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Ahstract

We consider models of an aoeelerating Universe eliborsted for Finsler-ike
gravity theories constructed on tangent bundles to Lorentz manifolds. In the
oxeulating approximation, certain locally anizotropic configurations are similar
tor those for FOR) gravity, Thiy alfows us (0 generalize @ proposal by Nojir ef
af (2011 AdP Confl Proc. 3438 207-21) in order © reconsiuct and compare
two classes of Hinstein-Finsler gravity (BFG) and FE} wravity theories using
muadern vosmologicsd daty and realistic physical seenarios. We copclude that
ENMG provides inflation, scoeleration and litthe rip evolition stenarios with
realistic alernatives to stendard ACDM cosmology. The approach is based
o & proof that there 18 3 general decoupling property of graviations] field
squations in BFG and modified theories which allows us to generate off-
diagonal cosmologieal solutions.

PACS numbers: 04.50.Kd, 04.20.0v, 98800k, 953642, 9R.30.Cq

i. Tatroduction and preliminaries

Modarn cosmology 18 bused on ohservational data lor two acceleraling periods in the evolation
of the Universe: the sarly-time inflation phage and the late-time acceleration with dark energy
andd dark matter effects, Such acrelerating epochs wre charscterized by a nuwmber of differences
with large and, respectively, small valies of curvature, quite exofic states of matter at the
‘beginning” and ‘end’, alfernative classes of solugions of the gravitationa! and matter felds
equations, with sipgularities sad possible anisotropies erc. Une of the main exploifed ideas
in that the Universe is under eyclic evolution with oscillating equations of matter [1-4]. It is
considered that there may exist » unified theory which deseribes tn different Himits beth the
inflation and dark {energy/matier) periods,
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Modiied gravity theodles were claborated as enifications andlor generulizations o
Biostein gravity when cyclic cosmology with inflagion snd dark energy may be ronlized {seo
reviews |3-T1L The approsches wilh modified Lagrange dengiey B oo JUET, ) whare
K iz o sealar curvatore sad s functional (.Y & detormined by traces of cortain stress-
energy tensors, additional torsion flelds ato, are iatensively developed in the modern lterators,
Nevertheless, there are other divections which at first site are altermative to FL ) gravity
arud present interest in modern classical and quantum gravity and cosmology. o this work,
the so-calied Finsler gravity and cosmology (for review of results and criticad remarks, see
{5111} are studied and possible connections to f{#) theories are investiguted, Perbaps, the
first madel with focally anisotropic inflation in a Finsler-like manner was praposed in [121
Several Finsler cosmology and gravity models were developed in [13-22] following geometric
and physical idens refoted o quantum gravily snd modified dispersion relations, broken local
Lorontz syvemmetry, nonfinear synmmcirics ofc.

Oy purpose 1s 1o prove that a class of Binstein-Fiosler gravity (EF0) theores can
be considered as pawral candidates Tor which eyclic cosmulogy with nflation and dark
energy/matier epoches can be realized®. We shall formelule a reconstruction procedisre where
alternatively o F{RY sravity 23] we can exiract information on certain locally anisotropio
{Finsler) bike gravitational models. It shoudd be noted that the general relativity (OR) theory
and modifications can be re-written in the so-culled Finsler-like varables which allow ox
w decouple and integrate the gravitational and matter fleld equations in very general forms.
Thiy ks possible for nonholonomic/non-integrable 2 + 2 splitting of a (pseudelRicmannian
mmanifold ensbled with & formal fibred structure. We can minsic a {psendoiFinster geometry
on a standard Hingtein mailold if we adapt the constructions with respect (o comrespunding
nonholonemic {nun-integrabley distributions. Such constructions are rather formal but allow
us o formulste 4 general geomotric method of construciing exact solutions both n GR
snd F(8 T, .. ) modifications, when the generic off-diagons! metrics and various types of
compeetions andd frame vanables depend on all coordinates vie gemersting and integration
functions and pararmeters.

Let ug surmnerize some key ideas on modificetionsfeeneraizations of the Kinstein gravity
on {codangent bundles. i such theordes, the fundamental geometric obiects {(metrics, frames
ared connections) depend on velooity/momentum-type varisbles which can be interpreted ag
filire-Hke coordinates, The geometric constructions are derived from a nonlinesr quadratic
element ds” = F20x, v), where x == (') and ¥ = (¥*) are coordinates on a tangent bundie TV
w # Lorentz manifold V. Such base manifolds wre necessary i we want to obtain in a fmie
the standard GR theory®. The value F i called the fundamental/genersting Finsler unction.
Usually, cedain homogeneily condifions on v are lmposed and the nondegeneraied Hossian

.1 EE 0
B 53 Gy ’

is conwidered as the fibre metric. Gravity theories with anisotropies on TV cannot be determined
only by # or G This g very different from GR and 2 class of F(R, 7, .. ) theories {on
pseudo-Riemannian spaces) when the geometric and physical models sre completely defined
by the metrke structore data. To conatruct o Finsler seometry/gravity theory, we need 2 tripls
(F © . N B of fundmmental geometric objects: the total meiric struchure, g, the nonlinear
conneetion {N-comnection) structure, N, and the distinguished connection structure, B, which
¥ An BFCG modsl s constructed on n manifold ¥, or its tangent bundle TV, shinilar 1o the OR theory when, roughly
speuking, the Lovi-Civita conneelion V is substitted by s Finsler-lke metric compatible conneetion 13, buoth defined
Ty e swene mrebic siruciere g0 The seonnd Hnear comneetion BF 8 with nondevist torsion,

5 orne welkpown preudo-Hismannian gometry comsisy of o partionlsr cuse with 8 geadeaic cloment d8? =
sapr it gl welma ¥ v del
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is adupted 1o N, There are avcessary additions! sssumptions how such objects are defined
by F. which types of compatible or noncompatible linesr connections are fnvolved, and how
the copresponding curvatiure, torsion and pomsetniaaty felds must be cormpuied. Por realistic
physical models, the expermentaliobservationad effects can be apalysed vin the so-calied
osculaiing spproximation (see ex :xm;:;hzs; w13, 14D

7 Al

2 Ay
For a review of Finsler geometry for pliysicists, see 18, 11] and references therain.

The paper is stractured as follows. In section 2, we summarize the secessary results o
Emstein-Fingter and F{R)-modified pravity and show how such theories can be modelied by
nenholonomic distributions sndfor off-diagonal metrics in GR. Section 3 is devoted to models
of confornimal cyelic universes in EFG. We consider FLEW metrics subjected 1o nonbolonomic
constrainls. and apalvse the consequences of locully anisstropic models, A procedure of
reconstructing EFG theories is provided. Several models with effective anisotropic fluids
s stadied. Scenarios of ehpyrotic and Hitle rip cosmology governed by Fundarmental Finster
funetions in oscelating approximation are studied in section 4. The nonholonumis deformation
method s applied for generating cosmological sefutions in BFG. Conelusions are drawn in
section 3,

