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Relativistic Finsler geometry
A. P. Kouretsis®*, M, Stathakopoulos and P. C. Stavrinos”

We briefly review some busic concepts of parallel displacement in Fiusler geometry. In general relativity,
the purallel transiation of objects along the congruence of the fundamental observer corresponds to the
evolution in time. By dropping the guadraiie restriction on the messurement of an infinitesimal distanice,
the geomelry is generalized to a Fingler struckore. Apart from curvature a new property of the manifold
complicntes the peometirodynamics, the color, The color brings forth an intrinsic local anisodropy and many
prptities depand on position and fo a Tsupporting® direction. Wa discuss this direction dependence and
some physical interpretations. Also, we highlight that in Finsler geometry the pavcailel displacement isn’t
necessarily always slong the Psupporting” divection. The latter is a fundamental congruence of the manifold
and induces a vatural 43 decomposition. s internal deformation i given through the evolution of the
irreducibe components of vorticiy, shear and expansion. Copyright @ 00600 John Wiley £ Sons., Ltd.

Keywords: Finsler, relativistic, cosmology, paraliel iranslation. apalogue models

Lhving the onset of genorsl relativity powsible geomoteie extensions have bean congidercd madnly by introducing vt
dimersions and /o torsion to space-Himes In onr deys such theories ave most Hely Interpreted s effeotive theories of stringy
models and are inchuded in the feld of guantum gravity phenomenclogy. Many scenatios of string theory lead fo vacuum
wxpectation valnes wih non-sero tensor felds. Consecuently, M loval strockure of space-time breaks dowa from the view
puing of peneral relativiiy since the 41 Minkowskt vacuam does not acenrately describe sty region of the " physical® manifoid,
The notesein tensorfal cutitios are axpecied to violate the loeal spatial isotropy and will introduce spaco-thne asyrmmetrics
even i ssanmpboiic regions of space-time. 'This reminds us an anisotropic medivm in plice of the standsrd #af solution and
is closely connected o the Yanalogue spaeetime” programme 1], From a geometric standpolnt one may generslize his metric
siruchure bo include such effects (2], The loenl anbolropy may offectively be interproled as 2 shochnstie quantity or as 2 long
range temsorial entity. Riemann geometry van play » crusial role sinee 1t may stand s 2 hackground meteis of su asymptotic
stata while the Pphysica? gesmnatry will be terpraied by o foregroand andsobropio moetrie

Breaking the Jossl symmetries of space-time crestes an incompatibility with the 4D HRlemann spacetime {3 and the
tangent space will be charscterized by intrinsic variables, This i cloely monitoved in the bimetric strociures where the
disformal correlation betwoon the foreground metrk and the Riemann structure induce a distorted unit ball at sadh tagens
space {indfoatriz), evon if we replace the background wotric with o Minkowski spacodime. A candidate goomoiry to describe
such siractures s Fiogler geosnetry since the properties of the bese manifold depend on position and direction; or as it is
ustally catled on the ¥ element de swppor?® 41 However, the direction dependence falls vndor cortain restrictions as cg. it
st not e a nodl veetor fleld |5} The ani: sutropic unit direction {for now on we will eall it supporiing slemend) is condderad
to be an sutoparslled hundle and we can prove shrough standard variatiossd principles that it coincides with the exiremsd
curves for almost any Fhaslerian conmestion.

The generalization o Fingler manifolds s achieved by shmply dropping one of the fmdamentsl conditions of Riemann
goeometry. In partienbar, we drop the restriction that she Hne element ’

e w= P, o), (13

should depend only on gquadratic terms with respest to the Infinitesimal coordinate meraments, dz”, Yeb the metrie function
Rz, dey Inlls nnder 3l the other resteictions of Riemann peormetry, The most signdficant among the, i the statement (hat
the distance botwesn two polnts remalns neariant woder reparametrization of the conpecting curve, nanely

/f (. m}cﬁ /F Lf,‘{,.f:)d‘“ ) {23
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"Uhis proporiy ixachioved hy demanding that $he metic function iz hormogensons of fvst degres with rea preck 1o the courdinate
ncrements, i, Ada) = AP (w, dir), Toking advantage of the labter we introduce the Fiestorion metric tensor
1A )
(3

