L, REGULAR SPARSE HYPERGRAPHS

PANDELIS DODOS, VASSILIS KANELLOPOULOS AND THODORIS KARAGEORGOS

ABSTRACT. We study sparse hypergraphs which satisfy a mild pseudorandom-
ness condition known as L, regularity. We prove appropriate regularity and
counting lemmas, and we extend the relative removal lemma of Tao in this

setting. This answers a question from [3].
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1. INTRODUCTION

1.1. In this paper we study a family of sparse weighted uniform hypergraphs which
satisfy a mild pseudorandomness condition. Our primary objective is to prove
appropriate regularity and counting lemmas, and to extend the relative removal
lemma for this class of hypergraphs. Beside their intrinsic interest, these types of
results have found significant applications in number theory and Ramsey theory.
To a large extend, the present paper was motivated by these applications.

1.2. To put our discussion in a proper context it is useful to recall one of the
most well-known pseudorandomness conditions for graphs, introduced in [18, 19].
Specifically, let G = (V, E) be a finite graph and let p = |E|/(‘¥|) denote the
edge density of G; the reader should have in mind that we are interested in the
case where G is sparse, that is, in the regime p = o(|V|?). Also let D > 1 and
0 < v < 1, and recall that the graph G is said to be (D, )-bounded provided that
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for every pair X,Y of disjoint subsets of V' with |X| > ~|V| and |Y| > ~4|V]|, we
have |E N (X x Y)| < Dp|X||Y|. This natural condition expresses the fact that
the graph G has “no large dense spots”, and is satisfied by several models of sparse
random graphs (see, e.g., [2]).

1.3. The notion of pseudorandomness which we will consider in this paper is an
extension of the aforementioned boundedness hypothesis. It is relevant also in the
continuous setting—e.g., in the context of graph limits [20]—and as such we will
be working with the following measure theoretic structures. As usual, for every
positive integer n we set [n] = {1,...,n}.

Definition 1.1 ([33]). A hypergraph system is a triple

where n is a positive integer, ((X;, X, ;) : 1 € [n]) is a finite sequence of probability
spaces and H is a hypergraph on [n]. If H is r-uniform, then € will be called an
r-uniform hypergraph system. On the other hand, if p;(A) < n for every i € [n]
and every atom' A of (Xi, i, pi), then S will be called n-nonatomic.

Observe that a hypergraph system which consists of discrete probability spaces
is just a vertex-weighted n-partite hypergraph. Also note that if p is the uniform
probability measure on a nonempty finite set X, then every atom of (X, u) has
probability |X|~!. Therefore, n-nonatomicity is just an asymptotic condition.

At this point we need to recall some basic definitions. Given a hypergraph
system S = (n, ((X;,2;, i) : 7 € [n]),H) by (X, X, u) we denote the product of
the spaces ((X;,%;, i) : @ € [n]). More generally, for every nonempty e C [n] let
(Xe, Xe, tte) be the product of the spaces ((X;, X;, p;) : @ € e) and observe that the
o-algebra X, can be “lifted” to X by setting

(1.2) Be={n;'(A): Ae =}

where 7.: X — X, is the natural projection. If, in addition, |e|] > 2, then let
Oe={e' Ce:le| =lel — 1} and define

(1.3) Spe == { ﬂ Ay i Ay € Ber for every € € ae} C B..

e’ €de

The family Sy, is very easy to grasp if n = 2 and e = {1,2}. It consists of all
measurable rectangles of X; x X5, that is,

Sge ={Ax B: A€ and B € %5}.
On the other hand, if n = 3 and e = {1, 2,3}, then observe that
Soe ={ANBNC:Aec 8{172}73 € 3{273} and C € 8{173}}

1Recall that an atom of a probability space is a measurable event with positive probability

which contains no measurable event with smaller positive probability.
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where Byi 9y = {A x X3 : A C X; x Xj is measurable}, and similarly for By 3)
and By, 33. In general, notice that every member of Sy, is the intersection of events
which depend on fewer coordinates, and so it is useful to view the elements of Sy,
as “lower-complexity” events. Much of the interest in these families of sets stems
from the fact that they are “characteristic” for a number of structural properties
of hypergraphs (see, e.g., [8, 36]).

1.4. We are now in a position to introduce the class of weighted hypergraphs which
we will consider in this paper. It was recently defined? in [3].

Definition 1.2. Let 5 = (n, {((X;, 2, ;) : @ € [n]),H) be a hypergraph system.
Also let C,m > 0 and 1 < p < oo, and let e € H with |e| = 2. A random variable
f € Li(X,Be, p) is said to be (C, n, p)-regular (or simply L, regular if C and n are
understood) provided that for every partition P of X with P C Ss. and u(A) = n
for every A € P we have

(1.4) [E(f [ AP, <C

where Ap is the o-algebra on X generated by P and E(f | Ap) is the conditional
expectation of f with respect to Ap.

The main point in Definition 1.2 is that, even though we make no assumption
on the existence of moments, an L, regular random variable behaves like a function
in L, as long as we project it on sufficiently “nice” o-algebras of X.

Notice that L, regularity becomes weaker as p becomes smaller. In particular,
the case “p = 17 is essentially of no interest since every integrable random variable
is L1 regular. On the other hand, in the context of graphs, L., regularity reduces
to the boundedness hypothesis that we mentioned above. Indeed, it is not hard to
see that a bipartite graph G = (V1, V, E) with edge density p is (D, 7)-bounded for
some D,y if and only if the random variable 15 /p is Lo, regular. (Here, we view
V1 and V5 as discrete probability spaces equipped with the uniform probability
measures.) For weighted hypergraphs, however, L, regularity is a more subtle
property. It is implied by the pseudorandomness conditions appearing in the work
of Green and Tao [15, 16], though closer to the spirit of this paper is the work of
Tao in [34]. We will comment further on these connections in Subsection 2.2.

Between the above extremes there is a large class of sparse weighted hypergraphs
(namely, those which are L, regular for some 1 < p < oo) which are, as we shall
see, particularly well-behaved.

2. STATEMENT OF THE MAIN RESULTS

2.1. Regularity lemma. We first recall some pieces of notation and terminology.
We say that a function F: N — R is a growth function provided that: (i) F is

2Actually, in [3] only L, regular graphs were considered, but it is straightforward to extend

the definition to hypergraphs.
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increasing, and (ii) F(n) > n + 1 for every n € N. Moreover, for every hypergraph
system 2 = (n, ((X;, X, i) : ¢ € [n]),H), every e € H with |e| > 2 and every
feLi(X,Be, p) let

(21) Ifllso. =suw{| [ Faul: 4 € o}

where Sy, is as in (1.3). The quantity || f|s,. is a measure of “uniformity” of f and
it has been extensively used in extremal combinatorics (see, e.g., [12, 13, 20, 33]).
It is sometimes referred to in the literature as the cut norm of f.

The following decomposition of L, regular random variables is the first main
result of this paper. As in Definition 1.2, for every partition P of a nonempty set
X by Ap we denote the o-algebra on X generated by P.

Theorem 2.1. Let n,r e Nwithn >r > 2, and let C >0 and 1 < p < oo. Also
let F: N — R be a growth function and 0 < o < 1. Then there exists a positive
integer Reg = Reg(n,r,C, p, F, o) such that, setting n = 1/Reg, the following holds.
Let 7 = (n, (X, X4, i) = @ € [n]),H) be an n-nonatomic, r-uniform hypergraph
system. For everye € H let fo € L1(X, B., u) be nonnegative and (C,n, p)-reqular.
Then there exist
(a) a positive integer M with M < Reg,
(b) for every e € H a partition P. of X with P. C Spe and u(A) = 1/M for
every A € P., and
(c) for every e € H a refinement Q. of P. with Q. C Ss. and u(A) = n for
every A € Q.,
such that for every e € H, writing fe = fS + fon + fSns with

(2 2) str*E(f6|A7)e)ﬂ err*E(f€|AQp) (felAPe)’ unf*fef]E(fe“AQe)a

we have the estimates

1

(2.3) [fsllz, O, fenllL,y <o and |[fills,. < S Fan

~—

where p’ = min{2, p}.

Note that, unless p = oo, the structured part of the above decomposition
(namely, the function f5,) is not uniformly bounded. This is an intrinsic feature
of L, regular hypergraphs, and it is an important difference between Theorem 2.1
and several related results (see, e.g., [2, 5, 6, 14, 15, 18, 23, 35, 37]). Observe,
however, that, by part (b) and (2.3), one has a very good control on the correlation

e
str

growth function F', we can force the function

between and fe ¢ for every e, e/ € 7. Hence, by appropriately selecting the

%» to behave like a bounded function
for many practical purposes.

The proof of Theorem 2.1 is given in Section 5 and relies in an essential way
on a uniform convexity estimate for martingale difference sequences in L,, spaces

(Proposition 3.1 in the main text), and on a Holder-type inequality for L, regular
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random variables which is presented in Section 4. The argument is technically
demanding mainly because, on the one hand, we aim to the strong norm estimates
in (2.3) and, on the other hand, we need to ensure that the cells of each partition
P. are fairly large. The reader is also referred to [9] where a similar method is used
in a simpler (but closely related) context, as well as to [4] where the algorithmic
aspects of the proof of Theorem 2.1 are analysed and applications are given for
sparse instances of NP-hard problems.

