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CURVATURE AND LORENTZ TRANSFORMATIONS
OF SPACES WHOSE METRIC
TENSOR DEPENDS ON VECTOR AND
SPINOR VARIABLES.

By Panayotis Staviinos and Sotirios KouTROUBIS.

§1. Introduction. An interesting study of differential geometry of spaces whose
metric tensor g. depends on spinor variables £ and £ {(its adjoint) as well as coordinates
2+, has been proposed by Y. Takano [1}*.

Recently Y. Takano and T. Ono ([2}, [3], [4]) have studied the above-mentioned spaces
and they have given a generalization of these spaces in the case of the metric ensor gu
depending on spinors variables £ and £ and vector variables y* as well as coordinates xt
Such spaces are considered as a generalization of Finsler spaces.

In the present paper the authors study Lorentz transformations and the curvature in the
above generalized spaces with metric tensor gu {x, . & &Y.

Greek lettess A, 4, v, - and &, £, . -+ are used for spacetime indices and spinors
indices, respectively and Latin letters g, b, ¢, for Lorentz indices.

§ 2. Lorentz transformation. We shall now present the transformation character of
the connection, the non-linear connection and the spin connection coefficients with respect
to local Lorentz transformations which depend on spinor variables, vector variables as well
as coordinates.

For any guantities which iransform as:

(2.1 flzy, & 8 =, EN=Uz.y.¢ &)
their derivatives with respect to x*, y*, £, and &“ under Lorentz transformations :
(2.2) wimgt,  yimyh EI=MG ET=ATCE
will be given as follows:
U af | of 3L af 8AT =
Sl T TR R T A T
QU _ Of .o Bf 34k 8F" LAY &,
b S e N T Ge e eE o

GU _ 3f yore O he , O 3475,
afa’ aérﬁA a+ aéﬂ, aEQST-;_ aérﬁ 85&’ E »

(2.3) o)

Received May 10,1992
1} Numbers in brackets refer o the references at the end of the paper.
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8U _ af LA 9Nk, | af oA™Y
ayt IR AN T T

Taking into account that (2.23) of [4], namely:

d) + 3

. ]
24) T =+ N ag FRT )~ (D CEN B CRy
(%)
gx _(Fu(*)k

(where, the non-linear connections coefficients N ., NF, are given in [2]), we substitute
(2.3) in (2.4), then, the non linear-connection coefficients have to be transformed for Lorentz

scalar quantities as:

1
a) Na,lemA +“§'(§T‘fﬁ,

(2.5) L g
8y NT=NiAS7"+——rF L7,

[} Y

In the above mentioned (2.5} a), a’} the relation %"T:'S‘“T was used for [ * ]-differential

operators. For the calculation of the transformation character of non-linear connection
coefficients Ram A3, 2, Al nb,, né, are used the relations:

a{*] e al*]’ 3{* n _laa*l’ 8t*1 _ 5{*]’
Ee S A T
Also by means of (2.23) b), ¢), d) of [4] and (2.3} we oftain

5{*1

Aﬁ 5‘)’:

ay*
3[*} -—_lg‘ =

ayd E 2
7OR ¥ £ 0
C) ns A (A‘? aéa’ E?‘)s

P
(2.5) o) mp=az( A+ L)

b) nﬁi“/lﬁnal+

by Ai=AFAYE

d) n’Bi:/la(Aﬁnra“*‘a AEET):
g1 A-id
SE¢ )

Consequently, [ * -derivatives of the quantities (2.1) will satisfy the following relations :

IR A . A mee o e re_OF
ax,l a ,{+Na,4 asra’ "f'N aé.,c( F y ay

&) n'ﬂ—A*(no A E A

IR g 4 ’
b) L= gf Ty ity c;f"*y"gér,
._14 5t Gf ;e 3f e 8fr el )he sz ar’
(26) C) A O'Eﬂ' 85, THg 85 + A ag/ﬂ C T y vgjé'?’
4 A2 Gy I ar _ C(*)fkyff—-f—ma .

