed. For convergence prob-
lems in the singular limit using geometric measure theory we refer to the work
of Modica-Mortola [I4], Modica [12, [I3], and Caffarelli-Cérdoba [2]. In the case
of the energy functionals Je(u) = [, (§|Vul® + LW (u))dz, where W is a bistable
potential i.e. W (u) = +(u?—1)%, Modica [I3] proved using I' convergence, that any
sequence of minimizers (u.) of J. with uniformly bounded energy, converge to some
us = Xs — Xa\s in certain sense, where S has minimal perimeter. Furthermore,
it is established in [2] that the level sets {u. = A} converge locally uniformly to the
interface.
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In our setup the potential associated to Eq. (L)

W(z,u) = iu4 - @UQ + eafi(x)
4e 2e

(cf. also (I3)) is not bistable, and this is a major difference with the situation
described previously. Indeed, in the region where |z| > p, W is monostable, that is,
it is a convex function of u with only one global minimum. On the other hand, when
|z| < pand z1 # 0, the potential W is unbalanced in the sense that as a function of
u, it has one global minimum and one local minimum. In our previous work [5l [6], we
examined respectively the cases of minimizers v : R — R, and v : R? — R2. In this
paper, we follow the approach presented therein, and introduce several new ideas
to address the specific issues occurring for minimizers v : R?> — R. In particular,
new variational arguments to determine the limit points of the zero level set of v,
which is now a curve (cf. the conclusion of the proofs of Theorem [[2ii) and (iii)),
and a computation of the energy that reduces to a one-dimensional problem, by
using iterated integrals.

Proceeding as in [6], one can see that under the above assumptions there exists a
global minimizer v of E in H'(R?), namely that E(v) = min g (gey £. In addition,
we show that v is a classical solution of ([LHl), and v is even with respect to o
ie. v(xy,x2) = v(xy, —x2). In the sequel, we will always denote by v the global
minimizer, and by u an arbitrary critical point of £ in H!(R). Some basic properties
are stated in:

Theorem 1.1. For e < 1, and a > 0 bounded (possibly dependent on €), let ve 4
be a global minimizer of E, let p > 0 be the zero of paa and let pq = pl,4(p) < 0.
The following statements hold:

(i) Let Q@ C D(0;p) be an open set such that veq > 0 (respectively, veq, < 0) on
Q, for every e < 1. Then veq — /it (respectively, veq — —y/p) in Cp ().

(ii) For every & = pe', we consider the local coordinates s = (s1,s2) in the basis

9, and the rescaled minimizers:

(e, ic?),

_o—1/2/__ -1/3 2/3 S
We,a(s) =2 (—pae) Ve,a (5 te (—Ml)l/s) :
Assuming that lime_¢ a(€) = ag, then as € — 0, the function w , converges in
CZ (R?) up to subsequence, to a function y bounded in [sy,o0) x R for every
so € R, which is a minimal solution of

Ay(s) — s1y(s) —2y*(s) —a =0, Vs=(s1,s2) € R?, (1.7)
; _ aof1(§)
with o = o
(iii) Assuming that lim._oa(e) = ag, then we have lime_o uf";(z) = 7;;2;) fi(x)

uniformly on compact subsets of {|z| > p}.
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Looking at the energy F it is evident that as ¢ — 0 the modulus of the global
minimizer |ve o] should approach a non-negative root of the polynomial

—p(z)u+u® — aefi(z) =0,

or in other words, |ve o — \//F as € — 0 in some, perhaps weak, sense. We observe
for instance that as a corollary of Theorem [[LI(i) and Theorem [[L2(ii) below we
obtain when a < a, the convergence in CP,_(D(0; p)), thus Q@ = D(0; p) in this case
(cf. the conclusion of Theorem [[2(ii) for more details).

Because of the analogy between the functional E and the Gross—Pitaevskii func-
tional in theory of Bose-Einstein condensates we will call \/u+ the Thomas-Fermi
limit of the global minimizer. Theorem [[.1] gives account on how non-smoothness of
the limit of v, , is mediated near the circumference |x| = p, where p changes sign,
through the solution of (7).

This equation is a natural generalization of the second Painlevé ODE
y' —sy—2y  —a=0, seR. (1.8)

In [5] we showed that this last equation plays an analogous role in the one-
dimensional, scalar version of the energy E:

1 1
B R) = [ Sl = Gonlon® + Llul? = af @)

where i and [ are scalar functions satisfying similar hypothesis to those we have
described above. In this case the Thomas—Fermi limit of the global minimizer is sim-
ply /ut(x), which is non-differentiable at the points x = ££ which are the zeros of
the even function p. Near these two points a rescaled version of the global minimizer
approaches a solution of (L8] similarly as it is described in Theorem [[fii).

It is very important to realize that not every solution of (L) can serve as the
limit of the global minimizer, since in our case the limiting solutions of (7)) are
necessarily minimal as well. To explain what this means, let

1 1 1
Ep,, (u, A) = / [§|Vu|2 + §slu2 + §u4 +au
A

By definition a solution of (7)) is minimal if

Ep, (y,supp ¢) < Epy, (y + ¢, supp ¢) (1.9)

for all ¢ € C§°(R?). This notion of minimality is standard for many problems in
which the energy of a localized solution is actually infinite due to non-compactness
of the domain.

The study of minimal solutions of (L8) was recently initiated in [5] where
we showed that the Hastings—McLeod solutions h and —h, are the only minimal
solutions of the homogeneous equation

y'—sy—2y°=0, seR, (1.10)
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which are bounded at +o00. We recall (cf. [I0]) that h : R — R is positive, strictly
decreasing (h' < 0) and such that

h(s) ~ Ai(s), s— oo,

h(s) ~ |2i|, § — —00. (1.11)

On the other hand in [7] we considered when a = 0, the odd minimizer u of (L3)*
in the class H!;4(R?) := {u € H'(R?) : u(x1,22) = —u(—x1,22)} of odd functions
with respect to x1, and following Theorem [[T|(ii), we established the existence of a
nontrivial solution y of the homogeneous equation (7). It has a form of a quadruple
connection between the Airy function Ai(x), the two one-dimensional Hastings—
McLeod solutions +h(z) and the heteroclinic orbit n(x) = tanh(z/v/2) of the ODE
n" = n3 —n. Although we know (cf. [7, Theorem 2.1]) that Theorem [[LI|(ii) applied
to the global minimizer v in the homogeneous case a = 0, gives at the limit either
y(s1,82) = h(s1) or y(s1, s2) = —h(s1), we are not aware if in the nonhomogeneous
case a # 0, Theorem [[I[ii) produces a new kind of minimal solution. This goes
beyond the scope of the present paper.

