
Diaforik  GewmetrÐa Kampul¸n kai Epifanei¸n
Panagi¸thc Pap�zoglou

1 Eisagwg 

H Diaforik  GewmetrÐa jemeli¸jhke me to �rjro tou Gauss, ‘General Inves-
tigations of Curved Surfaces’, (1827) kai anaptÔqjhke perissìtero apì ton
majht  tou Gauss, Riemann. Anafèroume epÐshc tic progenèsterec ergasÐec
twn Euler, Meusnier.

Er¸thma pou èjese o Gauss : MporeÐ na katal�bei èna disdi�stato on
pou zeÐ se mia epif�neia an aut  eÐnai kampulwmènh;

Gia par�deigma ac poÔme ìti zoÔme se èna kÔlindro, h se mÐa sfaÐra,
mporoÔme na katal�boume ìti de zoÔme sto epÐpedo, apl� koit¸ntac gÔrw
mac, qwrÐc na k�noume `to gÔro tou kìsmou'?

Autì to er¸thma to apant� h Diaforik  GewmetrÐa, gia ton kÔlindro kai
to epÐpedo h ap�nthsh eÐnai ìqi en¸ gia th sfaÐra kai to epÐpedo h ap�nthsh
eÐnai nai!

H GewmetrÐa melet jhke polÔ apì thn arqaiìthta. Ap' aut n xep dhse
me thn EukleÐdia GewmetrÐa h Axiwmatik  mèjodoc pou apoteleÐ th b�sh
twn sÔgqronwn majhmatik¸n. Wstìso to pedÐo thc EukleÐdiac GewmetrÐac
 tan periorismèno se sqetik� aploÔc gewmetrikoÔc tìpouc pou mporoÔsan
na kataskeuastoÔn me kanìna kai diab th h genikìtera orÐzontan me sqetik�
aplì trìpo. 'Ena �llo qarakthristikì  tan o filosofikìc periorismìc thc, h
pÐsth ìti ta axi¸mata thc EukleÐdiac GewmetrÐac isqÔoun sto sÔmpan. Autì
to teleutaÐo tèjhke en amfibìlw  dh apì thn arqaiìthta; meg�lh filodoxÐa
gia touc Gewmètrec thc arqaiìthtac  tan na apodeÐxoun ìti to aÐthma twn
parall lwn èpetai apì ta �lla axi¸mata. Telik� to 1829 o Lobachevski-
i apèdeixe ìti autì den isqÔei dhmiourg¸ntac thn uperbolik  GewmetrÐa. H
montèrna GewmetrÐa pou anaptÔqjhke apì ton Gauss kai ton majht  tou ton
Riemann eÐnai h b�sh thc jewrÐac thc sqetikìthtac tou Einstein.

H melèth polÔplokwn gewmetrik¸n tìpwn ègine dunat  me thn an�ptuxh
tou DiaforikoÔ LogismoÔ. Autì eÐnai to basikì ` ergaleÐo' thc diaforik c
gewmetrÐac.

S' autì to m�jhma ja melet soume kampÔlec kai epif�neiec sto R3.

ParadeÐgmata. ParadeÐgmata kampul¸n sto epÐpedo: H eujeÐa, dÐnetai apì
thn exÐswsh:

ax + by = c

o kÔkloc:
x2 + y2 = r2

h èlleiyh:
x2

a2
+

y2

b2
= c2
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ParadeÐgmata. ParadeÐgmata epifanei¸n sto q¸ro: To epÐpedo, dÐnetai apì
thn exÐswsh:

ax + by + cz = d

o kÔlindroc:
x2 + y2 = r2

h sfaÐra:
x2 + y2 + z2 = r2

2 KampÔlec

2.1 DiaforÐsimec kampÔlec

SumbolÐzoume me R3 ton 3-di�stato q¸ro, èqoume

R3 = {(x, y, z) : x, y, z ∈ R}

An f : (a, b) → R3 tìte f(t) = (x(t), y(t), z(t)).
H f(t) eÐnai paragwgÐsimh ann oi x(t), y(t), z(t) eÐnai paragwgÐsimec. S'

aut  thn perÐptwsh h par�gwgoc thc f dÐnetai apì

f ′(t) = (x′(t), y′(t), z′(t))

An h f èqei par�gwgouc k�je t�xhc lème ìti h f eÐnai diaforÐsimh. Autì
isqÔei fusik� ann oi x(t), y(t), z(t) èqoun par�gwgouc k�je t�xhc.

Sumbolismìc: An h f eÐnai diaforÐsimh lème ìti h f eÐnai t�xhc C∞.

Sth Diaforik  GewmetrÐa meletoÔme tic kampÔlec qrhsimopoi¸ntac thn
parametrik  touc anapar�stash.

Orismìc. Mi� parametrhmènh diaforÐsimh kampÔlh sto q¸ro eÐnai mia
diaforÐsimh apeikìnish α : I → R3, ìpou I eÐnai èna di�sthma tou R.

Sun jwc ja lème apl� kampÔlh antÐ gia parametrhmènh diaforÐsimh kam-
pÔlh. Shmei¸noume ìti autì pou mac endiafèrei pragmatik� eÐnai h eikìna
α(I), h apeikìnish α eÐnai apl� to ergaleÐo pou mac bohj� na melet soume
tic gewmetrikèc idiìthtec thc eikìnac.

An h eikìna thc α perièqetai se èna epÐpedo tou R3 lème ìti h α eÐnai
epÐpedh kampÔlh.

Par�deigma 2.1. O kÔkloc aktÐnac 1: x2+y2 = 1 eÐnai mÐa epÐpedh kampÔlh.
MÐa paramètrhs  tou dÐnetai apì

α(t) = (cos t, sin t), t ∈ [0, 2π]
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Par�deigma 2.2. An p, q shmeÐa tou R3 tìte to eujÔgramo tm ma pou en¸nei
ta p, q dÐnetai apì:

α(t) = p + t(q − p), t ∈ [0, 1]

Par�deigma 2.3. MÐa paramètrhsh thc èlleiyhc:

x2

a2
+

y2

b2
= r2

dÐnetai apì
α(t) = (ar cos t, br sin t), t ∈ [0, 2π]

Par�deigma 2.4. H kuklik  èlika eÐnai h kampÔlh pou dÐnetai apì thn
paramètrhsh:

α(t) = (r cos t, r sin t, bt), t ∈ R, r > 0, b 6= 0

ParathroÔme ìti h kuklik  èlika perièqetai ston kÔlindro me exÐswsh
x2 + y2 = r2.

Diaforetikèc parametrhmènec kampÔlec mporeÐ na èqoun thn Ðdia eikìna:

Par�deigma 2.5. Oi kampÔlec:

α(t) = (t, t), t ∈ R
β(t) = (2t, 2t), t ∈ R
γ(t) = (t5, t5), t ∈ R

èqoun ìlec thn Ðdia eikìna.

Par�deigma 2.6. H apeikìnish

α(t) = (t, |t|), t ∈ R
den orÐzei diaforÐsimh kampÔlh afoÔ h α den eÐnai paragwgÐsimh gia t = 0.

Par�deigma 2.7. H apeikìnish

α(t) = ( 3
√

t,
3
√

t), t ∈ R
den orÐzei diaforÐsimh kampÔlh afoÔ h α den eÐnai paragwgÐsimh gia t = 0.
ParathroÔme wstìso ìti h apeikìnish

β(t) = (t, t), t ∈ R

orÐzei diaforÐsimh kampÔlh kai α(R) = β(R)!
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An α : I → R eÐnai diaforÐsimh kampÔlh kai α(t) = (x(t), y(t), z(t)) tìte
to efaptìmeno di�nusma sto shmeÐo α(t) eÐnai to di�nusma

α′(t) = (x′(t), y′(t), z′(t))

MporoÔme na fantastoÔme ìti èna shmeÐo kineÐtai p�nw s' aut  thn kampÔlh.
Tìte h par�metroc t eÐnai o qrìnoc kai to shmeÐo brÐsketai sth jèsh α(t) sto
qrìno t. To di�nusma thc taqÔthtac tìte tou shmeÐou dÐnetai spì

lim
h→0

α(t + h)− α(t)
h

= α′(t)

To m koc autoÔ tou dianÔsmatoc

‖α′(t)‖ =
√

x′(t)2 + y′(t)2 + z′(t)2

onom�zetai taqÔthta thc α sto t. H deÔterh par�gwgoc:

α′′(t) = (x′′(t), y′′(t), z′′(t))

onom�zetai epit�qunsh thc α sto t.
Fusik� an gia k�poio t0 isqÔei ìti α′(t0) = 0 tìte den mporoÔme na broÔme

thn efaptomènh thc kampÔlhc qrhsimopoi¸ntac to efaptìmeno di�nusma afoÔ
autì mhdenÐzetai. 'Ena tètoio shmeÐo lègetai shmeÐo anwmalÐac thc kampÔlhc.
Genik� ja perioristoÔme se kampÔlec twn opoÐwn h par�gwgoc den mhdenÐzetai
se kanèna shmeÐo. Tètoiec kampÔlec lègontai kanonikèc h omalèc.

Par�deigma 2.8. H kampÔlh

α : R→ R2, pou dÐnetai me α(t) = (t3, t2)

den eÐnai omal  afoÔ α′(0) = (0, 0).

Orismìc. To m koc mi�c kampÔlhc

γ : [a, b] → R3

dÐnetai apì

L(γ) =
∫ b

a
‖γ′(t)‖dt

An doÔme thn kampÔlh γ san troqi� enìc shmeÐou tìte to m koc thc kampÔlhc
eÐnai h apìstash pou dianÔei to shmeÐo. Aut  h apìstash dÐnetai apì to
olokl rwma thc taqÔthtac.

Diaisjhtik� mporoÔme na aitiolog soume autì ton orismì wc ex c: An
a = t1 < t2 < ... < tn = b eÐnai mÐa `polÔ lept ' diamèrish tou [a, b] tìte to
m koc thc kampÔlhc apì to γ(ti) wc to γ(ti+1) eÐnai proseggistik� Ðso me thn
apìstash ‖γ(ti) − γ(ti+1)‖. MporoÔme na upojèsoume ìti h par�gwgoc thc
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γ eÐnai sqedìn stajer  sto [ti, ti+1] epomènwc ‖γ(ti)− γ(ti+1)‖ eÐnai sqedìn
Ðso me ‖γ′(ti)‖(ti+1 − ti). Epomènwc to m koc thc kampÔlhc proseggÐzetai
apì to �jroisma:

n−1∑

i=1

‖γ′(ti)‖(ti+1 − ti)

'Opwc xèroume apì ton apeirostikì logismì ìtan h diamèrish gÐnetai ìlo
kai pio lept  to parap�nw �jroisma sugklÐnei sto olokl rwma:

∫ b

a
‖γ′(t)‖dt

Par�deigma 2.9. H kukloeid c. KÔkloc aktÐnac r stèketai sto shmeÐo
(0, 0) kai arqÐzei na kul� prìc ta dexi� p�nw ston �xona Ox.

i) Na brejeÐ h kampÔlh (kukloeid c) pou diagr�fei to shmeÐo A pou arqik�
akoump� sto shmeÐo (0, 0). EÐnai aut  h kampÔlh omal ?

ii) Na upologisteÐ h apìstash pou dianÔei to shmeÐo A ¸spou na akoump -
sei xan� ton �xona Ox.

LÔsh
i)An o kÔkloc kul sei kai dianÔsei èna tìxo m kouc θ tìte oi sunetag-

mènec tou shmeÐou A eÐnai: (r(θ − sin θ), r(1− cos θ)) epomènwc mporoÔme na
parametr soume thn kukloeid c me

α(θ) = (rθ − r sin θ, r − r cos θ), θ ∈ [0,∞)

ParathroÔme ìti h α eÐnai diaforÐsimh. UpologÐzoume thn par�gwgo:

α′(θ) = (r − r cos θ, r sin θ), θ ∈ [0,∞)

α′(θ) = 0 ⇔ r cos θ = r kai r sin θ = 0 ⇔ θ = 2πn, n ∈ N
Blèpoume loipìn ìti h α den eÐnai omal . Ta an¸mala shmeÐa dÐnontai apì
θ = 2πn, n ∈ N.

ii) To A akoump�ei xan� stìn �xona Ox gia θ = 2π. To m koc thc α sto
di�sthma [0, 2π] dÐnetai apì

L =
∫ 2π

0
‖α′(θ)‖dθ =

∫ 2π

0

√
r2(1− cos θ)2 + r2 sin2 θ dθ =

∫ 2π

0
r
√

2− 2cosθ dθ =

=
∫ 2π

0
2r sin(

θ

2
)dθ = 2r

∫ π

0
2 sin u du = 8r
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'Askhsh 2.1. KÔkloc aktÐnac r ef�ptetai ston kÔklo aktÐnac 1 kai kèntro
(0, 0) sto shmeÐo (−1, 0). Upojètoume ìti o kÔkloc aktÐnac r brÐsketai sta
arister� tou kÔklou aktÐnac 1 kai èstw A to shmeÐo tou pou akoump� sto
(−1, 0). BreÐte mÐa paramètrhsh thc kampÔlhc pou diagr�fei to shmeÐo A
kaj¸c o kukloc aktÐnac r kul� gÔrw apì ton kÔklo aktÐnac 1.

Eswterikì ginìmeno. An u = (u1, u2, u3), v = (v1, v2, v3) ∈ R3 to
eswterikì ginìmeno twn u, v orÐzetai me < u, v >= u1v1 + u2v2 + u3v3.
ParathroÔme ìti < u, u >= ‖u‖2, dhl. to eswterikì ginìmeno tou u me
ton eautì tou eÐnai Ðso me to tetr�gwno tou m kouc tou.

'Allec idiìthtec tou eswterikoÔ ginomènou:
1. < u, v >=< v, u >
2. < u1 + u2, v >=< u1, v > + < u2, v >
3. < λu, v >= λ < u, v > gia k�je λ ∈ R.
4. < u, v >= ‖u‖‖v‖ cos θ ìpou θ eÐnai h gwnÐa pou sqhmatÐzoun ta

dianÔsmata u, v.
An α, β : I → R3 kampÔlec orÐzoume mÐa sun�rthsh

f : I → R, f(t) =< α(t), β(t) >

An α(t) = (α1(t), α2(t), α3(t)), β(t) = (β1(t), β2(t), β3(t)) tìte

< α(t), β(t) >= α1(t)β1(t) + α2(t)β2(t) + α3(t)β3(t)

Blèpoume loipìn ìti o sun jhc kanìnac gia parag¸gish ginomènou sunart -
sewn isqÔei kai gia to eswterikì ginìmeno, dhl. èqoume

f ′(t) =< α(t), β(t) >′=< α′(t), β(t) > + < α(t), β′(t) >

DÐnoume t¸ra merik� apl� paradeÐgmata efarmog¸n tou diaforikoÔ lo-
gismoÔ sth gewmetrÐa twn kampul¸n.

ParadeÐgmata. 1. 'Estw α : I → R3 (diaforÐsimh) kampÔlh. DeÐxte ìti an
α′′(t) = 0 gia k�je t ∈ I tìte α(I) perièqetai se mÐa eujeÐa.

'Estw α(t) = (α1(t), α2(t), α3(t)).

α′′(t) = 0 ⇔ α′′1(t) = 0, α′′2(t) = 0, α′′3(t) = 0

'Ara

α1(t) = p1t + q1, α2(t) = p2t + q2, α3(t) = p3t + q3

kai
α(t) = t(p1, p2, p3) + (q1, q2, q3)

dhl. h α(I) perièqetai sthn eujeÐa pou pern� ap' to shmeÐo q = (q1, q2, q3) kai
eÐnai par�llhlh sto di�nusma p = (p1, p2, p3).
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2. 'Estw α diaforÐsimh kanonik  kampÔlh pou den pern� ap' to 0. An
α(t0) eÐnai shmeÐo thc eikìnac pou elaqistopoieÐ thn apìstash ap' to 0 tìte to
α(t0) eÐnai k�jeto sto α′(t0).

JewroÔme th sun�rthsh f(t) =< α(t), α(t) >= ‖α(t)‖2. f(t) dhl. eÐnai
Ðso me to tetr�gwno thc apìstashc tou shmeÐou α(t) ap' to 0. AfoÔ to
α(t0) elaqistopoieÐ thn apìstash ap' to 0 to f(t0) eÐnai el�qisto thc f �ra
f ′(t0) = 0. 'Omwc

f ′(t0) = 2 < α′(t0), α(t0) >= 0

�ra α′(t0) ⊥ α(t0).
3. 'Estw α : I → R3 diaforÐsimh kanonik  kampÔlh. H eÐkìna thc α,

α(I) perièqetai se kÔklo me kèntro to 0 an kai mìno an to α(t) eÐnai k�jeto
sto α′(t) gia k�je t ∈ I.

H α(I) perièqetai se kÔklo me kèntro to 0 an kai mìno an h sun�rthsh
f(t) =< α(t), α(t) >= ‖α(t)‖2 eÐnai stajer . Autì isqÔei an kai mìno an
f ′(t) = 0 gia k�je t ∈ I. All�

f ′(t) = 0 ⇔< α′(t), α(t) >= 0 ⇔ α′(t) ⊥ α(t)

4. To eujÔgrammo tm ma me �kra p, q eÐnai kampÔlh el�qistou m kouc
pou en¸nei ta shmeÐa p, q.

'Estw α : [b, c] → R3 mÐa kampÔlh pou en¸nei ta p, q. JewroÔme thn
kampÔlh pou orÐzei h probol  thc α(t) sthn eujeÐa pou pern� apì ta p, q.
Aut  h kampÔlh dÐnetai apì ton tÔpo

β(t) =< α(t), u > u

ìpou u eÐnai to monadiaÐo di�nusma pou eÐnai par�llhlo sthn eujeÐa, dhl.

u =
q − p

‖q − p‖
'Eqoume β′(t) =< α′(t), u > u kai

‖β′(t)‖ = ‖ < α′(t), u > u‖ = | < α′(t), u > | ≤ ‖α′(t)‖

Shmei¸noume ìti h teleutaÐa anisìthta eÐnai isìthta gia k�je t an kai mìno
an α′(t) eÐnai par�llhlo tou u gia k�je t.

'Eqoume t¸ra tic anisìthtec:

L(α) =
∫ c

b
‖α′(t)‖dt ≥

∫ c

b
‖ < α′(t), u > u‖dt ≥

∫ c

b
< α′(t), u > dt =

=
[

< α(t), u >
]c

b
= ‖q − p‖
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5. 'Estw α : I → R3 diaforÐsimh kanonik  kampÔlh. H eÐkìna thc α,
α(I) perièqetai se eujeÐa an kai mìno an up�rqei u ∈ R3 tètoio ¸ste to α′(t)
eÐnai par�llhlo sto u gia k�je t ∈ I.

An α(t) perièqetai se mÐa eujeÐa p + tu tìte profan¸c to α′(t) eÐnai
par�llhlo sto u gia k�je t ∈ I.

AntÐstrofa upojètoume ìti to α′(t) eÐnai par�llhlo me k�poio stajerì
di�nusma u gia k�je t ∈ I. An t0 ∈ I ja deÐxoume ìti α(I) perièqetai sthn
eujeÐa α(t0) + tu.

'Estw p, q ∈ R3 grammik� anex�rthta k�jeta sto u. Gia na deÐxoume ìti
α(t) perièqetai sthn eujeÐa α(t0)+tu arkeÐ na deÐxoume ìti α(t)−α(t0) ⊥ p, q.

JewroÔme tic sunart seic:

f(t) =< α(t)− α(t0), p >, g(t) =< α(t)− α(t0), q >

ParagwgÐzoume wc proc t:

f ′(t) =< α(t)− α(t0), p >′=< α′(t), p >= 0

g′(t) =< α(t)− α(t0), q >′=< α′(t), q >= 0

'Ara oi f(t), g(t) eÐnai stajerèc. All� f(t0) = g(t0) = 0, �ra f(t) =
g(t) = 0 gia k�je t ∈ I. Epomènwc α(t) − α(t0) ⊥ p, q gia k�je t ∈ I kai
α(I) perièqetai sthn eujeÐa α(t0) + tu.

2.2 Anaparamètrhsh kampÔlhc

'Opwc eÐdame diaforetikèc kampÔlec mporeÐ na èqoun thn Ðdia eikìna. Ja
exet�soume t¸ra pwc sqetÐzontai autèc metaxÔ touc. UpenjumÐzoume ìti mia
apeikìnish h : I → J lègetai amfidiafìrish an eÐnai 1-1, epÐ, diaforÐsimh kai
h antÐstrof  thc h−1 eÐnai epÐshc diaforÐsimh.

Orismìc. An α : I → R3 eÐnai mÐa kampÔlh kai h : J → I eÐnai amfidiafìrish
tìte h kampÔlh β : J → R3, β(t) = α(h(t)) lègetai anaparamètrhsh thc
α.

Up�rqei mia anaparamètrhsh pou dieukolÔnei th melèth twn gewmetrik¸n
idiot twn miac kampÔlhc. Aut  eÐnai h anaparamètrhsh gia thn opoÐa to mètro
thc taqÔthtac eÐnai stajerì Ðso me 1.

'Estw α : [c, d] → R3 kampÔlh. H sun�rthsh m koc tìxou thc α orÐzetai
me

s(t) =
∫ t

c
‖α′(u)‖ du

Prìtash 2.1. An α : I → R3 eÐnai mÐa kanonik  kampÔlh tìte h α èqei
anaparamètrhsh β : J → R3 monadiaÐac taqÔthtac ( ‖β′(t)‖ = 1 gia k�je
t ∈ J).
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Apìdeixh. 'Estw I = [c, d] kai L = L(α). 'Eqoume

s : [c, d] → [0, L], s(t) =
∫ t

c
‖α′(u)‖ du

s′(t) = ‖α′(t)‖ > 0 afoÔ h α eÐnai kanonik . Epomènwc h s eÐnai gnhsÐwc
aÔxousa �ra eÐnai 1-1. SumperaÐnoume ìti h s eÐnai antistrèyimh kai an h = s−1

tìte
h′(t) =

1
s′(h(t))

AfoÔ h α eÐnai omal  blèpoume eÔkola ìti h s eÐnai diaforÐsimh. IsqÔei epÐshc
ìti h antÐstrofh miac C∞ sun�rthshc eÐnai C∞, �ra kai h h eÐnai diaforÐsimh.