2.2. Relative counting and removal lemmas. The second part of this paper
deals with the existence of counting and removal lemmas for L, regular hyper-
graphs. Firstly, it is necessary to note that L, regularity alone is not strong enough
to yield results of this type, even if we restrict our attention to L, regular graphs.
It is in fact a rather delicate question to find natural conditions which imply sparse
versions of the counting and removal lemmas®. In this direction, a powerful trans-
ference method was introduced by Green and Tao [15, 16] which can be applied to
relatively dense subsets of several sufficiently pseudorandom combinatorial struc-
tures. For hypergraph systems, the method was developed by Tao in [34] who
obtained a “relative removal lemma” which essentially covers the case of L., reg-
ular hypergraphs. Our second main result extends the relative removal lemma in
the whole range of admissible p’s.

Theorem 2.2. Letn,r e Nwithn>r >2, andlet C > 1 and 1 < p < oco. Then
for every 0 < e < 1 there exist two strictly positive constants n = n(n,r,C,p,e)
and 6 = 6(n,r,C,p,e), and a positive integer k = k(n,r,C,p,e) with the following
property. Let A = (n,{((X;,Zi, ;) : 4 € [n]),H) be an n-nonatomic, r-uniform
hypergraph system and let (v, : e € H) be a (C,n,p)-pseudorandom family. For
every e € H let fo € L1(X, Be, ) with 0 < fe < ve such that

(2.4) [ setuss

ecH
Then for every e € ‘H there exists F, € B, with
(2.5) / fedp<e and () F.=0.
X\Fe ecH

Moreover, there exists a collection (P : €' C e for some e € H) of partitions of X
such that: (i) P C Ber and |Por| < k for every e’ C e € H, and (ii) for everye € H
the set F, belongs to the algebra generated by the family Ue'ge P

Here, a (C,n, p)-pseudorandom family is a collection (v, : e € H) of nonnegative
random variables each of which effectively resembles a function . € L,(X, Be, %)
with [|¢e|lz, < C (in particular, each v, is L, regular). The precise definition is
given in Section 6, along with some basic properties. If ¥, = 1 for every e € H,

3Recently7 there was progress in this direction for sparse random graphs; see [28] and the

references therein.
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then this definition coincides* with the “linear forms condition” introduced in [34],
and so Theorem 2.2 yields the stronger version of the relative removal lemma ob-
tained recently in [6]. More important, in the general case we do not demand
that the functions (¢, : e € H) are independent and, in fact, there are natural
examples of pseudorandom families consisting of mutually correlated random vari-
ables (see [10]).

As we have already indicated, the proof of Theorem 2.2 follows the general
philosophy of the transfer method of Green and Tao. It is based on Theorem 2.1 as
well as on a relative counting lemma for pseudorandom families (Theorem 7.1 in the
main text). This relative counting lemma in turn relies on a new decomposition
method which we shall discuss in detail in Subsection 7.1. The reader is also
referred to [7] for further applications of this method in an arithmetic context.
We also remark that the problem of obtaining a counting lemma for L, regular
hypergraphs was asked in [3, Section 8].

2.3. Consequences. We conclude our discussion in this section by noting that
Theorem 2.2 yields a new Szemerédi-type theorem for sparse pseudorandom subsets
of finite additive groups. We present this result in Subsection 8.3. Readers mainly
interested in the integers will also find in Subsection 8.3 a purely arithmetic version
of Theorem 2.2 (Theorem 8.3 in the main text).

3. BACKGROUND MATERIAL

Our general notation and terminology is standard. By N ={0,1,...} we denote
the set of all natural numbers.

3.1. Martingale difference sequences. Let (X, %, 1) be a probability space and
recall that a finite sequence (d;), of integrable real-valued random variables on
(X, X, 1) is said to be a martingale difference sequence if there exists a martingale
(fi)™, such that dg = fo and d; = f; — fi—1 if n > 1 and i € [n].

It is clear that every square-integrable martingale difference sequence (d;)7 is
orthogonal in Lo and, therefore,

n / n
(31) (S naz) " =13 dil,,.
i=0 1=0

We will need the following extension of this basic fact.

Proposition 3.1. Let (X,X, u) be a probability space and 1 < p < 2. Then for

every martingale difference sequence (d;)7—, in L,(X, X, u) we have
n 1/2 1 172 I

(3:2) (Z IIdiII%p) < (pfl) 1> dilly,-
i=0 =0

4Actually, it is weaker than the linear forms condition, and formally coincides with the condi-

tions which are discussed in [6].
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It is a remarkable fact that the constant (p — 1)~/2 appearing in the right-hand
side of (3.2) is best possible. This sharp estimate was recently proved by Ricard
and Xu [24] who deduced it from the following uniform convexity inequality for L,
spaces (see [1] or [22, Lemma 4.32]).

Proposition 3.2. Let (X,X, 1) be an arbitrary measure space and 1 < p < 2.
Then for every x,y € L,(X, %, 1) we have

e+ yl2, +lle - yl2,
. .

(3-3) lllZ, + (= DlylZ, <

3.2. Probability spaces with small atoms. Recall that a classical theorem
of Sierpiriski asserts that for every nonatomic finite measure space (X, %, u) and
every 0 < ¢ < p(X) there exists C € ¥ with u(C) = ¢. We will need the following
approximate version of this result.

Proposition 3.3. Let 0 < n <1 and let (X, %, 1) be a probability space such that
w(A) < n for every atom A of (X,%,u). Also let B € ¥ with u(B) > n, and let
1 < ¢ < u(B). Then there exists C € X with C C B and ¢ < u(C) < ¢+ 1.

Proposition 3.3 is straightforward for discrete probability spaces. The general
case follows from the aforementioned result of Sierpinski and a transfinite exhaus-
tion argument. We give a proof for the convenience of the reader.

Proof of Proposition 3.3. Assume not, that is,
(H) for every C € ¥ with C' C B either u(C) < c or u(C) = c+n.

We will use hypothesis (H) to construct an increasing family (Z, : a < w;) of
measurable events of (X, X, u) such that Z, C B, u(Z,) < ¢ and u(Za+1\ Za) > 0
for every a < wy. Clearly, this leads to a contradiction.

We begin by setting Zg = (). If o is a limit ordinal, then we set Z, = Uﬁ<a Z3;
notice that p(Z,) < ¢ and so, by hypothesis (H), we have u(Z,) < c. Finally, let
a = 8+ 1 be a successor ordinal. By Sierpiiiski’s result and hypothesis (H), the
set B\ Zg must contain an atom A of (X,X,u). We set Z, = Zg U A and we
observe that p(Zgy1 \ Zg) = u(A) > 0. Also notice that u(Z,) < ¢+ n. Thus,
invoking hypothesis (H) once again, we conclude that u(Z,) < ¢ and the proof of
Proposition 3.3 is completed. (]

3.3. Removal lemma for hypergraph systems. We will need the following
version of the removal lemma for hypergraph systems which is due to Tao [33] (see
also [8] for an exposition). Closely related discrete analogues were obtained earlier
by Gowers [13] and, independently, by Nagle, R6dl, Schacht and Skokan [21, 26].

Theorem 3.4. For every n,r € N withn > r > 2 and every 0 < € < 1 there
exist a strictly positive constant A(n,r,e) and a positive integer K(n,r,e) with
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the following property. Let 7 = (n,{((X;,2i, ;) @ € [n]),H) be an r-uniform
hypergraph system and for every e € H let E, € B, such that

(3.4) y,( ﬂ Ee> < A(n,r,e).

ecH

Then for every e € ‘H there exists F, € B, with

(3.5) WEN\F)<e and () F.=0.

e€H
Moreover, there exists a collection (P : €' C e for some e € H) of partitions of X
such that: (1) P C Be and |Po| < K(n,r,e) for every ¢’ C e € H, and (ii) for
every e € H the set F, belongs to the algebra generated by the family Ue,;e Por.

4. A HOLDER-TYPE INEQUALITY

In this section, our goal is to prove a Holder-type inequality for L, regular ran-
dom variables. We begin with a brief motivating discussion. Let (X,3, ) be a
probability space and let f be a nonnegative real-valued random variable which be-
longs to L, (X, X, ) for some 1 < p < oo. Let ¢ denote the conjugate exponent of p
and notice that, by Hoder’s inequality, for every A € ¥ we have

(11) ([ raw)" <usis, - nia.

Of course, this uniform estimate does not hold true if f is not in L,(X, X, u).
Nevertheless, we do have a version of (4.1) if we merely assume that f is L, regular.
This is the content of the following proposition.

Proposition 4.1. Let n,r e Nwithn >r >2 and 0 <n < (r + 1)_1. Also let
C>0and 1l < p< oo, and let g denote the conjugate exponent of p. Finally, let
= (n, {((X;, 2, 144): 1 € [n]),H) be an n-nonatomic hypergraph system, e € H
with |e| =, and let f € L1(X, Be, i) be nonnegative. Then the following hold.

(a) If f is (C,n,p)-regular, then for every A € Sy, we have

(4.2) (Afm0q<CWMA»ur+am-

(b) On the other hand, if (4.2) is satisfied for every A € Sy, then the random
variable f is (K,n,p)-reqular where K = C(r 4 4)Y9n~YP. In particular,
if p= o0, then f is (C(r 4+ 4),n, 00)-regular.

Proposition 4.1 is based on the simple (but quite useful) observation that for
every A € Sy, with u(A) > n we can find a partition of X which almost contains the
set A, and whose members are contained in Sy, and are not too small. We present
this fact in a slightly more general form in Subsection 4.1 (this form is needed later
on in Section 5). The proof of Proposition 4.1 is completed in Subsection 4.2.
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4.1. A partition lemma. For every probability space (X, X, 1) and every finite
partition P of X with P C X we set

(4.3) ¢(P) = min{u(P) : P € P}.
We have the following lemma.

