A DENSITY VERSION OF THE CARLSON-SIMPSON
THEOREM

PANDELIS DODOS, VASSILIS KANELLOPOULOS AND KONSTANTINOS TYROS

ABSTRACT. We prove a density version of the Carlson—Simpson theorem. Spe-
cifically we show the following.

For every integer k > 2 and every set A of words over k satisfying

AN k)™
limsupM >0

n—oo km
there exist a word ¢ over k and a sequence (wy) of left variable words over k
such that the set
{c}U {c“wo(ao)'\ ...~ wp(an) :n €N and ag,...,an € [k]}
is contained in A.

While the result is infinite-dimensional its proof is based on an appropriate

finite and quantitative version, also obtained in the paper.
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1. INTRODUCTION

1.1. Overview. Our topic is Ramsey theory, the general area of combinatorics
that studies the basic pigeonhole principles of discrete structures and organizes, in
a systematic way, the results obtained by iterating them.

1.1.1. The coloring versions. The first pigeonhole principle relevant to our discus-
sion in this paper is the Hales—Jewett theorem [20]. To state it we need to introduce
some pieces of notation and some terminology. For every integer k > 2 let [k]<N
be the set of all finite sequences having values in [k] := {1,...,k}. The elements of
[k]<N are referred to as words over k, or simply words if k is understood. If n € N,
then [k]™ stands for the set of words of length n. We fix a letter v that we regard
as a variable. A variable word over k is a finite sequence having values in [k] U {v}
where the letter v appears at least once. If w is a variable word and a € [k], then
w(a) is the word obtained by substituting all appearances of the letter v in w by
a. A combinatorial line of [k]™ is a set of the form {w(a) : a € [k]} where w is a
variable word over k of length n.

Hales—Jewett theorem. For every k,r € N with k > 2 and r > 1 there exists an
integer N with the following property. If n > N, then for every r-coloring of [k]™
there exists a combinatorial line of [k]™ which is monochromatic. The least integer
N with this property will be denoted by HI(k,r).

The Hales—Jewett theorem is the bread and butter of Ramsey theory and is often
regarded as an abstract version of the van der Waerden theorem [38]. The exact
asymptotics of the numbers HJ(k,r) are still unknown. The best known upper
bounds are primitive recursive and are due to Shelah [33].

The second pigeonhole principle relevant to our discussion is the Halpern—Lauchli
theorem [21], a rather deep result that concerns partitions of finite products of
infinite trees.

Halpern—Lauchli theorem. For every finite tuple (T4, ..., Ty) of uniquely rooted
and finitely branching trees without mazximal nodes and every finite coloring of the

level product

(1.1) U Ti(n) x -+ x Tu(n)

neN
of (T, ..., Ty) there exist strong subtrees (S1,...,Sq) of (T1,...,Ty) having a com-
mon level set such that the level product of (S1,...,S4) is monochromatic.

We recall that a subtree S of a tree (T, <) is said to be strong if: (a) S is
uniquely rooted, (b) there exists an infinite subset Lp(S) = {lp < I3 < ---} of
N, called the level set of S, such that for every n € N the n-level S(n) of S is a
subset of T'(I,,), and (c) for every s € S and every immediate successor t of s in T'

/

there exists a unique immediate successor s’ of s in S with ¢ < s’. The notion of
a strong subtree was highlighted with the work of Milliken [25, 26] who used the
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Halpern—Léuchli theorem to show that the family of strong subtrees of a uniquely
rooted and finitely-branching tree is partition regular.

The Hales—Jewett theorem and the Halpern-Lauchli theorem are pigeonhole
principles of quite different nature. Nevertheless, they do admit a common ex-
tension which is due to Carlson and Simpson [6]. To state it we recall that a left
variable word over k is a variable word over k whose leftmost letter is the variable v.

The concatenation of two words = and y over k is denoted by z"y.

Carlson—Simpson theorem. For every integer k > 2 and every finite coloring of
the set of all words over k there exist a word ¢ over k and a sequence (wy) of left

variable words over k such that the set
(1.2) {c} U{c wo(ap)”..." wn(ay) : n €N and ag, ..., a, € [k]}
is monochromatic.

The Carlson—Simpson theorem belongs to the circle of results that provide in-
formation on the structure of the wildcard® set of the variable word obtained by
the Hales—Jewett theorem; see, e.g., [3, 22, 24, 34, 40]. This extra information
(namely, that the sequence (w,) consists of left variable words) can be used to
derive the Halpern-Liuchli theorem when the trees 71, ...,T,; are homogeneous?,
a special case which is sufficient for all known combinatorial applications of the

Halpern-Léuchli theorem (see [29]).

1.1.2. The density versions. It is a remarkably fruitful phenomenon that many
pigeonhole principles have a density version. These density versions are strength-
enings of their coloristic counterparts and assert that every large subset of a “struc-
ture” must contain a “substructure”. In fact, the first pigeonhole principle we dis-
cussed so far, namely the Hales—Jewett theorem, admits a density version which is
due to Furstenberg and Katznelson [15].

Density Hales—Jewett theorem. For every integer k > 2 and every 0 < 6 < 1
there exists an integer N with the following property. If n > N, then every subset
A of [k]™ with |A| = §k™ contains a combinatorial line of [k]™. The least integer N
with this property will be denoted by DHI(k,J).

The density Hales—Jewett theorem is a fundamental result of Ramsey theory.
It has several strong results as consequences, most notably the famous Szemerédi
theorem on arithmetic progressions [36] and its multidimensional version [13]. The
best known upper bounds for the numbers DHJ(k, d) are obtained in [28] and have
an Ackermann-type dependence with respect to k.

IWe recall that if w = (wi)?:_ol is a variable word over k of length n, then its wildcard set is
defined to be the set {i € {0,...,n — 1} 1 w; = v}.
2A tree T is homogeneous if it is uniquely rooted and there exists an integer b > 2 such that

every t € T has exactly b immediate successors; e.g., every dyadic, or triadic tree is homogeneous.
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It turns out that the Halpern-Lauchli theorem also has a density version that
was obtained relatively recently in [8].

Density Halpern—Lauchli theorem. For every finite tuple (T1,...,Tq) of ho-

mogeneous trees and every subset A of the level product of (T1,...,Tq) satisfying
) |Aﬁ(T1(n) X e XTd(n))|
1.3 lim su >0
(13) TSP IR () x o X Ta(n)
there exist strong subtrees (Si,...,S4) of (Th,...,Tq) having a common level set

such that the level product of (S1,...,Sq) is a subset of A.

We should point out that the assumption in the above result that the trees
T1,...,Ty are homogeneous is not redundant. On the contrary, various examples
given in [4] show that it is essentially optimal.

1.2. The main results. In view of the above it is natural to ask whether the
Carlson—Simpson theorem has a density analogue which would extend, among oth-
ers, both the density Hales—Jewett theorem and the density Halpern—L&uchli the-
orem. Our goal in this paper is to answer this question affirmatively. Specifically,
we show the following theorem.

Theorem A. For every integer k > 2 and every set A of words over k satisfying

(1.4) lim sup A0k

n—roo kn

>0

there exist a word ¢ over k and a sequence (w,,) of left variable words over k such
that the set

(1.5) {c} U{c wo(ap)”..." wn(ay) : n € N and ag, ..., a, € [k]}
is contained in A.

The proof of Theorem A follows a strategy that was already applied in a closely
related context and was described in some detail in [10, §1.3]. It consists of reducing
Theorem A to an appropriate finite version. This finite version, which represents
the combinatorial core of Theorem A, is the content of the following theorem which
is the second main result of the paper.

Theorem B. For every integer k > 2, every integer m > 1 and every 0 < § < 1
there exists an integer N with the following property. If L is a finite subset of N of
cardinality at least N and A is a set of words over k satisfying |AN[k]™| = §k™ for
every n € L, then there exist a word ¢ over k and a finite sequence (wn)fgol of left
variable words over k such that the set

(1.6) {c}U{c"wolag)”...” wy(an) :n €{0,...,m—1} and ao,...,ay € [k]}

is contained in A. The least integer N with this property will be denoted by
DCS(k,m, ).
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The main point in Theorem B is that the result is independent of the position
of the finite set L. Its proof is based on a density increment strategy—a powerful
method pioneered by Roth [31]—and yields explicit upper bounds for the numbers
DCS(k,m, ). These upper bounds are admittedly rather weak. They are in line,
however, with several other bounds obtained recently in the area; see, e.g., [9, 17,
28, 30].

Although Theorem B refers to left variable words, it can be used to obtain
variable words with quite divergent structure. Specifically, given two sequences
(prn) and (w,) of variable words over k, we say that the sequence (w,,) is of pattern
(pn) if p,, is an initial segment of w,, for every n € N. So, for instance, if ¢, = (v)
for every n € N, then a sequence (w,,) of variable words over k is of pattern (g,,) if
and only if it consists of left variable words. We show the following theorem.

Theorem C. Let k € N with k > 2 and let (py,) be an arbitrary sequence of variable
words over k. Then for every set A of words over k satisfying

An k"
(1.7) lim sup w >0
n—oo k
there exist a word ¢ over k and a sequence (wy,) of variable words over k of pattern

(pn) such that the set
(1.8) {c} U{c wo(ap)”..." wn(ay) : n €N and ag, ..., a, € [k]}
1s contained in A.

Of course, there is also a finite version of Theorem C in the spirit of Theorem B.
This is the content of Theorem 11.1 in the main text.

1.3. Structure of the paper. The paper is organized as follows. In §2 we set
up our notation and terminology, and we recall some tools which are needed for
the proof of the main results. Of particular importance is the notion of a Carlson—
Simpson tree introduced in §2.5. It is the analogue, within the context of left
variable words, of the notion of a combinatorial subspace.

The next four sections contain several preparatory results needed for the proof
of Theorem B. This material is not only independent of the rest of the paper but
also of independent interest. In §3 we state and prove a “regularity lemma” for

subsets of [k]<N. The lemma asserts that every dense subset of [k]<N

is inherently
pseudorandom and is proved via an energy increment strategy, an influential method
introduced by Szemerédi [37]. In the next section, §4, we present a partition result
for Carlson—-Simspon trees which is, essentially, a variant of the classical Graham—
Rothschild theorem [19]. Finally, in §5 and §6 we develop a method of “gluing”
a pair z and y of words over k. The method can be thought of as a natural
extension of the familiar practice of concatenating x and y. It is encoded by what
we call a convolution operation which is introduced and studied in §5. Iterations of

convolution operations are studied in §6. We emphasize that the results in §6 are
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invoked only in §9. However, the material in §3, §4 and §5 is heavily used and the
reader is advised to gain some familiarity with the contents of these sections before
reading the rest of the paper.

The next four sections are devoted to the proof of Theorem B. The results in
§7 are independent of the rest of the argument. In particular, this section can be
read separately. The main part of the proof is contained in §8 and §9. The reader
will find a detailed outline and an exposition of the key ideas in §8.1 and §9.1. The
proof of Theorem B is completed in §10.

Finally, the last section of the paper contains a discussion on some consequences
of Theorem B, including the proofs of Theorem A and Theorem C.

2. BACKGROUND MATERIAL

By N = {0,1,2,...} we shall denote the natural numbers. For every integer
n > 1 weset [n] = {1,...,n}. If X is a nonempty finite set, then by E,cx we
shall denote the average ‘71| > wcx Where, as usual, | X| stands for the cardinality
of X. For every function f: N — N and every £ € N by f®: N — N we shall
denote the (-th iteration of f defined recursively by the rule f(®(n) = n and
FED () = f(fP(n)) for every n € N.

Let X be a nonempty (possibly infinite) set and let A be a subset of X. For
every nonempty finite subset Y of X the density of A in Y is defined by

(2.1) densy (A) = A|;|Y

If it is clear from the context to which set Y we are referring (for instance, if Y
coincides with X)), then we shall drop the subscript Y and we shall denote the
above quantity simply by dens(A).

2.1. Words. For every k € N with k& > 2 and every n € N let [k]™ be the set of all

0

sequences of length n having values in [k]. Precisely, [k]” contains just the empty

sequence while if n > 1, then

(2.2) [k]" = {(s0,...,8n—1) : 5; € [k] for every i € {0,...,n — 1}}.
Also let
(2.3 W= U W

{ieNii<n}

Notice, in particular, that [k]<°

(2.4) B]<N = [k]"

neN

is empty. We set

The elements of [k]<N are called words over k, or simply words if k is understood.
The length of a word x over k, denoted by ||, is defined to be the unique natural
number n such that z € [k]™. For every ¢ € N with ¢ < |z] by x|; we shall denote
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the word of length ¢ which is an initial segment of x. The concatenation of two
words z,y will be denoted by z"y.

2.2. Located words. For every k € N with k£ > 2 and every (possibly empty)
finite subset J of N by [k]/ we shall denote the set of all functions from J into [k].
An element of the set
(2.5) U w’
JCN finite

will be called a located word over k. If z € [k]? is a located word over k and S is
a subset of J, then z|g stands for the restriction of x on S; notice that z|s € [k]°.
Moreover, for every x € [k]! and every y € [k]’, where I and J are two finite
subsets of N with INJ = 0, by (z,y) we shall denote the unique element z of [k]/“/
satisfying z|; = « and z|; = y.

Of course, every word over k is a located word over k. Indeed, notice that

(26) [k]{mGN:m<n} — [k]n

for every n € N. Conversely, we may identify located words over k with words over
k as follows. Let J be a nonempty finite subset of N. We set j = |J| and we write

the set J in increasing order as {ng < --- < nj_1}. The canonical isomorphism
associated with J is the bijection I;: [k]7 — [k]” defined by the rule
(2.7) Ly () (ni) = (i)

for every i € {0,...,5 — 1}. Observing that [k]° = [£]° = {0}, we define the
canonical isomorphism I associated with the empty set to be the identity.

2.3. Variable words. Let k,m € N with £ > 2 and m > 1, and fix a tuple
Vg, ..., Um—1 of distinct letters. An m-variable word over k is a finite sequence
having values in [k] U {vo, ..., vm—1} such that: (a) for every i € {0,...,m —1} the
letter v; appears at least once, and (b) if m > 2, then for every i,j € {0,...,m—1}
with ¢ < j all occurrences of v; precede all occurrences of v;. For every m-variable
word w over k and every ag, ..., am—1 € [k] by w(ao, ..., am—1) we shall denote the
unique word over k obtained by substituting in w all appearances of the letter v;
with a; for every i € {0,...,m — 1}. A left variable word over k is an 1-variable
word over k whose leftmost letter is the variable v.

2.4. Combinatorial subspaces. Let k,m € N with £ > 2 and m > 1. An

m-dimensional combinatorial subspace of [k]<V is a set of the form
(2.8) V ={w(ag,...,am-1): ao,...,am—1 € [k}

where w is an m-variable word over k. The 1-dimensional combinatorial subspaces
are called combinatorial lines.

For every m-dimensional combinatorial subspace V of [k]< and every ¢ € [m] let
Subs(V) be the set of all /~-dimensional combinatorial subspaces of [k]<Y which are
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contained in V. We will need the following special case of the Graham—Rothschild
theorem [19].

Theorem 2.1. For every integer k > 2, every pair of integers d = m > 1 and every
integer v > 1 there exists an integer N with the following property. If n > N and V
is an n-dimensional combinatorial subspace of [k]|<N, then for every r-coloring of the
set Subs,, (V') there exits W € Subsg (V) such that the set Subs,, (W) is monochro-
matic. The least integer N with this property will be denoted by GR(k,d, m,r).

Detailed expositions as well as infinite extensions of Theorem 2.1 can be found
in various places in the literature; see, e.g., [2, 5, 14, 23, 29]. Also we remark that
there exist primitive recursive upper bounds for the numbers GR(k, d, m,r) which
are due to Shelah [33].

2.5. Carlson—Simpson trees. We are about to introduce a family of combinato-
rial objects which will be of particular importance throughout the paper.

Definition 2.2. Let k € N with k > 2. A Carlson-Simpson tree of [k]<N is a set
of the form

(2.9) W ={c}U{c"wo(ap)” ...” wy(an) :n €{0,...,m—1} and ag, ..., a, € [k]}

m—1

where ¢ is a word over k and (wy,),—, is a nonempty finite sequence of left variable

words over k.

It is easy to see that the sequence (¢, wy,...,wm,—1) that generates a Carlson—
Simpson tree W via formula (2.9) is unique. This unique sequence will be called
the generating sequence of W. The corresponding natural number m will be called
the dimension of W and will be denoted by dim(W). The 1-dimensional Carlson—
Simpson trees will be called Carlson—-Simpson lines.

Let W be an m-dimensional Carlson—Simpson tree of [k]<N and (¢, wo, - . . , Wy —1)
its generating sequence. The 0-level W (0) of W is defined by

(2.10) W (0) = {c}.

Observe that W (0) is contained in [k]? where £, is the length of c¢. Moreover, for
every n € [m] the n-level W(n) of W is defined by

(2.11) W(n) = {c“wo(ao)” oD wpo1(ap—1) agy ..., Gp_1 € [k:]}

Notice that W (n) is an n-dimensional combinatorial subspace of [k]<" and is con-
tained in [k]*» where /,, is the sum of the lengths of ¢,wg,...,w,_1. The set
{lo < -+ < Ly} will be called the level set of W and it will be denoted by L(WW).

For every m-dimensional Carlson—Simpson tree W of [k]<N and every ¢ € [m)]
by Subtry (W) we shall denote the set of all /-dimensional Carlson—-Simpson trees
of [k]<N which are contained in W. An element of Subtr,(W) will be called an
{-dimensional Carlson—Simpson subtree of W, or simply Carlson—-Simpson subtree

of W if the dimension ¢ is understood.
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The archetypical example of a Carlson-Simpson tree of [k]< of dimension m is
the set [k]<™T1. In fact, every Carlson—Simpson tree of dimension m can be thought
of as a “copy” of [k]<™*! inside [k]<N. Specifically, let W be an m-dimensional
Carlson-Simpson tree of [k]<N and let (c,wo, . .., w,_1) be its generating sequence.
The canonical isomorphism associated with W is the bijection Iy, : [k]<™Tt — W
defined by Iy (@) = ¢ and

(212) Iw((ao, . ,CLn_l)) = Cr\wO(CLo)r\ e wn_l(an_l)

for every n € [m] and every (ag,...,an—1) € [k]™. The canonical isomorphism Iy
preserves all structural properties one is interested in while working in the cate-
gory of Carlson—Simpson trees. For instance, if £ € [m] and V is a Carlson—Simpson
subtree of [k]<™*! of dimension ¢, then its image Iy (V) under the canonical isomor-
phism is an /-dimensional Carlson—Simpson subtree of W. Thus, for most practical
purposes, we may identify W with [k]<™*! via the canonical isomorphism Iyy.

More generally, let W and U be two Carlson-Simpson trees of [k]<N of the
same dimension. The canonical isomorphism associated with the pair W, U is the
bijection I,y : W — U defined by the rule

(2.13) Lo (1) = (Iy o Iy ) (1)

where Iy and Iy are the canonical isomorphisms associated with W and U. Of
course, the map Iy will be used to transfer information from W to U and vice
versa.

Finally, for every m-dimensional Carlson-Simpson tree W of [k]<N and every
k' €{2,...,k} we define the k'-restriction W | k' of W to be the set

(2.14) {c} U {c"wo(ay)” ...  wy(a,):n€{0,...,m—1} and af, ..., a, € [K']}

where (¢, wp,...,wn—1) stands for the generating sequence of . Notice that the
canonical isomorphism of W maps [k']<™*! onto W | k’. Therefore, W | k' can be

naturally identified as a Carlson—Simpson tree of [k']<N.

2.6. Insensitive sets. Let k € N with k£ > 2 and let =,y be two words over k. Also
let ¢,5 € [k] with ¢ # j. We say that  and y are (i, j)-equivalent if: (a) x and y
have common length, and (b) if n is the common length of  and y, then for every
s € [k]\{%,7} and every r € N with r < n we have z(r) = s if and only if y(r) = s.

If n € N and A is a subset of [k]”, then A is said to be (i, j)-insensitive if for
every € A and every y € [k]"™ if  and y are (4, j)-equivalent, then y € A. The
notion of an (4, j)-insensitive set was introduced by Shelah [33] and highlighted in
Polymath’s proof [28] of the density Hales—Jewett theorem. It can be naturally
extended to subsets of [k]<N as follows.

Definition 2.3. Let k € N with k > 2 and i,j € [k] with i # j. Also let A be a
subset of [k]|<N. We say that A is (i, j)-insensitive if for every n € N the set AN [k]"
is (i,7)-insensitive. If W is Carlson—-Simpson tree of [k|<N, then we say that A is
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(i, j)-insensitive in W if I;} (A N W) is an (4, j)-insensitive subset of [k]<N where

Iw is the canonical isomorphism associated with W .

It is easy to see that the family of all (4, )-insensitive subsets of [k]<N is closed
under intersections, unions and complements. The same remark, of course, applies

to the family of all (i, j)-insensitive sets in a Carlson-Simpson tree W of [k]<N.

2.7. Furstenberg—Weiss measures. Let k,m € N with £ > 2 and m > 1.
The Furstenberg—Weiss measure di, associated with [k]<™T! is the probability
measure on [k]<N defined by

(2.15) d%nW(A) = Ene{()’.."m}dens[k]n(A).

This class of measures was introduced by Furstenberg and Weiss [16] and has proven
to be useful in various problems in Ramsey theory (see, e.g., [9, 27]). We will need
the following two variants.

Definition 2.4. Let k € N with k > 2.