Finally, regarding Theorem [[.T|(iii) we note that since the sign of the local limit
of the rescaled global minimizer in |z| > p is determined by the sign of fi, one may
expect that the zero level set of ve 4 is a smooth curve (cf. Lemma Bl partitioning
the plane. In Theorem we will determine the limit of this level set according
to the value of a, and discuss the dependence of the global minimizer on a, when
e 1.

Before stating our second result we recall that the heteroclinic orbit n(z) =
tanh(z/v2) (n: R — (—1,1)) of the ODE 1" = n® — 1, connecting the two minima
+1 of the potential W (u) = 1(1 —u2)? (W : R — [0,00)) plays a crucial role in the

1
study of minimal solutions of the Allen—Cahn equation
Au=u®—u,u:R" —R. (1.12)

Again, we say that v is a minimal solution of (LI2) if
Eac(u,supp ¢) < Eac(u + ¢,supp ¢),
for all ¢ € C§°(R?), where
1 1
Bxc(u,) = [ 3IVuP + (1= )
a2 4

is the Allen—Cahn energy associated to (LI2)). It is known [19] that in dimension n <
7, any minimal solution w of (LI2) is either trivial i.e. w = 1 or one-dimensional
ie. u(z) = n((z — zo) - v), for some o € R”, and some unit vector v € R™.

Theorem 1.2. Let v. 4 be a global minimizer of E, with a > 0 fized (independent
of €), and let Z = {l € R? is a limit point of the set of zeros of veq as € — 0}. The

2Due to the symmetry of p and f, u is also a critical point of (I3) (cf. [16]), thus it solves (5.
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following statements hold.

(i) When a = 0 the global minimizer v is unique up to change of v by —v. It can
be written as v(x) = vraa(|z]), With viaa € C°(R), positive and even.

(ii) There exists a constant a, > 0 such that for all a € (0,a.), we have up to
change of v(xy,x2) by —v(—x1,22):

{z1 <0, |2| = pyUfa1 =0, [x2| = p} € Z C {Ja] = p} U{z1 = 0, [22] > p},

and
hn%v r+se) =+/ut(z), VaeR? (1.13)
in the 01200( ) sense. The above asymptotic formula holds as well when a = 0.

(ili) Suppose that f|,4(0) # 0, then there exists a constant a* > a, such that for all
a > a* we have Z = {x1 = 0}, and the global minimizer v satisfies

ut(z)  forxz >0,
—v/put(z) forx <O,
in the C2

i c(R) sense. Newt, if Te o = (te,a,22) is a zero of ve o with fized ordinate
X2, then up to subsequence and for a.e. x4 € (—p, p) we have

0
hn%v T + es) = v/ (0, z2) tanh ( @) , in the CL.(R) sense.

(1.15)

lim v(x + €s) = (1.14)

e—0

Finally, when f = ——Vu we have a, = a* = /2.

Perhaps the most interesting and unexpected is the statement (ii) of the above
theorem. It says that, at least in the limit ¢ — 0 the domain wall Z is located at the
border between the monostable region {x < 0} and the bistable region {u > 0}.
Physically this means that as the intensity of the illumination, measured by a, is
relatively small then no defect is visibly seen. For this reason and by analogy with
[B, [6] we call it the shadow domain wall. As a increases the shadow domain wall
penetrates the bistable region becoming the standard domain wall, as described
in (iii).

It is natural to expect in Theorem [[2l(ii) that Z = {z1 < 0, || = p} U {z1 =0,
|z2| > p}. However, the energy considerations presented in the proof of Theorem[.2]
do not exclude the existence of a limit point of the zeros of v in the half-circle {21 >
0,|z| = p}. Actually, the existence of such a limit point induces an infinitesimal
variation of the total energy that makes it difficult to detect. For the same reason,
the limit (TI5) in Theorem [[2(iii) holds only for a.e. x2 € (—p, p). We also point
out that the assumption that f is radial, is essential to prove the existence of the
constants a,. and a* (cf. Lemma [B.2)).

Before giving in the next sections the proofs of our results we explain the gen-
eral strategy developed in this paper. The existence of a global minimizer v, , for
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functional E is easily established by the direct method (cf. Lemma 2.T]). To deter-
mine in Theorem [[]], the singular limit of ve o as € — 0, we proceed as follows. We
first rescale the minimizers according to the region we are studying. The appropri-
ate rescaling is the one providing when € < 1, uniform bounds up to the second
derivatives. Lemmas[2.2] and 24 below, apply respectively to the regions where
@ >0, p~0,and g < 0, and we refer to the proof of Theorem [LI[i)—(iii) to
compare the corresponding rescalings. Next, in view of the theorem of Ascoli, we
establish the convergence of the rescaled minimizers ¥, to a solution V of the
limiting equation. Since the convergence is in Cf._,
turbations with compact support. In the case where p > 0, the limiting equation is
the Allen-Cahn PDE ([LI2), and the limit V is determined thanks to the result of
Savin [T9] mentioned previously. On the other hand, in the case where u =& 0, the
relevant limiting equation is the Painlevé PDE (7). Finally, in the region where
p < 0, the limiting equation ([BI0) is easy to study since it is associated to a convex
potential.

The convergence of the set of zeros of v, , is determined in view of the previ-

the limit V is minimal for per-

ous results and energy considerations. In Lemma [3.I] we prove that in the region
where p > 0, the zero set is a smooth one-dimensional manifold. In addition, we
establish estimates for the minimizer in a vicinity of this set. Next, in Lemma [3.2]
we introduce the critical values a, and a* determining the two regimes described
in Theorem [[2(ii) and (iii). The proof of Theorem [[2(ii) and (iii) follows from
a computation of the contribution of each term appearing in the definition of the
energy functional ([[3)): cf. respectively Lemmas and These lemmas are
obtained by first computing an upper bound of the energy in Lemma [3.3], and then
in Lemma [3.4] a lower bound. While the upper bound follows only from the con-
struction of two appropriate comparison functions, the computation of the lower
bound is more involved, and is based on a reduction to the one-dimensional problem
studied in [5].

2. General Results for Minimizers and Solutions

In this section, we gather general results for minimizers and solutions that are valid
for any values of the parameters € > 0 and a > 0. We first prove the existence of
global minimizers.

Lemma 2.1. For every ¢ > 0 and a > 0, there exists v € H'(R?) such that
E(v) = mingi(gey E. As a consequence, v is a C* classical solution of (L3).
Moreover v(z) — 0 as |z] — oo, and v(x1,x2) = v(21, —T2).