Lemma 4.2. Let r be a positive integer and 0 < 6 < 1. Also let (X, X, ) be a
probability space, (B;)i_, a finite sequence of sub-o-algebras of ¥, and set

S = { hAi : A; € B; for every i € [r]}
i=1

Then for every A € S with (A) > 0 there exist: (1) a partition Q of X with
QC S and (Q) =0, (ii) a set B€ Q with A C B, and (iil) pairwise disjoint sets
Bi,...,B, € S with u(B;) < 0 for every i € [r], such that B\ A=J;_, B;.

Proof. Fix A € S with p(A4) > 6 and write A = (;_, A; where A; € B; for every
i € [r]. For every nonempty I C [r] and every i € I let

Ci=( N 4)nx\A)

je{ecr:e<i}
with the convention that C7; = X \ A; if ¢ = min(J). It is clear that C;; € S
for every i € I. Moreover, notice that the family {Cy; : i € I} is a partition of
X\Nies Ai- Weset G = {i € [r]: u(Cpy,) > 6} and we observe that if G = (), then
the trivial partition @ = {X} and the sets Cfy 1, ..., Cy,, satisfy the requirements
of the lemma. So, assume that G is nonempty and let
B= (1A and Q={B}U{Cq,:i€G}.

i€G
Also let B; = BN Cpp\g, if i ¢ G, and B; = 0 if i € G. We will show that Q, B
and By, ..., B, are as desired.

Indeed, notice first that Q is a partition of X with @ C S, B € Q and A C B.
Next, let @ € Q be arbitrary. If Q = B, then pu(Q) = u(B) > p(A) > 0. Otherwise,
there exists 7 € G such that @ = Cg ;. Since C|,; C Cg,; and i € G, we see that
Q) = u(Caqi) = u(Cpy) = 0. Thus, we have 1(Q) > 6. Finally, observe that

By,...,B, € S are pairwise disjoint and

r

B\A= U(B NChy) = U (BN Cppa.i) = U B;.

i=1 i¢G i=1
Moreover, for every i ¢ G we have
B =BNCypa: = ( ﬂ Aj) NCipe.i € O
JEG
and so u(B;) < pu(Clyy,s) < 6. The proof of Lemma 4.2 is completed. O

4.2. Proof of Proposition 4.1. We will need the following lemma. It is a version
of Proposition 3.3 in the context of hypergraph systems.
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Lemma 4.3. Letn,r e Nwithn>r>2 and 0 < a,n <1 withrn <1 —a. Also
let A = (n,{((Xi, X, p5): @ € [n]),H) be an n-nonatomic hypergraph system, and
let e € H with |e] =r. Then for every A € Sp. with p(A) < a there exists B € Sp.
with A C B and a < p(B) < a+ 2n.

Proof. We argue as in the proof of Proposition 3.3. Specifically, fix A € Sy, with
u(A) < a and assume, towards a contradiction, that

(H) for every B € Sy with A C B either u(B) < a or u(B) > a + 2n.

For every ¢’ € Qe we select Aor € B, such that A = A, and we observe that

e'€de

(4.4) 3 M(X\Ae,)>u(x\ N Ae,) >1—az>rn.
e’ €0e e'€de
Therefore, there exists ] € de such that pu(X \ A¢;) > n. Since S is n-nonatomic,
we see that u(Z) < n"~1 < for every atom Z of (X, Be;, p). Hence, by Propo-
sition 3.3 applied for “B = X \ Ae” and “c = n”, there exists By, € B, with
By € X\ Ay and n < u(By) < 2n. We set AL, = A, U B, and AL, = A if
1 1 1 el 1 1 e
e/ € 0e\ {e}}. Notice that: (i) N(Ai,l) > pu(Ae) +1, (i) Neeoe Aer € Soe, and
(iii) A € Neege Ab- Moreover, (Moo AL) < p(A) + 217 < a + 2n and so, by

hypothesis (H), we obtain that “(ﬂe'eae Aé,) < a. It follows, in particular, that
the estimate in (4.4) is satisfied for the family (Al, : ¢’ € Oe).

Thus, setting M = [2r/n], we select recursively: (a) a finite sequence (¢!, )M

m=1
in de, and (b) for every ¢’ € de a finite sequence (A")M_ in B, with A% = A/,
such that for every m € [M] the following hold.
(C1) For every €’ € Je we have A”}~1 C A7, Moreover, p(A™ ) > p(A7 1) 4.
(C2) We have p( N, cpe A7) < a.

By the classical pigeonhole principle, there exist L C [M] with |L| > M/r and
g € Oe such that e, = g for every m € L. If { = max(L), then by (C1) we conclude
that p(A%) > 2 which is clearly a contradiction. O

We are ready to give the proof of Proposition 4.1.

Proof of Proposition 4.1. (a) Fix A € Spe. If n < p(A), then we claim that

(4.5) ( /A fp)" < C1(u(A) + ).

Indeed, by Lemma 4.2, there exist a partition Q of X with Q C Ss. and ¢+(Q) = 7,
and B € Q with A C B and u(B\ A) < rn. Since f is (C,n, p)-regular we see that

[ fdu
w(B)

(Here, we have pu(B)Y/? =1 if p = c0.) Hence,

(/Afdu)q < (/deu)q < CUu(B) < C9(u(A) + ).

u(B)Y? <|E(f] Az, < C.



L, REGULAR SPARSE HYPERGRAPHS 11

Next, assume that 0 < u(A) < 1. Our hypothesis that 0 < n < (r + 1)1 yields
that rn < 1 — n and so, by Lemma 4.3, there exists B € Sy, with A C B and
n < p(B) < 3n. Therefore,

wo ([ ran)'<([ fap)" < On(u(B) + ) < O () + (r+ 3)0)

and the proof of part (a) is completed.

(b) Let P be an arbitrary partition of X with P C Sy, and ¢(P) > n. By (4.2), for
every P € P we have [}, fdp < C(r + 4)Y/9p(P)*/49. Therefore, if 1 < p < o0,

S (LAY py < cne e apin 3 eyt

PeP w(P) PeP
= CP(r+44)P/9P| < CP(r + 4P/ iy~ L.

IECS [ AR)IIL,

On the other hand, if p = oo,

IE(/ | APz = max{fz (f ]j)ﬂ C(N(P)H - P() +3)n)

as desired. O

:Pep}g < C(r+4)

5. REGULARITY LEMMA FOR Lp REGULAR HYPERGRAPHS

In this section we give the proof of Theorem 2.1. Specifically, let n,r € N with
nzr>2 and let C >0 and 1 < p < co. Let ¢ denote the conjugate exponent
of p and set p’ = min{2,p}. Also let # = (n, ((X;, S, ;) : i € [n]),H) be an
r-uniform hypergraph system. These data will be fixed throughout this section.

5.1. Preliminary tools. The following result is a refinement of the partition
lemma presented in Subsection 4.1. Recall that for every probability space (X, X, u)
and every partition P of X with P C ¥ we set ¢(P) = min{u(P) : P € P}.

Lemma 5.1. Let 0 < 9,n < 1 and e € H. Let f € L1(X,B., 1) be nonnegative
and (C,n,p)-regular, and P a finite partition of X with P C Sg.. Assume that

(5.1) n< (9 uP))*

and that F is n-nonatomic. Then for every A € Sy there exist: (i) a refinement
Q of P with Q C Spe and 1(Q) = (9 «(P))?, and (ii) a set B € Ag, such that

(5.2) / E(f|Ap)du < Crd and / fdp < 5Cr%0.
AAB AAB

Proof. Tt is based on the following greedy algorithm. Let P be a cell of the parti-
tion P and assume that the trace AN P of the given set A on P is a relatively large
subset of P. In this case, using Lemma 4.2 applied for the conditional probability
measure with respect to P, we may select a partition Qp of P and an element Bp
of @p which is a rather strong approximation of AN P. On the other hand, if the
measure of AN P is negligible when compared with the measure of P, then we do
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not split P. After scanning all the cells of the partition P, this process will eventu-
ally produce a refinement Q of P and a fairly accurate global approximation B of
A which belongs to the o-algebra generated by Q. Once this is done, the estimates
in (5.2) will follow from Hoélder’s inequality and Proposition 4.1 respectively.

We proceed to the details. We fix A € Sy, and we set

(5.3) 0 =097 (P) "

First, for every P € P we select a partition Qp of P with Qp C Sy, and a set
Bp € Sy as follows. Let P € P be arbitrary. If u(A N P) < Ou(P), then we
set Qp = {P} and Bp = ). Otherwise, let (P,Xp, pup) be the probability space
where Xp = {CNP: C € ¥} and pp is the conditional probability measure of
p with respect to P, that is, up(C) = u(C N P)/p(P) for every C € . Write
de = {e},...,e.} and for every i € [r] let B; = {BN P : B € B, }; observe that B;
is a sub-o-algebra of ¥p. Alsolet S = {ﬂ;zl B; : B; € B; for every i € [r]} C Sa..
By Lemma 4.2 applied to the probability space (P, Xp, pup) and the set ANP € S,
we obtain: (i) a partition Qp of P with Qp C S and «(Qp) > 0, (ii) aset Bp € Qp
with ANP C Bp, and (iii) pairwise disjoint sets Bf ,..., BY € S with up(BF) < 0
for every i € [r], such that Bp \ (AnP) =, BF.

Next, we define

(5.4) Q= U Op and B = U Bp.