OrÐzoume t¸ra anaparamètrhsh thc α me

β(s) = α(h(s)), s ∈ [0, L]

'Eqoume

‖β′(s)‖ = ‖α′(h(s))h′(s)‖ = s′(h(s))
1

s′(h(s))
= 1

H paramètrhsh β tou prohgoÔmeno jewr matoc lègetai paramètrhsh me
par�metro to m koc tìxou. To m koc tìxou lègetai epÐshc kai fusik 
par�metroc. MÐa kampÔlh α tètoia ¸ste ‖α′(t)‖ = 1 gia k�je t lègetai
kampÔlh monadiaÐac taqÔthtac.

Par�deigma 2.10. BreÐte thn anaparamètrhsh me m koc tìxou tou kÔklou
aktÐnac r: α : [0, 2π] → R2, α(t) = (r cos t, r sin t).

ParathroÔme ìti ‖α′(t)‖ = r epomènwc h anaparamètrhsh me m koc tìxou
eÐnai

β : [0, 2πr] → R2, β(s) = (r cos(s/r), r sin(s/r))

Par�deigma 2.11. BreÐte thn anaparamètrhsh me m koc tìxou thc kampÔlhc
α : [0,∞) → R3, α(t) = (t, 2

3 t3/2,
√

3t).

α′(t) = (1,
√

t,
√

3), ‖α′(t)‖ =
√

t + 4 UpologÐzoume th sun�rthsh m koc
tìxou xekin¸ntac ap' to 0:

s(t) =
∫ t

0

√
u + 4 du = [

2
3
(u + 4)3/2]t0 =

2
3
(t + 4)3/2 − 16

3
LÔnoume wc proc t:

(t + 4)3/2 = (
3s

2
+ 8) ⇒ t = (

3s

2
+ 8)2/3 − 4

Kai h anaparamètrhsh wc proc m koc tìxou dÐnetai apì

β(s) = α((
s

2
+ 8)2/3 − 4)
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2.3 Exwterikì ginìmeno

An u = (u1, u2, u3), v = (v1, v2, v3) ∈ R3 to exwterikì ginìmeno twn u, v
orÐzetai me

u× v =

∣∣∣∣∣∣

i j k
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
= (u2v3 − v2u3,−u1v3 + v1u3, u1v2 − v1u2)

Qrhsimopoi¸ntac tic idiìthtec twn orizous¸n mporoÔme eÔkola na deÐxoume
ìti to exwterikì ginìmeno èqei tic parak�tw idiìthtec:

1. u× v = −v × u
2. (u + w)× v = u× v + w × v
3. (λu)× v = λ(u× v) gia k�je λ ∈ R
4. u× v = 0 ann ta u, v eÐnai grammik� exarthmèna.
5. < u× v, v >= 0, < u× v, u >= 0
6. An ‖u‖ = ‖v‖ = 1, u ⊥ v kai w = u× v tìte ‖w‖ = 1 kai w × u = v,

v × w = u.

Apìdeixh. Oi idiìthtec 1-4 èpontai eÔkola apì ton orismì.
Gia thn idiìthta 5 parathroÔme ìti an a = (a1, a2, a3) tìte

< a, u× v >=

∣∣∣∣∣∣

a1 a2 a3

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
�ra < u× v, v >= 0, < u× v, u >= 0.

Gia thn idiìthta 6 jètoume w = (x, y, z) kai me upologismì èqoume

< w, w >=
∣∣∣∣

u2 u3

v2 v3

∣∣∣∣
2

−
∣∣∣∣

u1 u3

v1 v3

∣∣∣∣
2

+
∣∣∣∣

u1 u2

v1 v2

∣∣∣∣
2

=

=< u, u >< v, v > − < u, v >2= 1

ParathroÔme ìti w×u ⊥ u, w×u ⊥ w epomènwc to w×u eÐnai suggramikì
me to v.

Ap' thn �llh

1 =< w, w >=

∣∣∣∣∣∣

x y z
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
=

∣∣∣∣∣∣

v1 v2 v3

x y z
u1 u2 u3

∣∣∣∣∣∣
=< v, w × u >

�ra w = v.
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'Estw f, g : R → R3 diaforÐsimec sunart seic. Tìte h sun�rthsh f × g
eÐnai diaforÐsimh kai me upologismì blèpoume ìti

(f × g)′(t) = f ′(t)× g(t) + f(t)× g′(t)

dhl. o sun jhc kanìnac gia thn parag¸gish ginomènou sunart sewn
isqÔei kai gia to exwterikì ginìmeno.

2.4 Kampulìthta, TrÐedro Frenet

L mma. 'Estw f : (a, b) → R3 diaforÐsimh. Tìte h ‖f ′(t)‖ eÐnai stajer  sto
(a, b) ann < f(t), f ′(t) >= 0 gia k�je t sto (a, b).

Apìdeixh. ‖f ′(t)‖ eÐnai stajer  ann h ‖f ′(t)‖2 =< f(t), f(t) > eÐnai stajer .
All� h < f(t), f(t) > eÐnai stajer  ann

< f(t), f(t) >′= 0 ⇔< f ′(t), f(t) > + < f(t), f ′(t) >= 2 < f(t), f ′(t) >= 0

S' autì to kef�laio ja melet soume kampÔlec parametrhmènec me m koc
tìxou kaj¸c aut  h paramètrhsh k�nei aploÔstero ton upologismì twn
gewmetrik¸n megej¸n thc kampÔlhc.

Orismìc. 'Estw α : I → R3 kampÔlh me ‖α′(s)‖ = 1 gia k�je s ∈ I. O
arijmìc k(s) = ‖α′′(s)‖ onom�zetai kampulìthta thc α sto s.

ParathroÔme ìti afoÔ ‖α′(s)‖ eÐnai stajerì apì to prohgoÔmeno l mma
< α′(s), α′′(s) >= 0 dhl. α′(s) ⊥ α′′(s). Epomènwc h kampulìthta, k(s), mac
lèei pìso polÔ `strÐbei' h kampÔlh sto s.

Par�deigma 2.12. An α kampÔlh monadiaÐac taqÔthtac tètoia ¸ste k(s) = 0
gia k�je s tìte α′′(s) = 0 gia k�je s, epomènwc, ìpwc eÐdame nwrÐtera, h α
perièqetai se mÐa eujeÐa.

To trÐedro tou Frenet apoteleÐtai apì 3 k�jeta monadiaÐa dianÔsmata
pou kinoÔntai p�nw sthn kampÔlh kai mac dÐnoun èna `bolikì' sÔsthma sunte-
tagmènwn. To pr¸to di�nusma autoÔ tou trièdrou eÐnai to

T (s) = α′(s)

An k(s) = 0 lème ìti to shmeÐo s eÐnai idi�zon shmeÐo t�xhc 1. An k(s) 6= 0
orÐzoume

N(s) =
T ′(s)
k(s)

pr¸to k�jeto di�nusma

kai
B(s) = T (s)×N(s) deÔtero k�jeto di�nusma

11



Apì tic idiìthtec tou exwterikoÔ ginomènou èqoume ìti

B(s) ⊥ T (s), B(s) ⊥ N(s)

To epÐpedo pou orÐzoun ta T (s), N(s) kai pern� apì to α(s) lègetai eggÔ-
tato epÐpedo thc α sto α(s).

H tri�da {T, N,B} lègetai trÐedro tou Frenet kat� m koc thc α
Exet�zoume t¸ra pwc metab�letai to trÐedro tou Frenet p�nw sthn kam-

pÔlh, upologÐzoume dhlad  tic parag¸gouc: {T ′, N ′, B′}.
'Ex orismoÔ èqoume T ′(s) = k(s)N(s).
N ′(s) eÐnai grammikìc sunduasmìc twn T (s), N(s), B(s). AfoÔ h N(s)

eÐnai stajer  N ′(s) ⊥ N(s). Epomènwc èqoume N ′(s) = aT (s) + bB(s).
UpologÐzoume to a:

< T (s), N(s) >= 0 ⇒< T ′(s), N(s) > + < T (s), N ′(s) >= 0 ⇒< T (s), N ′(s) >= −k(s)

OrÐzoume t¸ra τ(s) =< N ′(s), B(s) >. O pragmatikìc arijmìc τ(s)
onom�zetai strèyh thc α sto s.

Apì ta parap�nw èpetai ìti N ′(s) = −k(s)T (s) + τ(s)B(s). UpologÐ-
zoume t¸ra to B′(s):

< B(s), B(s) >= 1 ⇒< B′(s), B(s) >= 0 ⇒ B′(s) ⊥ B(s)

< B(s), T (s) >= 0 ⇒< B′(s), T (s) > + < B(s), T ′(s) >= 0 ⇒

⇒< B′(s), T (s) > + < B(s), k(s)N(s) >= 0 ⇒< B′(s), T (s) >= 0

< B(s), N(s) >= 0 ⇒< B′(s), N(s) > + < B(s), N ′(s) >= 0 ⇒

⇒< B′(s), N(s) > + < B(s),−k(s)T (s)+τ(s)B(s) >= 0 ⇒< B′(s), N(s) >= −τ(s)

'Ara B′(s) = −τ(s)N(s)
SunoyÐzontac èqoume:

TÔpoi tou Frenet

T ′(s) = k(s)N(s)

N ′(s) = −k(s)T (s) + τ(s)B(s)

B′(s) = −τ(s)N(s)

Par�deigma 2.13. JewroÔme thn kuklik  èlika:

α(t) = (a cos t, a sin t, bt), t ∈ R, a > 0, b 6= 0
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i) BreÐte thn anaparamètrhsh me m koc tìxou thc α.

ii) BreÐte thn kampulìthta kai thn strèyh kai upologÐste to trÐedro tou
Frenet thc kampÔlhc.

i) JewroÔme th sun�rthsh m koc tìxou:

s(t) =
∫ t

0
‖α′(u)‖ du =

∫ t

0

√
a2 + b2 du = t

√
a2 + b2

�ra t = s√
a2+b2

Jètoume c =
√

a2 + b2.
H anaparamètrhsh thc α me m koc tìxou eÐnai:

β(s) = (a cos(s/c), a sin(s/c), bs/c)

ii)
T (s) = β′(s) = (−a

c
sin(s/c),

a

c
cos(s/c), b/c)

T ′(s) = (− a

c2
cos(s/c),

a

c2
sin(s/c), 0)

UpologÐzoume thn kampulìthta:

k(s) = ‖T ′(s)‖ =

√
a2

c4
cos2(s/c) +

a2

c4
sin2(s/c) =

a

c2
=

a

a2 + b2

N(s) = (− cos(s/c), sin(s/c), 0)

B(s) = T (s)×N(s) =
1
c
(b sin(s/c),−b cos(s/c), a)

B′(s) =
1
c2

(b cos(s/c), b sin(s/c), a) = − b

c2
N(s)

Epomènwc τ(s) = b
c2

= b
a2+b2

.

Prìtash 2.2. 'Estw α : I → R3 mÐa kanonik  kampÔlh monadiaÐac taqÔth-
tac. An k(s) 6= 0 gia k�je s ∈ I tìte τ(s) = 0 gia k�je s ∈ I ann h α eÐnai
epÐpedh.

Apìdeixh. An h α eÐnai epÐpedh tìte T (s), N(s) brÐskontai se èna epÐpedo
par�llhlo me to epÐpedo pou perièqei thn α �ra B(s) eÐnai stajerì kai τ(s) =
0 gia k�je s ∈ I.

AntÐstrofa ja deÐxoume ìti an τ = 0 tìte B(s) = B stajerì kai h α(s)
an kei se èna epÐpedo k�jeto sto B.

Pr�gmati
B′(s) = −τ(s)N(s) = 0
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�ra B(s) eÐnai stajerì Ðso me èna di�nusma B.
'Estw s0 ∈ I. Gia na deÐxoume ìti h α an kei se èna epÐpedo k�jeto sto

B arkeÐ na deÐxoume ìti

< α(s)− α(s0), B >= 0, ∀s ∈ I

ParagwgÐzoume:

< α(s)− α(s0), B >′=< α(s)′, B >=< T (s), B >= 0

�ra < α(s) − α(s0), B > eÐnai stajerì. All� gia s = s0 eÐnai Ðso me 0,
�ra < α(s)− α(s0), B >= 0 gia k�je s ∈ I kai h α eÐnai epÐpedh.

Prìtash 2.3. 'Estw α : I → R3 mÐa epÐpedh kanonik  kampÔlh monadiaÐac
taqÔthtac. Tìte h α perièqetai se èna kÔklo an kai mìno an h kampulìthta
k(s) eÐnai stajer .

Apìdeixh. 'Estw ìti h α(s) perièqetai se kÔklo. Tìte

α(s) = (r cos(s/r) + x0, r sin(x/r) + y0)

T (s) = α′(s) = (− sin(s/r), cos(x/r))

T ′(s) =
1
r
(−cos(s/r), sin(x/r))

�ra k(s) = 1
r stajer .

AntÐstrofa, èstw ìti h kampulìthta eÐnai stajer , k(s) = k gia k�je
s ∈ I. JewroÔme thn

β(s) = α(s) +
1
k
N(s)

Tìte

β′(s) = T (s) +
1
k
(−kT (s)) = 0

Epomènwc h β(s) eÐnai stajer , β(s) = (x0, y0) kai

‖α(s)− (x0, y0)‖ = ‖α(s)− β(s)‖ = ‖1
k
N(s)‖ =

1
k

�ra h α(s) perièqetai ston kÔklo me kèntro (x0, y0) kai aktÐna 1
k .

Par�deigma 2.14. (Exet�seic Sept. 2006) 'Estw γ : I → R3 omal  kampÔlh
monadiaÐac taqÔthtac me antÐstoiqo trÐedro Frenet T, N, B tètoio ¸ste gia
s ∈ I to di�nusma

sin(2s)T (s) + cos(2s)N(s) + B(s)

na eÐnai stajerì. Na deÐxete ìti h γ eÐnai tm ma kÔklou thn aktÐna tou opoÐou
na prosdiorÐsete.
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LÔsh
ParagwgÐzoume:

(sin(2s)T (s) + cos(2s)N(s) + B(s))′ = 0 ⇒

⇒ (2 cos(2s)−k(s) cos(2s))T (s)+(sin(2s)k(s)−2 sin(2s)−τ(s))N(s)+cos(2s)τ(s)B(s) = 0

afoÔ ta T (s), N(s), B(s) eÐnai grammik� anex�rthta èqoume

2 cos(2s)−k(s) cos(2s) = 0 , sin(2s)k(s)−2 sin(2s)−τ(s) = 0 , cos(2s)τ(s) = 0

Ap' thn teleutaÐa isìthta paÐrnoume τ(s) = 0 �ra h γ eÐnai epÐpedh. Apì
thn pr¸th isìthta èqoume k(s) = 2, �ra h γ eÐnai tm ma kÔklou aktÐnac
r = 1

k(s) = 1
2 .

¤

'Askhsh 2.2. 'Estw β : R → R3 kanonik  kampÔlh monadiaÐac taqÔthtac
tètoia ¸ste h efaptomènh se k�je shmeÐo β(s) pern� apì stajerì shmeÐo
p ∈ R3. DeÐxte ìti h β eÐnai eujeÐa.

Apìdeixh. H efaptomènh sto shmeÐo β(s) dÐnetai apì β(s) + tβ′(s). AfoÔ
to p an kei s' aut  thn eujeÐa gia k�je s up�rqei f(s) tètoio ¸ste p =
β(s) + f(s)β′(s).

Ja deÐxoume ìti h sun�rthsh f(s) eÐnai C∞. 'Eqoume

f(s)β′(s) = p− β(s) ⇒ f(s) =< p− β(s), β′(s) >

�ra h f(s) eÐnai C∞ afoÔ h β(s) eÐnai C∞.
ParagwgÐzoume t¸ra th sqèsh: p = β(s) + f(s)β′(s) kai èqoume

0 = T (s) + f ′(s)T (s) + f(s)k(s)N(s) ⇒ 1 + f ′(s) = 0 kai f(s)k(s) = 0

�ra f ′(s) = −1 kai f(s) = s + c. AfoÔ f(s)k(s) = 0 èqoume ìti k(s) = 0
gia k�je s ∈ R �ra h β eÐnai eujeÐa.

'Askhsh 2.3. 'Estw β : R → R3 kanonik  kampÔlh monadiaÐac taqÔthtac.
Na deÐxete ìti h β eÐnai tm ma kÔklou an kai mìno an ìlec oi eujeÐec pou
perièqoun ta k�jeta dianÔsmata thc β pernoÔn apì stajerì shmeÐo.

'Askhsh 2.4. 'Estw α : R → R3 kanonik  kampÔlh monadiaÐac taqÔthtac.
Na deÐxete ìti oi eujeÐec pou perièqoun ta dianÔsmata B(s) den mporoÔn na
pern�ne apì stajerì shmeÐo.

'Askhsh 2.5. 'Estw α : R → R3 kanonik  kampÔlh monadiaÐac taqÔthtac
tètoia ¸ste k(s) 6= 0 gia k�je s ∈ R. Na deÐxete ìti h α eÐnai epÐpedh an kai
mìno an ìla ta eggÔtata epÐpeda thc α pernoÔn apì stajerì shmeÐo P .
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LÔsh
Profan¸c an h α eÐnai epÐpedh ìla ta eggÔtata epÐpeda thc α pernoÔn

apì stajerì shmeÐo.
AntÐstrofa èqoume ìti gia k�je s up�rqoun f(s), g(s) ∈ R tètoia ¸ste

P = α(s) + f(s)T (s) + g(s)N(s). 'Eqoume

f(s) =< P − α(s), T (s) >, g(s) =< P − α(s), N(s) >

�ra oi f(s), g(s) eÐnai C∞.
ParagwgÐzoume:

(α(s) + f(s)T (s) + g(s)N(s))′ = 0 ⇒
T (s)+f ′(s)T (s)+f(s)k(s)N(s)+g′(s)N(s)−k(s)g(s)T (s)+τ(s)g(s)B(s) = 0

�ra afoÔ ta T (s), N(s), B(s) eÐnai grammik� anex�rthta:

1 + f ′(s)− k(s)g(s) = 0

f(s)k(s) + g′(s) = 0

τ(s)g(s) = 0

Isqurizìmaste ìti τ(s) = 0 gia k�je s. Pr�gmati an τ(s) 6= 0 gia k�poio s
tìte h τ den mhdenÐzetai se èna di�sthma thc morf c (s− ε, s + ε) gia k�poio
ε > 0. Apì thn trÐth exÐswsh èqoume ìti g(t) = 0 gia k�je t ∈ (s− ε, s + ε).
Epomènwc g′(t) = 0. AfoÔ k(t) 6= 0 apì th deÔterh exÐswsh èqoume f(t) = 0
gia k�je t ∈ (s− ε, s+ ε). All� tìte apì thn pr¸th exÐswsh paÐrnoume 1 = 0
pou eÐnai �topo. Epomènwc τ(s) = 0 gia k�je s, �ra h α eÐnai epÐpedh.

¤

'Askhsh 2.6. 'Estw α : I → R2, α(s) = (x(s), y(s)) kanonik  epÐpedh
kampÔlh monadiaÐac taqÔthtac. DeÐxte ìti h kampulìthta thc α dÐnetai apì
ton tÔpo

k = |x′y′′ − x′′y′|

2.5 Kampulìthta, strèyh kai TrÐedro Frenet tuqaÐac kam-
pÔlhc

'Estw α(t) kanonik  kampÔlh. JewroÔme thn anaparamètrhsh monadiaÐac
taqÔthtac thc α, β(s). OrÐzoume thn kampulìthta, th strèyh kai to trÐedro
Frenet thc kampÔlhc α sto shmeÐo α(t) na eÐnai antÐstoiqa h kampulìthta, h
strèyh kai to trÐedro Frenet thc kampÔlhc β sto shmeÐo β(s(t)), ìpou s(t)
eÐnai h sun�rthsh m koc tìxou.

