Ynpewwoelg Avaivong I

1. O pnroi apOpoi
* Oempove YVOGTOVG TOVS PLGLKOVG aPLOLLOVG
1,2,3,---

Kot Ti¢ mpdels (mpodcheom - moAramiaciacud)uetald avtdv. Ot puoikol
apBpol elvar emiong dtateTayLéVol e KATOLo GELPE KOt 01 GYEGELS SLATAENG
ONUEIDVETAL e TO GVUPOAN avicHTNTOS > Ko <.

* Méow g mpdcsbeong (otnVv mpootddeio va Avcovpe eEloMGELS TNG LOPPNS
B + x = «) ot puoikoi aptBpol YevikedovTal GTOVG AKEPOIOVG

"7_37_27_17071a2737”' ’

Kot ETETO LEGM TOL TOAAUTAAGLOGHOD (oTNV Tpocmddeia va Avcovpe e&t-
OMOELG TNG LOPONG 5+ T = ) GTOVG PNTOVS TOL YpapovTatl o «/ 3, 6mov «v
kot 3 axépatot (pe S # 0). H didta&n otovg pnrovg opileton og e&ng: Eivan

a 7

J— > —

g0
av

ad > By

(omVv mepintwon mov o pnTodc eivan BeTkdg Bewpove O6TL Kol 0 apOuUNTg
Kol 0 TOPOVOHOTNG tvan BeTikol, evod av etvarl apvntikog Bewpovpue Ot
puévo o aplBunTig —Kot Oyl 0 TOPOVOLUGTIG— Elval apyNTIKOG).

* Ot pntot &govv pia Waitepn Ko Un TpoPavi W10TNTO TOL TOLG EEYWPilet
amd TOVG OKEPOLOVS KOl TOVG PLGIKOVC: HETAED 000 OMOOVONTOTE PN T®OV
VILAPYEL Kot GAAOG pNTOG KO EMOUEVAOS VTTAPYOLV dmelpot pntot. [pdypartt,
av o~

J— > —
g0

Yo K6Be oo v, 0 pnTdg

o+ vy

B+ vd
Bpioketar peta&d towv a/f kot v/6. (Evag GAAog Tpomog var To det ovTog
€lvoll Vo KATaoTNOEL TOL OV0 KAAGIATO OLLMVULLO KO ETUTAEOV VO TOALOTAO-
Gl1loEL 0POUNTEG KO TOPOVOUAGTEG i 2.)
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* Ot pntot, TapdTL TUKVA SATETAYUEVOL, OEV EENVTAOVY OUMS OAOVLE TOV 0p1O-
povc. Maiota petald tov pntodv apldudyv vrdpyel 1epdoTioc aptOpds Ke-
VOV KOl T GLYKEKPIUEVA U aptBunoio TAN00g Kevav. Avto £yve ovTi-
nmto, pdAlov mpota amd Tovg EAAnveg, 6tav kotdiapav 6Tt 1 dtorydviog
€VOG TETPAYMVOV UE TAEVPEG LOVOOLOIOV PUNKOVG OV UTOPEL vau efvart pntog
apOuos. Avtog o aplfuog, Kabdg kot 0Aol ekeivol ot apBpol Tov GLUTAN-
POVOLV TO KEVA HETAED TV PNTAOV, OVOLAGTIKOV Gpp1ToL d10TL OV umopel
va emmBovv (Ba dodpe To Adyo). Avth N Topatipnomn anoteAel pio amd Tig
O OMUOVTIKES AVOKOAVYELS 0TO pofnpotikd kot T Bdon yo ) ddéunon
™G Puotkhg Tov Paciletar og cuveyeic cuvaptioelc'. Ol emmTMOoES AVTNG
™G TANPOONS TOV PNTOV amoTeEAE KevTpiKo BEpa ¢ Avdivong 1.

H omddeién mov oxorovdei yia to dppnto tov /2 amodidetar stovg Mubayo-
pelovg Kot avapEPeTal amd ToV APIGTOTEN, OC YAPUKTNPIOTIKO TOPAOELYLLOL OTTO-
deiEemv 10 NG “mpog ATOmOV amay®YNS”.

