
Ask seic 4

Diaforik  GewmetrÐa Kampul¸n kai Epifanei¸n

1. 'Estw S to paraboloeidèc pou dÐnetai apì thn exÐswsh z = x2 +
y2. UpologÐste to embadìn tou qwrÐou, R thc S pou brÐsketai an�mesa sta
epÐpeda z = 0 kai z = c2.

LÔsh. MÐa paramètrhsh tou paraboloeidoÔc eÐnai h

r(u, v) = (u, v, u2 + v2)

UpologÐzoume ta jemeli¸dh megèjh pr¸thc t�xhc:

ru = (1, 0, 2u)

rv = (0, 1, 2v)

E =< ru, ru >= 1 + 4u2

F =< ru, rv >= 4uv

G =< rv, rv >= 1 + 4v2

ParathroÔme ìti to qwrÐo R eÐnai Ðso me r(U) ìpou U eÐnai o dÐskoc
aktÐnac c:

U = {(u, v) : u2 + v2 ≤ c2}
Epomènwc èqoume

A(R) =
∫

U

∫ √
E(u, v)G(u, v)− F 2(u, v)dudv =

=
∫

U

∫ √
1 + 4(u2 + v2)dudv

QrhsimopoioÔme thn allag  metablht¸n u = ρ cos θ, v = ρ sin θ kai è-
qoume

∂(u, v)
∂(ρ, θ)

=

∣∣∣∣∣∣

cos θ −ρ sin θ

sin θ ρ cos θ

∣∣∣∣∣∣
= ρ

kai

A(R) =
∫ 2π

0

∫ c

0
ρ
√

1 + 4ρ2dρdθ =
∫ 2π

0

(1 + 4c2)3/2

12
dθ = π

(1 + 4c2)3/2

6

2. DeÐxte ìti to embadìn enìc fragmènou qwrÐou R thc epif�neiac z =
f(x, y) eÐnai
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A =
∫

Q

∫ √
1 + f2

x + f2
y dx dy

ìpou Q eÐnai h probol  tou R sto xy epÐpedo.
LÔsh. JewroÔme thn paramètrhsh thc z = f(x, y):

r(x, y) = (x, y, f(x, y))

UpologÐzoume ta jemeli¸dh megèjh 1hc t�xhc:

rx = (1, 0, fx), ry = (0, 1, fy)

E = 1 + f2
x , F = fxfy, G = 1 + f2

y

An Q eÐnai h orjog¸nia probol  tou R sto xy epÐpedo èqoume:

A =
∫

Q

∫ √
E(x, y)G(x, y)− F 2(x, y)dxdy =

∫

Q

∫ √
1 + f2

x + f2
y dxdy

3. 'Estw r : U → R3 paramètrhsh epifaneÐac me jemeli¸dh megèjh:

E(u, v) = 1 + v2, F (u, v) = −2uv, G(u, v) = 1 + u2

UpologÐste th gwnÐa an�mesa stic u, v-parametrikèc kampÔlec se tuqaÐo
shmeÐo thc epif�neiac.

LÔsh. An θ eÐnai h gwnÐa pou sqhmatÐzoun oi kampÔlec r(u, v0), r(u0, v)
sto shmeÐo (u0, v0) tìte

cos(θ) =
< ru(u, v0), rv(u0, v) >

‖ru(u, v0)‖‖rv(u0, v)‖ =
F (u0, v0)√

E(u0, v0)G(u0, v0)
=

−2u0v0√
1 + u2

0 + v2
0 + u2

0v
2
0

4. 'Estw γ(s) kampÔlh monadiaÐac taqÔthtac ston R3 me pr¸to k�jeto
di�nusma N(s) kai deÔtero k�jeto di�nusma B(s). O swl nac aktÐnac a gÔrw
apì thn γ eÐnai h epif�neia pou dÐnetai apì thn paramètrhsh:

r(s, θ) = γ(s) + a(N(s) cos θ + B(s) sin θ)

Sqedi�ste aut  thn epif�neia. Upojèste ìti h r eÐnai 1-1 kai deÐxte ìti eÐnai
omal  an h kampulìthta thc γ eÐnai mikrìterh apì 1

a gia k�je s. DeÐxte ìti
to embadìn tou kommatioÔ thc epif�neiac pou dÐnetai apì s0 < s < s1, 0 <
θ < 2π, ìpou s0, s1 stajerèc, eÐnai 2πa(s1 − s0).