S' autì to kef�laio ja dìsoume tÔpouc upologismoÔ aut¸n twn megej¸n
apì thn α, qwrÐc dhlad  na qrei�zetai na upologÐsoume thn anaparamètrhsh
me m koc tìxou thc α.
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Prìtash 2.4. 'Estw α : I → R3 kanonik  kampÔlh. H kampulìthta thc α
sto shmeÐo α(t) dÐnetai apì ton tÔpo:

k =
‖α′(t)× α′′(t)‖

‖α′(t)‖3

An k > 0 sto shmeÐo α(t) tìte h strèyh kai ta dianÔsmata tou trièdrou Frenet
thc α sto shmeÐo α(t) dÐnontai apì touc tÔpouc:

τ =
< α′(t)× α′′(t), α′′′(t) >

‖α′(t)× α′′(t)‖2

T =
α′(t)
‖α′(t)‖

N =
(α′(t)× α′′(t))× α′(t)
‖α′(t)× α′′(t)‖‖α′(t)‖

B =
α′(t)× α′′(t)
‖α′(t)× α′′(t)‖

Apìdeixh. 'Estw β(s) h anaparamètrhsh me m koc tìxou thc α. An s(t) eÐnai
h sun�rthsh m koc tìxou thc α èqoume:

α(t) = β(s(t)) ⇒ α′(t) = β′(s(t))s′(t) = s′(t)T (s(t))

kai

α′′(t) = T ′(s(t))s′(t)2 + s′′(t)T (s(t)) = s′′(t)T (s(t)) + k(s(t))s′(t)2N(s(t))

upologÐzoume to exwterikì ginìmeno:

α′(t)× α′′(t) = s′(t)T (s(t))× (s′′(t)T (s(t)) + k(s(t))s′(t)2N(s(t)) =

= k(s(t))s′(t)3B(s(t))

All� s′(t) = ‖α′(t)‖ epomènwc èqoume:

k =
‖α′(t)× α′′(t)‖

‖α′(t)‖3

Gia na aplopoi soume to sumbolismì sth sunèqeia jètoume v = s′(t).
Gia thn strèyh upologÐzoume thn trÐth par�gwgo α′′′(t):

α′′′(t) = (v′′ − k(s(t))2v3)T (s(t)) + (v′vk(s(t)) + (k(s(t))v2)′)N(s(t))+

+τ(s(t))k(s(t))v3B(s(t))
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AfoÔ ta T (s(t)), N(s(t)), B(s(t)) eÐnai k�jeta an� dÔo èqoume:

< α′(t)× α′′(t), α′′′(t) >= τ(s(t))k(s(t))2v6

EpÐshc
‖α′(t)× α′′(t)‖ = k(s(t))v3

�ra

τ =
< α′(t)× α′′(t), α′′′(t) >

‖α′(t)× α′′(t)‖2

UpologÐzoume t¸ra ta dianÔsmata tou trièdrou Frenet:

T =
α′(t)
‖α′(t)‖

AfoÔ
α′(t)× α′′(t) = k(s(t))s′(t)3B(s(t))

èqoume

B =
α′(t)× α′′(t)
‖α′(t)× α′′(t)‖

Tèloc parathroÔme ìti N = B × T , kai α′(t)× α′′(t) = v3k(s(t))B �ra

(α′(t)× α′′(t))× α′(t) = v4k(s(t))N(s(t))

EpÐshc
‖α′(t)× α′′(t)‖ = v3k(s(t)), ‖α′(t)‖ = v

Epomènwc

N =
(α′(t)× α′′(t))× α′(t)
‖α′(t)× α′′(t)‖‖α′(t)‖

UpologÐzoume t¸ra tic parag¸gouc twn T, N,B:

Prìtash 2.5. 'Estw α(t) kanonik  kampÔlh jetik c kampulìthtac kai èstw
{T,N,B} to trÐedro Frenet thc α. Oi par�gwgoi twn T,N,B dÐnontai apì

T ′ = kvN

N ′ = −kvT + τvB

B′ = −τvN

ìpou v eÐnai h taqÔthta thc α.
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Apìdeixh. An s(t) eÐnai h sun�rthsh m koc tìxou thc α èqoume:

T ′ = T (s(t))′ = v(t)T ′(s(t)) = vkN

N ′ = N(s(t))′ = v(t)N ′(s(t)) = −kvT + τvB

B′ = B(s(t))′ = v(t)B′(s(t)) = τvN

Par�deigma 2.15. UpologÐste thn kampulìthta, th strèyh kai to trÐedro
Frenet thc kampÔlhc:

α(t) = (3t− t3, 3t2, 3t + t3)

LÔsh
'Eqoume

α′(t) = (3− 3t2, 6t, 3 + 3t2) = 3(1− t2, 2t, 1 + t2)

α′′(t) = 6(−t, 1, t)

α′′′(t) = 6(−1, 0, 1)

kai
α′(t)× α′′(t) = 18(t2 − 1,−2t, 1 + t2)

‖α′(t)× α′′(t)‖ = 18
√

(t2 − 1)2 + 4t2 + (t2 + 1)2 = 18
√

2(t2 + 1)

‖α′(t)‖ = 3
√

2(1 + t2)

epomènwc

k =
‖α′(t)× α′′(t)‖

‖α′(t)‖3
=

1
3(1 + t2)2

τ =
< α′(t)× α′′(t), α′′′(t) >

‖α′(t)× α′′(t)‖2
=

216
182(1 + t2)2

=
1

3(1 + t2)2

T =
α′(t)
‖α′(t)‖ =

1√
2(1 + t2)

(1− t2, 2t, 1 + t2)

N =
(α′(t)× α′′(t))× α′(t)
‖α′(t)× α′′(t)‖‖α′(t)‖ =

1
(1 + t2)2

(−2t(1 + t2), (1− t2)(1 + t2), 0) =

=
1

1 + t2
(−2t, 1− t2, 0)

B = T ×N =
1√
2
(
t2 − 1
1 + t2

,
−2t

1 + t2
, 1)

¤
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2.6 Kanonik  morf  kampÔlhc

Prìtash 2.6. 'Estw α : I → R3 kanonik  kampÔlh monadiaÐac taqÔthtac
tètoia ¸ste α(0) = 0. Tìte èqoume

α(s) = (s− k2
0

6
s3)T (0) + (

k0

2
s2 +

k′0
6

s3)N(0) +
k0τ0

6
s3B(0) + ε(s)s3

ìpou k0 = k(0), τ0 = τ(0), k′0 = k′(0) kai lims→0 ‖ε(s)‖ = 0.

Apìdeixh. Apì to Je¸rhma Taylor èqoume:

α(s) = α(0) + sα′(0) +
1
2
s2α′′(0) +

1
6
s3α′′′(0) + s3ε(s)

ìpou lims→0 ‖ε(s)‖ = 0.
UpologÐzoume:

α(0) = 0, α′(0) = T (0), α′′(0) = k0N(0)

kai
α′′′(0) = k′0N(0)− k2

0T (0) + k0τ0B(0)

Antikajist¸ntac èqoume:

α(s) = (s− k2
0

6
s3)T (0) + (

k0

2
s2 +

k′0
6

s3)N(0) +
k0τ0

6
s3B(0) + ε(s)s3

Genikìtera apì ton tÔpo tou Taylor sto s0 èpetai ìti

α(s) = α(s0) + ((s− s0)− k(s0)2

6
(s− s0)3)T (s0)+

+(
k(s0)

2
(s− s0)2 +

k′(s0)
6

(s− s0)3)N(s0)+

+
k(s0)τ(s0)

6
(s− s0)3B(s0) + ε(s)(s− s0)3

ìpou t¸ra
lim
s→s0

‖ε(s)‖ = 0

Aut  h an�ptuxh thc α(s) lègetai kanonik  morf  thc kampÔlhc α sto
s0.

'Opwc èqoume peÐ to epÐpedo pou orÐzetai apì ta T (s0), N(s0) kai pern�
apì to α(s0) onom�zetai eggÔtato epÐpedo thc α sto α(s0). Apì ta di-
anÔsmata tou trièdrou tou Frenet orÐzontai �lla dÔo epÐpeda sto α(s0), to
k�jeto epÐpedo pou orÐzoun ta dÔo k�jeta dianÔsmata N(s0), B(s0) kai to
eujeiopoioÔn epÐpedo pou orÐzoun ta T (s0), B(s0).
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JewroÔme t¸ra tic probolèc thc kampÔlhc α s' aut� ta trÐa epÐpeda sto
shmeÐo α(s0), jètoume s− s0 = h, s = s0 + h:

Probol  sto eggÔtato epÐpedo:

α1(s0 + h) = (h,
k(s0)

2
h2) + δ1(h)h2

Probol  sto k�jeto epÐpedo:

α2(s0 + h) = (h,
k(s0)τ(s0)

6
h3) + (δ2(h)h2, δ3(h)h3)

Probol  sto eujeiopoioÔn epÐpedo:

α3(s0 + h) = (h2,

√
2k(s0)

3 3
√

τ(s0)
h3) + δ4(h)h3

ìpou
lim
h→0

‖δ1(h)‖ = lim
h→0

δ2(h) = lim
h→0

δ3(h) = lim
h→0

‖δ4(h)‖ = 0

Apì autèc tic parast�seic mporoÔme na sumper�noume poi� eÐnai h probol 
thc α sta 3 epÐpeda kaj¸c kai poi� eÐnai h sqèsh thc wc proc aut� `kont�'
sto s0.

Apì thn α1 sumperaÐnoume ìti h probol  sto T,N epÐpedo moi�zei me
parabol . EpÐshc blèpoume ìti h kampÔlh ef�ptetai sto B, T epÐpedo sto
α(s0) kai brÐsketai sthn Ðdia pleur� ìpwc to N .

Apì thn α2 sumperaÐnoume ìti h probol  sto T, B epÐpedo moi�zei me
gr�fhma exÐswshc 3ou bajmoÔ. H α2 diasqÐzei to T,N epÐpedo kai to tèmnei
mìno sto α(s0). 'Omoia h α2 diasqÐzei to B,N epÐpedo kai to tèmnei mìno sto
α(s0).

Apì thn α2 sumperaÐnoume ìti h probol  sto N, B epÐpedo moi�zei me to
gr�fhma thc exÐswshc y2 = x3.

Orismìc. Lème ìti dÔo kampÔlec monadiaÐac taqÔthtac α, β ef�ptontai sto
shmeÐo p = α(s) = β(s) an α′(s) = ±β′(s). Lème ìti to shmeÐo p twn
α(s), β(s) eÐnai efaptìmeno shmeÐo t�xhc k an ‖α(s+h)−β(s+h)‖ ≤ ε(h)hk

ìpou limh→0 ε(h) = 0.

Orismìc. 'Estw α kampÔlh monadiaÐac taqÔthtac. O eggÔtatoc kÔkloc
thc α sto p = α(s) eÐnai o kÔkloc pou brÐsketai sto eggÔtato epÐpedo thc
α(s) kai èqei kèntro to shmeÐo

O = α(s) +
1

k(s)
N(s)

kai aktÐna
1

k(s)
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Prìtash 2.7. O eggÔtatoc kÔkloc thc α sto p = α(s) ef�ptetai sthn α
sto p. To p eÐnai efaptìmeno shmeÐo t�xhc 2 thc α kai tou eggÔtatou kÔklou.

Apìdeixh. ParathroÔme ìti ‖O − p‖ = 1
k(s) �ra to p an kei ston eggÔtato

kÔklo. EpÐshc O − p = 1
k(s)N(s) �ra h efaptomènh tou kÔklou sto p eÐnai

k�jeth sto N(s), �ra eÐnai par�llhlh sto T (s). Epomènwc o eggÔtatoc
kÔkloc ef�ptetai sthn α. JewroÔme t¸ra thn pramètrhsh me m koc tìxou
tou eggÔtatou kÔklou, ac poÔme γ(s) kai parathroÔme ìti h strèyh tou eÐnai
0 en¸ h kampulìthta tou eÐnai stajer  Ðsh me 1

k(s) . MporoÔme na upojèsoume
ìti γ′(s) = T (s). Pr�gmati an γ′(s) = −T (s) jewroÔme thn paramètrhsh me
antÐstrofh for� γ1(s) = γ(−s) gia thn opoÐa èqoume γ′1(s) = −γ′(s) = T (s).

JewroÔme t¸ra thn kanonik  morf  thc α sto s:

α(s + h) = α(s) + (h− k(s)2

6
h3)T (s)+

+(
k(s)
2

h2 +
k′(s)

6
h3)N(s)+

+
k(s)τ(s)

6
h3B(s) + ε1(h)h3

H kanonik  morf  tou eggÔtatou kÔklou γ dÐnetai apì:

γ(s + h) = γ(s) + (h− k(s)2

6
h3)T (s)+

+(
k(s)
2

h2)N(s) + ε2(h)h3

Epomènwc
‖α(s + h)− γ(s + h)‖ =

= ‖k′(s)
6

h3N(s) +
k(s)τ(s)

6
h3B(s) + ε1(h)h3 − ε2(h)h3‖ =

= h2(‖h(
k′(s)

6
N(s) +

k(s)τ(s)
6

B(s) + ε1(h)− ε2(h))‖)
SumperaÐnoume ìti to α(s) eÐnai efaptìmeno shmeÐo t�xhc 2 thc kampÔlhc α
kai tou eggÔtatou kÔklou thc sto α(s).

ParathroÔme ìti h efaptìmenh eujeÐa sto α(s) dÐnetai apì L(t) = α(s)+
tT (s). Epomènwc

α(s + h)− L(h) =
k(s)
2

h2N(s) + δ(h)h2

SumperaÐnoume ìti an k(s) 6= 0 to shmeÐo α(s) eÐnai efaptìmeno shmeÐo t�xhc
1 all� den eÐnai efaptìmeno shmeÐo t�xhc 2. Me �lla lìgia o eggÔtatoc
kÔkloc mac dÐnei kont� sto α(s) kalÔterh prosèggish thc kampÔlhc ap' ìti h
efaptomènh.

H epìmenh prìtash dikaiologeÐ thn onomasÐa eggÔtato epÐpedo gia to
epÐpedo pou orÐzetai apì ta T, N .
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Prìtash 2.8. 'Estw α kampÔlh monadiaÐac taqÔthtac, P = α(s) kai k(s) 6=
0. JewroÔme to epÐpedo pou orÐzoun ta shmeÐa P,Q = α(s+h1), R = α(s+h2).

i)DeÐxte ìti autì to epÐpedo sugklÐnei sto eggÔtato epÐpedo kaj¸c h1, h2 →
0.

ii)JewroÔme ton kÔklo pou orÐzoun ta shmeÐa P, Q = α(s + h1), R =
α(s + h2). DeÐxte ìti autìc o kÔkloc sugklÐnei ston eggÔtato kÔklo thc α
sto α(s) kaj¸c h1, h2 → 0.

Apìdeixh. i) ParathroÔme ìti an ta h1, h2 eÐnai arket� mikr� tìte ta shmeÐa
P, Q,R den eÐnai suneujeiak�. 'Ontwc h probol  thc α sto eggÔtato epÐpedo
dÐnetai apì

α1(s + h) = (h,
k(s)
2

h2 + δ1(h)h2)

to gr�fhma thc opoÐac moi�zei me parabol  afoÔ k(s) > 0. EpÐshc P = α1(s)
en¸ oi probolèc twn Q,R eÐnai diaforetikèc apì to P , epomènwc ta shmeÐa
P, Q,R den eÐnai suneujeiak�, �ra orÐzoun epÐpedo. 'Estw A(h1, h2) monadiaÐo
k�jeto di�nusma s' autì to epÐpedo. Ja deÐxoume ìti kaj¸c ta h1, h2 → 0
to A(h1, h2) plhsi�zei sto ±B(s) epomènwc ta epÐpeda pou orÐzontai apì ta
P, Q,R sugklÐnoun sto eggÔtato epÐpedo.

JewroÔme th sun�rthsh: F (u) =< A(h1, h2), α(u) >. Profan¸c

F (s) = F (s + h1) = F (s + h2) = 0

Apì to J. Rolle up�rqoun η1, η2 tètoia ¸ste F ′(η1) = 0, F ′(η2) = 0. P�li
apì to J. Rolle up�rqei ξ tètoio ¸ste F ′′(ξ) = 0. ParathroÔme ìti kaj¸c
ta h1, h2 → 0 ta η1, η2, ξ → s. 'Eqoume epomènwc

F ′(η1) =< A(h1, h2), α′(η1) >= F ′′(ξ) =< A(h1, h2), α′′(ξ) >= 0

All� ta α′(η1), α′′(ξ) sugklÐnoun antÐstoiqa sta dianÔsmata T (s), kN(s) ka-
j¸c ta h1, h2 → 0. Epomènwc to A(h1, h2) sugklÐnei se èna di�nusma k�jeto
s' aut� ta dÔo dianÔsmata, �ra sugklÐnei sto ±B(s), epomènwc ta epÐpeda
sugklÐnoun sto eggÔtato epÐpedo.

ii) O kÔkloc pou orÐzoun ta shmeÐa P,Q, R brÐsketai sto epÐpedo pou
orÐzoun aut� ta shmeÐa. AfoÔ aut� ta epÐpeda sugklÐnoun sto eggÔtato
epÐpedo kai autoÐ oi kÔkloi sugklÐnoun sto eggÔtato epÐpedo. 'Estw C(h1, h2)
to kèntro tou kÔklou pou perièqei ta P,Q, R. JewroÔme th sun�rthsh

G(u) =< α(u)− C(h1, h2), α(u)− C(h1, h2) >

ParathroÔme ìti

G(s) = G(s + h1) = G(s + h2) = 0

Apì to J. Rolle up�rqoun η1, η2 tètoia ¸ste G′(η1) = 0, G′(η2) = 0. P�li
apì to J. Rolle up�rqei ξ tètoio ¸ste G′′(ξ) = 0. ParathroÔme ìti kaj¸c
ta h1, h2 → 0 ta η1, η2, ξ → 0.
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JewroÔme t¸ra thn par�gwgo thc G:

G′(u) = 2 < α′(u), α(u)− C(h1, h2) >

Epomènwc
0 = G′(η1) = 2 < α′(η1), α(η1)− C(h1, h2) >

Kaj¸c ta h1, h2 → 0, η1 → s kai α′(η1) → T (s). SumperaÐnoume ìti ta
dianÔsmata α(η1)−C(h1, h2) sugklÐnoun se èna di�nusma k�jeto me to T (s)
kaj¸c ta h1, h2 → 0 kai u → s. JewroÔme t¸ra th deÔterh par�gwgo thc
G:

G′′(u) = 2 < α′′(u), α(u)− C(h1, h2) > +2 < α′(u), α′(u) >

'Eqoume

0 = G′′(ξ) = 2 < α′′(ξ), α(ξ)− C(h1, h2) > +2 < α′(ξ), α′(ξ) >

T¸ra
< α′(ξ), α′(ξ) >= 1

kai
α′′(ξ) = k(ξ)N(ξ)

Kaj¸c ta h1, h2 sugklÐnoun sto 0 to α′′(ξ) sugklÐnei sto k(s)N(s) kai to
C(h1, h2) sugklÐnei se èna shmeÐo C sto eggÔtato epÐpedo thc kampÔlhc kai
apì thn parap�nw isìthta sto ìrio paÐrnoume:

0 =< k(s)N(s), α(s)− C > +1 ⇒< N(s), α(s)− C >= − 1
k(s)

AfoÔ ta dianÔsmata N(s), α(s)− C eÐnai suneujeiak� èqoume ìti

α(s)− C = − 1
k(s)

N(s) ⇒ C = α(s) +
1

k(s)
N(s)

dhlad  o kÔkloc pou paÐrnoume sto ìrio eÐnai o eggÔtatoc kÔkloc thc α sto
s.

'Askhsh 2.7. 'Estw α kampÔlh monadiaÐac taqÔthtac kai mh mhdenik c kam-
pulìthtac tètoia ¸ste to efaptìmeno di�nusma α′(s) = T (s) eÐnai k�jeto se
stajerì di�nusma w gia k�je s. DeÐxte ìti h α eÐnai epÐpedh.

2.7 EpÐpedec KampÔlec

Ja melet soume t¸ra pio analutik� tic epÐpedec kampÔlec. Ja doÔme ìti s'
aut  thn perÐptwsh mporeÐ kaneÐc na dìsei èna prìshmo ± sthn kampulìthta
kai na jewr sei thn proshmasmènh kampulìthta thc kampÔlhc. Tèloc ja
deÐxoume to jemeli¸dec je¸rhma thc jewrÐac twn epÐpedwn kampul¸n pou lèei
ìti h proshmasmènh kampulìthta prosdiorÐzei pl rwc mÐa epÐpedh kampÔlh.
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An e1 èna monadiaÐo di�nusma sto epÐpedo up�rqoun akrib¸c 2 monadiaÐa
dianÔsmata k�jeta sto e1. An e2 eÐnai to k�jeto di�nusma pou paÐrnoume
strÐbontac to e1 kat� π/2 antÐstrofa me th for� twn deikt¸n tou rologioÔ
lème ìti h diatetagmènh b�sh (e1, e2) eÐnai jetik� prosanatolismènh. AntÐs-
toiqa h b�sh (e1,−e2) eÐnai arnhtik� prosanatolismènh (epÐshc h (e2, e1) eÐnai
arnhtik� prosanatolismènh).

Orismìc. 'Estw α : I → R2 kampÔlh manadiaÐac taqÔthtac kai èstw T (t)
to monadiaÐo efaptìmeno di�nusma thc α. OrÐzoume N∗(t) na eÐnai to monadi-
aÐo di�nusma k�jeto sto T (t) ètsi ¸ste h b�sh (T (t), N∗(t)) na eÐnai jetik�
prosanatolismènh. H par�gwgoc T ′(t) eÐnai k�jeth sto T (t), epomènwc T ′(t) =
k∗(t)N∗(t) gia k�poio k∗(t) ∈ R. H sun�rthsh k∗(t) onom�zetai proshmas-
mènh   epÐpedh kampulìthta thc α.

ParathroÔme ìti k∗(t) = k(t) an h b�sh (T (t), N(t)) eÐnai jetik� prosana-
tolismènh kai k∗(t) = −k(t) an h b�sh (T (t), N(t)) eÐnai arnhtik� prosana-
tolismènh (ìpou k(t), N(t) eÐnai antÐstoiqa h kampulìthta kai to pr¸to k�-
jeto di�nusma thc α). ParathroÔme epÐshc ìti an T (t) = (a, b) tìte N∗(t) =
(−b, a).

Prìtash 2.9. 'Estw α : I → R2, α(t) = (α1(t), α2(t)), kampÔlh monadiaÐac
taqÔthtac. Tìte h proshmasmènh kampulìthta thc α dÐnetai apì ton tÔpo

k∗(t) = α′1(t)α
′′
2(t)− α′2(t)α

′′
1(t)

Apìdeixh.
T (t) = (α′1(t), α

′
2(t))

α′′(t) = (α′′1(t), α
′′
2(t))

N∗(t) = (−α′2(t), α
′
1(t))

kai tèloc

k∗(t) =< α′′(t), N∗(t) >= α′1(t)α
′′
2(t)− α′2(t)α

′′
1(t)

Genikìtera an β eÐnai tuqaÐa epÐpedh kampÔlh, s(t) eÐnai h sun�rthsh m koc
tìxou thc β kai β(t) = α(s(t)) h anaparamètrhsh monadiaÐac taqÔthtac thc
β tìte èqoume:

β′(t) = s′(t)α′(s(t)) = s′(t)T (t)

β′′(t) = s′′(t)α′(s(t)) + s′(t)2α′′(s(t)) = s′′(t)T (t) + s′(t)2α′′(s(t))

< β′′(t), N∗(t) >= s′(t)2k∗(t)

Antikajist¸ntac

N∗(t) =
1

s′(t)
(−β′2(t), β

′
1(t))
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èqoume

k∗(t) =
β′1(t)β

′′
2 (t)− β′2(t)β

′′
1 (t)

‖β′(t)‖3

ParathroÔme ìti an α tuqaÐa epÐpedh kampÔlh me proshmasmènh kam-
pulìthta kα∗ kai β anaparamètrhsh thc α me antÐjeto prosanatolismì, dhl.
β(t) = α(c − t) gia k�poio c ∈ R tìte h proshmasmènh kampulìthta thc β,
kβ
∗ èqei antÐjeto prìshmo apì thn kα∗ , dhl.

kβ
∗ (t) = −kα

∗ (t)

Pr�gmati autì èpetai me upologismì apì touc parap�nw tÔpouc gia thn
proshmasmènh kampulìthta. MporoÔme na parathr soume gewmetrik� ìti
met� thn anaparamètrhsh h for� tou T (t) antistrèfetai en¸ to N(t) mènei
stajerì. Epomènwc o prosanatolismìc thc (T (s), N(s)) all�zei.