Ozopnpa: Agv vrapyer pntog apldpiog pe TeTpaymvo ico pe 2.

Am6d£1En: Agvmodicovpe 6tLo ar/ B glvan pntog aplOuog pe v st a? /3?2 =
2. Ot aképaiot a, 5 pmopolv Tavta, vo, arAomomovy Kot Vo KaTacsTohV, oV opyLkd
dev Ntav, petald Toug TP®TOL, dNANST Vo UV £Yovv GALO KOO dtoupétn ekTdg
o6 1o 1. Zvvendg vrofétovpe 6Tt VIAPYEL PNTOS /3 TéTOl0C Dhote o /3% = 2
KOt Ol @ Kot 3 0ev €0uv Koo d1anp€tn dtdpopo tng povadas. Exovpe Aowrov:

a? — 262 ’
GUVETAG O v, EMELON €XEL APTIO TETPAY®VO, TPEMEL VAL EIVOL Ko 00TOG GPTIOC, ON-
AoodM etvor ¢ = 2m pe m KATO0V aKEPOLO. ZVVETMOG:

ﬁZ — 2m2

Kot 0 § eivon kot avtodg aptiog, onAadn S = 2n. Apa ot « kot 5 €ovv Kowo
Stupén tov 2 avrtifBeta pe ™V apykn vrobeon, OTEP ATOTOV KOl EMOUEVOS M|
vdOeon pog dev evorl duvaTov va, 1oyLEL, 0.£.0.

10 Inndoioc amd to Metamdviov ¢ kétom Itodag tov 50 m.X. odva avopépeTon wg o TPMTOS
mov omédeiée ot 0 /2 givan dppntog aptdpde. O Inrdotog firav MuBaydPELog Kot ovapEpeTon 6Tt
€MELON oVTN 1) amddeEN epyxoTav o avtifeon pe v [TvBayodpeia dSdackolio, Bovatdbnke amd Tovg
IMvBayodpetovg ot omoiot tov EnviEav otn BdAacca. O ITAdtev avagépetl otov gaitnto Tl AKOVGE
Y10l TOVG APPNTOVG 0P1OLOVG ad ToV dAoKOAS Tov ToV ®eddwpo tng Kupnvetlag. O Evkeiong divet
670 6éKaTo PiPAio TV ETotyeimV o EVIUPEPOVGO. KATACKEVOGTIKT amddeEn Tov Bewpnpatog
VTOV KOl AVOQEPEL OTL 1] ATOOEEN 0LTY| “eivar Giyovpa apyoio”.
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2. I poon TV kKevav Tov pntav pe topés Dedekind. Kotaokev) tov npay-
ROTIKOV aprtOpov.

Ag Bempnoovpe tov pntd
7 383 =7+ 8/33 =7.242424242424...

(0ei&te 0TI M TEPLOOUKOTNTO AL TOV TOL OPLOLLOV GLVETAYETOL TN PNTOHTNTA TOL 0P1D-
pov). Xwpilovpe tovg pnrodg o dvo ta&elc. tn taén X avnkovv 6Aot ot pnrtoi

’ , ;o 8 , , , ’ ,
7oL givat pucporspgt 1 {oot tov 753, X tagn ¥ avijkovy 6Aot o1 pnroi mov eivorn
HeYoATEPOL TOV 753 Pntol apiBpoi mov avikovv ot tagn X eiva:

7.2,7.1,...,7.24,7.23,...,7.242,7.241, ... ,7.2424,7.2423, . ..
Pnrot apiBpoi mov avixovv ot téén ¥ etvar:
7.3,7.4,...,7.25,7.26,...,7.243,7.244, ...,7.2425,7.2426, . ..