(i) For every Carlson-Simpson tree W of [k]<N the Furstenberg—Weiss measure
A%y associated with W is the probability measure on [k]<N defined by

(2.16) dg/w (A) = EnG{O ,,,,, dim(W)} densW(n) (A)

(ii) For every nonempty finite subset L of N the generalized Furstenberg—Weiss
measure dy, associated with L is the probability measure on [k]<N defined by

(217) dL (A) = EnEL dens[k]n (A)

It is, of course, clear that if L is an initial interval of N of cardinality ¢ > 2, then
the generalized Furstenberg—Weiss measure dj, associated with L coincides with the
Furstenberg-Weiss measure dfyy.

2.8. Probabilistic preliminaries. We record, for future use, three probabilistic
facts. The first one is an immediate consequence of Markov’s inequality.

Lemma 2.5. Let (Q, %, u) be a probability space and 0 < 6 < 1. Also let (A;)1,
be a finite family of measurable events in (2,5, u) such that pu(A;) = 6 for every
i € [n]. Then, setting L, = {i € [n] : w € A;} for every w € Q, we have

(2.18) p({w: |Lo| = (6/2)n}) = 6/2.
Proof. For every i € [n] let 14, be the indicator function of the event A; and set
Z=21%" 14, Then E[Z] > § and the result follows. O

To state the second result we recall that if (Q, 3, u) is a probability space and
Y € ¥ with u(Y) > 0, then py stands for the conditional probability measure of
relative to Y defined by
nANY)
(2.19 py (A) = ———=
: W= )

for every A € X.
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Lemma 2.6. Let (2, %, 1) be a probability space and 0 < \,B,e < 1. Let A and
B be two measurable events in (2,3, u) with A C B and such that u(A) > Au(B)
and p(B) = [. Suppose that Q = (Q;)7 is a finite family of pairwise disjoint
measurable events in (Q, 2, p) such that p(B\UQ) < e8/2 and pu(Q;) > 0 for every
i € [n]. Then, setting

(2.20) I={icn: o (A) > (A—e)uq,(B) and g, (B) > Be/4},
we have
(2.21) S (@) > /4.

il

In particular, if 1(Q;) = u(Q;) for every i, j € [n], then |I| > (Be/4)n.

Proof. Notice, first, that u(A\ UQ) < ¢6/2. This is easily seen to imply that

(2.22) Z ’“‘(zl(mB?i) >\—¢/2.

For every i € [n] let a; = pg,(A)/1g,(B), b = po,(B) and ¢; = pu(Q;)/u(B)
with the convention that a; = 0 if u(B N Q;) = 0. Then inequality (2.22) can be
reformulated as

(2.23) > abic; > X — /2.
=1
Notice that

(2.24) Zn:bici <1 and zn:ci < %
i=1 i=1

Also observe that I = {i € [n] : a; > A — e and b; > Be/4}. Since 0 < a;,b; < 1
for every i € [n], combining (2.23), (2.24) and the previous remarks, we see that
> ic1 Ci = /4 and the proof is completed. O

The final result of this subsection is the following.

Lemma 2.7. Let 0 < <e <1 andn € N withn > (2 —0*) 7' If (A7, is a
family of measurable events in a probability space (Q, %, u) satisfying u(A;) > € for
every i € [n], then there exist i,j € [n] with i # j such that u(A; N Aj) > 62

Proof. We set X = """ | 14, where 14, is the indicator function of the event A;
for every i € [n]. Then E[X] > en so, by convexity,

(2.25) Z > w(AinAj) =E[X(X —1)] > en(en—1).
i€[n] je[n]\{i}
Therefore, there exist 4,5 € [n] with ¢ # j such that u(A; N A;) > 62 O
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3. A REGULARITY LEMMA FOR SUBSETS OF [k]<N

3.1. Statement of the main result. Our goal in this section is to prove a
“regularity lemma” for subsets of [k]<I. Roughly speaking, the lemma asserts that
if n is large enough and A is a subset of [k]", then we may find a set of coordinates
I C {m e N:m < n} of preassigned cardinality such that the set A, viewed as a
subset of the product [k]! x [k]tmENm<nI\I behaves like a randomly chosen set.
To put things in a proper perspective we need, first, to determine the kind of
randomness we are referring to. This is the content of the following definition.

Definition 3.1. Let k € N with k > 2 and F a family of subsets of [k]|<N. Also
let 0 < e <1 and L a nonempty finite subset of N. The family F will be called
(e, L)-regular provided that for every A € F, every n € L, every (possibly empty)
subset I of {l € L :1 < n} and every y € [k]! we have

(3.1)  |dens({w € [k]imeNm<n\L . () 4p) € AN [k]"}) — dens(AN[k]")] < e.

Notice that for every y € [k]! the set {w € [k]ImeNm<nI\ . (4 ) € AN[K]"} is
just the section A N [k]™ at y. So what Definition 3.1 guarantees is that for every
n € L and every I C {l € L : | < n} the density of the sections of AN [k]™ along
elements of [k]! are essentially equal to the density of AN [k]".

We are now ready to state the main result of this section.

Lemma 3.2. For every 0 < e < 1 and every k,£,q € N with k > 2 and {,q > 1
there exists an integer n with the following property. If N is a finite subset of N
with |[N| = n and F is a family of subsets of [k|<N with |F| = q, then there exists
a subset L of N with |L| = £ such that F is (e, L)-reqular. The least integer n with
this property will be denoted by Reg(k, £, q,¢).

The proof of Lemma 3.2 will be given in §3.2. It is based on an energy increment
strategy, a powerful method introduced by Szemerédi in his proof of the celebrated
regularity lemma [37]. The argument is, of course, effective and yields explicit
upper bounds for the numbers Reg(k, ¢, g, €).

3.2. Proof of Lemma 3.2. We begin with the following definition which is the
most important ingredient of the proof.

Definition 3.3. Let k,n € N with k > 2. Also let I be a (possibly empty) subset
of {m € N:m < n}. For every subset A of [k]™ we define the energy of A with
respect to I to be the quantity
(3.2) er(A) = E, s dens(A,)?
where A, = {w € [k]{mENm<nINL . (y ) € A} is the section of A at y.

We will isolate some basic properties of the energy which are needed for the

proof. To this end, we need to introduce some pieces of notation. Specifically, let
k,n € N with k£ > 2 and let I, J be two subsets of {m € N: m < n} with INnJ = (.
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Weset M ={m e N:m < n}\ ([ UJ). If we are given a subset A of [k]", then

we may view the set A as a subset of the product [k]? x [k]? x [k]™ and so we may

define the section A, ) = {v € [k]™ : (y,z,v) € A} for every (y, z) € [k]! x [k]”.
Notice that

(3.3) dens(A,) = E_¢c[pysdens(A(, .y) and dens(A,) = Eye[k]rdenS(A(y’z))
for every y € [k]! and every z € [k]7. We have the following.

Fact 3.4. Let k,n € N with k > 2. Also let I be a subset of {m € N:m < n}.
Then for every subset A of [k]™ we have that ef(A) < 1. Moreover, if J is a subset
of {meN:m < n} with INJ =0, then

2
(34) eIUJ(A) — eJ(A) = Eze[k]JEye[k]I (dens(A(y’z)) — Eye[k]rdens(A(y’Z))) .
In particular, ej(A) < erug(A).

Proof. The fact that ef(A) < 1 follows immediately by Definition 3.3. Observe that

(3.5) e1us(A4) = Eecpyy (Eyepyrdens(Ag,))?)
and
(3.3) 2
(3.6) es(A) "= E.epys (Eye[k]ldenS(A(yvz)D :
Combining (3.5) and (3.6) the result follows. O

The first step towards the proof of Lemma 3.2 is the following.

Sublemma 3.5. Let k,n € N with k > 2. Also let I and J be two subsets of
{m e N:m < n} with INJ = 0. Finally let A be a subset of [k]" and 0 < ¢ < k=!I
If ejug(A) —es(A) <&, then

(3.7 dens({z € [k]” : |dens(A, .)) — dens(A.)| < e for every y € [k]1}> >1l-c

Proof. We set Y = [k]! and Z = [k]’. For every z € Z let f,: Y — [0,1] be the
random variable defined by f.(y) = dens(A,,.y). Let E(f.) = Eyey f.(y) be the
expected value of f, and let Var(f.) = E(f?) — E(f.)? be its variance. Notice that
E(f.) = dens(A,). By (3.4), we see that E,czVar(f,) = erus(A) —es(A). Hence,
by our assumptions, we have

(3.8) E.czVar(f.) <&

and so, by Markov’s inequality,

(3.9 dens({z € Z : Var(f,) <&’}) > 1—e.

Fix 2y € Z with Var(f,,) < €3. By Chebyshev’s inequality, we have

(3.10) dens({y € Y : | [y (y) — B(f.,)| <)) > 1€
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and since € < |Y|~! we obtain that |f.,(y) — E(f.,)| < € for every y € Y. This is
equivalent to saying that |dens(A, .,)) — dens(A.,)| < € for every y € [k]’ and the
proof is completed. O

Sublemma 3.5 will be used in the following form.

Corollary 3.6. Let k,n € N with k > 2. Also let I and J be two subsets of
{m e N:m < n} with INJ = 0. Finally, let A be a subset of [k]™ and 0 < e < k=!I
Iferus(A) —es(A) < /16, then |dens(A,) — dens(A)| < e for every y € [k]!.

Proof. We set g9 = ¢/2 and
(3.11) Zo = {z € [k]” : |dens(A(,,.)) — dens(A.)| < o for every y € [k]'}.

By Sublemma 3.5, we have dens([k]” \ Zy) < 0. Hence, for every y € [k]?,

(3.3)
(3.12) |dens(A,) —dens(A4)| < ek’ |dens(A, ) — dens(A, )|
< E.cz,ldens(Ay, z)) —dens(A.)| + <o
(3.11)
< Eoteg=¢
as desired. 0

We proceed to the second step of the proof of Lemma 3.2.

Sublemma 3.7. Let k,m,q € N withk > 2 andq > 1 and 0 < e < k~™. Also
let N be a finite subset of N with |N| > (q[16e™*] + 1)m + 1 and F a family of
subsets of [k]™*N) with |F| = q. Then, setting N' = N\ {max(N)}, there exists a
subinterval M of N' (i.e., M is of the form JN N’ for some interval J of N) with
|M| = m and such that for every A € F, every subset I of M and every y € k! we
have |dens(A,) — dens(A)| < e.

Proof. Clearly we may assume that m > 1. We set 79 = ¢|16c7%| 4+ 1. Write the
first 7o - m elements of N’ in increasing order as {ng < ny < -+ < nypy.m—1}. For
every p € {0,...,rg — 1} let

(3.13) Iy ={npm; 15 €40,...om—1}} and J, = {j € N:j <npm}.

Notice that max(J,) < min(f,) < max(N). Moreover, I, UJ, C Jpi1 if p <7 —2.
Hence, by Fact 3.4, we have

(3.14) es,(A) <erus,(4) <ey,,(A) <er, ,ui,,,(A) <1
for every p € {0,...,79 — 2} and every A € F. For every A € F let
(3.15) Py={pe{0,...,ro — 1} re,us, (A) — ey (A) > */16}.

The previous discussion implies that the set P4 has cardinality at most [16e7%].
Therefore, we may select pg € {0,...,79 — 1} such that pg ¢ Pa for every A € F;
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in particular, ey, v, (4) —ey, (4) < e*/16. Since I,, N J,, = 0, by Corollary 3.6,
we conclude that

(3.16) |dens(A,) — dens(A)| < e

for every y € [k]’ro and every A € F.

We set M = I,,. We will show that with this choice all requirements of the
sublemma are satisfied. Indeed, notice that M is a subinterval of N’ with |M| = m.
We fix A € F. Also let I C M and y € [k]! be arbitrary. Observe that for every
z € [K]M\ we have (y,z) € [k]'o. Hence,

(3.17) |dens(Ay) —dens(A)| = [E,cpardens(A, .)) — dens(A)]

(3.16)
< E,epyar|dens(Ag, o)) —dens(4)] < ¢

and the proof is completed. ([l

We are in the position to complete the proof of Lemma 3.2. To this end, we need
to introduce some numerical invariants. Specifically, for every 0 < &£ < 1 and every
k,l,ge Nwith k> 2and /,q > 1 let

(3.18) p=p(k,l,q,¢) = min{e, k=¢/2}
and define Fj ¢4 .: N — N by the rule

(3.19) Fit,q.(m) = (q[16p™"] + 1)m + 1.
Proof of Lemma 3.2. We will show that

(3.20) Reg(k, £,9.2) < F{1,,.(0)

for every 0 < € < 1 and every k,f,q € N with k£, > 2 and ¢ > 1. Indeed, let N
be a finite subset of N with |[N| > F,Ei,),w (0) and fix a family F of subsets of [k]<N
with |F| = q. We select a subset My of N with |My| = Fgquys(O). By repeated
applications of Sublemma 3.7, we may construct a family {My, ..., My_1} of finite

subsets of My such that for every i € [¢ — 1]
—i
(a) [Mi] = Fy, ,(0),

€

(b) M; is a subinterval of M;_1 \ {max(M;_1)}, and
(c) for every A € F, every subset I of M; and every y € k! we have

(3.21) |dens({w € [k]° : (y,w) € AN [k]™>*Mi=)}) — dens(A N [k]™>Mi-1))| < e

where C' = {m € N: m < max(M;_1)}\ I.

We set L = {max(M;_1) < --- < max(My)}. Using properties (b) and (c), it is
easy to check that the family F is (e, L)-regular, as desired. |
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4. A VARIANT OF THE GRAHAM—ROTHSCHILD THEOREM FOR LEFT VARIABLE
WORDS

Recall that for every Carlson—Simpson tree V of [k]<N and every ¢ € [dim(V)]
by Subtry(V) we denote the set of all /-dimensional Carlson—Simpson subtrees of
V. This section is devoted to the proof of the following partition result.

Theorem 4.1. For every integer k > 2, every pair of integers d > m > 1 and
every integer v > 1 there exists an integer N with the following property. If
n > N and W is an n-dimensional Carlson-Simpson tree of [k]<N, then for ev-
ery r-coloring of the set Subtr,, (W) there exists U € Subtrq(W) such that the set
Subtr,,, (U) is monochromatic. The least integer N with this property will be denoted
by CS(k,d,m,r).

Theorem 4.1 is, of course, a variant of Theorem 2.1. It can be hardly charac-
terized as new since it follows using fairly standard arguments. Nevertheless, we
have decided to include a proof for two reasons. The first one is self-containedness.
Secondly, because we want to emphasize the bounds we get from the argument for
the numbers CS(k,d, m, ).

We start by introducing some pieces of notation. Specifically, let k,d,m € N
with k > 2 and d > m > 1. Also let W be a d-dimensional Carlson—Simpson tree
of [k]<N and V' € Subtr,,(W). The depth of V in W, denoted by depthy, (V), is
defined to be the unique integer i € {m, ..., d} such that the m-level V(m) of V is
contained in the i-level W (i) of W, or equivalently, V' (m) € Subs,, (W (i)). We set

(4.1) Subtr)y™(W) = {V € Subtr,,(W) : depthy, (V) = dim(W)}.

That is, Subtr,** (W) is the set of all m-dimensional Carlson—Simpson subtrees of
W of maximal depth. Part of our interest in this subclass is justified by the following
simple, though important, fact. Its proof is a rather straightforward consequence
of the relevant definitions.

Fact 4.2. For every integer d > 1, every d-dimensional Carlson-Simpson tree W
of [k]<N and every m € [d] the map
(4.2) Subtrjy™ (W) 3 V = V(m) € Subs,, (W (d))
is a bijection.

Combining Theorem 2.1 and Fact 4.2 we obtain the following corollary.
Corollary 4.3. Let k € N with k > 2. Also let d,m,r € N withd > m > 1 and

r > 1. Ifn > GR(k,d, m,r), then for every n-dimensional Carlson—Simpson tree W
of [k]<N and every r-coloring of the set Subtrin™(W) there exists U € Subtr™ (W)

m
such that the set Subtry,™(U) is monochromatic.

The proof of Theorem 4.1 is based on a strengthening of Corollary 4.3. To state
it, it is convenient to introduce the following definition. For every k,m,r € N with
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k > 2 and m,r > 1 we define the function g . »: N — N by the rule gg m. (n) =0
ifn<m—1and

(4.3) 9k,m,r(n) = GR(k,n +1,m,7)
if n > m — 1. We have the following lemma.

Lemma 4.4. Let k,m,r € N with k > 2 and m,r > 1. Also let q,n € N with
q=1andn > g,(cqgn .(m). Then for every n-dimensional Carlson—-Simpson tree W

of [k]<N and every r-coloring of the set Subtr,,(W) there exists U € Subtry%, (W)
with the following property. For every pair S,T € Subtr,,(U) with depth;(S) =

depthy; (T') the Carlson-Simpson trees S and T have the same color.

Proof. We fix a coloring c¢: Subtr,, (W) — [r]. For every i € {0,...,q} we set
n; = g,gq;?n(m) Notice that, by (4.3), for every i € {0,...,q — 1} we have

(4.4) n; = GR(k,njx1 +1,m,7) 2 nip1 +1 = ng = m.

We select Uy € Subtr, ™ (W). By (4.4) and Corollary 4.3, we may construct a family
{U1,...,U,} of Carlson—Simpson subtrees of Uy with the following properties.
(a) For every i € [q] we have dim(U;) = n; + 1.
(b) We have U; € Subtr)*¥, (Ug). Moreover, if ¢ > 2, then for every i € [¢ — 1]
we have U1 € Subtry W (U) where U] = U; \ U(n; + 1).
(c) For every i € [g] the set Subtr),**(U;) is monochromatic with respect to c.

For every i € [q] let (c;, wéi)7 . ,w,(l?) be the generating sequence of U;. We define

U to be the Carlson-Simpson tree of [k]<N generated by the sequence

(4.5) (cqrwi”s ooy w@) (w7, w @ wib).

We will show that U is as desired. Indeed, notice first that

(4.6) dim(U) = (ng+1)+(g—1)=m+gq.
Also observe that U € Subtr;;% (Up) and so U € Subtr % (W). Finally let £ € [q]

be arbitrary and set iy = ¢—{+1 € [g]. By the definition of U and (b) above, we see
that U(m + ¢) is contained in U;, (n;, + 1). Hence, for every pair S,T € Subtr,,(U)
with depthy; (S) = depthy (T') = m+£ we have that S,T" € Subtr,,*(U;,). Invoking
(¢), we conclude that ¢(S) = ¢(T) and the proof is completed. O

We are ready to proceed to the proof of Theorem 4.1.

Proof of Theorem 4.1. Let k € N with £ > 2. Alsolet d,m,r e Nwithd>m > 1
and » > 1. We will show that

(4.7) CS(k,d,m,r) < g\ ™ (m).

k,m,r

Indeed, let n > g,(j;,:;m)

Simpson tree of [k]<N. We fix a coloring c: Subtr,, (W) — [r]. By Lemma 4.4,
there exists a Carlson-Simpson subtree R of W with dim(R) = d - r such that for

(m) and let W be an arbitrary n-dimensional Carlson—
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every S € Subtr,,(R) the color ¢(S) of S depends only on the depth of S in R.
Therefore, by the classical pigeonhole principle, there exist a subset I of {0,...,d-r}
with |I| = d+1 and r¢ € [r] such that for every ¢ € I and every S € Subtr,,(R) with
depth(S) = i we have ¢(S) = ry. Let U be any d-dimensional Carlson—Simpson
subtree of R which is contained in the set | J;.; R(7). By the previous discussion,
we see that the coloring ¢ restricted on Subtr,,(U) is constantly equal to ro. The
proof of Theorem 4.1 is thus completed. O

5. THE CONVOLUTION OPERATION

The concatenation of two finite sequences provides us with a canonical way to
“glue” a pair of elements of [k]<N. Our goal in this section is to describe a different
“gluing” method which will be of fundamental importance throughout the paper.

The method is particularly easy to grasp for pairs of sequences of given length.
Specifically, let n,m > 1 and fix a subset L of {0,...,n +m — 1} of cardinality n.
Given an element z of [k]™ and an element y of [k]™, the outcome of the “gluing”
method for the pair z,y is the unique element z of [k]**™ which is “equal” to x on
L and to y on the rest of the coordinates. This simple process can, of course, be
extended to arbitrary pairs of [k]<N. This is the content of the following definition.

Definition 5.1. Let k € N with k > 2 and let L = {lp < --- < ljp|-1} be a
nonempty finite subset of N. For every i € {0,...,|L| — 1} we set

(5.1) Li={leL:l<l;} and Li={neN:n<l; andn ¢ L;}.
Also let n;, = max(L) — |L| + 1 and set

(5.2) X = [k]"*".

We define the convolution operation cr: [k]</Fl x X — [k]<N associated with L
as follows. For every i € {0,...,|L| — 1}, every t € [k]' and every x € X, we set
(5.3) cr(t,x) = (I, (1), Iz, (2|z,))) € (k)"

where I, and Iy, are the canonical isomorphisms defined in §2.2.
More generally, let V be a Carlson—Simpson tree of [k]<N and assume that L is

contained in {0, ...,dim(V)}. The convolution operation cy, v : K<l x X, -V
associated with (L, V') is defined by the rule
(5.4) CL,V(t,x) =1y (CL(t,x))

where 1y is the canonical isomorphism defined in §2.5.

Before we proceed let us give a specific example. Let k =5 and L = {1, 3,7, 9},
and notice that X = [5]°. In particular, the convolution operation cj, associated
with the set L is defined for pairs in [5]<* x [5]5. Then for the pair t = (1,2) and
x=(3,5,4,2,4,1) we have

(5.5) cp(t,x) =(3,1,5,2,4,2,4)
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where in (5.5) we indicated with boldface letters the contribution of ¢.