Orismìc. MÐa stere� kÐnhsh sto epÐpedo eÐnai mÐa apeikìnish M : R2 → R2

t.w. M = Rθ ◦ µc ìpou h Rθ eÐnai strof  gwnÐac θ kai h µc eÐnai metafor�
kat� to di�nusma c.

UpenjumÐzoume ìti

Rθ(x, y) =
(

cos θ − sin θ
sin θ cos θ

) (
x
y

)
= (x cos θ − y sin θ, x sin θ + y cos θ)

kai an c = (c1, c2) tìte

µc(x, y) = (x, y) + c = (x + c1, y + c2)

Prìtash 2.10. 'Estw α epÐpedh kampÔlh monadiaÐac taqÔthtac kai M stere�
kÐnhsh tou epipèdou. JewroÔme thn kampÔlh β(s) = M ◦α(s). Tìte h prosh-
masmènh kampulìthta thc β eÐnai Ðsh me thn proshmasmènh kampulìthta thc
α.

Apìdeixh. 'Estw α(s) = (α1(s), α2(s)). An M = Rθ tìte

β(s) = (α1(s) cos θ − α2(s) sin θ, α1(s) sin θ + α2(s) cos θ)

kai h proshmasmènh kampulìthta thc β dÐnetai apì

kβ
∗ (t) = (α′1(s) cos θ − α′2(s) sin θ)(α′′1(s) sin θ + α′′2(s) cos θ)−

−(α′1(s) sin θ + α′2(s) cos θ)(α′′1(s) cos θ − α′′2(s) sin θ) =

= α′1(s)α
′′
2(s)− α′2(s)α

′′
1(s)

'Omoia an M eÐnai metafor� h proshmasmènh kampulìthta den all�zei. AfoÔ
k�je stere� kÐnhsh eÐnai sÔnjesh metafor�c me strof  h proshmasmènh kam-
pulìthta den all�zei apì stere� kÐnhsh.
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Prìtash 2.11. 'Estw α epÐpedh kampÔlh monadiaÐac taqÔthtac kai èstw
θ(s) h gwnÐa pou sqhmatÐzoun ta T (s), e1. An k∗(s) eÐnai h proshmasmènh
kampulìthta thc α, isqÔei ìti

k∗(s) = θ′(s)

Apìdeixh. T (s) = (cos θ(s), sin θ(s)) ìpou h θ(s) eÐnai diaforÐsimh.

N∗(s) = (− sin θ(s), cos θ(s))

k∗(s) =< T ′(s), N∗(s) >=

=< (−θ′(s) sin θ(s), θ′(s) cos θ(s)), (− sin θ(s), cos θ(s)) >=

= θ′(s)(sin2 θ(s) + cos2 θ(s)) = θ′(s)

Je¸rhma. (Jemeli¸dec Je¸rhma epÐpedwn kampul¸n)
i) 'Estw k∗ : [0, a] → R diaforÐsimh sun�rthsh. Tìte up�rqei epÐpedh

kampÔlh monadiaÐac taqÔthtac γ : [0, a] → R2 t.w. h k∗ eÐnai h epÐpedh
kampulìthta thc γ.

ii) An β : [0, a] → R2 eÐnai epÐpedh kampÔlh monadiaÐac taqÔthtac t.w.
h k∗ eÐnai h epÐpedh kampulìthta thc β tìte up�rqei stere� kÐnhsh M t.w.
β(s) = M ◦ γ(s).

Apìdeixh. i) Jètoume

φ(s) =
∫ s

0
k∗(u) du

γ(s) = (
∫ s

0
cosφ(t) dt,

∫ s

0
sinφ(t) dt)

Tìte
T (s) = γ′(s) = (cos φ(s), sinφ(s))

eÐnai èna monadiaÐo di�nusma pou sqhmatÐzei gwnÐa φ(s) me ton �xona twn x.
Epomènwc h γ eÐnai kampÔlh monadiaÐac taqÔthtac kai apì thn prìtash 2.11
h epÐpedh kampulìthta thc γ eÐnai Ðsh me φ′(s) = k∗(s).

ii) 'Estw M stere� kÐnhsh t.w. M(β(0)) = γ(0) kai M(β′(0)) = γ′(0).
'Estw T̃ (s) = (M ◦ β)′(s) An θ(s) eÐnai h gwnÐa pou sqhmatÐzei to T̃ (s) me
ton �xona twn x tìte

θ(s) =
∫ s

0
k∗(u) du

ParathroÔme ìti
T̃ (s) = (cos θ(s), sin θ(s))

AfoÔ θ(s) = φ(s) èqoume T (s) = T̃ (s) gia k�je s. All� γ(0) = M(β(0)),
epomènwc γ(s) = M(β(s)) gia k�je s.
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2.8 Jemeli¸dec Je¸rhma twn kampul¸n

OrÐzoume mÐa sqèsh isodunamÐac sto sÔnolo twn diatetagmènwn b�sewn tou
R3. Lème ìti oi b�seic (v1, v2, v3) kai (w1, w2, w3) eÐnai isodÔnamec an o
pÐnakac allag c b�shc èqei jetik  orÐzousa. Profan¸c aut  h sqèsh eÐ-
nai autopaj c summetrik  kai metabatik , epomènwc eÐnai sqèsh isodunamÐac.
ParathroÔme ìti aut  h sqèsh qwrÐzei to sÔnolo twn diatetagmènwn b�sewn
se 2 kl�seic isodunamÐac.

'Estw
e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1)

h kanonik  b�sh tou R3. Lème ìti mÐa b�sh (v1, v2, v3) eÐnai jetik� prosana-
tolismènh an o pÐnakac allag c b�shc apì thn (e1, e2, e3) sthn (v1, v2, v3)
èqei jetik  orÐzousa. UpenjumÐzoume ìti o pÐnakac allag c b�shc eÐnai
o pÐnakac thc grammik c apeikìnishc pou orÐzetai me T (e1) = v1, T (e2) =
v2, T (e3) = v3, eÐnai loipìn o pÐnakac pou èqei san st lec ta v1, v2, v3.

L mma. 'Estw u, v grammik� anex�rthta dianÔsmata. Tìte h diatetagmènh
b�sh (u, v, u× v) eÐnai jetik� prosanatolismènh.

Apìdeixh. 'Estw u = (a1, a2, a3), v = (b1, b2, b3). Tìte

u× v = (a2b3 − a3b2, b1a3 − a1b3, a1b2 − a2b1)

kai h orÐzousa tou pÐnaka allag c b�shc ap' thn kanonik  b�sh sthn
(u, v, u× v) eÐnai:

∣∣∣∣∣∣

a1 b1 a2b3 − a3b2

a2 b2 b1a3 − a1b3

a3 b3 a1b2 − a2b1

∣∣∣∣∣∣
= (a1b2−a2b1)2 +(b1a3−a1b3)2 +(a2b3−a3b2)2 > 0

Orismìc. MÐa stere� kÐnhsh tou R3 eÐnai mia apeikìnish thc morf c µ ◦ T
ìpou o T eÐnai orjog¸nioc metasqhmatismìc tou opoÐou o pÐnakac èqei jetik 
orÐzousa kai o µ eÐnai metafor�.

UpenjumÐzoume ìti ènac orjog¸nioc metasqhmatismìc T : R3 → R3 eÐ-
nai mÐa grammik  apeikìnish pou diathreÐ to eswterikì ginìmeno, dhl. <
Tv, Tw >=< v, w > gia k�je v, w ∈ R3. O pÐnakac tou T eÐnai ènac or-
jog¸nioc pÐnakac A, dhl. isqÔei ìti AtA = In. 'Enac orjog¸nioc metasqhma-
tismìc tou R3 tou opoÐou h orÐzousa eÐnai jetik  (�ra Ðsh me 1) eÐnai strof 
gÔrw apì k�poio �xona.

EÐnai eÔkolo na deÐ kaneÐc ìti mÐa stere� kÐnhsh diathreÐ thn kampulìthta
kai th strèyh mi�c kampÔlhc:

Prìtash 2.12. 'Estw α : I → R3 omal  kampÔlh kai èstw M : R3 → R3

stere� kÐnhsh. Tìte h kampulìthta kai h strèyh thc M ◦α eÐnai Ðsh me thn
kampulìthta kai thn strèyh thc α.
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Apìdeixh. MporoÔme na upojèsoume ìti h α eÐnai kampÔlh monadiaÐac taqÔth-
tac. EÐnai profanèc ìti h prìtash isqÔei an h M eÐnai metafor�. 'Estw t¸ra
ìti h M eÐnai orjog¸nioc metasqhmatismìc. Jètoume β(s) = M(α(s)). Tìte

M(α(s))′ = M(α′(s))

afoÔ h M eÐnai grammik . EpÐshc afoÔ M orjog¸nioc

‖M(v)‖ = ‖v‖

gia k�je v, epomènwc

‖β′(s)‖ = ‖M(α(s))′‖ = ‖M(α′(s))‖ = ‖α′(s)‖ = 1

�ra h β(s) eÐnai epÐshc kampÔlh monadiaÐac taqÔthtac. An Tα, Nα, Bα, Tβ, Nβ, Bβ

eÐnai antÐstoiqa ta trÐedra Frenet twn α, β tìte èqoume:

β′(s) = Tβ(s) = M(Tα(s))

kai
kβ(s) = ‖T ′β(s)‖ = ‖M(T ′α(s))‖ = ‖T ′α(s)‖ = kα(s)

ìpou kβ, kα eÐnai antÐstoiqa oi kampulìthtec twn α, β. EpÐshc

Nβ = M(Nα)

'Omoia

Bβ = M(Bα) ⇒ B′
β(s) = M(B′

α(s)) ⇒ τβ(s)Nβ(s) = τα(s)M(Nα(s))

�ra τβ(s) = τα(s) (ìpou τβ, τα eÐnai h strèyeic twn β, α antÐstoiqa).

Ja exet�soume t¸ra pwc metab�letai h kampulìthta, h strèyh kai to
trÐedro Frenet miac kampÔlhc apì anaparamètrhsh thc kampÔlhc.

Orismìc. 'Estw α : I → R3 kampÔlh kai β : J → R3 β = α ◦ h ana-
paramètrhsh thc α. Lème ìti oi α, β èqoun ton Ðdio prosanatolismì an h′(t) >
0 gia k�je t ∈ J . An h′(t) < 0 gia k�je t ∈ J lème ìti oi α, β èqoun antÐjeto
prosanatolismì.

ParathroÔme ìti an β eÐnai h anaparamètrhsh monadiaÐac taqÔthtac thc
omal c kampÔlhc α tìte β = α ◦ s ìpou s eÐnai h sunrthsh m koc tìxou kai
s′(t) = ‖α′(t)‖ > 0 �ra oi α, β èqoun ton Ðdio prosanatolismì.

ParathroÔme epÐshc ìti to trÐedro Frenet, h kampulìthta kai h strèy-
h mÐac kanonik c kampÔlhc orÐzontai mèsw thc anaparamètrhshc monadiaÐac
taqÔthtac thc kampÔlhc. Gia na doÔme loipìn pwc metab�lontai aut� ta
megèjh arkeÐ na perioristoÔme se kampÔlec monadiaÐac taqÔthtac.
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'Estw loipìn α : [0, L] → R3 kampÔlh monadiaÐac taqÔthtac. H α èqei
mìno mÐa anaparamètrhsh monadiaÐac taqÔthtac thn β(t) = α(L − t), β :
[0, L] → R3.

SumbolÐzoume me Tβ, Nβ, Bβ ta dianÔsmata tou trièdrou Frenet thc β kai
me T,N, B ta antÐstoiqa dianÔsmata thc α. 'Eqoume:

Tβ(t) = β′(t) = −α′(L− t) = −T (L− t)

epomènwc h for� tou efaptìmenou dianÔsmatoc antistrèfetai.

Nβ(t) =
T ′β(t)
‖T ′β(t)‖ =

−T ′(L− t)
‖ − T ′(L− t)‖ = N(L− t)

dhlad  to pr¸to k�jeto di�nusma mènei amet�blhto. Tèloc

Bβ(t) = Tβ(t)×Nβ(t) = −B(L− t)

dhl. to deÔtero k�jeto di�nusma all�zei kateÔjunsh.
'Estw kβ, τβ h kampulìthta kai h strèyh thc β kai k, t h kampulìthta kai

h strèyh thc α.
Gia thn kampulìthta èqoume:

kβ(t) = ‖T ′β(t)‖ = ‖ − T ′(L− t)‖ = ‖T ′(L− t)‖ = k(L− t)

dhlad  h kampulìthta den metab�letai.
UpologÐzoume t¸ra th strèyh:

B′
β(t) = −τβ(t)Nβ(t) = −τβ(t)N(L− t)

kai
B′

β(t) = (−B(L− t))′ = B′(L− t) = −τ(L− t)N(L− t)

�ra
τβ(t) = τ(L− t)

�ra kai h strèyh den metab�letai.

Je¸rhma. (Jemeli¸dec je¸rhma kampul¸n) 'Estw k : [0, c] → (0,∞),
τ : [0, c] → R diaforÐsimec sunart seic. Tìte up�rqei kampÔlh monadiaÐac
taqÔthtac α : [0, c] → R3 tètoia ¸ste h kampulìthta thc α eÐnai h k kai
h strèyh thc α eÐnai h τ . EpÐshc an β eÐnai mÐa �llh kampÔlh monadiaÐac
taqÔthtac me kampulìthta k kai strèyh τ tìte h β prokÔptei apì thn α me
stere� kÐnhsh.

Apìdeixh. Ja deÐxoume mìno thn monadikìthta. Gia thn apìdeixh thc Ôparxhc
parapèmpoume stic shmei¸seic BasileÐou-PapatriantafÔllou.

'Estw loipìn α : [0, c] → R3 kampÔlh monadiaÐac taqÔthtac me kampulìth-
ta k kai strèyh τ . SumolÐzoume me T,N,B ta dianÔsmata tou trièdrou Frenet
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thc α. 'Estw β : [0, c] → R3 mÐa �llh kampÔlh monadiaÐac taqÔthtac me kam-
pulìthta kai strèyh epÐshc Ðsh me k, τ . 'Estw s0 ∈ (0, c). ParathroÔme ìti me
stere� kÐnhsh mporoÔme na tautÐsoume to β(s0) me to α(s0) ìpwc epÐshc kai
ta dianÔsmata tou trièdrou Frenet thc β sto s0 me ta T (s0), N(s0), B(s0).
Shmei¸noume ìti autì isqÔei epeid  kai ta 2 trÐedra eÐnai jetik� prosana-
tolismèna.

Upojètw loipìn ìti α(s0) = β(s0) kai ìti ta dianÔsmata tou trièdrou thc
β sto s0 eÐnai ta T (s0), N(s0), B(s0).

SumbolÐzoume me Tβ, Nβ, Bβ ta dianÔsmata tou trièdrou Frenet thc β .
Ja deÐxoume ìti

Tβ(t) = T (t), Nβ(t) = N(t), Bβ(t) = B(t)

gia k�je t ∈ [0, c].
ParagwgÐzoume:

< T (t)− Tβ(t), T (t)− Tβ(t) >′= 2k(t) < N(t)−Nβ(t), T (t)− Tβ(t) >

< N(t)−Nβ(t), N(t)−Nβ(t) >′= −2k(t) < N(t)−Nβ(t), T (t)−Tβ(t) > +

+2τ(t) < N(t)−Nβ(t), B(t)−Bβ(t) >

< B(t)−Bβ(t), B(t)−Bβ(t) >′= −2τ(t) < N(t)−Nβ(t), B(t)−Bβ(t) >

Prosjètontac èqoume

< T (t)− Tβ(t), T (t)− Tβ(t) >′ + < N(t)−Nβ(t), N(t)−Nβ(t) >′ +

+ < B(t)−Bβ(t), B(t)−Bβ(t) >′= 0

epomènwc h sun�rthsh

f(t) = ‖T (t)− Tβ(t)‖2 + ‖N(t)−Nβ(t)‖2 + ‖B(t)−Bβ(t)‖2

eÐnai stajer . All� f(s0) = 0. SumperaÐnoume ìti f(t) = 0 gia k�je t ∈ [0, c]
kai

Tβ(t) = T (t), Nβ(t) = N(t), Bβ(t) = B(t)

gia k�je t ∈ [0, c].
JewroÔme t¸ra th diafor� γ(t) = α(t)− β(t). ParathroÔme ìti

γ′(t) = α′(t)− β′(t) = T (t)− Tβ(t) = 0

Epomènwc h γ(t) eÐnai stajer . EpÐshc γ(s0) = 0 �ra γ(t) = 0 gia k�je t kai
α = β.

Orismìc. Oi exis¸seic k = k(s) kai τ = τ(s) pou dÐnoun thn kampulìthta
kai th strèyh miac kampÔlhc onom�zontai fusikèc exis¸seic thc kampÔlhc.
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3 Epif�neiec

3.1 Orismìc epif�neiac

Diaisjhtik� mia epif�neia eÐnai èna uposÔnolo tou R3 pou topik� moi�zei me
to epÐpedo, mporoÔme dhlad  na thn kataskeu�soume paÐrnontac komm�tia
tou epipèdou lugÐzont�c ta kai koll¸ntac ta metaxÔ touc. S' autì to m�jhma
ja perioristoÔme se leÐec epif�neiec, dhlad  epif�neiec pou den èqoun `gwnÐec'
kai pou mporoÔme na melet soume qrhsimopoi¸ntac to diaforikì logismì. Gia
par�deigma h sfaÐra eÐnai mÐa leÐa epif�neia. MporoÔme na thn kataskeu�-
soume paÐrnwntac 2 dÐskouc tou epipèdou, strebl¸nontac touc kat�llhla kai
`kol¸ntac ' touc metaxÔ touc. Ap' thn �llh o k¸noc kai o kÔboc den eÐnai leÐec
epif�neiec, o k¸noc den eÐnai leÐoc sthn koruf  tou kai o kÔboc den eÐnai leÐoc
stic akmèc kai stic korufèc tou.

UpenjumÐsoume ìti mÐa apeikìnish f : U → Rk, ìpou U anoiqtì sÔnolo
tou Rn, eÐnai t�xhc C1 an ìlec oi merikèc par�gwgoi thc f up�rqoun kai eÐnai
suneqeÐc. MÐa C1 apeikìnish eÐnai diaforÐsimh.

Orismìc. 'Enac q�rthc eÐnai mÐa C1 apeikìnish r : U → R3, ìpou U eÐnai
anoiqtì uposÔnolo tou R2, me tic akìloujec idiìthtec:

1. H apeikìnish r : U → r(U) = W eÐnai omoiomorfismìc.
2. Gia k�je a = (u, v) ∈ U to diaforikì Dr(a) : R2 → R3 eÐnai 1-1.
'Ena uposÔnolo S tou R3 lègetai kanonik  epif�neia an up�rqoun q�rtec

ri : Ui → R3 (i ∈ I) tètoioi ¸ste Wi = ri(Ui) eÐnai anoiqtì uposÔnolo thc S
gia k�je i kai

S =
⋃

i∈I

Wi

'Enac q�rthc lègetai epÐshc kai paramètrhsh epif�neiac h 2-di�stato
sÔsthma suntetagmènwn.

Parathr seic.
1. 'Ena uposÔnolo U tou R2 eÐnai anoiqtì an gia k�je p ∈ U up�rqei èna

ε > 0 tètoio ¸ste Bp(ε) ⊂ U . Gia par�deigma to U = {(x, y) : x > 0} eÐnai
anoiqtì en¸ to B = {(x, y) : x ≥ 0} den eÐnai anoiqtì.

2. MÐa apeikìnish f : U → W eÐnai omoiomorfismìc an eÐnai suneq c, 1-1
kai h antÐstrofh f−1 eÐnai epÐshc suneq c. 'Ena par�deigma suneqoÔc 1-1 kai
epÐ apeikìnishc pou den eÐnai omoiomorfismìc eÐnai h apeikìnish

f : [0, 2π) → S1, f(x) = (cos x, sinx)

ìpou S1 eÐnai o monadiaÐoc kÔkloc.
3. Qrhsimopoi¸ntac suntetagmènec h apeikìnish r ston parap�nw orismì

dÐnetai apì
r(u, v) = (x(u, v), y(u, v), z(u, v))
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H deÔterh sunj kh tou orismoÔ eÐnai isodÔnamh me th sunj kh ìti o pÐnakac
Jacobi thc grammik c apeikìnishc Dr(a) èqei t�xh 2 gia k�je a ∈ U . O
pÐnakac Jacobi dÐnetai apì

Jar =




∂x
∂u(a) ∂x

∂v (a)

∂y
∂u(a) ∂y

∂v (a)

∂z
∂u(a) ∂z

∂v (a)




O pÐnakac autìc èqei t�xh 2 an kai mìno an ta dianÔsmata twn sthl¸n:

∂r

∂u
(a) = (

∂x

∂u
(a),

∂y

∂u
(a),

∂z

∂u
(a)),

∂r

∂u
(a) = (

∂x

∂v
(a),

∂y

∂v
(a),

∂z

∂v
(a))

eÐnai grammik� anex�rthta. IsodÔnama, aut� ta dianÔsmata eÐnai grammik�
anex�rthta an kai mìno an

∂r

∂u
(a)× ∂r

∂u
(a) 6= 0

MporoÔme epÐshc na doÔme an o pÐnakac èqei t�xh 2 exet�zontac tic orÐ-
zousec

∂(x, y)
∂(u, v)

=

∣∣∣∣∣∣

∂x
∂u(a) ∂x

∂v (a)

∂y
∂u(a) ∂y

∂v (a)

∣∣∣∣∣∣
,

∂(x, z)
∂(u, v)

,
∂(y, z)
∂(u, v)

O pÐnakac èqei t�xh dÔo an kai mìno an toul�qiston mÐa ap' autèc tic orÐzousec
eÐnai mh mhdenik .