Me 10V TpOTO 0VTO YWpPicape OAOVG TOVS PNTOVG GE dVO TAEELS. XtV TAEN
(X) eivon 6A01 ot pnroi mov givan pikpodTepoL 1 icot and tov 7 8/33, otnv TGN
(V) eivan 6ot ot pryroi mov giva peyaivtepot and tov 7 8/33. Kabe de pnrog mov
gtval ot 16&n (X) etvan pikpdtepog OA®V twv pntodv ™ tééng (V). Oa Aéue 0Tt
aVTOG 0 YOPICHOG OAOV TOV PNTOV GE OV0 TAEELG TOV Eivol OOTETAYUEVEG £TCL
®ote OAOL 01 pNTol TG TPAOTNG TAENS va. eivar LuKpOTEPOL Amd OAOVG TOVG PNTOVS
g 0evTEPNS TAENG amoteAet pia topn Tov Dedekind (1872). Tompa, o€ kébe Toun
Dedekind 1o cOpporo (X,V) avtictoyel og £va amo ta akoOAovba:

* TOV peyaAvTEPO ap1Oud ™ tééng (X), o omoiog ko avikel oty TN (X),
omote 0 (X,V) etvon pntoc.

* 1OV LKpOTEPO 0p1BUd TG Taéng (V), o omoiog Ko avikel oty téén (W),
omdte o (X, V) eivan kon wét pnToc. 2

* 670 véo appd (X,¥) mov eivon peyalvtepog AV Tv pntedv g (X) kot
UKpoTEPog OA®V TG (V), OTOV OV LIAPYEL LEYOADTEPOG OPIOUOC OTNV TAEN
(X) obte pkpdtepog otnv 1aEN (V). Avtdg o véog apBudg Aéyetat dppnroc.

ZEivan avepd 6Tt dev umopsi vo vapyst optdpdc T mov va sival peyoddtepog 6Amv g (X)
kot va avikel oty (X)) Kot GAAOG aptBpuds A oo va ivar pikpotepog O @V g (V) kot vo aviKel
omv (¥), d1dét t6te 0 prTog (T + ) /2 mov PBpioketon peta&d Toug dev givar odte ot 16N (X),
ovte oty (P), omdte Ba vINPyYe PNTOS EKTOC TV dV0 TAEE®V, TOV dgV tval duvaTov doTL €&’
vroBéoemg ot (X) kot (P) e£avtiovv 6Aovg Tovg pnTodc.



Ymv mepintowon g Toung (X,¥) tov mapadeiypatog, n toun eival o pntog
7 8/33 mov givan 0 peyakvutepog g Taéng (X ). Ohot ot pntoi pmopodv va opiohodv
pe avto tov tpomo. H evdiapépovoa mepintmon elvan Opwe n tpitn nepintwon 6tav
dev vdpyet peyardtepog pntog oy (X) ovte pikpodtepog oty (V).

Oecwpnote v taEN (X) mov amotedeiton amd OAOVG TOLG PNTOVG T YL TOVG
omoiovg eivar 22 < 2 ko v 16N (¥) mov amotekeiton and dGAOVE TOVG PNTOVG T
110 Tovg omoiovg etvor 22 > 2. Avtég o1 dvo TéEeig eavtiody Tovg pnTovg S0t
€xovpe Ogi&etl 0TL Oev vITdpyeL prTOG OV Va £xel TeETpywvo 2. Kabe pntog g (X)
elvar pikpotepog and kabe pnto g (V). Eniong dev vdpyet pntdg mov va ivor o
peyardtepog g (X) kot opoimg dev vdpyet pntodg mov va eivor pkpdTEPOS TG
(1).2 H topn (X, ) opilet Tov dppnro v/2.

O)ot o1 apBuoi Tov poxvTovy pe topég Dedekind , o1 pntoi (mov avikovv
ot XopnAn 1 otnv YnAn téén) kot ot dppnrtot (mov dev avikovy ot XopunAn M
omv YA t4&n), Aéyovtan mpaypatikoi aptBpoi. Ot tpaypatikoi apBpol kinpo-
vopoUV Tig TPAEeLg Tov £yovpe opicel 6Tovg pNTovs Kabds Kot ™ dtdtaln. Exovv
OUMOG TANPOTNTA KO TO “KEVE” TTOL EVTOTIGAUE GTOVS PpNTovS e€adeipovTtal TAN-
poc. IT.y. peta&d dvo pntodv vdpyel Tavto dppnToc aplduog, Kot LETa&d ovo ap-
PRtV VILdpPYEL TAVTO PNTOC (ATOOEIE apyOTEPX). AVTO OTOTLTIMVETOL GTO BOCTIKO
a&lopo TG TANPOTNTOS TOV TPAYLATIKOV aplBumv. Me to a&iopo Befordvetat 6Tt
OAeg oL TOUEG pPNTAOV aplBumv opilovv TpaypaTikovg aptdpode.