35‘3 agfu+n Ba T O ag,s ter FI
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When we have Lorentz-scalar quantities
(27 [y & 8V=1 (2, 5. & &)

a[*}f a[*lf ai*if E)i#}f . .
fi .
then, the e R are transformed as Lorentz-scalar and spinors adjoint 1o

each other, respectively. Consequently [ # l-differentiations are covariant differential opera-
tors for Lorentz-scalar quantities. The spin connection coefficients whih, 05, 9587, 6%} will
be transformed by Lorentz transformations as follows:

We consider the relation (3.23) a) of [4], namely,

[%
(2.8) mztam(aa ke | riy f*ha)
and respectively,
] i
(2.9) Wl :( 7 b -l-f',}?‘"“h’g)hﬁ.b,
(2.10) Tl =™

also for the tetrads A% and A% valid the relation A'4=L2hE ({4.1} of [2]), then taking into
account that (2.8), (2.9} and (2.10) we take the transformation formula of spin connection

coefficients @i,

(2.11) a) wBi=LiLi ol +2 hchb,

where the connection coefficients [}H#, I"1%* are Lorentz—scalar. With similar procedure we
can take the transformed connection coefficients of G4, B8 AM%, using the relations

£3.23)b), ¢}, d), of [4]. Therefore the transformations formulae are given by the expressions :

La

b) 6 =rsriai+ L Ein L,

(2.19) ¢y GHF=A" ”[8&;“%%% 38;“" bndc},

o ey =i emrere+ S i)

Next, we shall derive the transformation character of the spin connection coefficients
ripe cxis cf*1% and CUH2 under Lorentz transformations. If we take the relation (3.6) &)

of [4], namely,

(2.12) Na=TI%7¢
and
(2.13) N y=TF78,

and we substitute (2.5) a) in (2.13), then, we obviously take the required transformation
formula,

(2.14) a) o= A7 Az O - AL g

With similar procedure we can find the transformation character of the spin connections,
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foria 55* f , Gl

)

b) CHF=ATVPALC G 4 —ip® 85 e At
(2.14) o) Grisiio [A;C?{Hﬂﬁflﬁw“?“"@m(y“{l“i/l;‘ﬂ/lgiﬂ,
4 = [AEC?EWA;‘%_@@?@A A ]

Finally, from (3.20) of {4] and (2.5), (2.14), arbitrary terms a,, by, A%, Ba, are transfor-
med as follows:

a=ar B (e £(2 e,
b= bwﬁ’ﬂ( *j}) &+ E (‘M’ 18's
R S
Bo= Azt B (3 Jeer & (ag )

§3. Curvature. In this section we shall present the form of the curvature of the
above-mentioned spaces. There must exist ten kinds of curvature tensors corresponding to
four kinds of covariant derivatives with respect to r* ¥ &, £%, (coordinates, vector
variables, spinor variables).

If we denote with N, n the number of curvatures and the kinds of covariant derivatives,

then we have generally, N = M In our case N =10, n=4. Like in [2] §5, here, they

appear three different expressions of the above-mentioned ten curvature tensors, which are
closely related to each other. The relation between ten curvature {ensors Ty and ten
spin-curvature tensors Zzexv, will be the following:

(3.1 Tooxy = Ty BERas,

which arises from integrability conditions of the partial differential equations (cf. (3.22) of

(2.
The curvature tensors which are calculated beiow, come from the Ricel identities [ 5],
Ea el