Ta dianÔsmata

∂r

∂u
(a) = (

∂x

∂u
(a),

∂y

∂u
(a),

∂z

∂u
(a)),

∂r

∂u
(a) = (

∂x

∂v
(a),

∂y

∂v
(a),

∂z

∂v
(a))

èqoun gewmetrik  shmasÐa pou mporoÔme na doÔme wc ex c: 'Estw a =
(u0, v0), jewroÔme tic kampÔlec α(u) = r(u, v0), β(v) = r(u0, v). Autèc
oi kampÔlec perièqontai sthn epif�neia r(U) kai

α′(u0) =
∂r

∂u
(a), β′(v0) =

∂r

∂v
(a)

Dhlad  aut� ta dianÔsmata ef�ptontai stic kampÔlec α, β sto shmeÐo a.
Kaj¸c upojètoume ìti eÐnai grammik� anex�rthta orÐzoun èna epÐpedo pou eÐ-
nai to efaptìmeno epÐpedo thc epif�neiac sto shmeÐo a. Oi kampÔlec α(u) =
r(u, v0), β(v) = r(u0, v) onom�zontai kampÔlec suntetagmènwn h parametrikèc
kampÔlec thc epif�neiac.

Par�deigma 3.1. An U ⊂ R2 eÐnai anoiqtì tìte to U eÐnai epif�neia.
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Pr�gmati ja deÐxoume ìti h tautotik  apeikìnish i : U → R3 eÐnai q�rthc.
'Eqoume i(u, v) = (u, v, 0). Profan¸c h i : U → U eÐnai omoiomorfismìc �ra
h pr¸th sunj kh tou orismoÔ ikanopoieÐtai. EpÐshc o pÐnakac Jacobi tou
diaforikoÔ eÐnai o

Jai =




1 0
0 1
0 0




pou èqei t�xh 2.

Par�deigma 3.2. EpÐpeda 'Estw S = {(x, y, z) : ax+ by + cz +d = 0} ìpou
(a, b, c) 6= (0, 0, 0).

Ac poÔme ìti c 6= 0. OrÐzoume

r : R2 → R3, r(x, y) = (x, y,−ax + by + d

c
)

'Eqoume r(R2) = S, h r eÐnai suneq c kai 1-1. H antÐstrofh apeikìnish r−1 :
S → R2 prokÔptei ap' ton periorismì thc probol c π : R3 → R2, π(x, y, z) =
(x, y) sto S. AfoÔ h π eÐnai suneq c, h r−1 eÐnai epÐshc suneq c. O pÐnakac
Jacobi tou diaforikoÔ thc r eÐnai o

Jpr =




1 0
0 1
−a

c − b
c




pou èqei t�xh 2.
Epomènwc h r : R2 → R3 eÐnai q�rthc. H S kalÔptetai apì autì to q�rth,

epomènwc eÐnai kanonik  epif�neia.

Par�deigma 3.3. Gr�fhma sun�rthshc 'Estw U ⊂ R2 anoiqtì kai f :
U → R3, C1 sun�rthsh. To gr�fhma thc f eÐnai to uposÔnolo tou R3:

S = {(x, y, f(x, y)) : (x, y) ∈ U}

JewroÔme thn apeikìnish

φ : U → R3, φ(x, y) = (x, y, f(x, y))

Blèpoume ìpwc sto prohgoÔmeno par�deigma ìti h φ : U → S eÐnai omoiomor-
fismìc kai to diaforikì thc φ dÐnetai apì

Jpφ =




1 0
0 1

∂f
∂x (p) ∂f

∂y (p)




h t�xh autoÔ tou pÐnaka eÐnai 2 epomènwc h Dφ(p) eÐnai 1-1 gia k�je p ∈ U
�ra o φ : U → S eÐnai q�rthc kai h S eÐnai omal  epif�neia.
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Par�deigma 3.4. SfaÐra. S2 = {(x, y, z) : x2 + y2 + z2 = 1}
Se antÐjesh me ta prohgoÔmena paradeÐgmata h sfaÐra eÐnai epif�neia pou

den kalÔptetai apì mìno èna q�rth.
JewroÔme ton anoiqtì dÐsko U = {(x, y) : x2 + y2 < 1}. OrÐzoume

r1 : U → R3, r1(x, y) = (x, y,
√

1− x2 − y2)

ParathroÔme ìti o r1 eÐnai q�rthc kai r1(U) kalÔptei to �nw hmisfaÐrio.
An�loga orÐzoume

r2 : U → R3, r2(x, y) = (x, y,−
√

1− x2 − y2)

r3 : U → R3, r3(x, y) = (x,
√

1− x2 − y2, y)

r4 : U → R3, r4(x, y) = (x,−
√

1− x2 − y2, y)

r5 : U → R3, r5(x, y) = (
√

1− x2 − y2, x, y)

r6 : U → R3, r6(x, y) = (−
√

1− x2 − y2, x, y)

ParathroÔme ìti
S2 =

⋃

i=1..6

ri(U)

epomènwc h sfaÐra eÐnai kanonik  epif�neia.
Mia �llh paramètrish thc sfaÐrac dÐnetai apì tic sfairikèc suntetag-

mènec: 'Estw
V = {(θ, φ) : 0 < θ < π, 0 < φ < 2π}

OrÐzoume f : V → R3 me

f(θ, φ) = (sin θ cosφ, sin θ sinφ, cos θ)

Profan¸c h f eÐnai diaforÐsimh afoÔ cos, sin eÐnai C1. Exet�zoume tic orÐ-
zousec:

∂(x, y)
∂(θ, φ)

=

∣∣∣∣∣∣∣

∂x
∂θ

∂x
∂φ

∂y
∂θ

∂y
∂φ

∣∣∣∣∣∣∣
= cos θ sin θ

∂(y, z)
∂(θ, φ)

=

∣∣∣∣∣∣∣

∂y
∂θ

∂y
∂φ

∂z
∂θ

∂z
∂φ

∣∣∣∣∣∣∣
= sin2 θ cosφ

∂(x, z)
∂(θ, φ)

=

∣∣∣∣∣∣∣

∂x
∂θ

∂x
∂φ

∂z
∂θ

∂z
∂φ

∣∣∣∣∣∣∣
= − sin2 θ sinφ

35



ParathroÔme ìti autèc oi orÐzousec mhdenÐzontai tautìqrona an kai mìno an
mhdenÐzetai to �jroisma twn tetrag¸nwn touc:

cos2θ sin2 θ + sin4 θ cos2 φ + sin4 θ sin2 φ = sin2 θ

all� θ ∈ (0, π) �ra sin2 θ 6= 0. Epomènwc to diaforikì Df(θ, φ) eÐnai 1-1.
EpÐshc an (x, y, z) = f(θ, φ) èqoume cos θ = z, epomènwc to θ prosdiorÐzetai
monos manta apì to z. Apì tic sin θ cosφ = x, sin θ sinφ = y prosdiorÐzetai
t¸ra monos manta kai to φ. SumperaÐnoume ìti h f eÐnai 1-1 kai orÐzetai
h antÐstrofh f−1. H antÐstrofh eÐnai suneq c afoÔ oi arccos, arcsin pou
qrhsimopoioÔme gia ton orismì thc f−1 eÐnai suneqeÐc.

ParathroÔme tèloc ìti f(V ) kalÔptei ìlh th sfaÐra ektìc ap' to hmikÔk-
lio

C : (x, y, z) ∈ S2 : y = 0, x ≥ 0

H S2 mporeÐ ka kalufteÐ ex olokl rou qrhsimopoi¸ntac �llo èna q�rth thc
Ðdiac morf c pq

g(θ, φ) = (cos θ, sin θ sinφ,− sin θ cosφ)

Par�deigma 3.5. JewroÔme th sun�rthsh r : R2 → R3, r(x, y) = (x3, y3, 0).
Tìte r(R2) = R2 all� o r den eÐnai q�rthc.

H r eÐnai diaforÐsimh kai omoiomorfismìc epomènwc ÐkanopoieÐ thn pr¸th
sunj kh tou orismoÔ.

All�

J(x,y)r =




3x2 0
0 3y2

0 0




kai an x = 0 h y = 0 h t�xh tou pÐnaka eÐnai mikrìterh apì 2, epomènwc h
deÔterh sunj kh tou orismoÔ den ikanopoieÐtai.

'Opwc blèpoume h apìdeixh ìti èna uposÔnolo touR3 eÐnai kanonik  epif�neia
me b�sh ton orismì eÐnai arket� epÐponh. Ja dìsoume parak�tw èna aplì
krit rio pou mporoÔme na qrhsimopoi soume se pollèc peript¸seic. Upen-
jumÐzoume ìti mÐa sun�rthsh f : Rk → Rn eÐnai C1 an ìlec oi merikèc par�g-
wgoi ∂fj

∂xi
, (i = 1, .., k, j = 1, .., n) up�rqoun kai eÐnai suneqeÐc. ParathroÔme

ìti tìte h f eÐnai diaforÐsimh.
Gia thn apìdeixh tou krithrÐou autoÔ qreiazìmaste to je¸rhma pepeleg-

mènhc sun�rthshc apì to diaforikì logismì:

Je¸rhma. (Je¸rhma peplegmènhc sun�rthshc) 'Estw O anoiqtì sÔnolo tou
R3, p = (x0, y0, z0) ∈ O, c ∈ R kai èstw f : U → R, C1 sun�rthsh.
Upojètoume ìti f(p) = c kai ∂f

∂z (p) 6= 0. Tìte up�rqei mia anoiqt  geitoni�
U tou (x0, y0) sto R2, èna anoiqtì di�sthma I pou perièqei to z0 kai mi�
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diaforÐsimh apeikìnish g : U → I ètsi ¸ste U × I ⊂ O, g(x0, y0) = z0 kai
gia k�je (x, y, z) ∈ U × I isqÔei ìti

f(x, y, z) = c ⇔ z = g(x, y)

Prìtash 3.1. 'Estw W ⊂ R3 anoiqtì kai f : W → R, C1 sun�rthsh.
'Estw c ∈ R tètoio ¸ste gia k�je p ∈ f−1(c) to diaforikì Df(p) : R3 → R
eÐnai epÐ. Tìte h S = f−1(c) eÐnai kanonik  epif�neia.

Apìdeixh. To diaforikì Df(p) : R3 → R eÐnai epÐ an kai mìno an h t�xh tou
pÐnaka Jacobi eÐnai 1. 'Eqoume

Jpf =
(∂f

∂x
(p),

∂f

∂y
(p),

∂f

∂z
(p)

)

ArkeÐ loipìn k�poia apì tic merikèc parag¸gouc na eÐnai 6= 0. 'Estw ∂f
∂z (p) 6=

0. Apì to Je¸rhma peplegmènhc sun�rthshc up�rqei anoiqtì sÔnolo U×I ⊂
W me p = (x0, y0, z0) ∈ U × I kai g : U → I diaforÐsimh apeikìnish me
g(x0, y0) = z0 tètoio ¸ste gia k�je (x, y, z) ∈ U × I isqÔei ìti

f(x, y, z) = c ⇔ z = g(x, y)

OrÐzoume paramètrhsh

r : U → R3, r(x, y) = (x, y, g(x, y))

'Eqoume ìti r(U) eÐnai gr�fhma diaforÐsimhc sun�rthshc epomènwc h apeikìn-
ish r : U → r(U) ∩ f−1(S) eÐnai q�rthc. EpÐshc p ∈ r(U). AfoÔ k�je
p ∈ f−1(c) kalÔptetai apì èna q�rth aut c thc morf c h S = f−1(c) eÐnai
kanonik  epif�neia.

Efarmogèc
1. H sfaÐra S2 = {(x, y, z) : x2 + y2 + z2 = 1}. JewroÔme th sun�rthsh

f : R3 → R, f(x, y, z) = x2 +y2 +z2. Tìte gia k�je p ∈ f−1(1) to diaforikì
Df(p) : R3 → R eÐnai epÐ. Epomènwc h sfaÐra eÐnai kanonik  epif�neia.

2. 'Omoia blèpoume ìti oi epìmenec exis¸seic orÐzoun kanonikèc epif�neiec:

x2 + y2 = 1 kÔlindroc

x2

a2
+

y2

b2
+

z2

c2
= 1 elleiyoeidèc

x2

a2
+

y2

b2
− z2

c2
= 1 monìqwno uperboloeidèc

−x2

a2
− y2

b2
+

z2

c2
= 1 dÐqwno uperboloeidèc

37



3.2 Epif�neiec ek peristrof c

ParadeÐgmata epifanei¸n paÐrnoume epÐshc peristrèfontac mÐa epÐpedh kanon-
ik  apl  kampÔlh gÔrw apì èna �xona. MÐa kampÔlh lègetai apl  an den
autotèmnetai. Pio austhr� lème ìti h γ : I → R2 eÐnai apl  an gia k�je
p = γ(t) up�rqei anoiqtì U ⊂ R2 me p ∈ U kai ε > 0 ètsi ¸ste h apeinìnish
γ : (t− ε, t + ε) → γ(I) ∩ U eÐnai omoiomorfismìc.

'Estw loipìn

γ : (a, b) → R3, γ(u) = (f(u), 0, g(u)), f(u) > 0

Peristrèfontac thn kampÔlh γ gÔrw apì ton �xona twn z paÐrnoume thn
epif�neia:

S = {(f(u) cos v, f(u) sin v, g(u)) : u ∈ (a, b), v ∈ [0, 2π)}

Gia na deÐxoume ìti h S ikanopoieÐ ton orismì thc kanonik c epif�neiac peri-
orizìmaste sto anoiqtì sÔnolo U = (a′, b′) × (0, 2π) ìpou h γ : (a′, b′) →
γ(a′, b′) eÐnai omoiomorfismìc kai jewroÔme thn paramètrhsh

r : U → R3, r(u, v) = (f(u) cos v, f(u) sin v, g(u))

EÔkola blèpoume ìti h r eÐnai suneq c, 1-1, diaforÐsimh. EpÐshc h r−1 eÐnai
suneq c afoÔ an (x, y, z) ∈ r(U), (x, y, z) = r(u, v) èqoume v = arccos x√

x2+y2

an 0 < x ≤ π, v = 2π−arccos x√
x2+y2

an 2π > x ≥ π kai u = γ−1(
√

x2 + y2, 0, z)

epomènwc h r−1 eÐnai suneq c sa sÔnjesh suneq¸n sunart sewn. Tèloc o
pÐnakac Jacobi thc r eÐnai o




f ′(u) cos v −f(u) sin v
f ′(u) sin v f(u) cos v

g′(u) 0




An g′(u) 6= 0 afoÔ f(u) > 0 oi dÔo st lec eÐnai grammik� anex�rthtec
kai h r eÐnai 1-1. An g′(u) = 0 parathroÔme ìti f ′(u) 6= 0 afoÔ γ′(u) =√

f ′(u)2 + g′(u)2 6= 0 �ra

∂(x, y)
∂(u, v)

= f ′(u)f(u) 6= 0

MporoÔme na kalÔyoume thn S me q�rtec aut c thc morf c epomènwc h S
eÐnai kanonik  epif�neia.

Par�deigma 3.6. H speÐra JewroÔme ton kÔklo me kèntro (a, o, o) kai
aktÐna r < a sto xz epÐpedo. H kanonik  epif�neia S pou prokÔptei ap thn
peristrof  tou kÔklou gÔrw apì ton �xona twn z onom�zetai speÐra.
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MÐa paramètrhsh tou kÔklou dÐnetai apì

γ(t) = (a + r cosu, 0, r sinu)

Epomènwc mÐa paramètrhsh thc speÐrac dÐnetai apì

r(u, v) = ((a + r cosu) cos v, (a + r cosu) sin v, r sinu) u ∈ [0, 2π), v ∈ [0, 2π)

MporoÔme na parathr soume epÐshc ìti

(x, y, z) ∈ S ⇔ (
√

x2 + y2 − a)2 + z2 = r2

MporoÔme na dìsoume mÐa diaforetik  apìdeixh ìti h speÐra S eÐnai kanonik 
epif�neia wc ex c: JewroÔme th sun�rthsh

f : R3 → R, f(x, y, z) = (
√

x2 + y2 − a)2 + z2

'Eqoume
∂f

∂x
=

(2x
√

x2 + y2 − a)√
x2 + y2

∂f

∂y
=

(2y
√

x2 + y2 − a)√
x2 + y2

∂f

∂z
= 2z

ParathroÔme t¸ra ìti S = f−1(r) kai gia k�je p ∈ f−1(r)
(∂f

∂x
(p),

∂f

∂y
(p),

∂f

∂z
(p)

)
6= (0, 0, 0)

Epomènwc apì thn prìtash 3.1 èqoume ìti h S eÐnai kanonik  epif�neia.

3.3 DiaforÐsimec apeikonÐseic

Orismìc. MÐa apeikìnish f : U → V , ìpou U, V eÐnai anoiqt� sÔnola tou Rn

lègetai amfidiafìrish an h f eÐnai diaforÐsimh, 1-1, epÐ kai h antÐstrofh
f−1 eÐnai epÐshc diaforÐsimh.

Jèloume na genikeÔsoume thn ènnoia thc diaforÐsimhc sun�rthshc apì
to R2 genikìtera se sunart seic pou orÐzontai se mÐa epif�neia. Up�rqei
ènac profan c trìpoc na to k�noume autì. An f : S → R sun�rthsh, ìpou
S epif�neia kai a ∈ S tìte jewroÔme mÐa paramètrhsh thc S, r : U → S
tètoia ¸ste a = r(b) kai lème ìti h f : S → R eÐnai diaforÐsimh sto a
an h f ◦ r : U → R eÐnai diaforÐsimh sto b. Wstìso den eÐnai xek�jaro
ti sumbaÐnei an all�xoume paramètrhsh, an pq φ : V → S eÐnai mi� �llh
paramètrhsh thc S tètoia ¸ste a = φ(c) isqÔei ìti h f◦φ eÐnai diaforÐsimh sto
c? H epìmenh prìtash deÐqnei ìti h allag  suntetagmènwn eÐnai diaforÐsimh
apeikìnish kai ìti epomènwc o parap�nw orismìc den exart�tai apì to sÔsthma
suntetagmènwn pou dialègoume.

39



Prìtash 3.2. (Allag  suntetagmènwn) 'Estw S kanonik  epif�neia kai φ :
U → S, ψ : V → S dÔo C1 q�rtec thc S. An W = φ(U) ∩ ψ(V ) 6= ∅ tìte h
apeikìnish all�g c suntetagmènwn

ψ−1 ◦ φ : φ−1(W ) → ψ−1(W )

eÐnai amfidiafìrish.

Apìdeixh. EÐnai profanèc ìti h h = ψ−1 ◦ φ eÐnai 1-1 kai epÐ. EpÐshc h
antÐstrofh φ−1◦ψ eÐnai suneq c epomènwc h apeikìnish eÐnai omoiomorfismìc.
Ja deÐxoume ìti eÐnai diaforÐsimh wc sÔnjesh diaforÐsimwn apeikonÐsewn. To
prìblhma eÐnai ìti h ψ−1 den orÐzetai se anoiqtì uposÔnolo tou R3 all�
mìno sthn S. Ja deÐxoume loipìn ìti mporoÔme na epekteÐnoume thn ψ−1 se
mÐa diaforÐsimh sun�rthsh pou orÐzetai se anoiqtì uposÔnolo tou R3.

'Estw tuqaÐo p ∈ φ−1(W ) kai q = h(p). 'Estw ìti

ψ(u, v) = (x(u, v), y(u, v), z(u, v))

AfoÔ to diaforikì thc ψ eÐnai 1-1 k�poia apì tic 2 × 2 upoorÐzousec tou
pÐnaka Jacobi sto p eÐnai 6= 0. QwrÐc bl�bh thc genikìthtac upojètoume ìti

∂(x, y)
∂(u, v)

(q) 6= 0

OrÐzoume t¸ra:

F : V × R→ R3, F (u, v, t) = (x(u, v), y(u, v), z(u, v) + t)

O pÐnakac Jacobi thc F sto q × {0} èqei orÐzousa

JqF =

∣∣∣∣∣∣∣∣∣∣

∂x
∂u(q) ∂x

∂v (q) 0

∂y
∂u(q) ∂y

∂v (q) 0

∂z
∂u(q) ∂z

∂v (q) 1

∣∣∣∣∣∣∣∣∣∣

=
∂(x, y)
∂(u, v)

(q) 6= 0

Apì to je¸rhma antÐstrofhc apeikìnishc up�rqei mÐa anoiqt  geitoni� M tou
ψ(q) sthn opoÐa orÐzetai h antÐstrofh F−1 kai eÐnai diaforÐsimh. AfoÔ h φ
eÐnai suneq c up�rqei mÐa geitoni� N tou p t.w. φ(N) ⊂ M . T¸ra

h|N = F−1 ◦ φ|N
epomènwc h h eÐnai diaforÐsimh sto p sa sÔnjesh diaforÐsimwn sunart sewn.
Me ton Ðdio trìpo apodeiknÔetai ìti h h−1 = φ−1 ◦ ψ eÐnai diaforÐsimh.