The rest of this section is devoted to the study of convolution operations. We
notice that all properties described below follow by carefully manipulating the rele-
vant definitions. In fact, once the basic definitions have been properly understood,
most of the material of this section should be regarded as fairly straightforward.

We begin with the following fact.

Fact 5.2. Let k € N with k > 2. Let V be a Carlson—-Simpson tree of [k]<N and let
L={lp<--- <ljpj-1} be a nonempty finite subset of {0,...,dim(V)}. For every
t € [k]<IF we set

(5.6) Q= {CL,V(t,x) tx € XL}.
Then for every t,t' € [k]|</Fl with t # ' we have Q, N Qy = 0. Moreover, for every
i €{0,...,|L] — 1} the family {Q : t € [k]'} forms an equipartition of V (I;).

Proof. By the definition of the convolution operation, we see that Q; N Qy = 0 if
t # t'. Tt is also easy to check that the family {€; : t € [k]’} forms a partition
of V(1;). Therefore, to complete the proof it is enough to observe that for every
i€{0,...,|L| — 1} and every t € [k]* we have

(5.7) L' () ={z ek 2

L; = ILi (t)}

Clearly this implies that |Q;| = |Qq/| for every ¢, ' € [k]’. O
Using similar elementary observations we obtain the following fact.

Fact 5.3. Let k,V and L be as in Fact 5.2. For every t € [k]<!" and every
s € [k]<N we set

(58) Y;t = {iL’ e Xy : CL7v(t,(E) = S}.

Then for every t € [k]<IFl and every s,s' € Q; with s # s', where Q is as in (5.6),
the sets Y! and Y are nonempty disjoint subsets of Xr,. Moreover, the family
{Y!:s e} forms an equipartition of X .

We will also need the following fact.

Fact 5.4. Let k,V and L be as in Fact 5.2. For every t € [k]<IFl and every
s € [k]<N let Q4 and Y be as in (5.6) and (5.8) respectively. Then for every
i €{0,...,|L| — 1} and every t,t' € [k]* there exists a map gt : Qe — Qv with the
following properties.

(i) For every s € Q; we have that Y = Ygf': ()"
(ii) ’

(i) The map giv preserves the lexicographical order.

(iv) If t and t' are (r,r')-equivalent for some r,r" € [k] with r # 1’ (see §2.6),

then s and g¢ v (s) are (r,r")-equivalent for every s € Q.

The map g;.v s a bijection.
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Proof. For every s € Q; we select x5 € Y! and we set

(5.9) gr(s) =cpv(t' zs).

It is easy to check that g, is well-defined and satisfies the above properties. O
We proceed with the following lemma.

Lemma 5.5. Let k € N with k > 2. Let V be a Carlson-Simpson tree of [k]<N and
let L ={lo <--- <ljpj-1} be a nonempty finite subset of {0,...,dim(V)}. Also let
t € [k]<IFl and A C [k]<N and set B = CZ}V(A). Then the following hold.

(i) We have densgq, (A) = densgyy « x, (B) where € is as in (5.6).

(ii) For everyi € {0,...,|L| — 1} we have densy ;,)(A) = denspix x, (B).

Proof. For every s € Q; let Y! be as in (5.8). By the definition of B and Q,

(5.10) Bn{t} x X)) = {(t,x) cepv(t,x) EAﬂQt}
= U {(t,x) cepv(t,x) = s}
sEANQ,
= U {gxv.
SEANQ,

By Fact 5.3, for every s € £, we have

- Yol _ 1
XLl S
Therefore,
BN ({t} x X1)| (5.10) {1} x ¥/
5.12 dens B) = - 48} > Xl
(5.12) {rxx. (B) [{t} x Xi] e;a {1} x Xl
Y . ANQ

_ Z Yol Gan [ANSD] densg, (A).
s€E AN, |XL| |Qt|

This completes the proof of the first part of the lemma. To see that part (ii) is
satisfied, let ¢ € {0,...,|L| — 1} be arbitrary. By Fact 5.2, we see that

(513) densv(li)(A) = ]Ete[k]idensm (A)
By (5.13) and the first part of the lemma, the result follows. O

The final three lemmas of this section contain some coherence properties of
convolution operations. The first one shows that convolution operations preserve
Carlson—Simpson trees.

Lemma 5.6. Let k,V and L be as in Lemma 5.5. Also let W be a Carlson—-Simpson
subtree of [k]<IXl and x € X1. Then, setting

(5.14) W, ={crv(w,z) :we W},
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we have that W, is a Carlson-Simpson subtree of V of dimension dim(W'). More-
over, for every i € {0,...,dim(W)} we have
(5.15) W, (i) = {ep,v(w,x) : w e W(i)}.

Proof. Set ¢ = |L| and let {lyp < -+ < ly—1} be the increasing enumeration of L.
Set

(5.16) Jo={neN:n<l} and J;={neN:l1—i+1<n<<l;—i—1}

for every i € [£ — 1]. Observe that the family {Jo, J1,...,Je—1} forms a partition
of {0,...,1ly—1 — £} into successive intervals some of which are possibly empty. Let

(5.17) c=1,"(x]).

Moreover, for every i € {0,...,¢ — 2} we define

(5.18) w; = v“I;:H(:U Jis1)-

Clearly w; is a left variable word over k for every i € {0,...,¢ —2}. Let S, be
the Carlson—Simpson tree generated by the sequence (¢, wy, ..., wy—2) and observe
that cy,(t,x) = Ig, (t) for every t € [k]<I*l. Hence, for every ¢ € [k]</* we have
(519) CL,V(LI’) = IV (IST (t))

Using (5.19) and invoking the definition of W, in (5.14), the result follows. O

The next result enables us to transfer quantitative information from the space
[k]<N to the space on which the convolution operations are acting.

Lemma 5.7. Let k,V and L be as in Lemma 5.5. Also let W be a Carlson—Simpson
subtree of [k]<\F and x € X1, and define W, as in (5.14). If A is a subset of [k]<N
and B = CZ}V(A), then for every i € {0,...,dim(W)} we have

(5.20) densyy, (iy(A) = densyy ;) x {2} (B)-

Proof. We define the Carlson-Simpson tree S, exactly as we did in the proof of
Lemma 5.6. By (5.19), for every ¢ € [k]<!/! we have that (¢,2) € B if and only if
Iy (I, (t)) € A and the result follows. O

We close this section with the following lemma.

Lemma 5.8. Let k,V and L be as in Lemma 5.5. Also let W be a Carlson—-Simpson
subtree of [k]<I* and let A be a subset of [k]<N. Then for everyi € {0,...,dim(W)}
we have

(5.21) denScL,v(W(i)xXL)(A) = EzeXLdenSWI(i) (A)
where Wy is as in (5.14). In particular, for everyi € {0,...,|L| — 1} we have
(5.22) densy (;,)(A) = Egex, densp, ;) (A)

where R, = {cp v (t,2) : t € [k]<IX1} for every x € Xp.
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Proof. Let i € {0,...,dim(W)}. There exists a unique [ € {0,...,|L| — 1} such
that W (i) is contained in [k]!. By Fact 5.2, the family {Q, : t € W (i)} forms an
equipartition of cr v (W (i) x X). Therefore, setting B = CZ}V (A), by Lemma 5.5,

(5.23) dens., ,(w(iyxx,)(4) = Eiew()densq, (A4)
= EtGW(i)denS{t}xXL (B)
= densw(i) x X, (B)

= Esex,densy (ix(«}(B)

5.20
(5.20) Erex, densy, ;) (A).

Finally notice that V(I;) = cr, v ([k]* x X1) for every i € {0,...,|L|—1}. Therefore,
equality (5.22) follows by (5.21) and the proof is completed. O

6. ITERATED CONVOLUTIONS

Our goal in this section is to study iterations of convolution operations. We
remark that this material will be used only in §9. The exact statements that we
need are isolated in §6.2.

6.1. Definitions and basic properties. We start with the following definition.

Definition 6.1. Let L = (L,)?_, be a finite sequence of nonempty finite subsets
of N. Also let k € N with k > 2 and V = (V,,)&_, a finite sequence of Carlson—
Simpson trees of [k]<N with the same length as L. We say that the pair (L, V)
is k-compatible, or simply compatible if k is understood, provided that for every

n €{0,...,d} we have L, C {0,...,dim(V,,)} and, if n < d, then Vy 41 C [k]</Enl,

Notice that if (L,V) is a compatible pair and L'V’ are initial subsequences
of L, V with a common length, then the pair (L', V’) is also compatible. Also
observe that for every compatible pair (L, V) = ((L,)%_y, (Vn)i_y) and every
n € {0,...,d} we can define the convolution operation cz,, v, : [k]</F»Ix X1 — V,
associated with (L, V,) as described in §5. What Definition 6.1 guarantees is that
for compatible pairs we can iterate these operations. This is the content of the

following definition.
Definition 6.2. Let k € N with k > 2 and let (L, V) = ((Ln)%_, (Va)2_,) be a
k-compatible pair. We set

d
(6.1) X =[] Xz
n=0
By recursion on d we define the iterated convolution operation
(62) CL,V: [/C}<|Ld| X XL — Vo

associated with (L, V) as follows. For d = 0 this is the cr, v, convolution operation
defined in (5.4).
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Ifd > 1, then let L = (L,)%Z% and V' = (V,,)%Z% and assume that the operation

n=

cr v has been defined. We set

(6.3) cLv (s, 2o, ..., xa) = cu v (Cn,,vi (s, 2a), To, - .., Ta—1)
for every s € [k]<IFel and every (zo,...,rq) € Xy,. In this case, the quotient map
(6.4) quv: [k]<1Fal x Xy, — [k]<1Eal x Xy,

associated with (L, V) is defined by the rule
(6.5) qu,v(t,x,2) = (cr,,v,(t 2),%)
for every t € [k]<IFal and every (x,z) € Xy x Xr,.

The rest of this subsection is devoted to several lemmas establishing proper-
ties of iterated convolutions. Just as in §5, all this material follows by carefully
manipulating the relevant definitions. We begin with the following elementary fact.

Fact 6.3. Let k > 2 and (L, V) = ((Ln)%_o, (Va)e_o) a k-compatible pair. If d > 1

n=0> n=0

and (L', V') = ((Ln)d_l (Vn)d_l); then cr,v = ¢/ v/ o qL,v.

n=0 n=0

The next two lemmas are multidimensional analogues of Lemmas 5.6 and 5.7.

Lemma 6.4. Let k > 2 and (L, V) = ((Ln)%_o, (Va)i_y) a k-compatible pair.

n=0 n=0

Also let W be a Carlson—Simpson subtree of [k]<I4l and x € Xy,. Then the set
(6.6) Wy = {cLv(w,x) :w e W}

is a Carlson—-Simpson subtree of Viy with the same dimension as W. Moreover, for
every i € {0,...,dim(W)} we have

(6.7) Wi (i) = {cLv(w,x) : w e W(i)}.

Proof. Both assertions are proved by induction on d and using similar arguments.
We will give the details only for the first one. The case “d = 0” is the content of
Lemma 5.6. So, let d > 1 and assume that the result has been proved up to d — 1.
Fix a compatible pair (L, V) = ((L,)%_o, (V,)2_y) and let W and x be as in the
statement of the lemma. Write x = (zo,...,xq) and set x’ = (xq,...,24-1) and
S = {cp,v,(w,zq) : w e W}. Alsolet L/ = (L,)%Z} and V' = (V,,)%Z} and observe
that the pair (L', V') is compatible. By Lemma 5.6, S is a Carlson—Simpson subtree
of Vy with dim(S) = dim(W). By Definition 6.1, we have that S is contained in
[k]<IEa=1] Therefore, applying the inductive assumptions for the pair (L/, V'), we
see that Sy  is a Carlson—Simpson subtree of Vj of dimension dim(W). Noticing
that Sy coincides with Wy the result follows. O

Lemma 6.5. Let k,L,V,W and x be as Lemma 6.4. Also let A be a subset of
[k]<N and set B = cilv(A) Then for every i € {0,...,dim(W)} we have

(6.8) dCHSW(i)x{x}(B) = anSWx(i) (A)
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Proof. By induction on d. The case “d = 0” follows from Lemma 5.7. Let d > 1
and assume that the result has been proved up to d — 1. Fix a k-compatible pair
(L, V) = ((Ln)2_y, (Va)i_y) and let W,x, A and B be as in the statement of the

n=0> n=0
lemma. Write x = (g, ..., 2q) and define x’, S, L’ and V' precisely as in the proof
of Lemma 6.4. We set C' = CE,I,V, (A). For every y € Xy, let Cy and By be the
sections of C' and B at y. By Fact 6.3, we see that By = CZ;,Vd(Cy)' Hence,
(69) densw(i)x{x} (B) = denSW(i)x{x’}x{xd} (B)
= densyy (i) x {x'} x{wa} (Bxr X {x'})
= densw (i)x a4} (Bx')
= densw (i) {ag) (C1y v, (Cr))

Invoking Lemma 5.7 we have

(6.10) densyy (i) x {z4} (CZ;’Vd (Cx)) = densg ;) (Cxr).
Next observe that
(6.11) densg(;)(Cxr) = densg(j) x (x'} (Cx X {x'}) = densg(;)x (x'} (C).

As we have already pointed out in the proof of Lemma 6.4, the set Sys coincides
with Wy. Since C' = cp'y/(A4), we may apply our inductive hypothesis to the
Carlson—Simpson tree S, the element x’ and the set A to infer that

(6.12) denss(i)x{x/}(C’) = denssx,(i) (A) = denswx(i) (A)
Combining equalities (6.9) up to (6.12) the result follows. O
We proceed with the following lemma.

Lemma 6.6. Let k > 2 and (L, V) = ((Ln)%_y, (Va)i_y) a k-compatible pair.

n=0>

Assume that d > 1 and set L' = (L,)%Z} and V' = (V;,)2ZL. Let C be a subset of
[k]<WFa1l x X1, and set B = qulV(C) Finally let t € [k]<IFal and set

(6.13) O =A{cr,v,(t,x):x e X, }.

Then qE,IV(Qt x X)) = {t} x X1, and

(6.14) densq, x x,, (C) = densyyy x x, (B).

Proof. By the definition of the quotient map qr, v in (6.5), we have
(6.15) apv (@ x Xu) =gl () x Xu.

Since CZ;,Vd(Qt) = {t} x X, by (6.15), we see that qilv(Qt x X)) = {t} x Xg,.

Now for every x’ € Xp, let Cy and By be the sections of C' and B at x’
respectively. Observe that Cys C [k]<IFa-1l and B, C [k]<I"¢l x X ,. Also notice
that By = CE;Vd(Ox/) for every x’ € Xy,. Hence, by Lemma 5.5,

(6.16) densyx x, , (Bx) = densg, (Cx')
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for every x' € X1,. Therefore,

(6.17) denspyyxx (B) = ]EX/GXL,dens{t}XXLd (Bx')
6.16
( = ) ]EX'EXL/ denSQt (Cx') = denSQt X Xy, (C)

as desired. O

We close this subsection with the following consequence of Lemma 6.6.

Corollary 6.7. Let k > 2 and (L, V) = ((Ln)2_y, (Va)i_,) a k-compatible pair.

Assume that d > 1 and set L' = (L,,) 4 and V' = (V;,))2Z5. Let A be a subset of
[k]<N and set A = CE}V(A) and A1 = CE,{V/ (A). Then for every t € [k]<Itdl

(6.18) densx, (Af) = Escq,densx,, (Ag_l)

where A is the section of A? at t, Q; C Vy C [k]</Fa-1l is as in (6.13) and Ad~!
is the section of A%~ at s.

Proof. We fix t € [k]<IF¢l. Notice that
(6.19) Al =gy (4) = ap v (ep'vi(4)) = ag v (A7),
By (6.19) and Lemma 6.6 applied to the sets “B = A% and “C = A9~1" we obtain

(6.20)  densy, (A%) = dens g4y x,. (A%
6.14 _ _
( = ) denthxxL, (Ad 1) :EsegtdensXL, (A‘z 1)
and the proof is completed. O

6.2. Consequences. As we have already mentioned, in this subsection we will
collect some results which will be of particular importance in §9. The first two of
them follow by repeated applications of Corollary 6.7. The details are left to the
reader.

Corollary 6.8. Let k > 2 and (L, V) = ((Ln)2_y, (Va)i_,) a k-compatible pair.
Let 0 < v < 1 and let A be a subset of [K]<N. We set A? = cil\,(A) and
AV = Ciol,vo (A). Suppose that densx, (AJ) = v for every s € [k] <ol where A9
is the section of A° at s. If t € [k]<IFel and A¢ is the section of A% at t, then

densx, (A4) > 7.

Corollary 6.9. Let k > 2 and (L, V) = ((Ln)zzo, (VH)Z:O) a k-compatible pair.
Let 0 < A < 1, and let A and B be two subsets of [k]<N with A C B. We set
Al = cilv(A), A% = CZ;,VO(A)’ B = Ci’lv(B) and BY = Ciol,vo (B). Suppose that
densx, (A?) > X -densx, (BY) for every s € [k]<IFol where AY and BY are the
sections of A° and B° at s. If t € [k]<IFal then densx, (A¢) > X - densx, (B{)

where A¢ and B¢ are the sections of A% and B at t.

The final result is a consequence of Lemma 6.6.
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Corollary 6.10. Let k > 2 and (L, V) = ((Ln)2_y, (Va)i_y) a k-compatible pair.
Assume that d > 1 and set L' = (L,)%—y and V' = (V,,)225. Let t € [k]<IFdl
and let Cy be a nonempty subset of Qp x Xy, where Q; is as in (6.13). Also let
Cy C [k]<IFa=1l x Xy, Then, setting B; = qi}V(C’i) for every i € {0,1}, we have

that densc, (C1) = densp, (B1).

Proof. Notice that qilv(Co NC1) = By N B;. Since qilv(ﬂt x X) = {t} x X,
we see that By C {t} x X1,. Therefore,

|ConCy|  densq,xx,,(CoNCh)

6.21 densq, (C = =
(6.21) a(C1) ICo] denso, wx,, (Co)
(6.14) densgsyxx, (Bo N B1)
densyyy x x. (Bo)
|Bo N Bi|
e —_— d 3 B

|B0‘ eanO( 1)

as desired. O

7. PRELIMINARY TOOLS FOR THE PROOF OF THEOREM B

In this section we will gather some results that are part of the proof of Theorem B
but are not directly related to the main argument. Specifically, in §7.1 we prove the
first instance of Theorem B which can be seen as a variant of the classical Sperner
theorem [35]. In §7.2 we show how one can estimate the number DCS(k, m + 1, 6)
assuming that the numbers DCS(k, m, §) have been defined for every 0 < 8 < 1.
This result is part of an inductive scheme that we will discuss in detail in §8.1.
Finally, in §7.3 we present some consequences.

7.1. Estimating the numbers DCS(2,1, ). We have the following proposition.

Proposition 7.1. Let 0 < § < 1. Also let A be a subset of [2]<N and let N be a
finite subset of N such that

(7.1) IN| > Reg(2,CS(2, [1767°1,1,2) + 1,1,6/4).
If [AN[2]"| = 62™ for every n € N, then there exists a Carlson—-Simpson line R of
[2]<N which is contained in A. In particular,

(7.2) DCS(2,1,6) < Reg(2,CS(2, [1767°],1,2) + 1,1,6/4).

We should point out that the estimate for the numbers DCS(2, 1, §) obtained by
Proposition 7.1 is rather weak and far from being optimal. However, the proof of
Proposition 7.1 is conceptually close to the proof of the general case of Theorem B,
and as such, should serve as a motivating introduction to the main argument.

We start with the following lemma.

Lemma 7.2. Let A and N be as in Proposition 7.1. Then there exists L C N with
(7.3) |L| = CS(2, [1767%],1,2) + 1
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and satisfying the following property. Let cr: [2]<IX x X — [2]<N be the convolu-
tion operation associated with L and set B = c;'(A). Then for every t € [2]<IF] we

have dens(By) > 36/4 where B, = {x € X, : (t,x) € B} is the section of B at t.

Proof. By Lemma 3.2 and our assumptions on the size of the set N, there exists a
subset L of N with |L| = CS(2,[17672],1,2)+1 and such that the family F = {A}
is (0/4, L)-regular. Write the set L in increasing order as {lop < --- < ljy|—1} and
for every i € {0,...,|L| — 1} let L; and L; be as in (5.1). Since |[AN[2]"| > §2" for
every n € L and the singleton {A} is (§/4, L)-regular, we see that

(7.4) dens({w € [2]7 : (y,w) € AN[2]4}) > 36/4

for every i € {0,...,|L|—1} and every y € [2]¥i. By the definition of the convolution
operation in (5.3), for every i € {0,...,|L| — 1} and every t € [2]° we have

L; = ILi (t)}

(7.5) O fepta) e X)) = {ze 2

Thus, by (7.4) applied to “y =1y, (¢)”, we obtain

(7.6)  densq, (A) = dens({w € [2]% : (Ip,(t),w) € AN[2]"}) > 36/4.

Finally, by Lemma 5.5, we have

(7.7) densgq, (A) = densyyy « x, (B) = densx, (By).

Combining (7.6) and (7.7) the result follows. O
For the next step of the proof of Proposition 7.1 we need to introduce some

terminology. Specifically, let W be an m-dimensional Carlson—Simpson tree of

[2]<N and let (c,wp, ..., wm,_1) be its generating sequence. Also let t,t' € W. We

say that ¢’ is a successor of t in W if there exist i,5 € {0,...,m — 1} with ¢ < j

as well as a;,...,a; € [2] such that ¢’ = t"w;(a;)”...” wj(a;). If, in addition, we
have a; = 1, then we say that ¢’ is a left successor of t in W.

