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KataotEodNg. Av, avtilBeteg, pia piked LETaBoAT 0TS oy,..., 0y, TQOKAAEL
Hid HIKQY] TEOTIOMOLNON NG KATAGTIACTG TOU OLCTIAMATOS, @LTH N
KQTQAOTROT) AEYETUL KAVOVIKT. .

O Xq,...X, AEyovTar PETAPBATES KATROTAGNS, EVA OL TOGOTNTEG
Qe TOU UTOQEL va gmngedalovtar and sfwtegikég SiarapayEs,
AEyOvVTal TAPAUETOOL TOV CUCTRUATOG.

'Ecte 0Tt UTIGQYEL pLla cuvaQtnon

V(XpyeerXpy @preeyOy)

OV Y10 OTABEQOTIOINUEVES Oy,..., ¢ SIVEL TIG EVEEXOUEVEG KATATTATELS TOU
CUOTTHATOG G THES TWY Xj,....X,, YIX TAV OTIOLA IGYVOUV 0L OXECELS

av

ox.

0, j=1,2,..n (11.1)

ITohv ouyva, n V oxetiletat pe Kamowag HOQYNG EVEQYELL TOU
CUOTNHUATOg kal €Tol N V Agystar ouvagrnoy Suvapikoy., ‘Otav oL
X1y tKQAVOTIOLOUY TIG (11.1), QOGS 100IL0UVY Hlia KATACTACT LOOQPOT-
ag. CoL i '

Opwpog 11.1. H opifovoa

ovopatetar opifovca Hesse tng V.

3%V v V-
ax 12 OX; 0%, 0x, 90X,
VvV ¥V a*v
9%, 9%, ax22 Xy 0%,
3V Y v
Jx_ox Jx,dx 2
2" 1 RU2 ox

Agv givar 560koho va deryfei to axdrovbo:

Ocopypa 11.1. Mia xatdoTaon 100QQoTINg Eival KATACTROPLKY)
1) Kavoviky, avéroye pe to av 1 opi{ovca Hesse tng ouvaginomg
Suvapikou pndevi{etal i Oxt, AvILOTOLX®G.
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‘Eva aMo eputhua eival to e£ng: av to ototnpa Poioketal os
KQVOVIKY] Katdotaon wooggotiag kat peTafAnBouv Aiyo ot X;,...X, EV®
peivouv aueTABANTEG oL Qy,..., 0, B0 TOQUUEIVEL TO CUGTNUA KOVTE OTT|
Beov wooppomiag 1 Ba teiver va anopakpuvbei and avtiyy; To kpiLTrpLo ou
XONCWLOTIOLELTAL, GYETIKG, Eivat: av yia ka8 Suvati, piko petafolr twv
XXy, TO Ouvalikd V. auEdver amo Thyv 100Qpomia TOu, 7} KUTGOTAOT)
toogpoTtiag AeyeTal evotabng. Av, aviBETwg, yia TETOLEG HETAPOAEG T@V
XjyXy TO V dev avEavel, 1) kaTdotaon woppomiag AEyeTar actabig.

Av ov peTafATEG KATAOTEOMG ETUAEYOWV KATGAAA®WG, Ol
151 TEQOTNTES TIOV EVOEXOUEVRG TTUQOUCLALEL TO OUOTTE KOVTA OF o
BEom woppoTiag, Hopovy va avayBoiv OTi) LEAETT) LEQIK®Y HOVO TUTILKMV
TEQUITTWOE®Y, TIOU E£iVUL YVOOTEG 0§ CTOVXELAOELS KATAOTROHES. AVTEG
oL oToLXEwWdelg Kataotpopeg meghapfavouy pie q 600 petafAnteg
KOTAoTAoNG, aveEaptnta anod To nANB0S TV METAPANTOY KATAGTATHS IOV
UTIAQYOUV QOYLKA.

Av, Aoumov, fewpricovpe o6t 1 BEan wopponiag sival oty apyn
tov akovey, Tdte umogovue -pe akpifera tétaptng takng- va yodyovue

Vo= Vo + Y dixix; + Y by XiXiXg+ Y, Cijum XiXiXg Xy
ij i,j,2 i,,%,m ‘
E\'/ YEVEL Ol OUVIEAECTEG dij, bijg’ Ciiem gEapTovtal and s al,..:,ak.
ITegioteédovtag Tovg GEOVEG, UTTOQOVHE va EXOUUE OTO TRWTO and Ta
TRQATIAVE afQOIoPATA POVO TETRAYWVIKOVG 0QOUG KAl ETGL V& TIOQOVUE

n
2
V=Vo+ Y NXI+ Y By XiXiXg+ Y G Xi XXy Xy
i = 1 i,j,£ i’j;‘!'rm .

OTI0V OL Ay AEyovtal 1510 TIHEG.
Evkoha ¢aivetar Ott M opifovca Hesse tou Oswpnuatog 11.1
LoovTal UE

.u:‘

A

1

"

i

ot 8601 woppomiag. Av, Aondy, dev pydeviletar kappid idtoTipn kabog
HETAPBEAAOVTAL OL TIXQAPETROL TOU GUOTINHATOG, 1] KATAOTUCT) LO0QQOTHAS
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Tagapevel kavovikr. Emiong, ta yapaktnoiotika evotaBeiag dev
uetafalhovtal, otav arhafovv oL magapetpot. Me aiha Adyia, Sev Hmogei
va oupfet avtadlhayt} eugtaBelag extdg and ekei omou undevifetat wa
TOVAGYIOTOV LOLOTIN® TOTE TA &,..., 0 CTOTEAOUV EVa LEAOG TOU GUVOAOY
Kataoteodng. AuTEG ot 106G pag Oeiyvouv TN OTEVI] OUVOECT) TWY
SrukhadwoEwV e TIG KATaoTROPEG KaL umogovv va Sratunwloiv wg sEig:

Bedpnpe 11.2. Av Sev undeviletar kapid thioty), ) KATAOTAOY
. LWo0pQOTiag Eival Kavovikn Kat 1) evatabsia toug dev petafarhetar HE TIG
TOQAHETOOVG TOU CUTTIUATOG.

v negim:(ocn oV LhioTaTar Kataoteodn (av, Sni. undeviletal
pia TovAayiotov wdiotin), o R. Thom anédebe to 1975 to axdhovbo.

Oewpnua 11.3. [a cuoTiuate PE TECCEQELS TO TIOAD TAQUUE-
TEOUS (aAAd pe onotodrinote A0S HETABANTAV KETACTACTS) LTIAOYOWY,
QUOLaCTIKG, ENTE TT0aVOL TUTIOL GUVORWV KaTAOTTEOPNG.

To Bedpnpa autd eEetdikeleTal OTOV MAQAKAT TivaKd: yia TRV
KQTavonoT) TOV anattsital 1 axdiouln cporoyia: otav ot 8got m-taéng
™ (11.3) dev pmopoiv va amoreigoiv UEC® KATGATANG &mAOYHS
TUQUUETRWY, T} KETATTAoT} AEYETAL 1oopEoTia emiEédov m (m=3,4,5,6).

ONOMA ZYNAPTHZH ITibog ko £160g
AYNAMIKOY pulov Tuv dpav Tpi-

™G Takng

ITrum 1 3 c1x +x3

Auqn 1 |4 | cxtepmext

Xehbdovoovpd 1 5 | eqx+coxt4cgx +x°

EXeuttua) Oppode- | 2 3 xU-3xy? + X2 +y%) +bx+oy Teeig Gvioeg mpay-

e)] HOLTIRES

YreoBohua Opda- 2 3 x3+y3+a.:qr+bx+cy Mia povo moayy.

ALKT)

Mapaporuai Oppar | 2 | 4 | xy+y*+oxeebyz+ax+dy | Toerg (600 ioeg)
TQUYPATIKEG

Heteotda 1 6 c-|x+(:2x2+cax3+ c4x4 +x8

IMagatienoy 11.1. H éwoia Tov emigpiuatos "ouotactikd” ot
Siatimwon tov Oeswgnpatog 11.3 eival 1 &g av n V(x,a) €xel givoro
xataoTEodig K xal 1y Uy,b) €xer og oivoho kataoTtgodiig To KEVS, T0TE
‘rl -
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W(xy,a,b):= V(x,a) + U(y,b)

€xer t0 idio olvoho kataogTEodnig pe v V. ‘Etot ov emimgocBeteg
HETARANTES KaTdoTaong y koL magapetool b, Sev eivar ovcwwdelg oty
katata&n Tov guvolou kataoTpodng Trg W.

IMagatipnon 11.2. Eivar Suvatov va peretnfet to Tt cupfaiver
dtav prmopouv va undevicBolv TEELS LOLOTIMEG: HTOREL Vo EudavioBoliv
TECCEQELG XKOUX KATAOTROPES. 'Otay, Opwg, undevi{ovial mEQIGGOTEQES
and toelg tSoTEg, To TANB0G Twv EVEEOUEVMV Eival ATEQLOPIOTO.

IMapatipyon 11.3. Tta nponyovpevae, £xel untotedei 6T oL BETEIG
toogpomiag divovtat and eKEiveg Ti§ TIHEG TV PETAPATOV KATACTUONG
ov xavouvv T V otaown. Teroieg 6€0eg avapeveTal Twg Ba utagyouv
OE EC0MTEQIKA OMueia Tov Tediov eni tov omoiou petafailhoviar ou
HETAPARTES xaTaoTAOT|C. AV, ORW®G, YO TV ELPAVLOT BEOTG 1000QOTILAg
anatteital n V va maigver tn péyotn (3] EAa1oTn) Tt TG, ToTE 1) de0T
QUTY] KIOQEL VU LTV TIQRYPATOROLELNL GE ECWTEQLKG onuEeio Tov mediov
petaforng Tov pgeTafANTOV KATAOTAOTG, MG 0TO ouvopo Tou. TOTE,
opwg, 1} V dev sival otaoytn €Kei KoL €101 OAn 1) Bewpia GKLQWVETAL

Ilapdderypa 11.1. Na te&vopnfei o 0dvolo KaTtaoTtoodov thg
V(xy,a,b) = 1!.3-4)(y+zm2+bx+4y2 . (112

Ta kpicwa onpeia ™g V Ba 1KavoTIOLOLY TiG OXECEL

v = 3x% -4y +20x+b = 0 (11.3)
Jx |
av . -4x +8y =0 (114)
ay . RO

H opifovca Hesse tng V yivetal ion pe to pndev, av

| |'~"_"4"2GL "8“{ = 48x +16(a - 1) = 0 (11.5)

A1 g (11.3) wg (11.5) raipvovps ot eéva onueio (a,b) avnlcel. oTO
OUVOAO KataoTodwv TG V TOTE KoL HOVO TOTE, av .
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b® = (1-a)? o (11.6)
OeTOVIag
- 1 _
u‘x:*g(a'l) ¢ =a-1
/”'i
/j
U=x-’2y %:b_%(a_l)z (11.7)
Ttigvovpe

2
V(u,v,¢y,c,y) = ud +C2u+02 - 31_ ¢ [C-z . [% ]] (11.8)

ITapatnooipe ot N mEAcBeom puag otabegag oty ouvdpTtnom
Suvaukod, dev petafarder tig e£il00oeg Tov CUOTHRATOS Kal, £T0tL, Ogv
LTIOQEL vt €xEL Kauid entidQaaoT) eNi TOU CUVOAOL KATAGTQOHMY. ZUVETIKG,
o televtaiog 6pog g (11.8) pmopei vo ayvonBei. EEdMov, tapatnpoips
oTt 1} petaPAnti v dev eivar ovoldSHS Y TV Katdta&n tou ouvorou
KQTAGTOOPMY, TIOV TIQOPAVMS Eival TITUXT]. |

Ztn cuvEyela, Sivoups ODLOPEVE CYRMATE TIOV avadéQovial OTLS
ETTA TTOLYELWIELS KATUTTOOHES,
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Vi

v

c1 >0

h.

¢ <0

C1=0

Zynua 11.1. Ty yia Sidpopeg TWég ™S TapaptTpov ¢f.
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I C-2

Zyrpa 11.2. Ay |
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(a) 4T (b} i 4

A\

Cz cz

(e}
‘14 Xembovoovpi oTo eTiTeSo c3=oTad.

((1) 3> 0
(b} ca=0
(c) c3<0
Cy .

Tyriue 113,

.

Xemdovoovpd ot TpEIg SraoTaosg

Sxipe 11.4,
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ch

UJF

Zympa 11.5. ERemniki Oppaduxs oto eninebo a=otab.

Q4

Zmua 11.6. EXeurtun) Oppadui atov (o,b,c)-xop0, nia a<d.
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Symua 11.7. YriepPoluai Oudadukn atov (a,b,c)-ydpo.

cz F 'Y
{a)

{b} _

- Zxjua 11.8. TTetadobda, 6tav c3=0xar (a) c4>0, (b) c4<0.
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b

Zyjua 11.9. Yrodwaipéoeig tov (a,b)-emmebov yia v Hoapaforuai Oppodax.

