L, REGULAR SPARSE HYPERGRAPHS: BOX NORMS

PANDELIS DODOS, VASSILIS KANELLOPOULOS AND THODORIS KARAGEORGOS

ABSTRACT. We consider some variants of the Gowers box norms, introduced
by Hatami, and show their relevance in the context of sparse hypergraphs. Our
main results are the following. Firstly, we prove a generalized von Neumann
theorem for L, graphons. Secondly, we give natural examples of pseudorandom
families, that is, sparse weighted uniform hypergraphs which satisfy relative

versions of the counting and removal lemmas.

1. INTRODUCTION

1.1. Overview. Let ((X;,%;, u;) : i € €) be a nonempty finite family of probability
spaces and let (X, X, ) denote their product. Recall that the boz norm of a
random variable f: X, — R is the quantity

lel
(1) oo =E[ T £ |x@.x0 e x]"
we{0,1}e
(For unexplained notation see Subsection 1.2 below.) These norms were introduced
by Gowers [9, 11] and are important tools in arithmetic and extremal combinatorics.
There are some slight variants of the box norms which first appeared! in [14, 15]:
for every even integer £ > 2 we define the ¢-box norm of f: X. — R by the rule

lel
12 Mlowo =E[ ] )]0 xex]”

we{0,...,6—1}e
Clearly, the Og(X,)-norm coincides with the [0(X.)-norm. As the parameter ¢
increases, the quantity || f||o,(x.) also increases and depends on the integrability
properties of f. In particular, for bounded functions all these norms are essentially
equivalent (see [6, Proposition A.1]), but for unbounded functions they behave quite
differently.

The starting point of this paper is the observation that the ¢-box norms can
serve as the proper higher-complexity? analogues of the box norms in the context
of sparse hypergraphs and related structures. A strong indication which supports
this point of view is that the Gowers—Cauchy—Schwarz inequality also holds for the
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1 Actually, the framework in [14, 15] is more general and includes several other variants of (1.1).
2N0te, here, that if s, r are positive integers with s > r, then there is no analogue of the Gowers

U#-norm for r-uniform hypergraphs.
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O¢(Xe)-norms. This fact together with several elementary properties are discussed
in Section 2.

The rest of this paper is devoted to the proof of our main results which use the
£-box norms in an essentially way (further examples showing the relevance of these
norms are given in [6]). In Section 3 we present a version of the generalized von
Neumann theorem for L, graphons (Theorem 3.1 in the main text); as we shall
discuss in more detail in Section 3, the main point in this result is that it can
be applied to L, graphons for any p > 1. The second part of this paper deals
with pseudorandom families [7], a class of sparse weighted uniform hypergraphs
whose most important feature is that they satisfy relative versions of the counting
and removal lemmas. Their definition is recalled in Section 4, but for a more
complete discussion of their properties we refer the reader to [7]. We present two
different types of examples of pseudorandom families (see Theorems 4.2 and 4.3 in
the main text). They both can be seen as deviations (in an Ly-sense) of hypergraphs
which satisfy the linear forms condition, a well-known pseudorandomness condition
originating from [12].

1.2. Background material. Our general notation and terminology is standard.
By N = {0,1,...} we denote the set of all natural numbers. As usual, for every
positive integer n we set [n] := {1,...,n}. If f is an integrable real-valued random
variable defined on a probability space (X, 3, u), then by E[f(x) |z € X] we shall
denote the expected value of f; if the sample space X is understood from the
context, then the expected value of f will be denoted simply by E[f]. All necessary
background from probability theory needed in this paper can be found, e.g., in [1].

As we have noted, the box norms and their variants are associated with finite
products of probability spaces. It is more convenient, however, to work with the
following more general structures.

Definition 1.1 ([18]). A hypergraph system is a triple
(1.3) H = (n,(Xi, X, i) i € [n]), H)

where n is a positive integer, ((X;, 3, 1i) : © € [n]) is a finite sequence of probability
spaces and H is a hypergraph on [n]. If H is r-uniform, then S will be called an
r-uniform hypergraph system.

For every hypergraph system % = (n, {(X;, 2, 1) 1 @ € [n]),H) by (X, X, u)
we shall denote the product of the spaces ((X;,X;, ;) : ¢ € [n]). More generally,
let e C [n] be nonempty and let (X,, X, p.) denote the product of the spaces
((Xi, 24, 145) = @ € e). (By convention, we set Xy to be the empty set.) The
o-algebra X, is not comparable with 3, but it can be “lifted” to X by setting

(1.4) Be={n;'(A):AeX.}
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where 7.: X — X, is the natural projection. Observe that if f € L(X,Be, u),
then there exists a unique random variable f € L;(X,, 3., ) such that

(1.5) f=fom

and note that the map L1 (X, Be,pt) 3 f — £ € L1(X,, X, pte) is a linear isometry.
We will also deal with products of the space (X, X, pte). Specifically, let £ € N
with ¢ > 2. For every x" = (xgo))iee7 LxEY = (xl([_l))

w = (w;)ice € {0,...,£— 1} we set

ice in X and every

(1.6) x() = (2{*)icc € X..
Notice that if w = m® for some m € {0,...,£—1} (that is, w = (w;)ice With w; =m
for every i € €), then xg‘)) = xgm).

2. /-BOX NORMS

In this section we will present several elementary properties of the ¢-box norms.
We will follow the exposition in [13, Appendix B] quite closely. In what follows, let
S = (n, ((X;, %, i) : @ € [n]), H) denote a hypergraph system.

2.1. Basic properties. Let e C [n] be nonempty and let £ > 2 be an even integer.
Also let f € L1(Xe¢, X, pe). We first observe that the ¢-box norm of f can be
recursively defined as follows. If e = {j} is a singleton, then by (1.2) we have

1/¢l€! 1/¢

-1
1) Iflouxo =E[ T £@) 2,2l ™ e x,] 7 = @179 = [ELI
w=0

On the other hand, if |e| > 2, then for every j € e we have

-1 le]|
_ N ©) (-1) 1/¢
22 Ifloo =E[| TG # 6,0,y |20 oalf ™ e x|
w=0

We have the following proposition.

Proposition 2.1. Let e C [n] be nonempty and let £ > 2 be an even integer.

(a) (Gowers—Cauchy—Schwarz inequality) For every w € {0,...,0 — 1}¢ let
fu € Li(Xe, X, pte). Then we have

@3) [g] [I A0 xVex]< T Mo
wed{0,...,—1}e we{0,...,L—1}e
(b) Let f € Li(Xe,Xe, pte). Then we have [E[f]| < ||fllo,(x.). Moreover, if
{1 < L2 are even positive integers, then | fl|lo,, (x.) < | fllo,, (x.)-
(c) If le| = 2, then ||-||o,(x.) i a norm on the vector subspace of L1 (X, Ze, pte)
consisting of all f € L1(Xe¢,Xe, pe) with || f|o,(x.) < oo.
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(d) Let 1 < p < oo and let q denote the conjugate exponent of p. Assume that
£ > q and that e = {4, j} is a doubleton. Then for every f € L1(X., Ze, te),
every u € Ly(X;, %5, ;) and every v € L, (X, X5, ;) we have

24)  [E[f (zi, z5)u(zi)v(z;) |2 € Xiyz; € X5]| < [ fllogex Nl [olle,-

Proof of Proposition 2.1. (a) We follow the proof from [13, Lemma B.2] which pro-
ceeds by induction on the cardinality of e. The case “|e|] = 1”7 is straightforward,
and so let » > 2 and assume that the result has been proved for every ¢’ C [n] with

< || < r—1. Let e C [n] with |e| = r be arbitrary. Fix j € e, set ¢/ = ¢\ {j}
and for every w € {0,...,£ —1}¢let f, € Li(X., X, 1e). Moreover, for every
w; € {0,...,0—1} define Gy, : X! — R by

