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ABSTRACT

The baroclinic instability of a frontal mean state is investigated using the WKBJ approximation. The results
are compared with numerical calculations performed on the same mean state. Excellent agreement ( within 5% )
is found for jets whose half-width is as small as a Rossby radius of deformation. For jets 20% broader, the

agreement is almost perfect.

1. Introduction

With the help of the WKBJ approximation Ioannou
and Lindzen (1986, hereafter IL) investigated the
spectrum and structure of waves growing on two-di-
mensional jets. Although the method presented was
general, it was applied to the stability of symmetric
barotropic jets superimposed, as perturbations, on the
model introduced by Eady (1949) and the model in-
troduced by Charney (1947). With this method it was
possible, with great economy, to determine the growth
rate of the first three meridional modes (first symmet-
ric, first antisymmetric, second symmetric) as well as
their back effect on the mean state. It was found that
the inclusion of a jet confined the instabilities merid-
ionally, thus internally determining the meridional
wave scale. Once this internally determined meridional
scale is taken into consideration, the stability results
correspond plausibly to the classical results without
a jet.

The calculations performed by Lin and Pierrehum-
bert (1988), using a fully numerical scheme confirmed
that the accuracy of the method presented is not limited
to the narrow range of asymptotic validity. The com-
parisons were made with the nonseparable Charney
problem.

Recently, Moore and Peltier (1989, hereafter MP),
in the context of investigations of the stability of frontal
mean states, developed a numerical scheme that makes
it possible to quantitatively establish the ranges of utility
of simpler asymptotic techniques. Specifically, they in-
vestigated techniques developed by Mclntyre (1970)
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and IL. They found good asymptotic accuracy with the
results of McIntyre. On the other hand, MP claimed
that IL had grossly overestimated the maximal growth
rates. This claim is, in large measure, due to a misprint
in section 3 of IL. The expression for the Y-dependence
of the basic flow should have been

u¥(Y) = (1+qv?%)7",
and not
u(Y)=(1+q¥»H 1,

Moore and Peltier (1989) assumed that we had used
the second expression, which they then employed for
their numerical analysis. Thus, they were comparing
their results with our results for a different profile. In
addition, MP did not use the results of full WKBJ cal-
culations for their comparison; rather, they compared
their numerical results with results we obtained with
a cruder heuristic approximation that we had also in-
troduced. In this note, we present results for the WKBJ
approximation developed in IL applied to the same
profile used by MP, and compare these results for
growth rates with those computed by MP.! It will be
seen that for jets as broad as a Rossby radius of defor-
mation, the two approaches yield results within 5% of
each other. Indeed, for jets 20% broader than this the
results are essentially indistinguishable. For narrower
jets, the WKBJ results become progressively less ac-
curate. From the data analyses in Newell et al. (1972),
it appears that the ratio of the Rossby radius of defor-
mation to the jet half-width (Ros) is characteristically

! To normalize MP’s Egs. 3.1 and 3.3, we must multiply their Eq.
33 by 9/16-
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between 0.5 and 1.0. For these widths, there should be
no problem in using the WKB]J results.

2. Comparison of the calculations

The normal mode stability of the zonal (x-direction)
velocity profile given by

_ AV .
7,2 = (== 3).

Y = Ros

T 2y-1 y

u)=(1+°v%", NH/T (1)
to harmonic disturbances of the form exp[ik(x — ct)]
(k is the zonal wavenumber, ¢ the eigenvalue to be
determined), is investigated with rigid horizontal sur-
faces bounding the flow at heights z = 0 and z = H.
H is taken to be the typical tropopause height (8 km);
y measures distances in the meridional direction from
the center of the jet; N is the Brunt-V4isili frequency,
taken to have the constant value of 1072 s™'; and f
is the Coriolis parameter (~107* s™!). Finally, Ros,
the parameter that describes the tightness of the jet, is
simply the ratio of the Rossby radius (NH/f) to the
half-width of the jet. For typical terrestrial atmospheric
applications, Ros is between 0.5 and 1.4. AV represents
the difference of the zonal wind between the tropopause
(z = H) and the earth’s surface (z = 0). The WKBJ
calculations performed by IL are formally valid in the
limit of Ros approaching 0. In their paper it is shown
(referring to section 3 of IL’s paper—dealing exclu-
sively with the Eady problem) that the spectrum can
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be obtained by solving the following quantization con-
dition:

Ros Jo )

Yo 1
(Y)dY = (n + E)w,

where n = 0 for the first symmetric mode, n = 1 for
the first antisymmetric, etc.