Lemma 7.3. Let L and {B; : t € [2]<!"!} be as in Lemma 7.2. Then there exists
a Carlson—Simpson subtree W of [2]<IX! with dim(W) = [176=2] and such that
(7.8) dens(B; N By) > 6/16

for every t,t' € W with t' left successor of t in W.

Proof. For every Carlson-Simpson line S of [2]<N let us denote by (cg,wg) its
generating sequence. We set

(7.9) £ = {5 & Subtry ([2]917)) : dens(Be, 1 B, 1)) > 62/16}.

By Theorem 4.1 and (7.3), there exists a Carlson-Simpson subtree W of [2]<I*I with
dim(W) = [176~2] such that either Subtr; (W) C L or Subtr; (W)NL = (. Observe
that for every ¢,t' € W we have that ¢’ is a left successor of ¢ in W if and only if there
exists a Carlson-Simpson line S of W such that t = cg and ¢’ = cgwg(1). Therefore,
the proof will be completed once we show that Subtr;(W) N L # (). To this end
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we argue as follows. Set d = dim(W) = [17672] and let (c,wo,...,wq_1) be the
generating sequence of W. We set tg = ¢ and t; = ¢~ wo(1)” ...~ w;—1(1) for every
i € [d]. By our assumptions, we have dens(By,) > 36/4 for every i € {0,...,d}.
Hence, by Lemma 2.7 applied for “c = 3§/4” and “0 = §/4”, there exist i,j €
{0,...,d} with i < j and such that dens(B;, N By,) > §*/16. If R is the unique
Carlson-Simpson line of W with cg = t; and wr = w; ...~ w;_1, then the previous
discussion implies that R € £, as desired. (]

The following lemma is the last step towards the proof of Proposition 7.1.

Lemma 7.4. Let W be the Carlson—-Simpson tree obtained by Lemma 7.3. Then
W contains a Carlson—-Simpson line S such that

(7.10) () B: # 0.

tesS

Proof. As in Lemma 7.3, set d = dim(W) = [17672] and let (c,wo, ..., w4_1) be
the generating sequence of W. For every i € {0,...,d — 2} we set

(7.11) ti=c"wo(2)” ... w;i(2) and s; =1t wip1(1)7 .. wa—1(1).

Observe that s; is a left successor of ¢; in W. Therefore, by Lemma 7.3, setting
Ci = By, N Bs, we have dens(C;) > §%/16 for every i € {0,...,d —2}. Also let
Sd—1 = " wp(2)”..." wg—1(2) and Cy_1 = Bs,_, and notice that, by Lemma 7.2,
we have dens(Cy_1) > 35/4 > 62/16. Since d > 16/62 there exist 0 < i < j <d—1
such that C; N C; # 0. We define

(7.12) =t and w' =wi, ... wjy

where y = wj+1(1)” ... wg—1(1) if j < d — 1 and y = () otherwise. Let S be the
Carlson—Simpson line of W generated by the sequence (¢, w’) and observe that
S ={t;} U{si,s;}. Hence,

(7.13) (B:2C:NC; #0

tesS

and the proof is completed. (I
We are ready to proceed to the proof of Proposition 7.1.

Proof of Proposition 7.1. Let S be the Carlson—-Simpson line obtained by Lemma
7.4. We select xg € X, such that xg € B; for every t € S and we set

(7.14) R={cL(t,xo):t €S}

By Lemma 5.6, we have that R is a Carlson—Simpson line of [2]<N. Next, recall that
B = c;*(A). Since (t,70) € B for every t € S, we conclude that R is contained in
A, as desired. O
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7.2. Estimating the numbers DCS(k,m + 1,0). Let k,m € N with & > 2
and m > 1 and assume that for every 0 < 8 < 1 the number DCS(k,m, 3) has
been defined. This assumption, of course, implies that for every £ € [m] and every
0 < B < 1 the number DCS(k, ¢, §) has been defined. Therefore, for every £ € [m]
and every 0 < § < 1 we may set

(7.15) Ak, £,8) = [0-'DCS(k, £,6)]
and
(7.16) Ok, (,5) = 20

= ISubtr, ([k]<A(k,€,5)) | .

Moreover, let

(7.17) Ao = Ao(k,8) = A(k,1,6%/16) and Oy = Oy(k,5) = O(k, 1,5/16)
and define hs: N — N by the rule

(7.18) hs(n) = Ao + [265'n].

It is, of course, clear that for the definition of Ay, ®y and hs we only need to have
the number DCS(k, 1,%/16) at our disposal. The main result of this section is the
following dichotomy.

Proposition 7.5. Let k € N with k > 2 and assume that for every 0 < 8 < 1 the
number DCS(k, 1, 8) has been defined.

Let 0 < 6 < 1 and define Ay and O as in (7.17). Also let L be a nonempty
finite subset of N and A C [k]<N such that densyy e (A) = 0 for every £ € L. Finally,
let n € N with n > 1 and assume that |L| > hs(n) where hgs is as in (7.18). Then,
setting Lo to be the set of the first Ay elements of L, we have that either

(i) there ewist a subset L' of L'\ Lo with |L'| > n and a word ty € [k]*® for
some by € Lg such that

(7.19) dense—e, ({5 € KN itgs € AY) =6+ 46%/8

for every £ € L', or

(i) there exist a subset L' of L\ Lo with |L"| = n and a Carlson—Simpson line
V of [k]<N contained in A with L(V) C Lo and such that, setting {1 to be
the unique integer with V(1) C [k]%, for every £ € L" we have

(7.20) denspe—e, ({s € [K]<N :t7s € A for every t € V(1)}) > ©9/2.

Proposition 7.5 can be used to estimate the numbers DCS(k,m + 1,¢) via a

standard iteration. In particular, we have the following corollary.

Corollary 7.6. Let k,m € N with k > 2 and m > 1 and assume that for every
0 < B < 1 the number DCS(k, m, 8) has been defined. Then, for every 0 < 6 <1

(7.21) DCS(k,m +1,8) < h{® "D (DCS(k, m, ©0/2)).
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Proof. We fix 0 < § < 1. For notional convenience we set Ng = DCS(k, m, ©¢/2).
Let L be an arbitrary finite subset of N with |L| > hgsaiz])(No) and A a subset of
[k]<N such that densge(A) > & for every £ € L. By our assumptions on the size
of the set L and repeated applications of Proposition 7.5, it is possible to find a
subset L” of L with |L”| > Ny and a Carlson-Simpson line V of [k]<N contained
in A such that, setting ¢; to be the unique integer with V(1) C [k]**, we have that
{1 < min(L"”) and

(7.22) densye—e, ({s € [k]<N:t"s € Afor every t € V(1)}) > ©p/2

for every ¢ € L"”. By the choice of Ny and (7.22), there exists an m-dimensional
Carlson-Simpson tree U of [k]<N such that

(7.23) UcC{sec[k]N:t"sec Aforevery t € V(1)}.
Therefore, setting
(7.24) S=vV(O)u U {t"u:uelU},

tev (1)

we see that S is a Carlson-Simpson tree of [k]<N of dimension m + 1 which is
contained in A. The proof is thus completed. ([l

For the proof of Proposition 7.5 we need to do some preparatory work. Specif-
ically, let L be a finite subset of N with |L| > 2 and consider the convolution
operation cr: [k]<IFl x X, — [k]<N associated with L. For every = € X[ let
R, = {cp(t,z) : t € [k]<IF} and recall that, by Lemma 5.6, the set R, is a
Carlson—Simpson tree of [k]<N of dimension |L| — 1. Therefore, we may consider
the Furstenberg—Weiss measure d?@v associated with R, defined in §2.7. On the
other hand, we may also consider the generalized Furstenberg—Weiss measure dj,
associated with the set L. The following lemma relates these classes of measures.

Lemma 7.7. Let k € N with k > 2 and let L be a finite subset of N with |L| > 2.
Then for every subset A of [k]<N we have

(7.25) Erex, di (A) = di(A).

In particular, there exists a Carlson—Simpson tree W of [k]<N of dimension |L| — 1

with LIW) = L and such that A% (A) > dr(A).

Lemma 7.7 follows by Lemma 5.8. More precisely, notice that equality (7.25)
follows from (5.22) by averaging over all i € {0,...,|L| —1}.
The next fact is straightforward.

Fact 7.8. Let k,m € N with k > 2 and m > 1. Also let 0 < n < 1/2 and
assume that the number DCS(k, m,n) has been defined. Finally, let W be a Carlson—
Simpson tree of [k]<N with diim(W) > A(k,m,n)—1 where A(k,m,n) is as in (7.15).
Then every subset B of [k]<N with d(B) = 2n contains a Carlson—Simpson tree
of dimension m.
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The final ingredient of the proof of Proposition 7.5 is the following lemma.

Lemma 7.9. Let k,m € N with k > 2 and m > 1 and assume that for every
0 < B8 < 1 the number DCS(k, m, 3) has been defined.

Let 0 < p,y < 1 and let L be a finite subset of N with |L| = A(k,m, py/4) where
A(k,m, py/4) is as in (7.15). Also let B be a subset of [k]<N such that dp(B) > p.
If {A; : t € B} is a family of measurable events in a probability space (Q,%, 1)
satisfying p(Ag) = v for every t € B, then there exists an m-dimensional Carlson—
Simpson tree V. of [k]<N which is contained in B and such that

(7.26) u( ) A) = Ok m. p/4)
teV
where ©(k,m, py/4) is as in (7.16).

Proof. We set n = py/4 and A = A(k, m,n). Notice that, by passing to an appro-
priate subset of L if necessary, we may assume that |L| = A. By Lemma 7.7, there
exists a Carlson-Simpson tree W of [k]<N of dimension A — 1 with L(W) = L and
such that A (B) = d(B) > p. For every w € Qlet B, = {t e BNAW :w € A;}
and set

(7.27) Y = {weQ:diky(B,) = py/2).

Since d¥y (B) = p and p(A;) > « for every t € B, we see that u(Y) > py/2. By
Fact 7.8, for every w € Y there exists an m-dimensional Carlson-Simpson tree V,,
of [k]<N such that V, C B,. Hence, there exist V € Subtr,,(W) and G € ¥ with
V., =V for every w € G and such that

pY) o 2n (7.16)

7.28 G) > > O(k,m,n).
(7.28) HME) 2 [Sabtr, (W]~ bt (Y] (k, m, m)
It is easy to see that V satisfies the conclusion of the lemma. O

We are now ready to proceed to the proof of Proposition 7.5.

Proof of Proposition 7.5. Let M = L\ Ly and set My = {m—£:m € M} for every
¢ € Ly. Moreover, for every ¢ € Loy and every t € [k]* let

(7.29) Ay ={sc[k]N:t"sc A}

By (7.16) and (7.17), we see that ©g < 62/8. Hence, for every ¢ € Ly we have
(7.30) |M,| = |M| > 20;"'n > 85 ?n.

Also observe that for every ¢ € Ly we have

(7.31) Eycredar, (A¢) = dar(A).

Next recall that densy,e(A) > 0 for every £ € L. Therefore,

(7.32) dr,(A) = d and dp(A4) = 6.

We consider the following cases.
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CASE 1: there exist £y € Lo and to € [k]®® such that dar,, (As,) = 0 + 6% /4. In this
case we have that
(7.30)
(7.33) [{m € My, : denspym (Ay,) = 6+ 6%/8} = (6°/8)|My,| = n.
We set L' = {m € M : densym-so(As,) = 0 + §2/8}. By (7.33), we see that with

this choice the first alternative of Proposition 7.5 holds true.

CASE 2: for every £ € Lo and everyt € [k]* we have dpy, (Ay) < 6+6%/4. Combining
(7.31), (7.32) and taking into account our assumptions, in this case we see that for
every ¢ € Ly we have

(7.34) {t € [K]" : dar, (Ar) > 6/2}] > (1 - §/2)k".
We set
(7.35) B=|J{te An[k]": du,(A) >5/2}.
l€Lgy
By (7.32) and (7.34), we obtain that dr,(B) > 6/2. Let
(7.36) (@) = [T (B, dae)
teLo

be the product of the discrete probability spaces ([k]<N,day,). For every t € B we
define a measurable event th of Q as follows. We set
(7.37) A =[] x{

L€Lg
where X} = A; if £ = |t| and X} = [k]<V otherwise. Notice that for every ¢ € Lg
and every t € BN [k]* we have

~ (7.35)
(7.38) w(Ae) = dag, (Ae) > 6/2.

Recall that |Lo| = Ag (7.1 A(k,1,6%/16). Since dr,(B) > §/2, by Lemma 7.9
applied for “p = v = §/2”, there exists a Carlson-Simpson line V of [k]<N which is
contained in B and such that
(7.39) u( N At) > 0(k, 1,6%/16) 27 @

tev
Notice, in particular, that the level set L(V') of V' is contained in Ly. Let ¢; be the
unique integer with V(1) C [k]© and observe that ¢; € Lg. By the definition of the
events {A; : t € B} in (7.37) and (7.39), we obtain that

(7.40) th( N At) =u( N Et) > 0.
teVv(1) teV (1)
Let

(7.41) My = {m € My, :dens[k]m< ﬂ At) > @0/2}.
tev (1)
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By (7.40), we have

) (7.30)
(7.42) |My,| 2 (©0/2)|Me,| = n.
We set
(7.43) L' ={¢, —l—m:meMél}.

It is clear that |L”| > n. Moreover, L” is contained in L\ Lo and so ¢; < min(L").
Finally, notice that for every £ € L” we have that ¢ — ¢, € M, . Therefore, by
(7.29) and (7.41), we conclude that

(7.44) denspe—e, ({s € [k]<N :t7s € Afor every t € V(1)}) > ©p/2.

That is, the second alternative of Proposition 7.5 is satisfied. The above cases are

exhaustive and so the proof is completed. ([l

7.3. Consequences. Let k,m € N with £ > 2 and m > 1 and assume that for
every 0 < 8 < 1 the number DCS(k, m, §) has been defined. For every 0 < v < 1
we set

(7.45) 0(k,m,y) = O(k,m,~v/4)

where O(k,m,v/4) is as in (7.16). Recall that for every Carlson-Simpson tree W
of [k]<N and every k' € {2,...,k} by W | k' we denote the k'-restriction of W
defined in (2.14). We have the following corollary.

Corollary 7.10. Let k,m € N with k > 2 and m > 1 and assume that for every
0 < B < 1 the number DCS(k, m, ) has been defined.

Let 0 < v <1 and d € N with d = A(k,m,~v/4) — 1 where A(k,m,~v/4) is as in
(7.15). Also let V be a Carlson-Simpson tree of [k + 1]<N with

(7.46) dim(V) > CS(k+1,d,m,2).

If {A; : t € V} is a family of measurable events in a probability space (Q,%, 1)
satisfying w(Ay) = v for every t € V, then there exists W € Subtry(V) such that
for every U € Subtr,, (W) we have

(7.47) ( ﬂ A ) 0(k,m,~)

veUlk
where 6(k, m,v) is as in (7.45).
Proof. We set 8 = 0(k,m,~) and we define
(7.48) U=U € Subtr,,(V):u (] A
{ <v€U ) }
By (7.46) and Theorem 4.1, it is possible to select W € Subtrg (V) such that either

Subtr,, (W) C U or Subtr,,(W)NU = B. Therefore, it is enough to show that
Subtr,,, (W) NU # 0.
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To this end we argue as follows. Let Iy : [k + 1]<¢*! — W be the canonical
isomorphism associated with W and for every t € [k]<9*! set A} = Ary 1) By
Lemma 7.9, there exists an m-dimensional Carlson—Simpson subtree R of [k]<¢*!
such that

(7.49) u( N A;) > .

teV
Let S be the unique element of Subtr,, (W) such that S [ k¥ = Iy (R). Then, by
(7.49), we conclude that S € U and the proof is completed. O

The last result of this section is the following corollary.

Corollary 7.11. Let k,m € N with k > 2 and m > 1 and assume that for every
0 < B8 < 1 the number DCS(k, m, 3) has been defined.

Let 0 < v <1 and d € N with d > A(k,m,~v/4) — 1 where A(k,m,~v/4) is as in
(7.15). Also let V be a Carlson-Simpson tree of [k + 1]<N with

(7.50) dim(V) > CS(k + 1,d,m, 2).

Finally let {A; : t € V} be a family of measurable events in a probability space
(Q,3, u) satisfying p(Ay) = v for every t € V. Assume, in addition, that there
exists r € [k] such that Ay = Ay for every t,t' € V which are (r,k + 1)-equivalent
(see §2.6). Then there exists W € Subtry(V') such that for every U € Subtr,, (W)

we have

(7.51) u( () A) = 0k m,7)
vel

where 0(k, m,v) is as in (7.45).

Proof. Since A; = Ay for every ¢, € V which are (r, k + 1)-equivalent, for every
¢ € [dim(V)] and every R € Subtr,(V) we have
(7.52) A= (] A

teR teRlk

Using this observation, the result follows by Corollary 7.10. O

8. A PROBABILISTIC VERSION OF THEOREM B

8.1. Overview. In this subsection we give an outline of the proof of Theorem B.
Very briefly, and oversimplifying dramatically, the proof proceeds by induction on
k and is based on a density increment strategy.

The first step is given in Corollary 7.6. Indeed, by Corollary 7.6, the proof of
Theorem B reduces to the task of estimating the numbers DCS(k, 1,6). To achieve
this goal we follow an inductive scheme that can be described as follows:

(8.1) DCS(k,m, 3) for every m and 3 = DCS(k + 1,1,9).

Precisely, in order to estimate the numbers DCS(k + 1,1, §) we need to have at our
disposal the numbers DCS(k, m, ) for every integer m > 1 and every 0 < 8 < 1.
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The base case—that is, the estimation of the numbers DCS(2, 1, §)—is, of course,
the content of Proposition 7.1.

At this point it is useful to recall the philosophy of the density increment method.
One starts with a subset A of a “structured” set S of density § and assumes that A
does not contain a subset of a certain kind. The goal is then to find a sufficiently
large “substructure” &” of S such that the density of A inside S’ is at least 6 + 7,
where « is a positive constant that depends only on §. Usually this task is rather
difficult to achieve at once, and so, one first tries to increase the density of A inside
a relatively “simple” subset of S. We refer to the essay [18] of Gowers for a thorough
exposition of this method.

The proof of the inductive scheme described in (8.1) follows the strategy just
mentioned above. Specifically, fix the parameters k and § and let A be a subset of
[k + 1]<N not containing a Carlson—Simpson line such that dens,1j»(A4) > § for
sufficiently many n € N. What we find is a Carlson-Simpson tree W of [k + 1]<N
such that the density of the set A has been significantly increased in sufficiently
many levels of W. This is done in two steps. Firstly we show that there exists a
Carlson-Simpson tree V of [k + 1]<N and a subset D of V which is the intersection
of relatively few insensitive sets and correlates with the set A more than expected
in many levels of V' (it is useful to view D as a “simple” subset of V). This is
the content of Corollary 8.6 below. In the second step we use this information to
achieve the density increment. We will not comment at this point on the second
step, since we will do so in §9.1; here we simply mention that the statement of main
interest is Corollary 9.15.

We will, however, discuss in detail the proof of the first step which is analogous
to the first part of Polymath’s proof of the density Hales—Jewett theorem. In
fact, this is more than an analogy since we are using a beautiful argument from
Polymath’s proof (see [28, §7.2]) to reduce the proof of Corollary 8.6—the main
result of this step—to a “probabilistic” version of Theorem B. The analogy, however,
with Polymath’s proof breaks down at this point and the main bulk of the argument
is quite different.

The aforementioned “probabilistic” version of Theorem B refers to the question
whether a dense subset of [k + 1]<N not only will contain a Carlson-Simpson line
but, actually, a non-trivial portion of them. Results of this type figure prominently
in Ramsey theory and have found significant applications (see, e.g., [7, 32] and the
references therein). A classical result in this direction is the “probabilistic” version
of Szemerédi’s theorem, essentially due to Varnavides [39], asserting that for every
integer k > 3 and every 0 < § < 1 there exists a constant ¢(k,d) > 0 such that every
subset A of [n] with |A| > dn contains at least c(k,d)n? arithmetic progressions of
length &, as long as n is sufficiently large.

However, some density results do not admit a “probabilistic” version of the form
stated above. The most well-known example is the density Hales—Jewett theorem.
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Indeed, if n is large enough, then one can find a highly dense subset of, say, [2]"
containing just a tiny portion of combinatorial lines; see [28, §3.1]. This example
can modified, in a straightforward way, to show that Theorem B also fails to admit
a naive “probabilistic” version.

This phenomenon appears to be quite discouraging, but it can be bypassed. So
far there has been only one method in the literature dealing with this problem.
It was introduced by the participants of the polymath project and was based on
the technique of changing the measure. Part of the novelty of the present paper
is the development of a new method which not only is conceptually easy to grasp
but also appears to be quite robust (the clearest sign for this is that it can be
combined with the arguments in [28] to give a very simple proof [11] of the density
Hales—Jewett theorem). The idea is to avoid the pathological behavior by passing
to an appropriate “substructure”. This is done applying the following three basic
steps. We will describe them in abstract setting since we feel that no clarity will
be gained by restricting our discussion to the specifics of Theorem B.

Step 1. By an application of Szemerédi’s regularity method [37], we show that a
given dense set A of our “structured” set S is sufficiently pseudorandom. This
enables us to model the set A as a family of measurable events {B; : t € R} in a
probability space (2, X, 1) indexed by a Ramsey space R closely related, of course,
with §. The measure of the events is controlled by the density of A.

