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INTRODUCTION

Ideas from variational calculus are relevant and helpful in fluid mechanics
in diverse ways. The connection is of course particularly close in ideal irrota-
tional flow because of the manifold variational aspects of the Laplace equa-
tion, but it is familiar also, for example, in Stokes low. One sometimes gets
the impression, especially from reading general books about physics, that
many people regard a variational formulation as an essential component of a
true and deep understanding of the fundamental character of almost any-
thing. This idealistic but rather narrow-minded attitude, a bit akin to the
once-popular view that planetary orbits must obviously be circles, probably
limits scientific progress somewhat, but when variational relationships are
present or can be introduced it is prudent to be aware of the fact and look
for ways in which they can be put to use. It is an interesting fact that the
lowest frequency of a natural oscillation in a shallow lake is the minimum
of a certain functional, as well as being the eigenvalue of a certain partial
differential equation, but probably of greater importance to the applied
mathematician is that this fact suggests valuable ways of estimating this
frequency (by trial functions or comparison theorems) when the partial
differential equation cannot readily be solved.

This estimation of the seiche period of a lake, or to cite another example,
the estimates of the virtual mass of a solid moving in an ideal irrotational
flow at rest at infinity, which can be based ‘on the extremal properties of
virtual mass (it is the minimum energy of incompressible flows and the
maximum energy of irrotational flows satisfying the boundary conditions,
and has certain monotonicity properties with respect to variation of the
shape of the solid—see for instance Bergman & Shiffer 1953), are examples
of the use of variational properties possessed by the mathematical model
under consideration. Similar ideas can sometimes be usefully employed even
when the model does not itself have such a variational character, by the
introduction of other variational problems related to but not identical with
the actual problem. This is the case, for instance, in the conditions for the
stability of various steady flows that have been obtained by use of the energy
method. There have been a number of important results of this kind in recent

1 Some of the work of the author that is reported on in this paper has been sup-
ported by the Office of Naval Research and the National Science Foundation.
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years, notably those of Joseph (1966), Serrin (1959), Velte (1962), and
others. The basic idea of this approach to stability questions is indicated by
the following: suppose we have a steady solution V, P of (say) the incompres-
sible Navier-Stokes equations

vi+ v Vv 4 Ve = R-1Viy V.v=0 (1

in some region R, satisfying certain boundary conditions, say v given on the
boundary B of R. If v, @ is any solution of the equationssatisfying the bound-
ary conditions, we write v=V-+u, ® =P+ so that u, p satisfy

1
u+uVV+V-Vvu+u-vu+ Vp=EV2u Vu=0 (2

and u vanishes on the boundary. From this we find the perturbation energy
equation
= 2 July = =~ Dw) — = (| vuly ©
2 9t 2 R
where ( ) denotes the integral over R (or in case of an unbounded region a
suitable average over R, whose precise specification as well as that of
boundary conditions at infinity need not concern us at the moment) and D
is the deformation tensor of the basic flow V: D;=V;;+V;;: ([ Vul 2

EE| Vu,-l ?), Assuming that enough is known about V that we can compute a
lower bound —A for the most negative eigenvalue of D, we then have

O uly <adul?y = =] val» @
at - R

We now consider the variational problem: find the minimum = of the
functional §= (| Vu|?)/(|u|2) among all u satisfying the boundary condi-
tions (and possibly some other conditions such as V-u=0, which the u of
the flow problem is known to satisfy). If this problem has a positive solution
m that we can calculate or adequately estimate we then obtain from (4)

a3 2
gdulz)s(x—%‘)dulw ()

from which we see in the usual way that (|u|2) must tend exponentially to
zero if R<2m/A. We thus obtain a condition insuring stability (in the sense
of the decay toward zero of the deviation, as measured by the perturbation
energy %(lul"’), of any solution v from the basic flow V) of the flow V—an
estimate from below of its “critical Reynolds number.” The variational
problem for m is not necessarily easy, but it is anyway much more tractable
than the initial-value problem for the Navier-Stokes equation, and has been
successfully solved for some geometries. The above gives a condition for
absolute stability—somewhat more precise results have been obtained for
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linear stability problems by making use of more detailed properties of the
linear stability equations rather than simply the energy integral as above,
but the general idea is similar (see for instance Joseph 1969).

This basic idea, to use variational results to estimate certain terms in
one or more of the consequences (like the perturbation energy equation) of
the underlying mathematical model, and thereby obtain some information
about solutions to the real problem without explicitly knowing these solu-
tions themselves, can be applied in other ways. In particular, it is sometimes
possible to obtain estimates for flow quantities of physical interest (like
momentum or heat transports) applicable also to turbulent flows. The pres-
ent article is about some results of this sort.

PrLANE CoUeTTE FLOW

Consider an incompressible viscous flow [satisfying Equation (1)] in the
slab Izl <1, with boundary conditions v=i on z=+1. A steady flow of
this kind is v=V = —zi, the plane Couette flow, whose pressure field may be
taken to be zero. In general we suppose that there is no overall pressure
gradient and that @ (as well as v of course) remain bounded at infinity. The
linear stability theory indicates that V is always stable, but there is no doubt
that this is not true when finite disturbances are present. Other motions
with the same boundary conditions surely exist mathematically and occur in
experiments approximately described by this model, if the Reynolds number
R is large enough. There is some experimental evidence that a steady flow
with a ‘“‘cat’s eye’ pattern occurs for a certain range of Reynolds numbers,
and the flow is turbulent at large enough values of R. We shall consider flows
v for which horizontal averages (over planes z=constant) always exist and
are independent of time; such averages will be denoted by an overbar.
Probably all such flows have the property that ¥ is in the direction i; in any
case we consider only such, writing v= U(z)i4+-u and @ =P(z)+p, where @
and 3 are zero. Averaging the momentum equation and using V-u=0 to
rewrite u-Vu as the divergence of the Reynolds-stress tensor, we obtain
the mean-flow equations

(i) = — U

(;U), =0
@a)s + P'(a) = 0

(u, v, w are the components of u).