Proof. We proceed as in [0, Lemma 2.1] to establish that the global minimizer
exists and is a smooth solution of (L) converging to 0 as |z| — oo. It remains to
show that v(xy,z2) = v(x1, —x2). We first note that E(v,R x [0,00)) = E(v,R x
(—00,0]). Indeed, if we assume without loss of generality that E(v,R x [0,00)) <
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E(v,R x (—00,0]), the function

(2.1)

3 ) v(x1,2) when zo > 0,
V\T1,T2) =
v(xy, —x2) when x5 <0,

has strictly less energy than v, which is a contradiction. Thus, E(v,R x [0,00)) =
E(v,R x (—00,0]), and as a consequence the function v is also a global minimizer
and a solution. It follows by unique continuation [I8] that ¢ = v. m|

To study the limit of solutions as € — 0, we need uniform bounds in the different
regions considered in Theorem [T}

Lemma 2.2. For ca belonging to a bounded interval, let ue o be a solution of (L3
converging to 0 as |x| — oo. Then, the solutions ue, and the maps eVu., are
uniformly bounded.

Proof. We drop the indexes and write u := u 4. Since | f|, u, and ea are bounded,
the roots of the cubic equation in the variable u

u® — p(z)u — eafi(z) =0

belong to a bounded interval, for all values of x, €, a. If u takes positive values, then
it attains its maximum 0 < maxpz u = u(xg), at a point zo € R2. In view of (L3):

0> e?Au(xg) = u®(20) — p(wo)u(zo) — eafi(zo),

thus it follows that u(xp) is uniformly bounded above. In the same way, we prove
the uniform lower bound for u. The boundedness of eVu, 4 follows from (L3)), the
uniform bound of u, 4, and standard elliptic estimates. O

Lemma 2.3. Fore < 1 and a belonging to a bounded interval, let u. o be a solution
of (LH) converging to 0 as |x| — oo. Then, there exists a constant K > 0 such that

[te.o(z)] < K(v/max(u(z),0) +€/3), Ve R (2.2)

As a consequence, if for every & = pe'® we consider the local coordinates s =
. . 2/3

(s1,82) in the basis (e ie'®), then the rescaled functions iic o(s) = % are

uniformly bounded on the half-planes [sg,00) X R, Vsg € R.

Proof. For the sake of simplicity we drop the indexes and write u := u, 4. Let us
define the following constants

M > 0 is the uniform bound of |u¢ 4| (cf. Lemma Z2]),
A > 0 is such that 3uma(p — h) < 2M\h, Vh € [0, p],

F = supg: [ f1],

k > 0 is such that k3 > 3aF, and x* > 6.

1950063-9
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Next, we construct the following comparison function

2/3
/\(p — |z + T) for |z| < p,
€Tr) = )\ 2.3
M= el = p= @57 forp < lal < pt 2P, 23)
0 for |z| > p + €2/3.

One can check that x € Cl(Rz\{O}) N H'(R?) satisfies Ay < 52?\3 in H'(R?).

Finally, we define the function 1) := % — y — k%¢2/3, and compute:

A = e (|Vu|2 + ulAu — Ay)

Y

—pu? +ut —eafiu— Ay
> —pu? 4 ut — eaF|u| — 2673, (2.4)

Now, one can see that when z € w := {x € R? : ¢)(z) > 0}, we have “74 — pu? >0,
since

. 4 2\ 2/3
x € wND(0;p) = u—Z—(p—|x|+6—)u22uu2.
3 3 2
On the open set w, we also have: “? > %464/3 > 2¢4/3)\, and “3—4 > "3—36|u| > eaF|ul.

Thus Ay > 0 on w in the H! sense. To conclude, we apply Kato’s inequality that
gives: Ayt > 0 on R? in the H' sense. Since 1T is subharmonic with compact
support, we obtain by the maximum principle that ¥ = 0 or equivalently ¢ < 0
on R2. The statement of the lemma follows by adjusting the constant K. |

Lemma 2.4. Assume that a is bounded and let ue q be solutions of (L)) uniformly
bounded. Then, the functions u:“ and the maps Vu. o are uniformly bounded on
the sets {x : |x| > p1} for every py > p, provided that e < 1.

Proof. We consider the sets S := {z : |z| > p1} € S = {z: |z| > p|}, with
p < pi < p1, and define the constants:

e M > 0 which is the uniform bound of |u. 4/,
® o = *,urad(pll) > 07
o foo = |l f1llLee,
e a* :=supa(e),
o k=2ul= >
Ho

Next we introduce the function ¢ (z) = §(u? — k?e?) satisfying:
U2
A = eQA? > ut + pou® — eanfoolul, Vze s,

> oy, Ve S such that ¢(x) >0

By Kato’s inequality we have e2Ayt > poypt on S’, in the H'! sense, and utilizing
a standard comparison argument, we deduce that 1+ (z) < MZ2e— 4= 05 Vg e S,
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and Ve < 1, where d stands for the Euclidean distance, and ¢ > 0 is a constant. It
is clear that

€ c ’ €
/ k2e? 2 d(xz,05") ke 2 2.2
— = € €.
d(xz,05") > 1 (2 2):M€ ’ < 5 = u” <2k

Therefore, there exists ey such that

|u€a( ) <V2k, Ve<ey, Yzes. (2.5)

The boundedness of Vue , follows from (LL5)), the uniform bound ([2.3), and standard
elliptic estimates. O

3. Proof of Theorems [1.1] and

Proof of Theorem [IT.T](i). Without loss of generality we assume that ve , > 0 on
(2. Suppose by contradiction that v does not converge uniformly to ,/u on a closed
set F C Q. Then there exist a sequence €, — 0 and a sequence {x,,} C F such that

[ve, () — v/ pp(2n)] > 6, for some & > 0. (3.1)

In addition, we may assume that up to a subsequence lim,,_,» z,, = g € F. Next,
we consider the rescaled functions o, (s) = ve, (z,, + €,5) that satisfy

A (8) + p(wy + €08)0n(8) — T (8) + enafi(wn, +ens) =0, Vs e R (3.2)

In view of Lemma 22 and B2), v,, and its first derivatives are uniformly bounded
for € < 1. Moreover, by differentiating ([32), one also obtains the boundedness of
the second derivatives of ¥, on compact sets. Thus, we can apply the theorem of
Ascoli via a diagonal argument, and show that for a subsequence still called o,,, 0,
converges in CZ,_(R?) to a function V, that we are now going to determine. For this
purpose, we introduce the rescaled energy

E(a)

a*(s) — epafi(z, + ens)ﬂ(s))ds

Lo oy 1 L 1
(5IVas)[2 = Sulwn + ens)i®(s) + 7

Rl
Il
T

where we have set 4(s) = ue,(Tn + €ns) Le. ue,(z) = (). Let € be a test
function with support in the compact set K. We have E(%,, + §,K) > E(p, K),
and at the limit Go(V + ¢, K) > Go(V, K), where

Galv. ) = [ [ VP2 - Sl + St
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or equivalently G(V + &, K) > G(V, K), where

6. 1) = [ [5190P - utan)u? + v+

= [ [3vee + e - utwor]. (33

Thus, we deduce that V is a bounded minimal solution of the PDE associated to

functional (B3):

AV (5) + (u(zo) — V3(5))V(s) = 0. (3.4)
If V is the constant solution +/u(zo), then we have lim, oo v, (2,) = /p(x0)

which is excluded by B)). Therefore we obtain V(s) = \/pu(xo) tanh(y/u(z0)/2(s —

s0) - v), for some unit vector v € R?, and some sy € R2. This implies that v, takes
negative values in the open disc D(z,;2¢,|s0]) for €, < 1, which contradicts the
fact that v, > 0 on  for e <« 1. O

Proof of Theorem [I.1ii). For every ¢ = pe?® we consider the local coordinates
s = (51, 52) in the basis (¢?,ie'?), and we rescale the global minimizer v by setting

/
Veals) = v”(fj# Clearly Av(s) = eAv(€ 4 s€%/3), thus,

e + 56%)

AD(s) + 273

o(s) — 03(s) + afi(€ +5€2/3) =0, VsecR2.