0 /—1
25) G, (x9,... x! U:]E[ I e &) 2 )]%ex]
we/E{O,...,E—l}@

where (wer,w;) is the unique element w of {0,...,¢ — 1}¢ such that w(j) = w; and
w(i) = we (7) for every i € ¢/. Observe that
x0 . ,x(efl) € XG}

Bl OT] ] x©,

we{0,...,6—1}e w;=0

and, by Holder’s inequality?, |E[va_0 Gu,]] < Hi;iOE[Gf)j}l/f. Therefore, it is
enough to show that for every w; € {0 ., — 1} we have

(26) E[Gfuj] < H ||f(we/,wj)||£Dg(Xe)'
Wer G{O ..... 671}6

Indeed, fix w; € {0,...,¢ — 1} and notice that, by (2.5),

27 6L, XU :E[ 11 Hf(w,wj) )

w,r €{0,...,0—1}e" w=0

where the expectation is over all :1:5.0), cee gz D¢ X,. By (2.7) and Fubini’s

theorem, we see that

Elc.]=E[E[ ] wa,%) 2l x0T e X

wr€{0,...,0—1}e" w=0

3Here, and in the rest of the proof, we use the following form of Holder’s inequality: if (X, X, )
is a probability space, then for every integer k > 2, every p1,...,pr > 1 with Zle 1/p; =1, and
every fi,...,fr: X = R with f; € Ly, (X, %, u) for all i € [k], we have

E[f[fi]{ <f[ufi|um.
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where the outer expectation is over all x;o)’ e ,xge_l) € X;. Thus, applying the

induction hypothesis and Hoélder’s inequality, we obtain that

-1
(2.8) E[G,] < E[ H HHf(weuwj) T Ew) HEIg(X )}

wy €{0,...,4—1}¢"  w=0

le!
< I = H Fowrion o) x,

Wer E{O,...,Z*l}e

T/eﬁ’

By (2.2) and (2.8), we conclude that (2.6) is satisfied.

(b) Tt is a consequence of the Gowers—Cauchy-Schwarz inequality. Specifically, for
every w € {0,...,£—1}¢ let f, = f if w = 0° and f, = 1 otherwise. By (2.3),
we see that |E[f]| < [|fllo,x.)- Next, let £; < £2 be even positive integers. As
before, for every w € {0,...,0s —1}¢ let f, = f if w € {0,...,¢; — 1}¢; otherwise,
let f,, = 1. Then we have

g\e\ w _
I8, xy = B[ T £ |[x0 . x0 e x|

B (2.3) olel
= B[ ] RGO e XSG, k)
OJE{O,...szl}Q

which implies that ||f||D21(X€) < ||f||D£2(X€).

(c) Absolute homogeneity is straightforward. The triangle inequality

If +9lloux.) < Ifllo.x. + lglloex.)

follows by raising both sides to the power £/¢l and then applying (2.3). Finally, let
€ Li(Xe, B¢, pe) with || f|lo,(x.) = 0 and observe that it suffices to show that
f =0 pe-almost everywhere. First we note that using (2.3) and arguing precisely
as in [13, Corollary B.3] we have that E[f - 1g] = 0 for every measurable rectangle
R of X, (that is, every set R of the form [[,., A; where A; € ¥; for every i € e).
We claim that this implies that E[f - 14] = 0 for every A € 3.; this is enough
to complete the proof. Indeed, fix A € 3, and let ¢ > 0 be arbitrary. Since
f is integrable, there exists 6 > 0 such that E[|f| - 1¢] < € for every C € X,
with p.(C) < §. Moreover, by Caratheodory’s extension theorem, there exists a
finite family Ry, ..., R,, of pairwise disjoint measurable rectangles of X, such that,
setting B = |J]; Rk, we have p.(A A B) < 6 (see, e.g., [1, Theorem 11.4]). Hence,
E[f-15] =0 and so

[E[f - 1a]| = [E[f - 1a] - E[f - 15]| < E[[f] - 1aaB] <e.

Since € was arbitrary, we conclude that E[f -1 4] = 0.
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(d) Set I =E[f(xs,z;)u(z:)v(z;) |z, € Xy, x; € X;] and let £ denote the conjugate
exponent of £. Notice that 1 < ¢ < p. By Holder’s inequality, we have
(2.9) |I| = ’E[E[f(x“x]) (xj)|z; € X;]ulx; ‘xleX”
¢
< E[Elf (e () oy € X)) o € XV Jlul, < 1 Jule,

where I; = E[Hi _ fla, Ew)) v(xg-w)) |z; € Xl,xgo), . ,xy_l) € X;]. Moreover,

(2.10) I, = [ H @i 2) |z, € X3 H o) ‘x§0>7...,x§_z71> . XJ}
w=0

el (o -1 1/¢
< E[E Hf zial) | ws € X))ol 2l e X5 ol
(2.2)
= G x.) 01, < IlG. . - vl
By (2.9) and (2.10), the result follows. O
2.2. The (¢,p)-box norms. We will need the following L, versions of the ¢-box

norms. We remark that closely related norms appear? in [3]. Recall that by
H = (n,((Xi, 2, 1) 0 @ € [n]),H) we denote a hypergraph system.

Definition 2.2. Let e C [n] be nonempty and let £ > 2 be an even integer. Also
letl<p<ooand f € L,(X., X, pe). The (£,p)-box norm of f is defined by

1/
(2.11) I fllo,,x.) = H|f\pHgﬂxe)-
Moreover, for every f € Loo(Xe, Xe, te) we set
(2.12) 1fllon e xo) = [1fllza

We have the following analogue of Proposition 2.1.

Proposition 2.3. Let e C [n] be nonempty and let £ > 2 be an even integer.
(a) Let 1 < p<oo. If fu, € Lp(Xe, Xe, pte) for every w € {0,...,0 —1}°, then
(213) B[ ] 1le) |50, xE D e X.] < H ol .
w€e{0,...,L—1}e we{0,...,L—1}e
(b) Let 1 < p,q < oo be conjugate exponents, that is, 1/p+1/q = 1. Then for
every f € Lp(Xe,Xe, pe) and every g € Ly(Xe, B, pe) we have

(2.14) 1falloexy < I flla,, e lgllo,.,x-

(c) Assume that |e| > 2 and let 1 < p < co. Then |||, (x.) s a norm on
the vector subspace of Ly(Xe,Xe, phe) consisting of all f € L,(Xe,Xe, pe)
with || fllo, ,(x.) < 0o. Moreover, the following hold.

4Precisely7 in [3], for every finite abelian group Z, every integer s > 2 and every f: Z — R
the quantity || |f|2 HlU/SQ(Z) was considered. (Here, |- [|¢s(z) stands for the s-th Gowers uniformity
norm for the group Z.) It is noted in [3] that this quantity is indeed a norm. The (¢, p)-box norms

defined above are the analogues, in the hypergraph setting, of these norms.
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(i) For every f € L,(Xe,Xe, pe) we have ||f]|z, < ||fH|:’€’p(Xe).
(ii) For every 1 < p1 < pg < oo and every f € L,,(X¢, X, pe) we have
1fllo..,, xo < Ifllog,, x.)-
(iii) For every f € Loo(Xe, Xe, pe) we have lim,,_ o ||f||De,p(Xc) =\fllz.

Proof. Part (a) follows immediately by (2.3). For part (b) fix a pair 1 < p,q < o0
of conjugate exponents, and let f € L,(X, X, pte) and g € Ly(Xe, X, pte) be
arbitrary. We define F,G: X! — R by F(xgo)7 . ,ngl)) = lueqo,.. -1 f(xgw))

and G(xéo), e ,x((f_l)) = Hwe{o,...,é—l}e g(xg )). By Holder’s inequality, we have
le]
Ifgllbx.) < E[IF- G| <E[|FP)/7 B[ |G|/,

Noticing that E[| P17 = || f[& ) and E[|G|7]Y/7 = |g][&y ., we conclude
that (2.14) is satisfied.