Here /(Y') (the meridional wavenumber) is deter-
mined so that the full wavenumber (meridional and
zonal) d (where d? = k? + [?), when introduced to the
Eady dispersion relation

¢? = #*(Y)d™*[d/2 — coth(d/2)][d/2

— tanh(d/2)], (3)
yields the same growth rate, Im(c), at all values of y.
Finally, Y, is the latitude where the meridional wave-

number, l(Y) becomes zero on its way to becoming
purely imaginary. This is required by disturbances that
are latitudinally contained.

The solution of (2), as described above, determmes
the WKBJ approximation. To be sure, when (3) is
used, closed form solutions to (2) cannot be obtained,
and one must turn to elementary numerical methods.
The results are presented in Fig. 1. In this figure the
curve of maximum growth rate is plotted against Ros.
This curve is compared with the curve obtained by
fully numerical techniques by MP. The percentage dif-
ference between these two curves is shown in Fig. 2.
The agreement is very good (maximum deviation 5%)
up to Ros = 1.0 (and virtually perfect for Ros < 0.8).
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FIG. 1. The maximum growth rate vs. Ros (an inverse measure of the jet width). One curve
is the result of the WKBJ calculation; the other is the numerical calculation performed by Moore
and Peltier (1989). The jet varies in latitude as @(Y) = (1 + Y?)~! where y = 0 is taken at the

jet center.
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Percentage Difference Between
Numerical and W.K.B.J. Results
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FIG. 2. The percentage difference between WKBJ growth rates and
those numerically determined in MP.

Beyond this point there are growing differences between
the results. The deviation of the results for Ros > 1
suggests that barotropic conversions are becoming sig-
nificant and are contributing positively to the growth
rate. Presumably, the WKBJ approximation underes-
timates growth rates because it ignores barotropic cur-
vature in the basic state. Nevertheless, for characteristic
values of Ros the WKBJ results seem adequate. The

same robustness of WKBJ results was found by Lin
and Pierrehumbert (1988) for the nonseparable Char-
ney problem.

It might be worthwhile, at this point, to note the
usefulness of an additional approximation introduced
by IL. In this approximation, we replaced the exact
Eady dispersion relation with a rational approximation
chosen to duplicate the Eady relation’s branch point

Maximal Growth Rates for
Various Approximations
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FIG. 3. Here the jet varies in latitude as #%(Y) = (1 + Y?)~'. The curves are plots of the
maximum growth rate vs. Ros. The WKBJ curve is the result of the WKBJ approximation, the
WKBJA curve is the result of the WKBJ calculation with the Eady dispersion relation replaced
by the rational approximant (4). Finally the curve marked “heuristic” is the result of the heuristic
calculation for the Eady problem (described in the text).
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and singularity nearest the origin in the complex wave-
number space:

2 2
4cz=—9—ﬂ2(Y)(l—7r +dc), (4)

16 7+ d?

where d. = 2.3994. This enables the closed form in-
tegration of the quantization condition. As shown in
Fig. 3, the use of the rational approximation yields
results very close to the full WKBJ results. The heuristic
approximation in IL involves using (4) to evaluate (2),
which is then further approximated by the first term
in its power series expansion. As seen in Fig. 3, results
from the heuristic approximation are less accurate than
either the full WKBJ results or the results using the
rational approximation to the Eady dispersion relation.
The results of the heuristic approximation are what
MP compared with their numerical results.

3. Conclusion

Results are presented that demonstrate the excellent
performance of the WKBJ approximation for jets with
half-widths as small as one Rossby radius; atmospheric
jets characteristically fall within this range. For such
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jets, the WKBJ approximation can simplify atmo-
spheric stability calculations, reducing them to rela-
tively trivial tasks. The authors apologize for the mis-
print in their earlier paper which led MP to misassess
this situation.
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