MEASURABLE EVENTS INDEXED BY PRODUCTS OF TREES

PANDELIS DODOS, VASSILIS KANELLOPOULOS AND KONSTANTINOS TYROS

ABSTRACT. A tree T is said to be homogeneous if it is uniquely rooted and
there exists an integer b > 2, called the branching number of T, such that
every t € T has exactly b immediate successors. A vector homogeneous tree
T is a finite sequence (71, ...,T,) of homogeneous trees and its level product
®T is the subset of the Cartesian product 77 X --- X Ty consisting of all finite
sequences (t1,...,tq) of nodes having a common length.

We study the behavior of measurable events in probability spaces indexed
by the level product ®T of a vector homogeneous tree T. We show that,
by refining the index set to the level product ®S of a vector strong subtree
S of T, such families of events become highly correlated. An analogue of
Lebesgue’s density theorem is also established which can be considered as the

“probabilistic” version of the density Halpern—Lauchli theorem.

1. INTRODUCTION

1.1. Overview. The present paper is devoted to the analysis of a phenomenon
encountered in Ramsey theory and concerns the structure of measurable events in
probability spaces indexed by a Ramsey space [1, 19]. The phenomenon is most
transparently seen when the events are indexed by the natural numbers N, an
archetypical Ramsey space. Specifically, let (2,3, 1) be a probability space and
assume that we are given a family {A; : ¢ € N} of measurable events in (Q, %, )
satisfying p(4;) = e > 0 for every ¢ € N. Using the classical Ramsey theorem [16]
and elementary probabilistic estimates, it is easy to see that for every 0 < 0 < ¢
there exists an infinite subset L of N such that for every integer n > 1 and every
subset F' of L of cardinality n we have
(1.1) u(ﬂfh) > o

i€F
In other words, the events in the family {A4; : i € L} are at least as correlated as if
they were independent.

A natural problem, which is of combinatorial and analytical importance, is to
decide whether the aforementioned result is valid if the events are indexed by an-
other Ramsey space S. Namely, given a family {A; : s € S} of measurable events in
a probability space (2,3, u) satisfying pu(As) = e > 0 for every s € S, is it possible
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to find a “substructure” §’ of S such that the events in the family {As : s € S’} are
highly correlated? And if yes, then can we get explicit (and, hopefully, optimal)
lower bounds for their joint probability? Of course, the notion of “substructure”
will depend on the nature of the given index set S.

The significance of this problem will be mostly appreciated when one considers
the Ramsey space W(A) of all finite words over a nonempty finite alphabet A.
Specifically, it was shown by Furstenberg and Katznelson in [10] that for every
integer k£ > 2 and every 0 < € < 1 there exists a strictly positive constant 6(k, <)
with the following property. If A is an alphabet with & letters and {A,, : w € W(A)}
is a family of measurable events in a probability space (Q, 2, u) satisfying pu(A,) > €
for every w € W(A), then there exists a combinatorial line L. (see [12]) such that
(1.2) u( N Aw) > 0(k,e).

wel
This statement is easily seen to be equivalent to the density Hales—Jewett theorem,
a fundamental result of Ramsey theory. Although powerful, the arguments in [10]
are qualitative in nature and give no estimate on the constant 6(k,e). Explicit
lower bounds can be extracted, however, from [7].

1.2. The main results. In [4] we studied the above problem when the events are
indexed by a homogeneous tree; we recall that a tree T is said to be homogeneous if it
is uniquely rooted and there exists an integer b > 2, called the branching number of
T, such that every ¢t € T has exactly b immediate successors. Our goal in this paper
is to extend this analysis to the higher-dimensional setting, namely when we deal
with events indexed by the level product of a vector homogeneous tree. We recall
that a vector homogeneous tree T is a finite sequence (77, ...,T4) of homogeneous
trees and its level product @T is the subset of the Cartesian product T} X - -- x Ty
consisting of all finite sequences (t1,...,tq) of nodes having a common length. In
particular, ®T(n) stands for the standard Cartesian product Ty (n) x - -+ x Ty(n).

In the context of trees the most natural notion of “substructure” is that of a
strong subtree. We recall that a subtree S of a uniquely rooted tree T is said to be
strong provided that: (a) S is uniquely rooted and balanced (that is, all maximal
chains of S have the same cardinality), (b) every level of S is a subset of some level
of T, and (c) for every non-maximal node s € S and every immediate successor ¢ of
s in T there exists a unique immediate successor s’ of s in S with ¢t < s’. The level
set of a strong subtree S of a tree T is the set of levels of T' containing a node of S.
The concept of a strong subtree is, of course, extended to vector trees. Specifically,
a vector strong subtree of a vector tree T = (T1,...,Ty) is just a finite sequence
S =(51,...,84) of strong subtrees of (11, ...,Ty) having a common level set.

1.2.1. The continuous case. We are ready to state the first main result of the paper.

Theorem 1.1. For every integer d > 1, every by,...,bg € N with b; > 2 for all
i € {1,...,d}, every integer n > 1 and every 0 < € < 1 there exists a strictly
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positive constant c(by, ..., bq|n,e) with the following property. If T = (T1,...,Ty)
is a vector homogeneous tree such that the branching number of T; is b; for all
i€{l,...,d} and {A¢ : t € QT} is a family of measurable events in a probability
space (Q,%, 1) satisfying u(Ag) = € for every t € QT, then there exists a vector
strong subtree S = (S1,...,S4) of T of infinite height such that for every integer
n > 1 and every subset F' of the level product ®S of S of cardinality n we have

(1.3) ﬂ( N At) > ¢(by, ..., baln, e).
ter

Theorem 1.1 is the higher-dimensional extension of [4, Theorem 1] where the
case of a single homogeneous tree was treated. In particular, in [4] it was shown,
among others, that
(1.4) c(bln,e) = ¥
We point out that the proof of Theorem 1.1 is also effective and yields explicit
lower bounds for the constants ¢(by,...,bg|n,e). These estimates, however, are
admittedly rather weak and it is an important problem to obtain “civilized” bounds
for the relevant constants. A crucial ingredient of the argument is [5, Theorem 3].
It is used in the proof of the following proposition which is, possibly, of independent
interest.

Proposition 1.2. For every integer d > 1, every by,...,bq € N with b; > 2 for
all i € {1,...,d} and every 0 < ¢ < 1 there exist an integer Cor(by, ..., bgle)
and a strictly positive constant &(by, ..., bgle) with the following property. If T =
(Th,...,Tq) is a finite vector homogeneous tree of height at least Cor(by, ..., bgle)
such that the branching number of T; is b; for alli € {1,...,d} and {A¢ : t € ®T}
is a family of measurable events in a probability space (2, %, p) satisfying u(Ag) > €
for every t € T, then there exists a vector strong subtree ¥ of T of height 2 such
that

(1.5) () A) = €0 bale).
te@F

1.2.2. The discrete case. To proceed with our discussion we need, first, to introduce
some definitions. To motivate the reader, let us assume that we are given a family
{A¢ : t € ®T} of Lebesgue measurable subsets of the unit interval indexed by the
level product of a finite vector homogeneous tree T. Using a standard approxima-
tion argument and up to negligible errors, for every n < h(T) it is possible to find
an integer [, such that every event in the family {A; : t € ®T(n)} belongs to the
algebra generated by all dyadic intervals of length 27/». This observation leads to
the following definition.

Definition 1.3. Let T be a finite vector homogeneous tree and W a homogeneous
tree. We say that a map D: @ T — P(W) is a level selection if there exists a
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subset L(D) = {fy < -+ < Lp(ry—1} of N, called the level set of D, such that for
every n < h(T) and every t € T (n) we have that D(t) C W(l,).

For every level selection D : T — P(W) the height h(D) of D is defined to be
the height h(T) of the finite vector homogeneous tree T. The density §(D) of D is
the quantity defined by

(1.6) §(D) == min {dens(D(t)) : t € ®T}.

We remark that if W is a tree and F C W (¢) for some ¢ € N, then the density
of I is defined by
|F|
(1.7) dens(F) == ——.
(W)
More generally, if m € N with m < £ and w € W(m), then the density of F' relative
to w is defined by

_|FnSuccw (w)]
(1.8) dens(F'|w) = |[W (€) N Sucew (w)]

where Succy (w) stands for the set of all successors of w in W. Notice that the
density of the set F' relative to the node w is the usual density of F' when restricted
to the subtree Succy (w).

It follows from the above discussion that a level selection D: ® T — P(2<V)
of density e, where 2<N stands for the dyadic tree, is just the discrete version
of a family {A¢ : t € QT} of Lebesgue measurable subsets of the unit interval
each having measure at least e. We should point out that, beside their intrinsic
interest, level selections arose quite naturally in the proof of the density Halpern—
Léuchli theorem [3, 5]. In fact, the density Halpern-Lauchli theorem is essentially
a statement concerning the structure of level selections.

By Proposition 1.2, for every finite vector homogeneous tree T = (T1,...,Ty)
and every level selection D: ® T — P(W) of density € and of sufficiently large
height, it is possible to find a vector strong subtree F of T of height 2 such that
the density of the set
(1.9) Dr:= () D(t)

te®F(1)
is at least ¢/, where ¢’ is an absolute constant depending only on the branching
numbers of the trees T71,...,Ty and the given . This fact is certainly useful but
it gives us no information on how the set D is distributed inside the tree W. To
clarify what we mean exactly about the distribution of the set D it is convenient

to introduce the following definition.

Definition 1.4. Let D: @ T — P(W) be a level selection. Also let F be a vector
strong subtree of T of height 2, w € W and 0 < 6 < 1. We say that the pair (F,w)
is strongly #-correlated with respect to D if the following conditions are satisfied.

(1) We have that w € D(r) where r is the root of F.
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(2) For every immediate successor s of w in W the density of the set Dg relative
to s is at least 6.

Roughly speaking, if a pair (F,w) is strongly #-correlated with respect to D,
then the set D looks like a randomly chosen subset of the subtree Succy (w) of
density 6. Such a node w is expected to exist, by Lebesgue’s density theorem. The
main point guaranteed by Definition 1.4 is that the desired node w will be found
in an a priori given set; the set D(r) where r is the root of F.

We are now ready to state the second main result of the paper.

Theorem 1.5. For every integerd > 1, every by, ..., bg,bar1 € N with b; > 2 for all
i€{1,...,d+1} and every 0 < e < 1 there exist an integer StrCor(by, . .., b4, bat1le)
and a strictly positive constant 0(by,...,bq,bar1|e) with the following property. If
T = (Ty,...,Ty) is a finite vector homogeneous tree such that the branching number
of T; is b; for alli € {1,...,d}, W is a homogeneous tree with branching number
biy1 and D: @ T — P(W) is a level selection of density € and of height at least
StrCor (b, ..., ba, bar1l€), then there exist a vector strong subtree F of T of height
2 and a node w € W such that the pair (F,w) is strongly 6(by,...,bq,bat1le)-
correlated with respect to D.