We proceed to show part (¢). Arguing as in the proof of the classical Minkowski
inequality we see that the (¢, p)-box norm satisfies the triangle inequality. Absolute
homogeneity is clear and so, by Proposition 2.1, we conclude that || - [|o, ,(x.) is
indeed a norm. Next, observe that part (c.i) follows by (2.13) applied for f,, = f if
w = {0}° and f, =1 otherwise. For part (c.ii) set p = p2/p; and notice that

(2.14)
1B, = P o,y < PG, o = 17IB,, x

Finally, let f € Loo(Xe, e, tte). By part (c.i), we have

1z, < 1flloe 0 < 1fllea

Since limy o0 || fllz, = [|fllL., we obtain that lim, . ||f||Dg,,,(Xe) = ||fllL.. and
the proof is completed. ([l

3. A GENERALIZED VON NEUMANN THEOREM FOR L, GRAPHONS

Let (X, ¥, 1) be a probability space and recall that a graphon® is an integrable
random variable W: X x X — R which is symmetric, that is, W(z,y) = W(y, z)
for every x,y € X. If, in addition, W belongs to L, for some p > 1, then W is said
to be an L, graphon (see [2]).

Now let n be a positive integer and let G be a nonempty graph on [n]. Recall that
the mazimum degree of G is the number A(G) := max {|{e € G :i € e}| : i € [n]}.
Given two L, graphons W and U, a natural problem (which is of importance in
the context of graph limits—see, e.g., [17]) is to estimate the quantity

‘E[ H W(xi,xj)‘xl,...,xneX]—E[ H U(xi,xj)‘xl,...,xneX”.
{i,5}€g {i,5}€g

5We remark that in several places in the literature, graphons are required to be [0, 1]-valued,

and the term kernel is used for (not necessarily bounded) integrable, symmetric random variables.
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Note that this problem essentially boils down to that of analysing the boundedness
of the multilinear operator

Ag((flees) =E[ [I felwizy)|m,...,z0 € X]
e={i,j}€G

where the functions (f.)ecg belong to L,. Not surprisingly, the behavior of this
operator depends heavily on the range of p one is working with. Undoubtedly, the
simplest case is when p = oco; indeed, using Fubini’s theorem, it is not hard to see
that for bounded functions the operator Ag is controlled by the cut norm® The
next critical range for the behavior of Ag is when A(G) < p < oo. In this case,
Holder’s inequality yields that Ag is bounded in L,. This information was used in
[2, Theorem 2.20] to show that Ag is also controlled by the cut norm when p > A(G).

Unfortunately, in the regime 1 < p < A(G) the operator Ag is not bounded but
merely densely defined in L,. Nevertheless, experience from arithmetic combina-
torics (see, e.g., [9, 20]) and harmonic analysis (see, e.g., [16]) indicates that one
can still obtain nontrivial information provided that one replaces the L,-norm with
a suitable box norm. It turns out that this intuition is correct as is shown in the
following theorem.

Theorem 3.1 (Generalized von Neumann theorem for L, graphons). Let A be a
positive integer, C > 1 and 1 < p < oco. If p=o00 or A =1, then we set £ = 2;
otherwise, let

(3.1) (=min{2n:n €N and 2n > p(A_l)fl(p(A_l)f1 - 1)t

Also let 9 = (n, ((X;, %, ;) = @ € [n]),G) be a 2-uniform hypergraph system with
A(G) = A. For everye € G let fo € Ly(X,Be, ) such that

(3.2) [fellog ,xo) <1

where f, is as in (1.5). Assume that for every (possibly empty) G' C G we have
(3.3) L %l <
eeg’

(Here, we follow the convention that the product of an empty family of functions is
equal to the constant function 1.) Then we have

(3.4) [ 11 %]
e€g

Observe that (3.2) is an integrability condition; as we have already noted, this

<C- Ierélél ||feH|:|e(Xe)'

condition is necessary if p < A. On the other hand, condition (3.3) is the analogue
of the “linear forms condition” appearing in several versions of the generalized von
Neumann theorem (see, e.g., [12, Proposition 5.3] and [19, Theorem 3.8]).

6We recall the definition of the cut norm in (4.2). We note, however, that we will not use the

cut norm in this section.



L, REGULAR SPARSE HYPERGRAPHS: BOX NORMS 9

Proof of Theorem 3.1. Let e € G be arbitrary, and set
1=8[f. ] ]
e’'eG\{e}
Clearly, it suffices to show that [I| < C - [|fe]|g,(x.)-
To this end, we first observe that if A = 1, then the result is straightforward.
Indeed, in this case we have £ = 2 and the edges of G are pairwise disjoint. Hence,
by part (b) of Proposition 2.1 and part (c.ii) of Proposition 2.3, we see that

(3.2)
111 = BIE] - [T 1Bl < eloaxn - T 1l < C-lifello,x.)-
e’eG\{e} e’eG\{e}

Therefore, in what follows we will assume that A > 2. To simplify the exposition
we will also assume that p # co. (The proof for the case p = oo is similar.) Write
e={i,j},and set G(i) ={e' € G\ {e} :i€e} and G*(i) ={e' € G\ {e} :i ¢ ¢'};
notice that G\ {e} = G(:)UG*(i). Let ¢’ be the conjugate exponent of £ and observe
that, by (3.1), we have £ > ¢’ where ¢’ is the conjugate exponent of p(A=D"" Hence,

(3.5) 1<t <p™D7 <.
We set
(36) e GG = [ H f H f i :,C(,/\{ })}
e’€G (i)

and
(3.7) o) = E[ I1 H £]% () 2o gy )}

e’'eG(i) w=0
where both expectations are over all xEO), e xz(g_l) € X; and X[\ fiy € X\ {i}-

Claim 3.2. We have |I| < C - 15,

Proof of Claim 3.2. Since i ¢ €’ for every ¢’ € G*(i), we have
I:E[E[fe(xi,xj) H fe/(xi7xel\{i})|xi EX H for Xe :|
ET0) e’ €G* (i)
By Holder’s inequality, (3.3), (3.5) and (3.6), we obtain that

|I| < E[E[f ZL'Hl'j H f {L‘Z,ZL‘G/\{ } |$Z S X :| H fe’ Ly
e’'eg(i) e'eg*(
1/@ 1/0
\ H fe’ C . Ie,g(i)
e'eg* ( )
as desired. O

We proceed with the following claim.

Claim 3.3. We have I g(;) < Hf@”f]g(xe) . Ié(f),
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Proof of Claim 3.3. Note that j ¢ €’ for every ¢’ € g(z) and so

Legu = [ Hf DI || Hf zy” x’\{})]

e’'eG (i) w= 0

Using this observation the claim follows by Holder’s inequality and arguing precisely
as in the proof of Claim 3.2. d

The following claim is the last step of the proof.
Claim 3.4. We have Ig(i) <1

Proof of Claim 3.4. We may assume, of course, that G(i) is nonempty. We set
m = |G(i)| and we observe that 1 < m < A — 1. Therefore, by (3.5), we see that
(3.8) L< () <> <p

for every r € [m]. Write G(i) = {e}, ..., e, } and for every r € [m] let j,. € [n] such
that e, = {i,j,}. For every d € [m] set

m £—1

(3.9) Qu=E[ ] T 11" @, )]
r=d w=0
and note that
(3.10) Q1= Ig and Qn fE[H £, 1" @, 5,)]
(Here, the expectation is over all xz( ),...,xge_l) € X; and Xy € Xpap\giy-)

Now observe that it is enough to show that for every d € [m — 1] we have
10
(3.11) Qa < Qs

Indeed, by (3.11), we see that Q1 < Q%(e,)m_l. Hence, by (3.10), the monotonicity
of the L, norms and part (a) of Proposition 2.3, we obtain that

{—1 (e/)m (w) el/(zl)nl
(3.12) Igu < E[H\fegnl (2, »%'m)}

[H\fm

It remains to show (3.11). Fix d € [m — 1] and notice that j; ¢ e]. for every
re{d+1,...,m}. Thus,

-1 m
Qu=E[E[ [T 161" @ 25,) |2, € X5) - T] H|f " (@, a5,)]
w=0

r=d+1w=0

(3 8) /p

, (3.2)
2 wi,)| < e, I

Ue,p(X ’)Sl.