G = Fle vix)) = {x. y{xd), {2

2 Caponicul BFG and £1{8) modifications

We consider a fosr-dimensional (413 Loreniz manifold ¥ oin GR modeiled us » psendo-
Riemansian space eoabled with a metric g = {g;;{x* 11 of local signature (3, 4+, 4+, ~ %
Physically motivated Finsler generalizations to metrics and other geometrie objects depending
antsotropteally on velotity/momentum-type variables v* can be congtructed on a tangent bundle
TY. AlpscudojFinsler geometry Is characierized by its fundamenta! (equivalently, zcmmiing)
functions when cettaln homogencily conditions are imposed, F O, By?) = BFGY v,

any B = O, and dot §al o O) sce Hesstan (1) which defines the so-callod vertical metrie. In
standard approuches, the matrix §e 1y considered pogitively definite, but this condition has (o
be dropped i the (pseudoWinster geometry (hereafier, we shall omit the ferm pseude’ ),

2.1 Fhe triple’ of fandamental geometric objects

canoaical model of the Pinsler-Cartan goomeiry is conpletely if‘ibﬂ}ﬁm’:d by F, and
up to necessary classes of frame/coordinale tramsform ¢ = & (x, v)e*, following
wers assumpions on the wiple (F N, g D) of lundumental geometric objects (;\u, dotuils
a8 1L
There is a capondes! aonlinéar connection (N-conpection)} stracturs,
N: w WAV @ 0TV, £y

which can be introduced as o sosholosomic (nop-nteprablefanbolonomic) distribution
with borizontal () and vertical (o) splitting®. We obtain an imtegrable/holonomic frame

A
8ijs
su

f Ty define e canonic Mo wﬁnm{wn, we follow o geomelricivariationnd grinciple for an offective teguinr
Lugmﬁgum £.om £ and sulion 1Y s fﬁ Lixteyovielidy, for ’s«’g{r} == af () e The Halee. meﬂg& prpalinns
- ot == O are equivatent ko the 'nonlisear geodesic’ (oqmmimﬁy senst- '»ﬂrfz}')oquaizma% “ +?G*{ X, ¥} am {h,

¥ 4- v 4 Crte e DREEEE *L . Ao ?“m - J.{;i.) . . .
e canorieal coefficiens N - {\' gt copsputed aw‘» g ,2* (} 7l Yo o works, wis

e’ on svnbols (for iostance, 80 i e mmimuﬂms i3 ;m’%mmsz’(! with respect W baesos detenimiped h} a"e"
T will b omitied B genersd Neaduplod Feasplitting wien vardables iy with cach other
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configuration if W = 0. Under frame transforms, the cm:!‘ﬁciem E’m‘muizzs transfomm into
equivatent ones for srbitrary sets of coefficients N = (N§ = % ¢/N¢). We can adapt the
geoinetric constructions via " M-elongated” (colframe structates,

a4 P ) & .
e om= {8y, 2., &= ;;E s Nf fﬁ}:;;; amt gy, == :;}; {4}

e = (e Y, =y and = dy® o N i 3
tr gemerad, such fremes are nonholonomic because
fea. 251 = eqep ~ epe, = Wipw,, (6}

with W) = 8,0 and W5 = Q2 = 20

wxd

A canonicg) matz‘m f,m;ctm"e on TV can e smm{imad using data ( Hipe j with
= e% e, and Gup = € W.aé”i;,ggg,

g=hg@ug= gln v @ + halny) @ {7

The third fundumental geometric object in a Fipslor geometey is the distinguished connections
(deeconnection) 1w { Gy b (), 0l which by definition is adapted to the Neconnection
strisctire, 1.¢. preserves the sonhelonomic h-u-splitting (33, We can model physically viahle
“almost” standard models (see discussions and crivical remarks @ {8, O for d-conpactions
which are sompatible with the metric structure, Tig = 0 and completely defined by data (g, N}
Let us consider how such a canonical d-connection [t can be constructed”. By definition, such
& connection 15 with zem B and vetorsions, 'if”’ w ) and 7%, = 0. There are aiso nontriviad
torsion coefficients. In the Finsler geometry, |§ iy also pmmbiez ter instroduce the Leswi-Cliviia
connection ¥V = {1 . 4 in u standard form (a3 & apigue one which is metric compatible and
zerty tovsiond, but LfQC*; not preserve the N-connection splitting (3} vnder parallelism, There
A f.éﬁ{ﬂ'iiﬁ-di dii’;il}ﬂl{lﬁ relution

D=V +Z, ()

where 1, V and the distortion tensor 2 are uaiguely defined by the same metrie structure g,

Finally, we note that there is an nportant segooent w0 work with D with respect to
A-adapted frames (4 and {3 sven in GR. Thiz is possible for a convestions! nonholononse
242 spitting. The priority s that D allows us @ desouple and infegrate the gravitationsl
field equations in very genera! forms [20-22] {see section 43 Such solutions define standard
Loreniz/Einstein manifolds i we consirain «f the end the genemting/integration functions in
such a form that £ = Jwhich means zero torsdon. For such comfigurations, we obtain Doy p=V
i NM-adapted form, see (8),

¥ Using Absdagited difloreatal forms and the deonaection, 1-forn s 3’“‘} i“;ya?; we compuie the sk, T,
snict curvature B-forms, T, ”}"‘“’ TR e fe Ff:, met B 2 DEY o 7 ?}Af“’-* . R*‘;W&:ﬁ‘ A The
Emg:ms; coetBivients T, = (7 ;;d.:z ff;,,, Fijaredl, 1 B T Ty e O T, = % 1 =
i 4] e,
@'K o B8 T e OO — O Tor Neadapibed coofficents R“p eae B0 o1 E! N inmw wuﬁm 1he symbol i
wag ! for e canonival (mm;mm We \mi} cnl s’ i bl will et result i wbiguities, The Madapied

coeliicions of 1) oan b computed in the form 7, 2 s {41 er U é e G

i

Ly = 587 ety + e~ 0 Ol = WP el b ol - eahine).

Ly = ep(Ns + %h’“'(,«:ﬁﬁx- — Fge g NE ~ B é‘;h‘?}, € x= égg o8 i
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2.2 The EFG field equations ond FOD groity

BHG theory g constructed for a Pinsler-like d-connection T¥ following standard geometric
andfor variabion rules as tn GR. In this work, we shadl use only the canosical d-connection.
Such models can be constructed, for instance, on 2 Lorentz manifold ¥V (considering an 242
splitting; in this case, we infroduce Finsler-like variables in GR, when T = 0 is considered
es pophoiopomic constraint for IY — ¥V, or op its tangent bundle TV, In the second case, we
can relude the constructions (o certain models of Finster—Cantan gravity (via popholonomic
deformations, we can transform D into the Cartan conpection for Fiasler space),

The Riedi tensor, Ric == (R g, 1 R‘fﬁwL of I3 s=(fl), w0}, spiiés into cortaim b and
meenponenis (K, Ry, R, R ) The scalar corvatore 33

PR v gy Ry, m= g;‘g}.{{; e B Ry = B R (93
The gravitationad field equations can be postulated in s geometre form Gandfor derived via
Moadapted variational calening),

B~ égm R oo Yes. (3165}

Such equations wansform into the Einstoin ones in GR # Tas — T and P -+ V. So, we
can consider necessiry N-adapted variations of actions for scalar, electromugnetic, spinor etc
fickds in order to derive the cortain maiter source in (1), The solutions of the feld equations in
EFG are with nontrivial torsion mduced by {g, N3, The Levi-Clvits (2o wrsion? conditions
with respect o N-adupted frames are

L:}; = H“(Nf), Ci;;, ==, Q“ﬂ‘ = (3, {1
H such constraints are imposed at the end, after we have constructed certain classes of solutions
of (10} on a 413 manifold and for physically motivatad sources, then we generate (in generad,
off-diagonal) selutions in GR.