A&iopa Dedekind

Av pe omolovonmote TpOTO OA0L Ol Tpaypatikoi apliuol ywpiobovv ce dVo
ta&erg (X) ko (V) étor dote kdbe apBuog oty (X) va etvon pukpotepog amd kaoe
apBuo g taéng (V), tote VILAPYEL VOGS KO HOVAOIKOS TPy LaTIKOS aptBpog &
TETO10G MOTE KAOE aplBpog pikpodTePOS ToL € va avikel oty téén (X) kon kabe
peyoAvtepog va avikel ot taén (P). O apBudg £ Ba avnker ot 16én (X) i
ot té&n (V). Av avikel ot téén (X) Ba etvan o peyardtepog apBuodg avtg g
TéENG, evod av avnkel oty (V) Ba eivar o pukpotepog g (V).

3. Ave KO KATO QPAYRO GOVOL®V TPOYROTIKOV aplOp@v. Ocdpnpa Tne TAn-
POTNTUC. AVOTEPO KUL KATATEPO TEPOS.

Oewpnote ToVg €ENG apBpove:
A. Ohot o1 mpdTOL 0p1BpLof.

B. Ot pnroi x mov wkavorowovv 1 < x < 2.

3ATLav o/ B etvar o peyodtepog pntog g téEng (X) o (a + 28)/(a + B) > o/ (Seitte
TO) KOl TO TETPAY®VO TOL gival LikpdTEPO TOL 2 (8ei&Te T0) KO CLUVETDS avnkel oty Ta&n (X),
omep Gromov. H avtictoyn xotackevn (2a + £)/(a + B8) woyvet kot ywa ) taén ().



I Ovmpaypatikol x wov woavomolovv t oyéon 1 < x < 2.
A. Ot mpaypatikol  mov kavomolovv ) oyéon 1 < x < 2.

O\o. avté o sUVOAe £yovy dmelpo TABog oTotyeimy.

Yty mepintwon (A) dev vrdpyet apBpds M mov givar peyadhtepog OA®V TV
otoyyeimv Tov cuvorov. Xtig meputtacels (B), (1), (A) vrdpyovv apBpoi mov givon
UEYOADTEPOL OA®V T®V CTOLYEI®V TV GLVOA®V, T.Y. 0 2 KOl OTOLOCONTOTE LEYOL-
A0TEPOG TOL, Kot aplfpol Tov etvar kpdTEPOL OAMV TV GTOLXEIMV T®V GLVOA®YV,
m.x. 0 1 ko 6Ahot ot pkpoTEPOL TOV.

Av vrdpyer apOuodg M tétoog dote z < M yuwo kdBe x Tov GLVOLOL, 0 M
OVOUALETOL AVATEPO PPAYLLOL TOV GLVOLOL KOl TO GUVOAO KOAEITOL PPOYLLEVO AV®-
Bev (opoimg Yo 10 Katdtepo epdyua). Av To chvoro gival ppayuévo kat dvmbev
Kol kKatwbev ovopdleton ppayuévo. Ta aovora (B),(I),(A) elvar ppaypéva.

Ao mopadeiypato: o to cuvoro aptBudv g axoiovdiog
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() =1,5,

avaTEPQ PPAYHOTO gival 1 povada Kot Kabe aptBpuog peyaddbtepog g Hovadag.
['a 10 cVuvoro TV aplBumv ™ akoAovbiog

11 1 ] 1 1 1 1 1

() =1, Tyttt bty TR Ty

KOTOTEPO EPAYHOTO Elval 1 povdda kot kabe aplOudg KpOTEPOS TG LOVADIGS.
(EAéyEte av vdpyovv avdTEPL OPAYLLOTOA.)

