
ȆǹȃǼȆǿȈȉǾȂǿȅ ǹĬǾȃȍȃ
ȉȝȒȝĮ ĭȣıȚțȒȢ

ǼȟȑĲĮıȘ ıĲȘ ȂȘȤĮȞȚțȒ ǿ,
� ĭİȕȡȠȣĮȡȓȠȣ ����

ǹʌĮȞĲȒıĲİ țĮȚ ıĲĮ � ȆȡȠȕȜȒȝĮĲĮ ȝİ ıĮĳȒȞİȚĮ țĮȚ ĮʌȜȩĲȘĲĮ� ȅȚ ȠȜȠțȜȘȡȦȝȑȞİȢ ĮʌĮȞĲȒıİȚȢ ıĲĮ
İȡȦĲȒȝĮĲĮ İțĲȚȝȫȞĲĮȚ ȚįȚĮȚĲȑȡȦȢ� ȀĮȜȒ ıĮȢ İʌȚĲȣȤȓĮ�

ĬǼȂǹ ǹ
Ǿ ȁĮȖțȡĮȞȗȚĮȞȒ İȞȩȢ ĳȣıȚțȠȪ ıȣıĲȒȝĮĲȠȢ İȓȞĮȚ Ș

L = e2γt
(
1

2
mẋ2 − 1

2
kx2

)
,

ȩʌȠȣ γ,m, k șİĲȚțȑȢ ıĲĮșİȡȑȢ�

��� ȆȩıȦȞ ȕĮșȝȫȞ İȜİȣșİȡȓĮȢ İȓȞĮȚ ĲȠ ʌĮȡĮʌȐȞȦ ıȪıĲȘȝĮ� ȊʌȠȜȠȖȓıĲİ ĲȘȞ țĮȞȠȞȚțȒ ȠȡȝȒ ĲȠȣ
ıȣıĲȒȝĮĲȠȢ ĮȣĲȠȪ� ǻȚĮĲȘȡİȓĲĮȚ ĮȣĲȒ ıĲȘȞ ʌİȡȓʌĲȦıȘ ʌȠȣ k = 0�

��� īȡȐȥĲİ ĲȘȞ İȟȓıȦıȘ țȓȞȘıȘȢ ȖȚĮ ĲȠ ʌĮȡĮʌȐȞȦ ıȪıĲȘȝĮ țĮȚ ȜȪıĲİ ĲȘȞ ıİ ȖİȞȚțȒ ȝȠȡĳȒ� ȉȚ
ĳȣıȚțȩ ıȪıĲȘȝĮ ʌİȡȚȖȡȐĳİȚ Ș ȁĮȖțȡĮȞȗȚĮȞȒ ĮȣĲȒ�

��� ȀĮĲĮıțİȣȐıĲİ ĲȘ ȋĮȝȚȜĲȠȞȚĮȞȒ ĲȠȣ ʌĮȡĮʌȐȞȦ ıȣıĲȒȝĮĲȠȢ�

��� īȡȐȥĲİ țĮȚ ȜȪıĲİ ĲȚȢ İȟȚıȫıİȚȢ ȋȐȝȚȜĲȠȞ ıİ ȖİȞȚțȒ ȝȠȡĳȒ�

��� ȅȡȓıĲİ ĲȚȢ įȪȠ ĮțȩȜȠȣșİȢ ʌȠıȩĲȘĲİȢ�

a =
xeγt +mẋeγt√

2
a" =

xeγt −mẋeγt√
2

.

ȊʌȠȜȠȖȓıĲİ ĲȘȞ ĮȖțȪȜȘ 3RLVVRQ {a, a"}� ǼȓȞĮȚ ȠȚ ʌȠıȩĲȘĲİȢ ĮȣĲȑȢ� a, a"� ıȣȗȣȖİȓȢ ȝİĲĮȕȜȘĲȑȢ�
ǹȞĮțĮĲĮıțİȣȐıĲİ ȝȑıȦ ĮȣĲȫȞ ĲȘ ȋĮȝȚȜĲȠȞȚĮȞȒ ĲȠȣ ıȣıĲȒȝĮĲȠȢ ıİ ȝȚĮ ȤȡȠȞȠĮȞİȟȐȡĲȘĲȘ
ȋĮȝȚȜĲȠȞȚĮȞȒ ĲȘȢ ȝȠȡĳȒȢ H(a, a")�

ĬǼȂǹ %
ǲȞĮ ıȪȡȝĮ ʌĮȡĮȕȠȜȚțȠȪ ıȤȒȝĮĲȠȢ z = ax2 ʌİȡȚıĲȡȑĳİĲĮȚ ȖȪȡȦ Įʌȩ ĲȠȞ ȐȟȠȞĮ z ȝİ ıĲĮșİȡȒ ȖȦȞȚĮțȒ
ĲĮȤȪĲȘĲĮ Ω� ȂȚĮ ȤȐȞĲȡĮ ȝȐȗĮȢ m țĮȚ ĮȝİȜȘĲȑȦȞ įȚĮıĲȐıİȦȞ ȝʌȠȡİȓ ȞĮ țȚȞİȓĲĮȚ įȓȤȦȢ ĲȡȚȕȑȢ țĮĲȐ
ȝȒțȠȢ ĲȠȣ ıȪȡȝĮĲȠȢ� İȞȫ ȩȜȠ ĲȠ ıȪıĲȘȝĮ ȕȡȓıțİĲĮȚ İȞĲȩȢ ĲȠȣ ȠȝȠȖİȞȠȪȢ ʌİįȓȠȣ ȕĮȡȪĲȘĲĮȢ ĲȘȢ īȘȢ
"g = −gẑ�

��� īȡȐȥĲİ ĲȘ ȁĮȖțȡĮȞȗȚĮȞȒ ĲȘȢ ȤȐȞĲȡĮȢ �ȤȡȘıȚȝȠʌȠȚȒıĲİ țȣȜȚȞįȡȚțȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ ρ,φ, z��
ǼȟĮȡĲȐĲĮȚ Ș țȓȞȘıȘ ĲȘȢ ȤȐȞĲȡĮȢ Įʌȩ ĲȘ ȝȐȗĮ ĲȘȢ�

��� īȡȐȥĲİ ĲȘȞ İȟȓıȦıȘ țȓȞȘıȘȢ țĮȚ ĮʌȜȠʌȠȚȒıĲİ ĲȘȞ İʌȚȜȑȖȠȞĲĮȢ ȖȦȞȚĮțȒ ĲĮȤȪĲȘĲĮ ʌİȡȚıĲȡȠĳȒȢ
Ω2 = 2ag�

��� ȁȪıĲİ ĲȘȞ ʌĮȡĮʌȐȞȦ įȚĮĳȠȡȚțȒ İȟȓıȦıȘ ȕȡȓıțȠȞĲĮȢ ĲȘ ıȤȑıȘ ρ̇(ρ) ȤȦȡȓȢ ȞĮ ʌȡȠȤȦȡȒıİĲİ
ʌİȡĮȚĲȑȡȦ� >Ȋʌ� įȚĮȤȦȡȓıĲİ ȩȜİȢ ĲȚȢ ʌĮȡĮȖȫȖȠȣȢ ĲȠȣ ρ Įʌȩ ĲȚȢ ıȣȞĮȡĲȒıİȚȢ ĲȠȣ ρ�@

�



��� ǻİȓȟĲİ ȩĲȚ ĲȠ ıĲȠȚȤİȚȫįİȢ ȝȒțȠȢ İȞȩȢ ĮʌİȚȡȠıĲȠȪ ĲȩȟȠȣ ĲȠȣ ıȪȡȝĮĲȠȢ İȓȞĮȚ ds =
√
1 + 4a2ρ2dρ

țĮȚ ıĲȘ ıȣȞȑȤİȚĮ ȩĲȚ Ș İȟȓıȦıȘ țȓȞȘıȘȢ ȚıȠįȣȞĮȝİȓ ȝİ ds/dt =ıĲĮșİȡȩ�

��� īȡȐȥĲİ ĲȠ ȠȜțȜȒȡȦȝĮ ĲȘȢ įȡȐıȘȢ ȖȚĮ ĲȠ ʌĮȡĮʌȐȞȦ ĳȣıȚțȩ ıȪıĲȘȝĮ ȩĲĮȞΩ2 = 2ag țĮȚ įİȓȟĲİ
ȩĲȚ İȓȞĮȚ ĮțȡȚȕȫȢ ĲȠ ȓįȚȠ ȝİ ĮȣĲȒȞ İȞȩȢ İȜİȪșİȡȠȣ ıȦȝĮĲȚįȓȠȣ ʌȠȣ țȚȞİȓĲĮȚ ıİ ȝȚĮ įȚȐıĲĮıȘ
Įȡțİȓ ȞĮ țȐȞİĲİ ĲȘȞ ĮȞĲȚțĮĲȐıĲĮıȘ� ds =