Writing (€ + h) = prhy + h- A(h), with p := pl,4(p) <0, A € C°(R? R?), and
A(0) = 0, we obtain

Ab(s) + (p1s1 4+ A(s€2/3) - 8)0(s) — 0°(s) + af1 (€ + s€¥/%) =0, VseR2
(3.5)

Next, we define the rescaled energy by

- s€2/3
E(a) = /R2 <%|Vﬂ(3)|2 - %fﬁ(s) + %ﬂ‘l(s) —af1(§+ 562/3)11(3)) ds.

(3.6)

With this definition E () = —5E(u). From Lemma and (33, it follows that
AP, and also Vo, are uniformly bounded on compact sets. Moreover, by differenti-
ating ([35]) we also obtain the boundedness of the second derivatives of ©. Thanks to
these uniform bounds, we can apply the theorem of Ascoli via a diagonal argument

to obtain the convergence of ¥ in C2_(R?) (up to a subsequence) to a solution V of

loc
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the PDE.
AV (s) + 151V (s) — V3(s) +aof1(€) =0, Vs e R? with ag:= liné a(e),
(3.7)

which is associated to the functional
Eofo.7) = [ (5IV00)P - fnd?(e) 4 16'0) ~ (o)) ds. - 63
J

Setting y(s) := A m)l/f’v((—uf)l/?’)’ BZ0) reduces to (1), that is, y solves (1)

af/fff). Finally, we can see as in the previous proof that the limit V
1

with o =

obtained in B7), as well as the solution y of (LT), is minimal in the sense of
definition (L9). |

Proof of Theorem [[II(iii). For every xp € R? such that |xg| > p, we consider
the rescaled minimizers 7 o (s) = ZeelZotes)

AD(s) + (o + €s)d(s) — €20(s)® + afi(wo +es) =0, VseR2 (3.9)

In view of the bound provided by Lemma 24 and ([B9]), we can see that the first
derivatives of ¥¢ , are uniformly bounded on compact sets for e <« 1. Moreover, by
differentiating (39), one can also obtain the boundedness of the second derivatives
of ¥ on compact sets. As a consequence we conclude that lime_0 q—qq Ue,a () = f/(s)

in C2_, where V(s) = u(w menih (x0) is the unique bounded solution of

with s = (s1, s2), satisfying

AV (s) + pu(xo)V(s) + aofi(zo) =0, Vs e R2 (3.10)

Indeed, consider a smooth and bounded solution ¢ : R? — R of A¢ = W'(¢) where
the potential W : R — R is smooth and strictly convex. Then, we have A(W(¢)) =
[W'(9)|* + W"(¢)|Vg|?> > 0, and since W (¢) is bounded we deduce that W(¢) is
constant. Therefore, ¢ = ¢g where gbo € R is such that W'(¢g) = 0. To prove the
ve%(x) —y fl( ) on compact subsets of {|z| > p}, we
proceed by contradiction. Assuming that the uniform convergence does not hold,

uniform convergence

one can find a sequence ¢, — 0, a sequence a, — ap, and a sequence x,, — T,
with |zo| > p, such that ‘ve"’“e" (@n) 4 ($ )fl (xn)' > ¢, for some 6 > 0. However, by

n

reproducing the previous arguments, it follows that the rescaled functions o, (s) =
Yensen (Entens) oonverge in C2, to the constant V(s) = — (s fi(wo). Thus, we have

€n

reached a contradiction. O

Proof of Theorem [L.2)(i). We first notice that v Z 0 for e < 1. Indeed, by
choosing a test function ¢ # 0 supported in D(0;p), and such that 1% < 2u, one

can see that
1
:5/ |v¢|2+—/ P2p? —2u) <0, e< 1.
2 R2 46 R2

Let 29 € R? be such that v(xg) # 0. Without loss of generality we may assume
that v(xzg) > 0. Next, consider o = |v| which is another global minimizer and
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thus another solution. Clearly, in a neighborhood of xy we have v = |v|, and as a
consequence of the unique continuation principle (cf. [I8]) we deduce that v =0 > 0
on R2. Furthermore, the maximum principle implies that v > 0, since v # 0. To
prove that v is radial we consider the reflection with respect to the line x; = 0.
We can check that E(v,{z1 > 0}) = E(v,{x1 < 0}), since otherwise by even
reflection we can construct a map in H' with energy smaller than v. Thus, the map
0(x) = v(]a1], z2) is also a minimizer, and since © = v on {x; > 0}, it follows by
unique continuation that ¥ = v on R?. Repeating the same argument for any line
of reflection, we deduce that v is radial. To complete the proof, it remains to show
the uniqueness of v up to change of v by —wv. Let © be another global minimizer
such that © > 0, and © # v. Choosing ¢ = w in (L), we find for any solution
u € HY(R?) of ([LH) the following alternative expression of the energy:

ut
E = — —. 3.11
w--[ % (3.1
Formula (BI1]) implies that v and ¢ intersect for |z| = > 0. However, setting

w(z) = {v(w) for |x| <,

o(x)  for |x| >,

we can see that w is another global minimizer, and again by the unique continuation
principle we have w = v = 0. O

Proof of Theorem [I.2)(ii), (iii). We first establish two lemmas.