Step 2. We apply coloring arguments and our basic density result to show that there
exists a “substructure” R’ of R such that the events in the subfamily {B; : t € R’}
are highly correlated. The reasoning can be traced in an old paper of Erd6s and
Hajnal [12]. We also notice that it is precisely in this step that we need to pass
to a “substructure”. As can be seen from the examples mentioned above, this is a
necessity rather than a coincidence.

Step 3. We use a double counting argument to locate a “substructure” S’ of S such
that the set A contains a non-trivial portion of subsets of S’ of the desired kind
(combinatorial lines, Carlson—Simpson lines, etc.).

Some final comments on the computational effectiveness of the method. In all
cases of interest known to the authors, the tools used in the three steps described
above have primitive recursive (and fairly reasonable) bounds. However, the argu-
ment yields very poor lower bounds for the correlation of the events {B; : t € R’} in
the second step. These lower bounds are partly responsible for the Ackermannian
behavior of the numbers DCS(k, m, §).

8.2. The main dichotomy. Let k,m € N with £ > 2 and m > 1 and assume that
for every 0 < 8 < 1 the number DCS(k, m, 8) has been defined. Hence, for every
0 < <1 we may set

09

(8.2) ¥ =9(k,m,0) =0O(k,m,d/8) and n=n(k,m,d) = 30k
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where ©(k, m,d/8) is as in (7.16). Moreover let

(8.3) A = Alk,m, 5/8) "2V [86-1DCS (k, m, §/8)]

and for every n € N set

(8.4) l(n,m)=CS(k+1,n+ A ,m,2)+1.

We define the map G: N x N x (0,1] — N by the rule

(8.5) G(n,m,e) = Reg(k+ 1,4(n,m),1,¢).

Also for every Carlson-Simpson tree V of [k]<N and every 1 < m < i < dim(V) let
(8.6) Subtr? (V,4) = {R € Subtr,, (V) : R(0) = V(0) and R(m) C V(i)}.

As we have pointed out in §2.5, if W is a Carlson-Simpson tree of [k 4+ 1]<V, then
its k-restriction W | k can be identified as a Carlson-Simpson tree of [k]<N. Hence,
we may also consider the set Subtr?n(W [ k,1) whenever W is a Carlson—Simpson
tree of [k + 1]<N.

We are ready to state the main result of this section.

Proposition 8.1. Let k,m € N with k > 2 and m > 1 and assume that for every
0 < B8 <1 the number DCS(k, m, 3) has been defined.

Let 0 < 6 <1 and define 9, n and A’ as in (8.2) and (8.3) respectively. Also let
n € N withn > 1 and let N be a finite subset of N such that

(8.7) IN| = G([n~*n],m,n*/2)

where G is as in (8.5). If A C [k + 1J<N satisfies |A N[k + 1)'| > §(k + 1)!
for every | € N, then there exist a Carlson-Simpson tree W of [k + 1]<N with
dim(W) = [n7*n] + A and I C {m,...,dim(W)} with |I| > n such that either
(i) for every i € I we have densy (;y(A) =6 +n?/2, or
(ii) for everyi € I we have densy ;y(A) > 6 — 2n and, moreover,

(8.8) dens({V € Subtry, (W | k,i):V C A}) > 9/2.

For the proof of Proposition 8.1 we need to do some preparatory work. We start
with the following lemma.

Lemma 8.2. Let k,m,d,9,n,A',n and N be as in Proposition 8.1. If A is a
subset of [k + 1|<N satisfying |[A N [k + 1)'| = §(k + 1)! for every | € N, then
there exist a subset L of N with |L| = CS(k + 1,[n7*n] + A/,m,2) + 1 and a
Carlson—Simpson subtree W of [k + 1]<IEl of dimension [n~*n] + A’ such that,
setting cr,: [k + 1)< x X1 — [k +1]<N to be the convolution operation associated
with L and B = czl(A), the following properties hold.

(i) For every t € [k + 1]<!X| we have dens(B;) > 6 — 1?/2 where By is the
section of B at t.
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(ii) For every U € Subtr,,,(W | k) we have

(8.9) dens( ﬂ Bt) > 0.
teU

Proof. By (8.7) and the definition of the function G in (8.5), we may apply Lemma
3.2 and we obtain L C N with |L| = CS(k+1, [p~*n] + A’,m,2) + 1 and such that
the family F = {A} is (n?/2, L)-regular. Using this information and arguing as in
the proof of Lemma 7.2 we see that the first part of the lemma is satisfied.

For part (ii), set V = [k + 1]<IEl. Also let v = §/2 and d = [n~*n] + A’. Notice
that d > A’ — 1 = A(k,m,~/4) — 1. Moreover, by part (i), we have

(8.10) dim(V) = |[L| = 1 = CS(k + 1,d, m, 2)

and dens(B;) > 6 — n%/2 > ~ for every t € [k + 1]<IXl. Hence, by Corollary 7.10,
we obtain a d-dimensional Carlson-Simpson subtree W of [k 4 1]<I% such that

(8.11) dens( m Bt) = 0(k,m,~)

teUlk
for every U € Subtr,,(W). Since Subtr,,(W [ k) C{U | k : U € Subtr,, (W)} and
0(k,m,v) = O(k,m,~/4) = ¢ the result follows. O

To state the next result towards the proof Proposition 8.1 we need to recall some
notation introduced in §5. Specifically, let L be a nonempty finite subset of N and
consider the convolution operation cp,: [k + 1]<IEl x X — [k + 1]<N associated
with L. As in (5.14), for every Carlson-Simpson subtree W of [k +1]</* and every
r € X we set

(8.12) W, = {cr(w,z): we W}
Recall that, by Lemma 5.6, W, is a Carlson-Simpson tree of [k + 1]<N with
dim(W,) = dim(W). We have the following lemma.

Lemma 8.3. Let k € N with k > 2, L a nonempty finite subset of N and consider
the convolution operation cy: [k + 1]<IF1 x X — [k + 1]<N associated with the set
L. Also let W be a Carlson-Simpson subtree of [k + 1]<IXl and A C [k + 1]<N.
We set B = c;*(A) and for every t € [k + 1]<IF| let B; be the section of B at t.
Moreover, for every x € Xy, let W, be as in (8.12). Then the following hold.

(i) For every i€ {0,...,dim(W)} we have
(8.13) Epex,densy, ;y(A) = Eyew ydens(By).
(ii) For every 1 < m < i < dim(W) we have

Ecx, dens({V €Subtrl, (W, | k,é) : V C A}) = Epesupne, (erﬂ-)dens( N Bt).
teU
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Proof. (i) Fix i € {0,...,dim(W)}. By Lemma 5.8, we have

(814) ]E:CEXL denst(i)(A) = densCL(W(i)XXL)(A).
Also notice that
. 5.6
(8.15) W) xx) = | @y xx)®@ |J o
tEW (4) teEW (i)

Next observe that W (i) C [k + 1]! for some [ € {0,...,|L| — 1}. Therefore, by Fact
5.2, we see that |Q:| = |Qu| for every t,t' € W(i). Hence,

(8.16) densc, (w(i)xx.)(A) = E¢cwiydensg, (A).

Finally, by Lemma 5.5, for every ¢ € W (i) we have

(8.17) densg, (A) = densyyy « x, (B) = dens(B;).
Combining (8.14), (8.16) and (8.17) we conclude that (8.13) is satisfied.
(if) We fix 1 < m < i < dim(W) and we set

(8.18) A= {(U,z) € Subtx) (W | k,i) x X1 : U, C A}

where, as in (8.12), U, = {cz(u,z) : u € U}. Also for every U € Subtr®, (W | k, 1)
and every x € X, let

(8.19) Ay ={zx e X :(U,z) € A}
and
(8.20) A, = {U € Subtr®, (W | k,i) : (U,z) € A}

be the sections of A at U and x respectively. Notice that

(8.21) rehye (Ur)eAsU, CAsac () B,
teU

This, of course, implies that for every U € Subtr?n (W | k,i) we have
(8.22) Ay = () B
teU

Moreover, it is easy to see that for every z € X, the map
(8.23) Subtr) (W | ki) > U + U, € Subtr’), (W, | k,i)
is a bijection. Therefore, for every x € X we have

{V e Subtr® (W, | k,i): V C A}
|Subtr®, (W, | k,4)|

{U € Subtr (W | k,i): U, C A}
|Subtr? (W | k,4)|

= dens(A,).

dens({V € Subtr), (W, [ k,i): V C A}) =
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Taking into account (8.22) and the above equalities we conclude that
E,cx,dens({V €Subtr® (W, | k,i): VCA}) = E,cx,dens(A,)
= Eyesubt, (wk,iydens(Ay)

= EUeSubtrQn(er,i)denS( ﬂ Bt)
teu

and the proof is completed. ([l
We are ready to proceed to the proof of Proposition 8.1.

Proof of Proposition 8.1. We fix A C [k + 1]<N such that |[AN [k + 1)'| > 6(k + 1)!
for every I € N. For notational convenience, we set d = [n~n] + A’. Let L and
W be as in Lemma 8.2 when applied to the fixed set A. Notice that dim(W) = d.
Invoking the first parts of Lemmas 8.2 and 8.3, for every 7 € {0,...,d} we have

(8.24) Epex,densy, ;y(A) > — n*/2.
On the other hand, by the second parts of the aforementioned lemmas, we see that
(8.25) E,ex,dens({V € Subtr), (W, [ k,i): V C A}) > ¥

for every i € {m,...,d}.
Let J = {m,...,d} and notice that

(8.26) |[Jl=d—-m+12>[n*n].

Also for every i € J set

(8.27) X? = {x € Xp : densy, (5 (A) > 6 +n%/2},
(8.28) X! ={z € X, : densy, (;(A) > 6 — 2n}
and

(8.29) X? = {x € Xp :dens({V € Subtr? (W, | k,i): V C A}) = 19/2}.
Finally let Jo = {i € J : dens(X?) > n3}. We distinguish the following cases.

CASE 1: we have |Jy| = |J|/2. By Lemma 2.5, there exists xg € X, such that

3 3 (8.26) 93 [p—4
n°]Jol N | /] 29 [~ "n] >

2 4 4
We set “I = {i € J:x9 € X} and “W = W,,”. With these choices it is easy to
see that the first part of the proposition is satisfied.

(8.30) i€ Jo:mo € X[} >

CASE 2: we have |Jo| < |J|/2. In this case we set Jo = J \ Jo. Let i € Jy be
arbitrary and notice that

(8.31) dens(X) = dens({z € X, : densy, (;)(4) = § +n*/2}) <n’.

Combining (8.24) and (8.31) we see that dens(X}) > 1 —n. On the other hand, by
(8.25), we have dens(X?) > /2. Therefore, by the choice of 1) in (8.2), we conclude



A DENSITY VERSION OF THE CARLSON-SIMPSON THEOREM 41

that dens(X}! N X?2) > /4 for every i € Jo. By a second application of Lemma 2.5,
we find 21 € X, such that

I Jo| _ V|J| 826 9[n~4n] (8:2)

> = — >

8 7 16 16 -
We set “I = {i € Jo:z; € X} N X2} and “W = W,,” and we notice that with
these choices the second part of the proposition is satisfied. The above cases are

(8.32) HieJy:z1 e X} nX?} >
3 K3

exhaustive and the proof is completed. O

8.3. Obtaining insensitive sets. Let k € N with k£ > 2 and assume that for every
0 < B < 1 the number DCS(k, 1, 8) has been defined. For every 0 < § < 1 let

(8.33) % =1 (k,0) =9(k,1,0) and 1 = ni(k,0) =n(k,1,9)

where 9(k,1,6) and n(k,1,0) are as in (8.2). Also define G1: N x (0,1] - N by
(8.34) Gi(n,e) = G(n,1,¢)

where G is as in (8.5). We have the following lemma.

Lemma 8.4. Let k € N with k > 2 and assume that for every 0 < 8 < 1 the
number DCS(k, 1, 8) has been defined.

Let 0 < 0 < 1 and define ¥1 and 1 as in (8.33). Also let n € N withn > 1 and
let N be a finite subset of N such that

(8.35) IN| = Gy ([ny*(k + 1)n],ni/2)

where G is as in (8.34). Finally let A C [k+1]<N such that |AN[k+1]!| > 6(k+1)!
for every 1 € N and assume that A contains no Carlson-Simpson line of [k + 1]<N.
Assume, moreover, that for every Carlson—Simpson tree W of [k + 1]<N we have

(8.36) {i € {0,...,dim(W)} : densy;(A4) > 6 + ni/2}| < n.

Then there exist a Carlson-Simpson tree V of [k + 1]<N, a subset C of V and a
subset J of {0, ...,dim(V)} with the following properties.
(i) We have |J| = n.
(ii) We have C = ﬂle C, where the set C,. is (r,k + 1)-insensitive in V for
every r € [k]. Moreover, densy (;y(C) = 91/2 for every j € J.
(iii) The sets A and C are disjoint.
(iv) For every j € J we have densy (jy(A) > 6 — 5kn;.

Lemma 8.4 will be reduced to Proposition 8.1. The reduction will be achieved
using essentially the same arguments as in [28, §7.2].

First we need to introduce some pieces of notation. Specifically, let W be a
Carlson-Simpson tree of [k + 1]<N and set d = dim(W). Consider the canonical
isomorphism Iyy: [k + 1]<9+1 — W associated with W (see §2.5) and for every
r e [k+1] let

(8.37) Wir] = {Iw(s) : s € [k + 1] with |s| > 1 and s(0) = r}.
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Notice that if dim(W) > 2, then W]r] is a Carlson—Simpson subtree of W with
dim(W(r]) = dim(W) — 1. On the other hand, if W is a Carlson-Simpson line,
then Wr] is the singleton {Iy (r)}; we will identify in this case W[r] with Iy (r).
Next observe that for every Carlson—Simpson subtree U of the k-restriction W [ k
of W there exists a unique Carlson-Simpson tree R of [k+1]<N such that R | k = U.
We will call this unique Carlson—Simpson tree R as the extension of U and we will
denote it by U. Notice that the extension of U is a Carlson-Simpson subtree of W.
Also we will need the following elementary fact.

Fact 8.5. Let W be a Carlson-Simpson tree of [k + 1]<N with dim(W) > 2 and
set V.=WIk+1]. Ifj € {0,...,dim(V)} and U € Subtr{(W | k,j + 1), then

Ulk + 1] € V(j). Moreover, the map
(8.38) Subtr{(W [ k,j+1) 3 U — Ulk + 1] € V(§)
is a bijection.

We are ready to give the proof of Lemma 8.4.

Proof of Lemma 8.4. By our assumptions we may apply Proposition 8.1 for m =1
and we obtain a Carlson-Simpson tree W of [k + 1]<N and I C {1,...,dim(W)}
with |I| > (k + 1)n and such that densy(;(A) > § — 2m; and

(8.39) dens({U € Subtr{(W | k,i): U C A}) > 91/2

for every i € I. For every r € [k + 1] let V, = W][r]. We set

(8.40) V = Vist,

(8.41) C=J{Uk+1]:U € Subtr](W | k,i) with U C A}
el

and

(842)  J={je{0,...,dim(V)} : densy;)(4) =6 —5km and j+ 1 € I}.

We claim that V', C' and J are as desired. First we argue to show that |J| > n. Let
Jo={j€{0,...,dim(V)}:j+ 1€ I}. Observe that JC Jy and

(8.43) |Jo] = (k + 1)n.

Let j € Jo \ J be arbitrary and notice that densy (j)(A) < d — 5kn;. On the other
hand, j+1 € I and so

(8.44) E,eppt1ydensy, ;) (A) = densyy(j41)(A4) = 6 — 2n1.
Thus, there exists r; € [k] such that densy, ()(A) = 0 + m1. Therefore, by the
classical pigeonhole principle, there exists rq € [k] such that

(8.43) _

(8.45) {j € Jo\ J : densy, (;)(4) =d+m > n+—
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Moreover, by (8.36), we have
(8.46) {j € Jo\ J : densy, (;)(A) =6 +m}| <n.

Combining (8.45) and (8.46) we conclude that |J| > n.

We continue with the proof of part (ii). Let r € [k] be arbitrary. For every | € N
and every s € [k+1]! let s*T17" be the unique element of [k]! obtained by replacing
all appearances of k + 1 in s by r. We set

(8.47) C, = {Iv(s) cse |+ 17" and sHH07 € I;j(A)}

iel
where Iy, and Iy, are the canonical isomorphisms associated with V" and V, respec-
tively. It is easy to check that C, is (r,k + 1)-insensitive in V. Next we argue to
show that C coincides with C1; N --- N C}. First we notice that C C C;N---NC.
To see the other inclusion, let ¢ € C; N---NCy be arbitrary and set s = I;,! (). Let
i be the unique element of I such that s € [k + 1]"~! and set

(8.48) Uy = {W(0)} U {Ly, (s"177) : r € [K]}.

Notice that Uy € Subtr((W | k,4). Next observe that, by (8.39), we have W (0) € A.
On the other hand, we have Iy, (s¥7177") € A for every r € [k] since t € C1N---NCy.
This shows that U; C A. Observing that t = Uy[k + 1] we conclude that t € C.
Finally let 5 € J. Notice that

(8.49) densy(;)(C) = densy ;) ({U[k+1] : U € Subtr)(W [ k,j+1) with U C A})

and recall that j 4+ 1 € I. Hence, by Fact 8.5, we have

(8.39)
(8.50)  densy(;y(C) = dens({U € Subtr)(W [ k,j+1): U C A}) > /2

as desired.

The fact that A and C' are disjoint follows by our assumption that A contains no
Carlson—Simpson line of [k +1]<N and the definition of the set C. Finally, part (iv)
is an immediate consequence of (8.42). The proof is completed. O

8.4. Consequences. In this subsection we summarize what we have achieved in
Proposition 8.1 and Lemma 8.4. We remark that the resulting statement is the first
main step towards the proof of Theorem B.

Corollary 8.6. Let k € N with k > 2 and assume that for every 0 < 8 < 1 the
number DCS(k, 1, 8) has been defined.

Let 0 < 0 < 1 and define my as in (8.33). Also let n € N with n > 1 and let N
be a finite subset of N such that

(8.51) IN| = Gi([ny*(k + 1)kn],ni/2)

where Gy is as in (8.34). Finally, let A C [k+1]<N such that |[AN[k+1]!| > 6(k+1)!

for every I € N and assume that A contains no Carlson—Simpson line of [k + 1]<N.
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Then there exist a Carlson—Simpson tree V of [k + 1]<N, a subset D of V and a
subset I of {0,...,dim(V)} with the following properties.
(i) We have |I| = n.
(ii) We have D = ﬂle D, where the set D, is (r,k + 1)-insensitive in 'V for
every r € [k].
(iii) For every i € I we have densy;y(AN D) = (6 + n3/2)densy ;) (D) and
densy (D) > 13/2.

Proof. First assume that there exists a Carlson-Simpson tree W of [k + 1]<N such
that

(8.52) [{i € {0,...,dim(W)} : densy;(A) > &6 + ni/2}| > kn.

In this case we set “V = W”, “I = {i € {0,...,dim(W)} : densy(;)(A) > 6+ni/2}”

and “D, = V” for every r € [k]. It is clear that with these choices the result follows.

Otherwise, by Lemma 8.4, there exist a Carlson-Simpson tree V of [k + 1]<N, a

subset J of {0,...,dim(V)} with |J| > kn and a set C = C; N --- N Ck, where C,.
is (r, k 4 1)-insensitive in V for every r € [k], such that

(a) AnC =10,

(b) densy (;)(C)

(c) densv(j)(A)

where 91 and n; are as in (8.33). In particular, for every j € J we have

densy(;)(A) & — bkmy
g > (8 = 5km)(1+01/2) > 6+ Tk
densy(;)(V\C) = 1—3,/2 (6 = Bkm)(1+91/2) > 6 + Tk

Weset Q1 =V \Ciand Q.= (V\C.)NCiN---NCp_qy if r €{2,...,k}. Clearly
the family (Q,)*_, forms a partition of V' \ C. Let j € J be arbitrary. Applying

9¥1/2 for every j € J and

2
> § — 5km for every j € J

(8.53)

i

Lemma 2.6 for “c = km;,” we see that there exists r; € [k] such that

(8.54) densy (AN Qy,;) = (0 + 6kn;)densy (;(Qr;)
and
(8.55) densy () (Qr,) = (6 — 5kny)ny /4.

Hence, there exist ro € [k] and a subset I of J with |I| > |J|/k > n such that r; = 7
for every i € I. We set “D = Q,,”. Also let “D, = C,” if r <rg, “Dy, =V \Cp,”
and “D, = V7 if r > rg. Clearly D, is (r,k + 1)-insensitive in V for every r € [k]
and Dy N---N Dy = D. Moreover, by the choice of 7y, for every ¢ € I we have

(8.54)
(8.56)  densy(;(AND) > (64 6kni)densy (D) > (6 + ni/2)densy ;) (D)
and

(8.55) )

(8.57) densy ;) (D) = (6 —5kn)m/4 = ni/2.

The proof is thus completed. ([
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9. AN EXHAUSTION PROCEDURE: ACHIEVING THE DENSITY INCREMENT

9.1. Motivation. As we have seen in Corollary 8.6 if a dense subset A of [k+ 1]<N
fails to contain a Carlson—Simpson line, then there exist a Carlson—Simpson tree
V of [k + 1]<N and a structured subset D of V (recall that D is the intersection of
relatively few insensitive sets) that correlates with the set A more than expected
in many levels of V. Our goal in this section is to use this information to achieve
density increment for the set A. A natural strategy for doing so—initiated by Ajtai
and Szemerédi in [1]—is to produce an “almost tiling” of the set D, that is, to
construct a collection V of pairwise disjoint Carlson—Simpson trees of sufficiently
large dimension which are all contained in D and are such that the set D\ UV
is essentially negligible. Once this is done, one then expects to be able to find a
Carlson—Simpson tree W belonging to the “almost tiling” V such that the density of
the set A has been significantly increased in sufficiently many levels of W. However,
as is shown below, this is not possible in general.