[6], as well as the commutation formulae of the [ ]-differential operators = v
The curvaiure tensors Tiyy are defined as follows:
=L ~GOLED | g rige - Ll
W{AE*’ *l#Tm{,ALTlTC[*]F+Z£xcs‘;{<]ﬂ},

where AU, A7, A%, A, are given by
4;:=,;zz1mw O Agae— Af Cfe= A5 C e,
AF 7= AL+ G Agn— AL C i+ AL C
A= A+ (C¥y ) Apet+ AL Chy),
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. 8[*}Nn _ a[*le F 85*11”\?;“ 5{*1&3
T St art ETGE T Gt
- ki _ _
b= S [~ (T84 CE N+ R )y
3{*] /P AT T
_-ép—i-(rﬁc+cr N«k+Nk C‘ga}y ]‘

Similarly, the curvatures Pl and Wi can be defined as follows:
1%] ks 0] o Ll :
po, =S T e i cig
—-(E;ﬁé;f*l"r%“ E"sﬁlfci;k}#_kﬁﬁﬁlk Cu[fl;z),
b o e k| prikis o . ;
J ale - J 8?;}:,‘ N "f'FJz‘]zCz{%*]ﬂ"'nfk*]#Czﬁkh
~ (DL CI¥ -+ DI Gl + DR C JF14).
The quantities EM, EW F¥ ptl B P are defined respectively to A™, 4™, and
A As a matter of fact the expressions are too big 10 be presented for all ten curvature
tensors, we prefer to give an algorithm for the general case, presenting the following table
p g P 4
of symbols.

W=

Table 1.
coordinate connection Non linear connections

vector coefficiants - -

spinors oeHicien MNex (Y) | NKTY) N
= e Nt Ae (Tt CF N RECE Y
¥ C;EIH‘L: Ay R w{ CE+ éfkanﬂ*' ﬁfc’;a)y‘
£, gl¥le= ns® P —(EF T R Ol
e Cle ', #la ~(Cl+ Conl+nia CEYYT

In general for each of the ten curvature ensors, we have

{%] # i) #
(3.2) Ty =2 %"I? 2C M Ca‘;l Yi¥ 1 Con X5 Con Y& —Con Y Con X

— (Al T & A@T Ol AT ™,
where A%, AW, AW*, Ayxy, ALy and 4%y are given by,
A[ §,§;§, == {_47)(1/ —HC?B “dexy "":‘fgﬂ' Ch *“_‘Z)’?y Cl,
_}'{!’ =Aky+ CofA.eXY + Ay Ce+ A3y Cil,
AR = Ay H{CF YV Ay + A5 (CRY),

Ay = 8N, N, ')?{Fx_é‘_‘f_l.ﬁg._ S N

ar 9X - 3y X
L) L)
kv 5¥ X

where Con X% represent the connection coefficients I, CF¥, CH*ive o We write
down all ten curvatures using the algorithm presented the above and adopt the following
symbolism :

Now, the spin curvature tensors Tuexy are defined in (3.3). The table 3 is useful
According to the table 3 our general formula becomes
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Table 2,
X.¥ Ther AW A A
o R A A A
& P E E E
& P F F F
zy w D b b
&8 g B B B
&& 5 ¥ i 7
&y Ie] G G G
EZ Q I J 7
Ey 2 @ il ]
>y z H H g

Table 3.

(3.3)

coordinates/
vector/spinors

Spin connection
coefficients 1

z! s
b i
£ g
£ 85

5™sp. Con Xawy

J*sp, Con Yasr

Tooxy = 37

ax

“+sp. Con Xaoxsp. Con Yy —sp. Con Yevsp. Con X

— (AR U7+ A%y B35+ AW B,
where sp. Con Xaux represent the spin connection coefficients whfs, 4551, Gidie gl and 4
are defined as before. We can write down all the spin-curvature tensors using the symbolism
of table 2 with appropriate indices.