PeP PeP

Observe that Q is a refinement of P with Q C Spe and ¢(Q) > 6-1(P) = (9-¢(P))".
Also note that B € Ag and, setting P* = {P € P: u(ANP) > 0u(P)}, we have

(5.5) ans=( {J @npr)u( U (OBf))
PeP\P* Pep* i=1

where for every P € P* the sets Bf,..., Bl are as in (iii) above. In particular,
noticing that u(A N P) < Ou(P) for every P ¢ P* and u(BF) < 0u(P) for every
P € P* and every i € [r], we see that

(5.6) w(AAB) < rf.

On the other hand, by (5.1), we have «(P) > 7, and so ||[E(f | Ap)|[z, < C since f
is (C,n, p)-regular. Hence, by Holder’s inequality, we obtain that

(5.6) (5.3)
| B Ap) du < B | Ap)ls, - w2 BYY < Crtagl < cro.
AAB

We proceed to show that [, . 5 f dp < 5Cr?9. To this end notice first that

(57) N TS ZT:/Bffdu-

PeP\P* PP~ i=1
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By (5.1) and (5.3), we have n < Ou(P) for every P € P. Hence, if P € P\ P*,
then, by Proposition 4.1,
a
( f du) < CYp(ANP)+ (r+3)n)
ANP
< CUOu(P) + (r + 3)0u(P)) < 5CUru(P)

and so

(5.8) 3 / Fdu<5Cr0MT S (),
pep\p+ 7 ANP PeP\P~

Respectively, for every P € P* and every ¢ € [r] we have
K P
(/ fdu) < CUp(BY) + (r+3)n) < 5CTrop(P)
B

which yields that
(5.9) S0 [ pdu<seret S ey,
pep+ i=1 7/ BY pPep

Finally, notice that the function z'/7 is concave on Rt since ¢ > 1. Therefore,

(5.10) S w(P)Ye < [P < u(P) Y,
pPeP
Combining (5.7)—(5.10) we conclude that
/ fdp < 502011 " p(P)V9 < 5Cr20M 9 (P) TP & 5or29
ALB Pep

and the proof of Lemma 5.1 is completed. (]

Lemma 5.1 is used in the proof of the following result which asserts (roughly
speaking) that if a given approximation of an L, regular random variable f is not
sufficiently close to f in the cut norm, then we can find a much finer approximation.

Lemma 5.2. Let 0 < §,n < 1 and set 9 = §(12Cr?)~1. Also let e € H and let
f € Li(X, B, 1) be nonnegative and (C,n,p)-reqular. Finally, let P be a finite
partition of X with P C Spe such that || f —E(f | Ap)|s,. > 0. Assume that

(5.11) n< (0 u(P))

and that F€ is n-nonatomic. Then there exists a refinement Q of P with @ C Sy
and 1(Q) = (9 u(P))?, such that |E(f | Ag) — E(f| Ap)lz,, =96/2.

Proof. We select A € Sy such that

(5.12) \/A(f—E(ﬂAp)) dp| > 0.
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Next, we apply Lemma 5.1 and we obtain a refinement Q of P with Q C Sy, and
((Q) = (V- u(P))?, and a set B € Ag such that Jarg E(f | Ap)dp < Crd and
fAAB fdp < 5Cr29. Then, by the choice of 1, we have

[ (¢ =BU A du— [ (7~ E(f | Ap) da| <
A B
g/ fdu—i—/ E(f | Ap)du < 5CT%0 + Cri < 6019 = §/2
AAB AAB
and so, by (5.12),

(5.3) [ (=B Am) ] > 372

On the other hand, the fact that B € Ag yields that

i) [ (7B An) dn = [ (B AQ) ~ B(F | Ap) di

Therefore, by the monotonicity of the L, norms, we conclude that
IE(f [ Ag) —E(f[Ap)lL,, = [E(f]Ag) —E(f|Ap)llz, =

(5.13)
| / (E(f| Ag) — E(f | Ap)) du| “2 | / (f ~E(f | Ap)) du| > 6/2
B B
as desired. O

5.2. Proof of Theorem 2.1. We now enter into the main part of the proof. We
begin with the following lemma.

Lemma 5.3. Let 0 < 6,7 < 1 and 0 < o < 1, and set 9 = §(12Cr?)~t and
N =[4(p" —1)"102672]. Also let e € H, let f € L1(X,B., p) be nonnegative and
(C,n,p)-regular, and let P be a finite partition of X with P C Sg.. Assume that

(5.15) n< (V- L(P))qN
and that J€ is n-nonatomic. Then there exists a refinement Q of P with Q C Sy,
and 1(Q) = (9N - u(P))? | such that either

(a) [E(f|Ag) —E(f[Ap)lL,, >0, or

(b) E(f[A) —E(f | AP)llz,, <o and ||f —E(f[Ag)ls,. <.

The case “p > 2” in Lemma 5.3 can be proved with an “energy increment
strategy”, a method which originates from the work of Szemerédi [31, 32] and is
essentially based upon the fact that martingale difference sequences are orthogonal
in Lo (see, e.g., [8, 33]). The general case follows a method introduced recently in [9]
and relies on Proposition 3.1 (see also [11] for another application).

Proof of Lemma 5.3. Assume that part (a) is not satisfied, that is,

(H1) for every refinement Q of P with Q C Sy, and ¢(Q) > (I~ - L(P))qN we
have [[E(f [ Ag) — E(f[Ap)|L,, <o
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We claim that there exists a refinement Q of P which satisfies the second part of
the lemma. Indeed, if not, then, by (H1) and Lemma 5.2, we see that

(H2) for every refinement Q of P with Q C Sy, and +(Q) > (19N (P)) there
exists a refinement R of Q with R C Sy and +(R) = (¢ - ) such that
10 1 4R) — B(f | A0)r,, > 6/2.
Recursively and using (H2), we select partitions Py, ..., Py of X with Py = P such
that for every i € [N] we have: (P1) P; is a refinement of P;_; with P; C Sy, and
UP;) = (0 u(Pi-1))?, and (P2) |[E(f | Ap,) — E(f| Ap,_,)llz,, > 6/2.

Next, set g = f —E(f | Ap) and let (d;)XY, be the difference sequence associated
with the finite martingale E(g|Ap,),...,E(g|Ap, ). Notice that for every i € [N]
we have d; = E(f | Ap,) —E(f | Ap,_,) which implies, by (P2), that |di[. , > /2.
Therefore, by the choice of N and Proposition 3.1,

N

) 1/2
O-g(pT_l)l/QENl/? < (pT_1)1/2<ZHdil|%N)
=0

HZdHL = IE(f | Apy) —E(f | AP) ],

On the other hand, by (P1), we see that Py is a refinement of P with Py C Spe
N
and 1(Q) = (WV-«(P))? and so, by (HL), |E(f | Apy) —E(f|Ap)|L L+ < 0 which

contradicts, of course, the above estimate. The proof is thus completed [l

We introduce some numerical invariants. For every growth function F: N — R

and every 0 < o < 1 we define, recursively, a sequence (N,,,) in N and two sequences

(Mm) and (9,,,) in (0, 1] by setting No =0, 9o = 1, 6y = (1207“2F(1))_1 and

N1 = [4(p' = 1)1 a®F([n,,' 1)1,
(5'16) Nm+1 = (ﬁzmﬂ ' nm)quH?

Imir = (1207 F([,141))
The following lemma is the last step of the proof of Theorem 2.1.

—1

Lemma 5.4. Let0 <o <1 and F: N — R a growth function. Set
(5.17) L=[C%*p' —1)"to2n"]

and let (ny,) be as in (5.16). Let 0 < n < ni and assume that S is n-nonatomic.
For every e € H let fo € L1(X,Be, ) be nonnegative and (C,n, p)-regular. Then
there exist: (i) a positive integer m € {0,...,L—1}, (ii) for every e € H a partition
P. of X with P. C Spe and t(P.) = 0, and (iii) for every e € H a refinement
Q. of P. with Q. C Sy and L(Q ) = Nm+1, such that for every e € H we have
IE(f. | Aa.) — E(f | Ap)ls, <o and [If. — E(f. | Ag,)lls,, < 1/F(Inz11).

Proof. 1t is similar to the proof of Lemma 5.3 and so we will briefly sketch the
argument. If the lemma is false, then using Lemma 5.3 we select for every e € H
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partitions P§,..., P of X with P§ = {X} as well as e1,...,er, € H such that
for every m € [L] we have: (P1) Pg, is a refinement of Pg,_; with PS, C Sy, and
UPp) = for every e € H, and (P2) [[E(fe,, [ Apgn) — E(fe,, [ Aper L, > 0.
By the pigeonhole principle, there exist e € H and I C [L] with |I| > L/n", such
that e = e,, for every m € I. Let (d,)%_, be the difference sequence associated
with the finite martingale E(fe [ Apg), . . ., E(fe [ Ap¢) and notice that [|dp || , > o
for every m € I. Moreover, since fe is (C,n,p)-regular and ¢(P&) = nm 2 1L =1
we see that [|[E(fe | Ape )z ; < [E(fe | Apg )|z, < C for every m € [L]. Hence, by
the choice of L in (5.17) and Proposition 3.1, we conclude that

L 1/2 L
O <@ =DV (X Nl ) " <Y dull, , = I1B(fe | Arg)lle,, < C
m=0 m=0
which is clearly a contradiction. O

We are ready to complete the proof of Theorem 2.1.