Lo

% A _ /\ 20voho xatactpodav oto (¢, d)y-eninedo
. Yia TG apfpmuéveg Béoeig Tov
H 6

(a, b)-emumeSov.

/\ /\ H apyn Tov afévev onpetovetan pe "X".
. -Ov SieBivoelg Tev afdvoy sppavilovian

Kare Gefrd.
_ ]

Zyue 11.10.
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OPIZMENEZ T'ENIKEX IIAPATHPHZEIZ T'TA TH OEQPIA
KATAZTPOSON

H Gcwpia Kataotpopov pag mhngodogel 0T av eTUSQACOVPE OE
gve guotnua pe anooPeon (dissipative system), pecw S00 sEwteQikwv
petafAnTov -Slatnpovtag otabepeg OAeg TIG GAAEC TAQUUETOOUG- TO
ouvolo Kataotoodwmv Ba eival ple OWKOYEVELRX YOV GTO ETITESO.
Eveyougvug Sev Ba vmagyouv kaBGAou atyEG KL TO GUVOAD KaTRTTQO-
GV Ba QAMOTEAEITAL HOVO ATIO AEIEG KAWUTIVAEG (XWRIG YWVIES). AUTO TIOU
nag Aéel n Ocwpia, sivar 6Tt -0t SiSidgTatn mepintworn- dev Oa
spdaviotel TOTE éva OYNItE THO TEQIMAGKO amd TV Ay}, WG GUVOAO
KOTaoTpodwy: 8d UMOQOUoE Kaveig va oxedrei Otl Bu pmopovoav va
ovufoivovy KataoTpOPEG OE HEpOvVOUEVE onusia Tov eunédoy, 1) OTL Ba
UTIT|RX AV OAOKATION TTEQLC ATIOTEAOUUEVE UOVO QTO OTUELY KITATTOOGMV.
Kam teTo10, KaTd TN Oewpia Kataotpopwv- dev ouufaiver yevikog. H
Ocewpia OGev wyvpiletar OTL 0L MEOTACELS TG OXUOWV Yia OAd Ta
CULOTTHOTA HE aNOaPECT], alhd yia T@ TIEQLTCOTEQX: AV £EVa GUOTUA OV
EUNITITEL OE QUTO TO "yevikeg', N Bewpic Afsr TG av siyope 0
Suvva Tttt ve TaQEUBOVHE OTO OUOTNIA, TOOTOTIOWBVTAS TO SUVOLKO TOV
Alyo, Ba Ttoigvape Eva VEO OUGTNIG, KE TUVOAO KATACTOOPWY ATIOTEAQUHE-
VO aTIO AEIEG KQAUTIVAEG KL ALYHEG.

Evtelag avaioya TToayuata supfaivouy xat 0Tav EX0UUE TIEQLOCO-
tepeg sbwtepikEg pETaPANTEG, pexol eEu av mpoomabnost kaveig va
ETSQACEL 08 £va CUOTHA HECK EMTA PETARARTOV CUYXQOVWS, TO GUVOAD
KAtaoToopwv yiveTal TO00 TOAUTIAOKO Tiov Oev unopei va aveybei oe
aTtAOVOTEQESG HORPEG.

Zuunspaopatika, i Oswgic Kataotgodey Sev pog Adet a priori T
8a ouufei ot Kopuid Sedouévn KaTAoTAOT. AKOUR KAl Gv EYOUME va
Kavouye He €va "kaAo" ovoTnua (e anoofeon Kat EYOULE TRELS EEWTEQL-
KEG petafAnteég otn Sudbson pag, dev umdQyel TROTOG va TIROBALYQuUPE
av Ba magatnonoovus pa yehbovooupd 1 uta opgaduch. Evdgyetal va
TUOATNOOOVHE KETL EVIEADG SLadOPETIXO, Tipdypa Tiov Ba onpaivel 6T
N ouvagtron Suvapikod tov cuoThpatog 8o owviota pie eSaigeon and g
GUVIIBELS TIEQLITAOELG,.

H xigia ouverocpopd trg Ocwpiag Kataotgopdv €ykertar otny
1960 TNG HEAETNG EVOG TTOAVTAOKOL CUOTIHATOS and ££w, Kataypddoviag
TIG avTISPATELS TOV OF £va KaAd 0QIGpEVO Givoro egediopdtev. Eykettar,
ETMIONG, OTO evOLAPEQOY TPOG TIG MOLOTIKES HETABOAEG TOU CUOTHUATOS
(Tt Egpvikeg petafdosig and i KaETAoTAoN GE Hid dAAY).



o 133

H Gcwpia KatasTpodwy rav Eéva and ta gsyaAvtega EMTTHUOVL-
K& yeyovota tng dekaetiag tov 1970. Mohig xukhopopnoe to Pifiio Tov
Thom, ki TeEa Tov EvTove TEXVIKG TOU YUPAKTNQN, TO EvOLadEQoV yia T
Oewpia ETEKTAONKE TOAY RMEQU QO TRV ETMOTIUOVIKY] KOWOTHTU, HE
@oBpa kur cuvevrevkelg gta péoa ualikng enkowwviag. O C. Zeeman,
EVOG AyYAog padnuatikog, aval{Ttnone CUOTHATIKG EPUQHOYEG OF EVAL
TTATB0G KataoTacewy: kagdiakoi a0, CUUTIEQIPOOE ETBEGTG TKUAWY,
eEeyeEpoeig o8 Purakég O idog o Thom perétnoe T poppoyeveon
(avamtvEy tov gpfdov amod €va povadikd KUTTAO) Kat XENTLOToINoE TN
Oewpta oty yAwasoroyikn perétn. H aie autav towv poviérev apdrofn-
TROnKe Kal 1 emoThpoviky Siapdyy, obvropa eEelixnke os moAspuKH.
Z TNV AN TAEURG, O aEYeEvVTIVOG paBnuatikog H. Sussmann, emtélnke oty
Oswpia Kataotpodav yra to 6t Sev eixe kappid aiomoty spagpoyn:
pe Ta Oiké tou Adyx: "Zta pebnpatikd ot opiouoi eivar tlapma.
Emitgénetar anolbtwg ve ovopagoups €vav  autoguluyn] TEAEoTH
"eAspavta” xou pla dacuatiky avaiuarn “rpofookida’. Mmoget tote v
antodeiybei Eva Bedpnua, 0TL 6hoL 0L EAEQaVTES EYOUV TIROPooKiSeg. AuTo
1iou §ev eLTPEMETAL, EiVGL VA TROOTIOLOVRACTE OTL AUTO TO ATOTEAECUY
£YE1 OTIOWSTIOTE OYECT HE KMo peydra ykpila {ma".

IToAAg, BEPara, progouy va simwlovy oxetika. Katapy, ba npemnst
va Bupdpacte om 1 Ocopia Kataotpopav dev eivar moga £va vmokatd-
oTATO Hiag KaAuTepns Bewplag, Tov Sev yevwwnfnke mote: pia TETOR
Bewpia, fa aviypetdmle T poPepyi Sokipaoia TN MEQLYPAdTiG OMBV TV
duvatav petafacewy petall euagtabov Kiviioewy (avapeca o TEQLOSIKES
TOOYLEG 1} napakevoug eAkuoteg). Mia tétola Bewpia dev eival kav ogatry:
TO MOVO OYETIKO Tov avTihapfavopacte Kahd, eival To Twg £va suoTaBES
onuelo wogpoTiag, peTateEnstat o€ suatadn egrodikn Abor (Arakhadw-
o7 Hopf).

M tehevtaia TaQaTiENoT Eival OTL 0 XQOVOS Eival an®V aro TN
Qcwpla Kataotgopwv: ov pabnuatikol tov Bewpovpe wg pia TETAOTN
eEwteQuk petafint (o1 TEELG GAAEG EivaL. OL YWOLIKES TUVTETAYUEVEG),
gV O Puaikoi kat ot frordyot, Sev mapatngolv aw’svdeiag tetpadiaota-
TEG KATAOTQOPES, ahha pia Sradoyn, 0TO ¥OOVO, TOITALECTAT®Y KATATTOO-

v, -



12. XAOZ
12.1. AITEIKONIZH POINCARE

- OEWEOVUE TO QUTOVOUO GUCTHUG

X' = F(xy),y = G(xy)

KoL To Stéypapia ¢aoswv tov 6To xy-eninedo. H Ao tou ouoTipatog -
avTIoTOLY sl O (ia ToOXId, 1} QOT), 08 KATO0 SLdLA0TaTO YWEO PACEWV.
Ymagyet €va oA prthodo€o mpdypappa tov Poincaré, wov avaintd va
KaBORQILOEL TN YEVIKTY] CUUTIEQLHOQE CUCTNIET@Y, OTIWG TO TUQAUTAVE®, TA
oToia €Youv n-0lagTaTtovg YWEoLg ¢acewy, kubwg t + ». To ngdygaupa
wov Poincaré sivar mhpwg Avpévo pdvo ywe Trv €18k} meQinTeon
CLOTNHAT®Y OTO SiSLA0TATO YWEO PECEWY. Ze QUTT) TNV NEQLTTWOT], EITE
o1 Aol TiRooeyyifouv Evay suotabr eAkuotn didotaong undev (onueio),
1 eivar TEQLOBIKEG Kot TPOCEYYi{ouv Evav 0plaksd koxKho SLACTAONS EVA
(xhsroty kapmodn). TN n 2 3, § yEVIKY] AOUUTTWTIKT] CUUTEQLYOOT TWV
quTOVOU®V ouoTnpatey Sev sivar yvooty IIgocdateg MeAEteg tng
CUUTIEQLYOQAS TETOLWY CUTTIHATOV OE VYNAOTEQES SLACTATELS, ATIOKAAL-
yav TR DIagén LN KEVOY, TIENEQATUEVOY TIEPLOXDY TOV XHQOV GRTEWY, Ot
omoieg dev mepLEYOUY onpsia £AENG 1} 0QLEKOUG KiKAOUG, Ot POEGIETOLWY
QUTOVOLLWY CUCTTILATWV, ELTEQYOVIOL OE QUTEG TIG TEPLOYES KAl ATIOKAL-
VOUV 7] HLe aTO TNV GAAT), KQAUTITOVIAG €TGL OAO TOV XMQO OUTWV TV
TIEQLOYWY, UE XOOTIKG TATO. TETOEG MEQIOYES, UTIOTUVOAL TOV XWQOY
dacewy, AEyoviag TEQEEEVOL EAKUGTEG, a¢Ool EAKOUV KOVTIVEG TROYLIES HE
"Ttaga&evo” (xaoTikd) todmo. H Sour) autdv twv cuvorav eival Tng pogdng
MxC, ormov M mha morhamiotnta kat C eite to ovvoho tov Cantor 1)
yivopevo ouwoiwv Cantor. Mia oTotye1ddng amdneipa e100ywynig OTovg
TAPaEEEVoUg s}ucuctsg Kal TN OYETIKI] XXOTIKY crumrs@upoga 6watm cn'nv
$12.2. x

Eivar mgodaveég O0TL n) mohlumhokdThTa TNG oupﬂagubogag EVOg
S131aoTaTOV aUTOVOUOU OUCTHRATOG, OTWG TO THQATAV®, HUTOQEL va
ehattelei yue 10 va pshstiiooude T cuoTnuae ot pa Sieotacn. Mua
XOTOIUT] TEXVIKT, TOU ETUTUYYAVEL QUTHY akoIpg Tn ueiwor, LETATQENO-
vTag -tautoypdveg- Tig Stapopikeg eEiowoetg o siowoeig Sradogay,
ovopaletal anewxovior) Poincaré.

‘Eoto Z gia kapmohn 1) povodiaotaty diatousn Tou emﬂsﬁou KE
v WBoTnTa 0Tt TEMvEL KABe TPOYLG £YKapoiwg, Snh. dev epamrtetal
TouvBEVE 0T pia TPOYLE. OEmPOUHE Eve OTHEIO Ay: (X),Y,) ET TG SLaToung
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Z. AxohovBavTag Ty TEoXLE IOV SLEQYETAL ATO TO Ay KaTd Try Stedbuvoy
QOMNG, TOQRATNOOVUE OTL TERVEL T £ OTO ONueio Ay: (X,y). Auvto To
onueio AEyetal TE®TY enavadopd 1 aneikévion Poincaré tov anueiov
Ay ‘Eva tétolo onueio dev umagyel xatavaykn. Zuvexilovtag eni g
TEOXIES, N SeUTeEn emavadopd Tov Ay (1), eAhoLdg, 1| TEHTN snavacboga
TOU A}), Eival T0 Ayi(X,,¥,)-

Zynue 12.1.