Lemma 3.1. Let a > 0 and po € (0,p) be fived, and set | := Y gm(do()po A

VZtanh ((8/9) pg N = — Hrea(po) Then, there exist €9 > 0 such that

Vbrad(po) 2 cosh2(Ay/1(0)/2)
(i) for every € € (0,€p) the set Z. := {& € D(0;p0) : veo(T) = 0} is a smooth
one-dimensional manifold. Let v(Z) be a unit normal vector at :U € Z.
(ii) for every e € (0,€), T € Ze, and |s| < 1, we have [v(Z + €s)| < $1/praa(p0).
(iii) for every € € (0,€0), and T € Z, we have [v(Z + €Av)| > 21/ irad (po),
(iv) for every e € (0,€9), T € Z,, and t € [—\, \] we have e| (7 etu)! >N,

Proof. To prove (i) it is sufficient to establish that there exists €y > 0 such that for
every € € (0,¢) and T € Z,, we have Vu, o(Z) # 0. Assuming by contradiction that
this does not hold, we can find a sequence ¢, — 0, and a sequence Z,, > Z,, — %o €
D(0; po) such that Ve, o(Z,) = 0. However, by considering the rescaled functions
Un(S) = Ve, .a(Tn + €ns), it follows as in the proof of Theorem ED]() that o,, con-
verges in C2_(R?) (up to a subsequence) to V(s) = \/u(zo) tanh(/pu(z0)/2(s - v)),
where v € R? is a unit vector. Since VV(0) 7é 0, we have reached a contradic-
tion. To prove (ii), we proceed again by contradiction, and assume that we can
find a sequence ¢, — 0, a sequence Z., > T, — xo € D(0;pp), and a sequence
D(0;1) > s, — sg such that [v(Zp+€nsn)| > \/ pirad(p0)/2. As before, we obtain that
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2 (R?) to V(s) = /u(xo) tanh(~/pu(zo)/2(s -

Un(8) = e, a(ZTn + €,5) converges in C}
v)). In particular, it follows that

JimJve, o(Zn + €nsn)| = v/ pu(wo)| tanh ( N(;o) (so - u)) | < H\(/Oi)l < Mri;d(PO)7

which is a contradiction. The proofs of (iii) and (iv) are similar. m|

Lemma 3.2. Let
V2(p())3/2

Gy 1= <inf (3.12)
w1_0»\$\<P3/ — [ f1(t, z2) mdt
and
V0227~ (1)) (3.13)

0
w015 (7|

then we have a, € (0,00) and

2v2 (pirad (T))s/QdT

a, < Irl<e <a. (3.14)
3 inlva
D(0;p)

Moreover, if fl,4(0) >0, then a* < co. Finally, if f = —1Vu, then a, = a* = V2.

Proof. We first check that a, € (0,00) and a* € [a., 00]. Let us define the auxiliary
function

{zeR? 2y <0,|z| < p} 3>z — Bi(2)
= g(#(@)gm / e |f1(t, z2)[V/ u(t, x2)de,

and compute gf: () = (\é_u;ad( ) — afraa(r))\/pu(x) cos, where x = (rcosb,

rsinf). It is clear that for sufficiently small a3 > 0 and v > 0, we have gf’l‘ () >0
provided that z1 <0, p — v < |z] < p, and a < aq. Since B, (z) = 0 for |z| = p, it
follows that B, (x) > 0 provided that x; <0, p—v < |z| < p, and a < ay. There also
exists ag > 0 such that for a < as, we have 8, > 0 on the set {x1 <0, |z| < p—~}.
Thus, we can see that a, > min(a;,as) > 0. Furthermore, since the inequalities
o < 2V2(0(0,22))*”

3 f\t\<\/m |£1(t,22) |/ (t,22)dt

< a* hold for every x5 € (—p,p), we obtain
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after an integration ([B.I4). Next, we define a second auxiliary function

{zeR?: 21 <0,|z| < p} 52— B*(2)

= 200,00 = )~ [ o)z,

and compute 6§1< ) = (\gu;ad(r) + afraa(r))/p(x)|cosb|, where z =
(rcosf,rsinf). Since f/ 4(0) > 0, one can see that \qu;’ad( )+ aflq(r) > 0,
provided that r € [0,7] and a > a3, with v > 0 sufficiently small, and a3 > 0

sufficiently big. Thus, ‘{u;ad( )+ afraa(r) > 0, and %(w) > 0, when r = |z] <,
x1 < 0, and a > az. On the other hand it is clear that for sufficiently big a4 > 0,
we have %(w) > 0 provided that z7 < 0, v < |z| < p, and a > a4. Since
B*(x) = 0 for z; = 0, it follows that 8*(z) < 0 provided that x; < 0, |2| < p,
and a > max(ag,as). This proves that a* < max(ag,a4) Finally, one can check
that a, = a* = /2 when f = —%Vu = f1= 2 az , by computing the integrals

appearing in the denominators of (312), (BI3). O

The minimum of the energy defined in (L3)) is nonpositive and tends to —oo
as € — 0. Since we are interested in the behavior of the minimizers as ¢ — 0,
it is useful to define a renormalized energy, which is obtained by adding to (3]
a suitable term so that the result is tightly bounded from above. We define the
renormalized energy as

e /w<p Z—2 /R2 gVl /|w|<p @

u?(u? —2u
3.15
+/|m|>p / fiu, ( )

and claim the bound:

Lemma 3.3.

24/2 [P
limsup & 4(ve,q) < min (O, —\/_/ (urad(r))gﬂdr — a/

e—0 D(05p)

|f1|\//7>,

for arbitrary fized a.
(3.16)

Proof. Let us consider the C'! piecewise function:
u(x) for x| < p — €3,
Gelw) = ke 3o — [a]) for p— €3 < Ja] < p,
0 for |z| > p

with k. defined by kee'/? = \/piraa(p — €2/3) = ke = |plq(p )|% + o(1). Since ¢ €
HY(R?), it is clear that £(v) < £(). We check that £(¢) = “ Llelne| + Oe),
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since it is the sum of the following integrals:

w2 o 2 €
/ W1 o), IVl = 0(e)
p—e2/3<|z|<p € |z|>p—e2/3 2
€ [raa(IZD1* _ €l 1 7|palp
——ra = + O(e) = elnel + O(e).
/:c<p52/3 2 4/1' 8 |z|<p—e2/3 P — |$| ( ) 6 | | ( )

Thus, limsup,_,¢ Ee,a(Ve,q) < limsup,_,o & o(?e) = 0.

Next, we set (. := e, with g € (%, %), and define the C'' piecewise functions:

we (6C€7 $2)
we (07 x2) )

l(ws) = tanh< s

for 2] < (p* — €¢2)"/2,

for 2| > (p* — €2¢2)"/?

and
l(x2) tanh (W) for |a1] < .,
Xe(®) = Q4 (z) . for 21 > €(,
—the() for 21 < —eCe.

We also consider the sets
D! = {(z1,22) : |21] < €Ce, |22 < ((p — /%) = €)1/},
D2 = {(w1,22) : [a] < e o] > ((p — /)2 — 2¢2)1V2, 2] < p},
and
DP = {(a1,32) : Jaa] = G, 2] < p}.