Theorem 1.5 is the most demanding result of the paper. Its proof follows a
density increment strategy—a powerful method pioneered by Roth [17]—and is
based, in an essentially way, on [5, Theorem 3]. The argument is effective. In
particular, we provide explicit estimates for all numerical invariants appearing in
Theorem 1.5.

1.3. Consequences. We proceed to discuss the relation between Theorem 1.5 and
the infinite version of the density Halpern—L&uchli theorem. Let us recall, first, the
statement of this result (see [3, Theorem 2]).

Theorem 1.6. For every integer d > 1 we have that DHL(d) holds, i.e. for every
vector homogeneous tree T = (T1,...,Ty) and every subset D of the level product
QT of T satisfying

. |DN&T(n)|
1.10 limsup ———~
(1.10) naael @ T(n)]

there exists a vector strong subtree S of T of infinite height whose level product is

>0

contained in D.

We point out that the case “d = 1” of Theorem 1.6 is due to Bicker and Voigt
[2], and we refer the reader to [3, §1] for a discussion on the history of this result.
Also we need to extend Definition 1.3 to the infinite-dimensional setting. Specif-
ically, let 0 < € < 1, T a vector homogeneous tree and W a homogeneous tree.
We say that a map D: ® T — P(W) is an e-dense level selection if there exists
an infinite subset L(D) = {fp < ¢; < ---} of N such that for every n € N and
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every t € @T(n) we have D(t) C W(¢,) and dens(D(t)) > . This notion was
introduced in [3] and it was critical for the proof of Theorem 1.6.
We have the following theorem.

Theorem 1.7. Letd € N with d > 1 and by,...,b4,bq+1 € N with b; > 2 for all
1e€{l,...,d+1}. Alsolet0<e <1, T=(T1,...,Tq4) a vector homogeneous tree
such that the branching number of T; is b; for alli € {1,...,d}, W a homogeneous
tree with branching number bgi1 and D: @ T — P(W) an e-dense level selection.
Then there exist a vector strong subtree S of T of infinite height and for every
s € ®S a node ws € D(8) such that for every strong subtree F of S of height 2 with
F(0) = s the pair (F,ws) is strongly 0(b1,...,bq,bay1|e)-correlated with respect to
D, where the constant 0(by, ... b4, bar1l€) is as in Theorem 1.5.

Theorem 1.7 follows from Theorem 1.5 and Milliken’s theorem [14] using fairly
standard arguments; we leave the details to the interested reader. It is a quantita-
tive strengthening of [3, Corollary 10] where a similar result was obtained but no
estimate was given for the relevant constants. While we find such an improvement
interesting per se, our interest in Theorem 1.7 was, mainly, for utilitarian reasons.
Specifically, Theorem 1.7 can be used to derive Theorem 1.6 by plugging it, as
pigeonhole principle, in the recursive construction presented in [3, §5].

Thus we see that Theorem 1.5, which is an entirely finitary statement but of
probabilistic nature, can be used to derive the corresponding infinite-dimensional
result. This methodology has been applied successfully to related problems in
Ramsey theory—see, in particular, [6].

1.4. Organization of the paper. The paper is organized as follows. In §2 we set
up our notation and terminology, and we recall some tools needed for the proofs of
the main results. In §3 we give the proofs of Theorem 1.1 and Proposition 1.2.

The rest of the paper is devoted to the proof of Theorem 1.5. In §4 we prove
two “averaging” lemmas. Both are stated in abstract form and can be read inde-
pendently. In §5 we give a detailed outline of the argument and an exposition of
the main ideas of the proof. In §6 we prove the basic tools needed for the proof of
Theorem 1.5. This section is rather technical, and the reader is advised to gain first
some familiarity with the general strategy of the proof before studying this section
in detail. Finally, the proof of Theorem 1.5 is completed in §7.

2. BACKGROUND MATERIAL

By N = {0,1,2,...} we shall denote the natural numbers. For every integer
n > 1 we set [n] .= {1,...,n}. The cardinality of a set X will be denoted by |X|
while its powerset will be denoted by P(X). If X is a nonempty finite set, then
by E.cx we shall denote the average ﬁ > wcx- For every function f: N — N
and every k € N by f®): N — N we shall denote the k-th iteration of f defined

recursively by the rule f(O(n) = n and f*#+1(n) = f(f(k)(n)) for every n € N.
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2.1. Trees. By the term tree we mean a nonempty partially ordered set (7', <) such
that for every ¢ € T the set {s € T : s < t} is linearly ordered under < and finite.
The cardinality of this set is defined to be the length of t in T' and will be denoted
by ¢7(t). For every n € N the n-level of T, denoted by T'(n), is defined to be the
set {t € T : Lr(t) = n}. The height of T, denoted by h(T), is defined as follows.
If there exists k € N with T'(k) = 0, then set h(T) = max{n € N: T(n) # 0} + 1;
otherwise, set h(T) = oo.
For every node t of a tree T the set of successors of ¢ in T is defined by

(2.1) Sucer(t) ={seT:t<s}.

Moreover, let ImmSuccr(t) = {s € T : t < s and {p(s) = lr(t) + 1}. The set
ImmSuccr(t) is called the set of immediate successors of t in T. A node t € T is
said to be mazimal if the set ImmSuccr(t) is empty.

A subtree S of a tree (T, <) is a nonempty subset of T' viewed as a tree equipped
with the induced partial ordering. For every n € N with n < h(T) we set

(2.2) Tin=T0)U---UT(n).

Notice that h(T [ n) =n+ 1. An initial subtree of T is a subtree of T of the form
T | n for some n € N,

A tree T is said to be balanced if all maximal chains of T" have the same cardi-
nality. It is said to be uniquely rooted if |T(0)| = 1; the root of a uniquely rooted
tree T is defined to be the node T'(0).

2.2. Vector trees. A vector tree T is a nonempty finite sequence of trees having
a common height; this common height is defined to be the height of T and will be
denoted by A(T).

For every vector tree T = (T4,...,T,) and every n € N with n < h(T) we set

(2.3) Tin=(T1In,....,Tq [ n).

A vector tree of this form is called a vector initial subtree of T. Also let
(2.4) T(n) = (Ti(n),...,Ty(n)) and @ T(n) =Ti(n) x -+ x Ty(n).
The level product of T, denoted by ®T, is defined to be the set

(2.5) U ®T).

n<h(T)
For every t = (t1,...,tq) € ®T we set
(2.6) Sucer (t) = (Sucer, (t1), - - -, Sucer, (tq)).

Finally, we say that a vector tree T = (T1,...,Ty) is uniquely rooted if for every
i € [d] the tree T; is uniquely rooted; the element T(0) is called the root of T.
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2.3. Strong subtrees and vector strong subtrees. A subtree S of a uniquely
rooted tree T is said to be strong provided that: (a) S is uniquely rooted and
balanced, (b) every level of S is a subset of some level of T, and (c) for every
non-maximal node s € S and every ¢t € ImmSuccy(s) there exists a unique node
s’ € ImmSuccg(s) such that ¢t < s’

defined to be the set

The level set of a strong subtree S of T is

(2.7 Lr(S) ={m € N: exists n < h(S) with S(n) C T(m)}.

The concept of a strong subtree is naturally extended to vector trees. Specifically,
a vector strong subtree of a uniquely rooted vector tree T = (T1,...,Ty) is a vector
tree S = (S1,...,54) such that S; is a strong subtree of T; for every ¢ € [d] and
L1, (S1) == L1,(Sq).

2.4. Homogeneous trees and vector homogeneous trees. Let b € N with
b > 2. By b<N we shall denote the set of all finite sequences having values in
{0,...,b—1}. The empty sequence is denoted by @ and is included in b<N. We
view b<N as a tree equipped with the (strict) partial order C of end-extension.
Notice that b<N is a homogeneous tree with branching number b. If n > 1, then
b<" stands for the initial subtree of b<N of height n. For every t,s € b<N by ¢~
we shall denote the concatenation of ¢ and s.

For technical reasons we will not work with abstract homogeneous trees but with
a concrete subclass. Observe that all homogeneous trees with the same branching
number are pairwise isomorphic, and so, such a restriction will have no effect in the
generality of our results.

Convention. In the rest of this paper by the term “homogeneous tree” (respectively,
“finite homogeneous tree”) we will always mean a strong subtree of b<N of infinite
(respectively, finite) height for some integer b > 2. For every, possibly finite, ho-
mogeneous tree T by by we shall denote the branching number of T. We follow
the same conventions for vector trees. In particular, by the term “vector homo-
geneous tree” (respectively, “finite vector homogeneous tree”) we will always mean
a vector strong subtree of (by",...,b5") of infinite (respectively, finite) height for
some integers by, ..., by with b; > 2 for alli € [d]. For every, possibly finite, vector
homogeneous tree T = (Ty,...,Ty) we set by = (br,,...,br,).

The above convention enables us to effectively enumerate the set of immediate
successors of a given non-maximal node of a, possibly finite, homogeneous tree T
Specifically, for every non-maximal ¢t € T" and every p € {0,...,br — 1} let

(2.8) t"Tp = ImmSucer () N Succb;w(t”p).

Notice that ImmSucer(t) = {¢t"7p:p € {0,...,by — 1}}.
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2.5. Canonical isomorphisms and vector canonical isomorphisms. Let T
and S be two, possibly finite, homogeneous trees with the same branching number
and the same height. The canonical isomorphism between T and S is defined to be
the unique bijection I: T — S satisfying: (a) ¢7(t) = £g(I(t)) for every ¢ € T, and
(b) I(¢"7p) = I(¢)"9p for every non-maximal ¢t € T and every p € {0,...,bpr — 1}.
Observe that if R is a strong subtree of T, then the image I(R) of R under the
canonical isomorphism is a strong subtree of S and satisfies Ly (R) = Lg(I(R)).

Respectively, let T = (T1,...,T4) and S = (S1,...,S4) be two, possibly finite,
vector homogeneous trees with br = bg and h(T) = h(S). For every i € [d] let I; be
the canonical isomorphism between T; and S;. The vector canonical isomorphism
between QT and ®S is the map I: ® T — ®S defined by the rule

(2.9) I((t1,. .. ta)) = (Ii(t1), ..., La(ta))-

Notice that the vector canonical isomorphism I is a bijection.