To avadtepa @paypaTo Tov () oynuatifovy 10 GHVOLO TOV AVOTEP®Y GPLYLLL-
tov. To cuvoro avtd £xet eddyioto Tov apBud 1. O eldyiotog apBuds TV ovem-
TEPOV PPAYUATOV AEYETOL avaTeEPO TEPAS N supremum. To, KOTOTEPA PPAYLOTO
™ (5) oynuatilovv T0 GHVOAO TOV KATOTEP®V QPAYLATOV. To GhOVOAD avTd £XEL
puéyioto tov apud 1. O péyiotog apBpdc TV KOTOTEPOV PPAYLATOV AEYETOL
KOTOTEPO TEPOC N Infimum.

4H an6de1&n 611 o1 pdTot ap1poi siva dmetpot, amddeién mov opsilovpe otov Evkheidn, Oso-
peiton amd TG oNUAVTIKOTEPES OmOdEIEELS (EVIEADG SLOPOPETIKOD TOTOV ATOOEEN amd QLTI TOV
GUVOVTNCOLLE TAPATAVO) KAt TNV TapafETovpe OTmg pog Ty mapédwoe o Evkieidng:
‘Eotw 2, 3,5, ..., 6hot ot tpmdrot apdpoi. O apBpog

p=2-3-57-v+1

g0KoAa pmopovpe va dei&ovpe 4Tt dev drapeitar amd KovEvay omo Tovg 2,3, 5, . . ., V. ZUVETDG O 14
glvat Kot 0vtdg TPMTOG M dtopeitat amd KATOLo TPMOTO OV £ivort LETAED v Kat pi. L KAOE mepintwon
VIAPYEL TPATOG OPLOLOG TOV EIVOL PEYOAVTEPOG GO TOV I/, KOL GUVERMG 1| TPOTACT OTL VILAPYEL
peyaAdtePOg TPAOTOG dev aANndeveL. uvendc ol TpdTot aplfpoi dev Eyovv nenepacévo mAnBog.



Oa amodeifovpe 0TI GLVOAN TPOUYUOTIK®V TOV gival Avmbev epayuéva £xovv
AVATEPO TEPAG Kol GOVOLD KAT®OEV @paypéva £xovv Katdtepo mépag. H vmdpén
supremum 1 sup ko infimum 7 inf g avTéC TIg TEPTMOGELS Elvat TO TEPLEYOUEVO
TOV €MOpEVOL BemPNUATOG.

‘Eocto X kdmowo dvwbev @paypévo cuvoro mpaypatikav oplumy. @ cuppo-

MCovpe pe X’ T0 6HVOLO TOV OVATEPOV PPUYLATOV TOV.
Ozopnpa e tAnpoTTeS: 'Eva dvobev gpaypévo chvoro X Exel avadTepo TEPOG
ONAadN 6TO GHVOAD TV OVATEP®V PPAYLATOV X VIAPYEL TAVTO EAAYIOTOG Op1-
pog &, . vrdpyetl Kamorog apBpds € movu (i) avrkel oto X7 Kot (il) dev vapyet
apBuog Tov X mov va givon pkpdtepog tov £ (to (1) eacpaiilet o6t eivan dvo
epaypo Kot to (i1) 6Tt elvan To puKpoTEPO AT QLTE).

] v

R S —

\0
~

‘i\

N
S

&

Yymua 1: H 8éon tov 0109popmv TaEemv, oToyEimV KAT TOv ovapEPOVTOL GTNV
anddeln. Ilpocoyn o ap1Buog & pumopel var aviKeL 1] v unv oviKeL 6To . AvijKel
ouwg otnv 1aén .

And6oeitn: Xwpilovpe 6Aovg Tovg Tparypatikohs aptBpovg oe dvo théets. H téén
U eprhapfavel OAa o dvo epaypota tov cuvorov X (n taén ¥ eivarl to chvoro
2. Zmy tdEn X avikovv 6A0t o1 VTOAOUTOL TPy LATIKOT 0p1Ool.