Example 9.1. Let m € Nwith m > 1 and 0 < € < 1 be arbitrary. Also let ¢,/ € N
with ¢ > ¢ > 1 and such that 2¢(2¢ — 1)279 < e. With these choices it is possible
to select a family {z; € [2]97¢ : t € [2]<‘} such that for every ¢, € [2]<¢ with
t # t' we have that x; # zy. For every i € {0,...,¢ — 1} and every t € [2]" we set
2zt =t° (17" "2 and 22 = t7(2°7")"z; and we define

(9.1) F={z:te2<"andje[2]}.

Notice that F C [2]7 and dens(F) < e. Also observe that {z}, 27} N {2z}, 22} =0
provided that ¢t # /. We set D = [2]<¢U[2]9U---U[2]7"™~ and

(9.2) A= U{y"s:ye 2]\ F and s € [2]<"}.

It is clear that D is a highly structured subset of [2]<N—it is the union of certain
levels of [2]<N-—and A is a subset of D of relative density at least 1 —e. Next for
every t € [2]<¢ let

(9.3) Vi ={t}u{z"s:j€[2] and s € [2]<™}.

Observe that ¥V = {V; : t € [2]<¢} is a family of pairwise disjoint m-dimensional
Carlson—Simpson trees which are all contained in D. Also notice that, no matter
how large ¢ is, V is maximal, that is, the set D\ UV contains no Carlson-Simpson

tree of dimension m. However, V; N A is the singleton {t} for every ¢ € [2]<*.

The above example shows that, in our context, the problem of achieving the den-
sity increment cannot be solved by merely producing an arbitrary “almost tiling”
of the structured set D. To overcome this obstacle we devise a refined exhaustion
procedure that can be roughly described as follows. At each step of the process
we are given a subset D’ of D and we produce a collection £ of Carlson—Simpson
trees of sufficiently large dimension which are all contained in D’. These Carlson—
Simpson trees are not pairwise disjoint since we are not aiming at producing a
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tiling. Instead, what we are really interested in is whether a sufficient portion of
them behaves “as expected”. If this is the case, then we can easily achieve the
density increment. Otherwise, using coloring arguments, we can show that for “al-
most every” Carlson—Simpson tree V of the collection &£, the restriction of our set
A in V is quite “thin” and in a very canonical way. We then remove from D’ an
appropriately chosen subset of UE and we repeat the argument for the resulting
set. The above process is shown that it will eventually terminate, completing thus
the proof of this step.

At a technical level, in order to execute the steps described above we need to
represent any subset of [k + 1]<N as a family of measurable events indexed by an
appropriately chosen Carlson—Simpson tree of [k+1]<N. The philosophy is identical
to that in §8.2. However, due to the recursive nature of the process, we need to
work with iterated convolutions. In particular, the reader is advised to review the
material in §6 before studying this section.

9.2. The main result. Let £ € N with £ > 2 and assume that for every integer
I 2 1 and every 0 < < 1 the number DCS(k,[,3) has been defined. This
assumption permits us to introduce some numerical invariants. Specifically, for
every integer m > 1 and every 0 < v < 1 we set

_ _ 512
(9.4) m = m(m,vy) = {?m—‘
and
_ (7.15) 32 _
(9.5) M = A(k,m,~?/32) "2 chsUg,m,y? /32)].
Also let

(9.6) a = alk,m,y) = 0(k,m,v*/8) and po = po(k,m,v) = |a™!]

where 6(k,m,~?/8) is as in (7.45). Finally we define, recursively, three sequences
(n}), (n2) and (N,) in N—also depending on the parameters m and y—by the rule

ny =ng = No =0 and

npy = (Np+1)m+ Ny,
(9.7) n2y, =CS(k+ 1,0k, m,m+1),
Npi1 =CS(k + 1,max{n§+1,M},ma 2).

1
p

auxiliary ones which will be used in the proof of the following lemma.

We are mainly interested in the sequence (N,). The sequences (n;) and (n2) are

Lemma 9.1. Let k € N with k > 2 and assume that for every integer | > 1 and
every 0 < 8 < 1 the number DCS(k, 1, ) has been defined.

Let 0 < v, <1 and r € [k]. Also let V be a Carlson—Simpson tree of [k + 1]<N
and let I be a nonempty subset of {0,...,dim(V)}. Assume that we are given
subsets A, Dy, ..., Dy, of [k + 1]<N with the following properties.

(a) The set D, is (r,k + 1)-insensitive in V.



A DENSITY VERSION OF THE CARLSON-SIMPSON THEOREM 47

(b) We have densy (;y (D, N---N Dy NA) = (0 +2y)densy ;) (D N---NDy) and
densy ;) (Dy M-+~ N Dy) = 27 for every i € 1.
Finally, let m € N with m > 1 and suppose that

(9.8) 11| > Reg(k + 1, Ny, +1,2,7%/2)

where py and Np, are defined in (9.6) and (9.7) respectively for the parameters m
and . Then there exist a Carlson—-Simpson subtree W of V and a subset I' of
{0,...,dim(W)} of cardinality m with the following properties. If r < k, then

(99) densw(i) (Dr-i-l n---N Dk n A) > (5 + 7/2)densw(z) (DT+1 n---N Dk)

and
3

(9.10) densiy i (Dr41 N+ N Dy) > S

for every i € I'. On the other hand if r = k, then
(9.11) densyy(;y(A) = 0+ /2
for everyi e I'.

The proof of Lemma 9.1 will be given in §9.3. As the reader might have already
guessed, Lemma 9.1 is the main result of this section and incorporates the exhaus-
tion procedure outlined in §9.1. It will be used in §9.4 where we shall achieve the
density increment.

9.3. Proof of Lemma 9.1. The first step of the proof relies on an application of
the regularity lemma presented in §3. Precisely, let B = D,y 1 N---N Dy if r < k;
otherwise, let B = V. Identifying the Carlson-Simpson tree V with [k4-1]<dim(V)+1
via the canonical isomorphism Iy (see §2.5), we may apply Lemma 3.2 to the family
F ={D,NB,D,NBNA} and we obtain a subset L of I of cardinality N,, + 1
such that F is (y2/2, L)-regular. We set

(9.12) A° = CE}V(A), BY = CZ}V(B) and D° = CE}V(DT).

The fact that F is (y%/2, L)-regular and conditions (a) and (b) in the statement
of the lemma have some consequences which are isolated in the following fact. Its
proof is similar to the proof of Lemma 7.2 and is left to the reader.

Fact 9.2. For everyt € [k+1]<!El let AY, BY and D? be the sections at t of A°, B®
and D° respectively. Then for every t,t' € [k + 1]<|L‘ the following hold.
(i) Ift,t" are (r,k + 1)-equivalent (see §2.6), then DY and DY, coincide.
(ii) We have densy, (DY N BY N A?) > (§ + v)densx, (D) N BY).
(iii) We have densx, (DY N BY) > +.

We are ready to proceed to the main part of the proof. We will argue by contra-
diction. In particular, assuming that the lemma is not satisfied, we shall determine
an integer d € [po] and we shall construct
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(1) a (k+1)-compatible pair ((L,)%_, (Va)i_y) with Ly = L and Vy = V, and

(2) for every p € [d], every £ € [p] and every s € [k + 1]<IF»| a family Q%P of
subsets of X, , where L, = (Ly);_, and V,, = (V,,)?

n=0-
The construction is done recursively so that, setting
(9.13) AP = ciivp (A), B? = CE;VP (B) and DP = CE:,VP(DT)v
for every p € [d] the following conditions are satisfied.
(C1) The set L, has cardinality Np,—p, + 1.
(C2) For every ¢ € [p] and every s € [k + 1]<I%»| the family Q% consists of
pairwise disjoint subsets of the section D of DP at s.
(C3) For every s € [k + 1]<IE»| the sets UQLP, ..., UQPP are pairwise disjoint.
(C4) For every £ € [p], every pair s,s" € [k + 1]</Z»| with the same length and
every Q € Q% and Q' € Qi’,p we have densx, (Q) = densx, (Q").
(C5) For every £ € [p] and every s € [k + 1]<I%»| we say that an element Q of
Q% is good provided that densg(DP? N BP NAP) > (6+/2)densg(DP N BP)
and densg(DP N BP) > v3/256. Then, setting

(9.14) GhP = {Q € Q% : Q is good}
we have
gerl _ A
9.15 a7
(9.15) |Q5P| 256

(C6) For every £ € [p] and every s € [k + 1]<I%»| we have densx, (UQLP) > «
where « is as in (9.6).

(C7) For every £ € [p] and every s,s" € [k + 1]</%r| we have Q%P = Qﬁ’,p if s and
s are (r,k + 1)-equivalent.

(C8) If p = d, then there exists s € [k 4 1]<!7a| such that

d
(9.16) densx, (Dg‘o U ugﬁf) <~2/8.
/=1

Assuming that the above construction has been carried out, let us derive the
contradiction. Let sg be as in (C8). By Corollary 6.8, Corollary 6.9 and Fact 9.2,
we see that

(9.17) densx; (DL NBENALY> (0+ v)densy, (DL NBY)
and
(9.18) densx, (D‘sio N Bgo) > 7.

For every { € [d] we set Cy = UQ%L?. By (9.16), the family {C; : £ € [d]} is an
“almost cover” of D? NBZ . Hence, invoking (9.17) and (9.18) and applying Lemma
2.6 for “e =~/4”, we may find ¢y € [d] such that

(9.19) densc,, (DL NBENAL)Y> 0+ 3y/4)densc,, (D¢ NBY)
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and
(9.20) densc,, (DS N BL) = +7/16.

Next observe that, by conditions (C2) and (C4), the family Q% is a partition of
Cy, into sets of equal size. Taking into account this observation and the estimates in
(9.19) and (9.20), by a second application of Lemma 2.6 for “c = v/4”, we conclude
that

3

sl o 7*

QM| ~ 256"

0

(9.21)

This contradicts (9.15), as desired.

The rest of the proof is devoted to the description of the recursive construction.
For “p=0" weset Ly = L and Vo = V. Let p € {0,...,po} and assume that the
construction has been carried out up to p so that conditions (C1)—(C8) are satisfied.
We distinguish the following cases.

CASE 1: p = pg. Notice first that, by (C1), the set L, is a singleton. Therefore, the
set [k + 1]</Z»l is the singleton {#}. We set so = () and d = py. With these choices,
the recursive construction will be completed once we show that the estimate in
(9.16) is satisfied. This is, however, an immediate consequence of conditions (C3)
and (C6) and the choice of a and pg in (9.6).

CASE 2: we have that p > 1 and there exists so € [k + 1]<IEr| such that
P
(9.22) densx, | (Df0 \ U UQﬁ’OP) < ~?%/8.
=1

In this case we set d = p and we terminate the construction.

CASE 3: we have that p < py and either p =0, orp > 1 and

P
(9.23) densx, | (ij\ U UQﬁ’p) >92/8
=1

for every s € [k + 1]<IEel. If p > 1, then for every s € [k + 1]<IZ»| we set

r
(9.24) I, =D\ [ JuQlir.
(=1

Otherwise, let I's = DY. The following fact follows by (9.23), condition (a) in the
statement of the lemma and condition (C7) if p > 1, and by Fact 9.2 if p = 0.

Fact 9.3. For every s € [k + 1]<I%»| we have densx, (I's) > /8. Moreover, if
s,8" € [k 4 1]<IL»| are (r, k 4 1)-equivalent, then D? = DP and Ty =Ty.

By Fact 9.3, condition (C1), the choice of the sequence (N,) in (9.7) and the
choice of « in (9.6), we may apply Corollary 7.11 to obtain a Carlson—Simpson
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subtree S of [k + 1]</%»| with dim(S) = n2 _, such that for every /m-dimensional

Carlson—Simpson subtree U of S, setting

(9.25) Ty=[Ts
seU

we have densy, (I'v) > o

For every i € {0,...,m} and every Carlson—Simpson subtree U of S of dimension
m let G;  be the set of all x € I'y satisfying

(P1) densyiyx ix} (DP N BP N AP) > (§ + v/2)densy iy x {x} (DP N BP) and

(P2) densy(;)x gx} (DP N BP) = 73 /256.
Our assumption that the lemma is not satisfied reduces to the following property
of the sets G, .

Claim 9.4. For every m-dimensional Carlson—Simpson subtree U of S there exists
i €{0,...,m} such that densr, (G, ) < v3/256.

Proof. We will argue by contradiction. So, assume that there exists a Carlson—
Simpson subtree U of S of dimension m such that for every i € {0,...,m} we have
densr,, (G;.r) = 73/256. For every x € 'y let

(9.26) Lc={ic{0,...,m}:x € Gy}

By Lemma 2.5, setting G = {x € I'y : |Ix| > (m + 1)v3/512}, we have that
densr,, (G) > ~43/512. This implies, in particular, that the set G is nonempty. We
select x € G. By the choice of m in (9.4) we have that |Ix| > m. We define
W ={cL,v,(s,x): s € U}. By Lemma 6.4, W is a Carlson-Simpson subtree of V'
of dimension m. Applying Lemma 6.5 twice for the sets D, N BN A and D, N B,
for every i € {0,...,m} we have

(9.27) densw(i) (DT NBNA)= denSU(i)X{x}(Dp N BP N AP)
and
(9.28) densyy ;) (D N B) = densyj)x (x} (PP N BP).

The above equalities and the fact that x € G; iy for every i € I yield that

(9.29) densyy ;) (D " BN A) = (0 +v/2)densyy ;) (D N B)
and
3
9.30 d N DrNB) > —
( ) enSW(Z)( ) 256

for every ¢ € Ix. Finally, observe that W is a subset of D, since x € I'y;. It is then
clear that W and Ix satisfy the conclusion of the lemma in contradiction with our
assumption. [
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We are now in the position to start the process of selecting the new objects of
the recursive construction.

Step 1: selection of V41 and Lyy1. Firstly, we will use a coloring argument to con-
trol the integer 7 obtained by Claim 9.4. Specifically, by the choice of the sequence

(n2) in (9.7) and Claim 9.4, we may apply Theorem 4.1 to obtain ig € {0,...,7m}
1

Po—P
m-dimensional Carlson—Simpson subtree U of T' we have densr,, (Gy, /) < 7> /256.

We define

and a Carlson—Simpson subtree T of S of dimension n such that for every

(931) Vp+1 =T and Lp+1 = {ZO +](ZQ + 1) NS {O, ey Npo—(p+1)}}'
Notice that the pair ((Ln)215, (Vi)2E0) is (k + 1)-compatible. This follows by our

inductive assumptions and the choice of the sequence (n,) in (9.7). Moreover, the
cardinality of the set L1 is Np,_(,41) + 1. Hence, with these choices, condition
(C1) is satisfied. For notational simplicity, in what follows by qp+1 we shall denote
the quotient map associated with the pair (Lyy1, Vpy1) defined in (6.5).

p+1,p+1
Q; .

Step 2: selection of the families This is the most important part of

the recursive selection. The members of the families Q?H’p +1

are, essentially,
the sets I'y where U ranges over all m-dimensional Carlson—Simpson subtrees of
Vp+1. However, in order to carry out the construction, we have to group them in a
canonical way. We proceed to the details.

Consider the canonical isomorphism Iy, : [k + 1]<dm(Ver)+1 5 V7 1 defined
in §2.5; for convenience it will be denoted by I. For every j € {0,...,|Lpt1| — 1}

and every t € [k + 1)/ we set

(9.32) Q ={cr, vy (tx)iwe X} C Vi (io+ (o + 1)).

If 7 > 1, then let ¢, be the unique initial segment of ¢ of length j — 1 and set
(9.33) Ky ={I" (w)"t(j — 1) :w e Q, } C [k+ 1700+,

otherwise, let Ky = {0}. Notice that K; = {cp, . (t.,2)t(j — 1)z € X, }.
Finally for every s € K; let Cs = s7 [k + 1]<™*1 and set

(9.34) Py ={I(Cs) : s € K¢}

Before we analyze the above definitions, let us give a specific example. For con-
creteness take k = 3 and assume, for notational simplicity, that V4 is of the form
[4]<™ where n is large enough compared to iy (hence, the map I is the identity).
Consider the sequence t = (1,2,1) and observe that ¢, = (1,2). Notice that € is
the subset of [4]**+3 consisting of all finite sequences = such that z(ip) = t(0) = 1,
x(2ip +1) = t(1) = 2 and x(3ip +2) = t(2) = 1. On the other hand, the set K,
is the subset of [4]3%+3 consisting of all sequences x such that x(ip) = t(0) = 1,
x(2ip + 1) = t(1) = 2 and x(3ip + 2) = t(2) = 1. It is then easy to see that in this
specific case the family {U(ip) : U € P} forms a partition of the set ;. This is,
actually, a general property as is shown in the following fact.
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Fact 9.5. Lett € [k+1]<IEv+1l be arbitrary. Then the family P, consists of pairwise
disjoint m-dimensional Carlson-Simpson subtrees of V,41. Moreover,

(9.35) Q= | Ulio).
UeP;

Proof. 1t is clear that the family P; consists of pairwise disjoint Carlson—Simpson
trees. Moreover, by the choice of L,41 in (9.31), we have

(9.36) () = {s"y:seK,andyek+1]°}
= U Glio) = |J T'(U)(io)
seEK, UeP,
and the proof is completed. O

We record, for future use, another property of the family P;.

Fact 9.6. Let t,t' € [k + 1]<IL»+1l with the same length. Then for every U € Py
and every U' € Py we have densg, (U(io)) = densg,, (U'(io)).

Proof. By Fact 9.5, we have U(ig) € Q; and U’'(ig) C Qp while, by Fact 5.2, we
have |€;] = |Q|. Noticing that |U (ig)| = |U'(ip)| = (k+1)% the result follows. [

We are ready to define the families QT"P*!. Specifically, fix ¢ € [k + 1]<IZr+1],
For every U € P, and every x € I'y let

(9.37) = ixtx{r e Xy, cr v, (tr) €Uo)} C Xi,,,-
By Fact 9.5, the set U(ig) is contained in €;. Hence,

(9.38) {t} x QF" = a4y, (Ulio) x {x}).

We define

(9.39) Qrthrtl — 1*V . 7 € P, and x € Iy }.

This completes the second step of the recursive selection.

Step 3: selection of the families Qf’pﬂ for every £ € [p]. In this step we will
not introduce something new but rather “copy” in the space Xp,,,, what we have
constructed so far. In particular, this step is meaningful only if p > 1.

Specifically, let p > 1 and fix t € [k + 1]</Z»+1l and £ € [p]. For every s € Q, and
every Q € Q%P let

(9.40) CtS’Z’Q =Qx{reXy, e, V(o) =5t C XL,
Notice that

(9.41) {t} x €799 = 4,1, ({5} x Q).

We define

(9.42) f’pH = {CE’Z’Q :se€Qand Q € Qﬁ’p}.

This completes the third, and final, step of the recursive selection.
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Step 4: verification of the inductive assumptions. Recall that condition (C1) has
already been verified in Step 1. Also observe that condition (C8) is meaningless in
this case. Conditions (C2) up to (C7) will be verified in the following claims.

Claim 9.7. For every { € [p+ 1] and every t € [k + 1]<Le+1] the family QFFT!
consists of pairwise disjoint subsets of Df“. That is, condition (C2) is satisfied.

Proof. Fix t € [k 4 1]<IF»+1l. First assume that ¢ € [p]. Invoking (9.40), (9.42)
and our inductive assumptions, we see that the family Qf’p 1 consists of pairwise
disjoint sets. Fix Cts’z’Q € Qf’pﬂ for some s € ; and Q € Q%P. Using our inductive
assumptions once again, we see that @ C DP or equivalently {s} x Q C DP. Hence,
by (9.41) and Fact 6.3,

(9.43) {t} x CP"9 C g} (DP) = DPHL.

Now we treat the case “4 = p+1”. Let U,U’' € P;, x € I'y and x’ € T'yyr. We
will show that the sets QY and Qf/’U/ are disjoint provided that (U,x) # (U’,x’).
Indeed, if U = U’, then necessarily x # x’ which implies that the sets Qf’U and

;‘/’U' are disjoint. Otherwise, by Fact 9.5, the Carlson—Simpson trees U and U’
are disjoint. In particular, the sets U(ig) and U’(ip) are disjoint yielding that
<V QXU = (. What remains is to check that QXY C DP*! for every U € P,
and every x € I'y. So, fix U € P; and x € T'y. By (9.38) and Fact 6.3, we conclude

x,U -
(9.44) {t} x Q" C qul( DP) = prtt
and the proof is completed. ([
Claim 9.8. For every t € [k + 1]<IFv+1l the sets UQTPTE . UQPTHPTY gre pair-
t t

wise disjoint. That is, condition (C3) is satisfied.

Proof. Fix t € [k + 1]</F»+1l and ¢ € [p]. Let ¢’ € [p + 1] with ¢ # £. We need to
show that the sets UQf’p+1 and UQf/’p+1 are disjoint. If ¢/ < p, then this follows
immediately from (9.40) and our inductive assumptions. So, assume that ¢ = p+1
and let U € P; and x € T'yy. By (9.24) and (9.25), we have that x ¢ UQ%P for every
s € U. Using this observation, the result follows from (9.38) and (9.41). O

Claim 9.9. For every £ € [p+ 1], every t,t' € [k 4 1]</Er+1l with the same length
and every © € QVPT and ©' € Qf;pJr1 we have densx, , (©) = densx, (0.
That is, condition (C4) is satisfied.

