
Ask seic 5

Diaforik  GewmetrÐa Kampul¸n kai Epifanei¸n

1. DeÐxte ìti to paraboloeidèc pou dÐnetai apì thn exÐswsh z = x2 + y2

eÐnai prosanatolÐsimh epif�neia.
LÔsh
MÐa paramètrhsh tou paraboloeidoÔc dÐnetai apì

r(u, v) = (u, v, u2 + v2)

JewroÔme to monadiaÐo k�jeto di�nusma pou paÐrnoume apì thn paramètrhsh

N(u, v) =
ru × rv

‖ru × rv‖ =
1√

1 + 4u2 + 4v2
(−2u,−2v, 1)

To N eÐnai monadiaÐo diaforÐsimo k�jeto dianusmatikì pedÐo tou paraboloei-
doÔc, epomènwc to paraboloeidèc eÐnai prosanatolÐsimo.

2. UpologÐste ta jemeli¸dh megèjh 1hc kai 2hc t�xhc thc epif�neiac
z = f(x, y) ìpou f sun�rthsh t�xhc C2.

LÔsh
'Eqoume thn paramètrhsh

r(x, y) = (x, y, f(x, y))

rx = (1, 0, fx), ry = (0, 1, fy)

E = 1 + f2
x , F = fxfy, G = 1 + f2

y

rxx = (0, 0, fxx), rxy = (0, 0, fxy), ryy = (0, 0, fyy)

‖rx × ry‖ =
√

EG− F 2 =
√

1 + f2
x + f2

y

To monadiaÐo k�jeto di�nusma pou antistoiqeÐ s' aut  thn paramètrhsh dÐnetai
apì

N =
rx × ry

‖rx × ry‖ =
1√

1 + f2
x + f2

y

(−fx,−fy, 1)

e =< N, rxx >=
fxx√

1 + f2
x + f2

y

f =< N, rxy >=
fxy√

1 + f2
x + f2

y

g =< N, ryy >=
fyy√

1 + f2
x + f2

y
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3. UpologÐste thn kampulìthta Gauss kai thn mèsh kampulìthta, thc
epif�neiac pou dÐnetai apì thn paramètrhsh:

r(u, v) = (u + v, u− v, 4uv)

UpologÐste tic kÔriec kampulìthtec kai tic antÐstoiqec kÔriec kateujÔnseic
sto shmeÐo r(0, 1) = (1,−1, 0).

LÔsh
ru = (1, 1, 4v), rv = (1,−1, 4u)

UpologÐzoume ta jemeli¸dh megèjh 1hc t�xhc:

E = 2 + 16v2, F = 16uv, G = 2 + 16u2

‖ru × rv‖ =
√

EG− F 2 = 2
√

1 + 8u2 + 8v2

ruu = (0, 0, 0) ruv = (0, 0, 4), rvv = (0, 0, 0)

UpìlogÐzoume ta jemeli¸dh megèjh 2hc t�xhc:

e =
[ru, rv, ruu]
‖ru × rv‖ = 0

f =
[ru, rv, ruv]
‖ru × rv‖ =

1
‖ru × rv‖

∣∣∣∣∣∣

1 1 4v
1 −1 4u
0 0 4

∣∣∣∣∣∣
=

4√
1 + 8u2 + 8v2

g =
[ru, rv, rvv]
‖ru × rv‖ = 0

Epomènwc h kampulìthta Gauss dÐnetai apì

K =
eg − f2

EG− F 2
= − 4

(1 + 8u2 + 8v2)2

O pÐnakac tou telest  sq matoc thc epif�neiac, −TpN sth b�sh {ru, rv}
dÐnetai apì (

a11 a12

a21 a22

)
=

(
E F
F G

)−1 (
e f
f g

)
=

=
1

4(1 + 8u2 + 8v2)3/2

(
2 + 16u2 −16uv
−16uv 2 + 16v2

) (
0 4
4 0

)
=

=
1

1 + 8u2 + 8v2

(
2 + 16u2 −16uv
−16uv 2 + 16v2

)(
0 1
1 0

)
=

=
2

1 + 8u2 + 8v2

( −8uv 1 + 8u2

1 + 8v2 −8uv

)
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Sto shmeÐo r(0, 1) = (1,−1, 0) o pÐnakac tou telest  sq matoc eÐnai:

2
9

(
0 1
9 0

)

me idiotimèc k1,2 = ±3. Epomènwc oi kÔriec kampulìthtec eÐnai ±3. Ta idiodi-
anÔsmata dÐnontai apì tic lÔseic twn susthm�twn:

(
3 1
9 3

)(
x
y

)
=

(
0
0

)
,

( −3 1
9 −3

)(
x
y

)
=

(
0
0

)

UpenjumÐzoume ìti o parap�nw pÐnakac tou telest  sq matoc eÐnai ¸c proc
th b�sh {ru, rv} kai ru(0, 1) = (1, 1, 4), rv(0, 1) = (1,−1, 0). Epomènwc oi
kÔriec kateujÔnseic sto r(0, 1) = (1,−1, 0) dÐnontai apì ta dianÔsmata:

w1 =
ru − 3rv

‖ru − 3rv‖ =
1

2
√

5
(−1, 2, 2)

w2 =
ru + 3rv

‖ru + 3rv‖ =
1

2
√

5
(2,−1, 0)

4. JewreÐste thn epif�neia ek peristrof c me paramètrhsh:

r : (a, b)× 2π → R3, r(u, v) = (f(u) cos v, f(u) sin v, g(u))

Upojèste ìti h f den mhdenÐzetai kai ìti h kampÔlh eÐnai monadiaÐac taqÔthtac
dhl. ìti (f ′)2 + (g′)2 = 1. UpologÐste thn kampulìthta Gauss kai thn mèsh
kampulìthta.