By Hélder’s inequality and arguing as in the proof of (3.12), we see that

VXTI AP, /¢
Qu<E[ I I ®"6E)] Qi <l ix,) - Qilh
we{0,...,0—1}4
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as desired. 0

By Claims 3.2, 3.3 and 3.4, we conclude that [I| < C - [[f.[|g,(x,), and so the
entire proof of Theorem 3.1 is completed. ]

We close this section with the following counting lemma for L, graphons. It
follows readily by Theorem 3.1 and a telescopic argument.

Corollary 3.5. Let A,C,p, ¢ and 4 be as in Theorem 3.1. For every e € G let
fesge € Lp(X, Be, ) such that |fe]lg, ,(x.) <1 and ||ge|lo, , (x.) < 1 where f. and
g. are as in (1.5) for fo and g. respectively. Assume that for every Gi,Ga C G with
G1 NGy =0 we have || Heegl fe Heeg2 gellL, < C. Then we have

(3.13) ‘E“lf} ~E[ ] o]

eeg

<CY I — gellox.)-
e€g

4. PSEUDORANDOM FAMILIES

4.1. We begin by introducing some pieces of notation. Let n,r be two positive
integers with n > r > 2 and let 2 = (n, ((X;, 2, i) : ¢ € [n]), H) be an r-uniform
hypergraph system. Given e € H let de = {¢’ Ce: |e| = |e|] — 1} and set

(4.1) She = { m Ay i Ay € Ber for every € € 86} C B..
e’ €de

Also recall that for every f € Ly (X, Be, pt) the cut norm of f is defined by

(42) I£llso. =sup {| [ faul: 4 Sac}.

The cut norm is a standard tool in extremal combinatorics (see, e.g., [8, 17, 18]).
It is weaker than the box norm, but for bounded functions these two norms are
essentially equivalent (see [10, Theorem 4.1]).

The following class of sparse weighted uniform hypergraphs was introduced in
[7, Definition 6.1].

Definition 4.1. Let n,r € N withn 21 > 2, andlet C > 1 and 0 < 1 < 1.
Also let 1 < p < oo and let ¢ denote the conjugate exponent of p. Finally, let
A = (n, (X, 24, i) = 1 € [n]),H) be an r-uniform hypergraph system. For every
e € H let v, € L1(X,Be, ) be a nonnegative random variable. We say that the
family (ve : e € H) is (C,n, p)-pseudorandom if the following hold.
(C1) For every nonempty G C H we have E[Heeg ve| =1 —n.
(C2) For every e € H there exists . € Ly(X,Be,p) with ||[Yellr, < C and
satisfying the following properties.
(a) We have ||ve — Yells,. <.
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(b) For every ¢’ € H\ {e} and every w € {0,1} let ggf’) € L1(X,Bo, )

such that either 0 < giﬁ‘)) < Ve or 0K gg,u) < 1. Let v, and . be as
in (1.5) for v. and . respectively. Then we have

‘E[(VG - d’e)(xe) H E[ H g((;}) (Xeax[n]\e) |X[n]\e € X[n]\e]
we{0,1} e’eM\{e}
(C3) Let e € H and let G C H \ {e} be nonempty, and define veg: X. — R by
Veg(Xe) = E[He'eg Ve (Xe, X[n)\e) |x[n]\e € X[n]\e]. Then, setting

<.

X, € Xe}

(4.3) E::min{?n:nENand2n>2q+(1—%)4_%}

(where 1/p =0 if p = 00), we have E[v 5] < C +n.

We note that closely related definitions were introduced in [4, 19] and we refer
the reader to [7, Section 6] for a detailed discussion on conditions (C1)—(C3) and
their relation with the notions of pseudorandomness appearing in [4, 19]. As we
have mentioned in the introduction, the most important property of pseudorandom
families is that they satisfy relative versions of the counting and removal lemmas;

see, in particular, [7, Theorems 2.2 and 7.1].

4.2. Motivation. In the second part of this paper our goal is to give examples of
pseudorandom families. We have already pointed out that these examples can be
seen as deviations (in an Ly-sense) of weighted hypergraphs which satisfy the linear
forms condition. This fact is not accidental. Indeed, by [7, Theorem 2.1], under
quite general hypotheses one can decompose a nonnegative random variable v, as
S¢ + ue where s. belongs to L, and u. has negligible cut norm. Unfortunately, this
information is not strong enough to yield that the weighted hypergraph (v, : e € H)
satisfies relative versions of the counting and removal lemmas. However, as we
shall see, this problem can be bypassed by imposing slightly stronger integrability
conditions on each s. and assuming that the random variables (u,. : e € H) are very
mildly correlated.

4.3. The first main result. The following theorem is our first result in this sec-

tion. Its proof is given in Section 5.

Theorem 4.2. Letn € Nwithn > 3, C > 1 and 1 < p < oo, and let £ be
as in (4.3). Also let 0 < n < (4C)™™" and let A = (n, (Xs, i, i) = i € [n]), H)
be a hypergraph system with H = K,(Ln_l) = (n[ﬁ]l) (In particular, we have that 7
is (n — 1)-uniform.) For every e € H let A\ € L1(X, Be, ) and ¢, € L,(X, B., p)
be nonnegative random variables, and let Ae and @ be as in (1.5) for A\ and p.

respectively. Assume that the following conditions are satisfied.

(I) We have

44) 1-75< E[ I I )| <@, x¢Ve X} <147
e€H we{0,....L—1}¢
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for any choice of n.,, € {0,1}.
(IT) For every e € H we have |¢e||o, ,(x.) < C-
Then the family (\. + ¢, : e € H) is (C', 1, p)-pseudorandom where C' = (4C)™
and ' = (40)™ /e

We remark that condition (I) in Theorem 4.2 is a modification of the linear forms
condition introduced in [19, Definition 2.8]; it expresses the fact that the weighted
hypergraph (A, : e € H) contains roughly the expected number of copies of the
{-blow-up of H and its sub-hypergraphs. On the other hand, note that condition
(IT) is an integrability condition; in particular, using Holder’s inequality, it is easy
to see that [[¢clo, (x.) < C provided that [|¢.|[z, < C for some g sufficiently
large. Thus we see that the family (v, + ¢, : e € H) is a perturbation of a system
of measures which appears in [19], the main point being that only integrability
conditions are imposed on each “noise” ..

We proceed to give some concrete examples of weighted graphs and hypergraphs
which are obtained using Theorem 4.2. They are the simplest type of examples for
which the results obtained in [7] can be applied, yet they are out of the scope of
the counting lemmas developed by Tao [19], and by Conlon, Fox and Zhao [4].

4.3.1. Ezample: weighted graphs. Let V1, Vs, Vs be three pairwise disjoint nonempty
sets; we view V1, V5 and Vs as discrete probability spaces equipped with their uni-
form probability measures. Also let H denote the graph K3 = {{1, 2},{2,3}, {1, 3}}
(that is, H is the complete graph on three vertices). For every e = {i < j} € H let
pe: Vi x V; = R be any function satisfying”

1/64
(4.5) lellne, = E[ee(z,9)™ | (2,y) € Vi x ;] V%" <1
and define
(4.6) Ae=1 and v, =1+ ..

Vg =1+ ¢pg v =1+ epsy

Vig3) = 1+ @23

"We do not know whether the estimate (4.5) is optimal; in fact, it is likely that the exponent
64 can be improved. We point out, however, that an integrability condition like (4.5) is necessary

in order to have a sparse version of the counting lemma.
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We will apply Theorem 4.2 for n = 3, C'=1 and p = 4 in order to show that the
weighted graph (v, : e € H) is a (412, 7, 4)-pseudorandom family for every n > 0.
(Here, v, is as in (1.5) for v..) To this end notice first that, by (4.3), we have
¢ = 4. On the other hand, it is clear that (4.4)—that is, condition (I) in Theorem
4.2—is satisfied for every n > 0. Finally, for condition (II) observe that, by Holder’s
inequality®, for every e = {i < j} € H we have

(4.5)
leellm.vixvy) < lleelie = lleelle, < 1.
Thus, condition (II) is also satisfied, which yields that (v, : e € H) is indeed a
(4'2,n,4)-pseudorandom family for every n > 0.