Proof. 1If £ € [p], then by (9.41) there exist s € ; and s’ € Qu as well as Q € Q%P
and Q" € Q.7 such that {t} x © = q,}, ({s} x Q) and {t'} x ©' = q,}, ({s'} x Q).
By Fact 5.2, we have that s and s’ have the same length and || = |Q|. Therefore,



54 PANDELIS DODOS, VASSILIS KANELLOPOULOS AND KONSTANTINOS TYROS

by our inductive assumptions,

(9.45)  densg,xx,, ({s} x Q) Ldens{s}xpr ({s} x Q)

|€2]

- densx,, (Q) = o densi,, (@)
= —_ ns = Ta i

0] 7 B T g T

1
= ——dens;oxx, ({'} x Q)

|€2| ’

= densg, xxy, ({s'} x Q).
Applying Lemma 6.6 we conclude that

(9.46) densx,  (©) = densyyxx ., ({t} x ©)
= densg,xx,, ({s} x Q)

denth/ ><XL,, ({8/} X Ql)
= demspyux, ({t'} x©) = densx, , (©).
If ¢ = p+1, then by (9.38) there exist U € P and U’ € Py as well as x € I'yy and
x' € Ty such that {t} x© = q;jl (U(ig) x {x}) and {t'} x© = q;jl (U’ (i) x {x'}).
By Fact 9.6, we have

(047)  demsq,x,, (Ulio) x {x}) = ﬁdenSQt(U(io))

1
— mdensm, (U’(io))

= denSQt,XXLp (UI(ZQ) X {X/}).

Using (9.47), Lemma 6.6 and arguing precisely as in the previous case, we see that
densx, . (©)=densx, (©') and the proof is completed. O

Claim 9.10. For every { € [p+ 1] and every t € [k + 1]</Fr+1| we have

L,
|gt p+1| ’73

< )
|vap+1| 256

(9.48)

That is, condition (C5) is satisfied.
Proof. Fix t € [k+ 1]<IZr+1l. Assume first that ¢ € [p]. For every s € Q; let
(9.49) Q,={C;?:Qe Q'?) and G, = G;PT N Q.

By (9.42), the family {Q, : s € Q;} is a partition of Q°?*'. The family {G, : s € Q;}

is the induced partition of gf AR Moreover, for every s € €2, let

(9.50) B, ={C;"?:Qeglry.

Subclaim 9.11. For every s € Q; we have Gs = Bs.
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Proof of Subclaim 9.11. Fix s € Q; and let © € Q4 be arbitrary. By (9.41), the
map Q%P 5 Q — Cp 4@ e Qs a bijection. Hence, there exists a unique Qe Qlr
such that © = C* @ . Using (9.41) once again, we see that {t} x© = qu ({s}xQ).
Since s € €, by Corollary 6.10, we obtain that
(9.51) dense (DY N BT = densyyyxe(DPT N BPTY)

= dens- ((5x) (41 (D N BY))

= deHS{S}XQ(DP N BP)

= densqg(D? N BY).
Similarly,
(9.52) densg (DY N BP0 APT!) = densg (DP N BP N AP).

Using (9.51) and (9.52) and invoking the definition of a good set described in
condition (C5), we conclude that © € G, if and only if Q € G“P. This is equivalent
to saying that G5 = Bs. (]

We are ready to complete the proof for the case “¢ € [p]”. Indeed, we have already
pointed out that the map Q% > Q — Cf’e’Q € Q; is a bijection. Therefore, using
our inductive assumptions, we see that

|gf’p+1| |G| |Qs] 1B, | Q.|
(9.53) _
|Qf’p+1| 6; |Q | ‘Q 7;U+1 b; |Q5 |Q ,p+1|
9271 _19,| 7’ Qs o
= ) <X _ P
s%t |Q£’P| |Qfap+1| 256 (Sgt |Qf7p+1|) 256

Now we treat the case £ = p+ 1. The argument is similar. Specifically, for every
U e Pt let
(9.54) Qv ={QrY :x ey} and Gy = G" N Qy.
By (9.39), the family {Qu : U € P} is a partition of Q'”™ and the family
{Gu : U € P,} is the induced partition of G-'P™. Also, for every U € Py let

(9.55) By ={QFY :x € Gy v}

Recall that G;, y is the set of all x € T'y satisfying properties (P1) and (P2).
Moreover, by the choice of ig in Step 1, we have that densr,, (Gj,.r) < v3/256. We
have the following analogue of Subclaim 9.11.

Subclaim 9.12. For every U € P, we have Gy = By .

Proof of Subclaim 9.12. Fix U € P; and let © € Qp be arbitrary. By (9.38), the
map 'y 5 x — Qf’U € Qp is a bijection. Hence, there exists a unique x € I'yy
such that QFY = ©. Invoking (9.38) once again, {t} x QFY = q;il(U(io) X
{x}). Moreover, by Fact 9.5, we have U(ig) C ;. By the previous remarks and
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Corollary 6.10, and arguing precisely as in the proof of Subclaim 9.11, we see that
O € Gy if and only if x € G4, . O

With Subclaim 9.12 at our disposal, we are ready complete the proof for the case
“¢ = p+17. We have already pointed out that the map I'y 3 x — Qf’U €Quisa
bijection. Therefore, using our inductive assumptions, we conclude

1p+1
(9.56) [ ) Gul  1Qul -y |Bul Qv
|Qf+1,p+1| = ‘QU| Q?+1,p+1 i |QU| Qiz+1,p+1|
S Gioul  1Qul
i, Lol Qpthr
3 3
< (X Z) =0
UeP: |Qt |
The proof of Claim 9.10 is completed. O

Claim 9.13. For every £ € [p+ 1] and every t € [k + 1]</Er+1l we have that
densx, (UQEPTYY > . That is, condition (C6) is satisfied.

Proof. Let t € [k + 1]</E»+1] be arbitrary. Assume, first, that ¢ € [p]. By the
inductive assumptions, we have

(9.57) denthxpr( U {s} x UQﬁ’p) >«
sEN:
On the other hand,
058)  qh(Ulstxuer) = ¢h(U U s1xQ)

SEQ SEQ Qggﬁ’p

= U U ¢h{sxQ

SEQ, QEQg’p

2 U e xepte

SEQ, QEinm

9.42
Oy« ughrt,

By (9.57), (9.58) and Lemma 6.6, we conclude that

(9.59) densx, ., (UQhPHYy = densgryxxy, ., ({t} x UQEP™Y) > a.

Next assume that ¢ = p + 1. By Fact 9.5, the family {U(i) : U € P} forms
a partition of the set ;. Moreover, as we have already pointed out immediately
after (9.25), we have densx, (I'v) > a. Hence,

(9.60) densg, x xy., ( U U(ig) X FU) > a.
UeP,
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Notice that

061) ab( U UG xtw) = ab( U U Ut xix})

UecP: UcPy xel'y
= U U 4nU)x{x})
UeP, xel'y
"2 U U xert
UeP, xel'y
(9.39)

{t} x ugpttett,

Combining (9.60), (9.61) and applying Lemma 6.6 we obtain

(9.62) densx, ., (uQpthrtly — densgiy x|, ({ty x U@y Pty > o

and the proof is completed. O

Claim 9.14. For every £ € [p+ 1] and every t,t' € [k + 1]<Ev+1l if t and t' are
(r, k + 1)-equivalent, then QP! = Qf;pﬂ. That is, condition (CT) is satisfied.

Proof. We fix t,t' € [k + 1]<|Z»+1| which are (r, k + 1)-equivalent. For every s €
let Y! = {z € X,
VY ={z € Xy,
obtained by Fact 5.4 and recall that for every s € €; we have

vi1  CLyi1 Vo (6, @) = s}. Respectively, for every s’ € Qp let

: CLp+17Vp+1(t,7x) = 5l}~ Let gt - Q; — Qup be the bijection
t_ yt!
(9.63) Vi=YE

Since ¢ and ¢’ are (r, k + 1)-equivalent, by Fact 5.4 again, we see that s and g; ¢ (s)
are also (r, k + 1)-equivalent for every s € Q.

After this preliminary discussion, we are ready for the main argument. First
assume that ¢ € [p]. For every s € Q; and every s’ € Qu let

9.64 ol = {0349 . Q € 9P} and ol = s Q' € abr.
s t s s t S

By (9.42), the families {Q% : s € Q;} and {QY, : &' € Qs } form partitions of QF7 T
and Qf,’p 1 respectively. By (9.40), for every s € Q; and every Q € Q%P we have

(9.65) Cite = Q x YL

Of course, we have the same equality for ¢/, that is, for every s’ € Qy and every
Q' € Q"7 it holds that

(9.66) ot = x Yl
Moreover, invoking our inductive assumptions, for every s € €; we have

tp _ Abp
(9.67) QF = ng,(s)'
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Hence,

(9.68) o = {CpP?iQeglr)
=7 QXY Qe Q)

=0 QXY Qe Q)" () Ll

Since g; 4 is a bijection we conclude that Qf’pH = Qf}pﬂ.

(9.65)

{QxY!:Qe Q)

Before we proceed we need, first, to introduce some terminology. Specifically, let
U and U’ be two Carlson-Simpson trees of [k + 1]<N of the same dimension and
consider the canonical isomorphism Iy v associated with the pair U, U’ described
in §2.5. We say that U and U’ are (r, k + 1)-equivalent if for every s € U we have
that s and Iy - (s) are (r, k 4+ 1)-equivalent.
Now assume that £ = p+ 1 and let K; and Ky be as in (9.33). Our first goal is
to define a map h: Ky — Ky with the following properties.
(a) The map h is a bijection.
(b) The map h preserves the lexicographical order.
(c) For every s € K; we have that s and h(s) are (r, k + 1)-equivalent.

If t = @, then h is the identity. Assume that |¢| = |¢'| = j for some j > 1 and recall
that ¢, and ¢, are the initial segments of ¢ and ¢’ respectively of length j7 — 1. Let
gt.tr: S, — . be the map obtained by Fact 5.4. We define

(9.69) (I (w) "t = 1)) =T (gea e, (w)) "t (G = 1)
for every w € ;. With this choice the aforementioned properties of h follow

readily from the properties of g;, s .
The map h induces a function f: P, — Py defined by the rule

(9.70) FI(Cs)) = I(Chs))-
We isolate, for future use, the following properties of f. Their verification is
straightforward.
(d) The function f is a bijection.
(e) For every U,U’ € Py if U(0) <jex U’(0), then f(U)(0) <iex f(U")(0).
(f) For every U € P; we have that U and f(U) are (r, k + 1)-equivalent.
Also observe that for every U € P; we have

(9.71) Iy =TLyw).

This follows by Fact 9.3 and property (f) above. More important, however, is the
relation of the function f with the map g; .. Specifically, for every U € P; we have

(9.72) {gtv(s) : s € Ulio)} = f(U)(io).

To see this notice, first, that for every s € Ky the set Cs(ig) is an interval, in the
lexicographical order, of [k + 1]! for some [ € {0,...,dim(V,41)} depending only on
the length of ¢ (precisely, | = ig+ (io +1)|t|). Hence, by (9.34), for every U € P, the
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set Ul(ip) is an interval of Vj,41(1) for the same I. Therefore, equality (9.71) follows
by Fact 9.5 and property (e) isolated above.
For every U € P; and every U’ € Py we set

(9.73) L={Q*Y :xeTy}and Q= {QXY :x €Ty}

By (9.39), the families {Q} : U € P;} and {QF, : U’ € Py} form partitions of
QY P and QPFHPH respectively. By (9.37), for every U € P; and U’ € Py and
every x € I'y and x’ € T'yr we have

(9.74) eixix | Yand QU ={x}x (J Y
SEU(ig) S'EU/(io)

Thus, for every U € Py,

9.73 x 9.74
(9.75) 9 019 {Qt’U:xeFU}(:){{x}x U Yst:er‘U}
s€U(ig)
(921) {{X/} % U }/st . XI c Ff(U)}
s€U (i0)
(9.63) ’
= {{X/} X U Ygtt,u(S) . Xl S Ff(U)}
seU(ig)
(9.72)

s'€f(U)(do)

Since f is a bijection we conclude that Qf“’pﬂ = Qf,+1’p+1. The proof of Claim

9.14 is thus completed. u

By Claims 9.7 up to 9.14, the pair (Vp41, Lp41) and the families Qf’pH con-
structed in Steps 1, 2 and 3, satisfy all required conditions. This completes the
recursive selection, and as we have already indicated, the proof of Lemma 9.1 is
also completed.

9.4. Consequences. In this subsection we will isolate what we obtain by iterating
Lemma 9.1. The resulting statement together with Corollary 8.6 form the basis of
the proof of Theorem B. We proceed to the details.

Let ¥ € N with £ > 2 and assume that for every integer [ > 1 and every
0 < 8 < 1 the number DCS(k, 1, 8) has been defined. We define H: N x (0,1] - N
by H(0,v) =0 and

(9.76) H(m,~) = Reg(k + 1, N,, +1,2,7%/2)

if m > 1, where pg and N,, are defined in (9.6) and (9.7) respectively for the
parameters m and . Next for every n € {0,...,k} we define H™: N x (0,1] = N
recursively by the rule H(® (m,~) = m and

(9.77) H" Y (m, ) = H(H™ (m,7),7).
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Finally, for every 0 < v < 1 let

I i
(9.78) §=¢(v) = B '32)%_1.

We have the following corollary. It is an immediate consequence of Lemma 9.1.

Corollary 9.15. Let k € N with k > 2 and assume that for every integer | > 1
and every 0 < 8 < 1 the number DCS(k, 1, B) has been defined.
Let 0 < 7,06 < 1. Also let V be a Carlson-Simpson tree of [k + 1]<N and let

I be a nonempty subset of {0,...,dim(V)}. Assume that we are given subsets
A, Dy, ..., Dy of [k + 1]<N with the following properties.

(a) For every r € [k] the set D, is (r,k + 1)-insensitive in V.

(b) We have densy ;y(D1N---N DN A) > (5 +y)densy ;) (D1 N---N Dy) and

densy ;) (D1 N ---N Dy) > v for everyi € I.

Finally, let m € N with m > 1 and suppose that

(9.79) 11| > H® (m, €)

where H®) and ¢ are defined in (9.77) and (9.78) respectively for the parameters
m and . Then there exrist a Carlson—-Simpson subtree W of V and a subset I’ of
{0,...,dim(W)} of cardinality m such that

(9.80) densyy(;y(A) = 0+ ¢

for everyieI'.

10. PROOF OF THEOREM B

In this section we will complete the proof of Theorem B following the inductive
scheme outlined in §8.1. Notice first that the numbers DCS(2,1,4) are estimated
in Proposition 7.1. It is then easy to see that, by induction on m and Corollary
7.6, we may also estimate the numbers DCS(2,m, d).

Now we argue for the general inductive step. So let £ € N with £ > 2 and assume
that for every integer [ > 1 and every 0 < 8 < 1 the number DCS(k, [, §) has been
defined. We fix 0 < § < 1. Let 71 be as in (8.33). Recall that

52
120k - [Subtry ([k]<4)|

(10.1) m

where A = [86 'DCS(k,1,5/8)]. We set

k
(0.78)  (17/2)°

(10.2) 0=¢mi/2) o125

and we define F5: N — N by the rule

(10.3) Fs(m) = Gy ([nr *(k + )k - HO) (m, 0)] 0} /2)
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where G1 and H® (m, o) are as in (8.34) and (9.77) respectively. The following
proposition is the heart of the density increment strategy. It follows immediately
by Corollaries 8.6 and 9.15.

Proposition 10.1. Let k € N with k > 2 and assume that for every integer | > 1
and every 0 < 8 < 1 the number DCS(k, 1, 8) has been defined.

Let 0 < § < 1 and let L be a nonempty finite subset of N. Also let A C [k+ 1]<N
such that |[AN [k +1)'] > 6(k + 1)! for every | € L and assume that A contains no
Carlson—-Simpson line of [k + 1]<N. Finally, let m € N with m > 1 and suppose
that |L| > Fs(m) where Fs is as in (10.3). Then there exist a Carlson—Simpson
tree W of [k + 1]<N and a subset I of {0,...,dim(W)} of cardinality m such that
densyy(;y(A) = 0 + o for every i € I where g is as in (10.2).

Using Proposition 10.1 the numbers DCS(k+1, 1,4) can, of course, be estimated
easily. In particular, we have the following corollary.

Corollary 10.2. Let k € N with k > 2 and assume that for every integer | > 1
and every 0 < 8 < 1 the number DCS(k,l, 8) has been defined. Then for every
0 <d <1 we have

(10.4) DCS(k +1,1,8) < £ (1),

Finally, just as in the case “k = 2”7, the numbers DCS(k + 1,m,d) can be
estimated using Corollary 10.2 and Corollary 7.6. This completes the proof of
the general inductive step, and so, the entire proof of Theorem B is completed.

11. CONSEQUENCES

Our goal in this section is to prove several consequences of Theorem B. These
include Theorem A and Theorem C stated in the introduction, as well as, an ap-
propriate finite version of Theorem C. To state this finite version we need, first, to
introduce some terminology.

Recall that, given two sequences (p,) and (w,) of variable words over k, we
say that (w,) is of pattern (p,) if p, is an initial segment of w,, for every n € N.
This notion can, of course, be extended to finite sequences of the same length.

Specifically, given two finite sequences (pn)nm;o1 and (w,)™-; of variable words
over k, we say that (wn)ﬁgol is of pattern (pn)?gol if p, is an initial segment of
wy, for every n € {0,...,m — 1}. In particular, if p and w are variable words over
k, then w is of pattern p if p is an initial segment of w. We have the following
theorem.

m—1
n=0
of positive integers and every 0 < § < 1 there exists an integer N with the following

Theorem 11.1. For every integer k > 2, every nonempty finite sequence (7,)

property. If (pn);":_1 is a finite sequence of variable words over k such that the length
of pn is T, for everym € {0,...,m — 1}, L is a finite subset of N of cardinality at
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least N and A is a subset of [k]<N satisfying densye(A) > 0 for every £ € L, then
there exist a word ¢ over k and a finite sequence (wn)nm:_()l of variable words over k
of pattern (p,)™=; such that the set

(11.1)  {c} U{c"wolag)” ... wy(an) : n € {0,...,m — 1} and ay, ..., a, € [k]}

is contained in A. The least integer N with the above property will be denoted by
DP(k, (1,)™=}, ).

n=0

The proof of Theorem 11.1 will be given in §11.4. All necessary tools (beside, of
course, Theorem B) are developed in the previous subsections. The corresponding
infinite versions—that is, Theorem A and Theorem C—will be proved in §11.5.
Finally, in §11.6 we discuss how one can derive the density Hales—Jewett theorem
and the density Halpern-L&uchli theorem from Theorems B and A respectively.

11.1. Sparse sets and regularity. We begin with the following definition.

Definition 11.2. Let 7 € N with 7 > 1 and let L be a nonempty subset of N. We
say that L is T-sparse if for every l,I' € L with | # 1" we have |l' =1l| 2 7. If L is a
T-sparse subset of N, then we define the T-extension of L to be the set

Every nonempty subset of N is 1-sparse and coincides with its 1-extension. Also
notice that every subset of N of cardinality at least 7(m —1)+1 contains a 7-sparse
subset of cardinality m. Finally, observe that the notion of 7-sparseness is heredi-
tary, that is, every nonempty subset of a 7-sparse set is 7-sparse.

Much of our interest in sparse sets is related to the following generalized version
of Definition 3.1.

Definition 11.3. Let k € N with k > 2 and let F be a family of subsets of [k]<N.
Alsolet0 <e <1, 7 € NwithT > 1 and let L be a T-sparse finite subset of N. The
family F will be called (e, T, L)-regular if for everyn € L, every I C{l € L:1 <n}
and every y € [k]) we have

(11.3) |dens({z € [k]{meNm<n\()r . (y 2) € A}) — dens(A N [k]")] < e.

We have the following analogue of Lemma 3.2. It is the main result in this
subsection.

Lemma 11.4. Let 0 < e <1 and k,0,q,7 € N with k > 2 and £,q, 7 > 1. Then
there exists an integer n with the following property. If N is a finite T-sparse subset
of N with [N| = n and F is a family of subsets of [k]<N with |F| = q, then there
exists a subset L of N with |L| = ¢ such that F is (¢, 7, L)-regular. The least integer
n with this property will be denoted by Reg, (k, ¥, q,¢).

The proof of Lemma 11.4 is similar to the proof of Lemma 3.2 and is based on
the following consequence of Sublemma 3.7.
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Corollary 11.5. Let k,m,7,q € N with k > 2 and 7,q > 1. Let 0 < e < k~7(m+1)
and let N be a finite T-sparse subset of N with

(11.4) IN| > (q|16e™*] + 1)(m + 1) + 1.

Finally, let F be a family of subsets of [k]™**WN) with |F| = q. Then there exists a
subinterval M of N \ {max(N)} with |M| = m such that for every A € F, every
subset I of (M), and every y € [k]! we have |dens(A,) — dens(A)| < e.

Proof. We set N' = N \ {max(N)}. Observe that
(11.5)  |[(N"); U{max(N)}| =7(N — 1) + 1= 7(m + 1)(q[16c™*] + 1) + 1.

By Sublemma 3.7, there exists a subinterval M’ of (N'), with |M'| = 7(m + 1)
such that for every A € F, every subset I of M’ and every y € [k]! we have

(11.6) |dens(A4,) — dens(A)| < e.