O ap19uo¢ = Katatdooetal ot TaEN W av elval peyaAdtepog 1 icog amo OAa To
otolyeia Tov X, Aadn x > o yw ke otoryeio o mov avikel 1o 1. O apOudc
T KOTOTAoGETOL 0T TAEN X oV LVITapyeL otoyeio o Tov X mov glvar PeyoAVTEPO
TOV &, SNANOY 0 > X Y10 KATO10 6Totyeio Tov 2.

Ta covora X ko W dev givar kevd. To W dev givon kevd 10Tt €€’ vmobécemg
gtval ppaypévo avmbev, ondte Kabe avdtepo ppayua tov avikel oto V. To X dev
glvarl Kevo 010TL av TO o lval KATOo10 oTotyElo Tov X T0TE T0 & = 0 — 1 B aviKeL
o610 X.

KéBe otoyeio x tov X elvar pikpotepo and kébe otoyeio y tou W. Aot
VILAPYEL GTOLXELO TOL X OV lval o > x KO TO ¥ €ivon peyaAvTePO 1| 160 oo kabe
0. O duyywpiopog avtdg oe 600 TAEELS elvar akpiPmdg N TEPITT®ON TOV AEOUATOC
Dedekind agob 6Aa ta ototyeio g ¥ eivan peyolvtepa amd OAa To. GTOLYED TNG
X ko ot dVo 1aEelg TepAapavouy OAOVS TOVG TPy LLOTIKOVS 0p1OLLOVG.



A6 1o a&iopa Tov Dedekind ot dvo avtéc 1a&eig opilovv Evav aptBuod (avtodv
avapesd toug) &, T€T010¢ MoTE Yo KAOe OeTikd € 0 & — € avikel oto X ka1 o € + €
oto V. To a&iopa Tov Dedekind o apBuodg € pmopei va aviker i oto ¥ 1 oto X.
o deitovpe 0tL 0 € avikel oty W (ko oyt oty (X)).

Av o £ avrike 010 X B vmpye Kamo1o o Tov X wov Bafjtav o > £. Av opicovpe
10 evAlapEsd toug apdpd n = (o + £)/2 tote Ba woyder n avicomta o > 1 > £.
Amo v avicdtta TpokvnTeL OTL To 1) avnKel oto U emewdn tvon n > £ omdte
a6 tov opiopd Tov ¥ Ba mpénet va eivar o < 1, mov 0dnyel o€ ATOMO S10TL €K
KOTOGKELNG IOYVEL 1| AVIGOTNTO 0 > 7).

Amodeifape 0TL 0 € €xet Tig €€Ng W0tNTEG: ) 0 < & Yo kGBe oToryeio o TOL
> ko (B) ko yio kéBe € — € pkpdtepo ToL & VILAPYEL o OV Elval o > & — €.

H 116mta (o) deiyver 6TL o € givor avm epdrypo Tov X kot 1totnta (B) deiyet
0Tt €ival To PIKPOTEPO AVED QPAYLLOL.

4. H xotavop] TOV 0KEPAIOV KOl TOV pNTAOV aprOpcv

Me 115 Topég Dedekind katooKeDAGAE TO GOUN TOV TPAYLATIKOV APLOU®OV
7oL €€l €podlacOel ekTOC amd TIg TPALElg TG TPOGHEGNC KOl TOVL YIVOUEVOL Kol
TOV GYECEWV O1ATAENG LE TNV EMTPOSHETN KPioIUN 1010TNTA TG TANPOTNTOS. AVTY|
N W10TNTO HOG EMTPEMEL VO, OVOTTOEOVE PafnpaTikn Oempio mov pmopet va me-
PLYPAYEL TO PUGIKO KOGLLO.

Oa ddoovpe PEPIKEG EPAPUOYES TOV BE®PNUATOG TG TANPOTNTOG Ol OTOLES
UTopEl va paivovTal Tpoeaveic 1 KAmwg oxoAacTikéc. O Adyog mov Tig meptiapfd-
vovuue gival yuo va KatoAdBovpe Alyo TEPIGGOTEPO TIG EMMTMOELS TG KOTAGKEVTG
tov Dedekind kot yio vo amoktcovpe HeyaAdTEPT) OIKELOTNTA LLE TOV TPOTO YPN-
ong tov Bewpnuotog g TANPITTAS. Oa yivel £161 TEPIGGOTEPO KATAVONTN 1
onpacio g kataokevng tov Dedekind.