Thus U(z) can be explicitly obtained in terms of %w: U’ —~ Ruw must be a
constant whose value is obtainable by averaging in z and using the boundary
conditions, namely

U'(z) = — 1+ R(ww — (uw)) (6)
where the average over the whole layer is denoted by { ) ({(fy=3/L,Jdz); U
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itself follows immediately from (6) by integrating from 2= —1. The per-
turbation energy equation (3) becomes, in the present case, since horizontal
averages are time independent,

(| v
—(wwU’y = 7
@'y = =— ©
which in view of (6) can be written '

_ o _ (I val®)

(ww) — R((ww — (uw))*) = - @)
The total mean rate of energy dissipation is proportional to

F=(|v|)=<|val)+w? ©)

Since this power is put into the fluid by the mean stress at the boundaries,
whose velocities are fixed, Fis also proportional to this mean stress, or to the
momentum transfer across the layer. In the case of the plane Couette flow,
u=0and U’'= —1, so that F=Fy=1. Thus F may be regarded as a measure
of energy dissipation, stress, or momentum transfer of the flow v, compared
with the corresponding values for plane Couette flow as a reference. Using
(6), we may also express F entirely in terms of u:

P = 1A RU@ ~ ) + (| Vu ) (10)
which, on using (8), can also be written
F =14 R{uw) (11)

It is clear from (10) that F cannot be less than F, and is equal to F,
only when u=0, which implies that U= —z and we have the plane Couette
flow—turbulence or any deviation from plane Couette flow always increases
the friction. Of course, this fact that F is minimized by plane Couette flow
(V) among the set of all solutions v is actually a consequence also of the fact
that V is not only a solution of the Navier-Stokes equations, but also of the
Stokes equations VP=V?V/R, V-V=0, and we know that (|Vv|’) is mini-
mized by the Stokes flow among all solenoidal fields v satisfying the boundary
conditions.

It is clear from (8) that (u'w)—-(| Vu| 2)/R is positive unless u=0; how-
ever, if R is sufficiently small this quantity cannot be positive. This can be
seen, for instance, from the facts that | (uw)] 5%(|u| 2y and

(a2 (wd + 02+ ) > (/2% ul?)

[since u vanishes at z=+1 and X ,%dz//; ¢?dz is minimized among ¥'s
vanishing at +1 by ¥ =sin ¥r(z+1)]. Thus

(ww) — (| vu|?)/R < (| u|)(1 — =?/2R),
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which is <0 if R<#?/2. Thus the plane Couette flow is the only Navier-
Stokes flow with time-independent averages if R is small enough, certainly
for R<«?/2. This result can be strengthened a little—if R, is the minimum
of (| Vu I”) among all u’s that vanish on |z| =1 and satisfy {uw)—1=V-u=0,
then plane Couette flow is the only possibility if R <R.. In fact, R, can be
computed: the variational problem defining it is essentially equivalent to
finding the minimum critical Rayleigh number for thermal convection in a
layer of Boussinesq fluid heated from below, and R=23(1707.77)1/22220.663.
This fact is of course very closely related to the condition for absolute stabil-
ity of V given by the energy method, which shows that V is stable if R<R,.

Since plane Couette flow has the least energy dissipation among all
solenoidal fields satisfying the boundary conditions and is in fact the motion
that will occur when R is small, one might be tempted to consider as a sort
of metaphysical principle the statement that ‘“nature chooses that motion
which minimizes energy dissipation.”” Such a statement, while true for
R <R,, could not always be true since plane Couette low does not in fact
occur if R is large. But even for small R such a statement is misleading, for
one should not compare the flow that occurs with all solenoidal vector fields,
but only with those motions that are possible, i.e. the real question is:
“Among all solutions (with steady averages) of the Navier-Stokes equa-
tions, which one (or ones) actually occur under the given boundary condi-
tions?”’ Since when R <R, there is actually only one competitor, the exactly
opposite metaphysical principle ‘“Nature chooses (from among the possibili-
ties available) that motion which maximizes the energy dissipation” is
equally true, Any selection principle at all will be ‘““correct’” when there is
no choice. When R is large enough that solutions other than V exist, we do
not at present know how nature decides—about the only thing we know for
sure is that for large enough R the minimum energy dissipation principle is
certainly wrong. If one feels it would be nice to have a general principle,
hopefully of an extremal sort, for selecting out of the possibilities the flows
that do take place, the hypothesis of maximum F is more promising—at
least we do not know it is wrong! Actually it is almost certainly the case
that such a selection principle does not exist at all. One indication of this is
already apparent in the present case of the plane Couette boundary condi-
tions. It seems to be a reasonable conjecture that for any finite R, V is stable
not only to infinitesimal perturbations but also to finite perturbations whose
amplitude is in some sense below a certain critical level—though the critical
level probably goes to zero as R— . If this is true, then for some large
but finite R the plane Couette flow would actually occur if the motion were
set up properly (and if external disturbances were kept small enough),
but some other motion, also having steady average properties, would be the
realized one under other initial circumstances even though the boundary
conditions are the same. A still better indication is provided by the well-
known experiments of Coles on circular Couette flow in which two different
motions (characterized by different combinations of azimuthal and vertical
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wavenumbers and almost certainly having somewhat different mean
properties) were achieved at the same set of boundary conditions. Both
motions were stable under the perturbations present in the experiment, and
the choice between them depended on the method of setting up the flow.
Nature’s selection rule must thus in general be expected to depend on initial
conditions and the like, and cannot be expected to be so simple a thing as a
‘“principle of maximum dissipation,”’ for instance.