LÔsh

ru = (f ′(u) cos v, f ′(u) sin v, g′(u))

rv = (−f(u) sin v, f(u) cos v, 0)

ruu = (f ′′(u) cos v, f ′′(u) sin v, g′′(u))

ruv = (−f ′(u) sin v, f ′(u) cos v, 0)

rvv = (−f(u) cos v,−f(u) sin v, 0)

epomènwc ta jemeli¸dh megèjh 1hc t�xhc eÐnai:

E = 1, F = 0, G = f(u)2

kai ta jemeli¸dh megèjh 2hc t�xhc dÐnontai apì:

e =
[ru, rv, ruu]√

EG− F 2
=

f(u)(f ′(u)g′′(u)− f ′′(u)g′(u))
f(u)

= f ′(u)g′′(u)−f ′′(u)g′(u)

f =
[ru, rv, ruv]√

EG− F 2
= 0
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g =
[ru, rv, rvv]√

EG− F 2
=

f2(u)g′(u)
f(u)

= f(u)g′(u)

UpologÐzoume thn kampulìthta Gauss:

K =
eg − f2

EG− F 2
=

g′(u)(f ′(u)g′′(u)− f ′′(u)g′(u))
f(u)

MporoÔme na aplopoi soume autìn ton tÔpo qrhsimopoi¸ntac thc sqèsh:
f ′(u)2 + (g′(u))2 = 1. ParagwgÐzontac ta dÔo mèlh èqoume:

f ′(u)f ′′(u) + g′(u)g′′(u) = 0 ⇒ f ′(u)f ′′(u) = −g′(u)g′′(u)

kai antikajist¸ntac ston tÔpo gia thn kampulìthta paÐrnoume:

K =
g′(u)(f ′(u)g′′(u)− f ′′(u)g′(u))

f(u)
=
−(f ′(u))2f ′′(u)− f ′′(u)(g′(u))2

f(u)
=
−f ′′(u)
f(u)

H mèsh kampulìthta dÐnetai apì ton tÔpo:

H = H =
1
2

eG− 2fF + gE

EG− F 2
=

1
2

(f ′(u)g′′(u)− f ′′(u)g′(u))f(u) + g′(u)
f(u)

5.UpologÐste thn k�jeth kampulìthta tou kÔklou α(t) = (cos t, sin t, 1)
sto paraboloeidèc z = x2 + y2.

LÔsh
'Estw kn(t) h k�jeth kampulìthta sto shmeÐo p = (cos t, sin t, 1). Tìte

kn(t) = IIp(α′(t))

JewroÔme th sun jh paramètrhsh tou paraboloeidoÔc

r(x, y) = (x, y, x2 + y2)

Apì thn �skhsh 2 ta jemeli¸dh megèjh 2hc t�xhc tou paraboloeidoÔc
dÐnontai apì

e =
2√

1 + 4x2 + 4y2

f = 0

g =
2√

1 + 4x2 + 4y2

'Eqoume
rx = (1, 0, 2x), ry = (0, 1, 2y)

α′(t) = (− sin t, cos t, 0) = (− sin t)rx + (cos t)ry
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epomènwc

IIp(α′(t)) =
2√
5

sin2 t +
2√
5

cos2 t =
2√
5

6.DeÐxte ìti h mèsh kampulìthta mi�c kanonik c epif�neiac sto shmeÐo p
dÐnetai apì

H =
1
2π

∫ 2π

0
kn(θ) dθ

ìpou kn(θ) eÐnai h k�jeth kampulìthta sto p se mÐa kateÔjunsh pou sqh-
matÐzei gwnÐa θ me stajer  kateÔjunsh.

LÔsh
Apì ton tÔpo tou Euler,

kn(θ) = k1 cos2 θ + k2 sin2 θ

ìpou k1, k2 eÐnai oi kÔriec kampulìthtec sto p. Epomènwc
∫ 2π

0
kn(θ) dθ =

∫ 2π

0
(k1 cos2 θ+k2 sin2 θ) dθ = k1

∫ 2π

0
cos2 θ dθ+k2

∫ 2π

0
sin2 θ dθ =

= k1

∫ 2π

0
(
cos 2θ + 1

2
) dθ + k2

∫ 2π

0
(
1− cos 2θ

2
) dθ = k1π + k2π

epomènwc
1
2π

∫ 2π

0
kn(θ) dθ =

k1π + k2π

2π
=

k1 + k2

2
= H
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