These spin-curvature tensors will also appear in Ricel’ formulae for a Lorentz vector

field. To examine the transformation character of the curvature fensors, it is convenient to
divide them into the parts T.9¢ and Ti¥¢:

Ty = zf?:)# - T&)#,
where

foe] " ] u
rgp=~2-Co0 X IZCHMAN 1+ Con X5rCon Y4 —Con YiCon X4,

T = AU Gl + AT Cie + AR i,

T'he curvatare tensors T¥4¢ are expected to have the same transformation character as T\%f
and T4y, and are confirmed to transform as tensors or spinors under general coordinate
transformations and local Lorentz iransformations by formulae (2.3), (2.5} and (2.14). The
arbitrary terms of spin connection coefficients are contained only in the parts TS, the
arbitrarines disappear completely by virtue of the homogeneity of /¥, C¥, gl ¢,
Therefore, Tly as well as T are defined unambiguously. The following conditions are
imposed on Ti%¢ and T{}¥ and, therefore on Tlyy.
Contractions of £%, &,, y*, with the curvature tensors give the following:
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el ) — Ew () —

(3.4) $ =0 £ Téf“ e =0,
T =0, &' T{e =0

The above mentioned structures and properties of curvature tensors Tfyy are transfor-

med to those of spin-curvature tensors Thuxy through the relations (3.1). Also, the inte-

grability conditions of the partial differential equations or Ricei formulae for a spinor field,
lead to another spin-curvature temsors Ty which are related to Tguxy by the relation of

Thy= “%‘ Topsry (S0 o+ iTvls,

where I¢is the unit matrix, Ty, Ty are defined below by (3.5) and (3.6) respeciivly, Tapyy
are given by (3.3) and 59" by (3.18} of {4].

Again, in order to present the spin-curvature temsors Tl we are going to use an
algorithm along with appropriate table.

The general formula is

Table 4.
coordinates/ Spin connection
vectors/spinors coeflicients 2
zt T{A‘Hﬂ
s o 2l
‘. e
2 {¥lf
£ Cha

A*sp, Can X% d™isp, Con ¥
Té‘
G3) b aY ox

~sp. Con Y -sp. Con X —(AYY CIH¥ + 4B CE + AW Ci®y,

+sp. Con Xéc+sp. Con Y3

where sp. Con Xdy tepresent the spin connection coefficients and 4™ are defined as before.
To represent all the spin-curvature tensors, we may use the following table 5 for the

symbolism.
The spin-curvature tensors Tyy consisting of the arbitrary terms of I'f*, ¥, C e

C ¥l are defined as follows:

Table 5.
Y Ty Al A”l*] ;{[*]
Tz X A A A
Ty r D D b
z& = E E E
z-& z F F F
-y Y H i A
y-& v & G G
»& U ¢ & 7]
&8 [¢] B B B
&£ K v 4 I
EF o J J J
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_ Mopef Xy d™lgoef Yy

— (AL BT+ AB)7 R+ AF)T b,
where coef Xy are defined in table 7. If we want to write down all ten spin-curvature tensors
Tyy we may use the following table 6.

-+ i (coef Xycoef ¥y —coef Yycoef Xx)

Tabie 6. Tabie 7.

XY Ty coordinates/
. coefl. Xx

T » vectors/spinors
e xz = al*!
z-£ v ¥ Bi¥
aé ¥ £, Fia
o v & g
»é v
»é v
3 P
&£ o
23 a

The spin-curvature tensors Txy are defined uniquely on account of the conditions (3.27)
or (3.28) of [4] and the homogeneity properties of I, ¢ C1*1% and € although the
last parentheses contain the arbitrary terms.

By virtue of the conditions (3.26}, {3.28) of [4] together with the homogeneity properties
of [iM, i, ¢ {*3"’, C¥ similar conditions to {(3.4) are imposed on Ty : that is contrac-
tions of £7, £,, y* with the spin-curvatures Tyy that they form with each one of the set {z*,
v Ee &Y,

(3.7) ECW, =0,

Now, from (3.1), {3.5) together with {3.4), (3.7), it is easily shown that the similar conditions
to (3.2) on Tlv must be imposed on Ty
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