One the one hand, it is clear that

hmfa/ flxez—a/ AV
=0 R2 D(03p)

and
. € (2 —m)°
1 —|Vx|? d =
611}(1) Dg, (2 | XE' + 4e

In addition, it is a simple calculation to verify that

: € (X2 —n)?
lim —|Vxe]?+ 22—~ ) =0,
€L>0 Dg <2| X| + 46

since the Lebesgue measure of D? is of order O((.€?/?), while |V | = O((e™2/3)
on D2. On the other hand when |zo| < ((p — €¥/3)? — €2¢2)'/? =: 7., we have
12(z2) = (0, 22) + O(€2¢?), uniformly in x5. Our claim is that

2 2 2.2 4
1ir% <§|VX€|2+ (X€4 ) ) = \/_/ (1(0, 2))*?d,. (3.17)
rJD? € 3 J
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Indeed, setting x(z1,72) = +/u(0,z2) tanh(z14/ 0962)), we can see that [,;(§

IVxel® + %) is the sum of the following integrals:
2 2
p p=(0, o) 2
(Al FAZ22) L o
‘/L)sl 46 / i 46 + (CE 6)7

OXe |2

7/ 1 12(xg ‘
a1 <Corfzal<r, 2 (0, 22) | Oy

-/ S| o),
|

w1l <Cofeal<r. 21011

/e
p1 2

Oxe |?
(9.%'2

O(e*/3¢3),

€
12

xe +0(eC?)

2 o2
/ le (J’.Q) M(07$2)X +O(6<€2)
21| <Ce,|wa|<Te H

(07I2) 2
0 o2
_ _/ ( ,I2)X +O<€4/3C§)a
lor|<Celoal<re 2

/ X_g/ I (x2) )2_4/ X—4+(’)(e4/3(3).
pr A€ Jio<cjoal<r. (11(0,22))? 4 21| <Corlzal<re 4 ‘

Gathering the previous results, it follows that

. Co 2, 0E—w? / /
11—% D3 (2|VX€| + de 8x1

_ 2?)& /_Z(M(O,wg))3/2dx2.

<2 2
YLD ) dordes

Finally, in view of what precedes we deduce that

2
limsup & 4(ve,q) < hmé‘ea()(E = \/—/ (fead (T 3/2drfa/ | filv/ ke
D(0;p)

e—0

O

At this stage, we are going to compute a lower bound of & 4(ve o) (cf. (B28)).
This computation reduces to the one-dimensional problem studied in [5]. For every
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x2 € (—p,p) fixed, we consider the restriction of the energy to the line {(¢,x2) :
teR}:

£710) = [ (51607 - Jonttan)60) + 101" = afi(t. o)) at,

¢ € H'(R).
(3.18)

We recall (cf. [5]) that there exists ¢¥2 € H'(R) such that E"2(y?3) =
minz gy £, and moreover setting

T2 . T2 ,uQ(tvx2)
SRRy

ay(xg) := inf V2(ul(t, w9))*?
e(—y/P 0l / g Vi )

2

and
D) 0 3/2 _ t 3/2
o mp VG022 (7))
CVEEO [ ) Vil e
t
we have
lim £72(5¢2) =0, Ya € (—p.p), Va € (0,as(a2)), (3.19)
and
L £72 (472 22 3/2
im E7 (%) = ——(1(0,22))”" —a 1t w2) [/ p(t, w2)dt,
0 3 tl<\/p?—23
Vao € (—p,p),Va € (a"(x2),00). (3.20)
Also mnote that 0 < a. = infy,c(_p,) ax(r2) < au(z2) < a*(z2) < o =

SUP,,e(—p,p) @ (22), for every z2 € (—p, p). In view of these results we claim:

Lemma 3.4. We have

0 e,a|? *
lim [ e|2%t|" =0 whenaec (0,a4+) U (a*, 00), (3.21)
e—0 R2 €T
p
1irr(1J IES2 (Ve 22))|dT2 = 0 when a € (0, a.), (3.22)
e—0J_,
and
P 2v2
lim [ 187 (Ve (s 22)) — i(u(owz))g/rz
e—0 —p ’ 3
+a/ |[f1(t, x2) |/ pu(t, x2)dt|dzg =0  when a € (a*,00). (3.23)
It </p? 22
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Proof. It is clear that & 4(vea) = § [po |[Uan]® + fpp EX2 (Ve,a(s, w2))dry +
flmsz w —a fmsz fiv. We are going to examine each of these integrals. In

view of Theorem [[T[iii), we have by dominated convergence

lim fiv=0. (3.24)

e—0
|z2|>p
On the other hand, since 72 (ve (-, 72)) > %2 (¥f2), and EF2 (v o(:, 72)) is uni-
formly bounded from below on (—p, p), it follows from BI9), (B20), and Fatou’s
Lemma that

p
liminf/ EX(Veals w2))das

e—0

-p
p
2/ hmlnfé' 2 (Ve,a(+, xg))dIQZ/ hml(IJlfgIQ( c2)
—p —-p
0 when a € (0, a.),
>4 2V2 (7
T/ (urad(r))s/sz—a/ |filv/r  when a € (a*, 00).
—p D(0;p)

(3.25)
Next, we utilize (316), 324)), and BI4), to obtain

o
limsup/ EL2 (Ve w2))dry < limsup & 4(ve,a)
—p

e—0 e—0

when a € (0, a.),

<2v2 7
—/ (praa (r))/ 2dr — a/ |filv/ir  when a € (a*, 0).
3 -p D(0;p)

(3.26)
Combining (B:25) with ([B26]), we deduce that
P
lim EL2 (Ve,a(-, w2))dwy
e—0 —p
0 when a € (0, a.),
= 2\/5 P
T/ (firaa (1))>/2dr — a/ |filv/t  when a € (a*, 00),
—p D(0;p)
(3.27)

from which (321I)) follows. For a.e. x2 € (—p, p), we also obtain (respectively when
a € (0,a.) and a € (a*,0)), that

hmlnff,’”” 2 (Ve,a(+, x2))
0,

= 22
T\/—(H(Ovb))gﬂ a/t|< e |f1(t, w2)|\/ pu(t, x2)dt,
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thus
hl% min[gezfz(v&a('?zQ))?O] =0,
e 2v2
liny i [se,zwm(-,wz)) - 220, 22))" (3:20)
ta f (falt o) [Vl 223, 0| =0,
[t|<y/p? -2
and by dominated convergence
p
1inr(1) min[&E7?2 (v a(+; 22)), 0]dze = 0,
e— —p
R N P 2v2
lim [ min [&,we,@(-,wz)) — 220, 22))" (3:30)
—p
ta f [fultsa2)|/ilE22)d8,0| dy = 0.
[t|<y/p?—23

Combining (327) with 30), we conclude that 22)) and B23]) hold. O
The proof of Theorem [[L2[ii) will follow from
Lemma 3.5. For fized a € (0,a.), we have

lim fivea =0, (3.31)
e—0 R2

02— )2
lim /f|vum|2+/ Wea =17 _ (3.32)
<0\ Jr2 2 jal<p A€

Proof. Given a sequence ¢, — 0, we are going to show that we can extract a
subsequence €/, — 0 such that lim, fR2 J1ver . = 0. This will prove B.31).
According to (321 and ([B.22), there exists a negligible set N C (—p, p) such that
for a subsequence called €/, and for every x5 € (—p, p)\N, we have

and

ov 2
li (¢ dt=0 3.33
A f | g, o) ! (3.33)
and
lim £2° (vn(,22)) =0, (3.34)
where we have set v, = Ve a- Our claim is that
lim fl(tvaj2)vn(t7x2)dt = 07 va € (7p7p)\N (335)
n—oo R