Our next goal is to show that the weighted graphs defined above cannot be
realized as dense subgraphs of weighted graphs which satisfy the aforementioned
“linear forms condition”; a pseudorandomness condition which forms the basis of the
sparse counting lemmas developed in [4, 19]. The framework in [4, 19] is asymptotic;
consequently, for every integer N > 1 we select, recursively, a positive integer m y,
three pairwise disjoint nonempty sets V¥, V¥, V3V and families (A}, : I € [N]),
(A%, : 1 € [N]), (ALY, : 1 € [N]) of nonempty sets such that the following hold.

(P1) We have m%}, | > 2N"2my; moreover, my = 2.
(P2) For every i € {1,2,3} and every | € [N] we have AﬁVJ C VM.
(P3) For every e = {i < j} € H and every | € [N] we have

1
|A£v,l X Aj'v,l| = (W> |ViN X V]'N\~
1

In particular, we have [|1 x5 A~ [[Le, = 1/m$t.
7, Js

Given the above data, for every integer N > 1 and every e = {i < j} € H we define
e AN v VN x VN 5 RY by setting

N N 64

1 ]-AN x AN m
(4.7) el :Zgﬁ :ZTlllAfleA;\’lv
=1 A%XA% Les =1 ' '

AV =1 and vV =1+ Y.

e

Since [|¢Y ||, < 1, by the previous discussion, we see that the weighted graph
(VN i e € H) is a (412, n, 4)-pseudorandom family for every i > 0 and every N > 1.

Now assume, towards a contradiction, that there exist a constant M > 0 and

a sequence (kY : e € H) of weighted graphs? which satisfy the “linear forms con-

dition” (see [4, Definition 2.8] or [19, Definition 2.8]) such that v} < M - sl} for
some e = {i < j} € H and infinitely many N. Setting lp := min{l > 1: M < my;},

8Note that here, as in the proof of part (a) of Proposition 2.1, we use the generalized form of
Holder’s inequality.
9Speciﬁcally, for every e = {i < j} € H and every N > 1 we have x1¥: ViN X VjN — R, and

kY is as in (1.5) for wl'.



L, REGULAR SPARSE HYPERGRAPHS: BOX NORMS 15

we thus have'®

(4.8) 0< <pé\é < my, - I{,é\é for infinitely many N.
Next, set
o= 1 (m?f+1/2l0+1) -y,
9 m64?
lo+1

and notice that, by (P1) above, we have ¢ > 0. By (4.8) and [4, Lemma 2.15
and Theorem 2.16], for every integer N > 1 there exists hévo : VNV x VjN — R with
0 < hY

o < my, and such that

(4.9) sup {‘E[(cpé\g —hé\g) 1AX3]| cACVN BC VJN} < o for infinitely many N.

On the other hand, by (P2), (P3), (4.7) and the fact 0 < hY < my,, for every
N > 1o+ 1 we have
(mgt /2ty —my,

N N
m642 g |E[((peo - h’eo) 1A
lo+1

A

N X N }’
ilo+1 7 +1

which clearly leads to a contradiction by (4.9) and the choice of o.

4.3.2. Ezample: weighted hypergraphs. 1t is the hypergraph analogue of the previ-
ous example. Specifically, let n > 3 be an integer, and let Vi,...,V,, be pairwise
disjoint nonempty sets which we view as discrete probability spaces equipped with
their uniform probability measures. Also let H denote the graph Kflnfl) (thus, H
is the complete (n — 1)-uniform hypergraph on n vertices). For every e € H set
V.= Hi@ Vi, let @.: V. — RT be a function satisfying

n 1 47’1,
(4.10) lellzen = Efpe(x) [xc € V] <1
and define
(4.11) Ae=1 and v, =1+ ..

By Theorem 4.2, Holder’s inequality and arguing precisely as in the previous exam-
ple, we see that the weighted hypergraph (v, : e € H) is a (4*", 7, 4)-pseudorandom
family for every n > 0. Moreover, a straightforward modification of the argument
in the previous example shows that there exist weighted hypergraphs of this form
which cannot be realized as dense subhypergraphs of weighted hypergraphs satis-
fying the “linear forms condition”.

10Note that here we do not use the fact that ALY =1 for every e € H and every integer N > 1.
Actually, the same argument can be applied if (AL : e € H) is any sequence of weighted graphs
which satisfy condition (I) in Theorem 4.2 for £ = 4 and n > 0 sufficiently small.
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4.4. The second main result. Our second main result provides a somewhat dif-
ferent type of examples of pseudorandom families.

Theorem 4.3. Letn € N withn >3, C 21 and 1 < p < 0o, and let £ be as
in (4.3). Also let 0 < n < 1/(nf) and let 7 = (n,{(X;, 2, 1) = ¢ € [n]),H)
be a hypergraph system with H = K,(Lnfl) = (n[i]l) (Again observe that J is
(n — 1)-uniform.) For every e € H let ve € L1(X,Be, ) and e € L,(X, Be, p)
be nonnegative random variables, and let v, and . be as in (1.5) for v, and .
respectively. Assume that the following conditions are satisfied.

(I) We have

@12) 1-n<[T[ [ #r=G)|xO, . xD e x] <0y
e€H we{0,....L—1}¢
for any choice of ne,, € {0,1}.
(IT) For every e € H we have 1 < ||velo, ,x.) < 00, [[ell, ,x.) < C and

(4.13) [ve = ello,x.) < n(C-M)~(=DE

where M = max{||v.||o, ,(x.) : e € H}.

Then the family (ve: e € H) is (C, 7', p)-pseudorandom where ' = néy.

Notice that in Theorem 4.3 each v, is decomposed as ¥, + (V. — t.). Here,
the condition on the first components—that is, condition (4.12)—is weaker than
that in Theorem 4.2, but this is offset by making stronger the condition on the
pseudorandom components. We also remark that Theorem 4.3 was motivated by
[5, Lemmas 5 and 6] which dealt!! with the case C = 1, p = oo and 1, = 1 for
every e € ‘H. Its proof is given in Section 6.

5. PROOF OF THEOREM 4.2

Let n,C,p, ¢ and 1 be as in the statement of the theorem and set

anl enfl

(5.1) C=20), 7=0C)"y/" ", ¢ =MAC)™ and 7 = (4C) /",

Also let A = (n, ((Xi, 3, i) : @ € [n]),H) be a hypergraph system with H = (nr_ll)
and for every e € H let A\c € L1(X, B, p) and ¢, € L,(X, B, u) be nonnegative
random variables satisfying (I) and (II).

We will need the following lemma. Its proof is given in Subsection 5.1.

Lemma 5.1. Let e € H and let i € [n] be the unique integer such that e = [n]\ {i}.
For every ¢’ € H\{e} and everyw € {0,...,¢—1} let ggf) € L1(X, Ber, ) such that

1\We notice that if e = 1 for every e € H, then a slight weakening of (4.13) is only needed.
Specifically, one can assume that ||ve —1||o, (x,) < nM~("=1) where M = max{||ve| L, : e € H};

see [5] for details.
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either: (1) 0 < g&J) < Aer, or (i1) 0 < ggf) < e, or (iil) 0 < ggd) < 1. Then we have

—1
(5.2) ‘E[(Ae—l)(xe)n T 6% ﬂ)‘x e X, 29z “ex]
w=0 /€M {e}

and

(5.3) ]E{ H H g(w) (Xe, (w)) ‘xe € Xe,:v,t(-o), .. ,xge_l) € Xl-] <C
w=0e’€H\{e}

where 7 and C are as in (5.1).

After this preliminary discussion we are ready to enter into the main part of the
proof. For every e € H set v, = A. + ¢, and let v, be as in (1.5) for v.. Recall that
we need to verify conditions (C1)—(C3) in Definition 4.1 for the family (v, : e € H).