Proof of Theorem 2.1. Let F': N — R be a growth function and 0 < ¢ < 1, and let
L and 7y, be as in (5.17) and (5.16) respectively. We set Reg = [, '] and we claim
that with this choice the result follows. Indeed, set n := 1/Reg < 1z and assume
that 4% is n-nonatomic. For every e € H let f. € L1(X, B., i) be nonnegative and
(C,n,p)-regular. Let m € {0,...,L —1}, (P. : e € H) and (Q. : e € H) be as in
Lemma 5.4 and define M = [n,1]. It is clear that M, (P, : e € H) and (Q. : e € H)
are as desired. |

6. PSEUDORANDOM FAMILIES

Throughout this section let n,r be two positive integers with n > r > 2 and let
A= (n, (X, 2, p5) 1 7 € [n]), H) be an r-uniform hypergraph system.

6.1. Definitions and basic properties. We begin by introducing some pieces
of notation. Let e C [n] be nonempty and recall that m.: X — X, stands for the
natural projection. Observe that for every f € L1(X,B., ) there exists a unique
random variable f € L1(X,, X, pte) such that

(61) ,f =fom

and note that the map L1 (X, Be,pt) 3 f — f € L1(X,, X, pe) is a linear isometry.
If, in addition, the set [n] \ e is nonempty, then for every x. € X. and every
Xn\e € X[n\e by (xe,x[n]\e) we denote the unique element x of X such that
Xe = Te(x) and X\ e = Tp)\e(%). Finally, for every f: X — R and every x. € X,
let fx.: Xnpe — R be the section of f at x., that is, fx, (X[up\e) = f(Xe, X[n)\e)-

Definition 6.1. Let C > 1 and 0 <n < 1. Also let 1 < p < 0o and let q denote the
conjugate exponent of p. For every e € H let v, € L1(X,Be, ) be a nonnegative
random variable. We say that the family (v. : e € H) is (C,n,p)-pseudorandom
provided that the following conditions are satisfied.
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(C1) (Copies of sub-hypergraphs of H) For every nonempty G C H we have

(6.2) /HVedN>1—77-

eeg
(C2) For every e € H there exists . € Lp(X,Be,p) with ||[¢e|r, < C and
satisfying the following properties.
(a) (The cut norm of v, — 1. is negligible) We have ||ve — te|ls,. < .
(b) (Local linear forms) For every j € {0,1} and every ¢ € H \ {e} let
gg) € L1(X,Be, ) such that either 0 < gg) < Ve or 0K gg) < 1.

If v. and . are as in (6.1) for v. and . respectively, then

03 | fw-vae) T ([ T1 6P duane) dusd <o

j€{0,1} e’eH\{e}
(C3) (Integrability of marginals) Let e € H and let G C H\{e} be nonempty, and
define veg: Xe = R by veg(xe) = [Tloeg(Ver)x. dbn\e- Then, setting
1
(6.4) é::min{2n:n€Nand2n>2q+(1—6)4—];}
(where 1/p =0 if p = 00), we have

(6.5) [vgin <cn

As we have noted, examples of pseudorandom families are presented in [10]. Here,
as an illustration, we will describe a class of these examples which are quite easy
to grasp. (The verification of their properties, although not particularly difficult, is
somewhat lengthy and is given in [10].) They are of the form (ve+p. : € € H) where:
(i) H is the r-simplex, that is, the complete r-uniform hypergraph on [r+1], (ii) each
ve € L1(X,B., ) is nonnegative and the family (v, : e € H) satisfies a slight
modification of the “linear forms condition” introduced in [34, Definition 2.8], and
(iii) each . € L,(X,Bc,p) is also nonnegative and satisfies [|¢?[o,x,) < C?
where £ is as in (6.4) and || - [|g,(x,) is a variant of the Gowers box norm [13] which
was first considered by Hatami [17]. In other words, the family (v. 4+ ¢, : e € H) is
a perturbation of a system of measures which appears in [34], the main point being
that only integrability conditions are imposed on each “noise” ..

We now proceed to discuss some properties of pseudorandom families.

6.1.1. First observe that condition (C1) expresses a natural combinatorial require-
ment, namely that the weighted hypergraph (v, : e € H) contains many copies of
every sub-hypergraph of H.

6.1.2. Condition (C2.a) is also rather mild and implies that each v, is, to some

extend, well-behaved. Specifically, we have the following lemma.

Lemma 6.2. If the family (v. : e € H) satisfies condition (C2.a), then for every
e € H the random variable v, is (C + 1,1, p)-regular.
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Proof. Let e € H and let P be a partition of X with P C Sy, and u(P) > n for
every P € P. By condition (C2.a), for every P € P we have

| fp(Ve - ¢e) dﬁ”|
1(P)
and, consequently, [|E(ve — ¥ | Ap)|lL., < 1. Therefore, by the triangle inequality

<1

and the monotonicity of the L, norms, we conclude that
IE(ve | Ap)llL, < IEWe | AP)lL, + [IE(ve — ¢e [ Ap)|L, <C+1
and the proof is completed. O

Condition (C2.b), the local linear forms condition, is the strongest (and as such,
the most restrictive) condition of all. In the case where 9, = 1 for every e € H it was
explicitly isolated® in [6, Lemma 6.3], though closely related variants had appeared
earlier in the work of Green and Tao [15]. One of the signs of the strength of
the local linear forms condition is that it implies condition (C2.a) as long as the
hypergraph H is not too sparse. More precisely, assume that for every e € H we
have e C {e’ Ne: e € H} (this is the case, for instance, if H is the r-simplex).
Fix e € H and for every f € Oe let Ay € By. We set g(o) =1y, ifeNe = f;

el

U = 1. By (6.3), we see that | [(ve — ve) [T co. 14, dul < 1 which

otherwise, let g,

implies, of course, that ||ve — ¥e|ls,. <7

6.1.3. Condition (C3) can be seen as an instance of the general fact that by taking
averages we improve integrability. In a nutshell, we demand that the marginal v, g
belongs to Ly(Xe., X, pt.) where £ is an even integer strictly bigger than 2¢, though
in the special case C' =1 and p = co we can simply take £ = 2. The exact choice of
£ in (6.4) expresses these requirements in a formal way, but the reader may actually
think of® the parameter ¢ as being equal to 2(g + 1).

The following lemma reduces condition (C3) to certain moment estimates. We
point out that these estimates are needed for the analysis of pseudorandom families.

Lemma 6.3. If the family (v, : e € H) satisfies condition (C3), then for every
e € H and every nonempty G C H \ {e} the following hold.

(a) If either C > 1 or 1 < p < oo, then £ > 2q and for every A € ¥, we have
(6.6) [ v due < (€ 1) Ay e
where e(C,p) = (4pg) ™1 if 1 < p < o0, and e(C,00) = 1/2 if C > 1.

5We remark that in [6] condition (C2.b) is referred to as the “strong linear forms” condition.
6Note that this simplification is not far from the truth. Indeed, if g is an integer and C > 1,
then, by (6.4), we have that £ = 2(q + 1). It is also useful to point out that in the proofs of
Theorems 2.2 and 7.1 (which are our main results concerning pseudorandom families), we will not
use the fact that the number £ in (6.4) is an even integer. However, this property is needed when
one is working with the Gowers box norms and their variants (see, e.g., [10, Proposition 2.1]), and

so it is reasonable to add this harmless condition in Definition 6.1.
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(b) Assume that the family (v, : e € H) also satisfies condition (C1), and that
C=1andp=oc0. Then (=2 and ||veg — 1|7, < 4n'/2. In particular,
for every A € 3, we have

(6.7) /A vlgdpe < 2pc(A) + 8n'/2

Proof. (a) The fact that £ > 2¢ follows immediately by (6.4). Next, fix A € 3.
By Holder’s inequality, we have

2q 2q 1—2a (6-5) 1—24
69 [ odu <ol ma)F ) may .

On the other hand, by (6.4) and the choice of e(C, p), we see that 1 — 2% > e(C, p).
By (6.8), the proof of part (a) is completed.
(b) First observe that £ = 2. Moreover, by Fubini’s theorem and Jensen’s inequality,
(C1) 1/2 (C3)
1-n < /Hye’d“:/ye,gdue<</V37gdll/e) < (1+77)1/2
e'eg

and, consequently, | [(v2g —1) dpe| < 21 and | [(ve,g —1) dpe| < n*/2. Therefore,

(69) [veg—1]2, = / (Vg —2veg + 1) dpe

N

‘/(uf)g - 1)due‘ +2 | /(Ve,g -1 due’ < 4n'/?.

Now let A € 3. and note that |[veg-1a —1a| L, < |[[¥eg — 1| L,. Hence, by (6.9)
and the triangle inequality, we have |[veg - 1a L, < [|1allz, + (4n'/2)1/2 and so

2
[ o dne < ()2 4 (an'F2)112)° < 20 () + 502
as desired. 0

6.2. Conditions on the majorants. Although for the analysis of pseudorandom
families we need precisely conditions (C1)—(C3), in practice some of these conditions
are not so easily checked. This is the case, for instance, with the local linear
forms condition, since it requires verifying the estimate in (6.3) not only for the
“majorants” (v, : e € H) but also for all nonnegative functions which are pointwise
bounded by them. However, this problem can be effectively resolved by imposing
some slightly stronger conditions on (v, : e € H), and then reducing (6.3) to these
conditions by repeated applications of the Cauchy—Schwarz inequality. This method
was developed extensively by Green and Tao [15, 16] and has become standard in
the field. As such, our presentation in this subsection will be rather brief.