2.6. Milliken’s theorem. For every, possibly finite, vector homogeneous tree T
and every integer 1 < k < h(T) by Stry(T) we shall denote the set of all vector
strong subtrees of T of height k. Moreover, for every £ € {0,...,k — 1} we set

(2.10) Stry(T) = {S € Strg(T) : S [ £ =T | {}.

If T is of infinite height, then Stro (T) stands for the set of all vector strong subtrees
of T of infinite height; the set Strf_(T) is analogously defined. We will need the
following elementary fact.

Fact 2.1. Letd € N withd > 1 and by,...,bg € N with b; > 2 for all i € [d]. Let
m € N and set

(I 82)™ = (I )™
H?=1 b?i - Hj=1 bi

Also let T be a finite vector homogeneous tree with by = (by,...,bq) and
h(T) > m+2 and set

(2.11) q(br, ... bg,m) =

(2.12) Stro(T,m + 1) = {F € Stro(T) : F(1) C ®T(m +1)}

Then the cardinality of the set Stro(T,m + 1) is q(by,...,bs, m). In particular,

h(T)—2
(2.13) Stro(T)| = > q(br,...,ba,m)
m=0
Notice that if T = (T3,...,T4) is a vector homogeneous tree, then the set

Stroo(T) is a Gs (hence Polish) subspace of P(T} X - -+ X Ty). The same remark, of
course, applies to the set Strf;o(T) for every £ € N. The following partition result
is due to Milliken (see [14, Theorem 2.1]).
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Theorem 2.2. Let T be a vector homogeneous tree and let C C Stroo(T) be Borel.
Then there exists S € Stroo(T) such that either Stro(S) C C or Stroo(S) NC = 0.
Moreover, if £ € N and B C Str’_(T) is Borel, then there exists S € Str‘_(T) such
that either Str®_(S) C B or Str’_(S) N B = 0.

In particular, for every integer k > 1 and every finite partition of Stry(T)
there exists S € Stroo(T) such that the set Stri(S) is monochromatic. Respec-
tively, for every £ € {0,...,k — 1} and every finite partition of Stré (T) there exists
S € Strf (T) such that the set Strk(S) is monochromatic.

Theorem 2.2 has a finite version which is also due to Milliken (see [13]).

Theorem 2.3. For every integer d > 1, every by,...,bq € N with b; > 2 for all
i € [d], every pair of integers m = k > 1 and every integer r > 2 there exists an
integer M with the following property. For every finite vector homogeneous tree
T with bt = (b1,...,bq) and of height at least M and every r-coloring of the set
Stry(T) there exists S € Str,,(T) such that the set Str(S) is monochromatic. The
least integer M with this property will be denoted by Mil(by, ..., bg|m, k,r).

The original proof of Theorem 2.3 did not provided quantitative information
on the numbers Mil(by,...,bg|m, k,r). However, an analysis of the finite version
of Milliken’s theorem has been carried out recently by Sokié¢ yielding explicit and
reasonable upper bounds. In particular, it was shown in [18] (see, also, [5, §10])
that for every integer k > 1 there exists a primitive recursive function ¢ : N> — N
belonging to the class £21* of Grzegorczyk’s hierarchy such that for every integer
d > 1, every by,...,bg € Nwith b; > 2 for all ¢ € [d], every integer m > k and every
integer r > 2 we have

d
(2.14) Mil(by, ..., balm, k,r) < (bk(Hbfi,m, T).
i=1
We close this subsection with the following consequence of Theorem 2.3.

Corollary 2.4. Letd € N withd > 1 and by,...,bg € N with b; > 2 for all i € [d].
Also let m,k,r e Nwithm >k >1 andr > 2. If T is finite vector homogeneous
tree with by = (b1,...,bq) and

(2.15) W(T) = Mil(b1, ... b1,y bay- oy ba |m, k) +1
—_——— —_———
b1 —times by —times

then for every r-coloring of Stry, | (T) there exists R € Str0,, | (T) such that the
set Strf,, 1 (R) is monochromatic.

2.7. The “uniform” version of the finite density Halpern—Lauchli theo-
rem. We will need the following result (see [5, Theorem 3]).

Theorem 2.5. For every integer d > 1, every by,...,bg € N with b; > 2 for all
i € [d], every integer k > 1 and every real 0 < € < 1 there exists an integer N
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with the following property. If T = (Th,...,Ty) is a vector homogeneous tree with
br = (b1,...,bq), L is a finite subset of N of cardinality at least N and D is a subset
of the level product of T satisfying |D N QT(n)| = e|@ T(n)| for every n € L, then
there exists a vector strong subtree S of T of height k such that the level product
of S is contained in D. The least integer N with this property will be denoted by
UDHL(by, ..., bg4|k,€).

We point out that the case “d = 1”7 of Theorem 2.5 is due to Pach, Solymosi
and Tardos [15] who obtained the upper bound UDHL(b|k, &) = Oy (k). The proof
of the higher-dimensional case, given in [5], is effective and gives explicit upper
bounds for the numbers UDHL(by, . .., bg|k, €). These upper bounds, however, have
an Ackermann-type dependence with respect to the “dimension” d.

2.8. Embedding finite subsets of the level product of a vector homoge-
neous tree. We will need the following embedding result.

Proposition 2.6. Let d € N with d > 1 and let T = (T1,...,Tq) be a vector
homogeneous tree. Then for every integer n > 1 and every subset F' of the level
product T of T of cardinality n there exists a wvector strong subtree S of T of
height d(2n — 1) such that the set F is contained in the level product ®S of S.

Proof. Before we proceed to the details we need, first, to introduce some pieces of
notation. Specifically, let T' be a homogeneous tree and let A be a nonempty subset
of T. The level set Lr(A) of Ain T is defined to be the set {n € N: T(n)NA # (}.
Now fix a subset F' of T with |F| = n and for every i € [d] let

(2.16) F; = {t € T; : there exists (t1,...,tq) € F with t = ¢;}

be the projection of the set F' on the tree T;. Notice that there exists a subset L
of N with |L| < n such that Lz, (F;) = L for every i € [d]. Moreover, |F;| < |F| for
every i € [d]. Finally, observe that
(2.17) FC U (Ti(n) N Fy) x -+ x (Ta(n) N Fy).

nelL
By [4, Corollary 38], for every i € [d] there exists a strong subtree R; of T; of height
2n — 1 such that F; C R;. Since

(218) |LT1(R1>U"'ULTd(Rd)‘ < d(27’l—1)

we may select a subset M of N with L, (R1)U---ULq,(Rq) € M and |M| = d(2n—
1). Next, for every i € [d] we select a strong subtree S; of T; with Lz,(S;) = M
and R; C S;. By (2.17), we see that the vector strong subtree S = (Si,...,S4) of
T is as desired. ]

We point out that the bound of the height of the vector strong subtree obtained
by Proposition 2.6 is not optimal. Actually, by appropriately modifying the proof
of [4, Corollary 38| and arguing as above, it is possible to show that the desired



12 PANDELIS DODOS, VASSILIS KANELLOPOULOS AND KONSTANTINOS TYROS

vector strong subtree can be chosen to have height at most n + d(n — 1), an upper
bound which is easily seen to be sharp. Such an improvement, however, has only
minor effect on the estimates obtained in the rest of the paper, and so, we prefer
not to bother the reader with it.

2.9. Probabilistic preliminaries. For every 0 < 6 < ¢ < 1 and every integer
k > 2 we set
k(k—1)
9.19 20, e, k) = {7W
(219) (0.2 = [ 5=,

We will need the following well-known fact. We give the proof for completeness.

Lemma 2.7. Let0< 0 <e<1andk,N e Nwithk >2 and N > ¥(0,¢,k). Also
let (AN, be a family of measurable events in a probability space (2,3, 1) such
that p(A;) > € for all i € [N]. Then there exists a subset F' of [N] of cardinality k
such that
(2.20) u( N AZ-) > gk,

i€F
Proof. Let A be the set of all functions o: [k] — [N] and set B={c € A: 0 is 1-1}.
Notice that

k(k—1

(2.21) B < 2D

By our assumptions and Jensen’s inequality, we see that

([5ma) = [ () o

Nk-1,

(2.22) b NF

N

k k
= / > rawdn=>" “( N Ao(z‘))
ceAi=1 ceA 1=1
k k
= 2 “( N Aa(i)) +2 ﬂ( N Ao(i))
ceA\B i=1 ceB i=1

(2.21) _
2 k(k—1)

TNkfl + Z u( ﬁ A(,(i)).

oceB i=1
Since N > (0, e, k) we obtain that
k k
1 222) 1 k(k-1) &
(2.23) Eoes u(nAo(i)) >m2u(nAgm) > - 20
1=1 c€eB =1
and the proof is completed. (I

We will also need three elementary variants of Markov’s inequality. We isolate
them, below, for the convenience of the reader.

Fact 2.8. Let0<a <1, Ne Nwith N >1 and ay,...,ay in [0,1]. Assume that
Eicinjai = a. Then for every 0 <~y < a we have |[{i € [N]:a; > a —~v}| = yN.
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Fact 2.9. Let 0 < a <1, N e Nwith N > 1 and ay,...,ay in [0,1] such that
Eieinjai = a. Also let v > 0 and assume that |{i € [N] : a; > a+~*}| < +*N.
Then |{i € [N]:a; Za—~} > (1—+)N.

Fact 2.10. Let N € N with N > 1 and aq,...,an in [0,4+00). Also let ,A > 0
and assume that Eiejnja; < 0. Then [{i € [N]:a; <OX'} > (1—-A)N.

3. PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1 stated in the introduction. It
is organized as follows. In §3.1 we define certain numerical parameters. In §3.2 we
give the proof of Proposition 1.2 while in §3.3 we present some of its consequences.
As we have already mentioned, Proposition 1.2 is the main “pigeonhole principle”
in the proof of Theorem 1.1. It is used in §3.4 where we show that we can always
pass to a vector strong subtree R for which we have significant control for the events
indexed by the level product of every initial subtree of R. The proof of Theorem
1.1 is completed in §3.5. Finally, in §3.6 we give a combinatorial application.

3.1. Defining certain numerical parameters. Let d € N with d > 1 and
bi,...,bg € N with b; > 2 for every i € [d]. Also let 0 < e < 1. We set

(3.1) Cor(by,...,bale) = X(g/4,¢/2, UDHL(by, ..., b4|2,£/2))
where (0, ¢, k) is defined in (2.19). Next we set

Cor(bl,...,bd|6)—2 (Hd b(?i)m+1 B (Hd bi)m+1

1=1"1 i=1

3.2 Q(by,...,bgle) =
( ) (1 d|) m=0 Hleb?i—l_[lebi

and we define
o\ UDHL(b1,....b4]2,/2)
(%)

3.3 bi,...,b4le) =
( ) 6( ' d‘ ) Q(bla"'abd|€)
Recursively we define a sequence of positive reals by the rule
fl(bla ey bd|€) =g,
(3.4)
§k+1(b17 RPN bd‘€) = g(bl, ey bd|£k(b1, ‘e ay bd|€))

and for every integer n > 1 we set

(3.5) c(by,...,baln, €) = Eaan—1)(b1, ..., bale).