It is not clear what types of sources ¥s should be considered in EFG models on TV, We
node that, in general, such tensors ave not symmetric becupse R g3 s ot symmetre, I reflects
the nosholonomic wd focslly anisotropic charscter of Finsler gravily thoories, For corluin toy
models, we can spproximate Ty 1o 2 cosmuologicoal constant aith posstble locally anisoiropic
polarizstions depending on (), ¥'1. The fundamenta] Fiasler function F{x, v} is encoded inio
goometric objects of (1 and sofations of wuch PDE in generad, we cunnol ‘see’ explicit
dependences on Fg ¥) because of the principles of generalived covariance and relativity
arbitrary Trame/coordinate ransforms on V and TV mix the variables. Fixing o system of
local coordinates, we cun measare experimentatly only an oseulating {psendo) Riemannian
meteie {2) on Asnbspace. Mathematically, we can construct exact solutions of (10} for 8D
meteics (73, but to vertfy possible physical Implications in a direct form is only possible for
the f-components.

BECG theories on ¥V, or TV, are explicit examgples of modified GR. In a differog
manner, such theoties of gravity are constructed for modified Lagrenge deesities when
B — FUR.T... .5 see roviews of results infS-7]. For nstance, the corresponding fekd
equations with f{R} can be written as offective Bindels feld equations

*Q;.w - %Qg.«,v =8 ﬂG g!‘}(;a:‘w {\[2)

for Ty = Dy {51/ = RBrflg — (80 V" Vi = V.V, )0 ] aod 76 == (33"
Using observationsllexperimental data, we can mensure some geometric configurations
determined by functional dependences of type g[8, 7, ...} In general, it may not be clear if

W phe such convestions on indivos o= (Lol fer a2 2 spfitting on ¥, i GE, woe consider £, /... = 12
ada f L= BA ORIV, L L LB Ldanda, by oo s 5067, 8, Mo, wo ot (hat formal integratfons of
gravitations! Tield eytmiions in geausd forfas sre possible for spliting of e 2 4 242024 o andfor 3 5 2 b -
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such & metric i a solution of {183 or {12), Lo, we cannot say exactly what kinds of modifications
of GR owould resalt in dack energy/matier effects. i 2 fundamental Finsler fimction & &
copsidered as o ponholonomic distribution en o pscudo-Ricmunnian space V. or TV, then
modifications of type B« FIR rosaltin OF) YR s FER, Iy 22 POy o POV, see formulas
{10 for the Flasher curvatore sealar and s b and v-sphitting. In geoeral, such modifications
can be performed for any model of the Finsler spacetime geometry with 2 scalar coreature 78,
A physicaily realistic theory close 10 GR and MG car be constructed in the simplest way for the
scatar curvature B of the Cartan d-connection, Hot 1 preseribed Neconnection stricture, we oan
define via nonholonomic deformations (8} functional dependences of type R(R) and, inversely,
R In general, BFG and 74} are different modifications of GR described by different
Lagrange densities and derived field equations. For certain conditions, we can transform a class
ot soluttons of (30) into (123, and toversely, using framefeoordingte transforms. 1 is known
that s reconstruction technigue 23] alfows us to recover duta For FIR) using observational daty
from meodern cosmology, n this work, we Fformulate o similar spproach for extracting dats
for EFG theories and specaiate on conditions when we can distinguish n Finster configuration
from an f-modification.

3. Conformal cyclic Finsler-like universes

in this section, we show how to construc! cycling universes in models with FIR Fy o F(£)
when the theory is determined by actions of typs

s ol FURY _ L e BURY
52 fﬁi MLV’{ gr‘j [2%;; 4= m{,. zlﬁdf{)i* Sym da.i..v/:f_f;jg 2’;&5* A HL N {13}

where « is the gravitational constant, 7L is the Lagrangisn density and the oscalating
spproximaton {23 Iy encoded in gy, # and (for shmplicity, we shall consider madels with
fonctional dependence on metric for maiter Lagrangians} %4,

A scalar field x can be introduced vig conformal sransforms Hag — s B g with respect
i N-ctongated frames {4} and (55", Denoting

o e R 3 D0 - eoe ]l

wiz obtain & new action

N .
S = f TR \,"fg,j {:2“““4; f"(xf& 23+ ml{] . S
P
Chovsing some ‘propes’ functionals P{y) and Oy ) when the equation _
PO R 8,QUu =10 {13}

van be solved as x = ¢ (R}, we can expross f(R = Ply (B3] R+ Qly (851

For ‘pure” Finster modifications, the functionals (15} arc of type # = R(R}, determined
i a nonholonomic Torm via distortions (8}, where £ 15 the seadar curvature of V. In sueh cases,
schions of type (14) are parametenized in the form

§ = j dhee ¥ [;;m ROR, %)+ i] g (16)
3
when

RiRy = By (1R + Qly (] (i

¥ W do nol write & for vesler feids ay, for skoce, i [Z3F bt use ¢ boowese Tn our sledics ¢ B considerced gs a
germstning Tooction for constrocting iF-diagonal solutions D227 fsee st the kllonwing section.

&
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We conolode that BFG theary with an osculating approximution ix a variant of modified gravity
with [~ R. Such theorfes can be studied by the similar methods if we work with respect io
N-adapted frames. bn former approaches o F{R, T modifications of gravity, such ‘preferred”
bases and geometric constructions were niot considersd,

3.1, Reconstructing EFU theoriss

There are three possibilities of introducing locally anisotropic scalar fields in Romodified
theory: (1) vin comformul trapsforms as in (dh (2) with certuin compscification of exira
dimsensions of modely on T'V; (3) postalaiing scaler field Lagrangians with operators ¢; and
the canonical decoppection [, Medels of types {1003} mutually transform from ope into
another one under framefcoordinate transforms,