√
1 + 4a2ρ2dρ� ıĲȘ șȑıȘ ĲȘȢ ıȣȞĲİĲĮȖȝȑȞȘȢ șȑıȘȢ

ĲȠȣ İȜİȪșİȡȠȣ ıȦȝĮĲȚįȓȠȣ�

ĬǼȂǹ ī
ǻȪȠ ıȦȝĮĲȓįȚĮ ȓįȚĮȢ ȝȐȗĮȢ m ȝʌȠȡȠȪȞ ȞĮ țȚȞȠȪȞĲĮȚ İȜİȪșİȡĮ ʌȐȞȦ ıİ įȪȠ ʌĮȡȐȜȜȘȜĮ İʌȓʌİįĮ �ĲȠ
țȐșİ ıȦȝĮĲȓįȚȠ ıĲȠ ȑȞĮ Įʌȩ ĲĮ įȪȠ İʌȓʌİįĮ�� ȉĮ İʌȓʌİįĮ ĮʌȑȤȠȣȞ ĮʌȩıĲĮıȘ a țĮȚ ĲĮ įȪȠ ıȦȝĮĲȓįȚĮ
ıȣȞįȑȠȞĲĮȚ ȝİĲĮȟȪ ĲȠȣȢ ȝİ İȜĮĲȒȡȚȠ ıțȜȘȡȩĲȘĲĮȢ k țĮȚ ȝȘįİȞȚțȠȪ ĳȣıȚțȠȪ ȝȒțȠȣȢ� ǺĮȡȣĲȚțȩ ʌİįȓȠ
įİȞ ȣʌȐȡȤİȚ�

��� īȡȐȥĲİ ĲȘ ȁĮȖțȡĮȞȗȚĮȞȒ ĲȠȣ ıȣıĲȒȝĮĲȠȢ ȤȡȘıȚȝȠʌȠȚȫȞĲĮȢ țĮȡĲİıȚĮȞȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ �șİȦ�
ȡȒıĲİ ĲȠȣȢ ȐȟȠȞİȢ x− y ʌĮȡȐȜȜȘȜȠȣȢ ȝİ ĲĮ İʌȓʌİįĮ��

��� ȊʌȠȜȠȖȓıĲİ ĲȚȢ ȚįȚȠıȣȤȞȩĲȘĲİȢ ĲȠȣ ıȣıĲȒȝĮĲȠȢ țĮȚ ĲĮ ĮȞĲȓıĲȠȚȤĮ ȚįȚȠĮȞȪıȝĮĲĮ�

��� ȆȠȚĮ țȓȞȘıȘ ĲȦȞ įȪȠ ıȦȝĮĲȚįȓȦȞ ĮȞĲȚıĲȠȚȤİȓ ıĲȚȢ įȣȠ ȝȘįİȞȚțȑȢ ȚįȚȠıȣȤȞȩĲȘĲİȢ�

��� ȆĮȡĮĲȘȡȠȪȝİ ȩĲȚ ĲȠ ȑȞĮ Įʌȩ ĲĮ įȪȠ ıȦȝĮĲȓįȚĮ İțĲİȜİȓ ȠȝĮȜȒ țȣțȜȚțȒ țȓȞȘıȘ� ȉȚ țȓȞȘıȘ țȐȞİȚ
ĲȩĲİ ĲȠ ȐȜȜȠ�

��� ǺȡİȓĲİ ȑȞĮ ıȣȞİȤȒ ȝİĲĮıȤȘȝĮĲȚıȝȩ R ȠʌȠȓȠȢ ȞĮ ĮʌȠĲİȜİȓ ıȣȝȝİĲȡȓĮ ĲȘȢ ȁĮȖțȡĮȞȗȚĮȞȒȢ ĲȠȣ
ıȣıĲȒȝĮĲȠȢ� ȆȠȚĮ ʌȠıȩĲȘĲĮ įȚĮĲȘȡİȓĲĮȚ ȦȢ ıȣȞȑʌİȚĮ ĮȣĲȒȢ ĲȘȢ ıȣȝȝİĲȡȓĮȢ�

�



ȁȪıİȚȢ

ĬǼȂǹ ǹ

��� � ȕĮșȝȩȣ İȜİȣșİȡȓĮȢ� p = mẋe2γt� ǵĲĮȞ ȜİȓʌİȚ Ƞ ȩȡȠȢ kx2/2 Ș țĮȞȠȞȚțȒ ȠȡȝȒ p įȚĮĲȘȡİȓĲĮȚ�
ȩȤȚ ȩȝȦȢ țĮȚ Ș țȜĮıȚțȒmẋ�

��� m(ẍ+ 2γẋ+ (k/m)x = 0 ȝİ ȜȪıȘ

x(t) = e−γt(Ae
√

γ2−(k/m)t +Be−
√

γ2−(k/m)t).

ȆȡȩțİȚĲĮȚ ȖȚĮ ĮȡȝȠȞȚțȩ ĲĮȜĮȞĲȦĲȒ ȝİ ĮʌȩıȕİıȘ�

���

H =
p2

2m
e−2γt +

kx2

2
e2γt.

���

ẋ =
∂H

∂p
=

p

m
e−2γt ṗ = −∂H

∂x
= −kxe2γt

Ȃİ ȝȚĮ İʌȚʌȜȑȠȞ ʌĮȡĮȖȫȖȚıȘ ĲȘȢ ʌȡȫĲȘȢ țĮȚ ȤȡȒıȘ ĲȘȢ įİȪĲİȡȘȢ țĮĲĮȜȒȖȠȣȝİ ıĲȘȞ ȓįȚĮ
įȚĮĳȠȡȚțȒ İȟȓıȦıȘ ȝİ ĲȠ ���� Ǿ ȜȪıȘ ȖȚĮ ĲȠ p ȕȡȓıțİĲĮȚ ȝİ ĮʌȜȒ ʌĮȡĮȖȫȖȚıȘ ĲȘȢ x(t)�

��� ȆȡȫĲĮ ʌȡȑʌİȚ ȞĮ ȖȡĮĳİȓ Ș ẋ ȦȢ ıȣȞȐȡĲȘıȘ ĲȦȞ x, p ʌȡȠțİȚȝȑȞȠȣ ȞĮ ȣʌȠȜȠȖȚıĲİȓ Ș ĮȖțȪȜȘ
3RLVVRQ� ǹʌȩ ĲȠ ��� ẋ = (p/m)e−2γt� ȠʌȩĲİ

{a, a"} =
1

2
({xeγt,−pe−γt}+ {pe−γt, xeγt}) = −1

ǼʌȠȝȑȞȦȢ ʌȡȩțİȚĲĮȚ ȖȚĮ ıȣȗȣȖİȓȢ ȝİĲĮȕȜȘĲȑȢ �Ș ĮȞĲȓıĲȡȠĳȘ ĮȖțȪȜȘ įȓȞİȚ �� ʌȠȣ șĮ ȝʌȠȡȠȪıĮȞ
ȞĮ ȤȡȘıȚȝȠʌȠȚȘșȠȪȞ ĮȞĲȓ ĲȦȞ x, p� ȁȪȞȠȞĲĮȢ ȦȢ ʌȡȠȢ x, p ĲȚȢ įȪȠ ʌȠıȩĲȘĲİȢ ȕȡȓıțȠȣȝİ x =
(1/

√
2)(a+ a")e−γt țĮȚ p = (1/

√
2)(a− a")eγt ȠʌȩĲİ

H =
k

4
(a+ a")2 +

1

4m
(a− a")2.

ĬǼȂǹ Ǻ
���

L =
1

2
m(ρ̇2 + ż2 + ρ2Ω2)−mgz =

1

2
m(ρ̇2(1 + 4a2ρ2) + ρ2Ω2)−mgaρ2.

ȩȤȚ įİȞ İȟĮȡĲȐĲĮȚ ĮĳȠȪ Ș ȝȐȗĮ İȓȞĮȚ ʌȠȜȜĮʌȜĮıȚĮıĲȚțȒ ıĲĮșİȡȐ ĲȘȢ L�

���

ρ̈(1 + 4a2ρ2) + 4a2ρρ̇2 − (Ω2 − 2ga)ρ = 0.

ǻȘȜĮįȒ
ρ̈(1 + 4a2ρ2) + 4a2ρρ̇2 = 0.