Avty] 1) SraxQiTi axohouBia TopdV TG TEOXAS pE TN X, divet pia
e&iowomn S1apogdv T TEQLYQAPEL TNV ATELKOVIOT] TNG £ OTOV EAVTO TNG.
Mrogobpe va avanaQaoTioouuE TV ATIELKGVLOR LE Evay TeAeo T Py, Tov
Y T1] ouyKeKpirevn Satoprn Z ko yia Kabe (Xy) € Z, eival

(%)= Pz(xy)
omou (Xy) 10 onueio TEWTNG eNavadoQAg TN TEOXLAS arod to (Xy). [Na
TG Sradoyikeg snowatbogsg nov Eexwvolv amd To (Xg¥p)» EXOUME TO
- oupfoiopo -
(%3¥2) = Pe(Px(Xe¥0) = Px(Xo¥0)

(Xp¥n) = Ps"(XY0)



136

H yooviky) otvypn évapéng prlag axohoubiag Sev sival OnuavIik,
apov To GloTnUa eivat avtovopo. Fevikwg, ) anekdvion, Ps(X,y) ex¢paler
TO XQGVO Tov Ypewaletal to onueio (xy) yia va ¢BageL Ty MEWTR TOU
enavapopd, axororbovtag tn poY}. EEahhov, To ypoviko 6La0‘tn|.1a HETAED
Sradoyikwv enavadoprv dev eival otabego. |

| To Zy. 12.1 deiyvel smiong Evav svoTadn 0pLakd KUKAO KAl O'auTiV

T}V TEQLTITWOT) Ol NPVTEG ENMAVaPOPES MROTEYYI{OouV TOV OQLUKG KUKAO.
ATIO TOo OMuEeio B tou oplakos KOKAOL, OL TIPOTEG ETAVAHORES ametkovi{o-
vIal €T TV gautev Toys. To onueio B givay, dniadn, éva otabepo onpeio
Tov teAeoTy Py kau n akohoubia Ay, A4, A,,.. Tooceyyiler To oTaBeQo
onpeio. To 610 10y vEL yid pua axolovbic MEEOTOV EXAVAPOQ®Y ATIO TO
ECWTEPIKO TOV 0QLaKOU kUKAOL. Eival avapevouevo, 0TL 1) TETOLE GUUTIEQL-
Hopa Twv TOTWV eravapogwv Bu efacdarilel suotdfeia Tou opLaKOY
KUKAOU. : _

Ou amneucovioelg Poincaré Pmopoiv va amOKaADYOUY CTHavIIKG
YUQAKTNQIOTIKG . 3G ougTnuatog. Onwg 161 eiSaps, uRAQYOUV TEQLOdL-
KEG AUCELS YLQ QUTOVOLG CuTTHaTa, Otav endaviloviat otabepa onuetia.
‘E<ol, av -oto Zy. 12.1- ayvondoiv oL TROYLES, Kat Andbovy vIroyr Hovo
oL TEAEIEG NG amekovior)g Poincaré, UTOQOVUE va TAQOUUE XQNCIUEG
TIAMROdOQieg: av, .Y, TO QUTOVOMO CLOTIUN TIAQOUCLAlEL YOOTIKT
ouuTEPLdOoRd, autd Ba aviikatontgiletTal oty 101080091} CuUTEQLPOOA
NS avtinTorg anelkovioTg Poincare. Z 1y meptntaot tov avalnTovte
TNV OTagEn xamolag TMEQIOSIKOTNTAG Yl €V U1 GUTOVOHO CUOTWHUA,
eoyalopacte g e£ng: £0Tw TO (U1} AUTOVOUO) CUCTHUA

= F(xy,t)
y' =G{xy,t)

otov ot F ka1 G givan 21-meQlodikeg g TPog t. Auto TO CUOTHa Eival
1G00UVAHO UE TO QUTOVORO CUOTTHY

= F(xyz)  y'=G(xyz)
z’=1 2z(0)=0

omov ot F, G gival 2m-merodikég wg 1pog z*. Ze évav "togogid” Y@go,
Y10 TOV OTIOL0 TO EMined0 Z=2T £xel KUPPBEL OOTE Vot GUUTILTITEL UE TO

* H xuowa) petafinm z(z=SI) ueTafddisl 1o YOpo $aoeav, oo R ot RS,
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z=0, EXOUME EMOMTELR Kal qUT 1| KATAOKEUY] Unogei va maiket te QOAo
g Statopng ye e anewkoviorn Poincaré/Etol, n Stutopn X, os avty
TNV NEQINTWON, HITOQEL va ypadel 0g

T = {(xyz) € R2xSt: =2y}

Yia KAToto z,. Eivat £totl katavontod 0T1 GAEG 0L AOELS (TQOYLES) TERVOLY
T Z eYKapoing, 0T paiveTal amo Tov EQooopo z' = 1.

I MEPLOCOTEQN OYETIKR OToLYELR Kai tagadeiypata, o exdiade-
pOHEVOS avayveotng progel va avatpeber oto [Jor-Smi], mos €xeL
atoterEget Kat Tn fdom yia Tv avantugn OAov autol Tou Kedaraiou 12.

12.2. XAOZ KAI IIAPASENOI EAKYZTEZ

Ipoodatng, ov aQBRnTIKES ETUACELG U} QUTGVOH®V S1adopiKey
geElohoewv SeiTePNg TEENG Kol QUTOVOUW®Y GUOTHUATOV TELTHG TAENG,
aTokalvyay, anpocdoknTa, toieitega HeQiTAoKeg Sopeg Migewv o8 OYECT)
ME EKELVEG TIOUL Ba TIEPIHEVE KAVELG UTIO PALVOUEVIKG ATTAES [1) YOUUMIKES
Srapopikeg ebiomoers. To giotnua

X' = a(y-x) |
y = bx-yxy ab,c: otabegeg (12.1)
z’ = xy-cz

pehetnOnke ano tov Lorenz to 1963, ag oyeon pe éva RofAnua kiviiong
acpiwv palowv otnv atpoodapae. Ot MOELS, Tou vitohoyifovial pe T
BorBeia vitohoyoT, Tagouciafovy WiaiTepe TOATAOKT) CUUTIEQLPOQA Y1a
gva supl Tedio TGV TV TagapeTowv. Me Tov 600 "TIOADTIAOKT] CUUTIEQL-
$OPG" SEVWOOLHE Tuxaia 1] YaoTiky) £5000 PECW TOV CLOTHUATOG, TR OAO
TOL 0L AUOELG TAQUMEVOLY AUTIOKQUTIKES (VIETEQUIVIOTIKEG) OE OXECT] UE
TIG OQYIKEG TWEG TOUG koL Jsv umagyeL Tuyaia eicodog.

M e&icwon mov Seiyvel amo Ta evOLHGEQOVTE QUTE XUQUKTNPLOTL-
k& givar 1 e€iocwon Duffing.

X+ X+ = l"cmvcut‘ o (122)
To avtiotowgo (I'=0) avtdvopo cloTnue EYEL ONUEiR 1GOQQOTIAS

0to x=0 (caypatikd onueio) kar 010 x= =1 (evotabeic eotieg otavk €
(0,2v2)).
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Avalntovpe Moetg TG Lopdns
x = ¢(t)+ a(t)ouvet + b(t)nuwt (12.3)

omov yia Tig a(t) xar b(t) unotiBetat dTL ov mMagaywyor g devtepng
TaEng propolv va ayvonbouv.’Etal, naigvoupe

c"+ke' = -c(c271+3/2 £2) (12.4)

ka'+2wb’ = -a(-1-02+3c2+3/4 r?)-kob+I" (12.5)

-2wa’+kb" = -b(-1-w2+3c?+3/4 r?) +kwa (12.6)

omov 2 = a?+b? (12.7)
@étovrag ¢ =d N (12.8)

umopovpe va pyactovpe otov (a,b,c,d)-ywpo, Omou ot ToEG opiLovral
anod tg (12.5), (12.6), (12.8) kar n vEa ypadr tng (12.4)

d’ = -¢(c2-1+3/2 1?)-kd (12.9)
Ta onueic wWOQEOTIAG TOU CUCTIUUTOG, TIOU GVILTTOLXOUV OF
oTafeEg Tahavtaaes, Ppiokovral L To va e£ioooouue ta §ekid péhn o
(12.5), (12.6), (12.8), (12.9) pe o undev.
ATO TIC ETOL TIQOKUTITOUOES OYETELS, TIaipvoulE
2[(-1-w?+3c2 +3/4 12) +k2w?] = I? (12.10)
Yragyouw Sio civora Moswv g (12.10)

TYTIOZ I ¢=0, r2[(-1-02+3/4 ?)+kew?] = I (12.11)

TYTIOZ IL: uévo yia r < l_;_ :

¢ = 1-3/2 12, 12[(2-02-15/4 122 +k2a?] = [ (12.12)
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To Zy. 12.2 deiyver ypadikeg Tagaotacelg tov r wg npog ||, pe
™ xonon g (12.11): n kapwdry €, kar g (12.12): 7 xopmorn €,. Ta
amotedeopata £xovv oyxedaotei yia k=0.3, 0=12. H emioyn tov tipav
autov £ywe yia va emdelyboiv Wbiaitepa avﬁtaq)egoucrsg o Teg TV
AUGEQV.

,
(g'
2.0 :

(‘:;T??-()T

1.04 S } —— r=1.058

l"=ﬂ.27 v,
* -’_%__,_--:;“‘Z'-'—r“\/(.-ﬂ)
- - -1- t ¥ tr‘
0 {15 1.0 1.5

Sympa 122,

H ocuveyiic ypopun Seiyver meigopatkeg svgtafeis 2m/w-
TLEQLOBGIKEG AVCELS, EVE 1) SLUKEKOWUEVT] THY ANOUTiA ‘coug H u;rq l"=0 27
exeL Poedei pe apBuntiky avalntnon.

Mag evilapEpel TOEG amd TS AVOELS TV (12 10) (12. 12) givan
gvotabeig. Emavegyopevor oty popd mov dev meQiexel to d, B€tovtag
a=ay, b=by, =0 y1a ta onpeio wopponiag Tov cuotiuatog (12.4), (12.5),.
(12.6), ewodyoviag TOTIKEG OUVIETAYHEVEG G-0 Kul b-by, kav ypopupiko-
TOLWVTAS, TIAiQVOUHE OTL Ot CLVETKES

2 > _g_ (1-o?) (12.13)
KJL
27ry*-48(1+ w2)ry? +16(1+@?)2+ 16k2w? > 0 (12.14)

eival IKavEg Kai avayKaieg yio acuUTteTiky) svotabsia, yia Avoelg Tumou

L |
B T v megintwon tov Zy. 12.2 (k=0.3, 0=12) o1 (12.13), (12.14)
LKaVOTIOLOUVTaL TOTE Kol LOVOV TOTE Qv
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rp > 1.794 1 0816 < ry < 1.038

O1 akpaieg Tipeg exovv onueiwdei oto Zy. 12.2. Avteg oL TIHEG
eppavifovtat ekei ov avaotEedeTal N {I,ry)-KapMOAT KaL avTioToLoUV O
BECELG KATATTROPOV.

| M M f"‘”f
(Q)LW\JW\MW\MAMW | e |
e S TV

T L

i

—
————
e
[ ——
-
[l
=)
-y

()°

et )
N —

Lyojua 123,
Avoeg ™G (12.2) pe k=03, 0=1.2 oig neputooeig (a) I'=0.2 (nepiodog 1), (B)
I'=028 (nepiodog 2), (y) I'=0.29 (neplodog 4), (8) I'=0.37 (nepiodog 5), (&)
I'=0.5 (oot avrandxpion), {o1) I'=0.65 (nepiodog 2), () T'=0.73 (nepiobog
1. :
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(e)

_ Eyea 12.4.

-~ Mepwég tumikég meprodikég Mosg T (12.2) yre k=03 kor ©=1.2 éxouv
mpoBinPel oto (xy)-eminedo: (a) I'=0.2, (b) I'=0.28 (nepiodog 2), (c) I'=0.29
(mepiodog 4), (d) I'=0.37 (nepiodog 5), (e) I =0.65 (nepiodog 2), (f) 1" 0 73 (Exer
oxebraobel, pe apikpuvon, oto wod péyedog).

INa g Mozgwg Tonov I, progei kavei va pofréyet 6TL 6Aeg oL
AOCELS TIOL avVTIOTOLXOUV OTHY €, Eivan suoTabeis yia Tig Sedopéveg Tyeg
Ty k xat o. H mpaypatiks cupnegupopd sivar, svtodtolg, TOAD To
TIOAVTIAOKT. Me agifunTiké untohoytopd tov Moswy an’sulsiag and tnv
(12.2) yia k=03, =12 kat y1e [ mov kupaivetar o éva nedio Tiudy,
UITOQOVUE va GoUpE autég TG IEQLTAOKES. Ou agyoAnBoVUE HE AUCELS TTOU
Eexvolv and to onueio wogpomniag x=1.

