
Ask seic 2

Diaforik  GewmetrÐa Kampul¸n kai Epifanei¸n

1. 'Estw α kampÔlh monadiaÐac taqÔthtac t.w. k(t) 6= 0. DeÐxte ìti an β
eÐnai h probol  thc α sto eggÔtato epÐpedo sto t tìte h kampulìthta thc α
sto t, k(t), eÐnai Ðsh me thn kampulìthta thc β sto t.

LÔsh
JewroÔme thn kanonik  morf  thc α sto t:

α(t + h) = α(t) + (h− k(t)2

6
h3)T (t)+

+(
k(t)
2

h2 +
k′(t)

6
h3)N(t)+

+
k(t)τ(t)

6
h3B(t) + ε(h)h3

Probol  thc α sto eggÔtato epÐpedo sto t eÐnai mÐa kampÔlh β t.w.

β(t + h) = α(t) + hT (t) +
k(t)
2

h2N(t) + δ(h)h2

ìpou
lim
h→0

‖δ(h)‖ = 0

Epomènwc β′(t) = T (t) kai β′′(t) = k(t)N(t), �ra h kampulìthta thc β sto t
eÐnai k(t).

¤
2. 'Estw α kampÔlh monadiaÐac taqÔthtac t.w. h strèyh thc α eÐnai mh

mhdenik . DeÐxte ìti mporoÔme na prosdiorÐsoume thn kampulìthta thc α apì
to dik�jeto di�nusma B(s) thc α.

LÔsh
B′(s) = −τ(s)N(s)

�ra
|τ(s)| = ‖B′(s)‖

EpÐshc
B′(s)×B(s) = −τ(s)T (s)

�ra

T (s) = ± 1
‖B′(s)‖B′(s)×B(s)

Epomènwc

k(s) = ‖T ′(s)‖ = (
1

‖B′(s)‖B′(s)×B(s))′

1



¤
3. 'Estw α omal  kampÔlh tètoia ¸ste ìlec oi diqotìmoi pr¸tou kai

deÔterou k�jetou dianÔsmatoc pernoÔn apì stajerì shmeÐo. Na deÐxete ìti h
α eÐnai tm ma kÔklou.

LÔsh. 'Estw ìti ìloi oi diqotìmoi pernoÔn apì to shmeÐo p. Tìte gia
k�je s up�rqei f(s) ∈ R t.w.

p = α(s) + f(s)(N(s) + B(s))

Parathr¸ ìti
f(s) =< p− α(s), N(s) >

epomènwc h f(s) eÐnai diaforÐsimh.

p = α(s) + f(s)(N(s) + B(s)) ⇒ 0 = (α(s) + f(s)(N(s) + B(s)))′ =

= T (s) + f ′(s)(N(s) + B(s)) + f(s)(−k(s)T (s) + τ(s)B(s)− τ(s)N(s))

AfoÔ ta dianÔsmata T (s), B(s), N(s) eÐnai grammik� anex�rthta, h para-
p�nw exÐswsh eÐnai isodÔmamh me tic exis¸seic:

1− f(s)k(s) = 0

f ′(s)− f(s)τ(s) = 0

f ′(s) + f(s)τ(s) = 0

Prosjètontac tic dÔo teleutaÐec isìthtec èqw ìti f ′(s) = 0 �ra h f eÐnai
stajer . Apì thn pr¸th exÐswsh t¸ra èqw ìti h k(s) eÐnai stajer  kai
apì th deÔterh exÐswsh paÐrnw ìti τ(s) = 0. All� mÐa kampÔlh me stajer 
kampulìthta kai mhdenik  strèyh eÐnai tm ma kÔklou.

¤
4. D¸ste mÐa paramètrhsh tou graf matoc miac diaforÐsimhc sun�rthshc

f : R → R kai qrhsimopoieÐste th gia na deÐxete ìti h kampulìthta dÐnetai
apì ton tÔpo

k(t) =
|f ′′(t)|

(1 + f ′(t)2)3/2

LÔsh. MÐa paramètrhsh tou graf matoc thc f dÐnetai apì:

α(t) = (t, f(t))

'Eqoume
α′(t) = (1, f ′(t)), ‖α′(t)‖ =

√
1 + f ′(t)2

T (t) =
α′(t)
‖α′(t)‖ = ((1 + f ′(t)2)−1/2, (1 + f ′(t)2)−1/2f ′(t))
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T ′(t) = (−f ′(t)f ′′(t)(1+f ′(t)2)−3/2, (1+f ′(t)2)−1/2f ′′(t)−f ′(t)2f ′′(t)(1+f ′(t)2)−3/2)

‖T ′(t)‖ =
|f ′′(t)|

1 + f ′(t)2

'Eqoume ìmwc ìti h kampulìthta dÐnetai apì

k(t) =
‖T ′(t)‖
‖α′(t)‖

�ra

k(t) =
|f ′′(t)|

(1 + f ′(t)2)3/2

¤
5. 'Estw α : I → R2 epÐpedh kampÔlh monadiaÐac taqÔthtac t.w. k(s) < 1

gia k�je s ∈ I (ìpou k(s) eÐnai h kampulìthta thc α). OrÐzoume mÐa nèa
kampÔlh (thn `par�llhlh' thc α) me:

β(t) = α(t) + N(t)

DeÐxte ìti h β eÐnai kanonik  kampÔlh kai h kampulìtht� thc eÐnai

k(t)
1− k(t)

LÔsh
β′(t) = (1− k(t))T (t)

ìpou T (t) eÐnai to monadiaÐo efaptìmeno di�nusma thc α. 'Eqoume ìti

1− k(t) > 0

�ra h β eÐnai kanonik .
‖β′(t)‖ = |1− k(t)|

β′′(t) = k′(t)T (t) + k(t)(1− k(t))N(t)

Epomènwc h kampulìthta thc β eÐnai Ðsh me

β′(t)× β′′(t)
‖β′(t)‖3

=
k(t)

1− k(t)
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