�



���

ρ̈

ρ̇
=

−4a2ρ

1 + 4a2ρ2
⇒ dρ̇

ρ
= −1

2

d(1 + 4a2ρ2)

(1 + 4a2ρ2)
.

ȅȜȠțȜȘȡȫȞȠȞĲĮȢ ĲȘȞ ʌĮȡĮʌȐȞȦ ıȤȑıȘ ȕȡȓıțȠȣȝİ OQ ρ̇ = −(1/2) OQ(1 + 4a2ρ2) + C įȘȜĮįȒ
ρ̇
√
1 + 4a2ρ2 =ıĲĮș�

��� ds =
√
dρ2 + dz2 = dρ

√
1 + 4a2ρ2� ǲĲıȚ Ș ʌȡȠȘȖȠȪȝİȞȘ įȚĮĳȠȡȚțȒ ȖȓȞİĲĮȚ ds/dt =ıĲĮș�

���

S =
∫

Ldt =
m

2

∫
ρ̇2(1 + 4a2ρ2)dt =

m

2

∫
(
ds

dt
)2dt

ʌȠȣ İȓȞĮȚ Ș ȁĮȖțȡĮȞȗȚĮȞȒ İȞȩȢ İȜİȪșİȡȠȣ ıȦȝĮĲȚįȓȠȣ�

ĬǼȂǹ ī

���

L =
m

2
(ẋ2

1 + ẏ21 + ẋ2
2ẏ

2
2)−

1

2
k((x1 − x2)

2 + (y1 − y2)
2 + a2).

��� ω1 = ω2 = 0� ω3 = ω4 =
√
2k/m ȝİ ĮȞĲȓıĲȠȚȤĮ ȚįȚȠĮȞȪıȝĮĲĮ

Ψ1 =





1
0
1
0



 Ψ2 =





0
1
0
1



 Ψ3 =





1
0
−1
0



 Ψ4 =





0
1
0
−1





��� Ǿ ȠȝĮȜȒ țȓȞȘıȘ ĲȦȞ įȪȠ ıȦȝȐĲȦȞ țĮĲȐ ȝȒțȠȢ ĲȠȣ x Ȓ ĲȠȣ y �İȣȡȚıțȩȝİȞĮ țĮȚ ĲĮ � ıĲȘȞ ȓįȚĮ
țĮĲĮțȩȡȣĳȘ x1 = x2� y1 = y2�

��� ǹĳȠȪ x1 = x0 +R FRV(ωt), y1 = y0 +R VLQ(ωt) įİȞ ȝʌȠȡİȓ ʌĮȡȐ Ș ıȣȤȞȩĲȘĲĮ ĮȣĲȒ ȞĮ İȓȞĮȚ Ș
ω3 = ω4 țĮȚ İȓȞĮȚ įȚİȖİȡȝȑȞİȢ ȠȚ � țĮȚ � ȚįȚȠțĮĲĮıĲȐıİȚȢ� ǹʌȩ ĲȘ ȝȠȡĳȒ ĲȠȣȢ ıȣȝʌİȡĮȓȞȠȣȝİ
ȩĲȚ ĲȠ ȐȜȜȠ ıȦȝĮĲȓįȚȠ șĮ ȕȡȓıțİĲĮȚ ıĲȘȞ țĮĲȠʌĲȡȚțȒ șȑıȘ x2 = x0 − R FRV(ωt), y1 = y0 −
R VLQ(ωt) įȚĮȖȡȐĳȠȞĲĮȢ țĮȚ ĮȣĲȩ țȣțȜȚțȒ țȓȞȘıȘ ȝİ ȓįȚĮ ıȣȤȞȠĲȘĲĮ�

��� x1 → x1+ ε, x2 → x2+ ε İȓȞĮȚ ıȣȝȝİĲȡȓĮ ĲȘȢ ȁĮȖțȡĮȞȗȚĮȞȒȢ� ǻȚĮĲȘȡİȓĲĮȚ Ș ıȣȞȠȜȚțȒ x ȠȡȝȒ
mẋ1 +mẋ2� ǹȞĲȓıĲȠȚȤĮ țĮȚ ȖȚĮ ĲȚȢ y ıȣȞĲİĲĮȖȝȑȞİȢ țĮȚ ĲȘ ıȣȞȠȜȚțȒ y ȠȡȝȒ�

�
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(dx_2/dt)² + (dy_2/dt)²
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