On the other hand, there is a wide-spread popular superstition to the
effect that at high enough Reynolds number there 7s a well-defined ‘‘turbu-
lent state’” which essentially always occurs—it is not that there is only one
possible motion under given steady boundary conditions, but that the
motions actually realized, those that do occur and persist, are thought to
have the same mean properties. There is probably something in this, and
it suggests the possibility that a selection principle of a simpler character
might have a sort of asymptotic validity. To show from the Navier-Stokes
equations that this is so (supposing that it ¢s) seems at present rather out of
sight, but perhaps a hypothesis of a particular “principle,” if its conse-
quences could be sufficiently well understood, might be tested (and perhaps
ruled out) by comparison with physical or numerical experiments—indeed,
the observed occurrence of turbulence does rule out the hypothesis of mini-
mum energy dissipation. But to investigate, say, the conjecture that the
observed mean properties of turbulent Couette flow resemble those of the
solutions of the Navier-Stokes equations that maximize F appears to re-
quire that we know not only what Fis but also what the class of competitors
for maximizing it is—all solutions of the flow equations with the given
boundary conditions. Since there is not much hope of describing all such
solutions in a useful form, it will probably be necessary to be satisfied with
less.

As a first step we might ask simply for an existence theorem—is there,
in fact, an upper bound on the values of the functional (| Vv|?) for solutions
of the equation, so that the conjecture at any rate is meaningful? This is
not immediately clear, but it can be demonstrated, and without having to
know much about the set of solutions, by showing that there is an upper
bound for a larger but more simply described class of vector fields. There
evidently is no upper bound for, say, all solenoidal v’s satisfying the bound-
ary conditions (a class that does contain all solutions but also too many
other things), but we can obtain one as follows: let u be a vector field satis-
fying the boundary conditions (and having any needed horizontal averages)
that satisfies Equation (8). From it we can construct a U(z) using (6),
and so get a v and a value for F= (IVv|”), evidently also given by (10) or
(11). Although the continuity equation has been used—for example, in
showing that (8) is a property of solutions of the flow equations—we shall
not for the moment insist on V-u=0. Of course, if R is too small (<=#%/2),
the only u satisfying (8) and the boundary conditions may be 0, but for
larger R there are admissible u’s that give values of F exceeding 1. To see
that nevertheless F is bounded, use (11) and (8) to express F in the form
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(uw)? — R~ Vu [)(uw)

F=1+
T G o o

(Here we assume that (#w)>0 so that F does exceed 1, evidently the
only interesting case, and thus R is supposed to be large enough, say >#2/2.)
Equation (12) expresses F as a homogeneous functional of u, and we may
temporarily forget about the constraint (8)—any u that, on being inserted
in (12), gives a value of F>1 can be multiplied by a suitable constant, ir-
relevant in (12), so as to make (8) hold. For the same reason we may nor-
malize u so that (uw)=1, and rewrite (12) as

1= RK[vul?)
(1 — ww)*)

for any u satisfying the boundary conditions and (uw)=1.

We now call upon the following elementary result:

Lemma 1: If f(z) is continuous, f(+1) =0, and f’ is in Ly(—1, 1), then
2(z) <(1—2°) (f").

Proof:

7@ =( f_Zf’(t)df)2 < f :f”(f)dt- f_i‘“ — 1+ f_:f*-m

and similarly
Jiz) = (fﬁlf’dt)2 <1 - z)Llffﬂdz

F— (13)

Therefore
2f%(z) . [ 1 1 } 1
oLl = z —+_____. Sf I2tdt=2 12
L=t < ) rea =
Since # and w vanish on z= %1, we have
|| < @Rl < (1 — D)@ < 31— )’ + )
<3 = (| vul?)

Thus Iu'wl is certainly less than 1 if z is within a distance 6=<|Vu|’)_1
of either boundary, and so also

(1 — ww)?) 2% {f:+ [1 — (1 + 28]z

1

+ [1—-—0a- z)6—1]’dz} =4/3
&

1—
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(This assumes 8 <1, evidently the only interesting case if F is to be large;
the only way to make F large is to make uw nearly equal to 1 nearly every-
where, and since it is zero at the boundaries this can only be done at the
expense of large gradients; such gradients only begin to become harmful
to F when (| Vu| 2) begins to approach R.) If we use this inequality, equation
(13) gives us
1 — (RO)!
F—1<————=3R1 — (RO)"H(RS)™?
(8/3)

and since no matter what a is, (1—a)a <1/4, we see that for all u satisfying
the boundary conditions and (8), and so in particular for all lows with steady
mean properties, we must have

3R
1$F£1+T (14)

Thus F is indeed bounded for all flows and the question of whether or
not the realized flows dissipate as much energy as the maximum of F over
all flows is at least sensible. Of course we do not know what this maximum
is—Equation (14) simply gives an upper bound on it, and one may well
suspect that since only boundary conditions and the single relation (8)
were used in obtaining (14) this may not be a very close upper bound. It
can be improved by investigating more closely the variational problem lying
behind the estimate just obtained, and perhaps further strengthened by
subjecting the class of competitors to more constraints satisfied by all
flows than those used above. One may hope that even relatively few such
constraints will restrict the competitors sufficiently that the maximum of
F over them is fairly close to the maximum over all flows—certainly this
would be true if an upper bound found this way is nearly reached by experi-
mental values of F. Thus, at least during periods of speculative optimism,
one may regard the study of such variational problems as a contribution to
the search for nature’s asymptotic selection principle, and perhaps hope for a
close relationship between the maximizing solution and the realized flow in
other respects than simply the value of F, such as the mean profile U(z).
Such a viewpoint is essentially the suggestion that a “‘theory of turbulence,”
in almost the same sense that this term might be used in connection with a
model of the statistical type using some kind of closure hypothesis, could
be based on the hypothesis of an asymptotic selection principle of, say,
maximum rate of energy dissipation.

A number of analogies between these two rather different-seeming ap-
proaches can in fact be drawn, and the parallelism between them made to
look remarkably close. However, perhaps the most obvious common feature
of such “turbulence theories” is that they rest on a shaky foundation of
hypothesis—one talks in physical terms, but about quantities that are to
be calculated from a mathematical structure whose relationship to what we
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think is a good model of reality—the Navier-Stokes equations—is only con-
jectured. It seems, to me at least, that ‘‘theories’ in this sense cannot in the
long run be regarded as physically satisfactory, however well they might be
able to predict the values of observed quantities; in addition, some kind of
much more detailed and mechanistic description would appear to be re-
quired for areal understanding of turbulence. Itis perhaps, then, a fortunate
aspect of investigations of the kind we are discussing here that a mood of
speculative optimism is not really required at all times—even if turbulence
is fundamentally incomprehensible, we can at least get upper bounds whose
physical meaning is perfectly clear, and which seem to be not without inter-
est.