San (e, g} = é«f};,'“mé?,lb'

m dgs{)da®da®. In the most peneral case
"

thid rednces $o thee Riemanmis metrie whan relstion 1) s the qwadratic form ds
s point of view corresponds o Chrtan’s

the resulling geometry s a fibar space of (o, ) where o 5 an arbitfary divection.
approzch to the subject and brings forth & metric goometry with torsion 8], However, whon we st 4% to be the Rundamental
congruence {vhsorvery along which we avolve various eutitles, the peemetrle formules sre suitably simplifed. The adoption of
a nop-guadratic mensorement entich the marifold with sn extra property, the color |71 This property roonitors the deviation
from the quadratic measuroment and B way vary From region to region. 1n that case we say Uk the rossifld & colorfal. lu
simplor eascs, the color may be constant ¥ and when the geometry s Hiomsnn the mpnifold bheeonmes widle, The struefure
eauations (Blanchi identitios) of Finsler peometry reflect the solorfil Pmormphology” and give ns information S the eolor,
the curvature aud the interplay between them. The snpporting elorrent emerzes from the solor of Finsler and in the gorteral
casa plays the role of an ntemnal varfable. However, we can alvo stidy the properties of the supporting element itsell o5 o
gondesic congruones.

‘Fhe Rey guesiion i Fingler goometry comes from the notion of parnliel displacement [ In the gonoral case we ean
cousider the parallel dsplacement of & vector fiski along a geodesic with respect o the sepporting eloment Tn that onse,
the propagation along the congraence involves notions from the geometry of vector boandles, Previsuiy, the drageing along
the geodesic cperates in the tamgend bundle of the total spave, TTAM, as Jong us the supporiing element I considered
nndetermined with respoct to the position coovdinates. Tiowever, we o fosgine restrivtive cases for the supporting element
to retrieve less complicated structures. In fact, for almost any conpsction definition the parallel displacament dlong the
elerneeni of suppor! is given by an operator shad s o direct peneradition of the usual covariant derivative,

The Telemend de sgppord” dofines a poodesie congruame whb analogons propertics to she Riomarmian gunclosios,
Additionally. for a a~dimensioss! manffold ® htrodeees o natural 1 {re = 17 split since we can decompose tonsor Halds
to their imeducible parts along and on the transverse {n-1-repersurface of the supporting dirsction |7, 111 In particular the
elemerdal decomposition i done with the aid of the following tools

73 , #r
g B "c}“;}'; s Fw e B Q:;?é"g"?; 4

where L. 16 the normalized supparting divection while hay projects orthogonal to [, and i called $he emguler matvie fensor.
Precisely, recalling the first order homogeneity of Fio, 11 we zot fom the previous relation that I, = o/ F. For the same
reason we ean prove thab bouy® = 0 and that the rank of {hap) 15w — 1. Finally, we can recast the angular tenser i the
eamrveniont form

brapy == Gup = tuls, (&
where Il = 1 s o auit tme-like vector. Apparently, we iy decompose tensor Belds Lo their reducible Parts with respact
0 the nermalized supporiing demment by the following procoss

Ny o !fah«xta R fi%y + -'imgb)-»xﬁ we Ky 4K (ﬁ)

where X« X% s the longitadinal part while X, = 1’19525.’}; is the prajectod sotnponent arthogonal to L. Concerning physical
applications of Plusler geometry in rolativity, the rofe of the supperting element needs fo be dlerly defined. 16 m g stansd for
& local anisotropls variable that may reflect o Lorents syremety breaking {or generally speaking a "wind® that exists in the
Foregronsad space-time}, or the velocity of the hmdamental observer i relativistic kinematics. The latter rase Is closedy refated
to the Riemame geometry sinee the paraliel tramslution slong the supporting element I (in othor words the evolubion shares
rany sivilarisics with the Ricrannisn essa 41 In the literature one can find all these plausible sconarios where Fiusler
geometrodynamies stands oy an offective deseription of the foreground manifold or a8 & Amdamental theory of extended
gravitations] physios :

In the followdng we overview sowe cofcopls af porellel translation sn Finder geomebry wsing the Ceorlen Buelidenn
canmection. Then we vestricl the supporting clomend fo e The velocily of the fundavcental observer in analogy iv the 1 + 5§
canteriont formadism of relotivistic cosmology.

