
Ask seic 1

Diaforik  GewmetrÐa Kampul¸n kai Epifanei¸n

1. JewroÔme thn kampÔlh α(t) = (e−t cos t, e−t sin t), t ∈ R.
i) Na upologÐsete th sun�rthsh m koc tìxou, s(t) thc α xekin¸ntac apì

to t = 0. DeÐxte ìti limt→∞ s(t) eÐnai peperasmèno.
ii) DeÐxte ìti h gwnÐa an�mesa sto α(t) kai thn efaptomènh sto shmeÐo

α(t) den exart�tai apì to t.
LÔsh i) �skhsh 25 stic shmei¸seic.
ii) α′(t) = (−e−t cos t − e−t sin t,−e−t sin t + e−t cos t). An θ(t) eÐnai h

gwnÐa pou sqhmatÐzoun ta α(t), α′(t) èqoume:

cos(θ(t)) =
< α′(t), α(t) >

‖α′(t)‖‖α(t)‖ =
−e−2t

√
2e−te−t

=
−1√

2

�ra θ(t) den exart�tai apì to t.
2. DeÐxte ìti h kampÔlh α(t) = (4

5 cos t, 1 − sin t,−3
5 cos t) eÐnai kÔkloc.

BreÐte to kèntro, thn aktÐna tou kai to epÐpedo sto opoÐo brÐsketai.
LÔsh

T (t) = α′(t) = (−4
5

sin t,− cos t,
3
5

sin t)

‖α′(t)‖ =

√
16
25

sin2 t + cos2 t +
9
25

sin2 t = 1

'Ara h α eÐnai kampÔlh monadiaÐac taqÔthtac.

k(t)N(t) = α′′(t) = (−4
5

cos t, sin t,
3
5

cos t)

kai
k(t) = ‖α′′(t)‖ = 1

dhlad  h kampulìthta eÐnai stajer  Ðsh me 1.
UpologÐzoume th strèyh:

N ′(t) = α′′′(t) = (
4
5

sin t, cos t,−3
5

sin t) = −T (t)

epomènwc h strèyh eÐnai 0. MÐa kampÔlh me mhdenik  strèyh eÐnai epÐpedh. MÐa
epÐpedh kampÔlh me stajer  kampulìthta k eÐnai kÔkloc aktÐnac 1

k . Epomènwc
h aktÐna tou kÔklou eÐnai 1. To kèntro tou kÔklou C dÐnetai apì

C = α(0) + N(0) = (
4
5
, 1,−3

5
) + (−4

5
, 0,

3
5
) = (0, 1, 0)
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To di�nusma

T (0)×N(0) =
−1
5

(3, 0, 4)

eÐnai k�jeto s' autì to epÐpedo. Epomènwc h exÐswsh tou epipèdou eÐnai:

< (x, y, z)− (0, 1, 0), (3, 0, 4) >= 0 ⇒ 3x + 4z = 0

3. ApodeÐxte ìti an ìla ta k�jeta epÐpeda miac kampÔlhc α pern�ne
apì èna shmeÐo p0 tìte h α perièqetai se mÐa sfaÐra me kèntro p0 (upod.
paragwgÐste thn < α(s)− p0, α(s)− p0 >).

LÔsh
JewroÔme th sun�rthsh:

F (s) =< α(s)− p0, α(s)− p0 >

PargwgÐzoume:
F ′(s) = 2 < α′(s), α(s)− p0 >

ParathroÔme ìti to di�nusma α′(s) eÐnai k�jeto sto k�jeto epÐpedo thc α
sto α(s). AfoÔ to shmeÐo p0 an kei sto k�jeto epÐpedo, h exÐswsh autoÔ tou
epipèdou eÐnai

< α′(s), (x, y, z)− p0 >= 0

ParathroÔme ìti to shmeÐo α(s) ikanopoieÐ aut  thn exÐswsh, epomènwc

< α′(s), α(s)− p0 >= 0

gia k�je s. SumperaÐnoume ìti F ′(s) = 0 �ra h

F (s) =< α(s)− p0, α(s)− p0 >= ‖α(s)− p0‖2

eÐnai stajer  kai h α(s) perièqetai se sfaÐra me kèntro to p0.
4. 'Estw α kampÔlh monadiaÐac taqÔthtac kai upojèste ìti h kampulìthta

eÐnai mh mhdenik  gia k�je t. DeÐxte ìti an up�rqei epÐpedo E tètoio ¸ste to
deÔtero k�jeto di�nusma thc α , B(t), perièqetai sto E gia k�je t tìte h α
eÐnai epÐpedh.