An improvement of the upper bound (14) can be obtained by explicitly
solving the variational problem of maximizing the functional (13), with
(uw)=1 and the boundary conditions. This has been carried out by Howard
(1963) in the different but closely related context of thermal convection,
and the relationship between R and the maximum F can be written down
explicitly in terms of elliptic integrals; for large R one finds

9R
F<1+— (15)
32

This asymptotic bound is actually valid for all R, and can be obtained di-
rectly in the following rather simple way: one first shows (as in Howard
1963) that the maximum of (13) is obtained with u=u«(z)(i+k), so that we
have F—1<(1—2RY(u'?))/((1 —u?)?), where (#2)=1 and »(£1)=0. (Itis
immediately apparent from (13) that the optimum u is independent of x
and y and has zero y component; that also #=w follows from a slightly
tricky but simple argument using the Euler equations.) One then applies
the following:

Lemma 2: 1f f(2) is continuous, f(£1)=0, f/ isin Ly(—1, 1), and (f2)=1,
then

4
FUA =% 2 ry

Using this, we have

9
F—1< (1= 2RKf"%) s (f%) = 2R(f"*)(1 — 2R~(f"*))
9R 9R
8 32
Proof of Lemma 2: For any constant 4 and any ¢ in (—1, 1), we have

1 ¢ 1 1 , )
0 s;f_lu — A(1 — s + Ef, (' + A — )
= (f2) + AN — f3)?) — 24[f() — 3/*O)]
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Choose 4 so as to minimize this expression, namely set
A= (@) = PO/A = I

which then gives 0<L{f?)—f2(t)(1—£%(¢)/3)2{(1 —f2)2%)~L. Since {f?)=1 and
f is continuous, there is a value of ¢ in (—1, 1) such that f2(t)=(f2)=1;
choosing this ¢ gives the result asserted in the lemma.

[Remark: it is clear from the derivation that the minimum 4/9 is not
attained; however, it can be arbitrarily approximated, for instance by an f
whose graph is nearly a symmetrical trapezoid based on [—1, 1] having
very steep sides and an altitude just slightly over 1. On the other hand,
the maximum of the functional (13) is actually achieved for any R—it is
only asymptotically the same as (15), when in fact the maximizing function
does resemble the above-mentioned near-trapezoid. ]

In the range where experimental information is available, R~10*
(Reichardt 1959, Busse 1970—note that Busse’s Reynolds number is four
times the one used here), the upper bound (15) is about two orders of magni-
tude above what actually happens. The most obvious way to obtain a better
bound is to subject the class of competitors for maximizing (13) to the
continuity equation V-u=0, whichis notin fact satisfied by the maximizing
solution that leads (asymptotically) to (15). Since V-u=0is a linear homoge-
neous constraint, the equivalence of (13) to the original problem is not upset
thereby, but it is no longer true that the maximizing u has so simple a
form. This problem has been attacked by Busse (1970) in a very interesting
paper. He gives plausibility arguments, but unfortunately no proof (and I
have not found one either), which suggests that the maximum is to be found
among fields independent of %, the coordinate along the mean flow direction.
If we assume that this is correct, the continuity constraint links v and w
alone; if we replace v and w by kv and kw, and « by u/k, where k4= (| Vu|2)/
(| Vo| 24| Vao|?), the functional (13) becomes

1 — 2RY(| Vu || Vo | + | Ve [2)112

(A — uw)?)
which is to be maximized subject to (uw)=1 and v,+w,=0, everything
being independent of x. This problem is then found to be essentially equiva-
lent to the corresponding upper-bound problem for thermal convection
(see below), and Busse was able to take over with little change the results
that had been found previously for that problem by Howard (1963) and
especially in his own remarkable extension thereof (Busse 1969).

If one restricts the competitors for maximizing (16) to functions that
depend on the y coordinate through a single wave number a, setting say
u=U(g)2!? sin ay, v=W'(z)a? 22 cos ay, w= W(g) 22 sin ary (it is easy to
see that # and w should be in phase for the optimal case), the functional
becomes

F—1 (16)
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(1 = 2RHU"? + RUNHa 2 W2 + 2W'? + 2 W2)12)
B (1 — UW)?)

which is to be maximized with (UW)=1, U(+1)=W(+1)=W'(£1)=0.
[Here of course the averages are simply over (—1, 1).] It was this restricted
form of the problem that (in the convection context) was studied by Howard
(1963). The technique employed was to solve the Euler equations for the
variational problem asymptotically for large R, using a ‘“boundary-layer”
approach; of course the wavenumber @ must also be adjusted properly to
maximize F. The problem does not seem to be altogether trivial, and for
details we must here simply refer to the original paper; the result found for
the maximum F among the single wavenumber functions is, translated into
the present notation, F—1 <K R34, where K ~0.15. Since this is claimed only
to be an asymptotic bound, and is obtained only after a somewhat difficult
and not completely rigorous calculation, it is perhaps of interest to give
here a direct estimate that simply and rigorously provides a bound of this
same form with a constant only about 50 percent larger. This can be obtained
with the aid of the following analogue of Lemma 1:

Lemma 3: If f(z) and f'(z) are continuous, and both vanish at 2= +1,
and if f" isin Lo(—1, 1), then

1) < = (1~ 20

F-1

(7

Proof: For zin (—1, 1) let

vy = {400 TIOCD e
U@t NAGE=-) 1>

where 4 (z) = —6f(2)/(1—2%) and b(z) = (z+2)/(1+2)%. Then

0< 1 /@) — ¥(z, 1) ]%at
-1

=2+ 200 — 2 [ 110wt Dt

Now, since ¥(z, £) is continuous in ¢ at =2 we have

[ 50wt =~ [ yout, va

- Ab(z)fzf’dt+ Ab(—2) 1f'au
-1 z
— A@(2) + d(—2))f(2) = 24f2(zx)(1 — 2%)3.