As we mentiéned in the discossion, tensor fields in Finsler seometry depend on position and direction. For o st rank
tensor we cay wiilte down

{7

- w . et 5 .
where (%4} & the "clemend de support?, o stands for the tangent vestor %f; of an extremad bundle o(r) and #® & the
. . sy s . N . o e Ot €t
courstinate ned of the base medfold. The wsmal covrditato transformations ave walid for any tensor Botd, 8% %-;?ﬁ; XY In

the footstaps of Baclidean geometry the parallel dieplacormt of KX%{m,uy along an arbitrary congruoncs (e} s

Doy X & o d XO 4 U, 03 X Pele® 4 O fa, 13 X Py (&)

P hen the manifold is mono-solorad we et the Derwndd geomwetry that still sadlefion the axdumatic approash to gravity of Bhlers, Plrant and
Sehik] {81

E Copyright © 0000 John Wiley & Sons, Lid. ) Math, Meth. Appl. Sci B000, 09 1.7
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whera the index in the Lpy operator denctes that we ovolve X™ along +{(sh Note that in the genevnl cass ) g vsh
Morgover, additionsd gaemetric postulates indicate explicit formulss for the coofficients T™ pe 8d %, The last term of
velabion & reflects the internal mwisotropy of the Fioslerisn manifold and brings nto play the stroeture of T AL e
dependence ou the ™ plement de support® s a divst consequence of onr departace Fom the quadratic rmeaswrement of the
wenorm, Fl, g

One of the most dominat perspectives in Fiosler geometry s Dartan’s BucBduan connection that fmplies » meirie theury.
In this approach the length of o prewdlel displaced vector slong ary direciion remains constant, We can recist relation {8} in
the covariant fore

DXE e A ,
A A gy F AT )

where the small bar . is the covariant derivative of the horirontal subepace (hedarivative), the large bar  stands for the
covarbant derivative of the vertical subspace (o-desivative] and [* = y* /F s the unil supporting elemend (for Lurther details
son [2, a3 The selstion (9) monitors tlis parallel displacement of a frst rank bensor sfong Wi e congreence with respect
o Lhe il supporiing diveelion.

The two difforont covariant derivatives rosult fom the dopondence of tensortal onbities on tangent bundle variabls.
Thexeloze, the diffrantistion takes place in the vertor bundle 7T M, They refiect the natural splhit of T7 M o the borizontal
ard vertical sublaodles gham by the Whitnoy sum

TTM = HT M@ VT M. | {10}

The above split comes from the nonlinear connection distribotion H w0 & TAM - HuTM & ToT A which i wouhvalent to
- . "3k . N R N . ; . . g i N

the Tocal expression N, % = %%;,; The latter together with the diffeential opevator (9) implies a well defined spaco-thme mode]
oy & plven metrie struckare {10}, The coaflicients G are the spray delined by the extremal enrves of the supperfing clerend

J:)?J(l {J:}j'"' . ‘
P L A TS TR TY I N | A
g A () = 0, {11}

where {11} is an identical expression to the Riemannian peodesics for the nsual ChristoFel symbols . with only diffepence
the dependence of the metric on {z, yh, We cat ol seexpress The spray coefficionts with vempect to the morm Fln, u) as

ETE T
g :Eig“(amaay«sf‘f“ i (12)

Concerndng the second variation of an arbitrery integral curve, the covarians cxprossion (9) suggests that there will be
three difforont cnreatms tonsors genorated by the mixtare of the b and p-derivatives {2, ). Howsvar, by viveue of relation
{13}, when we restrict the displacereent of X along the supporiing element, the vortical part of {9} s switched off restraining
the variation on the horisontal sabbamedle. In-that onse the paraflel Heplacement of X alvng the supporting direction i
given by the fllowing formula, _

Dxe da® i .

- 3. Galpsa m X ¥, 13

R g o 1%

The hederbeative brings focth the effect of color on the evohdion of X* slong ¥° through the nonelinsr conpection.

