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Abstract

We study the class L of link types that admit a K4-minor-free diagram, i.e., they
can be projected on the plane so that the resulting graph does not contain any
subdivision of K4. We prove that L is the closure of torus links under the operation
of connected sum. Using this structural result, we enumerate L and subclasses of it,
with respect to the minimal number of crossings in a projection of L ∈ L. Further,
we enumerate (both exactly and asymptotically) all K4-minor-free link diagrams,
all minimal K4-free link diagrams, and all K4-free diagrams of the unknot.
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1 Introduction

The exhaustive generation of knots and links is a well-established problem in
low dimensional geometry (see [7, Ch.5], for instance). However, there are
very few enumerative results in the literature and they are relatively recent,
(see [10] and [6]). Moreover, there seems to be no known results connecting
graph theoretic classes with link classes.

Let us start with some formal definitions. A knot K is a smooth embedding
of the 1-dimensional sphere S1 in R3. A link is a finite disjoint union of knots
L = K1 ∪ ...∪Kn. Two links L1 and L2 are equivalent if there is a continuous
and injective function h : R3 × [0, 1] → R3, such that h(L1, 0) = L1 and
h(L1, 1) = L2. A link equivalent to a set of non intertwined circles is called a
trivial link. If it is a knot, we also call it the unknot.

Consider a link L and a sphere S2 embedded in such a way that it meets
the link transversely in exactly two points P1 and P2. Then we can discern
two different links L1, L2, after connecting P1 and P2. The first corresponds
to the part of L in the interior of the sphere and the second to the part
in the exterior. We then call L a connected sum with factors L1, L2, denoted
L1#L2. A link that does not have non-trivial factors is called prime, otherwise
composite. A link is split if there is a sphere embedded in the link complement
that separates the link. Each of the components is called a disjoint component
of the link and, conversely, the link is their disjoint sum.

Let L ∈ R3 be a link and let π : R3 → R2 be a projection map. If for all
x ∈ L, |π−1(x)| = 2 or 1, and all the double points are finite and transverse,
then the projection is said to be regular. For all knots defined here, there
exists a regular projection [2, Ch. 3]. This allows to work with link-diagrams,
i.e. a triple (V,E, σ), where (V,E) is a 4-regular plane graph with V 6= ∅ and
σ : V (G) →

(
E(G)

2

)
, where, for every v ∈ V (G), σ(v) is a set of two opposite

edges of the embedding of G and encodes which pair is overcrossing. We call
crossing number of a link L the minimum number of crossings that can have a
diagram of it, where we suppose that trivial components have diagrams of size
equal to zero. Such a diagram is called minimal. We also say that a diagram
(V,E, σ) is K4-minor free if the graph (V,E) does not contain any subgraph
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that is a subdivision of a K4.

A torus link is a link that can be embedded on the torus. They are denoted
by T (p, q), p, q ∈ Z, where p and q are the number of times that the link crosses
the meridian and the longitude cycle, respectively. Let T2 be the closure of
torus links of type T (2, q), q ∈ Z − {0}, under the connected sum operation.
Let L be the class of links that have a K4-minor free link-diagram and mcl(T2)
be the closure of T2 under disjoint sum.

2 Structure of K4-links and enumeration

Our first result gives the type of links that admit a K4 minor-free diagram.

Theorem 2.1 The links that admit a K4 minor-free diagram are exactly the
ones in mcl(T2), i.e. L = mcl(T2).

Based on the above, we derive a precise description of links that admit
a K4-minor free diagram. Let L̄ be the class of non-split links in L and L̂
the class of links in L with no trivial disjoint components, with size defined as
their crossing number. We will obtain the asymptotic growth of L with respect
to the number of edges in a minimal diagram (not the crossing number, so
as to account also for trivial disjoint components). Let L(z), L̄(z), and L̂(z)
be the respective generating functions. Finally, let T be the class of non
plane, unrooted trees, where the vertices are labelled with multisets of the
set {1} ∪ {±3,±5, ...} and the edges are labelled with an element of the set
{2,±4,±6, ...}. These labels will encode crossing numbers, hence a label i
corresponds to size |i|. The size of T ∈ T is the sum of its labels. See Figure
1 for an example of such a tree.

Figure 1. An object of T .

Proposition 2.2 L̄ ∼= T and MSet≥1(T \T1) ∼= L̂, where MSet is the multiset
operator with at least one element and T1 ∈ T is the tree with one vertex and
label 1.