LÔsh
'Estw v di�nusma k�jeto sto E. Tìte < B(t), v >= 0 gia k�je t. Parag-

wgÐzoume:
< B(t), v >′=< −τ(t)N(t), v >= 0

Ja deÐxoume me apagwg  se �topo ìti τ(t) = 0 gia k�je t. An gia k�poio t,
τ(t) 6= 0 tìte < N(t), v >= 0. SumperaÐnoume ìti to v eÐnai k�jeto me ta
B(t), N(t) �ra eÐnai suggramikì me to T (t).

'Eqoume epÐshc < N(s), v >= 0 gia k�je s se mÐa geitoni� tou s. Autì
isqÔei epeid  h τ eÐnai suneq c epomènwc τ(s) 6= 0 se mÐa geitoni� tou t. All�
tìte < N(s), v >= 0 gia k�je s s' aut  th geitoni�. Epomènwc

< N(t), v >′=< N ′(t), v >=< −k(t)T (t) + τ(t)B(t), v >= 0
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'Ara < T (t), v >= 0. All� autì eÐnai �topo afoÔ ta v, T (t) eÐnai suggramik�.
SumperaÐnoume ìti τ(t) = 0 gia k�je t epomènwc h kampÔlh eÐnai epÐpedh.

5. DeÐxte ìti h kampÔlh

γ(t) = (
1 + t2

t
, 1 + t,

1− t

t
)

eÐnai epÐpedh.
LÔsh
UpologÐzoume th strèyh thc γ:

τ =
< α′(t)× α′′(t), α′′′(t) >

‖α′(t)× α′′(t)‖2

α′(t) = (
t2 − 1

t2
, 1,

−1
t2

)

α′′(t) = (
2
t3

, 0,
2
t3

)

α′′′(t) = (
−6
t4

, 0,
−6
t4

)

α′(t)× α′′(t) = (
2
t3

,
−2
t3

,
−2
t3

)

< α′(t)× α′′(t), α′′′(t) >=< (
2
t3

,
−2
t3

,
−2
t3

), (
−6
t4

, 0,
−6
t4

) >= 0

Blèpoume loipìn ìti h strèyh thc γ eÐnai 0, �ra h γ eÐnai epÐpedh.
6. 'Estw α kampÔlh monadiaÐac taqÔthtac kai upojèste ìti h kampulìthta

eÐnai mh mhdenik  gia k�je t. OrÐzoume mÐa nèa kampÔlh me γ(t) = α′(t). DeÐxte
ìti h γ eÐnai kanonik  kampÔlh kai ìti h kampulìthta thc dÐnetai ap' ton tÔpo:

(1 +
τ2

k2
)1/2

ìpou k, τ eÐnai antÐstoiqa h kampulìthta kai h strèyh thc α.
LÔsh
γ′(t) = α′′(t) = k(t)N(t) ìpou k,N eÐnai antÐstoiqa h kampulìthta kai

to pr¸to k�jeto di�nusma thc α. AfoÔ k(t) 6= 0 èqoume γ′(t) 6= 0 kai h γ
eÐnai kanonik .

H kampulìthta thc γ dÐnetai apì ton tÔpo:

‖γ′(t)× γ′′(t)‖
‖γ′(t)‖3

AntikajistoÔme γ(t) = α′(t) kai èqoume:

‖α′′(t)× α′′′(t)‖
‖α′′(t)‖3
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'Eqoume
α′′(t) = kN, α′′′(t) = k′N − k2T + kτB

kai
‖α′′(t)× α′′′(t)‖ = ‖k3B + k2τT‖ = k2

√
k2 + τ2

Epomènwc h kampulìthta thc γ dÐnetai apì ton tÔpo:

(1 +
τ2

k2
)1/2
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