From ([3.33)) and (B:34)), it follows that given x9 € (—p, p)\N and v € (0,/p3 — z3),

there exists n(x2,7y) such that

n > n(re,y), [t <= v,(t,z2) #0. (3.36)
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Indeed, otherwise we can find a subsequence my and a sequence (—7v,7y) >
ti — to such that vy, (tg,2x2) = 0. Then, proceeding as in [5, Proof of Theo-
rem 1.1, Step 6] we obtain that liminfyoo &7 (n,(;22)) > 0, which contra-
dicts (3:34). Next, for fixed ¢ € (—v,7), we setk@n(s) = v, (t + €,81, T2 + €,82),
and proceeding as in the proof of Theorem [[I{i) above, we can see that o,
converges in Cfoc( ) to a minimal solution V of the equation AV + (u(t,x2) —
VAHV = 0. If V(s Vu(t, x2) tanh(y/p(t, 22)/2(s — so) - v), for some unit
vector v = (Vl,Vg) € R? and some sop € R2 then ([@.36) excludes the case
where v; # 0, while 333) excludes the case where 15 # 0. Thus, V(s) =
++/p(t, 22), and in particular lim, oo |05 (¢, 22)| = v/ 1(t, 22). Finally, given § > 0,
we choose v such that 2(\/p? — 23 — )|/ f1l|z~ sup,, ||vnl|r~ < /2, and since
limn_)oo|fjv fl(t,xg)vn(t,xg)dt| = lilrnn_,oo|fjv fl(t,x2)|vn(t,:1c2)|dt| = 0, we
deduce that

fi(t, x2)vn(t, x2)dt| <6

|~/|t<\/p2r§
provided that n is big enough. This proves that lim,_ . ft\<\/p2—z fi(t, x2)
vp(t, x2)dt = 0, and recalling that lim,, ft|>\/p2—x f1(t, z2)v,(t, 22)dt =0 in

view of Theorem [[Iiii), we have established ([B3H). Then, we conclude that
limy,— oo f\wzl<p fivn = 0 by dominated convergence, and since lim,,_ flwz\>p
fivn, = 0 by Theorem [[Iiii), we have proved B3I). The limit in B32) follows

from (B31) and BI6). O

Conclusion of the proof of Theorem [1.2((ii). We first show that when a €
(0,a4), we have Z C {|z| = p} U{x1 = 0, |z2] > p}. Assume by contradiction that
there exist a sequence €, — 0, and a sequence Z,, — o € D(0; pp), with py < p,
such that v, := v, , vanishes at Z,. By Lemma B.[i), we know that Z,, belongs
to a smooth branch of zeros that we called Z. . Let Dy(n) = {21 : (z1,22) € Z, },
Do(n) = {x2 : (z1,22) € Z,, }, and for i = 1,2, let 6;(n) = L1(D;(n)), where £
(vi(ﬂﬁzlﬂt(%))2 >

€n

denotes the Lebesgue measure. Since by Lemma BIIii), we have

Mag20) for ¢ € ey D(zilen), it follows that 2as®)ls,(n) < [ (4t
and thus lim,, . 6;(n) = 0, in view of ([B32)). This implies in partlcular that the
curves Z., do mnot exist the disc D(zg; 2= |$°|) when n is large enough. Thus,
Ze, is a Compact and connected one-dimensional manifold (without boundary)
i.e. a smooth Jordan curve T',, C D(0;pp). Let w, be the open set bounded by
Ty, let v,(2) be the outer unit normal vector at z € T, and let us define the
open set Q, = {z € R? : d(x,w,) < Ae,}, where d stands for the Euclidean
distance, and X is the constant defined in Lemma [BIl As previously we set
Di(n)= {:El'(xl,xg) € T}, Dy(n) = {xp : (z1,29) € Ty}, and for i = 1,2,
i(n) = LY(D;(n)). By Lemma BLiii), we have either v, > 3 /traa(po) or v, <

f%\/ trad(po) on 9Q,,. Assuming without loss of generality that v, > % rad (P0)

1950063-22



Gradient theory of domain walls in thin, nematic liquid crystals films

on 02, we introduce the comparison function

v () for z € R?\Q,,
Xn(@) = max(|v, ()|, v/ trad(p0)/2) for z € Q,,
and notice that [ — x2| < |u — v2]. Setting S, := {x : d(z,T,) < lep} C Qp, it is
clear that £2(S,,) > b;(n)le, for i = 1,2. In addition, according to Lemma BILii)
and (iv), the inequalities |v,,| < \/prad(p0)/2, and €,|Vuv,| > X hold on S,,. Finally,
we also notice that LemmaBI)(iv) implies that 0;(n) > Ae,,. Gathering these results
we reach the following contradiction

(3.37)

€
Eena(Xn) = Eepalvn) < __n |VU"|2 + a/ J(n = xn)
[vn| <A/ trad (p0) /2 Qn
712
< 75\—|£2(Sn) + K£*(Q,), where K >0 is a constant
€n
IN]?1 < ~ -
< —T(Sl (n) + K(61(n) 4+ 2Xe,)(02(n) + 2Xey,)

RN

IN

(9KS2(n) —

) 61(n) <0, for n large enough.
(3.38)

This proves that there are no limit points of the zeros of v in D(0; p). In view of
Theorem [[Iiii) we deduce that Z C {|z| = p} U {z1 = 0,|z2] > p}. Another
consequence is that given pg € (0,p), there exists ¢ > 0 such that when e €
(0, €0), the minimizer v , does not vanish on D(0; pg). Up to change of v(z1,x2) by
—v(—x1,x2), we may assume that v, > 0 on D(0; pg). Then, in view of Theorem
[[IKiii) we have {x; < 0,|z] = p} U{x1 = 0,|z2| > p} C Z. Finally, the limit in
([T13)) follows from Theorem [[II(i), in the case where || < p. On the other hand,
for fixed x such that |z| > p, the rescaled minimizers o(s ) v(z + se) converge to
a bounded solution V of the equation AV (s) + (u(z) — V2(s))V(s) = 0. As in the
4

proof of Theorem [[iii), the associated potential W(u) = 4+ — ”(x) u? is strictly
convex, thus V satisfies W/ (V) =0, i.e. V = 0. |

Now we establish the analog of Lemma[3.5]in the case where a > a*, to complete
the proof of Theorem [[2(iii).