3.2. Proof of Proposition 1.2. Clearly we may assume that
h(T) = Cor(by,...,bqle).

For every n € {0,...,Cor(by,...,bqle) — 1} we select Q,, € ¥ with u(Q,) > /2
such that for every w € Q,, we have

(3.6) {t € @T(n) : w € A¢}| > (¢/2)|® T(n).
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By (3.1) and Lemma 2.7, there exists a subset L of {0,...,Cor(by,...,bqle) — 1}
with

(3.7) |L| = UDHL(by, .. ., ba|2,/2)

such that, setting G = Q,,, we have

nelL
e UDHL(b1,...,ba|2,6/2)

(35) u(@) > (3) .

Let w € G be arbitrary and set D, = {t € ®T : w € A¢}. By (3.6), for every n € L

we have |D, N ®@T(n)| > (¢/2)|® T(n)|. Hence, by (3.7) and Theorem 2.5, there

exists F, € Stro(T) with ®F,, C D,,. Now observe that, by Fact 2.1 and (3.2), we

have [Stra(T)| = Q(b1,-..,bale). Thus, invoking (3.3) and (3.8), we see that there

exist F € Stro(T) and G’ € ¥ with u(G') = &(b1,...,bgle) such that G’ C G and

F, = F for every w € G'. Therefore,

(3.9) () Ac) 2 (@) >0 bale)
teF

and the proof is completed.
3.3. Consequences. Proposition 1.2 will be used in the following form.

Corollary 3.1. Letd € N withd > 1 and by,...,bq € N with b; > 2 for alli € [d].
Also let k € N and 0 < € < 1. Assume that S = (S1,...,54) is a finite vector
homogeneous tree with bg = (by,...,bq) and

(3.10) h(S) = (k+1) + Cor(by, ..., bgle)

and {As : s € ®S} is a family of measurable events in a probability space (2, %, )
such that for every P € Sty ,(S) we have

(3.11) u( N AS) > e

seRP

Then there exists G € Strl,2+3(S) such that

(3.12) u( N As> > €(by, ..., bale).
SERG

Proof. We will reduce the proof to Proposition 1.2 using the notion of vector canon-
ical isomorphism. To this end we need, first, to do some preparatory work. We set
h=h(S) — (k+1) and B = (b7",...,b5").

Let s € ®S(k + 1) be arbitrary and write Succg(s) = (S5,...,55). For every
i € [d] the finite homogeneous trees bi<h and S} have the same branching number
and the same height. Therefore, as we described in §2.5, we may consider the
canonical isomorphism If: bfh — S7. The same remarks apply to the finite vector
homogeneous trees B and Succs(s). Thus we may also consider the vector canonical
isomorphism Is: ® B — ®Succs(s) given by the family of maps {I5 : i € [d]} via
formula (2.9). Notice that for every s,t € ®S(k + 1) and every i € [d] if S§ = S}
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(that is, if the finite sequences s and t agree on the i-th coordinate), then the maps
I¥ and It are identical. This coherence property yields the following fact.

Fact 3.2. For every £ € {1,...,h} and every U € Stry(B) there exists a unique
Gu € Str’(“kH)M(S) such that

(3.13) RGu = (®S k) U{Is(u):s € @S(k+ 1) and u € U}.

After this preliminary discussion we are ready to proceed to the proof. For every
u € ®B we set

(3.14) = () 40 () Anw-
te®Slk SE®S(k+1)

First we claim that u(By) = ¢ for every u € ®B. Indeed, let u € ®B be arbitrary
and notice that u € Stry(B). Hence, by Fact 3.2 and the definition of the set By
in (3.14) above, there exists Gy, € Str},(S) such that

(3.15) Ba= (] A
te®Gy

and the claim follows from our hypotheses. Next we observe that

(3.16) B(B) = h(S)— (k+1) = Corlbr,....bale).

Therefore, by Proposition 1.2, there exists F € Stro(B) such that

(3.17) ( N B) £(by,. .., bale).

ue®F
Invoking Fact 3.2 and (3.14) again, there exists Gg € Str}, 5(S) such that
(3.18) () Ba= [] Ae
ue®F te®Gr
Combining (3.17) and (3.18), the result follows. O

3.4. Control of initial subtrees. This subsection is devoted to the proof of the
following lemma which is the last step towards the proof of Theorem 1.1.

Lemma 3.3. Letd € N withd > 1 and by,...,bqg € N with b; > 2 for all i € [d].
Also let 0 < ¢ < 1. If T = (Th,...,Tq) is a vector homogeneous tree with
br = (b1,...,bq) and {A¢ : t € @T} is a family of measurable events in a probabil-
ity space (2, %, 1) satisfying p(Ag) = € for every t € QT, then there exists a vector
strong subtree R of T of infinite height such that for every k € N we have

(3.19) ( ﬂ A ) 2 &py1(b1, -, bale)
re®@R [k
where Egy1(b1, ..., bgle) is defined in (3.4).

Proof. Recursively, we shall construct a sequence (Ry) of vector strong subtrees of
T of infinite height such that for every k& € N the following conditions are satisfied.
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(C1) We have Ry | k =Ry [ k.
(C2) For every G € Stry, ,(Ry) we have

(3.20) ( N At) Eora(bi, ... bale).

te®G
To select the tree Ry we argue as follows. Let
(3.21) F= {F € Stry(T ( N At) > &(by, .. .,bd|s)}.
tEQF

Applying Theorem 2.2, we may find S € Stro(T) such that either Stry(S) C F or
Stra(S) N F = 0. Since pu(As) > ¢ for every s € ®S, by Proposition 1.2, we see
that Stro(S) N F # (). Therefore, Stra(S) C F. We set “Ry = S” and we observe
that condition (C2) is satisfied. Since condition (C1) is meaningless for “k = 07,
the first step of the recursive selection is completed.

Let £ € N and assume that the trees Ry,...,R; have been selected so that
conditions (C1) and (C2) are satisfied. We set

(3.22) G = {GEStrk+3 (Ry,) : ( N At> Errs bl,...,bd|s)}.

te®G
Arguing as above and using Theorem 2.2 and Corollary 3.1, we see that there exists
S € Str® (Ry) such that Str’,erg(S) C G. Weset “Ri41 = S” and we observe that
with this choice conditions (C1) and (C2) are satisfied. The recursive selection is
thus completed.

Now let R be the unique vector strong subtree of T such that R [ kK =Ry [ k
for every k € N. Notice that, by condition (C1), R is well-defined. Let k € N
be arbitrary. If k = 0, then R | 0 is just the root R(0) of R; so in this case
(3.19) follows from our hypotheses. If & > 1, then by condition (C1) we see that
RTkE=Ry ke StrkH(Rk 1). Therefore, by condition (C2),

(3.23) M( ﬂ Ar) 2 g(k,1)+2(b1,...,bd|6) :fk+1(b1,...,bd|6)

re®@R [k
and the proof is completed. O
3.5. Proof of Theorem 1.1. Let
(3.24) C = {R € Stroo(T) : ( ﬂ A ) > &y1(b1, ..., bgle) for every k € N}.
re@R[k

It is easy to see that C is a closed subset of Stro(T). By Theorem 2.2 and Lemma
3.3, there exists S € Stro(T) such that Stro.(S) C C. The vector strong subtree S
is the desired one. Indeed, let n € N with n > 1 and let F' be an arbitrary subset of
®S of cardinality n. By Proposition 2.6, there exists a vector strong subtree G of S
of height d(2n —1) such that FF C ®G. Observe that there exists R € Stro(S) such
that, setting k = d(2n — 1) — 1, we have that G = R | k. Since R € Stro(S) C C,

(3.25) ( ﬂ At) > ( ﬂ At> > Eq(an—1)(b1, - - ., bale) 32 c(by, ..., bg|n,e).
te®G
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The proof of Theorem 1.1 is completed.

3.6. A combinatorial application: random colorings of strong subtrees.
An old problem of Erdds and Hajnal [8, page 115] asked whether given a family
{Agnmy + {n,m} € [NJ?} of measurable events in a probability space (2,3, 1)
satisfying p(Agp, my) =€ > 0 for every {n,m} € [N]? there exists an infinite subset
L = {ng <mny < ...} of N such that the set [);cn An,,
problem is pointing towards obtaining a “random” version of the classical Ramsey

nisi} 18 nonempty. This
theorem [16] and it was resolved by Fremlin and Talagrand in [9] who showed that
there exists a critical threshold: if the underlying probability space is the unit
interval with the Lebesgue measure, then such an infinite subset L can be found if
and only if € > 1/2.

One can consider a “tree” version of the Erdés—Hajnal problem where doubletons
of N are replaced with strong subtrees of height 2 of a fixed homogeneous tree T
and infinite subsets of N with strong subtrees of T of infinite height. Of course,
such a question asks if a “random” version of Milliken’s theorem [13, 14] holds true.
Since we can naturally “code” doubletons of N with elements of Stry(7) via their
level set, we see that in the “tree” version one will also face threshold phenomena.
Such threshold phenomena, however, do not occur if we restrict our attention to
strong subtrees with a fixed root.

Corollary 3.4. Let b e N withb > 2 and 0 < e < 1. Also let T be a homogeneous
tree with branching number b and {Ag : S € Stra(T)} a family of measurable events
in a probability space (2, X, 1) satisfying u(Ag) = € for every S € Stro(T). Then
there exists a strong subtree R of T of infinite height such that for every integer

n =1 and every Si,..., Sy, € Stra(R) with S1(0) = --- = S,(0) we have
3.26 Ag. ) = c(b,...,b|n,e
(3.26) M(Dl sl) (bt. n,e)

where the constant in (3.26) is as in Theorem 1.1.

Proof. Let Z € Stroo(T') be arbitrary and set z = Z(0). Write the set ImmSuccz(z)
in lexicographical increasing order as {21 <jex -+ <lex 25} and set

(3.27) S = (Succz(21), ..., Sucez(2)).