YKomd¢ pag etvon va amodsifovpe 600 Bempnota Yo T KOTovVouY| TOV oKe-
poimv Kot Tov pnTov. Qo emAééovpe 6A0LG Tovg ap1Bons va elval Betikol yio va
amo@OYoLLE TN TEPUTOSIOA0Yia. Ot amodeiEelg mov Ba ddoovpe eOKoAa TPOCAP-
polovtar av dgv KAvovpe avtn TV Topadoyn. Oa amodeifovpe
a) oty a > 0 vmdpyet povo évag BeTikds axépatog oto ddotnua [a, a + 1).
B) ottyio kaBe 5 > o > 0 vhpyel pnTdC 1 avapESH TOVG, TOV givar S > r > a.

Kot ot 800 mopamdve 1016tn1eg TpoKLITTOVY a0 pio AN 1010t TO TNV oMol
dwrvmwoe 0o Apyunong (Aéiopa 5 oto PBiprio tov “Tlepi opaipag Ko KLALv-
8pov”)® ko 1 omoia 6To MAAIG10 TNG KOTAGKEVTC TOV TPOYLATIKMOV 0ptdUdV Tov
Tapovsldcape givar mopiopa g TAnpomTas. H 1010tg avtn BePfaidver 6Tt yo

S0 Apyndng omodidet to afiopo avtd otov “Bsdpnua tov Evddov”. Eriong 1 816tng avt
epoaviCetat kot ota Xtotyeio tov Evkkeion (Biprio S opiopdg 4).



k6O Tpaypoatikd o > 0 vapyel Kamolog BETIKOG 0KEPOLOG ¥ TTOV IKOVOTOLEL TNV
avicomta 1 /v < a N 6t yo k4Be Tpoypatikd 5 > 0 vwdpyet Kamoog OeTikog
axképatog v peyaivtepog tov B. H Apyyumdsta wdidtra Befaidvel 6tL vdpyovv
060dNTOTE PIKPOT Kot peydAot Tpaypatikoi aptpol.

Apyymoswa Iowotnte: T kébe o > 0 ko > 0 vdpyetl axépotog v > 0 wov
Kovomotel v avicotnto va > f.

Améoedn: Acvmobécovpe 0Tt dev 1oyveL 1 Apyuumodeia 1ot ta. Tote vapyovv
a > 0xar B > 0 tétowa oote va givar va < B yo k@Be v > 0. Ag Bewpnoovpe
TO GUVOAO X OV £)El MG oTotKEln Tov Ta vav. TdTE TO GVUVOAO X givar dvwbev
epaypévo dedopévou 6t 10 [ gtvor ave epdypa tov Y. 'Eoto 6t To supremum
Tov X givar to &, Kot ypagpovue & = sup 2. Tote £ —a < & ko o vapyel axépatog
Yy TOV KAVOTOLEL TRV avicotTa & — @ < voa. AMG totE § < (19 + 1) OV
glvarl atomo 010TL 10 £ elval peyoldTepo 1} 100 oo T va Yo KAOe v. Apa 1oy0eL N
Apyymdeta 1016t TO0.

Mmopovpe TOPO VO YPTGILOTOCOVLE TNV ApYIUNdELD 1O1OTNTA Y10 VO, OITTO-
deiéovpe TPMOTO TV O EVKOAN TPOTOOT OTL HETAEL OVO PNTMOV VLIAPYEL TAVTOTE
dppnrog. ’Eotw r; > 1o 600 pnrot apBpoil. Tote amo v Apyrundeia 016t TaL
yvopilovpe 6Tt VIapyEL v T€TO0 hote v(ry — o) > V2R > 1+ \/§/V 0]
ap1OudC € = ry + v/2/v eivan GppNTOG Kat IKOVOTOLEL TY avIGOHTTOL 1 > & > T3,
KO [LE TOV TPOTO QVTO KOTAOKEVAGAUE AppNnTO HETALD TV Vo pnTdv. MdaMota
1 KOTAGKELT] OVTN LG 00N YEL 0TV KATAOKELT aneipv appnTov pHetald Tmv 600
aVTOV pNTOV. XKePOeiTE av e Tov 1010 TpdTo pmopovue va dsiéovpe 0T petald
00 appT®V VIAPYEL amEpia appnTOV (To AfpoitcHa dVo appRTOV Elval TavVTH
appNTog;).