Lét us introduce a system of local coordinates (¢, ¥ &0 = ¢ x%), with tmedike
coordinue £, on V, and the osenlating approximation of Finsler type 3y = B0, ¥ 01
amd N own ;":ﬁ?‘“”{& P (1)} with ‘pon-tildes’ with respect to arbitrary {rames. On A-subspace, we
can comsider an FLRW angary of tvpe (7) when

de? i e (@Y EE T MY+ D 4 {unknown vecamponents), (18}

with
iy = axplHyt + by, {19

where the constunt Hy = 0 and T is the period. We use a tiide on ¢ in order 1o emphasize
that this value contains certuin Finster wnformation. Sich a geperie off-dingonal metrie iy
considered 1 result in physical identical scenarios at £ and ¢ + 7. For instance, we can
take bty = Pheos(lur/T) when the condifion %D < My results in monotonic expansion,
We amphasize that the h-part of the quadratic element on TV is the same ax in the 4D
flat cosmology. Nevertheless, such models are with osculuting dependence on £, v9{1) and
contan certudn information on a possible Flasler spacetime structure with Meclongated partial
derivatives of type (4} To show this we consider a locally anisotropic scalar—tensor model.
The sciion s sken following the possibility (3) above,

B ’ -
5or sl g e e~ V0 + ”‘L} 207

for some Functionals w{y ) and Wy on y. {oth values are determined by a single function
c{x Y, then we express
X Zyad d o e w12 R .
Wiy = — 2/ o (x) and Viy) =« Blag GOF + 0,502
for a cosmological sofotion with the h-part of FLEW type, when y = 7 and the Hubble function
H o 8!95{;

For instance, if we paraeterize the cycling factor {19) @) = explo{y ¥i = explg (il
we recover a scalar-fonsor model with spherieal symmetry on AV and reproduce the cyclic
anpverse vie formardes which are similar to thal presented in section I of {23},

wixy = (2% /) (2Rt P cos(2m y Ty,
ViY== e 3 — (2o BT a2 T — 28T Y s T 0
e ot St T cosmilogival models, e rule of Aelongation of partial dedvalives (43 For Af(), ¥} &
A
3{:“1 o i‘;!”ﬁ s é?g/’i e SV;’ Ei)“ .
which points W possible coniribations Bom the Shoed stractere, Comsidering 2 seabing Salor g0} by o sontrivia
mensholonoic {Findn background, we introtduee HF) o teall ) fadl).
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H s nut possible 1o say oo much on the snderbying Fiasler stractere using such solutions. We
can only conclude that a model with h-scalar & may be of evelic behavieur, I order to exiract
more information, we should perform a ngerous analysis on how # modilies the G

We spply the methods of reconstracting modifled gravity theones 15, 6, 23, 24]
reformmtated for models of type {13) with B{R) and functionals Py ¥ + Qlx) (17) and
the sealing factor parameterized in the fornn 40 = Yo o, %% = const. The solutions
for P and € cun be found ex panding such values in the Fourier senies and defining cortan
recurrent formulas for coefficients expressed in terms of £y and O Hor simplicity, we provide
the equation for P when the matter can be neglected,

L W .
3lm G0 PO = =8, B0V Bl ¥,

The eguation for rir iy is
HE . "
By s “5‘*’/ p f dy (i, P/

Wi can consider o fanctivaal P is (15) for certain values of K as a generating function for
solutions of {21 Here, we provide a well-known example with divergences corresponding to
#{fn} == & which van be idemtified with 2 moment of singularity Tor 2 big bang or crunch effect.
Fiing Py feosi# ¥, for some constants £ and Py, we express the last eguation a3

0

Bty = g feos(P O -+ 2P Isin(2P 1) — wn (2P 1),

for an istegration constant o, The term with tan{Z# y ) appears in divergences, as is well
kpowr for oyclic scenarios and ekpyrotic effects. This allows us to raproduce partially various
madels of modified gravity inchuding BFG, I the Levi-Civita condition Dip.a=V is imposed
an #, then we obtain modifications which are equivalent to that for FIRY [n general, the
cychaglekpyrotic models with nontrivial & are derived for certaia nonbolonomically indocad
torsion configurations.

3.2 Models with effective anisetropic fluids

Tor understand what s the difference between a wsuad F(R) theory and & Finsler-type one
with R(RY, we have to consider physical equations with N-clongated partial derivatives and
certain information of esculaling approximation (23, For simphicity, we shall stody 2 modet of
effective kically smdsotropic perfect fuid elaborated as follows. This allows us [0 wiile directly
generalirations of FLEW equations in the N-adapged form,

SH w5, 3HE F 2e MY w0, 22

where the energy-density and pressure of the losally anisotropic perfect Iuid sre defined in
sch a way that for £ = (X},

Bk (3R AR + 3H e (BB - MadD),
s ok I RY AR 4 2 e (3uR) A e ter (B ] 4 (e} (2%

We nse such an Nadapted syster of reference when (4 and (5} are different in & form when
pressere §oof such a dark’ fladd is the same i all space-fike directions. (We remember that
“filde’ s wsed for certain values encoding contributions from a nontrivial £.) The sysations of
state {Ho&) and their parameters in this Fingler model cas be writtendvomputed, respectively,
5

F=—p+ ‘5 and @ =p/h,
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where
B e wen A ) e (e In iR ) b (e tn R - Heln GaRY) (24
has 1o be defined from a combination of FLRW squations,
e H = wd w VH, e H eeH), L) {253

ft should be aoted that ip locsl coordinates such o systom Tramsforms into a very
cumbersone combination of fanctional and partial derbvatives on £, with nontovigd N-
coeflicients, which is guite difficult o be solved i an expliclt form for some presoribed
values NP, We have 1o introduce addidonal frame/coordingte tunsforms and assorptions
on H@) in order o construet exasct soletions for certin locally anisotropic ‘cosmie”
functions (24},

I the thne variable is written as 1{R{R}), then it is possible to coastruet solutions of (25}
following the approach developed in [25, 23]. For a new variable 72, v{1)) = & In 8eR1t)
we transform the last equation info

aF + 7 - HY = 20, for eF = &7 — N0, v{0) 1,7
To reconsteics the Hubble parameter for such locally antsomopic configiretions, we can
consider typical exsmples with powerlaw or oseillating solutions. Hor instance, we show how
we could generate vacillating Finsler configurations. We assume 2 particular behaviour when
e pd Hr for eir) being the solution of

Gr b r° - Hr == 29 H (26)
aud & small value ' i lo be found from (seglecting terms ( Tt and & % (),

S+ (PG~ HEy = n, (27
where o 1= N9, (r — 2H ). Forn == O and 'r = 0, a solution of (26} was found in [23], when
for ple) = iy oos wyr it was reproduced

FURY == / dR expl - ey 1
o the case of Fingler modified gravity, the oscillating solutions of (26} and {27} can be
expressed in the form 7)) = rpoos ogl -+ ry cos el This resalts In reconstractions of type

f?{i’%_} = f dRexp {—mw{‘;g sinfanl (R} — rymy ‘sin{w-;;{!@}}] . {283

The function £ {K) is aninversion of Bt = 1ZH2468,H.1 This corresponds to cyclic evolution
reprodaced both i J{RY apdfor BEG graviey theories. The complexity of such solutions does
not atlow us to obtain explicit forms of R{R) contributions. Nevertheless, we can distinguish
from ‘pure’ F{R) theory and that with & mixed with ¥, when f(R, }) = R(K): in oscillations
af type (28), there is the second term induced by off-dingonal torms summurzed 3w as a
souree of {270,

4. Tangent Loreniz bundle cosmology

The goul of this section is to show how using R(R) and related F(#, ) cosmalogical sconarios
on Lorentz munifolds V we can devive cancuical models of Finsler gravity and cosmology on
TV, Via Sasaki ifts of mewies (73, we shall construct theorfes on total bundle spaces.

