
Exact results in gauge theories 

Elli Pomoni

Athens, 22 December 2017

ΗΜΕΡΙΔΑ ΠΡΟΣ ΤΙΜΗΝ ΤΟΥ ΦΩΚΙΩΝΑ ΧΑΤΖΗΙΩΑΝΝΟΥ 



2



3



Gauge theories
U(N) or SU(N) gauge group 
gauge bosons force carriers: 

Matter fields (quarks and leptons):  

Feynman: how to calculate a process perturbatively: 
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A big open problem
Confinement:   

Quarks cannot be isolated in 
Nature, and cannot be directly 

observed.

2000px-Quark_structure_proton.svg.png (PNG Image, 2000 ... http://upload.wikimedia.org/wikipedia/commons/thumb/9/92...
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Find an analytic proof that  
quantum chromodynamics (QCD) should be confining.

breaking.png (PNG Image, 418 × 487 pixels) http://webarchiv.fz-juelich.de/nic/Publikationen/Broschuere/...
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Emmy Noether
Symmetry        Conservation law

Use the Symmetry to solve the problem.

The more symmetry the easier it 
is to solve the problem.

noether8.jpg (JPEG Image, 510 × 600 pixels) http://www.mathematik.uni-wuerzburg.de/Noether/noether8.jpg

1 of 1 02/10/14 15:02Gauge theories are very hard to understand: 
Let’s add Supersymmetry.
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Supersymmetric Gauge theories in 4D

Less susy more
realistic

More susy easier 
to calculate

The real world
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No matter fields are allowed! Only “gluons”! 
Conformal: λ ≠ λ(E) !
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The success story

Exact results for many observables 

AdS/CFT correspondence
Integrability
Localization
4D/2D relations

due to:
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AdS/CFT correspondence

The 4D    N=4   SYM: 10D critical string theory on

A relation: Gravity theories in d+1 and gauge theories d-dimensions.

Holographic models: strong coupling regime 
Geometric description of:
• Confinement 
• Chiral symmetry breaking

�N=2 (g) = �N=4 (g)

AdS5 ⇥ S5
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Effective tension

Orbifolds of N = 4 SYM are well known [Kachru, Silverstein, 1998],
[Lawrence, Nekrasov, Vafa, 1998]

Âr�1 quiver gauge theories are dual to AdS5 ⇥ S
5/Zr

Vladimir Mitev 18th July 2014 7 / 38

Use weakly coupled gravity: strongly coupled gauge theory.
A duality:  

[’t Hooft 1993 Susskind 1995]

• Ultrahot QuarkQluonPlasma/ Ultracold atoms 
• Applications of Condensed matter systems

[Maldacena 1998]
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Integrability

• Perturbation theory: mapped to an integrable spin chain 

• Strong coupling: integrable 2D theory on the string world-sheet

Powerful integrability toolkit

• The spectral problem is solved exactly: for any coupling

Integrability now is applied to other observables.

arxiv:1012.3982, AEI-2010-175
CERN-PH-TH/2010-306, HU-EP-10/87
HU-MATH-2010-22, kcl-mth-10-10

UMTG-270, UUITP-41/10

Review of AdS/CFT Integrability:
An Overview

Niklas Beisert†,1, Changrim Ahn2, Luis F. Alday3,4, Zoltán Bajnok5,
James M. Drummond6,7, Lisa Freyhult8, Nikolay Gromov9,10,
Romuald A. Janik11, Vladimir Kazakov12,13, Thomas Klose8,14,
Gregory P. Korchemsky15, Charlotte Kristjansen16, Marc Magro17,1,
Tristan McLoughlin1, Joseph A. Minahan8, Rafael I. Nepomechie18,
Adam Rej19, Radu Roiban20, Sakura Schäfer-Nameki9,21,
Christoph Sieg22,23, Matthias Staudacher22,1, Alessandro Torrielli24,25,
Arkady A. Tseytlin19, Pedro Vieira26, Dmytro Volin20 and
Konstantinos Zoubos16

†corresponding author, e-mail address: nbeisert@aei.mpg.de

c� 2010 Niklas Beisert~

Abstract: This is the introductory chapter of a review collection on integrability in
the context of the AdS/CFT correspondence. In the collection we present an overview
of the achievements and the status of this subject as of the year 2010.
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N=4     SYM is integrable in the planar limit for any coupling
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Localization

The path integral localizes to an ordinary integral
(Cancelations due to supersymmetry)

We can do an ordinary integral. 
Compute the path integral exactly. 