®a pog ypelacbet yio v cvvéyeia 1 eENg TpdTaon:

IIpétaon:

‘Eoto A eva un kevd ocbvoro pe otoryeion aképotovg aplfoig (Oxt Katd avaykn
TMEMENEPOUGUEVO) TO omoio givor dvwbev epayuévo. Tote 10 chHvoro Exel uEyioTo
otoyyeto.

Am6oln: Toppowva pe 1o Bedpnpa tg TAnpdTTaG (ToV 1YVEL Yo KdOe 100V
QPOYHEVO GUVOAD TTpaypatikav aplfudv) 1o A Ba €yel supremum 10 apBud a.
Emedn 1o a givan supremum Bo vapyetl (aképato) otoryeio v Tov A mov Ha ka-
VOTOolEl TIg avicoTNTeEG v > v > v — 1. Xvvenadg v + 1 > o > v. Emeidn opwmg
oto dudotnua [v, v + 1) dev vapyEL aKEPALOG GALOG OO TOV V, TO V/, TTOV GLVAKEL
010 A, gival ko To pueyaddtepo otoyeio Tov A Kot GuYXPOVMOS TO supremum Tov,
onAaon a = v.[[lopatnpeiote oy amdoeén avt 0Tt To Bedpnua TG TANPOTN-
tag e€aoc@diioe TV VIOPEN TOV v, 0 omoiog Emelta EacPAAIcE TNV VITOPEN TOV



ap1Buov v, omoiog eivol TPOPAVAS 0 PEYIGTOS TOV GLVOAOV. ]

IpoéTaon:
Mo kaBe apBpd o > 0 vmapyet Evag Kot povo Evag BeTIkdS akéPOlog 6To SIUCTN O
[a, a0+ 1).

AT6o€1EN: Oewp|OTE TO GUVOAO X TTOV E£YEL GTOLXELN TOVG AKEPULOVG OV EIVOL
v < a+1. To obhvoro X dev eitvar kevo, T.y. o v = 1 avikel o€ owto. To ppayuévo
aVTO GUVOAD TV aKEPOLMV X £xEl LEYIOTO O0TOLKELD, £6TM® TO 1. To oTo1)El0 QWTO
elvar pkpoTePO amo to o + 1 Kot vy > o 10Tt av Tay vy < ¢ TOTE KoL Vg + 1 <
a + 1, mov givor avtiBeto oty vodeom O6TL T0 1 givor 0 péyloTog Tov 2. Apa
VILAPYEL OKEPALOG 6TO ddotnua [,  + 1). Eivon povadikdg 10t av vanpye Kot
dAAog 010 ot aVTd 1 dpopd Tovg Ba NTav pKpodTEPN 0td To 1, TOL Elvon
adVVATO OV Ol OKEPOILOL EIVOIL SLOLPOPETIKOL.

Topa sipoote £Toot vo amodeiovpe 6TL HETAED OVO TPAYUATIKOV VITAP)EL
navto avapéoa Tovg pNTog aprtdpdc.

An6oln: 'Eoto ot apiBpoi: a < 5. Amo v Apywumdeia 1816t to vapyet v
1€1010 dote (b—a) > 1/nMa < b—1/n. Topewva pe v mponyodpevn Tpdtaon
VILAPYEL AKEPALOG T TOV AVIKEL 6TO ddotnue [nb — 1,nb), dnhadn wavomrolet
mv ovicdmta nb — 1 > m < nb 1 woddvapa a < b — 1/n < m/n < b mov
cLVETAYETOL OTL VILAPYEL PNTOG M /N (v Ko 3.