HA sirnitar Forttks was derived {8 1261 for 0 moded of usculuting Frosker cosmolopy with wegk saisolropy.
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4.1 Ekprerotic and linde rip Fisler cosmaloyy

Let us anzlyse scenanos of ekpyroticfevclic Universe 127, 28] in our case derived from
Finsler-like modifications of GE. In rhis subsection, the constructions will be performed on
EIY corponents of tangert Loseniz bundles. Cyolic solutions solve the problems of standard
cosmological model and provide a more complete theory, Tn ekpyrotic models, a seadar field
is nocessary for reproducing, the cyeling behaviour and the (R} gravity admits such phases
in time evolution. Becanse the KR} locally anisotropic gravity can be modelled s the f(R)
theory, i iy cloar that both types of theories condain eyvclie configurations,

s possibde o reconstract a sanonical Finsler-like model with o phantom phase and
froe of foture singolarity when § i geserated a Bule rip cosmology similar to [289-31] We
cun understand bow such models may contain locally anisotropic modifications following
arguments, Using the first formutla in (22), 387 = 25, the effective density funetion 5 (25)
and Ho§ parumster = 1 e 1340, we find lerms of types e tigRy and e # with
contributions Trom the N-conaection coafficients, Big rip singularities {by definition) occur in
a fintte time 7, when a{f } and the snergy-density diverge. In f1R}) models, this can be analysad
in Jocal coordinate frames. Finsier modifications R{R) rosult in M-slongated partial derivatives
¢ and nenholenondc frames of reference.

1 is difficult o formulute @ genessl condition for 5 and B(R) to avoid divergences. We can
consider an caough bat not sufficient condition that 2R3 > 0 bet an additionsd investigation
of contributions with N7 for a littke dip. Using the reconstonction techniuues Trom the proviess
section, we shall prove that there are Finsler modeds of general sccelerstion which do pot
contain fatars singudarities and drive (o o stronger growth in Hme than evolutions for big rip
singdarities. We can use the generating function POy) = expldfe™ 1, & = const, g
evmst, resulting in cycling factors of type (195 A similar fonction can be considered for
different constanis when we fest the “cycling—accelerating” systen for wivial Mcoefficients,
Pl = expldpe® ] & = const, # = const, Por small thnes 1 < &, de Sitter solutions are
reprochiond and a Hobble parameter is approximated t¢ a constant, We obtain staes with

o« 1, for 2 locally anisoiropic phantom pliase without big rip singularity,

Let ug shew that & dissodution of bound structures (Bltle vipd indueed by a Finsler structure
can ovenr. Using expansions of exponential functions inle power series and soletions {15) oy
cortain values of B andior B as s generating fanction for solations of (213, we compale three
reconstraciion models fsee similar Jetails in the baginning of section V of [23] and references
therem). The soliutions depend on what 1ype ol sealsr curvatare we use, K = {2H G,
or R(2) = TZH? -+ 6e,H, and can be witten in the form

FOR e o {es 4 oo SR 4 T3 oV RIat535 ]
R 4 et il et

~ B R TR b B E
FURY = & (eq + exy ARjGE 4 75) eV RI2E425/16
R b B R 4 (29
where ¢ = —24expi—39/13) and 7 = 243 are taken in order o obtain the same

approximations i £ s R and Fio0y -»GR; constanls of types i, &, ... depend on oy
and ¢; and respectively on @ and & ele,

The shove formulas with serles decomposiffons distinguish three possible cycling
anfverses with rip svolution. In sl cases, the guadratic torms on curvature allow ws Lo cure the
singularities. B epproximations are different: fu the finst case, wo con obtain a recovering of

1
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(R form the *siandard” J{R) gravily theory; in the second case, wemodel Finsler modificalions
as the f{, .. theory without mach mformalion on the Flosler generating function £ in the
third case, the rip evelution starts from o Fiosler modified spacetime. We suppose thal such
different cosmaologionad soenarios can i’m w{,nﬁué experimentally. For instance, for a Sep-Harth
system with densities of type p = ggo™, 3 = Soc®™™, L and fg = 13.7 Gyr, we can obtain

three different anproximations for the te of Hitle rip (decwp}mg) Ry,
Wy 137 Gyr + 20970, "7 = 137 Gye 420948, "= 137 Gyr +29.9/&.

For oscitlating solutions of type (28}, we oblain possible resonant behavioir and shifting of
decoupting ete. In genersl, models with F(R). B{R), FU¢ possess different itde rip properties.

4.2, Reproducing a canonical model of EFC

A metric compatible Fingler model on T'V can be completely defined by an attion

i
S = f;i ad™yy g;;ia;;; [fi )y ]

Thiz would resulf in fonctions! dependences of type "R = FR(R) for a canonical scular
Finster curvature (93 It is not clear how we could estrect Information on & generatized
gravitetional constant(s) and matter-fleld interactions via wF iy extra velocity/momentus -
type dimensions. Nevertheless, we cian encode such contributions into cerain polarived
cosmological constants derived for cortan very general paramatorizations of possible matter
interactions with “welocity/acceleration’ varlables and their duals. A 'recovering’ of Fnsler
cosmology ohservational dats on ¥V to TV can be performed following such s procedurs for
twa distinguished cases.

() Cortatn models of Finsfer gravity can be associated with modified dispersion refasions'®
o’ = Mgt P ( - :,ﬂ'}g’;v“ ey ey T’“’) ‘

where a corresponding frequency o and wave vector & are computed locally when the
local wave vectors &y s gy~ ¥ are related to variables py which are dusl o fbre’
coordinates ¥°. These refations can be associated with 8 nonfinear quadratic element (see
detaile in [32, 10,11,

(- yf

(gl yr

taps

0 = P20 3) A —{edt P+ gty |1+ - + 0%,

For ;ﬂ;yﬁiwf apphicaiions refated to ‘small deformutions of G, we can consider that
g = (=1 gyply A3y in the Timit g — O correspond to a mefric on & (pseudoiRismannian
magifold.

{23 Finsler variables with a generating function #{x, ¥1 can be introduced in GR and f(X}
modifications nonholonomic with 2 + 2 splitting. Such an # can be partially recovered
in cosmotogical models using observational data on fesubspace. Understamding possible
physical impHeations of theories on 7'V is mportant to consiruct exact selutions for Jocally
a&:xiwimpic black holes, brane 1mpg;in,jwarpin i and antsorople cosmological solutions
122, 191, The generic off-diagonal metrics, in both cases T and 2, are for Susakid fifis (7).