Using Proposition 2.2 and the framework of the Symbolic Method (see [4]),
we can create combinatorial expressions for L that translate to generating
functions. Let K̄ and K be the classes of prime knots and composite knots
plus the trivial knot in L, respectively. For prime knots in L, i.e. prime torus
knots T (2, 2i + 1), i ∈ Z\{0,−1}, it holds that K̄(z) = 2

∑
i≥1 z

2i+1 = 2z3

1−z2 ,
counting according to their crossing number. For K, it is enough to consider
non-empty multisets of prime torus knots, therefore K = MSet≥1(K̄), which
translates to the expression

K(z) = exp

(∑
k≥1

1

k
K̄(zk)

)
− 1 = exp

(∑
k≥1

1

k

2z3k

1− z2k

)
− 1.

Let G be the class of unrooted and unlabelled non-plane trees. Notice that
one cannot replace immediately z for K in the ogf G(z), since the vertices are
not distinguishable. Hence, to continue, one needs to use cycle indices. Let
G• be the class of rooted and unlabelled non-plane trees. For the cycle index
of G•, it is known (see [1]) that

ZG•(s1, s2, ...) = s1 exp
(∑
k≥1

1

k
ZG•(sk, s2k, ...)

)
.

Let E be the combinatorial class of the edge labels of T , hence E(z) = z2+ 2z4

1−z2 ,
and let f(z) = E(z)K(z). We can now obtain the ordinary generating function
of F = T • ◦ (E × Lc). By Polya’s Theorem, the latter satisfies the equation
F (z) = ZG•(f(z), f(z2), ...). Then, it holds that

L̄(z) =
F (z)

E(z)
+
E(z)

2

(
− F (z)2

E(z)2
+
F (z2)

E(z2)

)
,

by the Dissymmetry Theorem (see [1]). The first terms of L̄(z) are as follows:

L̄ = 1 + z2 + 2 z3 + 3 z4 + 4 z5 + 9 z6 + 12 z7 + 26 z8 + 40 z9 + ...

We can then get asymptotic estimates by means of complex analytic tools:

Theorem 2.3 L̄ has asymptotic growth of the form:

[zn]L̄ ∼ cn−3/2

Γ(−1/2)
ρ−n, ρ ≈ 0.44074, c ≈ 1.45557.

Additionally, L̂ has a similar exponential growth but with c ≈ 3.61691.

The generating function L(z) is equal to L̂(z2) 1
1−z , since a link diagram

of n vertices has 2n edges and one needs to account the number of trivial
components. We thus obtain the following corollary.



Corollary 2.4 L has asymptotic growth of the form:

[zn]L(z) ∼ cn−3/2

Γ(−1/2)
ρ−n,

where ρ ≈ 0.44074 and c ≈ 8.97779 or c ≈ 3.95687, when n is even or odd,
respectively.

Finally, we also get asymptotic estimates for the coefficients of K(z). The
following result is a consequence of Meinardus’ Theorem (see [4, VIII.23]).

Theorem 2.5 L has asymptotic growth of the form:

[zn]K(z) ∼ Cnk exp(Kn1/2),

where K = 2
√

Γ (2) ζ (2) ≈ 2.56509, C = e2 ln(2)ζ(0)(Γ(2)ζ(2))5/4

2
√
π

≈ 0.26275,

k ≈ −7/4, and ζ(z) is the Riemann zeta function.

3 Enumeration of families of link diagrams

Enumerating K4-free link-diagrams is equivalent to enumerating 4-regular un-
rooted planar maps which are K4-minor free, that we call M̄1. We first give
a construction for the rooted ones, M1, with respect to edges, adapting the
construction for rooted 4-regular maps in [8]. With this we obtain a functional
system of equations that can be analyzed by using the analytic machinery de-
veloped by Drmota in [3]. Finally, by adapting an argument by Richmond
and Wormald in [9], we are able to show that we can unroot the maps under
study, showing that the maps in our class with non-trivial automorphisms are
exponentially few. This study gives the following result:

Theorem 3.1 The class of K4-free link diagrams M̄1 satisfies that

[zn]M̄1(z) ∼ 1

2n

cn−3/2

Γ(−1/2)
ρ−n2n, ρ ≈ 0.31184, c ≈ 1.52265

Refining the combinatoric analysis in the previous case (refining it with
more auxiliary classes) and using again an adaptation of the argument of
Richmond and Wormald in [9], we are able to asymptotically enumerate also
the class of minimal link diagrams M̄2, as well as the class of K4-free link
diagrams of the unknot, M̄3:

Theorem 3.2 The class of K4-free minimal link diagrams M̄2, and the class



of K4-free link diagrams of the unknot, M̄3 satisfy:

[zn]M̄2(z) ∼ 1

2n

c2n
−3/2

Γ(−1/2)
ρ−n2 , ρ2 ≈ 0.41456, c2 ≈ 0.81415,

[zn]M̄3(z) ∼ 1

2n

c3n
−3/2

Γ(−1/2)
ρ−n3 , ρ3 ≈ 0.23188, c3 ≈ 2.19020.
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