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Diaforik  GewmetrÐa Kampul¸n kai Epifanei¸n

Apì tic shmei¸seic kef�laio 2: 1,3,4

1. Na deÐxete ìti h sun�rthsh

r : (0,∞)× (0,∞) → R3, r(u, v) = (u, 2u, uv2)

eÐnai paramètrhsh epifaneÐac.
LÔsh
H r eÐnai C1 afoÔ oi merikèc par�gwgoi twn u, u2, uv2 eÐnai suneqeÐc. To

diaforikì thc r dÐnetai apì ton pÐnaka:

Dr(u, v) =




1 0
2 0
v2 2uv




ParathroÔme ìti autìc o pÐnakac èqei t�xh 2 gia k�je (u, v) ∈ (0,∞)×(0,∞).
EpÐshc r(u1, v1) = r(u2, v2) ⇒ (u1, v1) = (u2, v2) �ra h r eÐnai 1-1. H
antÐstrofh apeikìnish dÐnetai apì

r−1(x, y, z) = (x,

√
z

x
)

h opoÐa eÐnai suneq c afoÔ gia k�je (x, y, z) ∈ r(U) isqÔei ìti x 6= 0 (kai
x, z > 0). SumperaÐnoume ìti h r eÐnai paramètrhsh epifaneÐac.

2. a) JewroÔme th sun�rthsh: f(x, y, z) = (x + y + z − 1)2. Gia poièc
timèc tou c eÐnai to sÔnolo

S = {(x, y, z) : f(x, y, z) = c}

kanonik  epif�neia?
b) 'Idia er¸thsh gia th sun�rthsh g(x, y, z) = xyz2.
LÔsh
a) O pÐnakac Jacobi thc f eÐnai o

(2(x + y + z − 1) 2(x + y + z − 1) 2(x + y + z − 1))

An c > 0 tìte gia k�je (x, y, z) ∈ S o pÐnakac Jacobi eÐnai o

(2
√

c 2
√

c 2
√

c) 6= (0 0 0)

�ra h S eÐnai kanonik  epif�neia. Gia c = 0 èqoume

(x, y, z) ∈ S ⇔ x + y + z − 1 = 0
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�ra h S eÐnai epÐpedo. Epomènwc kai s' aut n thn perÐptwsh h S eÐnai kanonik 
epif�neia.

b) O pÐnakac Jacobi thc g eÐnai o

(yz2 xz2 2xyz)

An c 6= 0 gia k�je (x, y, z) ∈ S = g−1(c) o pÐnakac autìc eÐnai mh mhdenikìc
�ra h S eÐnai kanonik  epif�neia.

An c = 0 tìte
S = {(x, y, z) : xyz2 = 0}

�ra to sÔnolo S eÐnai h ènwsh twn epipèdwn x = 0, y = 0 kai z = 0. Blèpoume
ìti autì to sÔnolo den eÐnai kanonik  epif�neia, p.q. den up�rqei q�rthc pou
h eikìna tou na perièqei to shmeÐo (0, 0, 0) ∈ S.

MÐa pio austhr  aitiolìghsh ìti to S den eÐnai epif�neia paÐrnoume up-
ologÐzontac ton q¸ro ìlwn twn efaptìmenwn dianusm�twn Ep sto shmeÐo
p = (0, 0, 0). O q¸roc Ep apoteleÐtai apì ìla ta efaptìmena dianÔsmata sto
p kampÔlwn tou S pou pern�ne apì to p. Epomènwc o Ep perièqei ta epÐpeda
x = 0, y = 0 kai z = 0 afoÔ k�je shmeÐo aut¸n twn epipèdwn mporoÔme na
to doÔme san efaptìmeno di�nusma k�poiac epÐpedhc kampÔlhc tou S, pq to
shmeÐo (0, y, z) eÐnai efaptìmeno di�nusma thc kampÔlhc α(t) = (0, yt, zt) ∈ S,
dhl α′(0) = (0, y, z). All� an h S  tan kanonik  epif�neia o Ep ja  tan Ðsoc
me èna epÐpedo. SumperaÐnoume ìti h S den eÐnai kanonik  epif�neia.

3. JewroÔme thn paramètrhsh tou paraboloeidoÔc

r(u, v) = (u, v, u2 + v2)

a) BreÐte to efaptìmeno epÐpedo sto shmeÐo p = (1, 2, 5).
b) BreÐte th b�sh tou efaptìmenou q¸rou sto p pou antistoiqeÐ sthn

parap�nw paramètrhsh.
g) DeÐxte ìti to di�nusma w = (2,−1, 0) eÐnai efaptìmeno di�nusma sto

p kai gr�yte to sa grammikì sunduasmì twn dianusm�twn thc b�shc pou
br kate sto b).

d) BreÐte mÐa kampÔlh α(t) sto paraboloeidèc t.w. α(0) = p kai α′(0) =
w.

LÔsh
a) ru = (1, 0, 2u), rv = (0, 1, 2v). 'Ara to efaptìmeno epÐpedo sto

(1, 2, 5) = r(1, 2) eÐnai to epÐpedo

E = {(1, 2, 5) + t(1, 0, 2) + s(0, 1, 4)}

b) Apì to a) er¸thma èqoume ìti h < (1, 0, 2), (0, 1, 4) > eÐnai h b�sh tou
efaptìmenou q¸rou sto p pou antistoiqeÐ sthn r.

g) w = (2,−1, 0) = 2(1, 0, 2)−(0, 1, 4) �ra to w eÐnai efaptìmeno di�nusma
tou paraboloeidoÔc sto p.
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d) To diaforikì thc r sto p dÐnetai apì

Jpr =




1 0
0 1
2 4




kai 


1 0
0 1
2 4




(
2
−1

)
= w

An β(t) = (1, 2) + (2t,−t) tìte h kampÔlh

α(t) = r(β(t)) = (1 + 2t, 2− t, (1 + 2t)2 + (2− t)2)

èqei α′(0) = w.
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