Notice that there exists a natural isomorphism ® : ®S — Stry(Z) defined by
®((s1,...,8)) = {z} U{s1,...,s}. Using this observation, the result follows by
Theorem 1.1 and a standard recursive construction. O

4. TWO “AVERAGING” LEMMAS

This section is devoted to the proof of two “averaging” lemmas. Both are stated
in abstract form and concern the structure of real-valued functions of two variables.
They will be applied in §6. Before we proceed to the details we need, first, to define
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some auxiliary quantities. Specifically, for every 0 < a < f < landevery0 < p <1

we set
(4.1) % =0(a, B, 0) = (B+0® —a)'/?,
(4.2) n =nla B0 = (v +)"?
and

(4.3) Y2 = 72(a, B, 0) = (71 + 1) "2

We isolate, for future use, the following elementary properties.

(P1) Wehave5+gz:a+’y§:(af'yo)Jr'yl?:(affyof’yl)Jr'y%.
(P2) We have 0 < 0 < 79 < 71 < 72
(P3) If vo < (a/4)%, then 1 < (270)1/2, Yo < 27(1)/4 and o — 9 —y1 — Y2 = /4.

We are ready to state the first main result of this section.

Lemma 4.1. Let 0 < a < S <1 and 0 < p < 1 and define v9,71 and 2 as in
(4.1), (4.2) and (4.3) respectively. Assume that

(4.4) w< (%)

Assume, moreover, that we are given
(a) two nonempty finite sets S and W,
(b) an integer h > 1 and a partition {So,...,Sn—1} of S, and
(¢) a function f: S x W — [0,1] such that EyewEn<pEses, f(s,w) > a.
Then, either
(i) there exist wg € W and Ny C {0,...,h — 1} with |No| = 03h such that,
setting
(4.5) Ao ={s€S8: f(s,wo) =B+ 0*/2},
we have |Ag N Sy| = 03|S,| for every n € Ny, or
(i) there exists W* C W with [W*| = (1 —v9)|W| and satisfying the following.
For every w € W* there exists N, C {0,. .., h—1} with IN}| = (1—y1—0%)h
such that, setting
(4.6) A ={seS: f(s,w) Za—v—7 —Y2},
we have |[A%, NS,| = (1 — 72)|Sy]| for every n € Nji.

Proof. We will consider four cases. The first three cases imply that alternative
(i) holds true while the last one yields alternative (ii). First we need to do some
preparatory work. Precisely notice that, by (4.4), we have vy < 4~*. Therefore, by
property (P2), we see that o < 47%. Also, for every w € W we set

(4.7) Ay ={s€S: fs,w) > B+ 0%/2},

(4.8) I,={n<h:Ess, f(s,w) =+ 92}
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and
(4.9) Ky={n<h:|A,NS,| > 0°Sal}.
We are now ready to consider cases.

CASE 1: there exists wg € W such that E,pEgcs, f(s,wg) = B+ 0°. In this case
we set

(4.10) No=A{n < h:Ees, f(s,wo) = B+ 30°/4}.

Recall that o < 471, Hence, by Fact 2.8, we see that [Ny| > 0®h. Next we set
Ag = Ay, . Invoking Fact 2.8 once again and using the definition of Ny we see that
Ao N'S,| = 0%[S,| for every n € Ny. Therefore, this case implies part (i) of the

lemma.

CASE 2: there exist wg € W such that |L,,| > 0*h. By Fact 2.8, we see that
|Awy NSn| = 0%S,| for every n € I,,,. We set Ag = Ay, and Ny = I, and we
observe that with these choices the first part of the lemma, is satisfied.

CASE 3: there exist wg € W such that |K,,| > 0°h. In this case we set Ag = Ay,
and Ny = Ky,
satisfied.

o- It is easily seen that with these choices part (i) of the lemma is

CASE 4: none of the above cases holds true. Notice that, in this case, for every
w € W we have

(H1) E,<pEses, f(s,w) < B+ 0?,
(H2) |I,] < ¢*h and
(H3) |Ky| < @°h.

We set ag = a — 79 and

(4.11) W ={weW:E,cpEses, f(s,w) = ap}.

Claim 4.2. We have [W*| > (1 — )| W]|.

Proof of Claim 4.2. By assumption (c) of the lemma we have

(4.12) EwewEn<nEses, f(s,w) > a.

On the other hand, by property (P1) and (H1), we see that

(4.13) E,<nBses, f(s,w) < a+13

for every w € W. Invoking Fact 2.9 the result follows. O
Now we set a; = g — 1. Observe that oy = o —y9 — 1. For every w € W* let

(4.14) Ny ={n<h:Es, f(s,w) > ai}.

Claim 4.3. For every w € W* we have [Nyy| = (1 —1)h.



20 PANDELIS DODOS, VASSILIS KANELLOPOULOS AND KONSTANTINOS TYROS
Proof of Claim 4.3. Let w € W* be arbitrary. Notice first that, by (H2), the
definition of the set I, in (4.8) and property (P1), we have

(4.15) {n < h:Eges, f(s,w) = ap + 77} < 0°h.

On the other hand, since w € W* we have E,,«,Eses, f(s,w) > ag. By Fact 2.9
the result follows. |

Next we set g = a3 — 72 and we notice that as = o — vy — 71 — 72. Finally, for
every w € W* let

(4.16) Ny =N\ K.
Notice that, by Claim 4.3 and (H3), for every w € W* we have
(4.17) NGl = (1 =7 = o*)h.

We will show that the set W* defined in (4.11) and the family {N} : w € W*}
satisfy part (ii) of the lemma. By Claim 4.2 and (4.17), it is enough to show that
for every w € W* and every n € N we have that |[A% NS,| = (1 — 12)|S,|. So,
let w € W* and n € N be arbitrary. Since n € N C N, by (4.14), we have
Escs, f(s,w) = ay. Moreover n ¢ K,,, and so

(4.18) {s € So: fls,w) = an+3} B [{seSu: fls,w) > B+ o)
w) =

< {s€8n: fls,w) =B+ 0%/2}
(P2)
LD A, NS < PISal < Ah.

By Fact 2.9, we conclude that |A% NS,| = (1 — 12)|S,|. Thus, this case implies
that part (ii) of the lemma is satisfied. The above cases are exhaustive, and so, the
proof of Lemma 4.1 is completed. O

The following lemma is the second main result of this section.

Lemma 4.4. Let 0 > 0. Assume that we are given

(a) two nonempty finite sets S and W,

(b) an integer h > 1 and a partition {So,...,Sh—1} of S, and

(¢) a function g: S x W — [0, +00) such that EyewEn<nEses, g(s,w) < 6.
Then for every 0 < X < 1 there exists Wy C W with |W5| > (1 — X\)|W| and
satisfying the following. For every w € WY there exists /\/’1’;7)\ c{0,...,h—1} with
N Al = (1= Nh such that, setting
(4.19) AL ={s €8 g(s,w) <OA?},
we have A}, \ N Sul = (1 = N)[Sp| for every n € Nj 5.

Proof. We fix 0 < A < 1. Let Wi = {w € W : E,cpEses, g(s,w) < 60X}
Also, for every w € W5 let Ny = {n < h : Eees,9(s,w) < OA"?}. Applying
Fact 2.10 successively three times, it is easy to see that the set YW} and the family
{5 w € WK} satisfy the requirements of the lemma. O
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4.1. Consequences. Lemmas 4.1 and 4.4 will be used, later on, in a rather special
form. We isolate, below, the exact statement that we need.

Corollary 4.5. Let 0 < a < B <1 and 0 < o < 1 and define vy,71 and v2 as in
(4.1), (4.2) and (4.3) respectively. Also let 0, > 0 and b,p,q € N with b,p,q > 1.
Assume that

(4.20) 70 < (1o1

12bp

Assume, moreover, that we are given

4 «
< —.
) and A < 120q

(a) two nonempty finite sets S and W,

(b) an integer h > 1 and a partition {So,...,Sh-1} of S,

(c) an integer M > 1 and a partition {W1,..., War} of W such that |Wg| = b
for every k € [M],

(d) a subset A of [M] with |A| > (a/10)M,

(e) for every j € [p] a function fj: S x W — [0,1] such that

(421) EwEWEn<hE’SESnfj(S7w) Z a,
(f) for every r € [q] a function g,: S x W — [0, 400) such that
(4.22) EwewEn<nEses, gr(s,w) < 6.

Then, either
(i) there exist jo € [p], wo € W and Ny C {0,...,h — 1} with |[Ny| = 03h such
that, setting

(4.23) Ag={seS: fj,(s,wp) =+ 0%/2},
we have |Ag N S,| = 0%|S,| for every n € Ny, or
(ii) there exist ko € A and N* C {0,...,h — 1} with [IN*| > 0°h such that,
setting o' = o — vy — 11 — V2 and

(4.24) A* = ﬂ m ﬂ {s€S: fi(s,w) > and g,(s,w) < ON"*},

wEWk j€[p] r€lq]

we have |A* N S,| = 03h for every n € N*.

Proof. Assume that alternative (i) is not satisfied. We will show that part (ii) of the
corollary holds true. Notice first that, by Lemma 4.1, for every j € [p] there exists
Wi CW with [Wr| > (1 —70)|W| and satisfying the following. For every w € W
there exists N ; C {0,...,h — 1} with [N} ;| > (1 — 1 — ¢®)h such that, setting
Ay ={se€S8: fi(s,w) > a—v —y — 2}, we have |AZ, ;N S,| = (1 —72)[S,|
for every w € WY and every n € Ny ;.

Next observe that, by Lemma 4.4, for every r € [q] there exists W} . C W with
W5l = (1 = A)|W| and satisfying the following. For every w € Wy . there exists

e ©10,... h— 1} with [Ny | > (1 — A)h such that, setting

w,\, T =

(4.25) S ={S €S g(s,w) KON,
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we have [AY | N S,| = (1 —N)[Sy]| for every n € Njj . We set

WA, T

(4.26) W=\ w;n (] Wi,
JEP] r€lq]

and we notice that
(4.27) W = (1 —pyo — g\
Claim 4.6. There ezists ko € A such that Wy, C W*.

Proof of Claim 4.6. Let B = {k € [M]: W, € W*}. Clearly it is enough to show
that |B| < |A|. To this end observe that, by (4.20), we have

a\?t « e
4.2 <(g) +5 <10
(4.28) bpyo + bgA =) T <10
Since {Wy, ..., W} is a partition of W with [Wy| = b or every k € [M],
(4.27)

ce (4.28)
(429) [Bl < WAW' < (pyo + gN)WI < (pyo +qMdM < (a/10)M < | A
and the claim is proved. ([

Now let
(4.30) M= ) (N Mas 0 ) M)
wEWrk,  jE[p] r€lq]

We will show that the integer ko obtained by Claim 4.6 and the set N™* satisfy the
requirements imposed in the second part of the corollary. First we will show that
IN*| = ¢®h. Since o < 40 < 1/12%, it is enough to prove that |[N*| > (3/4)h.
To this end notice that, by Claim 4.6 and part (c) of our assumptions, we have
Wi, € W* and Wy, | = b. Now recall that |V ;| > (1 =y — ¢°)h for every j € [p]
and every w € Wj while |Njj || > (1 — A)h for every r € [g] and every w € W5 .
Taking into account these remarks and invoking (4.26) and (4.30), we see that

(4.31) V* = (1= b(pm +pe’ + g)))h.