First we need to introduce some notation. Recall that by n,r we denote two
positive integers with n > r > 2 and 5 = (n, ((X;, 3, ;) : i € [n]), H) stands for
an r-uniform hypergraph system. For every m € N with m > 2 and every nonempty
e C [n] let (X7, X7, u") be the product of m copies of the probability space
(Xe, e, tte). (If e = [n], then this product will be denoted by (X™, 3™, u™).)
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Next, let h C [n] with e C h. For every XZO) = (x(o))ieh, e ,xglm_l) = (x(m_l))ieh

3 3
in X}, and every w = (w;)iee € {0,...,m — 1}¢ we set

xW) = (xl(-wi))i& € X..

Note that if w = j¢ for some j € {0,...,m—1} (that is, w = (w;)ice With w; = j for

every i € e), then xg") = Wh’e(XElj)) where 7, . : X, — X, is the natural projection.

Proposition 6.4. Let C > 1 and 0 < n < 1. Alsolet 1 < p < oo and let g
denote the conjugate exponent of p. For every e € H let v, € Li(X,B., ) be
a nonnegative random variable and let v. be as in (6.1) for v.. Assume that the
following properties are satisfied.

(P1) If ¢ is as in (6.4), then

1—77</H I v du <c+n
e€H we{0,...,L—1}¢
for any choice of ne ., € {0,1}.
(P2) For every e € H there exists o € Lyp(X, Be, ) with ||[tbe||r, < C such that

[ wemwoe) T T v ed)an?| <
we{0,1}e e’€H\{e} we{0,1}¢’
for any choice of ner,, € {0,1}.
Then (ve : e € H) is a (C,n', p)-pseudorandom family where n’ = (C + 1)n*/?",
For comparison, it is useful at this point to recall that a family (v, : e € H)
satisfies the “linear forms condition” in the sense of [34, Definition 2.8] if we have

(6.10) / I II v ) du? =1+0(1)

e€H we{0,1}¢

for any choice of n.,, € {0,1}. (Here, the quantity o(1) is an error term that can
be made arbitrarily small.) Thus, we see that if C' =1, p = oo and ¢, = 1 for every
e € H, then properties (P1) and (P2) in Proposition 6.4 are equivalent to (6.10).

For the proof of Proposition 6.4 we need the following lemmas. The first one is
a straightforward consequence of the Gowers—Cauchy—Schwarz inequality (see, e.g.,
[16, Lemma B.2]).

Lemma 6.5. Lete € H and f € L1(X, B, ). If £ is as in (6.1) for f, then
1/27
s < ([ T eecant) ™
we{0,1}e

The second lemma follows arguing precisely as in the proof of [6, Lemma 6.3] or
[34, Proposition 5.1]. We leave the details to the interested reader.
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Lemma 6.6. Let C > 1, 0 < np < 1land1l < p < oo. For every e € H let
Ve € L1(X, B, u) be a nonnegative random variable and assume that the family
(ve : € € H) satisfies properties (P1) and (P2) in Proposition 6.4. Fiz e € H, and
for every j € {0,1} and every ¢’ € H\ {e} let gg) € L1(X,Be, p) such that either

0< gg) < Ver or 0K gg) < 1. Then we have
|/(Ve —vo)xe) ] (/ 11 (9. d/l'[n]\e) dpe| < (C+1)n'%.
j€{0,1} e’eH\{e}

That is, condition (C2.b) is satisfied for the parameter (C' + 1)n'/?".
We are ready to give the proof of Proposition 6.4.

Proof of Proposition 6.4. Let G C ‘H be nonempty and observe that
/H vedp = / I I wee®)de
ecg e€H we{0,....—1}e
where n.,, € {0,1} and n.,, = 1 if and only if e € G and w = 0°. Hence, by
property (P1), condition (C1) is satisfied.
Next, let e € H by arbitrary. By property (P2), we have

/ [T ®e—vo)du? <n

we{0,1}e
and so, by Lemma 6.5, we see that condition (C2.a) is satisfied. Condition (C2.b)
follows, of course, from Lemma 6.6.
It remains to verify condition (C3). To this end, fix e € H and let G be a
nonempty subset of H \ {e}. Then,

/Vf’gdp,e = /(/ H Ve/(xe’ﬂe’xe'\e)du[n]\eyd“e

e'eg
-1 .
- / (/ HQH)VQ'(XG'”“XS\e ) dufyy.) dse
e'eg j=

JI I v ehan

e'€G we{0,...,0—1}¢

where ng., € {0,1} and ne,, = 1 if and only if w € {(0°7¢, j¢\): 0 < j < £ —1}.
By property (P1), we conclude that condition (C3) is satisfied, and the proof of
Proposition 6.4 is completed. O

7. RELATIVE COUNTING LEMMA FOR PSEUDORANDOM FAMILIES

The following theorem is the main result in this section.

Theorem 7.1. Let n,r € N withn > r > 2, and let C > 1 and 1 < p < oc.
Also let ¢ 2 1 and 0 < v < 1. Then there exist two strictly positive constants
n = n(n,r,C,p,(,y) and a = a(n,r,C,p,(,v) with the following property. Let
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H = (n,(X;, 2, 1:): 1 € [n]),H) be an r-uniform hypergraph system, and let
(Ve : € € H) be a (C,n,p)-pseudorandom family. Moreover, for every e € H let
geshe € L1(X, Be, p) such that 0 < ge < ve, 0 < he < ¢ and ||ge — hells,, < a.
Then we have

(7.1) \/ngdu—/ﬂheduK%

e€H e€H

The hypotheses of Theorem 7.1 might appear rather strong: on the one hand
the function g. is dominated by v, (and so, by Lemma 6.2, it is L, regular), but
on the other hand it is approximated in the cut norm by a nonnegative function h,
with ||hellr., < ¢. It turns out, however, that for every 0 < f. < v, we can indeed
satisfy these requirements by slightly truncating f.. More precisely, we have the
following proposition.

Proposition 7.2. Let n,r,C,p and € be as in Theorem 7.1, and let M be a
positive integer, 0 < a < 1 and e € H. Also let P. be a partition of X with
P. C Spe and u(P) = 1/M for every P € P., and let Q. be a finite refinement
of P, with Q. C Sse. Finally, let f. € L1(X,Be, p) be nonnegative and write
fe = fSr + fSu + [Sop where f&,, f& and fS.¢ are as in (2.2). Assume that the
estimates in (2.3) are satisfied for o = a/2 and a growth function F: N — R with
F(m) = 2a~'m for every m € N. Then the following hold.

(a

For every A € Ap, we have ||fe - 14 — f&, - 1alls,. < .

S

)
)

(b) Assume that 1 < p < co. Let ( > 1 and set A = [f5, < ¢]. Then we have
A€ Ap, and p(X \ A) < (C/C)P. Moreover,
(7.2) fedu < CPCP +a and / f&. du < CP¢P.
X\A X\A

The rest of this section is devoted to the proof of Theorem 7.1. As we have
mentioned in the introduction, it is based on a decomposition method which is
discussed in Subsection 7.1. We also note that Proposition 7.2 is not used in the
argument, though it is needed for the proof of Theorem 2.2. As such, we defer its
proof to Subsection 8.1.

7.1. Proof of Theorem 7.1. First we need to do some preparatory work. Let
n,r € Nwithn > r > 2, and let 7 = (n, ((X;, %, 1i): ¢ € [n]),H) be an r-uniform
hypergraph system. Also let C' > 1 and 1 < p < 0o, and denote by ¢ the conjugate
exponent of p. These data will be fixed throughout the proof.

Next, observe that it suffices to prove Theorem 7.1 only for the case “¢ = 17.
Indeed, if the numbers n(n,r, C,p,1,v) and a(n,r, C,p,1,v) have been determined,
then it is easy to see that for every ¢ > 1 Theorem 7.1 holds true for the parameters
n(n,r,C,p,1,7¢"") and ¢ - a(n,r,C,p,1,7¢~™"). Thus, in what follows we will
assume that ¢ = 1. To avoid trivialities, we will also assume that |H| > 2.
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We proceed to introduce some numerical invariants. For every 0 < v < 1 we set
(7.3)  B(y) = (10(C + 1>y 1)*"™ P and 6(y) = (20(C + 1)B(7)) 5

where z(C,p) = (4pg)~' if 1 < p < oo, x(C,00) = 1/2if C > 1, and z(1,00) = 1.
Moreover, for every m € {0,...,n"} and every 0 < 7 < 1 we define a,,(7y) and
Nm (y) in (0, 1] recursively by the rule

(7.4) ao(y) =v/5 and ami1(v) = (0(7))
and
(7.5) m0(7) = (30(C + 1)) 5% and 7r1() = 7 (6(7)).

Notice that a,11(7) < am () and 9m41(y) < 9 () for every 0 < v < 1.