Prìtash 3.3. 'Estw S kanonik  epif�neia kai r : U → S, C1 apeikìnish
apì èna anoiqtì uposÔnolo U ⊂ R2 sto R3. Upojètoume ìti h r eÐnai 1−1 kai
to diaforikì thc r, Dr(q), eÐnai 1-1 gia k�je q ∈ U . Tìte h r eÐnai q�rthc
thc S.
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Apìdeixh. Gia na deÐxoume ìti h r eÐnai q�rthc mènei na deÐxoume ìti h r−1

eÐnai suneq c. 'Estw q ∈ U tuqaÐo shmeÐo kai p = r(q). 'Estw φ : V → S
q�rthc thc S t.w. p = φ(q′) ∈ φ(V ). 'Opwc sthn apìdeixh thc prohgoÔmenhc
prìtash èqoume ìti h φ−1 epekteÐnetai se sun�rthsh G : W → R3 ìpou
W eÐnai anoiqtì uposÔnolo tou R3 pou perièqei to p kai DG(p) eÐnai 1-1.
'Eqoume ìti G = φ−1 sto W ∩ φ(V ). AfoÔ h r eÐnai suneq c mporoÔme na
perioristoÔme se èna anoiqtì A ⊂ U ètsi ¸ste r(A) ⊂ W . Tìte h sÔnjesh
φ−1 ◦ r = G ◦ r orÐzetai sto A kai D(G ◦ r)(q) = DG(p) ◦Dr(q) eÐnai 1-1.
Epomènwc apì to Je¸rhma antÐstrofhc apeikìnishc up�rqei anoiqtì B ⊂ A
me q′ ∈ B t.w. h G ◦ r = φ ◦ r : B → φ ◦ r(B) eÐnai amfidiafìrish. AfoÔ h φ
eÐnai q�rthc to φ(B) eÐnai anoiqtì uposÔnolo thc S pou perièqei to p. T¸ra

r−1(a) = [(φ ◦ r)−1 ◦ φ−1](a)

gia k�je a ∈ φ(B). Epomènwc h r−1 eÐnai suneq c sa sÔnjesh suneq¸n
apeikonÐsewn.

H parap�nw prìtash mac dieukolÔnei ìtan qrei�zetai na apodeÐxoume ìti
mÐa apeikìnish r : U → S eÐnai paramètrhsh epif�neiac sthn perÐptwsh pou
xèroume  dh ìti h S eÐnai kanonik  epif�neia, mac lèei dhl. ìti de qrei�zetai
na elègxoume ìti h r−1 eÐnai suneq c.

Orismìc. 'Estw S kanonik  epif�neia kai f : S → R apeikìnish. Lème ìti
h f eÐnai diaforÐsimh sto p an gia k�poia paramètrhsh thc S, r : U → R3

isqÔei ìti p = r(q), q ∈ U kai h apeikìnish f ◦ r : U → R eÐnai diaforÐsimh
sto q. H f lègetai diaforÐsimh an eÐnai diaforÐsimh gia k�je p ∈ S.

Parat rhsh. An r1 : V → R3 eÐnai mi� �llh paramètrhsh thc S me p =
r1(q′) tìte h apeikìnish f ◦ r : U → R eÐnai diaforÐsimh sto q an kai mìno
an h apeikìnish f ◦ r1 : V → R eÐnai diaforÐsimh sto q′. Me �lla lìgia o
parap�nw orismìc den exart�tai apì thn paramètrhsh pou dialègoume gia thn
epif�neia S.

Pr�gmati apì thn prìtash 3.2 an W = r(U)∩r1(V ) h apeikìnish r−1
1 ◦r :

r−1(W ) → r−1
1 (W ) eÐnai diaforÐsimh. Epomènwc an h f ◦ r1 eÐnai diaforÐsimh

sto q′ tìte h
(f ◦ r1) ◦ (r−1

1 ◦ r) = f ◦ r

eÐnai diaforÐsimh sto q. Kai antÐstrofa an h f ◦ r eÐnai diaforÐsimh sto q h
f ◦ r1 eÐnai diaforÐsimh sto q′.

Par�deigma 3.7. 'Estw f : S2 → R h apeikìnish (x, y, z) 7−→ z eÐnai
diaforÐsimh sto shmeÐo p = (0, 0, 1).

Pr�gmati jewroÔme thn paramètrhsh r : U → R3, r(u, v) = (u, v,
√

1− u2 − v2)
ìpou U eÐnai o anoiqtìc dÐskoc U = {(x, y) : x2 + y2 < 1}. Tìte r(0, 0) =
(0, 0, 1) = p. H apeikìnish f ◦ r eÐnai h

f(r(u, v)) =
√

1− u2 − v2
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pou eÐnai diaforÐsimh sto (0, 0). Epomènwc h f eÐnai diaforÐsimh sto p. 'Omoia
blèpoume ìti h f eÐnai diaforÐsimh se k�je shmeÐo thc S2.

'Omoia orÐzoume pìte mÐa sun�rthsh f : S → Rn eÐnai diaforÐsimh. Lème
ìti h f eÐnai diaforÐsimh sto p an gia k�poia paramètrhsh thc S, r : U → R3

isqÔei ìti p = r(q), q ∈ U kai h apeikìnish f ◦ r : U → Rn eÐnai diaforÐsimh
sto q.

Genikìtera mporoÔme na orÐsoume me ìmoio trìpo diaforÐsimec apeikonÐseic
an�mesa se kanonikèc epif�neiec:

Orismìc. 'Estw S1, S2 kanonikèc epif�neiec kai f : S1 → S2 apeikìnish.
Lème ìti h f eÐnai diaforÐsimh sto p ∈ S1 an up�rqoun parametr seic r1 :
U → R3 thc S1 kai r2 : V → R3 thc S2 me p = r1(q) ∈ r1(U) tètoiec ¸ste
f(r1(U)) ⊂ r2(V ) kai h apeikìnish:

F = r−1
2 ◦ f ◦ r1 : U → V

eÐnai diaforÐsimh sto q. An h f eÐnai diaforÐsimh gia k�je p lème ìti h f eÐnai
diaforÐsimh.

MporoÔme na doÔme ìpwc prin ìti autìc o orismìc den exart�tai apì tic
paramètrhseic r1, r2 pou dialègoume.

Par�deigma 3.8. H apeikìnish f : S2 → S2, f(x, y, z) = (−x,−y,−z) ,
ìpou S2 eÐnai h sfaÐra, eÐnai diaforÐsimh.

'Estw p = (x0, y0, z0) ∈ S2 tuqaÐo shmeÐo thc sfaÐrac. MporoÔme na
upojèsoume ìti k�poio apì ta x0, y0, z0 eÐnai di�foro tou 0. Ac poÔme ìti
z0 > 0. An U = {(x, y) : x2 + y2 < 1} o monadiaÐoc dÐskoc jewroÔme
tic parametr seic thc S2: r1 : U → R3, r1(u, v) = (u, v,

√
1− u2 − v2) kai

r2 : U → R3, r(u, v) = (u, v,−√1− u2 − v2). ParathroÔme ìti p ∈ r1(U)
kai f(r1(U)) = r2(U).

UpologÐzoume th sun�rthsh: F = r−1
2 ◦ f ◦ r1 : U → U , F (u, v) =

(−u,−v) h opoÐa eÐnai diaforÐsimh, �ra kai h f eÐnai diaforÐsimh. H apìdeixh
eÐnai ìmoia an z0 < 0 h z0 = 0 kai k�poio apì ta x0, y0 eÐnai mh mhdenikì.

Prìtash 3.4. 'Estw S1, S2 kanonikèc epif�neiec kai V ⊂ R3 anoiqtì t.w.
S1 ⊂ V . An f : V → R3 eÐnai diaforÐsimh apeikìnish kai f(S1) ⊂ S2 tìte h
apeikìnish

f |S1 : S1 → S2

eÐnai diaforÐsimh.

Apìdeixh. Pr�gmati an p tuqaÐo shmeÐo thc S1 kai r1 : U1 → S1, r2 : U2 → S2

parametr seic twn S1, S2 me q = r1(p) ∈ U1 kai f(U1) ⊂ U2 tìte apì thn
parat rhsh pou akoloujeÐ thn prìtash 3.2 èqoume ìti h r−1

2 epekteÐnetai se
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diaforÐsimh sun�rthsh G : W → U2 ìpou W anoiqtì pou perièqei to f(p).
Epomènwc h apeikìnish

r−1
2 ◦ f ◦ r1 : U1 → U2

eÐnai Ðsh me thn apeikìnish
G ◦ f ◦ r1

se èna anoiqtì U ′
1 pou perièqei to q. H teleutaÐa apeikìnish eÐnai diaforÐsimh

sa sÔnjesh diaforÐsimwn sunart sewn �ra kai h

r−1
2 ◦ f ◦ r1 : U1 → U2

eÐnai diaforÐsimh sto q.

Par�deigma 3.9. 'Estw

f : R3 → R3, f(x, y, z) = (ax, by, cz)

Profan¸c h f eÐnai diaforÐsimh. O periorismìc thc f sthn sfaÐra S2 eÐnai
mÐa diaforÐsimh apeikìnish apì th sfaÐra se èna elleiyoeidèc, ìpou h sfaÐra
eÐnai to sÔnolo

S2 = {(x, y, z) : x2 + y2 + z2 = 1}
kai to elleiyoeidèc eÐnai to

E = {(x, y, z) :
x2

a2
+

y2

b2
+

z2

c2
= 1}

Prìtash 3.5. 'Estw S1, S2, S3 kanonikèc epif�neiec, f : S1 → S2 diaforÐsimh
sto p kai g : S2 → S3 diaforÐsimh sto f(p) apeikonÐseic. Tìte h apeikìnish
g ◦ f : S1 → S3 eÐnai diaforÐsimh sto p.

Apìdeixh. 'Estw r1 : V1 → R3 paramètrhsh thc S1 t.w. p = r1(q1) ∈ r1(V1),
r2 : V2 → R3 paramètrhsh thc S2 t.w. f(p) = r2(q2) ∈ r2(V2) kai r3 : V3 →
R3 paramètrhsh thc S3 t.w. g(f(p)) ∈ r3(V3). MporoÔme na upojèsoume ìti
g(V2) ⊂ V3. Pr�gmati h g eÐnai suneq c epomènwc up�rqei èna anoiqtì A t.w.
f(p) ∈ A kai g(A) ⊂ V3. MporoÔme epomènwc na antikatast soume thn V2

me V2 ∩ r−1
2 A kai na periorÐsoume thn r2 s' autì to sÔnolo. 'Omoia mporoÔme

na exasfalÐsoume ìti r1(V1) ⊂ r2(V2). T¸ra èqoume ìti h

r−1
2 ◦ f ◦ r1 : V1 → V2

eÐnai diaforÐsimh sto q1 kai h

r−1
3 ◦ g ◦ r2 : V2 → V3

eÐnai diaforÐsimh sto q2. Epomènwc h sÔnjes  touc

r−1
3 ◦ (g ◦ f) ◦ r1 : V1 → V3

eÐnai diaforÐsimh sto q1. Apì ton orismì thc diaforÐsimhc sun�rthshc èqoume
ìti h g ◦ f : S1 → S3 eÐnai diaforÐsimh sto p.
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Prìtash 3.6. 'Estw S1, S2 kanonikèc epif�neiec, f : S1 → S2 apeikìnish
kai r : U → S1 paramètrhsh thc S1. Tìte h f eÐnai diaforÐsimh sto p = r(q)
an kai mìno an h

r ◦ f : U → R3

eÐnai diaforÐsimh sto q.

Apìdeixh. 'Estw r2 : V → S2 paramètrhsh thc S2 t.w. f(p) = r2(q′) ∈
r2(V ). 'Opwc eÐdame sthn prìtash 3.2 up�rqei mÐa anoiqt  geitoni� W tou
f(p) sthn opoÐa h r−1

2 epekteÐnetai se diaforÐsimh sun�rthsh F : W → R3.
'Estw ìti h f eÐnai diaforÐsimh sto p. Ex orismoÔ autì shmaÐnei ìti h

r−1
2 ◦ f ◦ r eÐnai diaforÐsimh sto q. All� tìte h f ◦ r eÐnai diaforÐsmh sto q

sa sÔnjesh twn diaforÐsimwn sunart sewn r2 kai r−1
2 ◦ f ◦ r.

AntÐstrofa èstw ìti h f ◦ r eÐnai diaforÐsimh sto p. Tìte h F ◦ f ◦ r eÐnai
diaforÐsimh sto p afoÔ h F eÐnai diaforÐsimh sto W kai f(p) ∈ W . All�

F ◦ f ◦ r = r−1
2 ◦ f ◦ r

�ra h f eÐnai diaforÐsimh sto p.

3.4 Efaptìmeno epÐpedo

'Estw S kanonik  epif�neia kai α : I → R3 kanonik  kampÔlh tètoia ¸ste
α(I) ⊂ S. An t0 ∈ I kai r : U → R3 paramètrhsh thc S t.w. α(t0) ∈ r(U)
tìte gia k�poio ε > 0, α(t0 − ε, t0 + ε) ⊂ r(U). ParathroÔme t¸ra ìti h
apeikìnish

r−1 ◦ α : (t0 − ε, t0 + ε) → U

orÐzei mÐa kanonik  epÐpedh kampÔlh. Pr�gmati ìpwc deÐxame sthn prìtash
3.2 h apeikìnish r−1 epekteÐnetai se diaforÐsimh apeikìnish apì èna anoiqtì
sÔnolo tou R3 sto R3. Epomènwc h r−1 ◦ α eÐnai diaforÐsimh sa sÔnjesh
diaforÐsimwn apeikonÐsewn.

'Estw S kanonik  epif�neia kai p shmeÐo thc S. Lème ìti èna di�nusma
v eÐnai efaptìmeno di�nusma thc S sto p an to v eÐnai di�nusma taqÔthtac
k�poiac kanonik c kampÔlhc α : (−ε, ε) → S me α(0) = p. SumbolÐzoume to
sÔnolo twn efaptìmenwn dianusm�twn sto p me Ep.

Prìtash 3.7. 'Estw S kanonik  epif�neia kai r : U → R3 me p = r(q).
Tìte isqÔei ìti

Ep = Dr(q)(R2)

Apìdeixh. 'Estw α : (−ε, ε) → S kanonik  kampÔlh me α(0) = p. H kampÔlh

β(t) = (r−1 ◦ α)(t)

eÐnai diaforÐsimh epÐpedh kampÔlh sto V kai α(t) = r ◦ β(t). 'Eqoume

α′(0) = [Dα(0)](1) = [D(r ◦ β)(0)](1) = Dr(q)(β′(0))
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�ra α′(0) perièqetai sthn eikìna tou diaforikoÔ Dr(q), epomènwc Ep ⊂
Dr(q)(R2).

AntÐstrofa t¸ra èstw v ∈ R2 kai w = [Dr(q)](v). An r(q) = p jewroÔme
thn kampÔlh β(t) = q + tv, t ∈ (−ε, ε) (ìpou ε t.w. β ⊂ U). H β eÐnai epÐpedh
kanonik  kampÔlh. An

α(t) = r ◦ β(t)

tìte
α′(0) = (r ◦ β)′(0) = [Dr(q)](β′(0)) = w

epomènwc Dr(q)(R2) ⊂ Ep �ra Ep = Dr(q)(R2).

Orismìc. To epÐpedo Tp(S) = Ep = Dr(q)(R2) onom�zetai efaptìmenoc
q¸roc thc S sto p. To epÐpedo pou pern� apì to p kai eÐnai par�llhlo sto
epÐpedo Tp(S) = Dr(q)(R2) = E2 onom�zetai efaptìmeno epÐpedo thc S sto
p.

ParathroÔme ìti apì ton orismì tou to efaptìmeno epÐpedo den exart�tai
apì thn paramètrhsh r thc S.

Upologismìc tou efaptìmenou epipèdou.
'Estw r : U → R3 paramètrhsh thc epif�neiac S kai r(q) = p. Tìte to

efaptìmeno epÐpedo eÐnai par�llhlo sto epÐpedo Dr(q)(R2). An r(u, v) =
(x(u, v), y(u, v), z(u, v)) h Dr(q) eÐnai grammik  apeikìnish pou dÐnetai apì
ton pÐnaka:

Jqr =




∂x
∂u(q) ∂x

∂v (q)

∂y
∂u(q) ∂y

∂v (q)

∂z
∂u(q) ∂z

∂v (q)




epomènwc to efaptìmeno epÐpedo eÐnai par�llhlo sto epÐpedo pou orÐzoun ta
dianÔsmata sthl¸n

∂r

∂u
(q) = (

∂x

∂u
(q),

∂y

∂u
(q),

∂z

∂u
(q)),

∂r

∂u
(q) = (

∂x

∂v
(q),

∂y

∂v
(q),

∂z

∂v
(q))

'Eqoume epÐshc ìti èna k�jeto di�nusma sto efaptìmeno epÐpedo eÐnai to:
∂r

∂u
(q)× ∂r

∂u
(q)

Par�deigma 3.10. DÐnetai h paramètrhsh epif�neiac φ : R2 → R3 me
φ(u, v) = (u, v, uv) kai ta shmeÐa q = (1, 2) ∈ R2 kai p = φ(q). Na bre-
jeÐ to efaptìmeno epÐpedo sto shmeÐo p.

p = (1, 2, 2) kai ∂φ
∂u = (1, 0, v), ∂φ

∂v = (1, 0, u) Epomènwc

∂φ

∂u
(q) = (1, 0, 2),

∂φ

∂v
(q) = (1, 0, 1)

Epomènwc to efaptìmeno epÐpedo sto p eÐnai to

E = {(1, 2, 2) + t(1, 0, 2) + s(1, 0, 1) : t, s ∈ R}
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3.5 Diaforikì diaforÐsimhc apeikìnishc

An f : U → V diaforÐsimh apeikìnish apì to U ⊂ Rn sto V ⊂ Rk tìte
to diaforikì thc f se èna shmeÐo p eÐnai mÐa grammik  apeinìnish apì to Rn

sto Rk. An f : S1 → S2 diaforÐsimh apeikìnish apì thn epif�neia S1 sthn
epif�neia S2 ja orÐsoume to diaforikì Tpf thc f se èna shmeÐo p na eÐnai mÐa
grammik  apeikìnish apì to efaptìmeno epÐpedo thc S1 sto p sto efaptìmeno
epÐpedo thc S2 sto f(p).

'Opwc eÐdame sto prohgoÔmeno kef�laio k�je di�nusma v tou efaptìme-
nou epipèdou thc S1 sto p mporoÔme na to doÔme sa di�nusma taqÔthtac
miac diaforÐsimhc kampÔlhc α : (−ε, ε) → S1, v = α′(0). OrÐzoume loipìn
Tpf(v) = (f ◦ α)′(0). Gia na èqei nìhma autìc o orismìc mènei na deÐxoume
ìti h sÔnjesh f ◦ α parist� diaforÐsimh kampÔlh sthn S2, ìti o orismìc den
exart�tai apì thn kampÔlh α all� mìno apì to v kai ìti h apeikìnish Tpf
eÐnai grammik . ExhgoÔme giatÐ isqÔoun ìla aut� parak�tw.

L mma. 'Estw S1, S2 kanonikèc epif�neiec kai f : S1 → S2 diaforÐsimh
apeikìnish. An α : (−ε, ε) → S1 eÐnai diaforÐsimh kampÔlh tìte h kampÔlh
f ◦ α : (−ε, ε) → S2 eÐnai epÐshc diaforÐsimh.

Apìdeixh. 'Estw tuqaÐo t0 ∈ (−ε, ε). JewroÔme r1 : U → S1 paramètrhsh
thc S1 t.w. p = α(t0) = r1(q) ∈ r(U). 'Opwc deÐxame sthn prìtash 3.2 h r−1

1

epekteÐnetai se èna anoiqtì sÔnolo W tou R3 se diaforÐsimh apeikìnish.
Epomènwc h epÐpedh kampÔlh β(t) = (r−1

1 ◦ α)(t) eÐnai diaforÐsimh sa
sÔnjesh diaforÐsimwn apeikonÐsewn kai orÐzetai se mÐa geitoni� tou t0. An
r2 : V → S2 paramètrhsh thc S2 t.w. f(p) ∈ r2(V ) tìte èqoume

f ◦ α = r2 ◦ (r−1
2 ◦ f ◦ r1) ◦ (r−1

1 ◦ α)

pou eÐnai diaforÐsimh sa sÔnjesh diaforÐsimwn apeikonÐsewn.

Orismìc. 'Estw S1, S2 kanonikèc epif�neiec, p ∈ S1 kai f : S1 → S2 di-
aforÐsimh apeikìnish. To diaforikì thc f sto p, eÐnai h apeikìnish

Tpf : Tp(S1) → Tf(p)(S2), Tpf(v) = (f ◦ α)′(0)

ìpou α : (−ε, ε) → S1 diaforÐsimh kampÔlh me α(0) = p, α′(0) = v.

Je¸rhma. To diaforikì thc f sto p eÐnai kal� orismènh, grammik  apeikìn-
ish.

Apìdeixh. 'Estw r1 : U → S1, r2 : V → S2 parametr seic twn S1, S2, p =
r1(q1), f(p) = r2(q2) kai β(t) = r−1

1 ◦α(t) h epÐpedh diaforÐsimh kampÔlh pou
prokÔptei apì thn α. 'Estw α1 mÐa �llh diaforÐsimh kampÔlh pou perièqetai
sthn S1 t.w. α1(0) = p, α′1(0) = v. OrÐzoume ìmoia β1(t) = r−1

1 ◦ α1(t)
epÐpedh kampÔlh tou U . ParathroÔme ìti

D(r1 ◦ β)(0) = α′(0) ⇒ Dr1(β′(0)) = v
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kai
D(r1 ◦ β1)(0) = α′1(0) ⇒ Dr1(β′1(0)) = v

AfoÔ h D(r1) eÐnai 1-1 èqoume ìti β′(0) = β′1(0).
Jètoume F = r−1

2 ◦ f ◦ r1.
'Eqoume

(f ◦ α)′(0) = D(r2 ◦ (r−1
2 ◦ f ◦ r1) ◦ (r−1

1 ◦ α))(0) =

= Dr2(q2) ◦DF (q1)(β′(0)) = Dr2(q2) ◦DF (q1)(β′1(0)) = (f ◦ α1)′(0)

�ra o orismìc tou [Tp(S)](v) den exart�tai apì thn kampÔlh α all� mìno apì
to v, dhlad  h apeikìnish Tp(S) eÐnai kal� orismènh.