1
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One also finds S ,y2dt =24f%(z) (1 —2%)73, so the original inequality becomes
0<L2(f""2)—24f*(2) (1 —22)~%, which is the result claimed. For any fixed 3
it is possible to construct an admissible f with f*(¢) =y¥(z, ), so the constant
12 is optimal.

By combining Lemmas 1 and 3 we can obtain a result somewhat anal-
ogous to Lemma 2; however, in this case the constant is probably not quite
the best possible—an analogue of the trick used in the proof of Lemma 2
does not seem to be immediately apparent.

Lemma 4: If U and W’ are continuous, U(+1)=W(+1)=W’'(+£1)=0,
(UW)=1, and U’ and W’ are in Ly(—1, 1), then

2 112\1 i i h ~
(1 — Uy U =y > 15( 4) (2 0.4963)

Proof: Since (UW)=1, (U*{W?*)>1 and thus (U2)(W''2)>(w/2)¢,
by a crude estimate. From Lemmas 1 and 3,

| U(z)W(z)| <12-v2(] — 22 U)W /2y
< 2.3—1/2(([/2)1/2(;1/'/2)1/2;2,

where ¢ is either 1—z or 142, the distance from the boundary. Let
$i2= 3/ U'Hy~VH(W''2y~12; from the above rough estimate {12 <(3/4)V2
-(2/w)?*<1. Thus

1 —14 1 1 f1
(1 — oWy >~ +- [ 20— svemnr = s
2J 4 2J 11, 0
Therefore
(1 — UW)EXU VS W 2)14 > (851/18) (3/4) V2212

= (8/15)(3/4).

(Remark: evidently (UW)=1 is stronger than necessary to assure as that
£1<1, but in our application we do have (UW)=1.)

To apply this result to estimate the functional (17) we note first that
since (U?)(W?)>1 we have

(U’Z + a2U2)(a—2W"2 + 2W’2 + a2W2)

> U7+ a0 (a2 + (Z;)

(U2
(U%)

2 (U'2>(Wﬂz)a—2 + a* + 2a<W"2>1/2<U’2)1/2

- (<U’2>112<W”2>112a—1 + a2)2

= (Ut + t + (W) +
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Minimizing this with respect to @, we find that the optimal «a is
(UHR(W"2 /)13, and thus

<U12 + a2U2>1/2<a—-2W"2 + 2Wl2 + a2W2)1/2

(18)
> 3G(U
Using this and Lemma 4 in (17) we get
F—-1<L (1 — 3R—121I3<U’2>113<Wu2>1/3)
15 74\1/4
Wby U2 U 12)1
2(5)
15 74\ 114
=(1- 3R“‘2”3A4’3)'—<—> A
8 \3
Maximizing this with respect to 4, we finally obtain
S /3R\3*
F—1< ;(1—4> (£20.225 R (19)

Where experimental information in the turbulent range is available,
this bound is about one order of magnitude too high; with the value 0.15
R3/* obtained from the numerical results of Howard (1963) it is about a
factor of S over the observations. However, this estimate assumes that only
one horizontal wavenumber is needed for the optimum, a conjecture that
I made in the convection case (Howard 1963). In the summer of 1967
Busse discovered that this conjecture is incorrect, at least for sufficiently
large R; a higher bound, varying like R/ for large R, is obtained with two
wavenumbers allowed, and with N wavenumbers Busse (1969, 1970) found
by asymptotic methods that the exponent is 1—4~¥, The coefficients ob-
tained are such that if the asymptotic results are taken literally at any fixed
finite R then the optimum is given by a certain finite number of wave-
numbers, the number increasing with R—however, it is not certain that this
finiteness is correct, since the results are only asymptotic. In any case, how-
ever, Busse’s results indicate that the true bound implied by the energy
integral and the continuity equation is about ten times the experimental
value where that is available.

The possible advantage of two or more wavenumbers over a single one
is indicated by the following considerations. Suppose we have several wave-
numbers oy, ag, * - - and corresponding velocity fields u;, w;, with 2 (usw;)
=1. A slight modification of the argument leading to (18) gives

(u',n2 + a',2u‘,2)<a‘.—2w,.u2 + 2'10;"2 + a‘,2‘w‘,2)

> 3-27203(u; ) (w3 | waws| )13 (20)
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Now to make F large the denominator ({1—#%w)?) must be made small, so
ww=3Zu;w; must be nearly 1 except close to the boundaries (where it must
approach zero); the sharp rise of #w at the boundaries is limited by the need
to keep (| Vul 2)2 sufficiently less than R that the numerator is not too small.
With only one wavenumber, the relationship between the steepness of the
rise of uw and (|Vu|2) is rather directly obtained using Lemmas 1 and 3,
together with Equation (18). With two wavenumbers the situation is a
little more complicated. If we concentrate on the question of getting uw
up to 1 as rapidly as possible, it appears that a second wavenumber might
well be used to advantage: uew:z can rise more rapidly than u,w: only by
making (u,?)(w,,,?) larger, but the deleterious effect of this on (| Vulz) [cf
Equation (20)] is mitigated if (|#aw.|) is small. Since the normalizing
constraint Z(u;w;)=1 can be satisfied almost entirely by the a; fields, for
instance by choosing them to be nearly the optimal single wavenumber
functions, we presumably can make (| u-:wz| ) small. However, it cannot be
made arbitrarily small, for though it is necessary to make %w; rise rapidly
to almost 1 in order to make ({1 —uw)?) smaller than it would be with the au
fields alone, this is not sufficient; u,;w: must stay fairly large also as one goes
away from the boundary, out to the distance from the wall at which uw;
can take over the job of holding Wi almost at 1. Setting ¢:i= [(4/3)(us2)
- ()] and estimating the various terms roughly, we thus see that it is
possible to make ({1—uw)2)=2(8/15)¢2 (with {2K{1) provided (|u1w1| =1
(or more) and (| u.ws|)=2¢1/3 (or more), and using these with Equation
(20) we may expect a bound for two wavenumbers of the form