LÔsh.

∂r

∂s
= (1− ak(s) cos θ)T (s) + aτ(s) cos θB(s)− aτ(s) sin θN(s)
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∂r

∂θ
= −a sin θN(s) + a cos θB(s)

AfoÔ ta dianÔsmata T (s), N(s), B(s) eÐnai grammik� anex�rthta èqoume
ìti ta dianÔsmata ∂r

∂s ,
∂r
∂θ eÐnai grammik� anex�rthta an 1 − ak(s) cos θ 6= 0.

An k(s) < 1/a tìte 1 − ak(s) cos θ > 0 epomènwc ta ∂r
∂s ,

∂r
∂θ eÐnai grammik�

anex�rthta kai h epif�neia eÐnai omal .
MporoÔme epÐshc na upologÐaoume

rs × rθ = −a(1− k(s) cos θ)(cos θN(s) + sin θB(s))

to opoÐo eÐnai mh mhdenikì an k(s) < 1/a. UpologÐzoume thn pr¸th
jemeli¸dh morf :

< rs, rs >= (1−k(s)a cos θ)2+τ(s)2a2, < rs, rθ >= 2τ(s)a2, < rθ, rθ >= a2

Epomènwc to embadìn tou swl na eÐnai

A =
∫ s1

s0

∫ 2π

0
a(1− k(s)a cos θ)dθds = 2πa(s1 − s0)

5. JewroÔme thn sun jh paramètrhsh thc speÐrac S:

φ(u, v) = ((a + r cosu) cos v, (a + r cosu) sin v, r sinu) u ∈ [0, 2π), v ∈ [0, 2π)

UpologÐste ton pÐnaka tou telest  sq matoc

−TpN : TpS → TpS

ìpou p = φ(u, v), wc proc thn b�sh {φu, φv}.
LÔsh. UpologÐzoume ta jemeli¸dh megèjh 1hc t�xhc:

φu = (−r sinu cos v,−r sinu sin v, r cosu)

φv = (−(a + r cosu) sin v, (a + r cosu) cos v, 0)

E =< φu, φu >= r2, F =< φu, φv >= 0, G =< φv, φv >= (a + r cosu)2

UpologÐzoume ta jemeli¸dh megèjh 2hc t�xhc:

φuu = (−r cosu cos v,−r cosu sin v,−r sinu)

φuv = (r sinu sin v,−r sinu cos v, 0

φvv = (−(a + r cosu) cos v,−(a + r cosu) sin v, 0)

Lamb�nontac up ìyh ìti

‖φu × φv‖ =
√

EG− F 2 = r(a + r cosu)
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kai ìti to k�jeto di�nusma dÐnetai apì

N =
φu × φv

‖φu × φv‖
èqoume

e =< N, φuu >=<
φu × φv

‖φu × φv‖ , φuu >=
[φu, φv, φuu]√

EG− F 2
=

r2(a + r cosu)
r(a + r cosu)

= r

ìmoia upologÐzoume

f =
[φu, φv, φuv]√

EG− F 2
= 0

g =
[φu, φv, φvv]√

EG− F 2
= cosu(a + r cosu)

Epomènwc o pÐnakac tou telest  sq matoc eÐnai:

A =
(

E F
F G

)−1 (
e f
f g

)
=

1
EG− F 2

(
G −F
−F E

)(
e f
f g

)
=

=
1

r2(a + r cosu)2

(
(a + r cosu)2 0

0 r2

)(
r 0
0 cosu(a + r cosu)

)
=

=
1

r(a + r cosu)

(
a + r cosu 0

0 r cosu

)
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