INa I €[0,0.27), Boiokoupe 21t/ ©-neQi08ikég, EVoTabeis, GOHOVIKES
AogELS OTiwg TpofAénetar and Tt Bewgid.

‘Otay, 6pwg, I'>0.27, ta mpdypeta Siapogomorotvrar giliké. Na

" T=0.28, N AVom sival akopa meQLOdIKY], aAhd ExEl yivel pia TaAdvToo

nePLddou 2 (ue véa negiodo 41/w, Simhaowa TG agykng). [Tepinov oto
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'=0.29 éyouvpe €va véo Sumhaciacpd meplddov, mov Siver TeAdviwom
neQLOGov 4. Autdg 0 Simhaolaopog MepLddoy cuveyiletal yua Teég touw K
neyot mepinov o 4.3 (Sev paivovtal gta oyuata).

‘Otav I € (0.3, 0.36) Sev naQaTnOEITAL KApIG KOVOVIKOTHTO: AEPE
OTL Ot MCELG TIaQouaLalouv YaOTIKT) GURTEQLPOPQ.

Kovta oto ['=0.37, opws, Spq:uvxgovrm ?&ucrsmg neQLodou 5 (autEg
gxouwv wg "KEvipo" to x=0).

Na I© € (0.37, 0.65) eppaviletar pra véa Yaotiky TEQLOYN.

Zg €va S0 T SsEu:t touv ['=0.65 spd;av@ov*cat Kal GAAEC AOOELG
nepLodov 2.

[Na I'=0.66, epinoy, sp¢av1§ovtat guotadeig ‘CC!?\CW‘E(OO‘E‘.LQ Tomov
TEXog, To Zynua 12.5 pag Jiver pia GAAR OTTTIKY Y18 TIS TIEOT|yOU-
HEVEG TIUQATTONOELS, ad0ov OF autd spdavilovron kar o1 Sraxhad®oELg TOV
TTAQTOUC,.

H avagn'cnon nsgto&mg CUUREQLHOQAG UITOQEL Vet fonBnbei pe To
va gxediactolv ou anewovioelg Poincare Tou sivar KatdrAnheg yia Ty
gxaotote avalnrovpevr negiodo. OL2n/w-neprodikeg AoEL;, 081 yoLv O
ATEKOVIOELS -0T0 (X,y)-ETinEeS0- TtoL £YOLV Eva povo GTaBed OMELo, OL
4n/w-neprodikeég o aneikovigelg pe Svo otabega onpeia, K.0.K. {TEBA
Zy. 12.4). Av spappdoovps v iSta Swedikacio Kar OTNY TMEQIRTWON
YQOTIKNG CUUTEQLHORAG, €0Tw ['=0.5, TaPaTNPOLUE OTL UTIAPYEL TEAIKQOG
xamnoia vrokeipevn Sopn. To Zy. 12.6 dsiyver pia anewovion Poincaré yia
autn TV negintacT. H dwatopt mou tagovcialetat eival yat t=2n1, n €
Ny Z& avtijv Trv yaotkn negoxy) Oev epdavifovral otabegd onpeia-
avTIBETOG, OAOKANEO TO spdaviléusvo ouvoro Ttailel £vav TETOLO QOMO:
gYEL TNV WOIOTNTe av KAmoto onpeio Boebel gio ¢oga evtog Tov Guvoroy,
TOTE MOQAyEL Yia akorovbia TRWTOY eTavadoQdv oL fpiokeTat OASKATION
gvtog Tou ouvorov.'Eva tétoto ouvoro yupaktnpiletal wg mapalevog
eAkuoTiiG. Ao 1) aneikévior Poincaré Sivel to xpovo petakd Siadoyikmv
EMAVAPOQMY, TUQATTQOVUE OTL av Eva omuEio E10ENBEL oTOV TOQAEEVO
ghkuoty, tote Oa mapapeivel ekel yra anepo xovo (Sev Bo eLENBer
TOTE).
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2.0

-1.0p

a0l AR ===

e 12.5. _
H €; avuiotoikei o Woewg Timov I xa n €5 o¢ Jdaerg Tomov ILL
— -— TPOPAENOUEVO EVOTABES TOWGTOG] — (0mEVBEICS VITOMOYIOUEVO TTMITOG
= = = TPOPAETIOuEVO QOTABEC TMATOG | e TOTUKA HEYIOTA ) EAGYLOTA

To oynua tov tapdEevoy ehkuo T e£apTaTOL Ao TV ETACYY THG
S1aToUG: Ot MPWTEG EMavaPoQES Yo Tny Statoun t=(2n+ 1)1, n € Ny, Y,
divouv gva Sadogetikd oynuae oto eninedo. ‘Oco yia TG ACELS GTov
(%,Y,t)-X®00, QUTEG TIHQAUEVOLY OF Evay MEQLOOIKWSG EMAVAAQUBUVOUEVO
cwAtva, Tov 1 Sratops Tov, Yia t=0, €xeL To oxnua Tou Zy. 12.6.

‘Exouv avantugbei Oidpopsg Oewpieg, mpoodatwg, yie THV
gpunveia ™G epdpaviong ”nagd‘g'avmv EAKUOTOV. ZTO TaQadslypa Qag,
opeiletar oty "wofor]” ™G euotaboig TEQLOBIKNIG AVOTS OTHY TERLOYT
actabov tahavtooewv. Iepioodtepa Ba Sovue oty EVOTHTE TOU
akohovdel. = o ' ' -
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Syfjua 12.6. |
12.3. OMOKAINHE AIAKAAAQZH "’
Ag Bewprnoovpe Ty e&icwon |
X'+x’-2x = 10 guvt ﬂ - - (12.15)
O 2n-mpwteg entavagoes emi g dwatopng Z:t=0, yia Tuyovoa

aQyik1 kataotacm umopovy va feebovv (mgPA. oel 136) pe 1o va ypadei
1 (12.15) wg

. X =y |
y' = 2&y+10onvz . (12.16)
z'=1, z(0)=0

Kat £T01 Ot akoAoubieg Twv TPMTWV EMavadopwy, sppavilovror wg
akohowbieg onueivv oto eninedo z=0. Av x(0)=x, y(0)=y, TtoTE OL
TQWTEG ENAVAPOPES UTO TO (Xg,Y,) Sivovial amd Tig GYECELg
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2o, 1 (Xo - Yo +4)e

(2xy +yg + S)e + ~dnn_3

Xn=

(12.17)
(Xg -yp +4)e -4nm

W = ]
Wi W

Yy = = (2% +Yp +5)e2nlJT -

Kat, ave&aptita anod ng'agxucég CUVBiKES LOYUEL

lim (x,,y, =(-3,1)

n—-®

To (3-1) eivay otabed onueio- yagaktnpiletal wg aoTabeg, apov
UTIGQYOUV OVUElQ O o TEQLOYY] TOV, GTO T® OMOId TO OUVOAD TWV
Sradoyikev emavapogav dev teivel mpog to oTabdepd onpsio.

Me to otabepo onueio cuoyetifovue G00 GUvoha: TO TOWTO, Eival
TO GUVOAO EKEIVO TIOU EXEL THY LOLOTNTA OTL Ot TIPWTEG ENUVAPOPES OMWY
TV ONMEIWV TOu Teivouv oto otafepd onueio kabwg t ~» o qutd TO
oLvoho Ag€yetar guotadig MOAAANMAOTHTE KoL OTO TAQASELYH® WAS
guvioTatal oTyv subsia yoapps -

2XytyetS =0

To devtego givoro opiletal 6Twg TQONYOLUEVLS ke Tn SLagopd
OTL BewEovpE t » -©, AfyeTal actadng moAhaniotnta Kat gTo Tapadety-
Mo pag Sivetal ané Tty -

XpYpt4 =0

AUTEG Ol KaumiAeg eivar avakoyeg pe Tig daywpilouceg evog
gaypaTikov onueiov oto eninedo yia Eva QUTGVOUO CLGTNUC.

: Mmopoitle T va KETATKEVAGOUHE TS avTIoTOLYES TOAAATTAOTY-
TEG Yia T0 aotabEg atabepd onueio g eEicwong Duffing (12.2).

INa pikpoé I avapgvoupe v dnapkn kor evatadolg kal aotadoig
nolanAdTiTag, adov, otav I =0, auTtéS oL KAUNUAES AVAYOvVTaL OTIG
Oroyweifouoeg Tou Caypatikol onueiov oTo didypapua pacemy. ZTo ZY.
12.7 &xouv oyediaotei yia Ty negintwon I'=0, k=03, 0=1.2: T0 A sivat
0 0Tabeo onpueio, ot DA kot EA givai ot evotabeig moAamhotnTeg, ev
o1 AB kav AC ot aotafeic ToMamAOTNTES.



146

Syt 12.7.

Ot avticgtotyeg TOAATAOTITEG Exouv emtiong oXedtaclel yia g
nepintwoelg =02, k=03, 0=12 (Zy. 12.8 (a)), I'=0.28, k=03, w=1.2
(Zx- 12.8 (b)) kar I'=0.5, k=03, ©=1.2 (Zx. 12.8 (c)).

Ztnyv nepintoon nou ['=0 (Zy. 12.7) ot aotaebeig molhanioTnteg
Tigoceyyi{ouy onucia wopgotiag. Znv nepintwon nov I'=0.2 (Zy. 12.8
(a)), ov actabeig morramhdtnreg AB kar AC mpoceyyilowv otabspa
onueia eni tov svotabov Tepiodikov Aoswv: T0 oTabegd onusio S
AVTIOTOWEL oty Tahavtwon Tou Z). 12.4 (a).

Ztnv mepintwon tov =028, ov actabeig no?\)«.anlom'csg
Tpooeyyifouv Tnv svcTabl vpuppovIKY TIOV TtaQLoTAvETAL pe Ta S/, 8" kat
TI0U avVTIOTOLXEL 0TV Tahaviwngy Tou Z¥. 12.4 (b).

Ot aotafeic morhamhotnteg oxedialovrar g eEfg: evtomitouys
apyika to otabepd onueio A kal Tig SievBivoelg Twv actabov ToAarho-
TIT@Y OTO A Kal Gth) CuvEXela Bewpovpe S1adoyIKES TOWTES ETAVAPOQES
antd StadoIkEG aQyIKES TWES ETL EVOG HIKQOD SLO0THLATOG TOV aoTadov
TOAGTAOTI TV KOvTd 0To A. O svotabeic MOAAaRAOTITES EVQioKovVTUL
TAQOMOLMG, Ue TO va "avTIoTEEYOUUE" TO XOOVO.

IHoMamhotnteg Tov mgogpyovtar and to idio otafegd onusio
Agyovtar opoxAwveig. ‘Otav I'=02 (Zy. 128 (a)), or opoxhiveig
rolAamAdtnteg dev tepvovtatl. e I'=0.28 (Zy. 12.8(b)) o AB xat DA,
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kabwg kar ot AC kair EA tépvovrat. AutEG Ot OUOKALVELS TOHES EXOLV
OMUAVTIKEG CUVETELEG Yla TIg Aboetg tng eEicwang Duffing,
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Zyua 129

Ag Bewpnoovpe TV TEPLRTWOT} OUOKALYOUG TOUTS TEOU AVOTIRQLO TA-
Tal gto Zy. 12.9. 'Eotw 6TL 1) ey} Topr) ovpfaivel 0to M kL éote M,
T TE®TY entavadoed tov My £l tng AD. Adyw TOU LOVOCTILOVTOV TwV
Aogwv 1 TEWTN eTavadoed touv My eni tig AB Ba sivar emiong to M,.
AVTEG 0L TOMEG SLETHPOUV TOV TIROTAVATOMOUS, URG TV Evola 6TL 1y AB
tépvel Ty DA uné v iSua Sievbuvon oto My ka oto M. Qg ek TovTov,
Ba uTIGEYEL Eva TOVAAYLOTOV aKOpa oNpEeio Topng, petald My kaw M; kar
KOTETEKTACT], OL TOAATAGTNTEG Bt TEPVOVTUL OTIG TIRWTEG ENAVAPOQES
M,, M;,... Apob to otaBepd onusio ngoosyyiletal acupnTwTikd, Ga
URAQXEL met anspia topwy g AB pe v DA xau xabog 1 aotabig
ToAarAOTTe Ba TEUVEL OuvEXDS TNV EuoTadn ToAarAOTYTA, dev Ba
UTIOQEL va TIROOEYYioEL Kaveéva GAAo oTabBepd onueio: €101, Ba TPENEL Vo
napovoiadtei pia SraxAaSwon yia kdmota Tipn Tov I, Avty n SraxAadwon
AEyeTaL opoKAvYg, Kat oupfaivel EKel OTIOV TIPWTOEHPATITOVIOL OLOKALVOG
oL ToMamiotnteg: Tepinou yie '=0.26. Kdfe emadn peteld tov
gvoTaBov kar actabodv molamhotitey, eEacpaiifer v Unoghn plag
Mong g Sradopikig eEicwong mov diEgyetar and avtd To OnMueio
enadng (1 TOpNg) KoL oL TEivel cm'lv aotab negrodikn Abom o6tavt > ©
- kabwg kat dTavt < - o,
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Zto Ty. 12.8 (c) éyouv oyediactel oL todhamidtnteg otav ['=0.5.
Ze autn TRV NEQiMtmaoT 1 TIoAuTAoKGTTe avEdvel Toodaveg agod n AC
teuvel kat v DA kav v EA. Mua 18€a yia to Tt gupfaiver urogei va
Sobei mepLypadikd wg eEng:

D

Zyjua 12.10.