15
F—1< [1 — R13. 2033y e s“z"““(%s“l)l'fs)]';fz"l

Maximizing the right-hand side of this with respect to ¢; and ¢ leads to

10 3R\ 16/18
P
13 62

While this has not been obtained rigorously, a true bound with this
exponent and a somewhat larger coefficient can be obtained (for the two-
wavenumber case) by handling the above rough estimates more carefully;
similar considerations give bounds with the exponents 1~47 found by
Busse's asymptotic analysis with N wavenumbers, but it seems to be in-
creasingly difficult, as N increases, to get rigorous values for the coefficients
that are anywhere near as close to Busse's values as we obtained above for
N=1. It seems likely that some different approach is needed to obtain
rigorously a numerically good estimate of the upper bound with the con-
tinuity constraint but without reference to wavenumbers. It is not too
difficult to reduce the bound (15) by a factor of 2 by using the continuity
constraint, but this is still well above Busse’s value.
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The structure of the maximizing fields found by Busse's asymptotic
analysis is very interesting, and while it cannot be fully discussed here, a
couple of aspects should be pointed out. As suggested by the qualitative
considerations just given, for fixed N and large R a set of boundary layers
is found; uw differs significantly from 1 only in the thinnest of these, but
operates with #y—_jwy_1 to produce ww=:1. Similarly, uxy_1wy—_; is important
in both the second- and third-thinnest boundary layers, in the latter of
which uywy has disappeared but #y_;wy—2 appears, and so on until the in-
terior is reached. For any fixed N, as R—= each boundary layer becomes
infinitely thin compared to its successor, but if for a fixed (though large) R
one chooses that N which (according to the asymptotic theory) is optimal
one finds that N—» with R, and in such a way that in fact the thickness
ratio of successive boundary layers does not go to zero with R, but instead
approaches 1/4. This of course casts a certain doubt on the use of the asymp-
totic results in this way, but Busse makes a fairly convincing case for the
assertion that nevertheless the results are essentially correct. Although
the momentum transport of the maximizing solution is significantly above
that observed, nevertheless several features of this solution have a striking
similarity with the corresponding things in the real flow—a most notable
one is that the mean profile in the interior for the maximizing solution has a
slope that is not zero but one-quarter that of the laminar plane Couette
flow. While this is at variance with popular idcas about what turbulent flow
“ought” to be like, Reichardt’s experiments seem to agree remarkably well
with it.

PorseviLLE FrLow

We turn now to a brief consideration of two-dimensional Poiseuille flow
and axisymmetric pipe flow. If such flows are regarded as being driven by a
fixed pressure gradient or body force, the enhanced friction produced by
turbulence leads to a decreased mean flow or equivalently to a decreased
rate of viscous dissipation, and the analogue of the variational problem for
Couette flow is here to minimize the dissipation among the solutions of the
equations and boundary conditions (or among such larger classes of functions
as may be more convenient). The apparent difference comes only from trans-
ferring the driving inhomogeneity from the boundary conditions to the
equations, and to state the problem in terms of maximization of the dissi-
pation it is only necessary to fix, say, the mean flux through the channel or
pipe instead of the pressure gradient. We may ask: among all flows with
steady mean properties through a pipe (or channel) that carries a given total
flux, is there an upper limit to the rate of viscous dissipation, and if so can we
estimate it? As with Couette flow, the stability estimate given by the energy
method shows that at sufficiently low Reynolds number (based on the flux
through the pipe) the laminar Poiseuille flow is the only possibility, and
gives the maximum (and minimum) flow resistance. Again it is unlikely
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that a universal principle of maximum dissipation for given flux (or minimum
dissipation for given pressure gradient) can be tenable as a rule for selecting
flows, when more than one solution exists (at high enough Reynolds number),
though it is possible that this or some equally simple rule might have an
asymptotic validity. Still, it is of interest to have an upper bound on the
flow resistance and we shall now describe the formulation of the problem
of obtaining such a bound by enlarging the class of flows to functions satis-
fying the boundary conditions, the energy integral relation, and (possibly)
the continuity equation. For definiteness we consider the case of pipe flow
(channel flow is almost the same; while slightly simpler, it is perhaps of
somewhat less direct physical interest).

We consider an infinite pipe of radius a along the x axis through which
the fluid is flowing under a mean overall pressure gradient (or body force)
AP/Ax. If we use a as length scale, »/a as velocity scale, a?/v as time scale,
and pv?/a? as pressure scale, the dimensionless momentum equation becomes

vi+ v Vv 4 Vp =id 4+ Vv (21)

where

Using cylindrical coordinates 7, 8, x and denoting averages over a cylinder
r=constant by the overbar, and averages over the pipe by ( ), we assume
that v=u(r)i, and write v=v+4u. The mean flow equation is then found to be
au 1
— =ruw — — Ar? (22)
dr 2

where # and » are the axial and radial components of u. The energy integral
is

AU = (| v |y = (| val?) 4+ (U (1))
or, in view of (22) and (#2)=2f¢!rrdr=1/2,

2

\ A
AW) = vl + @@ — A + (23)

From (22) we find by averaging over the pipe that

A al/ 1 1
(ruw) — — =(r-- =2f r2----—dr=-4f rUdr = — 2(U)
4 dr 0 dr 0

or

A
5~ (U) = ruw) (24)
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The conventional Reynolds number for pipe flow is R=2a[(U)/a]/v=2(U),
and in place of 4 we may introduce the ‘“friction factor”

_4a AP ((U)»_)z 164

b Ax R

p Ax a

Our problem may now be stated as follows: for given (U) (or R), find
an upper bound on 4 (or f) among all u consistent with (23), (24), and the
boundary condition u=0 on =1 (and possibly also restricted by V-u=0).
To put this problem into a homogeneous form we note that from (23) and
(24) 4(U)(ruw)—(| Vulz)— (ww?)= —2(ruw)?, and so since (ww?)—2{ruw)?
=((Wu—2r(ruw))2), ’

A/8(UY — 1 = 2{ruw)[(ruw) — (| Vu|2)/4(U))/{G@w — 2r{ruw))?)
Thus

_A_ 1= 2(ruw)[(ruw) — (| vu [2)/4{0)]

If 4 is maximized for fixed (U) by maximizing the right-hand side of this for
all u satisfying the boundary conditions, then from the homogeneous form
of (26) we see that u can always be normalized so as to satisfy (24); likewise
we may if we wish temporarily normalize u so that, say, (ruw)=1/2, thereby
putting the problem in the form:
Maximize f for fixed R and (ruw)=1/2, where
— —1 2

/R _t1—kX|vaf) @

64 2 {(r — ww)?)