For any value of the coupling constant. 

[Pestun 2007]

Example of exact observable:

Pestun Localization:
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logZHol(a) ⇠ �r2F(a)

• The UV divergences on the sphere are the same as those on
R4.

The circular wilson loop can be computed
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Z
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2

g2
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and is given by a matrix model calculation.
Elli Pomoni Integrability and Exact E↵ective Couplings
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4D/2D relations
6D MSCFT on M4 x C2

4D theory on M4 2D theory on C2
4D/2D 

relation

4D N=4 SYM: 6D MSCFT on T2 (EM duality = modular transformations)

4D N=2 class: 6D MSCFT on Riemann surface Cg,n

4D partition functions = 2D CFT correlators

4D SC Index = 2D TFT correlators

[Gaiotto 2009]

[Alday,Gaiotto,Tachikawa 2009]

[Gadde,EP,Rastelli,Razamat 2009]
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Any N=2     superconformal gauge theory  
has a closed purely gluonic sector
that is integrable in the planar limit.

Relative finite renormalization:

Observable in this sector is obtained  
from its    N=4  counterpart by replacing:

Novel regularization

Regularization prescription for N = 2 theories
Subtract from a given N = 2 diagram the
N = 4 diagram with the same external states

Diagrams different from the N = 4 ones) make hypermultiplet
loops and then let fields from the other vector multiplets propagate
inside

[Pomoni, Sieg, 2011], [Pomoni, 2013]

Vladimir Mitev 18th July 2014 14 / 38

[EP 2013]
[Mitev, EP 2014 + 2015]
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CERN-PH-TH/2010-306, HU-EP-10/87
HU-MATH-2010-22, kcl-mth-10-10

UMTG-270, UUITP-41/10

Review of AdS/CFT Integrability:
An Overview

Niklas Beisert†,1, Changrim Ahn2, Luis F. Alday3,4, Zoltán Bajnok5,
James M. Drummond6,7, Lisa Freyhult8, Nikolay Gromov9,10,
Romuald A. Janik11, Vladimir Kazakov12,13, Thomas Klose8,14,
Gregory P. Korchemsky15, Charlotte Kristjansen16, Marc Magro17,1,
Tristan McLoughlin1, Joseph A. Minahan8, Rafael I. Nepomechie18,
Adam Rej19, Radu Roiban20, Sakura Schäfer-Nameki9,21,
Christoph Sieg22,23, Matthias Staudacher22,1, Alessandro Torrielli24,25,
Arkady A. Tseytlin19, Pedro Vieira26, Dmytro Volin20 and
Konstantinos Zoubos16

†corresponding author, e-mail address: nbeisert@aei.mpg.de

c� 2010 Niklas Beisert~

Abstract: This is the introductory chapter of a review collection on integrability in
the context of the AdS/CFT correspondence. In the collection we present an overview
of the achievements and the status of this subject as of the year 2010.
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Can calculate it with Feynman diagrams

Compute it exactly using localization. 
And check with AdS/CFT.

Similar sector for N=1 theories [Carstensen,EP work in progress]

AdS/CFT integrability beyond N=4 SYM
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We can do even better than usual localization: 
The partition function for a theory with no Lagrangian description. 
Using powerful string theory tools.

Solving a long standing open problem in Mathematical physics: 
3-point functions of 2D Toda CFT

[Bao, Mitev, EP, Taki,Yagi 2013]

[Mitev, EP 2014]

Beyond Localization

[Coman, EP, Teschner to appear]

[Isachenkov, Mitev, EP 2014]
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Developing a method for finding such relations. 

Carving out a 2D CFT
Can we have 4D/2D relations for N=1 theories?

[Coman,EP,Taki,Yagi 2015]

4D partition functions  
=  

2D CFT correlators

  The 2D symmetry algebra and representations 

  Exact results for N=1 instantons 

  Partition functions for N=1 SCFTs

A large class of N=1 theories

[Mitev,EP 2017]

[Bourton, EP 2017]

[work in progress]
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Summary (past and future)

   AdS/CFT and integrability beyond N=4 SYM 

   4D/2D relations  

   Enlarging the list of Exact N=2 observables 

   Exact results for N=1 theories! 

   N=0 ???  (QCD conformal window) 
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N=4 SYM

Real world QCD

Thanks for your 
attention!