ParathroÔme ìti oi grammikèc apeikonÐseic

Dr1(q1) : R2 → Tp(S1)

Dr2(q2) : R2 → Tf(p)(S2)

eÐnai isomorfismoÐ. 'Ara an v ∈ Tp(S1) up�rqei w ∈ R2 t.w. v = [Dr1(q1)](w).
An β(t) = q1 + tw kampÔlh sto U1 kai α = r1 ◦ β tìte

v = α′(0) = [Dr1(q1)](β′(0) = [Dr1(q1)](w)

T¸ra èqoume

Tp(f)(v) = (f ◦ α)′(0) = Dr2(q2) ◦DF (q1)(w)

AfoÔ h Dr1(q1) eÐnai isomorfismìc èqoume

w = Dr1(q1)−1(v)

kai
Tp(f)(v) = (f ◦ α)′(0) = Dr2(q2) ◦DF (q1) ◦Dr1(q1)−1(v)

Epomènwc h Tpf eÐnai grammik  sa sÔnjesh grammik¸n apeikonÐsewn.

An sumbolÐsoume me < e1, e2 > thn kanonik  b�sh tou R2 tìte h b�sh tou
Tp(S1) pou antistoiqeÐ sthn paramètrhsh r1 eÐnai h

< [Dp(r1)](e1), [Dp(r1)](e2) >=< r1u, r1v >

ìpou
r1u =

∂r1

∂u
(q1), r1v =

∂r1

∂v
(q2)

'Omoia h b�sh tou Tf(p)S2 pou antistoiqeÐ sthn paramètrhsh r2 eÐnai h

< [Dp(r2)](e1), [Dp(r2)](e2) >=< r2u, r2v >
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AfoÔ
Tp(f) = Dr2(q2) ◦DF (q1) ◦Dr1(q1)−1

o pÐnakac tou grammikoÔ metasqhmatismoÔ Tp(f) wc prìc tic b�seic < r1u, r1v >
kai < r2u, r2v > eÐnai Ðsoc me ton pÐnaka tou grammikoÔ metasqhmatismoÔ
DF (q1) wc proc th b�sh < e1, e2 >. Me �lla lìgia o pÐnakac thc Tp(f) wc
prìc tic standard b�seic twn efaptìmenwn q¸rwn eÐnai o pÐnakac Jacobi thc
apeikìnishc F sto q1.

3.6 Pr¸th jemeli¸dhc morf 

S' autì to kef�laio ja doÔme pwc mporeÐ kaneÐc na metr sei m kh kampul¸n
kai embad� p�nw se mÐa epif�neia.

An V eÐnai dianusmatikìc q¸roc upenjumÐzoume ìti mÐa digrammik  morf 
ston V eÐnai mÐa apeikìnish b : V × V → R tètoia ¸ste

b(λ1v1 + λ2v2, v) = λ1b(v1, v) + λ2b(v2, v)

b(v, λ1v1 + λ2v2) = λ1b(v, v1) + λ2b(v, v2)

gia k�je λ1, λ2 ∈ R kai gia k�je v, v1, v2 ∈ V . MÐa digrammik  morf  lègetai
summetrik  an b(v, w) = b(w, v) gia k�je v, w ∈ V .

Orismìc. MÐa sun�rthsh Q : V → R lègetai tetragwnik  morf  an mporeÐ
na grafeÐ sth morf  Q(v) = b(v, v) gia k�poia summetrik  digrammik  morf 
b : V × V → R.

ParathroÔme ìti an h b eÐnai summetrik  digrammik  morf  tìte

b(v+w, v+w) = b(v, v)+2b(v, w)+b(w, w) ⇒ Q(v+w, v+w) = Q(v, v)+2b(v, w)+Q(w,w)

mporoÔme dhlad  na upologÐsoume thn b apì thn antÐstoiqh tetragwnik  mor-
f :

b(v, w) =
1
2
(Q(v + w, v + w)−Q(v, v)−Q(w,w))

An S kanonik  epif�neia o efaptìmenoc q¸roc thc S se èna shmeÐo p,
Tp(S) eÐnai ènac dianusmatikìc q¸roc di�stashc 2. O periorismìc tou eswterikoÔ
ginomènou < , > tou R3 ston Tp(S) orÐzei èna eswterikì ginìmeno tou Tp(S)
pou sumbolÐzoume me < , >p. Autì to eswterikì ginìmeno mac dÐnei mÐa sum-
metrik  digrammik  morf  ston Tp(S).

Orismìc. H tetragwnik  morf :

Ip : Tp(S) → R, Ip(w) =< w,w >p= ‖w‖2

onom�zetai pr¸th jemeli¸dhc morf  thc S sto p.

48



An r : U → S mÐa paramètrhsh thc S kai p = r(q) tìte ta dianÔsmata

ru(q) =
∂r

∂u
(q), rv(q) =

∂r

∂v
(q)

dÐnoun mÐa b�sh tou efaptìmenou q¸rou Tp(S). Ja doÔme t¸ra pwc ekfr�ze-
tai h jemeli¸dhc morf  s' aut  th b�sh.

'Estw w ∈ Tp(S). Tìte w = λ1ru(q) + λ2rv(q) kai

< w,w >= λ2
1 < ru(q), ru(q) > +2λ1λ2 < ru(q), rv(q) > +λ2

2 < rv(q), rv(q) >

Jètoume
E(q) =< ru(q), ru(q) >= ‖ru(q)‖2

F (q) =< ru(q), rv(q) >

G(q) =< rv(q), rv(q) >

Ta E(q), F (q), G(q) onom�zontai jemeli¸dh megèjh 1hc t�xhc thc S
sto p.

Kaj¸c to q metab�letai paÐrnoume tic sunart seic E(u, v), F (u, v), G(u, v) :
U → R. ParathroÔme ìti oi E, F,G eÐnai diaforÐsimec sunart seic upì thn
proôpìjesh ìti h paramètrhsh r eÐnai C2.

An α(t) = r(u(t), v(t)) eÐnai mÐa diaforÐsimh kampÔlh me α(0) = p tìte
α′(0) = ru(q)u′(0) + rv(q)v′(0) kai

Ip(α′(0), α′(0)) = E(q)u′(0)2 + 2F (q)u′(0)v′(0) + G(q)v′(0)2

h sumbolik�
ds2 = Edu2 + 2Fdudv + Gdv2

Par�deigma 3.11. JewroÔme to epÐpedo me paramètrhsh:

r(u, v) = a + up + vq

ìpou ta p, q eÐnai orjog¸nia monadiaÐa dianÔmata.

Tìte E(u, v) = G(u, v) = 1 kai F (u, v) = 0. An w = λru + µrv, I(w) =
I(λ, µ) = λ2 + µ2

Par�deigma 3.12. JewroÔme ton orjog¸nio kÔlindro me paramètrhsh:

r(u, v) = (cosu, sinu, v), u ∈ (0, 2π), v ∈ R

'Eqoume
ru = (− sinu, cosu, 0), rv = (0, 0, 1)

�ra
E(u, v) = G(u, v) = 1, F (u, v) = 0
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ParathroÔme ìti o kÔlindroc kai to epÐpedo par� to ìti eÐnai diaforetikèc
epif�neiec èqoun ta Ðdia jemeli¸dh megèjh.

M koc kampÔlhc
'Estw S kanonik  epif�neia me paramètrhsh r : U → S kai α : [b, c] →

S, α(t) = r(u(t), v(t)) diaforÐsimh kampÔlh sthn S. Tìte to m koc thc α
dÐnetai apì

L(α) =
∫ c

b
‖α′(t)‖dt =

=
∫ c

b

√
E(u(t), v(t))u′(t)2 + 2F (u(t), v(t))u′(t)v′(t) + G(u(t), v(t))v′(t)2dt

GwnÐa an�mesa se dÔo kampÔlec
An α : I → S, β : I → S kanonikèc kampÔlec pou pernoÔn apì to

p = α(t0) = β(t0) tìte h gwnÐa θ pou sqhmatÐzoun sto p mporeÐ na upologisteÐ
apì ton tÔpo:

cos θ =
< α′(t0), β′(t0) >

‖α′(t0)‖‖β′(t0)‖
Sthn eidik  perÐptwsh pou oi kampÔlec α, β eÐnai oi parametrikèc kampÔlec
α(u) = r(u, v0), β(v) = r(u0, v) tìte h gwnÐa φ pou sqhmatÐzoun dÐnetai apì

cosφ =
< ru(q), rv(q) >

‖ru(q)‖‖rv(q)‖ =
F (q)√

E(q)G(q)

SumperaÐnoume ìti oi parametrikèc kampÔlec thc r eÐnai orjog¸niec an kai
mìno an F (u, v) = 0 gia k�je (u, v).

Embadìn epif�neiac
An D eÐnai èna parallhlìgrammo sto R3 me pleurèc v1, v2 tìte to embadìn

tou D eÐnai Ðso me b�sh epÐ Ôyoc epomènwc eÐnai Ðso me ‖v1‖‖v2‖ sin θ ìpou θ
eÐnai h gwnÐa pou sqhmatÐzoun ta v1, v2. Ap' thn �llh

cos θ =
< v1, v2 >

‖v1‖‖v2‖
�ra

‖v1‖2‖v2‖2 sin2 θ = ‖v1‖2‖v2‖2(1−cos2 θ) = ‖v1‖2‖v2‖2− < v1, v2 >2= ‖v1×v2‖2

SumperaÐnoume epomènwc ìti to embadìn tou D, A(D), eÐnai Ðso me ‖v1 ×
v2‖.

JewroÔme t¸ra mÐa paramètrhsh epif�neiac r : U → S kai èstw D è-
na orjog¸nio pou perièqetai sto U . UpodiairoÔme to D se mikrìtera or-
jog¸nia me pleurèc thc morf c a(t) = (u0 + t, v0), t ∈ [0, ∆u], b(t) =
(u0, v0 + t), t ∈ [0, ∆v]. An ta ∆u,∆v eÐnai arket� mikr� to m koc twn kam-
pul¸n r(a(t)), r(b(t)) eÐnai proseggistik� Ðso me ru(u0, v0)∆u, rv(u0, v0)∆v
kai epomènwc to embadì thc eikìnac tou orjogwnÐou me pleurèc a, b eÐnai
proseggistik� Ðso me

‖ru × rv‖∆u∆v
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PaÐrnontac ìlo kai pio mikrèc diamerÐseic kai ajroÐzontac ta embad� twn or-
jogwnÐwn thc diamèrishc katal goume ston tÔpo

A(r(D)) =
∫

D

∫
‖ru(u, v)× rv(u, v)‖dudv

Genikìtera mporoÔme na proseggÐsoume opoiod pote epÐpedo qwrÐo me or-
jog¸nia. OdhgoÔmaste ètsi ston parak�tw orismì:

Orismìc. 'Estw S kanonik  epif�neia kai r : U → S paramètrhsh thc S.
An K = r(Q) eÐnai èna fragmèno qwrÐo thc S tìte to embadìn tou K, A(K),
dÐnetai apì to olokl rwma:

A(K) =
∫

Q

∫
‖ru(u, v)× rv(u, v)‖dudv

Prìtash 3.8. To embadìn enìc qwrÐou K den exart�tai apì thn paramètrhsh
thc epif�neiac S.

Apìdeixh. Pr�gmati èstw r̄ : V → S, r̄(ū, v̄) mÐa �llh paramètrhsh thc S t.w.
K = r̄(Q1) ⊂ r̄(V ). JewroÔme t¸ra thn apeikìnish allag c suntetagmènwn
φ = r̄−1 ◦ r : Q → Q1, φ(u, v) = (ū, v̄). Tìte r(u, v) = r̄ ◦ φ(u, v). Epomènwc

Dr = Dr̄ ◦Dφ ⇒ ru = r̄ū
∂ū

∂u
+ rv̄

∂v̄

∂u
, rv = rū

∂ū

∂v
+ rv̄

∂v̄

∂v

Antikajist¸ntac kai qrhsimopoi¸ntac th grammikìthta tou exwterikoÔ
ginomènou èqoume

ru × rv = (
∂ū

∂u

∂v̄

∂v
− ∂ū

∂v

∂v̄

∂u
)rū × rv̄ =

∂(ū, v̄)
∂(u, v)

rū × rv̄

Qrhsimopoi¸ntac ton tÔpo allag c metablht¸n gia dipl� oloklhr¸mata:
∫

Q

∫
‖ru × rv‖dudv =

∫

Q

∫
|∂(ū, v̄)
∂(u, v)

|‖rū × rv̄‖dudv =

=
∫

Q1

∫
‖rū × rv̄‖dūdv̄

ParathroÔme ìti an q ∈ U ,

‖ru(q)×rv(q)‖2 =< ru(q), ru(q) >< rv(q), rv(q) > − < ru(q), rv(q) >2= E(q)G(q)−F 2(q)
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epomènwc o tÔpoc tou embadoÔ qrhsimopoi¸ntac ta jemeli¸dh megèjh eÐnai:

A(K) =
∫

Q

∫ √
E(u, v)G(u, v)− F 2(u, v)dudv

ParathroÔme ìti an mÐa paramètrhsh r : Q → S den kalÔptei ex olokl rou
èna sÔnolo K all� eÐnai Ðso me to K meÐon èna sÔnolo mhdenikoÔ embadoÔ
p.q. mÐa kampÔlh, tìte kai s' aut  thn perÐptwsh mporoÔme na upologÐsoume
to embadìn tou K qrhsimopoi¸ntac ton parap�nw tÔpo.

Par�deigma 3.13. UpologÐste to embadìn thc speÐrac T .

MÐa paramètrhsh thc speÐrac dÐnetai apì

φ(u, v) = ((a + r cosu) cos v, (a + r cosu) sin v, r sinu) u ∈ [0, 2π), v ∈ [0, 2π)

'Eqoume
φu = (−r sinu cos v,−r sinu sin v, r cosu)

φv = (−(a + r cosu) sin v, (a + r cosu) cos v, 0)

E =< φu, φu >= r2

F =< φu, φv >= 0

G =< φv, φv >= (a + r cosu)2

epomènwc

A(T ) =
∫ 2π

0

∫ 2π

0

√
E(u, v)G(u, v)− F 2(u, v)dudv =

∫ 2π

0

∫ 2π

0
r(a+r cosu)dvdu =

=
∫ 2π

0
2πr(a + r cosu)du = 4π2ra

Par�deigma 3.14. UpologÐste to embadìn thc sfaÐrac aktÐnac 1, S2.

MÐa paramètrhsh thc sfaÐrac dÐnetai apì

r(θ, φ) = (sin θ cosφ, sin θ sinφ, cos θ), 0 < θ < π, 0 < φ < 2π

H eikìna thc r kalÔptei ìlh th sfaÐra ektìc apì èna hmikÔklio (pou
fusik� èqei mhdenikì embadìn). UpologÐzoume:

rθ = (cos θ cosφ, cos θ sinφ,− sin θ)

rφ = (− sin θ sinφ, sin θ cosφ, 0)

E =< rθ, rθ >= cos2 θ cos2 φ + cos2 θ sin2 φ + sin2 θ = 1

F =< rθ, rφ >= − cos θ cosφ sin θ sinφ + cos θ sinφ sin θ cosφ = 0

G =< rφ, rφ >= sin2 θ sin2 φ + sin2 θ cos2 φ = sin2 θ

A(S2) =
∫ π

0

∫ 2π

0
| sin θ|dφdθ = 2π

∫ π

0
sin θdθ = 4π
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3.7 Prosanatolismìc epif�neiac

'Estw r : U → S paramètrhsh epif�neiac kai p = r(q) ∈ r(U). To efap-
tìmeno epÐpedo sto p par�getai apì ta dianÔsmata ru(q), rv(q) epomènwc to
di�nusma

ru(q)× rv(q)

eÐnai k�jeto sto efaptìmeno epÐpedo TpS. 'Ena di�nusma k�jeto sto efap-
tìmeno epÐpedo TpS lème ìti eÐnai k�jeto di�nusma thc S sto p. 'Ena k�jeto
di�nusma sto p m kouc 1 lègetai monadiaÐo k�jeto di�nusma thc S s-
to p. ParathroÔme ìti up�rqoun 2 monadiaÐa k�jeta dianÔsmata sto p. An
r : U → S paramètrhsh kai q = r(p) tìte to di�nusma

N(p) =
ru(q)× rv(q)
‖ru(q)× rv(q)‖

eÐnai èna monadiaÐo k�jeto di�nusma thc S sto p.

Orismìc. 'Estw S kanonik  epif�neia. MÐa diaforÐsimh apeikìnish F : S →
R3 lègetai diaforÐsimo dianusmatikì pedÐo epÐ thc S. An F (p) k�jeto
sto p me ‖F (p)‖ = 1 gia k�je p ∈ S lème ìti h F eÐnai monadiaÐo k�jeto
diaforÐsimo dianusmatikì pedÐo epÐ thc S.

ParathroÔme ìti an r : U → S paramètrhsh epif�neiac h apeikìnish

N : r(U) → R3, N(r(q)) =
ru(q)× rv(q)
‖ru(q)× rv(q)‖

orÐzei èna monadiaÐo k�jeto diaforÐsimo dianusmatikì pedÐo epÐ thc r(U).
Den eÐnai p�nta dunatì na epekteÐnoume to N se èna monadiaÐo k�jeto

dianusmatikì pedÐo pou na orÐzetai se ìlh thn S. Gia par�deigma den up�rqei
tètoio pedÐo sthn tainÐa Möbius.

Orismìc. 'Estw S kanonik  epif�neia. An up�rqei monadiaÐo k�jeto di-
aforÐsimo dianusmatikì pedÐo epÐ thc S

N : S → R3

lème ìti h S eÐnai prosanatolÐsimh. To N lègetai prosanatolismìc thc S.

Par�deigma 3.15. H sfaÐra S2 eÐnai prosanatolÐsimh. ParathroÔme ìti an
p(x, y, z) ∈ R2 tìte p ⊥ Tp(S) kai ‖p‖ = 1. H apeikìnish N(p) = p orÐzei
èna monadiaÐo k�jeto diaforÐsimo dianusmatikì pedÐo epÐ thc S2 epomènwc h
S2 eÐnai prosanatolÐsimh.

Apìdeixh. DeÐqnoume ìti h N : S2 → R3 eÐnai diaforÐsimh: 'Estw p =
(x, y, z) ∈ S. Ac poÔme ìti x > 0. JewroÔme thn paramètrhsh r : U → S2

r(u, v) = (
√

1− u2 − v2, u, v) ìpou U eÐnai o anoiqtìc monadiaÐoc dÐskoc.
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Tìte p ∈ r(U) kai N ◦ r(u, v) = r(u, v) pou eÐnai diaforÐsimh apeikìnish, �ra
h N eÐnai diaforÐsimh sto p. H apìdeixh eÐnai ìmoia an x < 0   y, z 6= 0 kai
x = 0.

Er¸thsh. MporoÔme na orÐsoume �llon èna prosanatolismì thc sfaÐrac?
Er¸thsh. EÐnai o kÔlindroc prosanatolÐsimoc?

3.8 H apeikìnish Gauss

Ja upojèsoume sto ex c ìti ìlec oi epif�neiec dÐnontai apì parametr seic
r : U → S t.w. h r eÐnai C2.

An h S eÐnai prosanatolÐsimh kanonik  epif�neia kai N : S → R3 eÐnai ènac
prosanatolismìc thc S (dhl. èna monadiaÐo k�jeto diaforÐsimo dianusmatikì
pedÐo)tìte ‖N(p)‖ = 1 gia k�je p ∈ S. Epomènwc to N(p) eÐnai èna shmeÐo
thc sfaÐrac aktÐnac 1 me kèntro to 0, S2.

Orismìc. H apeikìnish N : S → S2 lègetai apeikìnish Gauss thc S.

Prìtash 3.9. H apeikìnish Gauss eÐnai diaforÐsimh.

Apìdeixh. 'Estw p ∈ S kai èstw r : U → S paramètrhsh t.w. r(q) = p kai

N(p) =
ru(q)× rv(q)
‖ru(q)× rv(q)‖

ArkeÐ na deÐxoume ìti h apeikìnish N ◦ r : U → R3 eÐnai diaforÐsimh. All�

N(r(q)) =
ru(q)× rv(q)
‖ru(q)× rv(q)‖

epomènwc h N ◦ r eÐnai C1 �ra eÐnai diaforÐsimh.

To diaforikì thc apeikìnishc N , Tp(N), eÐnai mÐa grammik  apeikìnish apì
ton TpS ston TN(p)(S2). ParathroÔme wstìso ìti o Tp(S) kai o TN(p)(S2)
eÐnai epÐpeda k�jeta sto N(p) kai pern�ne apì to 0 epomènwc eÐnai Ðsoi.

Epomènwc mporoÔme na doÔme to diaforikì thc N san apeikìnish

Tp(N) : TpS → TpS

Orismìc. H apeikìnish

−Tp(N) : TpS → TpS

onom�zetai telest c sq matoc.

Par�deigma 3.16. An S eÐnai to epÐpedo tìte h N eÐnai stajer , epomènwc
o telest c sq matoc eÐnai h mhdenik  apeikìnish.
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Par�deigma 3.17. An S eÐnai o kÔlindoc, jewroÔme thn paramètrhsh r(u, v) =
(cosu, sinu, v) kai upologÐzoume:

ru = (− sinu, cosu, 0), rv = (0, 0, 1)

JewroÔme t¸ra thn apeikìnish:

N(r(u, v)) =
ru × rv

‖ru × rv‖ = (cosu, sinu, 0)

Gia na upologÐsoume ton telest  sq matoc arkeÐ na upologÐsoume thn
eikìna twn ru, rv. An

α(u) = (cosu, sinu, v0), b(v) = ((cosu0, sinu0, v)

eÐnai oi parametrikèc kampÔlec sto shmeÐo (u0, v0) tìte

N(α(u)) = (cosu, sinu, 0), N(β(v)) = (cosu0, sinu0, 0)

�ra

−TpN(ru) = −(N(α(u)))′ = (sinu,− cosu, 0) = −ru, −TpN(rv) = (0, 0, 0)

UpenjumÐzoume ìti ènac telest c (grammik  apeikìnish) T : V → V eÐnai
autosuzug c an < Tv, w >=< v, Tw > gia k�je v, w ∈ V .

Prìtash 3.10. O telest c sq matoc eÐnai autosuzug c.

Apìdeixh. Jètoume N̄ = N ◦ r : U → R3 ìpou r paramètrhsh t�xhc C2 thc
epif�neiac S.