Furthermore, X" is the supporting elonrent , X% = +®, the absolute differantintion (%) alony o(r) redices 1o the TSSO
{(311) for the extromal enrves,

Al
o Dy o {14}
dy

where the covariant derivabive Vi b an exprossion anntogous o the Levi-Civite connection & From now on the dot operator
on @ tensor field 2" denotes the evolution {parallel displacement) along a given congroence. Note, that the avioparniled
curves {14) conlesoe with the exremal onrves® (11),

Roteworthy is the Bmiting case 3 = 3% (z), known as the esoulating Risranmiag Hmit H, 12, 18], This resiricts our analpsis
to & subregion of the Finger manifold F, where the metrie tensor and any geometric entity depends solely oo the position,

rasfi} = gan(e, wis)), {15}

Hewever, from a physiosl viewpoint g® can play agsln ofther the role of the famdamental observer in relativietic linamatios or
the role of sy intervad variable In the Arst case tho standard Lovi-Choita difforontintion holds and the goodesivs coincido with
the geodesies of a IHemarmian manifold, while in the seconed case 1 non-Lianann space with torsion e fntroduced. Precigely,

TWhen we contoast werions Fiusor quantition slosg ¢° they rodnce to sinpler forms. Tn partionlar, the sitopasaliol enrves take tho R

i 5 8" they - wig G . s ;
expreion as in Riovsan goomotey for she Oartan Buolidem oonrection ss wolt as R the Chorn-Bund sonnoction, T%, vy % a2 # ghye
Newerthetess, the depandencs of the mearic o the " tlament de swppord® s8] remning,

*The same arghmeat bolds foo the Chems-Tnnd connection.

Math, Meth. Appl Sci GODS, 00 17 Copyright £ 0000 John Wiley & Sons, Ltd,
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i we impose that the abuohe differandiation is shvays along the stiporting dermant 1 then we reirievn e standard wlntion
for the geodesics,

1w .
%—;é_— + j:;?'rm{_‘f‘lrc,e{ + Phde rcd,?r}yﬂ’iid = (16}

wnd for the osculating subregion they coincide with the extremal curves of & Rierssnnian manifold. This implies the badt of
tefativistic cosmology snd gives nseful Tnsight Tor the bnprint of color on the cosmnologioal fuid 18] For a partioadar metrie
Bunetion the cosmo-dynamics will be modified providing & way Yo "loosely” constrain the Finderisa parametess.

Un she other hand, whan 3 corresponds o an internal verisble snother csculating stowcturs can be rebrioved by e
net-utegrable in gonorsl condition dy® = Z%de’. Thon wo can roeast volstion (8) n the followhsg forrulald, 14]

Doy X s X yid® {17

where the dovnhle bar is a covariant decdvative with torsion

e 2}‘(“ i 0 P
Xy = g + T g X (18}

apsd we define Iy, = T Z*‘CC“’M with ;3%« - Fg-,; + 7 ”,,;Eg, Thee: covariant formmlag of this strovture sre the zams with

the formuleg of Binstein-Cartan geometry. For eampls the Ricol idenditios raad
eh =g I u
X H X e ‘ri[}a::"‘ - ?ﬂ n’::-’Y eds (39}

with Hapes standing for the curvature tensor given hy the usual formuin for the overline definitions. The lsst term of relation
£18} fnvolves w covarisnt 8rd rank tensor resuliing from the antiswmmetry of the wnnection

?g&bc o yf{«tb\(:‘ " i{aﬁ{iz (2{}}

with the same properbics to the classic torsion tensor. The torsion Beld 75, i a divecs effect of the non-cuadraticity
of the metric function Fle,y). In other words, in this Bmdt the color of Pinsler nduces toision to space-time. From a
physical perspective this introduces a carvatwre theory compatible with Lorentz viclations, In this Famework, we may
consider w wtochastic distribution fur * ws » spaey time fuctuation that will inbroduee sorsion through relation (19) to the
nematics of & relativistic Suld (see the rlated mrticle [15]). AL this aptions of parallel translations open up o wide arens
of geometrodyrmnics that can Snd place ingide chassic genersd velativity as wall a5 side extended sheovles of gravity,

Now fet us concentrato our analysis to the ntomal deformations of the geodeste bundio defived by the supporting elemont,
Consicler 2 renrby geodesic to the supporting clement’s Integeal curves and the connecting vector £ given by

o™ oel®, {21}

whure « stands for a sl parameter, Ulien, by virsue of reletion (24} sad for a fiest order approximation with respest to e,
the Buale-bagrange copations (11) aply the following expression for the deviation of geodusics

&4 1 ()" = 0, (22)

The above exprossion tracks the relasive displacernent betweon two neighboring integral corves of the supperting element
bundle, The second rank tensor M, is the miafive curvalire with respect to the supporting direction. Is Finsler geometry
i Js nonetrivially corredated to the tungert of the supporting geodede congruence, We rerind the ruadar that the previous
relafion i vot the mosh goneral ewse sinet The traoslation is along v Hoben, meny properties of Ricwean goomotry still
hesdd.