Lemma 3.6. For fized a € (a*,00), and for every v € (0, p), we have

Jim / Fiven = / 1N (3.39)
R? D(0;p)

e—0

2 2 2 p
ca v2, 22
lim E 810) +( - ‘u) :/ i(u(07x2))3/2dx27
=0 Jlaj<p lzrl<y \ 2 | 971 de —p 3
(3.40)
02— )2
lim E|w€,a|2+M =0. (3.41)
=0 Jig|<p,or]>y \ 2 de
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Proof. Given a sequence ¢, — 0, we are going to show that we can extract a
subsequence €], — 0 such that lim,, oo [z f1Ver .0 = fD(O'p) | f1]\/B, and

(V2 o — 1)? ? 22
+ n74 7 = / (N(07I2))3/2dx2'
e —p 3

2
67}5;,11

6,’B1

!
lim G
1= Jizl<p o)<y \ 2

This will prove 339) and 340). According to (32I) and (B:ZEI) there exists a

negligible set N C (—p, p) such that for a subsequence called €/,, and for every
x2 € (—p, p)\NN, we have

n?

2

Oun dt =0, (3.42)

" 6,’B2

lim €
n—oo R

(t IQ)

and

lim SZ, w(Un(22)) = &(M(Oawz))s/z -

a |f1 t {BQ |\/ t {BQ dt
n—oo 3 /f,(\/p?

(3.43)

where we have set v, = ver - Our claim is that

n—oo

lim f1(t, x2) v, (t, x2)dt
R

/|t<m|f1 t ZEQ \/ﬁdt V.CEQ (S (7p,p)\N (344)

From B42) and 343), it follows that given x5 € (—p, p)\N and v € (0, p), there
exists 7(z2,7) such that

n>a(xe,y), v<l|t|<p+1=v,(t,x2)#0. (3.45)

Indeed, otherwise we can find a subsequence ny and a sequence (—p—1, —y)U(~, p+

1) 3t — to such that vy, (tg, x2) = 0. Then, proceeding as in [5, Proof of Theo-

rem 1.1, Step 6] we obtain that liminfy .o £ (vn, (-, 2)) > 2‘/_( (0,22))3/2 —
TIrk’

afltK\/m|f1(t,x2)|\/u(t,x2)dt, which contradicts (B43]). Thus, 343]) holds,

and actually in view of Theorem [[I[iii) we have
n>n(re,y), v<t<p+1l=uv,(t,z2) >0, and n > f(z2,7),
—p—1<t<—y=v,(tz) <O. (3.46)

Next, for fixed t € (—+/p? — a2, —7) U (v, /p? — 23), we set 0,(s) = v,(t +

€51, x2 + € 32) and proceeding as in the proof of Lemma [35 we can see that

limy, o0 v, (L, 22) \/ (t,z2) for t € (v,/p? — x3), while lim, o v, (¢, x2) =

—\/u(t,xa) for t € (—+/p? —a3,—7). Then, by repeating the arguments in
the proof of Lemma m our claim (344 follows. Finally, we conclude that
limy,— oo f‘12|<p fivn = fD(O;p)|f1|\/ﬁ by dominated convergence, and since

lim,, o0 f\wzl>p f1vn = 0 by Theorem [[IJiii), we have established ([B39). Another
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consequence of ([B.46) is that for every za € (—p, p)\N, there exists a sequence t,, —
0 such that v, (£, r2) = 0. Setting 0,,(s) := vn(t_ +€) 81,2+ €., 52), we obtain as in
Lemma[33] that @, converges in C2_(R?) to V(s) = 1/u(0, 2) tanh(y/u(0, 22)/2(s-

v)), for some unit vector v = (v1,15) € R2. Agaln, (BEQI) implies that v = (1,0),
and we refer to the detailed computation in [5, Proof of Theorem 1.1, Step 6] to
see that

vy,

lim inf 9o —(t, 22)

nmee t|<min(%\/P2x§)<
2v2
2 T3 0,z

2
(vn (t, 2) — u(t, 22))”
+ e dt

(1(0,

Then, it follows from Fatou’s Lemma that
/ 2 (2, —p)? » 93
liminf/ n +( ’al # Z/ —\/_(/L(O,IQ))B/QdI'Q.
n= Jial<p larl <y \ 2 3
(3.48)

4el, —p
Finally, combining ([B:48)) with (339) and BI6), we deduce B40) and B4I). O

(3.47)

67}5%,@
6,’B1

Conclusion of the proof of Theorem [1.2](iii). Proceeding as in the conclusion
of the proof of Theorem [[2]ii), we show that there are no limit points of the zeros
of v in the set D(0; p)N{(z1,x2) : |z1| > v}, where v > 0 is small. As a consequence,
given pg € (0, p), there exists ¢p > 0 such that when e € (0, ¢¢), the minimizer ve 4 is
positive on D(0; po)N{ (21, x2) : 21 > v}. Let K C (v, p+1) % (—po, po) be a compact
set. Our claim is that there exists e > 0 such that when € € (0, €x), the minimizer
Ve,q is positive on K. To prove this claim we assume by contradiction that there exist
a sequence €, — 0, and a sequence K 3 x,, — xo such that v,(z,) < 0, where we
have set vy, := v,,, o. Having a closer look at the proof of Lemmal[3.6] (cf. in particular
344)), we can find p1 € (0, pg) such that K C (y,p+ 1) X (—p1,p1), and 7i(p1,7)
such that for n > n(p1,7), and t € (v, p+ 1), we have v, (¢, £p1) > 0. Next, in view
of Theorem [[I{iii), we also obtain that v,(p + 1,s) > 0 for every s € [—p1, p1],
provided that n is large enough. Gathering these results, it follows that there exists
ng such that for every n > ng, v, is positive on the boundary of the rectangle
R:=(v,p+1) X (—p1, p1). In addition, for n > ng, v, cannot take negative values
in R, since otherwise we would have E(|v,|, R) < E(v,, R) in contradiction with
the minimality of v,. Thus, v, has a local minimum at z,, for n > nx, and (LI
implies that 0 < €2Av,(x,) = —eafi(z,) € (—00,0), which is a contradiction.
This establishes our claim, and now in view of Theorem [[IJiii) it is clear that
Z = {x1 = 0}. Finally, the limit in (I_I4]) is established as in the conclusion of the
proof of Theorem [[LZ(ii). To prove the limit in (LIH), we proceed as in Lemma [3:6.
There exists a subsequence €, — 0, and a negligible set N C (—p, p), such that
BZ2) and [B43) hold for every zz € (—p,p)\N. Now, let z,, = (tc: 4,72) be a
zero of vy, with fixed ordinate x5 € (—p, p)\N, and set 0,,(s) := v(Zp + €,5). Then
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#, converges in the C2_(R) sense to V(s) = \/u(0, z2) tanh(/u(0, z2)/2(s - v)) for

some unit vector v € R?, and (342 1mphes that v = (£1,0), whlle BA3) implies
that for n large enough v,, has a unique zero with fixed ordinate x5. Thus, v = (1,0)
and (LIA) is established. O
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