The close similarity with the form (13) for Couette flow is apparent.
Incidentally, for any admissible field u in the original problem, Equation (25)
shows that the right-hand side of (27) is nonnegative, so, as expected, f
cannot be less than the laminar value 64/R;
interested in obtaining a bound from above. The required analogue of Lemma
2 for the present case is that ¢'2)({(r—¢?)2>16/9 (if ¢(1) =0 and (n?)=1/2),
and this leads to the bound

(26)

64 9
fezty (28)

Results equivalent to this were given by Busse (1968). The friction factor
for real turbulent flow in smooth pipes continually decreases as R increases,
apparently toward zero, so (28) is not a particularly good upper bound.
Busse has also attacked this problem and the two-dimensional one (Busse
1970) with the additional constraint V-u=0, using the same type of multiple
boundary-layer technique as in the Couette case, again assuming that the
maximum is attained for functions independent of x. With a single wave-
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number (in the azimuthal direction) he obtains a bound for the friction
factor that decreases like R~*/%, the same exponent that appears in the Blasius
formula, though the coefficient is about four times larger. When many
wavenumbers are allowed, however, the asymptotic form is f<constant,
the same form as (28) though the constant is about eight times smaller,
Note that for flow in rough pipes the friction factor does seem to approach
a constant, depending on the roughness (but ordinarily well below the above
value), as R— .

TuerMAL CONVECTION

The sort of investigation we have been discussing was actually first
undertaken with thermal convection in mind, rather than shear flow, though
as mentioned above the relationship between the two is closer than one
might think offhand. My own interest in these problems was stimulated by
certain aspects of Malkus’ early work on turbulent convection (see Howard
1963). Malkus had suggested maximum heat transport, here equivalent to
maximum viscous dissipation, as a sort of selection principle within the

framework of the mathematical model he was trying to develop, and evi-

dently had it in mind as a possibility in a more general context. In trying to
give a mathematically clearer formulation of this I was led to emphasize
the upper-bound aspect and leave aside the question of ‘‘selection principles,”
as well as other ideas suggested by Malkus; this does not of course neces-
sarily get one nearer to the essentials of the physics. Indeed, while I feel
that the upper-bound studies that have arisen from Malkus’ suggestions
about heat transport have an interesting and useful contribution to make to
the study of turbulence, it seems to me that some of the other ideas he
presented at that time may well turn out to be of greater significance for
the development of a physically satisfactory picture of turbulent flow. In
particular, his emphasis on the stability properties of the mean flow as
significant in fully developed turbulence, and not merely relevant to transi-
tion, seems important; the fundamental role of bursts in maintaining the
turbulence has of course been recognized only relatively recently but it
does seem increasingly clear that the turbulent motions are rather well
described for a large fraction of the time by the Orr-Sommerfeld equation.
Exploitation of this in conjunction with a better understanding of bursts
looks like one of the most promising approaches to a better physical picture.

Upper-bound studies in convection have been directed almost entirely
at the “Bénard problem’: a horizontal layer of fluid, mathematically mod-
eled with the Boussinesq equations, is driven by a fixed temperature differ-
ence (hotter on the bottom) applied across the boundaries. The ‘“mean flow”’
equation gives here an expression for the mean temperature gradient in
terms of the “turbulent” (deviations from the mean) quantities, which in
dimensionless form is

ar

=14 (wd) — wb (29)
dz
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Here the flow domain is taken to be 0 £z <1, the temperature scale is that
of the applied temperature difference AT, and the velocity u (of which w is
the vertical component) isscaled with k/d, the ratio of the thermal diffusivity
to the dimensional layer thickness; the total temperature field is the (hori-
zontal) mean T'(z) plus 6. In this problem there are two ‘“‘energy integrals,”
obtained from the momentum and temperature equations, which can be
put in the form

R(wb) = (| vu|?) (30)
(wh) = ((wh — (wB)?) + (| V8] (31)

R is here the Rayleigh number agATd3/(kv), a being the expansion coefficient
and g the gravitational acceleration. The mean heat flux is measured, rela-
tive to that due to conduction alone, by the Nusselt number N, which is
the value of the dimensionless temperature gradient at the boundaries:
N=1+4(w8) [sec Equation (29)]. In view of (30) a maximum of N for fixed
R corresponds to maximum viscous dissipation. Although we have here the
two integral relations, there are also now both velocity and temperature
fields and it is possible to put the problem of maximizing N into a homogene-
ous form in which no separate integral constraints have to be considered.
Indeed if u and 6 satisfy (30) and (31) and if N—1 is defined as (wf), we
have (assuming (w8)>0)
_ 2
N1 = ) = o) VO
((wb — (wd))?)

_ (w8)2 — R vu|5| vo[?)
(b — (wb))?)