Oewgoipe €va tuua petefd tov onueiwy L koo M eni tng
actafoig norhamhotnrag AB. Ta L xar M €xouv €101 emudeysl, ©0TE va
Boioxovtar oty idia mhevpd g AD. ‘Ecto R, eva clvoho agyikav
onueiov nov Bpickovtal kovia oto LM, 61w daivetar oto Zy. 12.10, vnod
TR HOPYN €vOG METGAOV, TIOU TEWVETAL JV0 $OQES amd Trv evoTab
Tiolarmotnra AD. Ocwpoije ToHRa ANEIKOVIOELS TOV IETAAOV LECH TNG
P: :

P(Ry) = &), P3(R) = Ry, P(K) = &,,..
PR = &y, PHKy) = Ry
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Ao To caypatikd YagaxTned Tov oTabeQol onUEioL A, ETETAL OTL
YLo. Kamowa T r, To ouvoho R . Ba amoteheitar and ovueia mov Ba
Boioxovtal g e oTevr) Awpida TOU TEPVEL TO TETAAO OMWG OTO Y.
12.10- o1 Topég £xouv yoappookiaofei’Eatw Q € R  n R, tuyxdv onueio.
Tote P(Q) € & n R, To Ry kar R, TEUvovTaL, TEGYUA TOV OTUAivEL 6T
gxouLs pia magapdgdwan tou netaroeidolg aynpatog. O Ppoxos g
aoTaBotg nohhanhoTnTag sov tegidyetaroto R, petapdpstor pali g oe
uia tepioyn tov LM: 1o eidog tng avapevopevng sikovag, £xsL oxedlactel
v r=1 010 Xy 12.10. Av, sumréov, PY(Q) € R, tote P*(Q) € Ry ko
£Tat sugaviletal evag akdpa Bpoyog. Aev anokheietal akoua, va ouufei
P(Q) = Q, mpaypa mov Ba onpaivel OTL LTLAQYOLV F-NEQLOBIKEG MICEG.

Kafog to I avkdvetal néga and tyv tiun 0.28, ta otabspd onusia
TWV ADCEQV OLMAQGLACUOU TEQLOG0U Eivol 0QIOKE OTUEia YLo AQ)IKEG
TipeEg mou Sev Bpickovrat 00te eni Twv aotabdy, ovte N Twv suoTabdy
noAhamrotitov. H avgavouevn molumiokoTiyta kot tov §vo kAadwv g
a0 tab0oUg TOANATIAG T TAC, OTHAiVEL OTL 0L TIPWTES EMAVAPOQES AVOEWV TNG
Srapogikig eEicwong "mayidevoviar" TAXEWS ANd TS CUCTQOMES TG
actaboig molhamAdtiTag Kol 0T CuvExela mpooeyyilow £va optaks
ouvoho 7o fpicketal i g eotaboivg TorarmhdtnTag Tov A (Tiofh Zx.
12.6 yia I'=0.5). Avti] gival iy kataotaon o8 kdbe YaOTIKT TEQLOXT, OTIOL
TO 0QLAKA GUVOAO &ival Evag TapdEevog EAKUaTIG.

Yragyouvv axopa Sieotipata Tyey Tou I, 0nou -pega ot Yoo Tk
negoyt- uowaler va emavepaviletar takn (meph Zy. 12.4 (d)). Ou
AETITOUEQELEG TOU PN AVITUOY TIov Snjuioupyei Tov tapdEevo eAkuOTN Yia
v e&iowon Duffing sivar Sdokoho va megrypagoiv.‘Opmg Eva avaioyo
davopevo tagovoldetat o8 TOMESG KATACTATELS KL 1) OLGiQ TOU UTOPEL
va TEQLYQadeEl UE THV aVGAUCT] TV GUVETEIWV TG ETMAVUANTTIKNG
 Sladucagiog €T Tou METAAOU Kot vo antodetyfei OTL UTAQXEL, TRAYMATL,
gva oUvolo onueiov pe v Widtyte Tng €AENg: unoBEtoupe yia Adyoug
amAOTNTAG, OTL 1] OROKAWVIG O1akAGS®WOT) TTOOKUAEL TNV ATMEIKOVIOT EVOG
tetpaywvov ABCD (Zy. 12.11) og éva méraro A'B'C'D’, uygow tou
teAeot P tov mpdtev eravadogav (Bewgodus ot I'=1). H Sudkaoia
gival 1 £0g: o TeTRAywvo TevidveTal ot Sisvbuvon AB, cuvumieCeTal
otnv Sievbuvon A’B’, otpépetal Katd 180 kar enavatonmobeteitar eni
- TOV TETQAYWVOV.

H &uwadikooia emavorapfdvetar yia ekeiva o onpeic mou
Boioxovar eviog Tov Tetgaydvou: oto Zy. 12.12 £xouv oxedtaotei o1 Svo
TP TEG EMAVAANYELS, OL 00{OVTIES YOAUUOOKLAOUEVES AwiSEg EXOUY



151

D N o
A B
A B D’

Syrjuc 12,11

\\:__:
7777 .
v o
T

Zyhpa 12.12.

1ot emmAeyel 0OTE va anekovi{ovtat i TV KATAKOQUHGV TRLATOY TOU
netahov. Autég oL Jbo katakdopupeg Awpideg, ameucovilovtal sl TOV
Cevyoug twv AeTtotepwy METGAwY. Ze K&6e Prua, evOladepOuaoTe yia
gKeiva Ta TIIPATA TV aNEIKOVI{OHEVOY TUNUATOY TIOU Sival KOV Yid Ta
TUNMATE QIO TG OTOid EXEL YIVEL 1] ATIEIKOVIOT): Ta V0 TEWTE frinata Ue
TNV X1a0Ti Yooupookiaon, Exovy oyedaotei oto Ty. 12.12. Meta tig dvo
TOADTEG EMAVAAYELS X0V ANOHEIVEL aNjieia g€ 16 TeTodywva, HETA AT
TElg o€ 64 K.0.K.
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To opLakd guvoro, o Kadhg To A0S TV EMAVaATPEDY TELVEL
OTO &NELQO, Eival Eva u1) aOLBUTNCHO CUVOA0 HE SopT) TOAD avaroyn, alhad
2-Gwaotaty, pe exeivn Tov yvoatot Zuvohov Cantor.

Mia extevig HERETY OpOKAWVGY SLaKAadDOEDY KAl ATEIKOVITEWY
TETAIOV UTOREL va Ppebei oto Pifhio:
o I. Guckenheimer - P. Holmes: Nonlinear oscillations, dynamical systems
and bifurcations of vector fields, Springer, 1983.
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13. EPAPMOI'EZ
13.1. O TAAANTQTHZ VAN DER POL

Ag Bewpnoouvpe to kikhopa tou Zx. 13.1, ov anoteleitat and
gvay TIUKVWTH YoEnTikotnTag C, £Eva MNvio PE CUVIEAECTI} QUTETAYOYNG
L ko €va "pavgo kouti” B mov gival va otolyeio (1} Eva ouvoro groLyei-
®V) TOU KUKAORQTOG HE OYE0T QEUMATOS-OUVAUIKOY ONMS AUTH TOv ZY.
13.2. To pavpo avtd kouti Aéyetat pr ypouutkl avtiotaon pe kufuay
XOQUKTNOWOTIKY

s = Gip) = s ( i3 - 1 NCE

Va i

ls

Syrpa 13.1, - Syjua 132,

‘Egto v, vg kat -uc o1 Juedopeg Suvopikold Katd pnkog tev
OTOWEl®WV TOU KukA@patog katd tn StedBuvor Tov gelpatog j. And To
Sevtepo vopo tou Kirchhoff (to ahyefpoiko abpotopa Twv NAEKTOEYEQTIKOY
Suvapewv og Eva KAeWoTo KUKAWPE tooutal e To alysfpiko aegowpa
Ohwv TV ywopevev JR aTo kikAoua) xoups

v, +ug-uc = 0

- Tou pag Jiver tig Suvapukeg e'a’;wcocsm

: ) dv~ .
L == UC—f(]) ’ _E = -] (13.2)
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adov

UL=% » vg =1(J) xa vy = -

el
e

-Kc’wov*cag TO HETATYNUATIONS

t L]
— =t + X U~ *+ X —_

TRIQVOUKE TO UG TG

/
Xp =% -f(x)

o (133)

TIOV €)YEL OMUELD LGOQQEOTING Y1t X =X, =0.
Ot wookhiveig touv ouotipatog £xovv gyediaobel oto Zy. 13.3.

Iyjua 133. B Tytine 134,
‘Egtw 6t to L ovyxgwopevo pe to C (Snph to 1) eivar 000
HIKQO, WUTE N X, UIt0QEi va ayvondei o oxéom pe v X;’ o& Oha ta
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onueia Tov eTnEdou gaoewy ouv Jev foloKovTal OE pua ULKQY TEQLOYH
NG LTOKALVOYG X; " =0. Auto onpuaivel 0Tt To Stovuopuatiko nedio
(%5-(x1),-1x) €x€L ouCLacTIKG TYv ogI{dvTra SretBuvon aTo Zy. 13.3, sxTog
aTo TA CMUELR TTOU BOLOKOVTUL KOVTE OTIV KAWUITOAT

3
Xy 13.4
X =) = = - x - B

To dudypappa paceswv o mpEnel, Aoy, va eivar 6TWG 0To ZY.
13.4, pue €vav oprako kokho ABCD.

To ovotua (4.3) dev €xsL opLaxd Kikho uévo otav = 0.
INa napadevypa, otav =1, to (4.3) eivar pla €81KT MEQITIWAT} TNG
g&iowong Van der Pol (8.14) geA. 100, ue e=1. Qg yvwotd v ekicwon Van
der Pol €xer évav akpifig evotadh oplakod kdkAo yia kdbe €. ‘Otav & -
© QUTOG O 0QLIKOG KUKAOG Ttaigvet Tn) pogdn tou Zy. 134, '‘Otave ~ 0, o
0QLaKog KOKAOG yivetal oxedov kvkhog pe aktiva ion pe 2. Kofog to &
avkavel and to 0, 0 opLaxdg KiKAOG petaogynuatiletal katd Aeio tedmo
aTo T {La autn akpaic pogdr oty alin: Zx. 13.5.

T
GF
BeNa
N

Symua 13.5.