First, let G C H be nonempty. Since 0 < A < ve, by (4.4), we have

1—n<E[HA4 gE[H%}
e€g e€g
and so, condition (C1) is satisfied.
Next, for every e € H let ¢, = ¢ + 1. By part (c.i) of Proposition 2.3,
(5.1)

[Yellz, < lleellz, +1 < leello, ,x)+1<C+1 < C
Fix e € H and for every f € Oe let Ay € By. For every ¢ € H \ {e} and
every w € {0,...,¢ — 1} we define g(w) € Li1(X,B.,u) by setting g( @ = 1 if
wed{l,...,L— 1} and ¢\ = 14, where f =¢'Ne. By (5.2), we have

€

? Z

(5.4) ‘E[(Ae —1)(xe) [T 14, (xe20) | % € Xyl
fede
Hence, by (5.4), the definition of the cut norm and the fact that v, — ¢ = Ac — 1
we conclude that ||ve — tells,. < n'. That is, condition (C2.a) is satisfied.
We proceed to verify condition (C2.b). Let e € H be arbitrary and let i € [n] be
the unique integer such that e = [n]\{¢}. Also let w € {0,1}. For every ¢’ € H\ {e}
let ggf) € L1(X, Ber, i) such that either 0 < gé, w) L Ve or 0K ( ) < 1. We set

G) = {e' e H\ {e} : 0< gl <wo} and gg@:{eleﬂ\{e};o o < 1)

o)<

and for every e’ € gé“;) let
(5.5) 963 = 07 Ly o and 057, = (057 = A Loy )

Finally, for every G C Qe v set
(5.6) A =TT 65 T 6% TI o6&
e'eg e’ €GENG ereglsy

(Recall that, by convention, the product of an empty family of functions is equal to
the constant function 1.) The following properties are straightforward consequences
of the relevant definitions.
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(a) Foreveryw € {0,1} and every ¢’ € gé‘“) we have géfz\, géwl) € L1(X,B, p),

0< g%\ <A, 0< g < o and g = g) +giw)
0) (1)

? ’L

(5.7) I I &= 3 S I] A xe,«").

we{0.1} e’€M\{e} GoCall) Gicgl) weloi1}

(b) For every x. € X, and every x; € X; we have

By (a), we see that every factor of A(gw) satisfies the assumptions of Lemma 5.1.

Therefore,

[( — e)(Xe) H E[ H gSJ)(Xeyxi)’xieXi]

we{0,1} e’eH\{e}
[()‘ —1)( H H g Xea )) ‘X € Xe,ivz(o)ﬁgl) Xz}
wE{O 1} e’eH\{e}

DYDY E[A ~Dx) [ AY (xe.a )‘x e X,z E”eX]

GoC6%% Gicglt) we{o 1}

X, € Xe}

O 96 96 i < gn-15 ) 1y
which implies, of course, that condition (C2.b) is satisfied.

It remains to verify condition (C3). Fix e € H and, as above, let i € [n] be the
unique integer such that e = [n] \ {i}. Also let G C H \ {e} be nonempty and let
Ve,g: X. — R be as in Definition 4.1. Then notice that

E[Vf’g] = ]E[IE[ H Ver (Xe, ;) f x; € Xi]e ‘ X € Xe}
e'eg
= {H Hye Xe, T Z ’x EXe,xEO),...,xl(-Z*l)EXi]
w=0e’€gG
Next, observe that for every x. € X, and every gcl(.o)7 . ,15271) € X; we have

1_[1_11/6 Xe, T l:IH Aer + Qer) Xe,xl(.w)):
w=0e’€g w=0e’'€eg
-1
=2 - ZHHAX«M [T welxen?).

GoCg Ge-1CG w=0e'eg, e’€G\Gy,

Bg' = H )\e’ H Pe!

e'eg’ e’eg\g’

Therefore, setting

for every G’ C G, we obtain that

Eptgl = Y- % [HBQW Xe, T ‘x e Xz, ... 2V e x,

GoCG Ge-1CG w=0
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This shows that condition (C3) is satisfied, and so the entire proof of Theorem 4.2
is completed.

5.1. Proof of Lemma 5.1. The argument is similar to that in the proofs of
[4, Lemma 6.3] and [19, Proposition 5.1]. Proofs of this sort originate from the
work of Green and Tao [12, 13].

We proceed to the details. First we need to introduce some pieces of notation.
Let d be a (possibly empty) subset of e and write X = Xoq x Xaug). (Recall
that ¢ € [n] is the unique integer such that e = [n] \ {i}.) Notice that every

element of the space X\ 4 x Xﬁu{i} is written as (xe\d,x((iou){i}, e ,xfiﬁ{g) where

Xend € Xey and xgg{i},...,x;ﬁ_{g € Xgugi}- On the other hand, for every
0 0 -1 -1 .

Xilu){i} = (5‘95 ))jEdU{i}a cee ,Xflu{ii = (xg ))jedu{i} € Xdu{i}7 every d C d U {i}

and every w = (w;)jeq € {0,... 7671}‘1/ by x((;) we shall denote the unique element

of Xy defined by the rule

(58) X((;J) = (I§wj))jed/.

Next, for every d C e we define Fy, Gg: Xe\g ¥ Xﬁu{i} — R as follows. First, set

0 {—1 w
(5.9) Fd(xe\d,xfw){i}7 ... ,xgu{ii) = H (Ae(xe\d,xg )) - 1)
we{0,...,£—1}d

and notice that Fy does not depend on the value of wgo), ... ac(é_l) € X;. The

definition of the function G4 is somewhat more involved. For every ¢/ € H \ {e}
and everyw € {0,...,¢—1}let gif) be as in the statement of the lemma and let gi‘f’)
be as in (5.1) for gi‘,"). Given ¢/ € H \ {e} and w € {0,...,0 — 1}¢N@D) it g
convenient to introduce an auxiliary function ger g, 1 Xe\g XX, gu Gy R by defining

Ge dw(Xe\ds xgg{i}, . ,X&ﬁ_{g) according to the following cases

(wi)

8/ (Xe’\(du{i})ax((it){i}) ifdCe,
(5:10) 4 Aer (Xen(auginy: Xeiaugiyy) i d & € and gl < Ao

1 if d ¢ ¢’ and either géf”) < e Or gif”') < 1.
Here, w; is the i-th coordinate of w. Moreover, X, quri1) stands for the natural

\(du{i})
projection of X.\q into Xen (qugiy); note that this projection is well-defined since
e\ (du{i}) Ce\d.) We now define
(511) Gd = H H e’ d,w-
e’eH\{e} we{0,...,6—1}¢'N@U{i})

Finally, we set
(5.12) Qq = E[Fd Gd] and Ry = E[Gd]

Claim 5.2. The following hold.

(a) We have that Qg and Ry coincide with the quantities appearing in the left-
hand side of (5.2) and (5.3) respectively.
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(b) We have |Q.| <2n and 0 < R, < 1+1.
Proof of Claim 5.2. For part (a) it is enough to observe that

Fy(xe, x(o), e 7%@—1)) = Ae(xe) — 1

9

and

0 -1 » y
Golxes i, a) = II 11 gl (xen iy, 28)
e’€H\{e} we{0,...,—1}{i}

£—1
II IT o6,

w=0e’cH\{e}

For part (b) notice that

=k I (x&)-1) ] IT A=) | xO,..ox6) € ]

we{0,...,6—1}e e’eH\{e} we{o,...,6—1}¢

and

k=] I [T A =&E)| @, x e x|
e’'eH\{e} we{o,...,6—1}¢

where for every ¢/ € H \ {e} and every w € {0,...,£ — 1}¢ we have ny, € {0,1}
and ne , = 1 if and only if géf”) < Aer. Therefore, by (4.4), we conclude that
|Qel <2nand 0K R. < 1+47. O

The following claim is the last step of the proof.
Claim 5.3. For every d & e and every j € e\ d we have Qqu;y = 0, and
ld| 1/¢1@l+1 1/¢4l 1/¢1@l+1
(5.13) QY < (20)' QY5 and RYTT <0V R,

. . 17014l ¢ 1/@“”Jrl
Proof of Claim 5.3. We will only show that |Qq] < (20) Qdu{j} . The proof

of the corresponding inequality for Ry is identical. (In particular, it follows by
setting F;; = 1 below.)