Using (4.20) and properties (P2) and (P3) isolated after (4.3), we also have that
1 1

(4.32) b(pyr + po® + g\) < b(p(270)"2 + p1i + ) < 35 =71

Therefore, |N*| > (3/4)h as claimed. Next we work to show that for every n € N'*
we have that |A* NS, | = 03|S,|. Observe that it is enough to prove that

(4.33) A" NSl > (3/4))S0]
for every n € N*. So let n € N** be arbitrary. Notice that
(4.34) A= N ( N 2.0 N A;,A,r).
wEWr,  j€p] relq]
Arguing as above and using the estimates for the size of the sets Ay ; NS, and

A* NS, we see that

WA, T

(4.35) A" NS, = (1= b(py2 + qN)[Snl-
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Invoking (4.20) and property (P3) once again, we have
2 1
(4.36) bz +aX) < b2y +aN) < T3+ 15 < 1

Hence, |[A* N S,| = (3/4)|Sn|. The proof of Corollary 4.5 is thus completed. O

5. OUTLINE OF THE PROOF OF THEOREM 1.5

In this section we shall give a detailed outline of the proof of Theorem 1.5. Very
briefly, and oversimplifying dramatically, the proof is based on a density increment
strategy and is similar in spirit to the proof of [5, Lemma 27]. There are, however,
significant differences and, therefore, a novelty of the approach. The most impor-
tant one is that for a fixed “dimension” d, we need to apply Theorem 2.5 for a
“dimension” d’ which is much bigger compared to d. We shall comment further on
this feature of the proof below.

To proceed with our discussion we need, first, to introduce the notions of “strong
denseness” and “strong negligibility”. These concepts are our main conceptual tools
and are critical for the proof of Theorem 1.5. We start with the following definition
(see, also, [5, Definition 14]).

Definition 5.1. Let D: @ T — P(W) be a level selection. Also let S be a vector
strong subtree of T, w € W and 0 < a < 1.
(1) We say that D is (w, S, a)-dense if for every s € ®S and every r € D(s) we
have by (w) < by (r) and, moreover, dens(D(s) |w) = « for every s € ®S.
(2) We say that D is (w, S, a)-strongly dense if D is (w', S, a)-dense for every
w’' € ImmSucey (w).

Next we introduce the notions of “negligibility” and “strong negligibility”.

Definition 5.2. Let D: @ T — P(W) be a level selection. Also let F' C @T(m)
for some m < h(T), we W and 0 < § < 1.

(1) We say that the pair (F,w) is O-negligible with respect to D if for ev-
eryt € F and every r € D(t) we have ly(w) < Lw(r) and, moreover,
dens((Neer D(t) |w) < 6.

(2) We say that the pair (F,w) is strongly §-negligible with respect to D if
(F,w') is O-negligible for every w' € ImmSuccy (w).

Notice that “negligibility” is, essentially, the converse of the notion of “strong
correlation” introduced in Definition 1.4. Indeed, let D: ® T — P(W) be a level
selection, F € Stro(T) and w € D(F(0)). Also let 0 < 6 < 1. Then observe that
either the pair (F,w) is strongly #-correlated with respect to D, or there exists
p € {0,...,by — 1} such that the pair (F(1),w"%p) is O-negligible.

After this preliminary discussion we are ready to comment on the proof. So let
T be a finite vector homogeneous tree with b = (by,...,bs), W a homogeneous
tree with by = bgy1 and D: ® T — P(W) a level selection of density € and of
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sufficiently large height. Recall that we need to find a pair (F,w) which is strongly
#-correlated with respect to D, where 6 is an appropriately chosen positive constant
that depends only on by, ...,bg,b441 and €.

The first observation we make—an observation which is quite standard in proofs
of this sort—is that we can assume that we have “lack of density increment”. This
means that we cannot increase, significantly, the density of the level selection D
by restricting its values to a subtree of the form Succy (w) for some w € W. This
assumption is easily seen to be equivalent to a strong “concentration hypothesis”
for a probability measure on ®T introduced by Furstenberg and Weiss in [11]. We
will not comment further on this part of the proof. Instead we refer the reader to
[5, §4] for a detailed exposition.

Next, with the “concentration hypothesis” at hand, we devise a “greedy” algo-
rithm in order to find the desired pair (F,w). This algorithm will terminate after
at most K = UDHL(by, ...,b4|2,¢/(4b411)) iterations. Of course, it is crucial that
the number of iterations is a priori controlled.

After the n-th iteration we will have as an input a vector strong subtree Z,, of
T of sufficiently large height and a node w, € W such that the level selection D
is (i, Suceyz,, (z), &, )-dense for every z € ®Z,,(n), where &, is roughly equal to e.
We will also be given a subset T',, of ®Z,, | (n — 1) and a small constant 8,, such
that the pair (®F(1),w,,) is 0,,-negligible for every F € Stry(Z,,) with F(0) € T',,
and ®F (1) C ®Z,,(m) for some m > n.

First we show that we can select a node w € Succew (w,,) and a vector strong
subtree S of Z,, of sufficiently large height, with S | n = Z,, [ n and such that the
pair (®F(1),w) is strongly 6,,1-negligible for every F € Stro(S) with F(0) € T',,
and ®F (1) C ®S(m) for some m > n+1. Here 6,,;1 is a numerical parameter which
is effectively controlled by 6,,. It is precisely in this step that we need to invoke
Theorem 2.5 for a “dimension” d’ which is bigger than d. Moreover, using the
“concentration hypothesis” mentioned above, we can ensure that the level selection
D is (w,Succg(s), €’)-strongly dense for every s € ®S(n + 1), where €’ is another
numerical parameter that can be arranged to be as close to € as we wish. Finally,
the node w is chosen so that the set B := {s € ®S(n) : w € D(s)} has density at
least /4 and, on the other hand, w ¢ Dy for every F € Stra(S,n) with F(0) € T,,.
The details for this selection are presented in Lemma 6.1.

The second part of the argument is based on an application of Milliken’s theorem
and is the content of Lemma 6.2 in the main text. Specifically, if we cannot find a
pair (F,w) which is strongly 6,,41-correlated with respect to D, then we may select
p € {0,...,bay1 — 1}, a vector strong subtree Z of S of sufficiently large height
and with Z [ n = S | n, as well as, a subset B’ of B of density at least £/(4bg41)
such that the pair (®F(1),w”Wp) is ,41-negligible for every F € Stro(Z) with
F(0) € B'. We set “t, 41 = w™Wp", “Zipy1 = 27 and “T'y1 =T, U B”” and we
proceed to the next iteration.
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If after K many iterations the desired pair (F,w) has not been found, then using
the sets I'y,..., 'k construct above we can easily derive a contradiction. This
implies, of course, that the algorithm will eventually terminate, completing thus

the proof of Theorem 1.5.

6. PRELIMINARY TOOLS

As we have already mentioned, our goal in this section is to develop the main
tools needed for the proof of Theorem 1.5. The first one is the following lemma.

Lemma 6.1. Let d € N with d > 1 and by,...,bg3,bq11 € N with b; > 2 for all
i€[d+1]. Let0 < a < B <1,0< o<1 and define vo, 71 and 2 as in (4.1), (4.2)
and (4.3) respectively. Also let m € N and 0, A > 0. Set ¢, = q(b1,...,bg,m),
where q(by,...,bq,m) is defined in (2.11), and assume that

4 20
! ) oA o and 0 <
12bd+1(Hi:1 bi)m—&-l 12bg419m 5m

Assume, moreover, that we are given

[0

60 o<

(a) a homogeneous tree W with by = bgy1,

(b) a finite vector homogeneous tree Z. = (Z1, ..., Zq) with bz, = (by,...,ba),

(c) a level selection D: ® Z — P(W) and £ € N such that D(z) C W({) for
every z € ®Z(m),

(d) @ node w € W with by (@) < £ and such that D is (0, Succz(z), a)-dense
for every z € ®Z(m),

(e) if m =1, a subset T' of ®Z | (m — 1) such that (G(1),w) is O-negligible
with respect to D for every G € UZ(:Z%_l Stro(Z,n) with G(0) € T.

Finally, let N € N with N > 1 and suppose that

(6.2) MZ) > (m+1)+ o *UDHL( by,...,b1,..., bg,...,ba |N,0°).
N—— N—_——

b;”’+17times bg”rlftimes

Then, either

(I) there exist w’ € W (€ + 1) N Sucew (W) and a vector strong subtree Z' of Z
with h(Z') = N such that D is (w',Z’, B + ¢*/2)-dense, or
(I) there exist w” € W(€) N Succw (W), a vector strong subtree Z" of Z with
Z'"'m=2Z1m and h(Z") = (m+ 1)+ N, as well as, B C ®Z(m) with
|B| > («/2)|® Z(m)| satisfying the following.
(II1) We have w" € (), D(z). On the other hand, w” ¢ (,cqcn) D(2)
for every G € Stra(Z,m) with G(0) € T
(I12) The level selection D is (w"”, Succzy (z), a—~yo — 1 —Y2)-strongly dense
for every z € ®Z"(m + 1).
(II3) If G € Stra(Z",n) for somen € {m+1,...,h(Z")—1} with G(0) € T,
then the pair (RG(1),w") is strongly (OX~3)-negligible with respect to
the level selection D.
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Proof. We will give the proof under the assumption that m > 1. If m = 0, then the
proof is similar and, in fact, simpler since Step 4 below is not needed. We will use
Corollary 4.5. To this end we need, of course, to define all necessary data. First we
set W =W (£+ 1) N Sucew (w). Also we will define

(1) a finite vector homogeneous tree S = (S, ...,S,) with n = Z@ Lot
(2) asubset A of W(¢) N Succy (0),

(3) for every z € ®Z(m + 1) a function f,: ® S x W — [0,1] and

(4) for every F € Stra(Z,m + 1) a function gr: ® S x W — [0, 1].