@ gy ¢ e oy S when () s for @ real praamicter ¥3 ppy 3 (5) v purammeterizod by 31 space conpdinates with
“hty” ot DncHony runbag vadues fe= L3,

1
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O tangont bundles, 8l felds depend v coordinates 17 = (2f, ¥} and the sealar curvature
for the canonieal dvonnection I transforms Into £ — “R = B+ B (9). Having recovered the

spacetime motrie fig e { gy{0) == g2, y(E131 for a cosmologionl model, we can cosstract ap
0 frame ransform & neine {7),
g=hedvg = gy{) € @l + hapley) @ © (30

for certain coefficients hp == w“; (, y1e x, ¥iger (1) and o being deterrined by  canonical
N-connection z‘:}f{.x, ¥} induced vin a chosen #(x,y), see footnote 5. For cosmological
modeds, the coofficients of v-metrie can be transformed via frame transform o A0 In
general, such models are inhomogeneous on fibre coordinates ¥, Extending the scalar fields
¥ O3 e O, V), we can construct vaiues of type (173, PPl (7R » Oand "Qlx ("R,
when FRIRY = "PLyRIR 4 "Qy .
Actions of type (20) can be generalized in the form
5= [ awty e {E% PR ) + m;;.] .;

where 599 = ¢ {5} We do not consider 1 factor ¢~ 2% in this action because we shall wark
with annther type of conformal transform when the action is re-defined In Finsfer generadized
Hinstein frames in order o remove strong couplng. On 1V, 2 quintessence Incally apisotropic
action is postulated in the form

. SRV S ] o e )
Sen | e _yxj ipihg | TH - ‘;};s‘ﬁ{x}{f}“x}{ﬁ PO AC ST

where T = TP( gy, 0 12 {;;x v }’*) SRR U = PQAEPY and D) s the conformal
wanstorm of I For cosmologios] models, {m our case, Flusler analogees) the Jorden Trames
with

ard tocally anisoropic configurations x (7, ¥} are used where the filee coordinates ¥ can be
parameterized v¥{£}. In HFG, the evolutions with 21F) and (1) are with respect o M-adapted
framics €43 and (33

We reproduce cycling universes with 1 rip evolution of type 129) prescribing™

wiyxy= ﬁé‘ﬁﬁ e and Uy = —65(3 4 456@13{3 + 8 ey @xpﬁmdﬁeﬁx),

Keeping ouly teoms with f-evolution and o ~ {4 & 4 O(7) for smadl 1, the soluions for
sealing faciors sre respectively construcied

o Feléx]
@iy e apelB(F 7F LGN, for gp = const and 1= [ e iz
e
Ry = E expl6FB ¢ 1), for 8 = connt and  HT =GR Y 4 6/T {313

Hxaot sohrions in BFG with such scaling factors will be constructed n the following section.
Here we observe that the Univarse with Binstein—Finsler frames descoribe both a type of {initial)
big hang siagolarity and a super-accelerating evolution, This is & manifestation of scenarios
with little rip determined by possible locally anisotropic charscter of gravitational intersctions
on TV, It sverns that singularities can be removed in Jordan frames adapted to Neconnections.
We conglude that Finsier configurations extended on fangent Lorentz bundles may result n
the dissolution of bound structures of cortain classes of FLEW models originally defined n
GR and then extended 10 LG

3 W petond on TV similar Tormidas (599 i 1230 B eoelicionts are nedefied with “hets” and fxiag o such o Jorm
off frsutmpaces wi ol W8 g us in AT nesusthudess, e pannetrie tepondence is modiffed oo wiocitydike
vocdinates il parseetecs for BEG,

17
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4.3 Cosmatpgival solutions iy Finsler gravity

On TV of o Lorenty manifold V, the Hinsteln-Hinsler equatioas (10) for the canonical d-
commection ) are for an 80 spatetime endowed with z nontrivial Neconnection structure,
Such systerns of nonlinear partinl derfvative equations (PDEs) can be solved in very genoral
forts using the anholonomic frame methed [22, 32, 211 Locally snisotropic and Finsler-like
sedutions i 41 models of gravily were constructed in {11, 19, 12} In this subsection, we
provide several examples of BD exact solutions which possess cyelic/ekpyrotic and Hitle rip
properties,

4.3.1. Decoupting of BFG cosmological equations.  We label local coordinates X' = (& =

w0 e 03 ¥ s O m L8 ) ¥ e = (7, V), where indices rup respective values
ap e d o e 50 oy = 7, B We cmmiéer {xf, ¥ 1 as conrdinates on 45 Lorenty manifold
V. and the covrdinates v as fibre coordinates in 7Y . This reflects s conventional 224+ 2272
splinting of coordinatey which will give us the possibility of Integrating the gravitational feld
equations ‘shell by shell’ incressing dimensions by 2. The FLRW cossologival solution can
be written in the form

d 7.1, ~
= a*{f) (lf%ﬁf +rhdE @ ﬁf@) ~dt @ A+ sint Bdp @ dg. (32}

with o = 0, 41 Thi% memc iz an exact solution of the Binstein equations with a perfect fiuid
siress-energy tensor, 1 ﬁ = diagl—p, - p, p, ~ph whcrcpaﬂdpm: ihs;}mpcreﬁefgy density
and prossure in the fuid rest frume, For shmpliciy, we consider as a “prime’ an A-melric ansatz
coniaining a conformul msmicarm of (323, v zspiymsr ana b wih o =0, .md o Cartesian
courdinutes, i = gdy ‘el 4 fzﬁ Wady®, whore @ = L fz (Y = - NI, P I
construct B cosmologics! Pmsler-like solutions, we shall wse the ansatz

g = (O dr e dy + B, (8, 1 £ G0 &
e frygy o 0 v e @ e e B, U8, 1 YR, 336 @ &,
D NS DY
&% dy“}?' 4 A G de + Ny x5, 1. s?g}dvm,
b NG T NG P T NG L . ()

# iy

where kg, =1, }f;a.i are defined by m}arizaﬂmx functions 5y, == 14 8¢y vy e < 1
This class of generic off-diagonal metries depends on tme-like covrdinate, 7, und on fibre-dike
anes, ¥ and v, wnd possesses a Killing symmetey on #/8y beeause the coelficients do sot
contain the consdinate v/ In Cartesian soondinates, the fi«par{ of mnsatz (337 is modified by
iy b e}, when gy e gy = 0¥ 00 M

W do not have explicit observational/experimentad pleces of evidence to deferming what
kinds of sources Y mmay have physical impormnce for models of matter-fHekd mteractions
i the tatal space T'V. From a formal point of view, we can extend a geometric/variational
formalism for deriving evergy-momentusm teasors on ¥ (for instance, for sealar, spinor,
gange ete felds) to construet similar vadues using Sasaki lifts for metrics and aeidptmg the
constractions o N-clongaied Trames (4} and (53 For simplicity, we shall approximate such
possible "extra velocity” cma{ribmicm by matter interactiong vwith an effective cosmological
constant A when ¥ == A8]. Then, we shall see what kinds ol 8D generic olf-diagonad

Bug nefe that § & possible W consfruct mofe penerad casses of sulutbons withoat Killiag symaetiios,
ponbmopeneous cosimological metties ofe, Such au wds is v ostured oae whin o the 40 base spucetiines e
cospsiigiest roetrics depend voly on ¢ und cap be moded by 303 spaee woonlinats wadfor seversd fibredype
s mgey.