13.2. TO MONTEAO VOLTERRA-LOTKA

Auto sival anhd povtelo evog Teofinpatog "Onpapatog-ngevty™
ag unoesooup.s 6t 0 avBpaTivog TARBUCOG EVOG VOO0 TREPETAL HOVO
ME “yagud KoL 0T Sev avantoooovTal véeg pebodor ahgiag kobwg
puetafaretar o yBuominbuopds. ‘Eotw x(t), y(t) o ryxBvomhubnoudg kat
0 avlp®Tvog TANBUOUOS, avTIaToiY®S, OTO XEovo t. YToBEtouue Ot ~av
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adpeBouv avevoyhnta- Ta yapla avgavovtal Le exBe Tk TPOTO, Kat OTL -LTIo
TV anoucic yapiwyv- 0 QuBHOg ApoKTOViag Tou avigwmivou TANBuoUOD
ElvOL HEYAAITEQOG UTIO TO PUBUG YEVWNOEWY Kal £T0L 0 TTARBuouOg $Biver
ekBetika. To mhB0g Twv YapLdv Tov Ketavahovovial, e§agtatatl and
CUXVOTNTA GUVAVTITIONG TOUG ME Toug avlpmrioug: av LOBECOVRE TWG,
OTav oUVAVTOVTAL, UTIagYEL pa atabepn mibavotnta dtt ol avBpwmol Ba
TILAoOUV EVA YA Kat OTL O YQOVOG Tov analteital yia va aywdei To yagl
gival QUEAT|TEOG, TOTE £XOUUE

X' = aepry L (13.5)
y' = -yy+0Oxy (13.6)

ortov a,f,7,d eivat Betikeég otabepég. Mag eviiadEgouv povo Asoelg pe x20,
y20. Ta onueia 1w0opgomiag TOU GUOTNIATOG Eival

- : x=0,yvy=0 xu x=l, =2
y 5 Y B
ooppxomoinon nepi to (0,0) odnyei oto gvgTnua
£ = o |
T = -1 o (13.7)

1tov deiyver 6t To (0,0) eivan gayuatikd onueio. AviioTolyd, YOOLILKO-

noinoT nepi To [% , %] odnyei oTo ohoTe |

' _ _n¥
g = ﬁgn
; _ 0o
! —BE

8

Seiyvovtag 6T 0 [% , “] givat KEVTQO.
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‘Otav, e€dMoy, y = % , 1 (13.5) pog AéeL 6T N X’ sivon BeTikn

Kot M X eival abfouca yia y < 2 . O tpoyigg, cuvenmg, £xouv t) Sop

Tov Zy. 13.6. |
Ov axpifeic eEl0WOEL] TV TEOYWHV TQEOKUITOUV WE TO v
TOQATNOTICOUKE OTL

dy _ (x-vy (13.9)
dx  (a-fy)x

TOU Eivat pic 5La¢ogucq eEiowan mp@ g Takng, xwgtgousvwv HETAPANTWOY,
ue Aoom

alny-fy+ylnx-8x = o, o:gtab. (13.10)

B

€101 0L KoepumiAeg (13.10) mpnel va ival KAELGTEG KOUTOAES GTIV TEQLOXY
QUTOL TOV OMpEioy, mEayua 1oy Cuudwvel e TO OTL TO onueio eival
KEVTQO Kat pe to Zy. 13.6.

To aguotepo pérog ¢ (13.10) €xeL eAdy1oTO GTO (’% a] Kat

- Y
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AdOU {ia TUTIKT} TQOXLG Eival KAEIOTN KAUTWOATY, 1) peTaforn twv
X Kal ¥y o¢ 1pog to t Ba MEETEL va eival TMEQLOJLKT), EKTAG Kal av apyika
eite x=0 1 y=0, mgaypa nov anokieictal. Ané to Zy. 13.6 sival pavego,
OTtL 7} ¥ €XEL PEYLOTO (EAYLOTO), TEQINOU UETE YOOVO i0O UE TO Eva
TETAPTO TNG TEQLOdOV, amd TOTE TOL N X €xel UEYOTOo (eAayloto). M
gounveia givar 6Tt 6tay o avBpdmvog TANBUOUOG sivar o€ pEyLoT Ty,
0 i1yBvotAnbucuog PoiokeTat O UEIWOT), TIOU UE TT} OEL0A TG TPOKAAEL
peiwon otov avBpwTivo TARBUCHS, Kol avtioteodws. Mia nepifallovtikn
aAhayR propst va odnyfost TO GUOTHUE OE UETANTWOT GO Ld TQOYLE
o€ piav A, adlh@ i mepLodikt Stakvpavey cuveyiletal, ywpig Taon va
foeBel 0 KaTAOTAON LOOQQOTHAG.

Av, avti g exbBetiknig atknomg tou yBuomAnbucuol otav Jev
uTLaQY UV Bnpeutes, unotelsi AoyioTtikY) atEnoT, TOTE £YOVPE TO CUOTTLLA

/

x/ x-g*-fy o pe (13.11)

y' = -yy+oxy

ov TeQAapfaver To cootnpa {(13.5), (13.6)} wg eidikn nepintwor étav
g=0. To guotnua (13.11) Aéyestar povtého Volterra-Lotka yw Tto
TPORANue Bnoapatos-6nosut. Mnopei va uehetndsi oto eninedo ¢paoewv
KaT' avaAoyo TEOTO HE EXEiVOV TG TEQITTLoNg mou g=0.

‘Exouv peretnbei Stapopeg ekdoxeg Tou povieiov Volterra-Lotka-
av, Y., Xy yapia LRopoly va Poolv kataguylo MoTE va eival adivato va
ahievBovv, to (13.11) yiveTar |

X = gl fylrry) |
Yy = -yy+3y(x-%p) (13.12)

KoL uroei va pehetnbet cwd)aoya,- ETONG.
13.3. ENA MONTEAO ANTAT'ONIZMOY

YmoBétovpe OTL £xouHE avTayoviopd petaEd atopwv tou idiov
£i60Ug OV avIATOKPIVOVTAL OTIV QVTILETOTILOTN TOU GVILRAAOU ME Lid
UOVO ATO TIEMEQUCUEVOU TTAT}BOUG GTQUTNYIKES, KATA TOV ETIOUEVO TiVaKA.



159

Agixng Xapaxtnoiopodg AQYKN Taktikn otav auty
(i) ZTOATYIKNG Taxtiky TOU QVTITIGAOU Eival
Khpaxwon
1 F'epakiov (T) Kapaxwony “KAwpdkmaon
2 [epiotepag (IT) Enideifn ’Ataktn Puyn
3 Aeovtapiopdg (A) | Khpdkwon ‘Atakty dvyn

‘Eva atopo mov "mailel" tn otpatnyikn i evaviiov evog atopou
10V TtatilEL TN j, €yt "amOSoonR" @.;, TTOU OYETILETAL e TNV AVATIOQAY®YL-
on” &, YOy
K1 LKavO TN Ta TV atopay. Ytobetoupe 0TL kaBe atopo mailel avtots tny
iSla otpaTNYIKT Kat OTL ot yovoL Taifouv Thy IS OTEUTNYIKT} HE TOUg
“YOVELG TOUG.
‘Eote X; n avahoyia touv AnBuopod mov ntailel Ty oTeaTnyky L

Toéte
X
¥ ox=1 (13.13)
i=1 '
KOl
X 20,i=123 | (13.14)

H anédoon evog atopov mov mailel tyy STRATN YUK 1 EvavTiov Tov
UTTOAOLTIOV TTATBuoUOU, sival

Y. a;%; = (Ax); | (13.15)
j |

010V A 0 Agydlevog mivakug anodoong.
H p€omn anodoon evog atopov sivar

Y x (Ax); = x'Ax (13.16) -
j .

KOl KT GUVETIELT 10 "TAsOvEKTTLA" TOV va TatyBel n otpatnyky i sivan

x' ouuBorilel To avaoTpo$o Tou Sraviopatog x.
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(Ax);x"Ax (13.17)

O katd xeduhy puduég avantulEng Tou TWNHATOg EKEivOU TOV
TARBLoROV Tov Tailel T otpatyywky) i, Bewgeitat avdhoyog auTOL TOu
TAEOVEKTNUATOG: £T0L e KATAAANAN emAOyy g Hovadag Yoovov,
Tiaigvoupus

x! = x[(AX),-x"Ax] , i=1,2,3 (13.18)

i

Ov efwodoelg aUTEG AvVATEQIOTOUV TV KATAOTAoT) HOVO TOu
TANBUGLOL Y1a onueia tov R mou avonowoby ug (13.13), (13.14), dnh
MG NEptoyns A tou Ty. 13.7. :

Tt

Tyiue 13.7.

H eninedn toryovi sﬁqudvsm ATIT ovpfolilstal ue A ka gival
TO OUVOAD .

3
(xl,xz,x3)eR3:E =1, x20,i=123
- i=1

i

Tov wivaxa anédoong unogotue va tov Poodps PBabuohoydviag
kaBe "sprdoxy’ Tov avaindiny, og eEig:

Nikn:6, ‘Hrra:0, Tga!upancpéglz-lo, Xapevog yoovog:-1
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O\ mpaypatikég Tég Sev eival onuevTIKES: SKEiva TOL Eival
OMUavTika eival Ta mpoonua Kot 1 téEn peyéboug Tov Tav. Av éva
- atopo otgatnyiknig I guvavtiost éva atopo otgatnyikig I | A to vika,
kot €Tal 0, =0a,;3=6. Av 3o atopa otpatnyknig I ouvavnbooy, payovrar
HEYOL vo ToaupatioBei To éva- kabe TETOLO dtopo £xeL T idly TBavoTy-
To vikng kot €0t 04;=1/2 (6-10)=-2."Eva atopo orputnywkng II mou
ouvavta eva atopo otgatnykig I' f A nrtdtay, kar €0l oy =ay3=0.
‘Otav 6v0 atopa orpatnyikig I1 ouvavinBoly, eudeikvioval to éva oto
GARO Y10t KETIOLO XQOVIKO StaoThia, HEYOL TTOU TO Eval EYKATAAELTEL: £TOL
)y =1/2 (6+0)-1=2. Téog, €va GTopHo CTRATNYIKNG A NTTETOL and Eva
atopo otpatnyig I, vika €va aropo orpatyyikig IT kav €xer 50%
TUBavOTTA v VIKT|OEL Eva GAAO QTopo otgatnyucqg A, omote a3;=0,
U3, =6, 033=1/2 (6+0)=3. Zuvenag

-2 6 6
A=10 2 0
0 6 3

ALilel va TaQatnEHoOVUE OTL TO TAEOVEKTNUA e OTRATYIKNG
dev petafarretar av mpogdEcouue pia otabepd ot [.LLCl ctrl?\n ToL A Kat
£T01 0 A pUTIOQEL v anhomoin8ei oTov

0 4 3
A=2 0 =3 (13.20)
2 4 0

Kai €101 fa persTiooupe to ovotnua {(13.18), (13.20)}.

Eivar sdxoho (umokoytotikd) va Stamot@cooupe 0Tl To onueio
(%, Xy %3)=(3/5, 0, 2/5) eivar onueio 0OEEOMIAG TOU GUOTIHUATOS
{(13.18), (13.20)}. MmogouvpE va YOTOUOTIONOOLHE TY) CUVEQTION

.
Vx) = x5 %2

via ve 8eifoupe om to Q: (3/5, 0, 2/5} eivar acrupmcotuca EVOTABES, UE
niedio EMEng :

A = {X{,%,%3) € R3:x, +%, +33 = 1:x),%,,%; > 0}

‘Oneg paivetal oto Zy. 13.8, ov eninedeg emupdaveieg
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V(xy, X5, X3) TEUVOULV TO ETIENESO X, =0 xaTa UNEQBOAEG Kat sival avarloiw-
TEG and TMAQAAANAEG TEOG TOV Xy-aEova petadopeés. H torywvikn
ETUQPAVELR A, TEUVEL QUTEG TIG ETUNEGEG-ETIPAVELES xaw ava crvcm]pa
KOUTwAwy, OTtwg paivetal oTo Zx 13.9. S

Tyfpe 138. Txiua 139.

Eni g intA, q TARAYWYOS TG V KOTA UTKOG T@V TQOYLDV TNS
(13.18) sivar

v/(x) = V() 3;;; %’;i;. - V(x) [[.gi 0, %]AX-XTAX]

(1-x ‘-x;,,)[%l - X -x3] +5 [xl - %]2]

= V(x)

(13.21)

Ko ouvenag N V(X) sivan Betikn Yo X € intA kau 1 V avgdver eni tov
Tooyrwv g (13.18) kabhdg avkdvel to t.

| Epyaldpevol onwg otny andSeifn tov Oswpipatog 7.1 (oeh. 64),
| CuMTEQUivOLRE . OTL £ OMOLCSTOTE TEOYIAG EViog Thg intA, 1 V
av§avel HEXOL TN HEYICTY Ty TG Tov hapfavetat oto Q. ‘Etot, Oheg o1
TQOXLES &VTOg TG intA, Teivouy Rog to Q kabdg avEdver to t. EmmAgoy,
1 intA sivar vmoouvoho Tov mediov EMENG Tov Q Kai £ToL Sev MEQLEXEL
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onueia woogporniag. Kata owénewa, dha ta onueia w0opgomiag tng
(13.18), epgavilovtar eni tov A. Eni g FA(x,=0) £youue
X" = x;(3%4-5x;x;) = 0

_IX3’ = X3(2x1-5X1X3) ={

Kal €10t, £8KTOG Tov Q, €xovpe onpeia wopgomniag oto [:(1,0,0) xut oTo
A:(0,0,1). Opoiwg, eni tov AlT (x;=0) xm I'Tl (x3=0), Boiokouvue 6TL
gyouvue onpeia tgopgoTtiag ova IT:(0,1,0) kor P:(2/3, 1/3, 0). Aev urtégyouvv
alia onueia LooppoTiiag oIy A.

IMapatnpoavtag, terog, 6TL

(1) eni Tng I'A wyter x;' >0 6tav x;<3/5 kav x;' <0 Gav x1>3/5

(it) emi g AIT woyteL x;">0.

(iii) eri g I'TI woyteL x," >0 otav x2< 1/3 ka1 X,’ <0 otav x,> 1/3
KTTOQOVHE Ve GOUME TN OUUTEQLHOQE TWV TQOXUDV €T TOU JA KoL VO
TLAQOVUE TO aKOAOLBO Sidyoappe PAcEDY.