After this preliminary discussion we are ready to enter into the main part of
the proof which proceeds by induction. Specifically, let (v, : e € H) be a family
of nonnegative random variables such that v, € L1(X, Be, ) for every e € H. By
induction on m € {0, ..., |H|} we will show that for every 0 < v < 1 if the family
(Ve 1 e € H) is (C, nm( ), p)-pseudorandom where n,,,(y) is as in (7.5), then the
estimate (7.1) is satisfied for any collection (ge,he € L1(X,Be, ) : € € H) with
the following properties: (P1) for every e € H we have that either 0 < g, < v, or
ge = he, (P2) for every e € H we have 0 < h, < 1 and ng — hellsy. < am(y) where
am(7y) is asin (7.4), and (P3) |[{e € H : g # he}| <

The initial case “m = 0” is straightforward, and so let m € {1,...,|H|} and
assume that the induction has been carried out up to m —1. Fix 0 < v < 1 and let
(geshe € L1(X,Be, ) : € € H) be a collection satisfying properties (P1)—(P3). Set

A= /ngdu /Hhedu
eeH eeH

and recall that we need to show that |A] < . To this end, we may assume that
{e € H : ge # he}| = m (otherwise, the desired estimate follows immediately from
the inductive assumptions). Thus, we may select eg € H with g, 7 he,; note that,
by property (P1), we have 0 < ge, < Ve,- Weset G ={e € H\{eo}: ge # he} and
we define G, H: X., — R by the rule

Xeg / H ge Xeq dlj/[n N\eo and H Xeo / H e er n]\ep*
ecH\{eo} e€H\{eo}

Observe that 0 < H < 1. Moreover, if § is nonempty, then we have 0 < G < v, ¢
where v, g is as in Definition 6.1. On the other hand, notice that G = H if G = 0.
In the following claim we obtain a first estimate for |A|.

Claim 7.3. We have

(7.6) Al < 2(C +D)(IG = Hllza, +1m(0)"?) + 19e0 = heollSoey
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The proof of Claim 7.3 is given in Subsection 7.2. It is important to note that
it does not use the inductive assumptions and relies, instead, on the local linear
forms condition (condition (C2.b) in Definition 6.1) and Hélder’s inequality. Closely
related estimates appear in [6, 34].

The next claim is the second step of the proof.

Claim 7.4. If () and 0(v) are as in (7.3), then we have
(1) (6~ HPdue, <280)76() + (€ + 12502) ) 4 ()2

Granting Claims 7.3 and 7.4, the proof of the inductive step (and, consequently,
of Theorem 7.1) is completed as follows. First observe that, by (7.5), we have
M (7) < (30(C + 1))_4qv4‘1; in particular, 8n,,(v)'/? < (10(C + 1))_2q'y2q. On the
other hand, by Claim 7.4 and the choice of B(v) and 6(v) in (7.3), it is easy to see
that |G — H||1,, < 3(10(C + 1))717. Therefore, by Claim 7.3 and property (P2),

Al < 2(C+1)(IG = Hllpg, + 1 (0)?) + 11ge0 — heollsoe,
< AY/5+am(y) <4v/5+ao(y) <4v/5+7/5=1.

We close this subsection by commenting on the proof of Claim 7.4 (the de-
tails are given in Subsection 7.3). Estimates of this form are usually obtained for
stronger norms than the cut norm, and as such, they depend on stronger pseu-
dorandomness conditions. The first general method available in this context was
developed recently in [6]. It is known as “densification” and consists of taking suc-
cessive marginals in order to arrive at an expression which involves only bounded
functions (see also [29]). Another approach (which ultimately relies on Holder’s
inequality) was introduced by Tao and Ziegler [38, 39).

We propose a new method to deal with these types of problems. It appears to
be quite versatile—see, e.g., [7]—and is based on a simple decomposition scheme.
The method is best seen in action: we first observe the pointwise bound

(G-—H)* < (G-H)*1gsm + (H—G)H* "1 p.

Since 0 < H2q_11[G<H] < 1 the expectation of the second term of the above
decomposition can be estimated using our inductive hypotheses. For the first term
we select a cut-off parameter 8 > 1 and we decompose further as

(G = H)* Lgzn) < G gz mliesg + (G — H) G gz o<

If 3 is large enough, then we can effectively bound the expectation of the first term
of the new decomposition using Lemma 6.3 and Markov’s inequality. On the other
hand, we have 0 < qu_ll[G>H]1[Ggﬂ] < 82?971 and so the second term can also be
handled by our inductive assumptions. By optimizing the parameter 3, we obtain
the estimate in (7.7) thus completing the proof of Claim 7.4.
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7.2. Proof of Claim 7.3. Let g, be as in (6.1) for g.,. Set
I= [ 8e(G~ Hyduey and Eo= [( ~ 1) [T hedu

eeH\{eo}
and notice that |A| < |I1] + |I2]. Next, observe that

(78) ‘12| < ||g€0 - h’eoHSaeo'

This follows by Fubini’s theorem and the following well-known fact (see, e.g., [13]).
We recall the proof for the convenience of the reader.

Fact 7.5. Let e € H with le|] > 2 and g. € L1(X,Be, ). For every f € Oe let
uy € Loo(X, By, p) with 0 < uy < 1. Then we have | [ g. [icoeurdpl <lgels,. -

Proof. Set k = |e| and let {fi,..., fx} be an enumeration of de. We define
Z:[0,1F — R by the rule Z(t1,...,tx) = [geli_; Ljuy, >t dps. Notice that
Ny luy, > t;] € Spe for every (ti,....t) € [0,1]% and so [[Z]|r. < [lgellss.-
On the other hand, denoting by A the Lebesgue measure on [0,1]*, by Fubini’s
theorem we have [ ge [[;cp, usdp = [ ZdX and the result follows. O

We proceed to estimate |I1]|. First, by the Cauchy—Schwarz inequality and the
fact that 0 < ge, < ve,, We obtain

L < / e dfte, - / £eo (G — H)? dpre, < / Ve dfte - / Veo (G — H)? dpre,.

Let 9e, € Lyp(X, Bey, p) with [[the, ||z, < C be as in Definition 6.1 and notice that
by condition (C2.a) we have | [(Ve, — e, ) dpt| < mim(7y). This is easily seen to imply
that [ ve, dp < C +1 and so, by the previous estimate, we have

0P <+ 1) (| [ 6~ HP b + | [0 = )G - H) d,

where ., is as in (6.1) for 9,,. Next, writing (G — H)?> = G* — 2GH + H? and
applying (6.3), we see that | [(Ve, — Ve, ) (G — H)? dppe,| < 47 (7). On the other
hand, by Hélder’s inequality, | [ e, (G — H)? dpe,| < C||G — H||%2q. Therefore,

(7.9) L] <2(C+1)(IG — Hl oy + (1)),

Combining (7.8) and (7.9) we conclude that the estimate in (7.6) is satisfied, as
desired.

7.3. Proof of Claim 7.4. Recall that G stands for the set {e € H\{eo} : ge # he}-
We may assume, of course, that G is nonempty and, consequently, that G # H.
Set A=[G<H|,B=[G>H|N|GLBH®)]and C =[G > H|N|G > B(v)], and
notice that A, B, C € X.,. Next, define

h= [ - OB adpey, b= [(6~ H) G ndpy, 1= | 6*dp,
C

and observe that I, I, I3 > 0 and f(G—H)Zq dpe, < I1 + I+ I5. Thus, it suffices
to estimate I, I and I3.
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First we argue for I;. Let h, = (H?¥"'1a) 0w, € L1(X,B,,p) and notice
that 0 < h’EO < 1. By the definition of G and H, we see that

L=l [ I atodu= [ TI heti,aul

e€H\{eo} e€H\{eo}

Moreover, by (7.4) and property (P2), we have ||ge —hel|s,, < am—1(0(7)) for every
e € 1\ {eo}. Since 1 (7) = nm-1(6(7)), by our inductive assumptions, we obtain

(7.10) I < 0(y).

The estimation of I5 is similar. Indeed, observe that
I =5 [(G = 1)(6/5()

and 0 < (G/,B('y))zq_llB < 1. Therefore,

(7.11) Iy < B()*710(y).

We proceed to estimate I3. Let v, g and £ be as in Definition 6.1, and recall that

2q—1
! 1B dl'l’eo

0 < G < vg,,g. By Markov’s inequality and the monotonicity of the L, norms,

fVEU,Q dpte, < Hl/eo,g ‘Lz (6<5) C+1
B(Y) B(Y) B
Thus, by Lemma 6.3 and the choice of z(C, p), we have

He, (C) < e ([Veo,g = ﬁ(V)]) <

(712) I < /C V21 ey < (C + 1) 1o Q) OP) 4 811 ()12

< (CH12B0) O 48, ()2

Combining (7.10)—(7.12) we conclude that the estimate in (7.7) is satisfied. The
proof of Claim 7.4 is completed.

8. RELATIVE REMOVAL LEMMA FOR PSEUDORANDOM FAMILIES

This section is devoted to the proof of Theorem 2.2 and its consequences. As we
have mentioned, in Subsection 8.1 we give the proof of Proposition 7.2. The proof
of Theorem 2.2 is then completed in Subsection 8.2. Finally, in Subsection 8.3 we
present arithmetic versions of Theorem 2.2.

8.1. Proof of Proposition 7.2. For part (a), fix A € Ap, and let P’ C P, such
that A = |JP’. Notice that |P’| < |P.] < M and
fe “1la— setr ‘1 = feerr “1a+ Z fl?nf “1p.
PeP/
Therefore, for any B € Sy, we have

!/(fe-lA—f:tr-lAwuy < y/ .;rdu\+2\/ foor dpl
B BNA BNP

PeP’

M
e / e
< ||ferr||LpT +|P |'||funf||5{)e <U+m e
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which implies, of course, that ||f. - 14 — f5, - 1alls,. < o
For part (b), let ¢ > 1 be arbitrary and set A = [f§, < (]. First observe that

A € Ap, since E(f. | Ap,). Next, by Markov’s inequality, we have

str

u(x\ ) < LU 22 W < e

and so, by Hélder’s inequality,

l[;\ Sondn < [ follL, - m(X \ A)YT < CPCLP,

Finally, by part (a) and the fact that X \ A € Ap,, we conclude that

fedﬂ < / strd“+|/ - str d#|
X\A X\A
< CPCP 4 | fe 1xva — [ - Ixvalls,, S CPCTP 4o

and the proof of Proposition 7.2 is completed.