‘Yhe eigenvalies of 1% are the principal sectional enveatures that characterize the devistion betwoess two neighboring
gendesics . Hs explictt form is miven with respoct o the spray coefficients {12} and the non-lrear connection, namely

w . OG0 AN, wclj""m:t LN Fepeny
Hy = ZW -y T 3 205 {’:‘)yé’ - NN, {23}

FThe deviation squation {22} is related to the Riemamnian curvasure beusor derved from (e horfzontal covariant derfvstive
e d
Hap = Rumalz, w)u'v", {24)

where in the Riemanian Bmit R depends solely on the posttion coordinates. From a relativistio standpoing, relation (223
describes the relitive acceleration between nelghboring observers, The acceleration & in the foreground manifisld where the
gravitabioeal foroe may not be the only tidal affect (1],

TWe remnrk shat 4%, is of the st fom oither in case of Cagtan or Chers-Rasd cornsetion i In other words the Jacobi eouation s of the
same form i both cases. R oo rocent disorssion on the Finslering gonerslization of the Jecohd seuntion asing the Chern-Tend connection
B g

san {16].

Copyright & 0000 John Wiley & Sons, Lid. Math. Meth. Appl Sci. 0000, 00 1-7
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‘Lo demonstrate this, lot ss consider the Remanning neetric o = Vo together with o T-form 4 = byt 1L Assoming
. Handers metric favetion Fin, ) == e+ B, relation {2) sives back the explicit expression for the fmdarmental tensor

s
&

5 e
Jab == ;;{f-l'r,sb - Va Mi:} -+ 3alby . {25}

where we define the normalized vector with respest to the Dommanian mitric Vi = ﬁcw)gf*. In Randers spmess we can exctrack
foromidas rolated o the Riemaanina subregion, This is clearly depitted in the provious redabion whers s Bsformnl relation
between the foreground metric goy 2od the backpround g 15 given. The torm disformal is used 10 coftrast to the conlformm
travsformation [19), The Buler-Lagrange eonations imply the Finslarian spodesics

Efaf g,‘gfé' ) Fﬁﬁy«‘: P . [_2(‘})

We desote by ; the usual Riemsnniun covariant desvative of the o tuekeie, and Fop = by, g b8 2 purely antisymmettie tengor.
The last serm i the ths of the above relation interprets the Finder geodesics as a magnetic flow of a Riewamedan space snd
brings furth an interesting interpiay between geometyy asd physics, For example, In three dimensions, = Randes stouciure
of consiant flag curvature corsesponds to a Killing isgnetic feld a0, |

"Ihe deviation equation (22} monitors the internal deformation of the fundamental congruenee 1. Uhe curvatire tensor
Hev B sypomotele wad purely spabind, Husl® =0, Hurthermors, wiing the cowntiand expressions {4} wo can decompose the
relative curvature to its breducible parks,

Mot = 3 Kt + Hosy- , (29)

The fist term is the sealar flag carvature of Finsler geowetry and corresponds o the wsunl fortala, & s Ban (3% whes
the manifold is white, The second term is the symmetrie, projective and frace foe party Homy = Moy — -é;i:f'm. 1 involves
i she Kincmatics the Wayl eurentore which n Findy geometry i suttably defined bk % 35 5 oore eomphientod formada, We
can olate particular properties of the normalised demental bundle by imtroducing the distortion tensor,

£ 32N {0

and along the supporting direction Is Wivial to prove that B = Tl Then, by taking the tme derivative of (301 and
suthstituting n (22) we reeover the evolution of the tousorial distortion

Byt + Byl w0~ Hag. a1}
Within the Rieusannian contexs, rofation (317 plavs o kevnete role in stading of cosmological Huids and gravitadional collapse.