Step 1: defining the finite vector homogeneous tree S. For every i € [d} let pi = bm"’1

and notice that the cardinality of Z;(m + 1) is p;. Let {2 <jex - <lex Z .} be the
lexicographical increasing enumeration of Z;(m + 1). For every i € [d] and every
j € [pi] let S} = Succyz,(z}) and set S = (S;'-)?Zlg":l. It is clear that S is a finite
vector homogeneous tree with h(S) = h(Z) — (m + 1). Moreover,

(6.3) bs = (b1 byseees bae by ).
——— ~———
b;"‘*'lftimes b;"'*'lftimes

The vector homogeneous trees Z and S are naturally associated. Precisely, let
z = (z1,...,24) € QZ(m + 1) and let i € [d] be arbitrary. Our assumptions
permit us to define the “projection” 7i: ® S — Succy, (z;). Formally it is defined
4 P | € ®S, then 7, (s) is the unique node s} such that

as follows: if s = (Sé)izl,jz

s € Succg, (z;). Notice that 7, is onto. We will also need the “full-projection”

II,: ®S — ®Succz(z) defined by II,(s) = (m4(s), ..., m3(s)). Clearly II, is onto.

Step 2: defining the set A. Let C be the subset of W (¢) N Succy (w) defined by
(6.4) welC&s |{ze@Z(m):we D(z)} = (af2)|® Z(m)|.

Using condition (d) of the statement of the lemma, it is easy to verify that
(6.5) |C| = (a/2)|W (£) N Succyy (0)].

Also let G = {G € Stra(Z,m) : G(0) € I'}. Invoking hypothesis (e) and Fact 2.1,
we obtain that

(6.6) dens(J () D

Gegze®G(1)

w) < [Stra(Z,m)|6

(6.1)
< |Stra(Z,m+1)|6 = g0 < 2a/5.

We set
(6.7) A:C\( U N pe

GEGze®G(1)

Combining the previous estimates, we see that |A| > («/10)|W (¢) N Succw (w)].
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Step 3: defining the family {f, : z € ®Z(m + 1)}. For every z € ®Z(m + 1) define
Ja: @S xW —[0,1] by

(6.8) fa(s,w) = dens(D(Hz(s)) |w)
Notice for every z € ®Z(m + 1) we have

(6-9) EwEWEn<h(S)ESE®S(n)fZ(57w) 2 a.

Indeed, to verify (6.9) it is enough to show that for every z € ®Z(m + 1) and
every s € ®S we have E,ew fz(s,w) > a. Solet z € ®Z(m + 1) and s € ®S
be arbitrary. Also let L(D) = {¢,, : 0 < n < h(Z)} be the level set of D. By
conditions (c¢) and (d), we have ly (@0) < £ = {,,,. Moreover, II,(s) € ®Succz(z)
and so D (II,(s)) € W(l;) for some k € {m+1,...,h(Z)—1}. Taking into account
these remarks and using the fact that the tree W is homogeneous and condition
(d), we conclude that

(610) IE’wEV\}fz (S, w) = EwEW(€+1)ﬁSuccw (u?)dens (D (Hz (S)) | ’U))
dens(D(Il,(s)) | w) > a.

Step 4: defining the family {gr : F € Stra(Z,m+1)}. In this step we need, first, to
do some preparatory work. Specifically, let F = (F},..., Fy) € Stra(Z,m + 1) and
s € @S be arbitrary. For every i € [d] let GF, = {F;(0)} U{mi(s) : z € ®F(1)} and
define Gf = (GE,,...,GE ;). Tt is easy to see that GE is a vector strong subtree
of Z of height 2 and with GF(0) = F(0). In fact, notice that GF € Stry(Z,n) for
some n € {m+1,...,h(Z) — 1} depending only on the length of s.

Now, for every F € Stra(Z, m + 1) we define gp: ® S x W — [0,1] by

(6.11) gr(s,w) = dens( ﬂ D(z) w).

2EQGF (1)
We isolate, for future use, the following fact: for every F € Stro(Z,m + 1) with
F(0) € I' we have

(6.12) EwewEn<n(s)Esegsm)gr(s,w) < 0.

This can be easily checked using condition (e) and arguing as in Step 3.

Applying Corollary 4.5. Recall that we have already set W = W (£+1) NSuccw (w).
Let § = ®S, h = h(S) and S,, = ®S(n) for every n € {0,...,h(S) — 1}. Also let
M = |W(£)NSuccy (@)| and enumerate the set W (£)NSuccy () as {wy, : k € [M]}.
Moreover, set A = {k € [M] : w, € A} and Wy, = ImmSuccw (wy) for every
k € [M]. Tt is clear that {So,...,Sp—1} and {Wy,..., W} are partitions of S and
W respectively. Since the branching number of the tree W is bg11, we see that
[Wi| = bgy1 for every k € [M]. Also, by the estimate on the size of the set A
obtained in Step 2, we have that |A| > («/10) M.
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Next set p = |® Z(m + 1)|. Also let F = {F € Stro(Z,m + 1) : F(0) € '} and
denote by ¢ the cardinality of the set F. Clearly p = H?zl b:-”H and, by Fact 2.1,

q < ¢m. Hence, by (6.1), we see that

« 4 «
.1 < 7) dd ——.
(6.13) o <1de+1p o 12b4119

By the above discussion and taking into account (6.9) and (6.12), we conclude that
Corollary 4.5 can be applied for the maps {f,:z € ®Z(m + 1)} and {gr : F € F}
and the data we described above.

Assume, first, that part (i) of Corollary 4.5 is satisfied. Therefore, there exist
zo € QZ(m + 1), wo € W(¢ + 1) N Sucew (w) and Ny C {0,...,h(S) — 1} with
INo| = 03h(S) such that

(6.14) |Ag N @S(n)| = 0°| @ S(n)|

for every n € Ny, where Ag = {s E®S: fo(s,wo) =B+ Q2/2}. Notice that

(6.15) No = 0*n(S)=0*(h(Z) — (m+1))
6.2) ,
= UDHL(bl,...,bl,...,bd,...,bd|N,Q).
——— —
b7 —times b;n_*'lftimes

By (6.3), (6.14), (6.15) and Theorem 2.5, there exists a vector strong subtree S’ of
S with A(S’) = N and such that ®S’ C Ag. We set Z' = (m (®5'),..., 7 (®S'))
and w’ = wy. Notice that Z’ is a vector strong subtree of Z of height N. Moreover,
the inclusion ®S’ C Ag and the definition of Ay yield that the level selection D is
(w',Z', B+ 0?/2)-dense. So this case implies part (I) of the lemma.

Now assume that part (ii) of Corollary 4.5 holds true. As the reader might have
already guess, we will show that part (II) of the lemma is satisfied. Specifically, by
our assumption, there exist w” € A and N* C {0,...,h — 1} with [N*| > 0®h(S)
such that, setting o’ = o — 99 — 71 — 72 and defining A* C ®S by the rule

(6.16) s€A* & fu(s,w) > and gr(s,w) < OA 73 for every F € F,
every z € ®Z(m + 1) and every w € ImmSuccy (w")

we have |A* N ®@S(n)| = 0*h(S) for every n € N*. Arguing precisely as above and
using Theorem 2.5, we see that there exists a vector strong subtree S” of S with
h(S"”) = N and such that ®S” C A*. For every i € [d] let

(6.17) Z!' = (Z; | m) U{n(®8") :z € ®Z(m + 1)}

and set Z" = (Z{,...,ZY). Tt is easy to check that Z" is a vector strong subtree
of Zwith Z” [m =27 | m and h(Z") = (m+1) + N. Also we set

(6.18) B ={z€ ®Z(m):w" € D(z)}.

Since w” € A C C, by (6.4), we have |B| > (a/2)|® Z(m)|. We will show that the
node w”, the vector strong subtree Z” and the set B satisfy (II1), (I12) and (1I3).
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By the definition of the set B we have w” € (1,5 D(z). On the other hand,
w" € A. Thus, by the choice of the set A in (6.7), we see that w” ¢ (\,cqq1) D(2)
for every G € Stra(Z, m) with G(0) € I'. Therefore, part (II1) is satisfied. Next
recall that ®S” C A*. Hence, f,(s,w) > o for every z € QZ(m+1), every s € ®S”
and every w € ImmSuccy (w”). This is equivalent to saying that the level selection
D is (w”,Succz (z), . — 9 — 71 — 7y2)-strongly dense for every z € ®Z"(m + 1).
So, part (I12) is also satisfied. To verify part (II3), fix G € Strz(Z”,n) for some
n e {m+1,....,h(Z") — 1} with G(0) € I. Observe that there exist a unique
F € Stra(Z, m 4+ 1) with F(0) = G(0) and a (not necessarily unique) s € ®S” such
that G = GE. Hence, for every w € ImmSucey (w”) we have

(6.19) dens( N D w):dens( N D)

ze®G(1) zeGE (1)

w) = gr(s,w).

Moreover, since ®S” C A* we have gp (s, w) < OA~3 for every w € ImmSuccyy (w”).
Combining the previous remarks we conclude that the pair (G(1),w"”) is strongly
(OA=3)-negligible with respect to D, and so, part (II3) is satisfied. The proof of
Lemma 6.1 is thus completed. O

The following lemma is the second main result of this section.

Lemma 6.2. Let d € N with d > 1 and by,...,b3,bq11 € N with b; > 2 for all
ield+1]. Alsoletm e N and 0 < 0 < 1. Assume that we are given
(a) a homogeneous tree W with by = bgi1,
(b) a finite vector homogeneous tree Z = (Z1, ..., Zq) with bz, = (by,...,bq),
(c) a level selection D: @ Z — P(W),
(d) a nonempty subset B of ®Z(m) and a node w € W with w € (,cp D(z).

Finally, let N € N with N > 1 and suppose that

(6.20) WZ) = (m+1)+Mil(by, ..., b1, ba ..., ba |N, 1, Tz 0™,
by —ti bg—ti
1 —times 4—times

Then, either

(i) there exists F € Strao(Z) with F(0) € B such that the pair (F,w) is strongly
0-correlated with respect to D, or

(ii) there exist a wvector strong subtree Z' of Z with Z' | m = Z | m and
MZ') = (m+1)+ N, a subset I of B with [I'| > (1/bg+1)|B| and py €
{0,...,bg41 — 1} such that the pair (RG(1),w"Wpgy) is O-negligible with
respect to D for every G € Stra(Z') with G(0) € T

Proof. Let
(6.21) G ={G € Stry(Z) : G(0) € B}.

By condition (d), we see that w € D(G(0)) for every G € G. Assume that part (i)
of the lemma is not satisfied. This has, in particular, the following consequence.



30 PANDELIS DODOS, VASSILIS KANELLOPOULOS AND KONSTANTINOS TYROS

(H): for every G € G there exists p € {0,...,bgr1 — 1}, possibly depending on the
choice of G, such that the pair (RG(1),w™Wp) is O-negligible with respect to D.