i3
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cosmmlogival selutions wostd possess oyelic, ekpyrotic andéor fitte rip properties is the f-part
of the total metrie, As a matter of priscipiy, such an offective cosmological constant can be
‘polarized” and depends on base and fbre coordinates. Novertheless, i can be transforned into
& constant valie vsing re-definition of generating Tusctions Tor vanous classes of selutions as
we shall prove below, Certaln mechaniams of Finsler brane trapping/warping of extra velovity”
type coordinates are also possible when N-adapted peometsic constructions are considered
{22,321

‘Vhe gravitational feld equations {1 for the ansatz (33} decouple mn this form,

in 4D cosmology, we oblain a syster of aonfinesr PIEs which with regpect te N-adapted
frames s written as

By + ¥ = A, (343

¥ Un thy )Y = Ak, {35}

BN? oy = 0, (36}

(NI 4y (WY = 0, (37
wilh §* s dyb, By = By, 3T = 8% where the coefficients

y=taik P s ¥, =R and B = RS {387
ate determsined by by and by via the generating function

Fi s =t S he Y~ (393

The equations on the first 20 shetl (with coordinates ¥ and y°} are

(B ' )bslin ) = Adss. (40)

TANZ 4 e = 0, TANG 4 oy, = 0, (41}

SEINEY 4 TNy = 0, 85N )+ Tris(ng ) = 0, (42

for cosflivionts
fy s Balinihy 0w dnihs ), ey = (Bsho e

Pt = (Bshed B ). 1B = (ke (s 1), (43}
detersined by fis and Aq vin
b 00 = a2t ) — s (4d)

In & similar forns, using coetficients iy and fig (and third “shell coordinates” ¥ and ¥ we
abtain

(i 203 (Inihgly = Ak, (45)
zﬁs"&’gwfw Za; s {3, 25‘;5"{; B E(Zz‘m s £1, Eﬁf\{; e z&’az @ {3, {44}
BHNEY 4 Py & (NF) =0 B NS ) 4 Tl (N ) = 0,

B+ Tym{a]) =0, (47

for coetficlents

g , 172 : 2 ; 5 2

v Gyl Y - il ), Tonoes (Beh 3 S0,

Yagy, = (ha 0,00, Mty = (k) (0,700, TR = (BB Ty 4R)
generated by

Tt b,y vy = 28500 Ry ) Iny Ry (49)
We can soe thal the sysiem of eysations (3534373 is similse, rovpectively, o (403-{42} and
(43347}, Soch eyuistions can be integrated consequently by adding additions] dependences
on sext shell cocrdinates.

i4
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4.3_2. Genarafing off- t!zmgmzai cosmological Fisler sohdions.  The hroctriv is given by
S0 gy @ did | where (%) i a solution of (34} vonsidered as a 2D Laplace equation (34).
K depends on the effective cosmologioal constant A
We cap integrate e system {35) and (39, for & 5 0 Such w comiition cu be saticlied
by shoosing a corresponding system of Tramesfeoandinates; it is possible to constract solutions
choosing ¢ with ¢* == {, as particular cases (For simplicity, we omit soch considerations 1w
this paper), Defining A t= (Jn hety* and 8w /3l we reowsite
GHA m A, B w24 (505

B = (3, then we obin # = {ﬁ‘fg‘"}‘“ﬁﬁ as u solution of 4 sysiem of guadratic algebraic
equeations. This formula can be infegrated on df which results in

By = Ok (] €244 O P S
Introducing this s in (307 and integrating on 1, we obtais the coefficients
]
by = O . 32
o= e [22] o

for an fntegration fanction Py = Y. We cam fix Ph, = B, as ia (33).
Having defined by, we can compute the Neconnection coefficients as solutions of {36) and
{(integraning two thnes on ) (37),

iy = B,
g = g A ey j e b (i 7 (53}

for integration functions 'r i) and Y (),
Introducing solutions (51}, (52} and (33 for the fometrie of ansutz {33}, we oblain a

grudratic element for f,‘i(mi’mmmgcm:mm A cosmologies,
3

. by s
CL’%‘? e f;“& {{if}? g ;’l:‘,_ i 4 “""-*{;-f:**-‘;zzm::‘, {tﬁ - —--‘:---&?&.j}
28y b

y e s
+ fig Xy { g«}»\:] [{E} e

The solations depend on generating fusctions (&, 1) and ¢ (%) and on integration functions
L 08y and Tng(xb). We approach the FLRW i?i&if%s (”ﬁ"j i we choose values snch that
powe T ayle) - Land gy, = 1 og ;{m{z‘ 3 s | oamd the Neconnection coefficlents
vanish!®. This class of modified Fingler-dike spacetimes {effectively modelled for 2 + 2
decompositions) is characterized by a pontrivial torsion field defermined only the coefficionts
of metric (and respective N-connection), $o, extra-dimensional Finsler contributions can be
via offtdizgonal extension of solutions, nonlinear polarizations of physical constants and
metric coelficients and induced lorsion. Such meirics (being generie off-diagonal) cannot be
diagonalized via coordinate iransforms hecame the anholonomy coelficients in {6) are et
zero Tor arbitrary generating/Tonetions,

Metric of type {347 can be constrained sdditionally in order to constroct exact sofutions for
the Levi-Civita connection ¥, We have 1o consider solutions with ng == 0, 3 Tag) == & 'n)
and wy = -G/ and By subjected fo

) e e b ul, S o= g af e 0

(54)

H dere we e thet e FLIRW solofios fs for perfuct Buid stross-onergy ensor sud gof for 2 cospologicad constant.
Neverfhotoss, using pomerting and infepration Tenctions for coupled nondinenr sysioms wo van doiles Hmils o
acctwary Type dagoasd ol vie cormspanding suaholonoamic vonsiraiots sad fwne nanstonms.
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see details how b solve such equations in |20, 22, 32, 23] (this i3 possible, for instance, for
sepuration of variables), Bven for soletions with ¥, weobtain only effective Einsteln spuces
with locally anisotropic polaivations sed off-disgonal tevos induced from Fosler gravity.

Lot us consider extra shell fibre contributions. Beouations (584427 and (433047} can be
integrated following the shove procedure but for comesponding coefficients, {43) and {48},
and generating fanctions, (44) and (49, Such & class of 51 solutions s parameterized by the
gusdratic eloment

W Srey 30 8
{is’:’mﬁgf{cl_r""})’%f?;;(i 4_____{_&".____}“_:) [d;m_jf :l

201 hs ¢

2
) 3 fo &
Mo, j ¥ w’?ﬁ?ﬁ) dl}ﬂ kj(

Qag( ;"f)} ‘31::;{ *?l’} ]
- B gy 4
505 Y T e

o . P .
4 Phexpt e mﬁ_;.(fﬁh ﬁfﬁfd_ vvvvvvvvvvvvv )df
o g |07+ (e e [ o
( NS 4 I f Wm_:mW) a5 _é_(sNa Y [ a
1y (*vf &) wy ' e 2
€55
where the integration functions '}, 2N are used depending on oy =y
£

o NE dcpe,mimgmn (o, }"‘" ¥on Pk, INDRNECINS RNDIND IR
(icpm(in}g o (&, ¥, ¥, V 3, This generating functions are

SO0 B A O Oy T B T O TR 0 99T, 8 T 0,
We can fix soch configurations which model certain seenarios in cosmology andfor
gravitationsl and matter-field mteractions.