it s abso crucial o the Formudation of varivos sippulerity theorers.
Wo can Turther desompese the distortion tensor rolative to she fandemental observor [® ag

i . o
Vol == —iﬂhﬁp o g b Gt (323

where we deflne with respect o she projected covariant derbeative D, = b, P9y, the expansion scalar € = D%, thal motitors
volimae changes . the shear o = Dby that tracks shape distorsions and lor the 8D LeviCivita syiabiol, tuue = capugl?
the vorticity wa = cuel 1772 that correspands to the change of eriodation 1211, The vorticiby, shear and sypansion that we
defined ave for sx infinizesbenl volume clement pavaliel Transported along the supporting divection 1%, Using the mesriciy
eondition Gep = 0 we can Rother decombose relstion {31} into its brreducible parts Lhe sealar pat corresponds to the
Rayehandinr equation

8+ 28 = K- 2 — W), {2}

L

F e bimetric relation (28) provides a naboral feamework o study motion B aniscsropie medin, In ok, for le ="V 1t is confermally relatod
bt the optical metrie of 4 mediom with o weving optieal index
E: = ey
Hap 7 (g 4 =V VT {47)
_ . . . . N T . - -t P
En that case tle I-ferm  that brakes the gondratic measuremant b direetly connscted to the refractive index 0 of the medium 1 o= = f%‘
Wi rummacde wlae bhat relstion (27) bnplios that ile graserabzed Gordon unsabz v massive and bimebric gravity wmey be inturpruted ve o Figsler
space-tima17]. Alko. a similur oonformal wwisie apprenry as the foreground metrie of pariuchations on polential fows Wy sebitrary grivibslionsl
Hededn {181, Gor
2 @ -
T [ | o . {453
&
wheris 4 Fiaslor struatire nasarsily sworges once again. A this paing, we sopind the seador that the Fiasler mokrie tansor s hesgorneous of
degres zoro with respont to fhe comridinate incremoents. Tn fact, in all the nhove sases we dead with vormabbed wentor Selds thas graranton the

U-homegeaity of Gai.

Math BMeth Appl Sci 060 00 17 Copyright £ 0000 John Wiley & Sons, Lud.
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the prajective, syrametric snd fmee free art gives hack the eveludion of shear
\ 2, it . M £ 2
Tty == -gﬁﬁm = Fola® 4y — Wigesy — e, {34

closely relaled to the propagation of tensor parturhations and to smisobropies; and the antisyimmetio pare givus back the
propagackon of vortivity
9
oy B '}E@wﬂ 4 ‘:’mif“-’l’v {35}

The shove relationg have » divest anulogy to the Rismanming cose. Hence, the same argrments will hold for ¢he knematics
of the ".conzruencs, For exnmple, survaturs i not a source of vorticity and rrotational eodesics with positive scalar fag
curvagare K 2 0 always forms a canstio, Note, that this brings fovih a bematiful conpection betswesn Tigidity and stogulariy
theorens of Finder geometry *~,

Consdder an (o, 5) metrie whore a stands for a Rismannian etric i the beckground while & I 5 t-forn, The Hap
curvature will depend on the Riemann curvature tensor of @ and on A, For example, v 2 Reanders space there is » simple
corrgkation .

Hap = Hua{K, #), C{(a6)
where Has s 4 tensor that depends on the Bt Riemann tensor of the background, Resesls), and can be uxplicitly caloslated
(78, Therafore, the back gromnd curvatnre nop-trivially sourcss deformations o the fundamestal congruenice of the foreground
spuee-birme, For exsmple we can prove that the Weyl errvabure of the backeround witl affect the axpatsion of the How 11
The Pinglerian Kinemestics of the mediom my be visualiged as the offect of classic Riomanaish curvatire oar bhe dnternsl
deformation of & congrience mnoving in o wind. The (re, 8) metrics e ap f {H-like theory of gravity whare wo rixodify the
way thet the garvature of the background metric o generstos deformations in a geodesic congruence of the foreground space.
time {see relation (36) combined with {313}, O great inferest is the effect an the expansion of the fow since Haychandhui's
cquation iy dircetly refated to the commalagical evolation. Fre isoly, positive torms I the vhy of velation {38} acoelerate
thie expansion. L has, 6 cose oF an frvofations and sher-free * supporting® fandamentad copgraence, negutivs scoler fog
curvature, K< U, implies an ecoelorating CIpansion.
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