Fix d ¢ eand j € e\ d, and set e; = [n]\ {j} and f = [n] \ (d U {i,5}).
Also write X, = Xy x Xgugy and Xeg ¥ Xﬁu{i} =X; x Xy x Xﬁu{i}’ and let
T Xeyg X Xﬁu{i} — X x Xﬁu{i} denote the natural projection.

For every w € {0,...,¢ — 1}9°{} we define g, 4.,: Xy X Xﬁu{i} — R by

(4*1))

0 w; w
(514) gej,d7w (Xfa X((ju){i}a e ’Xdu{i} = ggj )(Xfa X((ju){i})'

(Recall that w; is the i-th coordinate of w and gg;’i) is as in (5.1) for géj“)) Observe
that, by (5.10), for every w € {0,...,¢ — 1}99{} we have

(515) Ye;,dw = 8ej,dw O T-
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Next, let Qy, Q, and ; denote the subsets of {0,...,¢ — 13994} consisting of all

w such that gé‘;)i) < Aej, gg‘;i) < e, and ggfi) < 1 respectively. Set

(5.16) G]},d,/\: H 8e;,d,w> Gjﬁd,ap: H 8e;,d,w and Gj,dA,l = H 8e;,d,w
wENN wEN, we

and notice that these functions are defined on Xy x Xﬁu iy We also define
G;’,d: Xeva X Xﬁu{i} — R by the rule

(5.17) a= ] 11 Ger doo-

e’eH\{e,e;} we{0,...,6—1}¢'N(du{i})
By (5.11) and (5.15)~(5.17), we have G4 = G ;- [(Gj.a,x Gj.d,p Gj.a1) 0 7] and so
(5.18) Qa=E[E[Fy G 4|5 € X;]- (GjarGjap Gjan)]

where the outer expectation is over the space X x Xﬁu{i}' Denote by ¢ the
conjugate exponent of ¢ and recall that ¢ is an even positive integer. By (5.18),
Holder’s inequality and the fact that 0 < G; 4,1 < 1, we obtain that

(5.19) Qdl = [E[EIFiG)qlz; € X)) (GIEL GYY) Gy Gan)]]

1/¢ / ’
< E[E[FaGqla; € X5) - Gian]"' EIGan Gy )Y

Jyd,p

Now define éj’d})\,éj’dwi Xf X Xﬁu{i} —R by

= 0 -1
(5.20) Gjan(xs Xy X)) = 11 Aes G x500)
wEN )
and
= 0 -1
(5.21) Gj7d>@(xf7xt(id{i}"‘"X(du{z%) = H ‘Pej(vaxgzﬁ){i})-
wEN,

By (5.14) and (5.16), we see that 0 < Gj g < Gjax and 0 < Gj a0 < Gjap-
Therefore, by (5.19), we have

— 1/¢ — /
(5.22) 1Qal SE[E[Fy G425 € X;1° - Gjan]" EIGyan Gy g ]
It is easy to see that
(5.23) E[E[Fd G;‘,d | T; € Xj]z . aj,d,,\] = Qdu{j}

which implies, in particular, that Q4u;3 = 0. On the other hand, by (5.20), (5.21)
and part (a) of Proposition 2.1, we obtain that

’

¢ Q Y]
(5.24) E[Gjaa Gjapl < I ISk, ) - 195,167,

By (4.4), it is clear that ||)‘ej||Elg(XEj) < 147 < 2. Moreover, by (4.3), we see
that 1 < ¢/ < p. Hence, by part (c.ii) of Proposition 2.3 and condition (II) in
Theorem 4.2, we have ||<,o£l7 loux..) < llPe; ||e|:,|[p(X€A) < CY. Thus, by (5.24),

(5.25) E[ijdy/\éj,w]l/f’ < 2D/ oIl < (20)10 %! < (20)

gldl+1
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Combining (5.22), (5.23) and (5.25), we get that |Qa| < Qy/);,(2C)"" " which is
|

equivalent to saying that |Qq|Y/¢" < (20)" Qiﬁ{?}ﬂ. The proof of Claim 5.3 is

completed. O

By induction and using Claim 5.3, we see that
(52600 |Qol < (2C)" D QY and Ry < (20) VR

Invoking (5.26) and Claim 5.2, we conclude that (5.2) and (5.3) are satisfied, and
so the proof of Lemma 5.1 is completed.

6. PROOF OF THEOREM 4.3

Let 57 and (ve, . : e € H) be as in the statement of the theorem, and for every
e € H let v, and ¥, be as in (1.5) for v, and 1), respectively.
The following lemma is the first main step of the proof.

Lemma 6.1. Let e € H and let i € [n] be the unique integer such that e = [n]\ {i}.

For every ¢’ € H\ {e} and every w € {0,...,¢ — 1} let ggfd) € L1(X, B, ) such

that either: (1) 0 < gifd) < Ver, or (ii) 0 < gif) < Yer, or (iii) 0 < gif) < 1. Then
-1

(6.1) ‘E{(ue —we)(xe)H H ggf')(xe,xl(.w)) Xe € Xe,xl(.o), . .,372271) € XZ}
w=0e’eH\{e}

<.

Proof. 1t is similar to the proof of Lemma 5.1. Specifically, let d C e be arbitrary.
For every ¢/ € H \ {e} with d C ¢’ and every w € {0,...,¢ — 1}%{} we define
Je' dw ' Xe\d X Xﬁu{i} — R by setting

(0) (e=1)y _ (wi) (w)
(6.2) ge’,d,w(xe\dﬂxdu{i}’ o ’Xdu{i}) = 8 (Xe’\(dU{i})7xdu{i})

where w; is the i-th coordinate of w and gg,”) is as in (1.5) for ggﬁ). Also define
Fd,Gd: Xe\d X Xﬁu{z} —-R by

0 -1 w
(6.3) Fa(xe\as Xz(iu){i}’ .. 7xglu{l%) = H (Ve — e)(Xe\ds X((i ))
we{0,....4—1}2

(64) Gq= H H ge' dyw-

e'eH\{e} we{o,...,6—1}dU{i}
dCe’

(Here, as in Section 3, we follow the convention that the product of an empty family
of functions is equal to the constant function 1.) Finally, let

(6.5) Qa = E[Fy G4l.

Note that Qg coincides with the quantity appearing in the left-hand side of (6.1).
Moreover, we have

anl

(6.6) Qe = Ve — Yeln,x.)-
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Claim 6.2. For every d & e and every j € e\ d we have Qqug;y = 0 and

(67) Que" < (-t QY

Proof of Claim 6.2. As in the proof of Claim 5.3, fix d & e and j € e\ d, and
set e; = [n]\ {j} and f = [n] \ (dU {3,5}). Write X., = X; x X3 and
Xo\a % Xﬁu{ y = Xj % (X x Xdu{z ), and for every w € {0,...,¢ — 1} define
e dw* Xf X Xdu{i} — R by

0 -1 w;
(68) ge_j,d,w (va X(dj{l}v c Xfiu{ %) gt(i’ )

(%, Xglﬁ){i})’
If m: Xevg ¥ Xﬁu{i} — X % Xﬁu{i} is the natural projection map, then, by (6.2),
we see that ge, d.w = e, ,d.w 0o 7 for every w € {0,...,0 — 1yate},

Let ©,, Q4 and Q; denote the subsets of {0,...,¢ — 1} consisting of all w

such that g(wl) < Ve, gé‘:l) < te; and g( wi) < < 1 respectively. We set

(69) ]du_ H geJ,dw; jd,w: H gej’d’w and Gj,d,l = H gej,d,w'
weQ, wey, we

Moreover, let G;7d: Xe\a X Xﬁu{i} — R be defined by

(610) ;‘,d = H H 9e' d,w-

e'€H\{e,e;} we{0,...,—1}duii}
dCe’