The functional on the right here is homogeneous in both u and 6, and
it is not difficult to see that any trial functions u and 6 that on being inserted
in this functional give a positive value (and have (wf)>0; in any case
(wh)70 for the functional to be well defined, and by reversing the sign of
if necessary one may then assume (wf)>>0) can be renormalized so that (30)
and (31) are satisfied. Thus we may ignore the integral relations and simply
ask for the maximum of this homogeneous functional; or to simplify its
form slightly we may temporarily normalize so that (wf)=1 and ask for
the maximum of

1 — (| wulex| vl
(1 — wb)?)

with (w@)=1, the boundary conditions, and if desired V-u=0 as constraints.
The close similarity with the Couette-flow problem is here apparent. Of
course if R is small enough, there are no fields with (wf)=1 that make
$>0, and in fact the largest R for which this is true (with V-u=0) is the

Flu, 0} = (32)
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energy-method estimate for the minimum critical Rayleigh number. (In
the present case the energy method gives the exact value R,=21708.)

If the constraint V-u=0 is neglected, it is apparent from (32) that the
optimum has u=w(z)k and §=0(z); one can also show that in this case the
optimum may be assumed to have w(z) =6(z), and an application of Lemma
2 (slightly modified for the interval (0, 1) instead of (—1, 1)—4/9 becomes

16/9) leads to the bound
3R 1/2
N—-1Z <—> (33)
64

This bound is in fact the asymptotic form of the exact solution of the maxi-
mum problem (without V-u=0) obtained by Howard (1963).

With the continuity equation included as a constraint but assuming that
there is only a single horizontal wavenumber, we apply Lemma 4 [modified
for the interval (0, 1)] to give the result

5.91/2 /3R \3/8
N-1%< < > (34)

=22 \11

The coefficient here is about 1.56 times that obtained by a boundary-layer
calculation for this problem (Howard 1963).

As mentioned above, however, Busse found that at least for large enough
R the assumption that the optimum is obtained with a single horizontal
wavenumber is incorrect. It was in his attack on the problem with several
wavenumbers that he developed the multiple-boundary-layer techniques
that were subsequently applied to Couette and Poiseuille flow. For the
convection problem the asymptotic bound with # wavenumbers has the
exponent (1—4—")/2, and an overall bound of (R/1035)'/2, which is about
1/7 of the value (33).

Where comparison with experiment is possible, Busse's bounds are some-
what less than a factor of 10 above the heat transport that actually occurs,
and (given a little good will) it is possible to find considerable similarities
between mean properties of the optimal solutions and those of real convec-
tion. Nevertheless, it would of course be desirable to find bounds still closer
to the observed heat transports; in particular, the experimental data are
fairly well described for large R by N=0.1 R!3, and since there are fairly
good heuristic reasons for expecting that N should vary as R/ as R— o
one would hope to be able to obtain a bound with this exponent. This evi-
dently cannot be done by using only the two ‘“energy integrals’’ and the
continuity equation as constraints: if a bound KRY/3 exists, it can only be
obtained by using more consequences of the full equations to further re-
strict a class of competitors.

This does not seem to be very easy to do, but a quite interesting step in
this direction has been taken recently by Chan (1971). The dimensionless
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Boussinesq equations contain two dimensionless parameters—the Rayleigh
number and also the Prandtl number o=yp/k. If in these equations we let
g— 0, the momentum equation becomes linear and not explicitly dependent
on time (one may think of 6—® as being y—®, so that the hydrodynamics
becomes the Stokes equation of slow viscous flow, but the heat transport
remains nonlinear). The relative simplicity of the momentum equation in
this case suggests the possibility of using the “energy integral”’ obtained
from the heat equation as before, but retaining the full momentum equation
(as well as the continuity equation) as constraints for the variational
problem, which will give an upper bound. This problem was attacked by
Chan, using the multiple-boundary-layer techniques of Busse. His results
give asymptotic bounds with # wavenumbers that vary as [RU/3(logR)?/2]4—10™™),
and an overall bound, when # is chosen optimally for a given R, of 0.152 RY3,
This bound is very comfortingly close to the observations, both with regard
to the coefficient and the exponent, and Chan also finds very satisfactory
agreement of both the mean temperature profile and the rms temperature
deviations (6%)/% of his optimal solution with the corresponding mean quan-
tities, as observed experimentally. Of course experiments are not done with
fluids of infinite Prandtl number, so the precise status of this type of “bound”
is still uncertain. It would also be most desirable to have a directly obtained
and rigorous bound for this problem of the form N—1<KR!'/* [analogous
to the bound (33) for the pure “energy-integral”’ problem] even with a poor
value for K, to reduce any lingering doubts about the validity of the rather
complicated boundary-layer solution. Such a rigorous estimate has not yet
been found. On the whole, however, Chan’s results seem to suggest rather
strongly that real turbulent convection, at least for high Prandtl number,
does come pretty close to maximizing the heat transport among the possible
motions, and that fairly good estimates of heat transport can be obtained
from relatively tractable variational problems.

OTHER PROBLEMS

All the cases discussed above are characterized by a fairly high degree of
spatial homogeneity, and this no doubt plays a role in making the variational
problems more or less tractable, but the general ideas we have been consid-
ering are certainly applicable to many other kinds of flow, at least some of
which should be accessible. Recent and imminent papers deal with upper-
bound results for cylindrical Couette flow (Nickerson 1969), thermohaline
convection (Lindberg 1971), and convection in a porous medium (Busse &
Joseph 1972). There would seem to be possibilities of obtaining useful results
for parallel shear flow or thermal convection in the presence of magnetic fields,
and perhaps for some types of electroconvection. Nothing much seems to
have been attempted along these lines for compressible fluids. Can one obtain
an upper bound for the drag on a sphere that is moved at constant speed
through an infinite viscous incompressible fluid? Many interesting questions
like this can be raised, but probably one cannot say that the cases studied so
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far have yet provided anything like a general method for answering them.
In addition to the need for other specific examples from which to try to
induce a more general approach, the following three aspects would seem to
be worthy of further study: (a) Can Busse’s multiple-boundary-layer meth-
ods be put on a mathematically firmer foundation? (b) Can more comprehen-
sive direct methods, fragmentary examples of which are given by the lemmas
in this article, be developed? (c) Can variational problems of the kind dis-
cussed here, which apparently have a rather complex boundary-layer struc-
ture, bc understood well enough in general terms to permit the development
of effective numerical methods for their solution?
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