Sy 13.10.

‘Ecto o1t eva petahhaylévo dtono oTpatnyikis A sppaviletar
og €vav TATBuoUG Tov aTOTEAEITAL AOYIKE HOVO QIO GTOME CTQATNYIKNS
T o Gropa otpatnykig I O avapspsiyuévog minbuopdg avanapiotatal
OTO £va onueio evtog TG A, kKovta otov [TL Apov OAeg Ot TROYLES EVTOG
™S A teivow oto Q xabeg avdver to t, cuumepaivoupe OtL Quty 1)
TIANBuoULEKY kataotEodr teiver oto (3/5, 0, 2/5), omov ta atop.a
oteatnykng I eapavilovtar.
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13.4. ENA SQAINOMENO TAAANTQZHZ ZE XHMIKA
ZYZTHMATA

OewQOUUE TS XTHIKEG avTLdQUCELS

A-+X
B+X~+Y+D
2X+Y =+ 3X

X~+E

Kat UTOBE TovpE 6TL O avTioTROdES avTidQaceLs HITOgosy va ayvorfoly Kai
OTL Ol QQXIKES KAl TEMKEG CuyKevipwoelg mpotoviwvy ABDE sivar -
otabepeg. -

Or mpoxunToUoEG eEICMOELS XMIIKIG KIVITIKTG Sivat

X' = a-(b+ 1)X+X2Y
Y’ = bX-X2Y | (13.22)

vie BeTikeg TpapETooug a kal b. To cvotnua £xel eva povadikd onueio
woppotniag P oty 8éon (g, b/a). H ypoppkoroinon tov (13.22) oto P
EXEL TVAKA CUVTEAECTOV '

: - w2 _ 2
2XY -b 1 X2 - b-1 azl (1323 )
S S N T

L1

H opifovoea autov tov mivaka gival a2 kat £101 7) svotabeia Tov P
npoodiogifetal and to iyxvog Tov mivaka. To omueio wopgoniag sivar
gvotabég 6tav a2+1 > b kar actabeg 6tav a2+1 < b.

Eiwoayovtag TOTUKEG CUVIETAYHEVES

X; = X-a

X2=Y"'

~SK=a

TIALQVOUUE
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xlf =(b-1)x + a%{z +2ax1x2+,g xi2 + xfxz

x] = -bx,-a?x,~2ax% - 2 x2-xx, (13.24)
a

@swgovtag To (13.24) wg £va ovotnua pe Tagdpeto b, dTov TO
a mMaQapEVEL 0TaBeQD, Exovpe OTL yia b € ((a-1)%,(a+ 1)2) T0 ngaypanxo
LEQOS TV Wiotipwy sival 1/2 (b-a2-1). '‘Eto

R

d

= [ (b-o2-1)

i’

gty Tun Stekhadwong b=a?+ 1.
O mivakag

IKOVOTIOLEL TN OYEOM

Kal 0 HETAOYNUATIONOS
X = My

LLETATRETIEL TO OVT TG (13.24), oto

! - o
y; =ay+(1 -_—____.::7‘)ay1 s20%y, - oy} »odyly,  (13.29)

-

Yo' = -dy;
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O deiktyg evotaberag [ mov Sivetar and tn oxgon (10.34) tng oeh
117, umogei va vrohoyio8ei, kai aol povo oL 6gor gi;; kat gl gl eivar
un pndevikot, €xouvpe

I = -2d%-4a3

‘Entetan 0Tt To ovotnua (13.22) duxhadwvetar o€ Evay EAKUGTIKO
0QLAKG KUKAG Tiou TtepuBdAAet To P kabwg to b avEavel Sisgyopevo and
TV Kpiowy tipn 1+ a2 '

‘Eva napadewypa tumxod Saypdappatog ¢acewy, o a=1, b=3,
SiVETOL OTO ETIOPEVD OXTILC

Y

S

Ty 13.11,




14. AZKHZEIZ

O mpwtog amd Toug dU0 aQLBUOYG TIOV TYOTACCOVTAL KaBE doxToNg
avOPEQETAL GTNV QVTIOTOLYN TaQAYQUPO TWV GTUELNTEWV.

2.1. Na de1xBei 6n kdBe (pn tetouévn) Aion TG X =X sival un
dpaypevn] Kal aotadng, svo kaBe Avon g X' =1 gival pun ¢paypsvn kat
guoTabng.

2.2. Advovtag ‘tig eELo0oeIg
X~ YEHY) ¥ = X(E+Y?)

Sei&te 0T ) undeviky Aom sivar svotabig kat OAeg oL dMieg aoabeig,
AVTIKQATUOTNOTE TIG CUVIETAYREVES X,¥ ME 1,9, aVTIOTOiXaS, OTOV

X = rovw(r?t+¢) , y = rmu(rit+e)
kat Seifte 6TL to oVoTHO YpddeTaL
=0, ¢'=0

Tehog, deiyvovtag 0TL OAEG 0L AVCELS TOU TEAEUTAIOU CUOTHHATOG
givar guotabeig, amodeifte OtTL M aAhayy ouvteTaypévev UMOQEL va
ETLOQA0EL ST TG SO TABELNG EVOG CUOTHHATOG.

2.3. Na cketaofei n evotdfela Tov AOE®V ToV SLAPOQIKOV
eLwodoewv

B Dx =x (i) x = 2x3x
3.1. Na sEsmUBoﬁ\.; mg oG TV gvotabeia oL AVOELS TV |
- l! ; ’
@ | |2 1] Xy +[1]et
Y IR 1 Y R

(i) x"+ex’ +x = €'
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" 11 1 o nut
i) |l =[0 1 1][x) +«| owm
X3 -1 0 1)k [In@E?+1)
(iv) X" = MX+py,y = x+hiy
(v) x" = (A2-ux+(1+p)y, y = -u2x+ply } yie 1ig Siadopeg TIREG Twv
(vi) X' = NX-y,y = N-z,2 = AzX Tapapetoev Ap € R

4.1. Na feei 1 kavovikn} pogén Jordan J kai évag mivakag M ps v
WBiotta J=MTAM yia kafe svav and Toug akOAOUBOVS Trivakes At

0 1] [a -—29] 9 4
2 3|'|58 -41/°]-9 3|

4.2. Tlpocdiopiote Tov TOmO kKar tnv evotabsid Ttou OnpEios
wopgpoTiag (0,0) yra xabe eva amo ta akolovba cuoTHUaTa:
(i) x' =2,y =3y .

(i1) X’ = -x-2y,y = 4x-5y

(i) X" = 3x+4y,y = -2x+3y
(iv) x' = 5x+2y,y = -17x-5y
(v) X' = dxy,y =x2y
(vi) x' = 4x-3y,y = 8-by

(vil) X' = 4x-2y ,y’ = 5x+2y

4.3. Arnodei&te 0T T0 eMinNEdo PATEWV TOV CUOTHUATOG
X' = ax+by , y = cx+dy , abcdeR

ue ad=bc, givor Eva amo Ta:
(i) wa gvbeia onpeiny W0ogQoTiag ne EUDELOKEG TQOYLES TIOV EitE
v MATIOL0L0UY, EiTE ATOPAKQUVOVTAL ATIC QUTHY,
(i) e euvbeio onueiwv wopggomiag pe subelakeEg TEOXLEG
TIROAAANAES TTIOOG QUTHY, _ :
(iii) OA0 TO mimedo kal anoTeAsital and onueia wogpoTiag,

4.4. No Ppsbei, av umagyet, o alayn petaBintov mOL va
LETOTOENEL KGOE Eve ATO Ta EMOPEVE TE OUOYEVES YQALUIKO CUOTTU:
(i) X' =x+y+2, y =x+2y+3
(if) X' = 2x-3y+1,y = 6x-9y
(iii) X" = 2x+y+1,y =x+z, 2z’ = y+z+2
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(iv) x' = x+y+z+l,y =y ,z' = x+z+1
4.5. 'Eotw x(t) pia TEOY1G TOU YOOUILKOU CUOTHMATOg X' =AX

TETOW, WOTE  |im x(¢) = 0 - 'Eote N &vag un 18ialev mivakeg kat

{—@®
y =Nx. Acifte 6t ) TpoxLa y(t) = Nx(t) Tou guatipatog y’ = NAN 1y, éyst
ETioNg TNV ﬁtétnta lim y(¢) =0 . 'Etoy dei&te GtL av to X' = AX ExEL

{ =
£va onuEio 1gopoTting Tov eivan evotadig kopfog, voBog kopfog ¥) eotig,
10 1510 oupPaiver kal yia 1o cbotua y' =NANly.

4.6. Avatundote Kan anodeifte Eva avithoyo aROTEAECRE HE QUTO
TNG TEONYOVREVNS GOKNOYG, YLO TNV TEQINTWOT} OV pia TEOYLE X(t) Tov

CUCTNUATOS X' =AX, £xs1 TV WOd0THTe |im x(t) = (0 . XQNotHomnow-
t--® N
VTag auTd Kat To TEOTYOUUEVO GUUTIEQAOHY, Seifte 0Tt av To X’ =AX £XEL
cayuatikd onueio oto 0, tote to IS0 1OYUEL Kol yia TO CUCTNUA
y'=NAN'ly.
4.7. Acifte OTL UTTAQYEL LT YOQMUIKT GREIKOVION TNG OIKOYEVELAG
KAPTWAGY y =X ETL TNG OIKOYEVELAG KAPUTUADY ¥ =CoX2(Cy, Cy, My, My
oTafepEg) TOTE Kol uovov TOTE av m; =m, 1} m;=m,". ‘Etoy, deifte 611
UTIAQXEL M1G YQUMMIKT] ATEIKOVIOT] TWV TROYIGV TOL GUOTIHATOS

X =Ax, Y =y, My,

ETIL TOL SLAYQAHUATOS PATEDY TOU CUTTHHATOS

X' =X, ¥y =y

. . , A A
ToTe Kat pévov wote av L - M1 Rl W2

Y Moy

4.8. Acifte 6T umagyeL k € RY tétol0, @oteE 1 oUvEXHS, 1-1\Km
ETIL ATEIKOVLAY)
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yk ) yzO
i:x s y:

"(—Y)k ’ y < 0

ATIELKOVILEL TIG TROYIEG TOU KOUBOL X' =AX, y' =A,y ETIi TWV TEOXLOV TOU
aoTEQOESOUS KOufou X' = X, ¥y’ = gy, e=+1 q £=-1, SraTnEwvTag TOV
TIROTGAVOTOALTUO. ' :

4.9. Acifte 6T To AMOTEAECRUTA TG TEOTYOUUEVNS QOKNONG
uTogoly va ypnoiwpomowndobv wote va fpshel o anewkovion Tou
OTEKOVILEL TIS TOOXIES TUXOVTOG OOYLLATIKOD OHEIOL £ TWY TEOYLGY
TOU CQYUATIKOD OMPELOU ToU X' =X, Y/ =-Y.

5.1. Katatd&te, pe ) Borifera tov Oswprpatog Foappikonoinomg,
OToL auTO sivar Suvatd, Ta oRUEia LWCOPQOTLAG TWV CUOTIHATOV:
(1) x| = x33x+2, %' =x,2%,2
(i) X=X, %' =X;+X,
(i) x =nX;+%;) , X' =X,
(iv) X =x;%X-€"1, %, =X, %51
(V) X' =X +X XKy , Xy =X Xy%y2
(Vi) X{'=X5, X, =-(1+)|;2+x‘4)x2-:-c1
(VILL) X;"=-3%,+XX5-4 , X,  =X52-X;2

5.2. Asifte 6T 0 (0,0) eivar g0Tia yia TO oVOTHUA
xl’. = Ky XL, Xy = X)Xl , T=(X2 +X,2)
EVO Eival KEVTQO Y10 TO YOUUULKOTOLNUEVO GUOTTLLC.
5.3. Meretote ta cvotiuata (13.11) ko (13.12) g ol 158,

KOATE TEOTIO avaAoyo e Tng Herétng Tou cuotnpatog {(13.5), (13.6)} g
oeh. 156.