Since M’ is subinterval of (N'), of cardinality 7(m + 1), it is possible to select
a subinterval M of N’ of cardinality m such that (M), C M’. Clearly M is as
desired. O

We are ready to proceed to the proof of Lemma 11.4.
Proof of Lemma 11.4. We set ¢ = min{e, k~7¢*1) /2} and we define F: N — N by
(11.7) F(m) = (q[1607*] + 1)(m 4+ 1) + 1.

Arguing precisely as in the proof of Lemma 3.2 and using Corollary 11.5 instead of
Sublemma 3.7, we see that

(11.8) Reg, (k,(,q,e) < F)(0)
and the proof is completed. ([

11.2. The (p, L)-restriction of [k]<N. We are about to introduce a family of
subsets of [k]< which are the analogues of Carlson-Simpson trees in the context
of variable words of a fixed pattern p.

Definition 11.6. Let k,7 € Nwith k > 2 and 7 > 1. Let p be a variable word over
k of length T and L = {ly < --- < ljp—1} a T-sparse finite subset of N. Recursively,
for every i € {0,...,|L| — 1} we define a subset R, 1.(i) of [k]" as follows. We set
R, 1(0) = [k]'. Assume that R, 1,(i) has been defined for some i € {0,...,|L| —2}.
Then we set

(11.9) R, r(i+1)={2"pla)"y:2 € Ry r(i),a € [k] and y € [k]'+ 1T},

We define the (p, L)-restriction of [k]<N to be the set
|L]—1

(11.10) Ry = |J Rpurli).
=0
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Notice that the (p, L)-restriction R, 1, is a rather “thin” subset of [k]<N. So, if
we are given a subset A of [k]<N it is likely that the density of A inside R, j, will be
negligible. This phenomenon, however, does not occur as long as A is sufficiently
regular. In particular, we have the following lemma. Its proof is a straightforward
consequence of the relevant definitions.

Lemma 11.7. Let k,7 € N with k > 2 and 7 > 1. Let p be a variable word over k
of length T and L = {lo < --- <ljp|—1} a T-sparse finite subset of N. Let 0 <e <1
and let F be a family of subsets of [k]<N which is (e, T, L)-regular. Then

(11.11) |densg, , (i)(A) — dens; (A)] < e

for everyi € {0,...,|L| — 1} and every A € F.

We will need to parameterize the (p, L)-restriction R, 1, of [k]<N in a “canonical”
way. This is, essentially, the content of the following definition.

Definition 11.8. Let k,7 € N with k > 2 and 7 > 1. Let p be a variable word over
k of length T and L = {lp < --- < ljp|—1} a T-sparse finite subset of N. For every
i€{0,...,|L| =1} we setl; =1; —iT + i and we define

(11.12) L =1{1l:i=0,...,|L| —1}.

Recursively we define a bijection

(11.13) o, |J k' = Rps
leL(T)

as follows. For every x € [k = [k]' we set ®, 1 (x) = z. Letie {0,...,|L| —2}
and assume that @, 1,(y) has been defined for every y € (k). Then for every

z € [kt we define

(11.14) ®y,0(2) = Pp (21) " plas)” 22

where z1 = (2(0),...,z(l; = 1)), ag = z(l}) and x5 = (x(l; + 1),...,2(ll,, — 1)).
We isolate, for future use, some elementary properties of the map @, ..

Lemma 11.9. Let k,7 € N with k > 2 and 7 > 1. Let p be a variable word
over k of length 7 and L = {lp < --- < lj|—1} a T-sparse finite subset of N. Let
L) ={ll:i=0,...,|L| — 1} be as in (11.12). Then the following are satisfied.
(i) For everyi € {0,...,|L| — 1} we have <I>p’L([k:]l'/i) =R, (7).
(ii) For every Carlson—Simpson line W of [k]<N with L(W) C L") its image
@, (W) under the map @, 1, is of the form {c} U{c"w(a) : a € [k]} where
c s a word over k and w is a variable word over k of pattern p.
(iii) If F is a family of subsets of [k]<N which is F is (e, 7, L)-reqular for some
0 <e <1, then for every i € {0,...,|L| — 1} and every A € F we have

(11.15) |dens, .; (®,1.(A)) — densy, (A)] < e.
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Parts (i) and (ii) of Lemma 11.9 are immediate consequences of Definition 11.8.
Part (iii) follows easily by Lemma 11.7. We leave the details to the reader.

11.3. Preliminary lemmas. As in (7.15) and (7.16) for every k € N with k& > 2
and every 0 < § < 1 we set

(11.16) A(k,1,8) = [6'DCS(k, 1,0)]
and
(11.17) O(k, 1,6) 20

= |Subt1"1 ([k]<A(k,1,6)) | .

We have the following analogue of Lemma 7.9.

Lemma 11.10. Let k e Nwithk >2 and 0 < p,y < 1. Alsolet T e Nwith > 1
and let M be a finite subset of N with

(11.18) |M| > 7-Reg, (k,A(k,1,07/8),1,p/2)

where A(k, 1, py/8) is as in (11.16). Finally let B C [k]<" with densp~(B) > p
for everyn € M. If {A; : t € B} is a family of measurable events in a probability
space (0,3, 1) satisfying p(Ag) = v for every t € B, then for every variable word
p over k of length T there exist a word ¢ over k and a variable word w over k of
pattern p such that, setting V = {c} U {c"w(a) : a € [k]}, we have V C B and

(11.19) u( N At> > O(k, 1, pv/8)

teV
where ©(k, 1, py/8) is as in (11.17).

Proof. By (11.18), we may select a 7-sparse subset N of M with
(11.20) IN| > Reg, (k,A(k,1,p7/8),1,p/2).

By Lemma 11.4, there exists a subset L of N with |L| = A(k,1, py/8) such that
the family F := {B} is (p/2, 1, L)-regular.

Fix a variable word p over k of length 7. Let L(") and ®,, 1, be as in Definition
11.8. We set B’ = @;i(B). Since the singleton {B} is (p/2, 7, L)-regular and
denspi (B) > p for every | € L, by part (iii) of Lemma 11.9, we obtain that
dens (B') > p/2 for every I € L™ Next for every t' € B’ let Cy = Ag, , (1)-
By our assumptions we have p(A:) > v for every ¢ € B, and so, u(Cy) = « for
every t' € B’. Finally notice that |L(")| = |L| = A(k,1,p7/8). By the previous
discussion, we may apply Lemma 7.9 and we obtain a Carlson—Simpson line V' C B’
with L(V’) € L(") and such that

(11.21) u( N Ct,) > 0(k, 1, py/8).

vev:
We set V =&, (V'). By part (ii) of Lemma 11.9 and (11.21), we see that V is as
desired. The proof is completed. [
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To state the next result we need to introduce some numerical invariants. Specif-
ically, for every k,7 € N with £k > 2 and 7 > 1 and every 0 < § < 1 we set

(11.22)  Ap = Ap(k,0) = A(k,1,6%/32) and ©p = Op(k,5) = O(k, 1,%/32)
and we define h; 5: N — N by the rule

(11.23) h,s(n) =7-Reg, (k,Ap,1,6/4) +[205" - n].

The following proposition corresponds to Proposition 7.5.

Proposition 11.11. Let k € N with k > 2 and 0 < 6 < 1 and define Ap and Op
as in (11.22). Also let 7 € N with 7 > 1, let L be a nonempty finite subset of N
and let A be a subset of [k]<N such that densy (A) > 6 for everyl € L. Finally, let
n € N with n > 1 and assume that |L| > h; s(n) where h. s is as in (11.23). Then,
setting Lo to be the set of the first Ap elements of L, we have that either
(i) there exist a subset L' of L'\ Lo with |L'| > n and a word ty € [k]*® for
some by € Lg such that

(11.24) denspye—eo ({se kN :tgse A}) > 5 +46%/8

for every £ € L', or
(ii) for every variable word p over k of length T there exist a word ¢ over k, a
variable word w over k of pattern p and a subset L"” of L\ Lo with |[L"| > n
such that the following are satisfied.
(a) The set V ={c}U{c"w(a): a € [k]} is contained in J,ep, AN K]
(b) Setting V(1) = {c"w(a) : a € [k]} and {1 the unique integer with
V(1) C [k]%, for every £ € L" we have

(11.25) denspe—e, ({s € [k]<N:t"s € A for every t € V(1)}) > ©p/2.

The proof of Proposition 11.11 is identical to the proof of Proposition 7.5 using
Lemma 11.10 instead of Lemma 7.9. The details are left to the reader.

We close this subsection with the following consequence of Proposition 11.11. It
is the main tool for the proof of Theorem C.

Corollary 11.12. Let k € N with k > 2 and 0 < § < 1. Also let L be an infinite
subset of N and let A be a subset of [k]<N such that densy: (A) > 6 for every | € L.
Then for every variable word p over k there exist a word c over k, a variable word
w over k of pattern p and an infinite subset L' of L with the following properties.
(i) The set V = {c}U{c"w(a) : a € [k]} is contained in \J,c , AN [K]" where
Lo={¢e L:¢<min(L")}.
(ii) Setting V(1) = {c"w(a) : a € [k]} and {1 the unique integer such that
V(1) C [k]%, for every £ € L' we have

(11.26)  denspe-e, ({s € [k]<N:t7s € A for everyt € V(1)}) > 27'0p(k,5/2)
where Op(k,5/2) is as in (11.22).
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Proof. For every t € [k]<N set A; = {s € [k]<N : t"s € A} and define

(11.27) 6¢ = lim sup densgje- e (Ay).
leL

We set 6" = sup,c<n 0¢ and we notice that § < ¢* < 1. Hence, we may select
0 < 8 <1, tg € [k]<N and an infinite subset M of L with min(M) > |to| such that

(11.28) §/2 < 89 <6 < 8o+63/8
and
(11.29) do < densye-jro1 (At )

for every £ € M.
Fix a variable word p over k£ and denote by 7 its length. Let My be the initial
segment of M of cardinality

(11.30) \My| = 7 - Reg.. (k, Ap(k, &), 1,5/4).

By the definition of 6* and (11.28), there exists ¢ € M \ My such that for every
s € Uyens, [K]71*! and every £ € M with £ > ¢ we have

(11.31) dens ., = (Ay-,) < Jo +63/8.

We set d = [20p(k,d0)" 1] and we select a sequence (E,) of pairwise disjoint
subsets of {m € M :m > q} such that |E,| = d for every n € N.
Let n € N be arbitrary. We set F;, = My U E,, and we observe that
11.30 11.23
(11.32) [Fp| = | Mo| + |En] "% 7 Reg, (k, Ap(k, &), 1,6/4) + d "=V b5 (1),
By (11.32), we may apply Proposition 11.11. Notice that the first alternative of
Proposition 11.11 contradicts (11.31). Hence, there exist a word ¢,, over k, a variable
word w,, over k of pattern p and m,, € E, such that
(11.33) Vi ={en} U{c wp(a):a € [k]} C U Ay, N [k Tl
LeM,

and, setting Q,, = {s € [k]|<N : t"s € A, for every t € V,,(1)},

(11.28)
(11.34) densgymn—en-1001 (@n) = 27'Op(k,60) = 27'Op(k,5/2)

where V,,(1) = {c;wy(a) : a € [k]} and £, is the unique integer with V,,(1) C [k]*».

By the classical pigeonhole principle, there exists an infinite subset N of N, a
word ¢’ over k and a variable word w over k of pattern p such that ¢, = ¢ and
wy, = w for every n € N. We set L' = {m,, : n € N} and ¢ = t;¢’. Using (11.33)
and (11.34) it is easy to see that L', c and w are as desired. O

11.4. Proof of Theorem 11.1. The proof proceeds by induction on m. For

¢

‘m = 17 we notice that

(11.35) DP(k,7,6) < - Reg, (1, A(k, 1,5/8),1,5/2)
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for every 0 < 0 < 1 and every k,7 € N with k£ > 2 and 7 > 1. Indeed, let M be a
finite subset of N with |M| > 7 - Reg, (k,A(k,1,6/8),1,/2), and let A be a subset
of [k]<N such that densjn (A) > 6 for every n € M. Let (Q,%, u) be an arbitrary
probability space and set A; = Q for every t € A. By Lemma 11.10 applied for
“p=10", “y=1" and “B = A”, we see that (11.35) is satisfied.

Let m € N with m > 1 and assume that for every integer k > 2, every
0 < B < 1 and every finite sequence (¢,)", of positive integers the number
DP(k, (0,)"=, B) has been defined. Let k > 2,0 < § < 1 and 79, ..., 7, € N with

T0y- -+, Tm = 1 be arbitrary. We set 7/, = 7,41 for every n € {0,...,m — 1} and
(11.36) No = DP(k, (1))}, ©p/2).

We claim that

(11.37) DP(k, (7)™, 8) < B3 D (V).

n=0> 70,0

Clearly this will finish the proof. To see that (11.37) is satisfied let L be a finite sub-
set of N with |L| > hifg_Q])(No), and let A be a subset of [k]<N with densp (4) > &
for every [ € L. Also fix a finite sequence (p, )7, of variable words over k with
|pn| = 7 for every n € {0,...,m}. By our assumptions on the cardinality of the

)

set L and repeated applications of Proposition 11.11 for “r = 7¢” and “p = py”, we
see that there exist a word c over k, a variable word w over k of pattern pg and a
subset L” of L with

(11.38) 1L = No "0 DP(k, (/)L 0p/2)

n=0 >
such that the following properties are satisfied.

(a) The set V = {c} U{c"w(a) : a € [k]} is contained in A. Moreover, setting
V(1) = {c"w(a) : a € [k]} and ¢; the unique integer with V(1) C [k]*, we
have ¢; < min(L").

(b) For every £ € L"” we have

(11.39) denspe-—e, (A) > ©p/2

where A = {s € [k]<N:t"s € A for every t € V(1)}.

For every n € {0,...,m — 1} we set p), = p,+1 and we notice that the length of p/,
is 7). Therefore, by (11.38) and (11.39) and our inductive assumptions, there exist

m—1

my of variable words over k of pattern

a word ¢’ over k and a finite sequence (w),)
(p!)"=) such that the set

(11.40) {'}U{c"wh(ao)”..." w)(an):n € {0,...,m—1} and ao, ..., a, € [k]}

is contained in A. We set wyg = w™ ¢’ and w, = w],_; for every n € [m]. It is easily
verified that the set

(11.41)  {c}U{c"wo(ao)” ...” wp(ayn) :n €{0,...,m} and ag,...,a, € [k]}
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is contained in A. This shows that (11.37) is satisfied and so the proof of Theorem
11.1 is completed.

11.5. Proofs of Theorem A and Theorem C. As we indicated in the introduc-
tion, Theorem A is a special case of Theorem C. Indeed, let k¥ € N with & > 2 and
set ¢, = (v) for every n € N. Notice that a sequence (wy,) of variable words over k
consists of left variable words if and only if it is of pattern (g,). Thus, Theorem A
follows from Theorem C applied to the sequence (g,).

So, we only need to prove Theorem C. To this end, fix an integer £ > 2 and a
sequence (py,) of variable words over k. Let 0 < § < 1 and A C [k]<N such that
(11.42) lim sup A0k

n—o0 k

We fix an infinite subset L of N such that densy,e(A) > ¢ for every £ € L. Recur-
sively, we define a sequence (d,) in (0, 1] by the rule

(11.43) So=20and 0,41 =27 'Op(k,0,/2).

> 0.

Using Corollary 11.12 we may select

(i) a sequence (¢,) of words over k,
(ii) a sequence (v,) of variable words over k of pattern (p,),
(iii) a sequence (A,,) of subsets of [k]<N with 4y = A and
(iv) two sequences (L,) and (L)) of infinite subsets of N
such that for every n € N the following conditions are satisfied.
(C1) The set L/, is contained in L,; moreover, Ly = L.
(C2) The set V;, = {cn} U{civn(a) : a € [k]} is contained in Uyepo An N [k]¢
where L0 = {¢ € L, : { < min(L})}.
(C3) Let Vi,(1) = {c;;vn(a) : a € [k]} and let ¢, be the unique integer such that
V(1) C [k]%. Then

(11.44) Apir = {se[k]N:t"s € A, for every t € V,,(1)}
and

(11.45) Ly =1L

Ay ={l— 4, Le L}
(C4) For every £ € L,, we have densie (An) > 0.
The recursive selection is fairly standard and the details are left to the reader.
We set ¢ = ¢p and w,, = v, ¢cp41 for every n € N. By (ii) above, the sequence
(wy,) is of pattern (p,). Moreover, using conditions (C2) and (C3), it is easily
verified that the set

(11.46) {c} U {c’\wo(ao)" . wp(ay) :n € Nand ag,...,a, € [k]}
is contained in A. The proof of Theorem C is completed.

11.6. Further implications. In this subsection we will discuss the relation of
Theorem B and Theorem A with the density Hales—Jewett Theorem and the density
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Halpern—Léuchli Theorem respectively. Notice, first, that the density Hales—Jewett
Theorem follows from Theorem A via a standard compactness argument. In fact,
we have the following finer quantitative information.

Proposition 11.13. For every integer k > 2 and every 0 < § < 1 we have
(11.47) DHJ(k,d) < DCS(k, 1,96).

Proof. Let n > DCS(k,1,6) and fix a subset A of [k]™ with |A| > 0k™. For every
¢ € [n] and every y € [k]"‘ let A, = {z € [k]’: y"x € A} and observe that

(11.48) Eycii)n-edens(A,) = dens(4) > 0.
Hence, for every £ € [n] we may select y, € [k]"~¢ such that dens(A,,) > 6. We set

(11.49) B=J 4,

ten]
and we notice that densye(B) > ¢ for every £ € [n]. Since n > DCS(k, 1,0), there
exists a Carlson—Simpson line R of [k]<Y which is contained in B. Let (c,w) be
the generating sequence of R. Also let £ € [n] be the unique integer such that the
1-level R(1) of R is contained in [k]*%. Then, setting

(11.50) V ={y,,c w(a) :a € [k},

we see that V' is a combinatorial line of [k]” and V' C A. This shows that (11.47)
is satisfied, as desired. O

We proceed to discuss how one can deduce the density Halpern-Lauchli theo-
rem from Theorem A. The argument is well-known (see, e.g., [6, 29]) but we will
comment on it for the benefit of the reader.

Recall that a tree is a partially ordered set (T, <) such that the set {s € T': s < t}
is finite and linearly ordered under < for every ¢t € T. A tree T is said to be
homogeneous if it is uniquely rooted and there exists an integer b > 2, called the
branching number of T, such that every ¢ € T has exactly b immediate successors.
A typical example of a homogeneous tree with branching number b > 2 is the
set consisting of all finite sequence having values in a set A of cardinality b and
equipped with the partial order of end-extension; it is denoted by A<N and can, of
course, be identified with [b]<N. Part of the interest in homogeneous trees of this
form is based on the fact that they can be used to “code” the level product

(11.51) ®(Th,...,Ta) = | Ta(n) x -+ x Ty(n)
neN
of a finite sequence (T1,...,T,;) of homogeneous trees. Specifically, we have the

following lemma.

Lemma 11.14. Let d € N with d > 1. Also let b = (by,...,bs) € N¢ with b; > 2
for every i € [d] and set Ap = [b1] X -+ X [byg]. Finally let (T1,...,Ty) be a finite



A DENSITY VERSION OF THE CARLSON-SIMPSON THEOREM 71

sequence of homogeneous trees such that the branching number of T; is b; for every
i € [d]. Then there exists a bijection

(11.52) Py ARN = @(Ty, ..., Ty)

with the following properties.

(i) For every n € N we have ®p(AL) = T1(n) x - -+ x Ty(n).

(ii) For every c € AEN and every sequence (wy) of left variable words over
Ay, there exist strong subtrees (S1,...,Sq) of (Th,...,Ty) having a common
level set such that, setting

(11.53) S ={ctU{c wo(ap)” ... " wn(as) : n €N and ag, ...,a, € Ap},
we have Pp(S) = ®(S1,...,54).

Proof. Let i € [d] be arbitrary, and let 7;: Ap — [b;] denote the natural projection.
Clearly we may assume that the tree T} coincides with [b;]<N and so we may consider
the “extension” 7;: AEN — Ty of m; defined by 7;(0) = 0 and

(11.54) ﬁi((ao, cee an,l)) = (m—(ao), . ,m(an,l))

for every integer n > 1 and every (ao,...,an—1) € A}. The map ®y, is then defined
by the rule

(11.55) P (s) = (71(5), ..., 7a(s)).

It is easily verified that &y, is a bijection and satisfies all desired properties. ([l

With Lemma 11.14 at our disposal, let us see how Theorem A yields the den-
sity Halpern—L&auchli theorem. To this end, fix a finite sequence (17,...,T4) of

homogeneous trees and a subset A of the level product of (77,...,Ty) such that
AN (@) x - x Taw)]
11.56 lim su > 0.
(11.56) P T () - x Ta(n)]

Let b = (by,...,bq) where b; is the branching number of the tree T; for every ¢ € [d]
and consider the bijection ®y, obtained by Lemma 11.14. We set B = @gl(A). By
part (i) of Lemma 11.14 and (11.56), we see that

BNA}
(11.57) lim sup 1B O A > 0.
n— 00 |Ab|n

Hence, by Theorem A, there exist ¢ € AEN and a sequence (w,) of left variable
words over Ay, such that the set

(11.58) {c}U {c“wo(ao)“ ... wy(ay) :n € Nand ag,...,a, € Ab}

is contained in B. Invoking the definition of the set B and part (ii) of Lemma 11.14,
we conclude that there exist strong subtrees (Si,...,Sq4) of (T1,...,Tq) having a
common level set such that the level product of (Si,...,Sg) is contained in A.
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