Observe that Gq = G ;- [(Gja.v Gjap Gjai)om|. Hence, if £ denotes the con-
jugate exponent of ¢, then, by Holder’s inequality, we have

(6.11)  |Qal = [E[E[FaGqlz; € X;]-(Gjap Gjap Gjan)]l

1/¢ r11/¢

< E[E[FiG)qlo; € X1 E[(Gjap Gran)]"

where the outer expectation is over the space X x X ﬁu G Note that

(6.12) E[E[FiG)qle; € X;]'] = Qaugsy

and, consequently, Qqu(;; = 0. Next, define G; 4., Gjay: Xy X Xﬁu{i} — R by

= 0 -1
(6.13) G;au(xy, X(dLj{i}’ e ,xgu{l) H Ve, (Xg, xgu{l})
weR,
and
= 0 1)
(6.14) Gj}d’w(xf,xgj{i}, . xéu{ i H e, ( Xf7xdu{ 1)
WENy,

By (6.8) and (6.9), we see that 0 < G4, < Gj 4, and 0 < Gj 4 < Gja,0. On
the other hand, by (4.3), we have 1 < ¢/ < p. Therefore, by (6.13), (6.14) and
parts (a) and (c.ii) of Proposition 2.3, we obtain that

(6.15) E[(Gjaw Gjaw)' ] < E[(Gjaw Gjaw)’]

Q, Q
< el x., ) - 196 15 x, ) < (€ M)

1/¢ 1/¢

eldl+1



24 PANDELIS DODOS, VASSILIS KANELLOPOULOS AND THODORIS KARAGEORGOS

By (6.11), (6.12) and (6.15), we see that |Q4| < Ql,;,(C - M)*“"" and the proof

of Claim 6.2 is completed. O

By the above claim, we have
Qol < (C-M)DrQU

As we have noted, Qp coincides with the quantity appearing in the left-hand side
of (6.1). Thus, combining the previous estimate with (4.13) and (6.6), we conclude
that (6.1) is satisfied, and so the proof of Lemma 5.1 is completed. O

We proceed with the following lemma which is the second main step of the proof.

Lemma 6.3. Lete € H and leti € [n] be the unique integer such thate = [n] \ {i}.
Also let ¢ € H\ {e} and v’ € {0,...,£ —1}. For every ¢” € H\ {e} and every
we{0,...,0—1} with (" ,w) # (¢/,w') let g((;f) € L1(X, B, p) such that either:

(1) 0< g% < ver, or (i) 0< g% < ther, or (iii) 0< g < 1. Then

(616) ‘E |:(Ve' — Qpe/)(xe/\{i}, xf;w )) H ggﬁ) (Xe//\{i}7 :I:,Ew)):| ’ g 77
e eH\{e}
wE{O,...,Z—l}
(e”,w);ﬁ(el,wl)

(0) l'(eil) € X;. (Here, Xe\{i}

i sy

where the expectation is over all X, € X, and x
and Xen gy are the projections of x. into Xen 1y and Xon (;) respectively.)

Proof. Without loss of generality, and to simplify the exposition, we will assume
that w’ = 0. For every d C ¢’ \ {i} let Fg,Gq: Xo\g X Xﬁu{i} — R be defined by

0 —1 w 0
Fd(xe\mxfﬁ{w . ,X&U{ii) = H (Ver — %/)(Xe/\(du{i}),xg )a%(- ))
we{0,...,£—1}d

Gd = H Ge' d,w

(e,w)ely
where: (a) the set Ty consists of all pairs (e, w) € H\ {e} x {0,...,£—1}?{} such
that d C e’ \ {i} and (¢”,w;) # (¢/,0), and (b) for every (e”,w) € I'y the function
Gerr dyw: Xerd X Xsu{i} — R is defined by

and

(e-1) (ws)

0 wi
ge”,d,w(xe\d,X;J{i},...,Xdu{i}) =g, a) . ))

(Xer (augip), X",

(As before, w; is the i-th coordinate of w and g;ﬁ"’) @) More-

is as in (1.5) for g,
over, Xen (dufi}) and Xen (qu{s)) are the projections of x.\4 into X (qugiy) and
X\ (dugiy) Tespectively.)

Next, setting Q4 = E[Fy G4] and arguing precisely as in the proof of Lemma 6.1,
we obtain that Qgug;3 = 0 and |Qd|1/zld‘ < (C-M)* Q;{f{‘?}ﬂ for every d & €'\ {i}
and every j € ¢’ \ (dU {i}). Therefore,

(6.17) Qol < (C- M) DEQUE "



L, REGULAR SPARSE HYPERGRAPHS: BOX NORMS 25

Now observe that |Qg| coincides with the quantity appearing in the left-hand side
of (6.16). On the other hand, we have

0 -1

Qe/\{i} = E[Fe/\{l} Ge’\{i} ‘ Xi,), . ,Xi, ) € Xe’]

where
0 -1 w 0
Fel\{i}(xi,),...,xg, )) = H (Ve’ —we/)(xi, ){Z},J?Z( ))
we{0,...,0—1}e'\{i}

and

0 =1 Wi (CHNGY) wi

Gen iy (x5, x5 = II g (eopy o).

we{0,...,6—1}e\ i x [e—1]{1}

(The arguments of the functions in the definitions of Fen\ (53 and Gen ;3 follow from
our previous conventions, mutatis mutandis.) Thus, by part (a) of Proposition 2.1,
we obtain that

-1
n—2 w n—2
Qe’\{i} < ||V€' - ¢€'||ZDZ(X€/) ’ H ||gi’ )HKDz(XC/)
w=1

and consequently, by (6.17),

-1
(6.18) Qol < (C- M) v —polloyx. - [] 1857 Ioux.)-

w=1
By part (c.ii) of Proposition 2.3, for every w € [¢ — 1] we have
gt oo, < I8 loesx. < 188 lo,x.0-
Hence, by (6.18) and condition (II),
QoI < (C-M)" D v — e loyx,) - (C- M)
< (C-M)" TV vy — oo, x,) <1
and the proof of Lemma 6.3 is completed. ([l

We are now in a position to complete the proof of the theorem. Recall that
we need to show that the family (v, : e € H) satisfies conditions (C1)—(C3) in
Definition 4.1 for the constants C' and 7’ = nén. For condition (C1) let G C H\ {e}

be nonempty. Set m = |G| and let €],..., e}, be an enumeration of G. Notice that
(619) ‘E[ H Ve’:| - E[ H 7/16/] < Z ‘E[H we;(yez. - 1/1e3.) H Ve;c]
e’'eg e’'eg Jj=1 k<j k>3
(6.1)
< (=17

and so, by condition (I), we obtain that

E[ [T ve| B[] o] - (n=1)-m =10

e’'eg e’'eg
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That is, condition (C1) is satisfied. Condition (C2.a) follows arguing precisely as
in the proof of Theorem 4.2, while condition (C2.b) is an immediate consequence
of (6.1). Finally, for condition (C3) fix e € H and let ¢ € [n] be the unique integer
such that e = [n]\ {i} € H. Also let G C H\ {e} be nonempty. By the choice of 7/,
it is enough to show that

(6.20) Elv! gl < C+(I9]- £+ ).
To this end, set
-1 .
& = [ TT TT wertcenyo )] = B[ T TT e (e |
w=0e'eg w=0e'eg

(both expectations are over the space X, x X!) and note that, by condition (I),
Evig]l <A+C+n.

Next, by enumerating the set G x {0, ...,¢—1} and applying a telescoping argument
as in (6.19), we see that A is bounded by a sum of |G| - ¢ terms each of which has
the form of the quantity appearing in the left-hand side of (6.16). Therefore,
by Lemma 6.3, we conclude that (6.20) is satisfied, and so the entire proof of
Theorem 4.3 is completed.
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