6.1. Aeifte OTL i} AAhQYT) CUVIETUYUEVOV
= 3 =
Y1 = X 4Xy7 L Yy = Xy +Xp?

IKQVOTIOLEL TIG LTTOBETELG Tov Oswpnuatog Kifwtiov Porg yia to clotnua
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o
ook ;1
R I

CTHV TIEQLOYT] OTIOLOUBNTIOTE OPELOL (X},X,) 1E Xy * - 1/2,

7.1. Agikte ot n V(X %,) = X2+X,2 eivar woxup owdgtnon
Lyapounov gto (0,0) ywx kdfe €va and ta guothiuata:

@ x =-x-x3, xf =x x>

i 3 / 2

() x) = -x; -Xmx) , X = =X~ X X - XK
. 2 / 3

(1i1) X, = -X;-2% , X = -2XX-X,

: / 2 / 5

(V) x| = -xmp’y; , % = -%-x

) % =-(1-x)x , % = -1-x)%

Ztn ouweyew Bpeite nedia €AEng oo (0,0) yia Ta cusTHpata autd.
7.2. Aeifte on ny V(x,%) = X2+x%,? eivar aoBeviig ouvaginon
Lyapounov oto°{0,0) yia xd8e €va and ta cuoTipata:

N / 3 2
D x =%, % = % -x(1-x)
_(ii) "1/ = -x1+x22‘, "2}r = "‘1"2‘3“12

Y] ; 3 f 2
() x =-x , % =-xx%
N o 2 1 2.3
V e 3
(1 ) X =5 ¢+ 2?&)(2 s X2 X1 X
ITotd amd quTd Ta CLOTHUATE EiVOl COVUTITOTIKG Vo TUBES;

7.3. Av V gival o woquen ovvation Lyapounov yua to gbotnpa
x’=-f(x) o pa negroyn tov 0, deifte 6T o gloTnua X' =f(x) ExEL Eva
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aoTafég onpeio tgogpomiag oo 0. Asikte, 0T ouvEELa, OTL Ta CLUOTTHA-
@

: ! 3 / 3 S
D) xpo=x] , % =%

. ! /

() x =nux, , X, =nux

(ii1) xll = -xf+2x12r|px1 ; x; =x2q;12x2
gival agtadn oto (0,0).

7.4. Xpnowonowvtag tnv [Ipotacy 7.1, dsifte 6T to ovotnua
/ / 2
Xy =Xy , Xy = =Xy =Xy~(X; +2X%)(xy -1} -

gival aovuntwtika suotabeg ato (0,0), Bewpovtag Ty nsgtoxﬂ. %] <1.
Z1n ovvExela Bpeite Eva nedio EMENG.
2
2
b)

Xy = X;(X3-0t) 5 Xy =X5(Xy-b) , @,b>0

7.3. Me 1 x@ron g owvagTHomg
o ,
V(x,%) = i [
1 =

Seifte OTL TO GUOTUA

gxeL 1o (0,0) wg aovuntwtikd svotafeg. Agifte, seTumiioy, 0Tl OAEg OL
TEoXLEG TEivouy oT0 (0,0) Kabwg t + ©, TV MEQLOXN

2l
_1.-1-_....<1
al b2

7.6. Xonowomoldvtag tn ouvagtnon
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“ 2 3
V{xy,%p) = 3xX5 -X{

Seibte 6T to (0,0) sivar aotafég yia TO ovoThpe

! 2 2 / '

7.7. Bpeite nedia EAENG Y1 ta EMOpREVE crucrl:rlpa-ca, XONCIOTIOUD~
vTag Kata}o\qkeg CUVAQTNOELG Lyapounov

/ .
(1) 5 =X -xlg(xl ’XZ) y X2 = "X -ng(xl ,Xz) ’

g%, %) = (1-x2 -x)(1 +x] +x})

@) x =% , X = XG+x5-x
7.8. Aci&te 6T av TO GUOTHUG
x'=f(xy) . y'=gxy)
€€l onusio wogoriag oo (0,0), tdte 1) undsvikr} Aoon sivar aotabng av

UTLGEYOUV OTaBepeg a kat B, TETOeg WGte O8 [.u,cr. negzom tou (0 O) oL
Sev nepixet to (0,0), va woyvet -

af(ry)+Pg(xy) > 0
7.9. Ocwpoipe To cvoTHUa

X = -ax+Bf(y) y' = yx-8f(y) , 0,8,,8 r—:R*’

pe py-ad > 0 xa £(0)=0, yf(y) > 0 (y * 0). ABLEte on ya lcataMn?&eg
-cq.tsg twv AB 7 _

Y
N N
V-5 Ax +B | f(u)du
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eival toyupn cuvaptyon Lyapounov yia Tig undevikeg Ao,

7.10. Agifte 611 1 ouvaQTON
’ X

V(cy) = (Bx-Py)’+28 [ f(u)du-pyx® ..

. S 0 e o T W

gival [lo 1oYXuey ocuvaeTyom .Lyapohnov v T pndeviky Aom tou
CULOTYHATOG -

X' = f(x)+By,y = yx+8y,f(0) = 0

otav oe pa negroys tov (0,0) toyvouv ot GYEoElg

f(") By >0, f(;:)+6<0 (x #0)

2tn owexsie anodeifte 0Tt yid aQYIKEG GUVBKEG £VTOG TOU
KUKAOU X2 +y2 <1, Ou MIOELS TOV mepatog

X’ —-x3+x+y y = X
Teivouv gTo (D 0).

7.11. ngmponomo*te 0 Qewpnpa 7.5, gel. 77, yia va SsuEats oTL
Y a>0 KaBe AVOT TOV CUCTHUOTOG .

/ | _
X =% Xz = 7K T

teiver 0o (0,0) xabog t ~ +=,

8.1. Nau fpefolv mpdtea oOAoKAQ@OUATA Kl T TTEdie OQUTHOU TOVS,
yia Ta akoiovBa cuoTipaTa:

@ % =%, x =x+1

(i x| =x05+1) , x5 = X +1)
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/
(iit) X, = TERX; , x{ = -x22 , 1%l < g

: /
(iv) x/ =x1(xlex2—ouvxl) , le =1]]J.X2—2X16x2

8.2. Na Ppebei £va mp@To OAOKAQWUA TOU OUCTHLATOG

xlf = XXy - 3x13 , x;= -—6x12x2 +x14 +x22
ME TT] XQNOT] TTG AVTIKATAOTAoNG X, = ux,2. Na oyediacei to ddypappa
QATEWY.

8.3. Na Ppebovv mpita OMNOKATOWUATE Y10 TO YOAUIIKE CUCTTHATA
x'=Jx, onov ¥ € R¥? o mivakag Jordan yia koppo, KEVTQO KaiL £4TIA,
avtioroiyws. Na Boebolv péyioteg neployes tragkng autov Twv O TWVY
oAoxAnowuatev. Eivar Suvatd va gival guvtnntikd éva oucmpa oV SXEL

£V0 AOVUTTWTIKG sucrtaesg onueio woppoTniag;

9.1. Na Ppebouvv xAelGTEG TEOYIEG TWV Itagalcarm Stacpogucmv
e&wonoswy:

i) x” +(2(x")2+x4—1)x’+x3 =0
(i) x” +((x")2+x2—4)x =
(iii) x” +(2(x")2 +x.4 -1)x3 =
9.2. Na dg1yfei om n e€iowon
x“+5(x2-1)x’+x3 =0

exst e akplpag negrodikn Ava).
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9.3. Na deiydei oty ekicwan
x /! +(|x] + [x] —1)x" +X|x] -0
€YEL [la TOUAAYLOTOV TTEQLODIKT] AUCT).

9.4. Na dsiyfei 0Tt n apyr) twv afdvev eival KEVIPO yua TNV
gkiowon

X'+(kx'+nux = 0

9.5. Na de1xbei 6T viapysl o egoyn R={(xx,) € R2:
X, +Xy < 1?2} TE€TOLQ, WOTE OAES Ot TOXIES TOV OUCTIILATOG

/ 2 2 / 2 2
Xp = =0 Xy (1-X ~%) 5 X = oX +X(l =X -%) -0
OTOV O,w:0TabeEQES, E10EQKOVTAL TEMK®OG evTdg Tng R. Na deixbei ot to
cuoTnua et £Evav 00LaKo Kukho otav @=0.

9.6. Na anodeiyfei 0tL T0 ovaTnua
!y /.
X Ti7%% X 7X

dev £xE1 0QLAKOUG KUKAOUG.

9.7. ©ewQOovUE TO CUOTNUY

/ 2 2 2 .2
Xp = ok +xy(1 =X -%) - X%+ %)
/ 2 .2 2 2
% = 0% (1 -x - ) XK ) e
0mov o,w:0tabeég: Na deyyfei 6L T0 oUoTNMA EXEL Evav OQLAKG KUKAO
TETO10, OOTE OAa Ta onpeia Tou va Bolokovral 08 andoTacT peyahitegn
amé v2/2 ano to (0,0), tote 0 oplakdg kikhog megifarier o (0,0).
9.8. ©swgolye To cvoTHa "

X = §(xp%) , %' = H(x%)
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Kal LToBETouuE OTL TO ouvoro R={(x;X,) € RX;>0, x,>0} eivar Betika
avalroiwTo Kat OTL

xl" 20 Otav X, § -xl2 +3x, +1

> 0 H < ’

AvTLOTOLY WG
otav XS x; .

0=

Av umtoBEgoups, sTumhEoy, 0TL Sev UTAQYOUY KASLOTEG TROYIEG LETa
oto R, va SeiyBei 671 to povadikd onpsio Lcroggomac_; evtog tou R eivar
QOUHTITWTILIKAG EVCTOOEG. -

10.1. 'Ecte OTt €vag mAnBuopdg avEavetar olpdwva He TO
AOYIOTIKO MOVTERD Ko upioTatat ouvykoptdn umo otabfepd pudpo. H
TIWKVOTRTA £VOG TETOLOV TANBLOROU Sivetar ané Tty e&icwon

X = ke, ke e RY
Kol evoLadpeQORaoTE Yia Aol HE X 2 0. Aéue 0T 0 mAnBuoudg e§adavi-
{etar yia puie BETIKT aQ)IKT] TWKVOTITA Xy, AV UTAQYEL TIETEQAGUEVT] TN

Tou t, ¥oTE $(1,Xy) =0.
Xwpig va bei 1 ekicwan va derybei ot

(Dav pe

) .
0, E_] , TOTE UTIAQYEL LA TULT) TOU GQYLKOU HEYEBOUG
) |

Tov TTARBuCPOY, TETOLR GWOTE av TO aPXIKO HEYEBOG Eivat HIKQOTEQRD aTo
auvti} TV T, ToTe 0 MhnBuopog eEagaviletal: av, avtibEteg, To aPyLKO

- péyefog vmepPaiver avtiiv v TN, TOTe 0 TANBuoLdg Teivel Ot Eva

onueio WwopgoTiag.

(i) av yu > k* , T0Te 0 TMAnBuoudg ebapavifetar aveaptiteg
4N -

TOU aPX1KOL Tou peyEboug.

10.2. Av, avti g sficeong NG TMQONYOUUEVIS GOKTONS, 1
TLWKVOTITA TOU TATBUOOD tkavoTolet Tnv :

X' = hot-Ax2-ux , k,)\,-[.L € R?
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deifte 6T avk < p, 16T aveapTiTwg TNG AQYIKNG TWKVOTTTUG X3>0, 0
riinBuopog teivel va eEadpaviobei kabwg t + +o, ardla Sev ekadaviletal oe
TIETIEQUOUEVO XOVO. MereTrioTe TO pPOVIEAD OTIG TEQINTWOELS k= KL
K>,

10.3. Na mpoodiopiobei 1 ouvagenon yw(A) g onoiag 1 dmagdn
eEagpariletar and o Oewpnua [lemeyuévng Zuvapnomng yid Ty
F(AX)=h+(1+M)x+x2,

10.4. Na deiyBei pe tn ypnom tov Oewpnpatog Ilemheyuévng
Zuvagtnaong otL i eEicwan

p+(lpy+y = 0
gxel pa akgfog Avon xovta oto (wy) = (1.-1).

10.5. Na de1yBei 0T1 ixavoTIo100vTaL 0L uTtoBE0ELg TOL OEWPMUATOS
ITemieypevng ZuvaQtnomg yia Tig CuvaQTHoeIg:
(1) Ad+nux

(ii) 1. A-ow |x + Z S s T
2 6 | S

(1i1) nuA+efx

10.6. Me tn ypnom tov deikty evotaberag g oA 117, Seikte o1
Ta akoAouba cuaTReTa Eival aoupnToTiKe suatadny oo (0,0):

N e S 3 /o 2
(1) X{ = X=X XXy , X = =X ~XiX,

Ty / 2 / 2
() x| =x-x Mux; , X = -X; +X% +2X]

(iii) x[—x-x2+2x +x2 t"*-x +% X +*<2
1 X% 1X¥X, , X T XXt

10.7. AciEte 6Ty ta MOQUKAT® CUTTHPATE vhioTavtal Siakhadwon
Hopf oto p=0 kota TE€T010 TPOTO DOTE Evag eVaTulTg 0QLaKOg KUKAOG
nepifarret o (0,0) orav pu>0: |

: / 3 / 2
1) x/ TXpTX Xy TR UG XX
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iy 3 /
(i) x, = WX+ Xy = X[ 0wy, Xy = -xp s,

T, 2_2_ .2 g 2
() x| = ey ey o] THTHRX X o= expexy
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