8.2. Proof of Theorem 2.2. Let n,r,C,p and € be as in the statement of the
theorem and let ¢ denote the conjugate exponent of p. We begin by introducing
some numerical invariants. First, we set

¢=(¢(C,p,e) = (C+1)"(e/6)'

Also let A(n,r, gz) and K(n,r, 5z) be as in Theorem 3.4 and note that we may

assume that A(n,r, GC) < Q' We define

Aln,r, &)™ €
Al ge)” _ _ £
5 and k= k(n,r,C,p,¢) K(nﬂﬁ 6()'

Next, let a(n,r,C,p,(,d) and n(n,r,C,p,(,d) be as in Theorem 7.1 and set

(8.1) 6=906(n,r,C,p,e)=

o= min{k72r(5/3),a(n,7‘, C,p,¢,0)} and Reg = Reg(n,r,C+ 1,p, F,a/2)

where F': N — R is the growth function defined by the rule F(m) = 2a~!(m + 1)
and Reg(n,r,C + 1,p, F,«/2) is as in Theorem 2.1. Finally, we define

(8.2) n=n(n,r,C,p,e) = min{l/Reg,n(n,r,C,p,(,9)}.

We will show that the parameters n, § and k are as desired.

Indeed, let 57 = (n,{((X;, %, 1) : ¢ € [n]),H) be an np-nonatomic, r-uniform
hypergraph system and let (v, : e € H) be a (C,n, p)-pseudorandom family. For
every e € H let f. € L1(X,B., u) with 0 < f. < v, and assume that

(83) [ feduss

e€H
By Lemma 6.2, for every e € H the random variable v, is (C'+ 1,7, p)-regular and,
consequently, so is f.. Therefore, by (8.2), we may apply Theorem 2.1 and we
obtain: (a) a positive integer M with M < Reg, (b) for every e € H a partition P,
of X with P. C Sp. and p(A) > 1/M for every A € P., and (c) for every e € H a
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finite refinement Q. of F., such that for every e € H, writing fo = f&, + fSu + [0t

where f €

G fop and fC ¢ are as in (2.2), we have the estimates

1
F(M)

(8.4) [fsullz, SC+1, [l fell,, < /2 and [|fillss. <

where pf = min{2, p}. For every e € H let
(85) Ae:[e SC], ge:fe']-Ae and h, = e']-A

str str e

and notice that 0 < g. < v and 0 < he < (. Moreover, by Proposition 7.2, we see
that [|ge — hells,. < o

Claim 8.1. We have [[].cq he dp < A(n,r, ﬁ%)nr-

Proof. First observe that, by the choice of o and Theorem 7.1,
(86) }/ngdﬂ_/Hhedﬂ|<5«
e€EH e€H
On the other hand, we have 0 < g. < f. for every e € H. Hence, by (8.3) and (8.6),
/H he dp < / H fedu+|/H hedu—/ngdu\ < 20.
ecH ecH ecH ecH

Finally, by (8.1), we have 2§ < A(n,r, 6%)” and the proof is completed. O

Now for every e € H set Ee = [he 2 A(n,r, 57)]. Since [H| < (") <n"—1and
A(n,r, &) < 1, by Claim 8.1 and Markov’s inequality, we have

() <nlfxex T > 8 ) ")) <80 )

ecH
Thus, by Theorem 3.4, for every e € H there exists F, € B, with
€
(8.7) w(E.\ F.) < & and g F.=0.

Moreover, by (8.1), there exists a collection (P.. : ¢’ C e for some e € H) of parti-
tions of X such that: (i) P C Ber and |Pe| < k for every ¢/ C e € H, and (ii) for
every e € H the set F, belongs to the algebra generated by the family Ue/gepe"
Therefore, the proof of the theorem will be completed once we show that

(8.8) / fodp<e
X\F.

for every e € H. To this end, fix e € ‘H and notice that

69 [ fan< [ hedur| [ o-bodel+] [ (7~ g)dul
X\F, X\F, X\F, X\F,
Next observe that, by the definition of E. and the fact that 0 < h, < {, we have

(8.10) / hedu < / he dp + / he dp
X\F. X\E. B.\F.

(8.7)
< A(n,r,&)+éu(Ee\Fe) <¢/3.
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To estimate the second term in the right-hand side of (8.9), let A denote the algebra
on X generated by the family J e'Ce P., and note that every atom of A is of the
form ﬂe/ge Aer where Ao € P for every €/ & e. It follows that the number of
atoms of A is less than k2" and, moreover, every atom of A belongs to Sp.. In
particular, there exists a family F C Sy, consisting of pairwise disjoint sets with
| F| < k" and such that X\ F, = |J F. Therefore, by the fact that ||g. —he||s,, < o
and the choice of «, we have

(811) ’ (ge - he) dl’/| < Z |/(ge - he) du‘ < |'F| o< kgra < 5/3
X\Fe AeF YA

Finally, to estimate the last term in the right-hand side of (8.9), notice that if

p = oo, then this term is equal to zero. (Indeed, in this case we have ( = C + 1

and A, = X.) On the other hand, if 1 < p < oo, then, by Proposition 7.2 and the

choice of ¢ and «, we obtain that

(8.12) | (fe —ge) dll'| = / fe']-X\Ae dp < / fedp
X\F, X\F, X\A,

< (CH+1D)PP+a<e/3.

Combining (8.9)—(8.12) we conclude that (8.8) is satisfied, and so the entire proof
of Theorem 2.2 is completed.

8.3. Consequences. As we have noted, Theorem 2.2 yields a Szemerédi-type result
for sparse pseudorandom subsets of finite additive groups. (Recall that an additive
group is just an abelian group written additively.) The argument for deducing this
result is well-known—see, e.g., [13, 25, 30, 34]—and originates from the work of
Ruzsa and Szemerédi [27].

First we introduce some notation. If Aq,..., A4 are nonempty finite sets and
fi AL x -+ x Ag — R is a function, then by E[f(x1,...,2q) |21 € A1,...,2q4 € A4
we shall denote the average of f, that is,

Ef(w, o) o1 € Avyoma € Ad = S fan, )

d
|Hi:1 AZ‘ ($1,~~~,Id)€H?:1 A;

The following relative multidimensional Szemerédi theorem is the main result in
this subsection. It follows from Theorem 2.2 arguing precisely as in the proof of
[34, Theorem 2.18].

Theorem 8.2. For every integer k > 3, every C > 1, every 1 < p < oo and every
0 < § < 1 there exist a positive integer N = N(k,C,p,d) and a strictly positive
constant ¢ = c(k,C,p,d) with the following property. Let Z,Z' be finite additive
groups and let (¢; : i € [k]) be a collection of group homomorphisms from Z into
Z' such that the set {¢;(d) — ¢;(d) : 1,5 € [k] and d € Z} generates Z'. Consider
the (k — 1)-uniform hypergraph system & = (k,{(X;,p:) @ € [k]),H) where:
(a) H = (kfl), and (b) (X, ;) is the discrete probability space with X; = Z and
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i the uniform probability measure on Z for every i € [k]. Also let v: Z' — R be a
nonnegative function and for every j € [k] define vy 53: X — R by the rule

(8.13) VIK\{5} ((xi)ie[k]) = ’/( Z (@(%) - ¢](xl)))

i€[k]
(Here, we have X = Xi x --+ x Xy). Assume that the family (Vg3 2 7 € [k])
is (C, N~1,p)-pseudorandom and that |Z| > N. Then for every f: Z' — R with
0< f<vand E[f(z)|z € Z'] >0 we have

(8.14) IE[ I1 f(a+¢j(d))’an’,deZ] > e
JE[K]

We close this subsection by discussing in more detail the pseudorandomness
hypotheses appearing in Theorem 8.2 for the important special case of the cyclic
group Z, = Z/nZ. Specifically, let k,C and p be as in Theorem 8.2 and let
0 < n < 1. Also let n be a positive integer. We say that a function v: Z,, — R is
(k,C,n,p)-pseudorandom if it is nonnegative and satisfies the following conditions.

(C1) If £ is as in (6.4), then we have

k

k
1-77<1E[H 11 V(3 — g2l

i=1we{0,...,—1}FN\GY =1
’wgo),...,x(le_l)7...,m,(€o),...,xff_l) € Zn] <C+n

for any choice of n;,, € {0,1}.
(C2) For every j € [k] there exists 1, : ZWNUY L R with E[|9;]P] < CP and

k
Bl T (v =0)a) = (@ iewnin))
we{0,1}F\ 5} i=1
k
X H H V(Z(i—j/) mgwi))nj"‘“ xgo),xgl), . ,x,(co),xg) € Zn} <7

J €RI\{G} we{0,1} KNG’} i=1
for any choice of n;,, € {0,1}.

By Proposition 6.4 and Theorem 8.2, we have the following theorem.

Theorem 8.3. Let k e Nwithk >3, C>1and1 <p < oo, and let 0 < < 1.
Also let N = N(k,C,p,d) and ¢ = c(k,C,p,0) be as in Theorem 8.2 and set

n=((C+1)N)"

If ne Nwithn > N and v: Z, — R is (k,C,n,p)-pseudorandom, then for every
f:Z, > Rwith0< f <v and E[f(z) |z € Z,] > § we have

(8.15) ]E[ I #(a+jd) ’ a,de Zn} >e
JE[K]

2k—1
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