(!"!;#g* IN&? ZEN(}? fN!s

4.3.3. Extvaciing reclistic cosmological configurations in KRG, Metdes of type (38 define
off-diagonal exact sofptions for 81 locally aniztoropic geverbizations of FLRW cosmnlogy. In
geteral, 11 i not clear what kind of physical signiflcance such noshomogeneous solalions may
have. Playing with values and parameters i generating and integration functions and source A,
we can mimic different scenarios and compare them, for instance, with modifications derived
for other types of gravity theories,

We note that we can generate off-diagonsl solutions depending ondy on ¢ and
fitre coordinates (v, y7) if via framefeoordingte transformy and corresponding fixing of
generatingfintegration functions when the coefficients of (35} do not depead o1 coordinales
(). In such cases, a series of c{;g‘.ﬁicienis N ow O and the inlegration Tunchions
are of types S0, A # O Ty L g £ & e W W oy B T 0 The
nonbolononse/montinear gravitdions! dvnantcs on fibre verisbles may mimde scalar and

4
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other matter-feld interctions m observable 4D spucetime. It is possible to epply vanious
trapping/warping mechanismy such ax in brune gravily (22, 321 or using osculating
approximations in Fiasler gravity,

Introducing & cycling factor &) = explilr 4 4G (19) ingtend of aff) in }r;;{'yf‘} s
et (£, we can model such a oveling scenarios with respect to N-slongated frames (4) and (5}
when the nontrivial coefficients ¥7 are functions on some variables from the set (7, ¥', ¥%, ¥,
For small values of ¥ (asspming that fhre mravity resules only i small corvections) we can put
gertain symmetries and boundary conditions on & subclass of solutions {55}, which possess
cyeling behaviour and rmay not oaly limit the FLRW solution (32} to four dimensions, but also
contain certain nontrivial anisotropic polarizations caused by possible Finsler-like intoractions,
In the case of anisotropic spacetimes, we have to recover ot an 7R theory and cortain "exotic’
slates of matler bt i choose a corresporching set of generating /integration fanctions,

To reproduce little rip evolmion by off-diagonal Finsler metrics we can introduce a scaling
Tactor @) = wyef6(Be™ £ Y] (31) insteadt of a(r) in ha(y’) = —a #{{}, or try to gef such
a term in By and Ay, for {551 All geometric comstructions will evolve with respect to cortaln
nonholonomic frames of reference, with smsl] corrections by N-ceelficionts,

Finally, we note that a solution of type (353 is a0t written in the well-known Fiosler
form €7y with the stamdard Hesstan e {1) and Neconnection structure s\Ff Movertheless,
we van relate the coefficients of both representations using frame transforms of 1ype
Saty = gﬁfeﬁﬁféﬁ, if a fundamental Fingler function 7 is taken from certain experimental data
or fixed following certain theoretical srawments. B is not convenient to find sxact solations
waorking directly with duta (8. ﬁffz beemise the gravitations! field eqoations contain in such
vases fourth-order derivatives on F. To derive a general geomeiric method of constructing
exact solutions is possible for snsatz of type (557 with general dopendence on coriain classes
of generating/integration functions. Then, constraining the miegral varictics of solutions and
after comesponding frame transforms and distorting of comections (8) we cun derive exact
sobuions for neeessary types of connections, symmetries, commeological evolution behaviour
which muy explain cyclic and litle rip properties stc.

A, Discussion and conclusions

The provedurs for an expliclt reconstruction of modified gravity using cosmologicad
ghyervation data [23-25] was generatized for a comparative study of J{R) and Einstein-Finster
gravity (EFGY theories. We have shown how such models can be extended sround general
relutivity {GRY action and various classes of cosmologicat solutions. The conclusion on the
existence of cyehis evolution scenarios driven by Fioslor lundumental functions was made using
lovally antsotropic vardants of seala—tensor gravity theories. Nonholonomie constraints and
oil-disgonal metrics may minfc maiter-fickd inferacons and ovelution processes, (eometrical
sotions, off-dagonal nonlinear dysmnics and the conditdons usually considered for inflation
muodels were shown that may lead to oyelic universes and ekpyrotic effects.

We proved that both £{R} and BHG theories encode scenarios with little rip universe with
dark energy represented by aonholonomically induced nos-singuiar phantomn cosmology, So,
such classes of theories gre consistent with observationalfexperimental data and present a
reatistic alternative to the AUDM model. Various types of noa-singulsr super-accelorating
andfor focally scovierated universes cun be reconstructed In modified gravity theories, The
sofutions presented here con be extended to Finsder-like brane andfor Hofava-Lifshitz theories
122,321 Such theories modelled as G plus corrections pass various locel fouts,

It is & very complicated technicad problem o constroct and modify generie offdiagonal
sofuttons in GR. We genseralized our anholoaomic frame method {20, 21] of constructing exact
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sofutions ina form which would allow s todecounle wnd solve the gravitational Geld equations
for modifted theories in ofi-diagone! forms. Following such an approsch, it s possible
6 generate anisotropie off-diagonal cosmalogical scenurios with dependence on “welocity-
momentors -lype coordinges ¥, see matrics (53), Such moedels can be considered as fow-
energy limits of Finsler stochustic metrics of types {3.4), (3.1 and (4. 18y in 1161, when 3 can
he: assoorated with momenturn transfers by quantum-gravitational fuctuations s the spacetime
and Db-brane/-particle foarn. B s posaible to provide a microseopic background following this
appraach, Our class of sofufions allows o t0 model cosmological evolution scenarios with
acceleration and dark energy/matter effects in a form adapted © the nonlinesr connection
structure (with 15 very important in Fingler gravity), For various types of Finsler gravity and
posmology theories with ¥ treated s extre dimension coordinates, the physical meaning
of such variables is model dependent. Por lustance, we cannod perform compactfication of
velooily-type coordinates beopuse there is 2 constant speed of light and nontrivial N-connection
stractore. 16 is important o find solutions with tappingfwarping effects. Having constracted
certam physically apoctast Finslor gravity/eosmology wmuodels, we can perfors the osculating
approgimation vix} to metrics of type (23 This allows us 1o compare observationad dats for
different modified theories of gravity and GR which in all case are considered in realielfective
A1) gpucetime'®,

Finally, we note that i thig paper the reconstroction procedire 15 involved in & sew form
when the cosmological models are determmined by certain olassey of generatingfintegration
functions, The cyclic/ekpyrotic/little rip universe scenarios are possible in EFG, but it remains
to understand how natural and realistic are solutions with locally anisotropic effects on tangent
bursfies on Logentz manifoids. This is one of the scopes of vur future works.
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