Gia na deÐxoume ìti o telest c sq matoc −TpN : TpS → TpS eÐnai auto-
suzug c arkeÐ na deÐxoume ìti

< TpN(v1), v2 >=< TpN(v1), v2 >

gia mÐa b�sh {v1, v2} tou TpS. Pr�gmati autì èpetai eÔkola apì th gram-
mikìthta tou TpN .

Ja deÐxoume loipìn thn parap�nw isìthta gia thn standard b�sh tou TpS,
{ru, rv}. 'Estw p = r(q) = r(u0, v0).

JewroÔme tic parametrikèc kampÔlec α(u) = r(u, v0), β(v) = r(u0, v).
Apì ton orismì tou diaforikoÔ èqoume:

TpN(ru) = N(α(u))′ = (N̄(u, v0))′ = N̄u(q)

TpN(rv) = N(β(v))′ = (N̄(u0, v))′ = N̄v(q)

Epomènwc
< TpN(ru), rv >=< N̄u(q), rv >
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< TpN(rv), ru >=< N̄v(q), ru >

Apì thn �llh èqoume ìti

N̄ ⊥ ru, rv ⇒< N̄, ru >=< N̄, rv >= 0

UpologÐzontac tic merikèc parag¸gouc wc proc v, u anÐstoiqa èqoume:

∂ < N̄, ru >

∂v
=< N̄v, ru > + < N̄, ruv >= 0

∂ < N̄, rv >

∂u
=< N̄u, rv > + < N̄, rvu >= 0

AfoÔ h r eÐnai C2 èqoume ruv = rvu epomènwc

< N̄u(q), rv >=< N̄v(q), ru >

SumperaÐnoume ìti o telest c sq matoc eÐnai autosuzug c.

'Estw V dianusmatikìc q¸roc me eswterikì ginìmeno kai {e1, ..., en} mÐ-
a orjokanonik  b�sh tou V . An T : V → V autosuzug c telest c kai
A = (aij) o pÐnakac tou T wc proc aut  th b�sh tìte aij =< Tei, ej >=<
Tei, ej >= aji. 'Ara o pÐnakac A tou T s' aut  th b�sh eÐnai summetrikìc kai
epomènwc diagwniopoi simoc. EÐnai gnwstì apì th jewrÐa twn autosuzug¸n
grammik¸n apeikonÐsewn ìti up�rqei mÐa orjokanonik  b�sh tou V wc proc
thn opoÐa o pÐnakac tou T eÐnai diag¸nioc.

Kaj¸c ed¸ ja asqolhjoÔme mìno me q¸rouc di�stashc 2 dÐnoume mÐa
apìdeixh twn parap�nw idiot twn autosuzug¸n telest¸n s' aut  thn perÐptwsh.

'Estw loipìn T : V → V autosuzug c ìpou o V eÐnai di�stashc 2. An
e1, e2 orjokanonik  b�sh tou V tìte o pÐnakac tou T s' aut  th b�sh eÐnai
thc morf c: (

a b
b d

)

UpologÐzoume tic idiotimèc:
∣∣∣∣

a− λ b
b d− λ

∣∣∣∣ = 0 ⇔ λ2 − (a + d)λ + ad− b2 = 0

H diakrÐnousa tou triwnÔmou eÐnai:

(a + d)2 − 4(ad− b2) = (a− d)2 + 4b2 ≥ 0

epomènwc oi idiotimèc eÐnai pragmatikoÐ arijmoÐ λ1, λ2. An λ1 = λ2 tìte (a−
d)2 + 4b2 = 0 kai a = d, b = 0, epmènwc T = aI kai o pÐnakac tou T wc proc
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opoiad pote b�sh eÐnai diag¸nioc. Diaforetik� èstw v1, v2 idiodianÔsmata
pou antistoiqoÔn s' autèc tic idiotimèc. 'Eqoume

< λ1v1, v2 >=< Tv1, v2 >=< v1, T v2 >=< v1, λ2v2 >

�ra
(λ1 − λ2) < v1, v2 >= 0 ⇒< v1, v2 >= 0

dhl. h b�sh v1, v2 eÐnai orjokanonik .
SumperaÐnoume epomènwc ìti afoÔ o telest c sq matoc −TpN eÐnai au-

tosuzug c up�rqei mÐa orjokanonik  b�sh {w1, w2} tou TpS kai idiotimèc
k1 ≥ k2 ∈ R ètsi ¸ste o pÐnakac tou T wc proc th b�sh {w1, w2} eÐnai:

(
k1 0
0 k2

)

Orismìc. Oi idiotimèc k1, k2 kaloÔntai kÔriec kampulìthtec thc S sto p.
Oi kateujÔnseic pou prosdiorÐzontai apì ta idiodianÔsmata w1, w2 lègontai
kÔriec kateujÔnseic thc S sto p. To ginìmeno

K(p) = k1k2 = det(TpN)

kaleÐtai kampulìthta Gauss thc S sto p kai h posìthta

H =
k1 + k2

2
= −1

2
tr(TpN)

kaleÐtai mèsh kampulìthta thc S sto p.

ParathroÔme ìti an all�xoume ton prosanatolismì thc S apì N se −N
tìte o telest c sq matoc eÐnai TpN �ra oi idiotimèc tou eÐnai −k1,−k2 e-
pomènwc h kampulìthta Gauss den all�zei all� h mèsh kampulìthta all�zei
prìshmo.

Orismìc. 'Ena shmeÐo p ∈ S lègetai

• elleiptikì an K(p) > 0

• uperbolikì an K(p) < 0

• parabolikì an K(p) = 0 kai TpN 6= 0

• epÐpedo an TpN = 0.

'H epìmenh prìtash genikeÔei ton qarakthrismì thc eujeÐac wc kampÔlhc
me mhdenik  kampulìlhta stic 2 diast�seic: mÐa sunektik  epif�neia periè-
qetai se epÐpedo an kai mìno an o telest c sq matoc thc epif�neiac eÐnai
mhdenikìc. UpenjumÐzoume ìti èna anoiqtì uposÔnolo U tou epipèdou eÐnai
sunektikì an den eÐnai xènh ènwsh mh ken¸n anoiqt¸n sunìlwn. UpenjumÐ-
zoume to parak�tw l mma apì ton logismì poll¸n metablht¸n:
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L mma. 'Estw U anoiqtì kai sunektikì uposÔnolo tou epipèdou. An f : U →
R3 eÐnai C1 sun�rthsh t.w. fx = fy = 0 tìte f(x, y) = c stajer�.

Apìdeixh. ParathroÔme ìti an g(x) = f(x, y1) tìte g′(x) = fx(x, y1) = 0 �ra
h g(x) eÐnai stajer . 'Omoia h h(y) = f(x1, y) eÐnai stajer . An f(x0, y0) = c
jewroÔme to sÔnolo A = {(x, y) ∈ U : f(x, y) = c}. ParathroÔme ìti to
A eÐnai anoiqtì. Pr�gmati èstw p = (x1, y1) èna shmeÐo tou A kai Dε(p)
ènac anoiqtìc dÐskoc me kèntro to p pou perièqetai sto U . An (x, y) ∈ Dε(p)
parathroÔme ìti f(x1, y1) = f(x, y1) = f(x, y), �ra Dε(p) ⊂ A. SumperaÐ-
noume ìti to A eÐnai anoiqtì. AfoÔ h f eÐnai suneq c to A eÐnai epÐshc kleistì
(A = f−1({c}) kai to {c} eÐnai kleistì). An A 6= U tìte U − A anoiqtì kai
to U gr�fetai san xènh ènwsh 2 anoiqt¸n U = A∪(U−A), �topo. Epomènwc
A = U kai h f eÐnai stajer .

Prìtash 3.11. 'Estw r : U → S = r(U) C2 paramètrhsh epifaneÐac, ìpou
U anoiqtì sunektikì uposÔnolo tou epipèdou. Tìte h S perièqetai se epÐpedo
an kai mìno an TpN = 0 gia k�je p ∈ S.

Apìdeixh. Profan¸c an h S perièqetai se epÐpedo N(p) = N stajerì, �ra
TpN = 0. AntÐstrofa èstw {ru, rv} h standard b�sh tou TpS. 'Opwc eÐdame
sthn prìtash 3.10

TpN(ru) = N̄u(q)

TpN(rv) = N̄v(q)

ìpou p = r(q), N̄ = N ◦ r. Epomènwc N̄u(q) = N̄v(q) = 0 gia k�je q ∈ U .
Epomènwc apì to prohgoÔmeno l mma N(r(u, v)) = N0 stajerì. T¸ra èqoume

∂

∂u
< r(u, v), N0 >=< ru, N0 >= 0,

∂

∂v
< r(u, v), N0 >=< rv, N0 >= 0

SumperaÐnoume ìti < r(u, v), N0 >= c stajerì. 'Ara

< r(u, v), N0 >=< r(u0, v0), N0 >⇒< r(u, v)− r(u0, v0), N0 >

dhlad  r(U) perièqetai sto epÐpedo pou pern� apì to r(u0, v0) kai eÐnai k�jeto
sto N0.

3.9 H deÔterh jemeli¸dhc morf 

O telest c sq matoc −TpN orÐzei mÐa summetrik  digrammik  morf  b ston
TpS:

b(v, w) =< −TpN(v), w >

H antÐstoiqh tetragwnik  morf 

IIp : TpS → R, IIp(w) = − < TpN(w), w >
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onom�zetai deÔterh jemeli¸dhc morf  thc S sto p.
Apì tic idiotimèc k1, k2 ta antÐstoiqa idiodianÔsmata {w1, w2} tou −TpN

mporoÔme na upologÐsoume eÔkola thn deÔterh jemeli¸dh morf  IIp. Pr�g-
mati h b�sh {w1, w2} eÐnai orjokanonik  epìmènwc an w tuqìn di�nusma tou
Tp(S) me ‖w‖ = 1 tìte w = w1 cos θ + w2 sin θ gia k�poio θ. Epomènwc
èqoume:

IIp(w) = − < TpN(w), w >=< w1k1 cos θ+w2 sin θk2, w1 cos θ+w2 sin θ >=

= k1 cos2 θ < w1, w1 > +k2 sin θ cos θ < w1, w1 > +k2 sin2 θ < w2, w2 >=

= k1 cos2 θ + k2 sin2 θ

Epomènwc

IIp(w) = k1 cos2 θ + k2 sin2 θ (TÔpoc tou Euler)

ParathroÔme ìti an k1 ≥ k2 tìte k1 eÐnai h mègisth tim  thc IIp kai k2 eÐnai
h el�qisth tim  thc sto sÔnolo {w : ‖w‖ = 1}.

Ja doÔme t¸ra pwc mporoÔme na upologÐsoume th deÔterh jemeli¸dh mor-
f  apì mÐa paramètrhsh r : U → S. 'Opwc deÐxame sthn prìtash 3.10

Tp(N)(ru) = N̄u, Tp(N)(rv) = N̄v

ìpou N̄(u, v) = N(r(u, v)). Sth sunèqeia gia na aplopoi soume ton sum-
bolismì ja gr�foume N antÐ gia N̄ .

'Estw loipìn ìti
Nu = a11ru + a21rv

Nv = a12ru + a22rv

Tìte o pÐnakac tou TpN sth b�sh {ru, rv} eÐnai
(

a11 a12

a21 a22

)

Ap' thn �llh an wλru + µrv tuqaÐo di�nusma tou TpS h deÔterh jemeli¸dhc
morf  dÐnetai apì

IIp(w) =< −TpN(w), w >= − < λNu + µNv, λru + µrv >=

= −λ2 < Nu, ru > −2λµ < Nu, rv > −µ2 < Nv, rv >

ìpou parap�nw qrhsimopoi same thn isìthta < Nu, rv >=< Nv, ru > pou
apodeÐxame sthn prìtash 3.10. Jètoume t¸ra

e = − < Nu, ru >

f = − < Nu, rv >= − < Nv, ru >
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g = − < Nv, rv >

Oi sunart seic e, f, g onom�zontai jemeli¸dh megèjh 2hc t�xhc thc S.
ParathroÔme ìti < N, ru >=< N, rv >= 0. ParagwgÐzontac èqoume

< Nv, ru > + < N, ruv >= 0 ⇒< Nv, ru >= − < N, ruv >

< Nu, ru > + < N, ruu >= 0 ⇒< Nu, ru >= − < N, ruu >

< Nv, rv > + < N, rvv >= 0 ⇒< Nv, ru >= − < N, rvv >

Epomènwc èqoume
e =< N, ruu >

f =< N, ruv >=< N, rvu >

g =< N, rvv >

Ja upologÐsoume t¸ra ton pÐnaka tou TpN sunart sei twn jemeliwd¸n mege-
j¸n 1hc kai 2hc t�xhc:

−f =< Nu, rv >=< a11ru + a21rv, rv >= a11 < ru, rv > +a21 < rv, rv >⇒

−f =< Nu, rv >= a11F + a21G

ìmoia
−f =< Nv, ru >= a12E + a22F

−e =< Nu, ru >= a11E + a21F

−g =< Nv, rv >= a12F + a22G

ìpou E, F, G eÐnai ta jemeli¸dh megèjh 1hc t�xhc thc S. MporoÔme na ek-
fr�soume tic parap�nw isìthtec qrhsimopoi¸ntac pÐnakec:

−
(

e f
f g

)
=

(
E F
F G

)(
a11 a12

a21 a22

)
⇒

(
a11 a12

a21 a22

)
= −

(
E F
F G

)−1 (
e f
f g

)
(*)

UpologÐzoume ton antÐstrofo pÐnaka:
(

E F
F G

)−1

=
1

EG− F 2

(
G −F
−F E

)

Epomènwc oi suntelestèc tou pÐnaka tou TpN dÐnontai apì tic isìthtec:

a11 =
fF − eG

EG− F 2

a12 =
gF − fG

EG− F 2
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a21 =
eF − fE

EG− F 2

a22 =
fF − gE

EG− F 2

Oi parap�nw exis¸seic eÐnai gnwstèc wc exis¸seic tou Weingarten.

Upologismìc thc kampulìthtac
Apì thn isìthta pin�kwn (*) mporoÔme na upologÐsoume amèswc thn kam-

pulìthta Gauss:

K = det(aij) =
eg − f2

EG− F 2

Pollaplasi�zontac touc pÐnakec upologÐzoume to Ðqnoc tou pÐnaka (aij) kai
paÐrnoume ton akìloujo tÔpo gia thn mèsh kampulìthta:

H =
1
2

eG− 2fF + gE

EG− F 2

Apì tic H, K mporoÔme na upologÐsoume tic kÔriec kampulìthtec (idiotimèc
tou (aij) afoÔ

∣∣∣∣
a− λ b

b d− λ

∣∣∣∣ = 0 ⇒ λ2 − 2Hλ + K = 0

epomènwc èqoume
k1,2 = H ±

√
H2 −K

Stouc upologismoÔc twn jemeliwd¸n megej¸n 2hc t�xhc emfanÐzontai mik-
t� ginìmena dhl. ginìmena thc morf c: < a× b, c >. Gia na aplousteÔsoume
ton sumbolismì jètoume [a, b, c] =< a × b, c >. UpenjumÐzoume (dec par�-
grafo 2.3) ìti to [a, b, c] eÐnai Ðso me thn orÐzousa tou pÐnaka pou èqei san
grammèc ta a, b, c.

Par�deigma 3.18. UpologÐste thn kampulìthta Gauss thc speÐrac T .

QrhsimopoioÔme thn paramètrhsh:

r(u, v) = ((a+r cosu) cos v, (a+r cosu) sin v, r sinu), u ∈ (0, 2π), v ∈ (0, 2π)

UpologÐzoume ta jemeli¸dh megèjh 1hc t�xhc:

ru = (−r sinu cos v,−r sinu sin v, r cosu)

rv = (−(a + r cosu) sin v, (a + r cosu) cos v, 0)

E =< ru, ru >= r2, F =< ru, rv >= 0, G =< rv, rv >= (a + r cosu)2

UpologÐzoume ta jemeli¸dh megèjh 2hc t�xhc:

ruu = (−r cosu cos v,−r cosu sin v,−r sinu)
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ruv = (r sinu sin v,−r sinu cos v, 0

rvv = (−(a + r cosu) cos v,−(a + r cosu) sin v, 0)

Lamb�nontac up ìyh ìti

‖ru × rv‖ =
√

EG− F 2 = r(a + r cosu)

kai ìti to k�jeto di�nusma dÐnetai apì

N =
ru × rv

‖ru × rv‖
èqoume

e =< N, ruu >=<
ru × rv

‖ru × rv‖ , ruu >=
[ru, rv, ruu]√

EG− F 2
=

r2(a + r cosu)
r(a + r cosu)

= r

ìmoia upologÐzoume

f =
[ru, rv, ruv]√

EG− F 2
= 0

g =
[ru, rv, rvv]√

EG− F 2
= cosu(a + r cosu)

Epomènwc h kampulìthta Gauss eÐnai

K =
eg − f2

EG− F 2
=

cosu

r(a + r cosu)

3.10 Gewmetrik  ermhneÐa thc kampulìthtac

Gia na katano soume to sq ma mÐac epif�neiac S se èna shmeÐo p eÐnai fu-
siologikì na exet�soume thn kampulìthta kampÔlwn pou pern�ne apì to p
kai brÐskontai p�nw sthn S. H pio profan c epilog  eÐnai na melet soume
kampÔlec pou paÐrnoume apì thn tom  thc S me epÐpeda k�jeta sthn S sto p.
'Opou lème ìti èna epÐpedo E eÐnai k�jeto sthn S sto p an to E perièqei to
k�jeto di�nusma thc S sto p, N(p).

'Estw loipìn α = E ∩ S ìpou E k�jeto epÐpedo sto p. MporeÐ na
apodeiqteÐ ìti h α se mÐa geitoni� tou p eÐnai kanonik  kampÔlh. JewroÔme
loipìn thn paramètrhsh me m kouc tìxou thc α kai upojètoume ìti α(0) = p.
ParathroÔme ìti to α′(t) = T (t) eÐnai efaptìmeno di�nusma thc S sto p
epomènwc α′(t) ⊥ N(α(t)). H α eÐnai epÐpedh kampÔlh kai mporoÔme na
orÐsoume thn proshmasmènh kampulìthta thc α. An N∗ to k�jeto di�nus-
ma thc α gia to opoÐo h b�sh tou k�jetou epipèdou T (0), N∗ eÐnai jetik�
prosanatolismènh tìte N∗ = ±N(p).

UpologÐzoume thn proshmasmènh kampulìthta thc α:

< N(α(t)), α′(t) >= 0 ⇒< N(α(t))′, α′(t) > + < N(α(t)), α′′(t) >= 0 ⇒
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⇒< TpN(α′(0)), α′(0) > + < N(p), k∗(0)N∗ >= 0 ⇒ k∗(0) = ±IIp(α′(0))

Blèpoume loipìn ìti h kampulìthta thc α dÐnetai apì th deÔterh jemeli¸dh
morf  sto efaptìmeno di�nusma thc α. Apì ton tÔpo tou Euler èqoume ìti
up�rqoun 2 kateujÔnseic stic opoÐec h kampulìthta paÐrnei th mègisth tim 
thc k1 kai thn el�qisth tim  thc k2. Stic �llec kateujÔnseic h kampulìthta
dÐnetai apì ton tÔpo tou Euler. ArkeÐ dhlad  na gnwrÐzoume tic kateujÔn-
seic ìpou h kampulìthta paÐrnei thn mègisth kai el�qisth tim  thc gia na
prosdiorÐsoume thn kampulìthta se ìlec tic �llec kateujÔnseic!

An k1 = k2 tìte h kampulìthta ìlwn twn kampul¸n pou paÐrnoume apì
ta k�jeta epÐpeda sto p eÐnai stajer . Tètoia shmeÐa onom�zontai omf�lia.

JewroÔme t¸ra tuqoÔsa kampÔlh monadiaÐac taqÔthtac α me α(0) = p
(den upojètoume dhlad  ìti h α an kei se k�jeto epÐpedo sto p). 'Estw n to
pr¸to k�jeto di�nusma thc α sto α(0). An N = N(p) to k�jeto di�nusma thc
epif�neiac sto p kai cos θ =< n, N > orÐzoume thn k�jeth kampulìthta
thc α sto p na eÐnai

kn = k cos θ

UpenjumÐzoume ìti h kampulìthta k eÐnai to m koc tou α′′(0), dhl. α′′(0) =
kn. Gewmetrik� epomènwc h k�jeth kampulìthta eÐnai to m koc thc probol c
tou α′′(0) sth dieÔjunsh pou orÐzei to N (me arnhtikì prìshmo an h dieÔ-
junsh thc probol c eÐnai antÐjeth thc dieÔjunshc tou N). MporoÔme na
upologÐsoume thn k�jeth kampulìthta ìpwc prÐn. SumbolÐzoume me N(s) to
k�jeto di�nusma thc epif�neiac sto α(s).

< N(s), α′(s) >= 0 ⇒< N(s), α′′(s) >= − < N ′(s), α′(s) >

�ra
IIp(α′(0)) = − < TpN(α′(0)), α′(0) >=

= − < N ′(0), α′(0) >=< N(0), α′′(0) >= kn(p)

SumperaÐnoume ìti h k�jeth kampulìthta thc kampÔlhc exart�tai mìno apì
to efaptìmeno di�nusma α′(0). Me �lla lìgia ìlec oi kampÔlec pou pern�ne
apì to p sthn epif�neia S kai èqoun to Ðdio efaptìmeno di�nusma sto p èqoun
thn Ðdia k�jeth kampulìthta.

ParathroÔme ìti an α kampÔlh monadiaÐac taqÔthtac me α(0) = p tìte
to α′(0) kai to N(p) orÐzoun èna k�jeto epÐpedo sto p, E. JewroÔme thn
kampÔlh γ pou prokÔptei apì thn tom  E ∩ S. An p�roume thn paramètrhsh
me m koc tìxou thc γ tìte γ′(0) = α′(0) epomènwc h k�jeth kampulìthta thc
γ eÐnai Ðsh me thn k�jeth kampulìthta thc α sto 0.
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