We will use hypothesis (H) to show that part (ii) is satisfied. To this end we argue
as follows. We set h = h(Z) — (m + 1). For every i € [d] and every z € Z;(m) the
finite homogeneous trees b-" and Succy, (z) have the same branching number and
the same height. Therefore, as we described in §2.5, we may consider the canon-
ical isomorphism I,: b7" — Succy, (z). Notice that the canonical isomorphism I,
induces a map @ : Stry(by") — Strd (Succyz, (2)) defined by

(6.22) O, (F)={z}U{L.(u) :u e F(1)}.

These remarks can, of course, be extended to the higher-dimensional setting. Specif-
ically, set U = (b7",...,b5") and let z = (21,. .., 24) € @®Z(m) be arbitrary. Define
®,: Str)(U) — Stry(Sucez(z)) by

(6.23) O, ((F1,...,Fp) = (0., (F1),..., 0., (Fy)).

Notice that for every F € Stry(U) and every z € B we have that ®,(F) € G.
This observation and hypothesis (H) isolated above permit us to define a coloring
c: Stry(U) — {0,...,bg1 — 112 by the rule

(6.24) ¢(F) = (pz)zep < pz = min{p : (H) is satisfied for ®,(F) and p}

for every z € B.

Next observe that by = (by, .. .,bq) and |B| < |® Z(m)| =[], b™. Moreover,

i=1"1
(6.20)
(6.25) hW(U)=h=h(Z)—(m+1) > Mil(by,...,bi,...,ba,...,ba|N,1,05I).
N—— ——

b —times bg—times

Therefore, by Corollary 2.4, it is possible to find U’ = (U, ...,U}) € Str(U) and
(Pa)zeB € {0,...,bgr1 — 1} such that ¢(F) = (p,)sep for every F € Strg(U’). By
the classical pigeonhole principle, there exist a subset I' of B with |T'| > (1/bg+1)|B|
and pg € {0,...,bgr1 — 1} such that p, = pg for every z € I'. For every i € [d] let

(6.26) Zi=Z1mu |J L)
z€Z,;(m)

and define Z' = (Z1, ..., Z))). We will show that with these choices part (ii) of the
lemma is satisfied. Indeed, notice first that Z’ is a strong subtree of Z of height
(m+1)+ N and with Z' | m = Z | m. Now let G € Stry(Z’) with G(0) € T be
arbitrary. Observe that there exists F € Str9(U’) such that G = P (o) (F). Since
G(0) € I' we have pg (o) = po and so the pair (RG(1),w™Wpo) is f-negligible with
respect to D. The proof of Lemma 6.2 is thus completed. (]
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7. PROOF OF THEOREM 1.5

In this section we complete the proof of Theorem 1.5 following the analysis
outlined in §5. It is organized as follows. In §7.1 we define certain numerical
parameters. In §7.2 we state the main step towards the proof of Theorem 1.5,
Lemma 7.1 below. The proof of Lemma 7.1 occupies the bulk of this section and
is given in §7.3. The proof of Theorem 1.5 is then completed in §7.4. Finally let
deNwithd > 1, by,...,bg,bg11 € N withb; > 2 for alli € [d+ 1] and 0 < e < 1.
These data will be fized throughout this section.

7.1. Defining certain parameters. We set

23K—1

(7.1) K = UDHL(by,...,b4|2,e/(4bs11)) and T:(48b (lfld b)K)
d+1 i=1 Y

Recall that K is the number of iterations of the algorithm described in §5. On the
other hand, the quantity r will be used to control the density increment. Also let
d bi\K d K
(Hi:l by ) — (Hi:l bi)

7. =
( 2) ¢ H?:l b?i - H?:l bi

and define
c 3K—2
7.3 O(b1,...,bq,b =—
(7.3) (rs-basbasile) = (55.—5)
Next let f1, fo: N — N be defined by
(7.4) fi(n) = [1/r*JUDHL(b1,...,b1,...,ba, ..., bg|n,7?)
N—— N——
bK —times bK —times
and
(7.5) fo(n) = Mil(by, ... b1, bas - bg |n, 1, pTTE= 00570
——— ———
b1 —times by —times
for every integer n > 1, while f1(0) = f2(0) = 0. Finally, define f: N — N by
(7.6) f(n)=(fio f2)(n) +1

for every n € N.
7.2. The main dichotomy. We have the following.

Lemma 7.1. Let T be a finite vector homogeneous tree with by = (by,...,bq),
W a homogeneous tree with byy = bygy1 and D: @ T — P(W) a level selection of
density €. Let N € N with N > 1 and assume that

(7.7) h(T) > fE(N).

Then, either

(i) there exist a vector strong subtree T/ of T with h(T') = N and w' € W
such that the level selection D is (w', T, e + 12 /2)-dense, or
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(i) there exist F € Stra(T) and w € W such that the pair (F,w) is strongly
O(b1, ..., b, bay1le)-correlated with respect to D.

7.3. Proof of Lemma 7.1. Before we proceed to the details we need, first, to do
some preparatory work. For notational convenience we shall denote the parameter
O(b1,...,bdq,bat1]e) simply by 0. We set

B €

©24bg1Q

where @ is defined in (7.2). Also, for every n € [K] let

(7.8) A

(7.9) 0, = OA~3( 1),

Notice that 6; =60 and 6,41 = 0, A3 for every n € [K — 1]. Moreover, recursively

3K—-1
n=0

(7.10) { % =m, and { 0=

we define two finite sequences (dy,) and (,)5_, of reals by the rule

5n+1 = (5n + 5721)1/2 En4+1 = En — (5371 + 53n+1 + 53n+2)~
We will need the following elementary properties satisfied by these sequences.

(P1) For every n € {0,...,3K — 1} we have §,, < 2r% ".

P2) For every n € {0,...,3K — 2} we have Y. (6; +r? =02 .
3) We have Ziio_l on < g/2.

4) For every n € {0,...,K} we have g, =& — 0" §;.

5) For every n € {0,..., K} we have ¢/2 < &, < e.

6) For every n € {0,...,K — 1} we have

Y Y9V

4 4
(4de+1(lf[?_1 bi)K) ) (12bd+1(1_€[?—1 bi)nH) .

(7.11) 03n < 03 —3 < 2

The verification of these properties is left to the reader. We notice, however, that
properties (P3) and (P6) follow by the choice of r in (7.1).

After this preliminary discussion we are ready to proceed to the details. We will
argue by contradiction. In particular, recursively and assuming that neither (i) nor
(ii) are satisfied, we shall construct

(a) a finite sequence (Z,)X_; of vector strong subtrees of T,
(b) two finite sequences (w,)X_; and (w,)X_; of nodes of W, and
(c) a finite sequence (T',,)E_; of subsets of ®T
such that, setting Zo = T, the following conditions are satisfied for every n € [K].
(C1) We have Z,, [n—1=1Z, 1 [ n—1and h(Z,) = n+ fE(N).
(C2) We have I'), C ®@Z,,_1(n —1) and |I'y| = (60/2bg41)|® Zp—1(n — 1)
(C3) The level selection D is (w,, Succyz, (z), e, )-dense for every z € ®Z,(n).
(C4) If G € Stra(Zy,, k) for some k € {n, ..., h(Z,)—1} with G(0) € T';U---UT,,,
then the pair (®G(1), ) is O,-negligible with respect to D.
(C5) We have wy, € (,cr, D(2).
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(C6) If n > 2 and G € Stry(Zy—1,n — 1) with G(0) € Ty U---UT,_q, then
wy & mze®G(1) D(z).
We will present the general step of the recursive construction. The initial step, that
is, the choice of Z1,wy,w; and I'y, proceeds similarly taking into account that D
is (W(0), T,ep)-dense.

So fix some m € [K — 1] and assume that the sequences (Z,)"_;, (w,)",,
(wp)7_; and (T',,)7; have been selected so that conditions (C1)—(C6) are satisfied.
Notice, first, that Z,, is a vector strong subtree of T. Therefore, there exists a
unique ¢,,, € L(D) such that D(z) C W({,,) for every z € ®Z(m). By condition
(C3), we see that fy (W) < . We set

(7.12) rem = JIy.
k=1

Invoking conditions (C1) and (C2), we see that '™ C ®Z,, | m — 1. Also let
(7.13) Ny = fz(f(K*mfl)(N)) and Ny = f(Kfmfl)(N).

Notice that

(7.14) h(Zn) ‘L g pEm
7.6 —m—
W )+ (fro ) (FETI))
(7.4),(7.13) 1 ;
2 (m+1)+—3UDHL( b17...,b1 geeny bd,...,bd |N1,’/‘ )
r N— —
b;""*'lftimes bdm+17times

Moreover,

3m—1 1/2
715)  wmer) et o) B (2 64 ?)
1=0

(P2) (7.11)

3m <

4
(12bd+1(1_8[?_1 bz’)mﬂ) '

Finally, by the choices of @ and € in (7.2) and (7.3) respectively and property (P5),
we see that

Em
7.16 A<
( ) 12b441q(b1, ..., bg,m)
and
2em
(7.17) O < O = 5 -

<
24bd+1Q 5bd+1Q(b1> B bd7 m)
where (b1, ...,bq,m) is defined in (2.11).
Claim 7.2. There exist a vector strong subtree Z' of Z,, withZ' | m = Z | m

and (Z') = (m + 1) + Ny, w € W(¢y,) N Sucew (W) and B C QZ,,(m) with
|B| = (em/2)|® Zp,(m)| satisfying the following properties.
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(1) We have w € (,cp D(z). On the other hand, w & (,c g 1) D(2) for every
G € Stra(Z,,,m) with G(0) € T,

(2) D is (w,Succz (z), emt1)-strongly dense for every z € QZ'(m + 1).

(3) If G € Stra(Z', k) for some k € {m +1,...,h(Z") — 1} with G(0) € T(™),
the pair (RG(1),w) is strongly 0,,11-negligible with respect to D.

Proof of Claim 7.2. It is based on Lemma 6.1. Specifically, let “a = ¢g,,”, “f = &7,
“o = r”, m the fixed integer, “0 = 0,,”, A as in (7.8), W our given homogeneous
tree, “Z = Zp", “D = D | ®Z,,", L = £, “© = Wy,", “I' = T"” and
“N = Np”. It is easy to check, using what we have mentioned before the statement
of the claim and our inductive hypotheses, that Lemma 6.1 can be applied for these
data. Noticing that N7 > N, we see that if the first alternative of Lemma 6.1
holds true, then part (i) of Lemma 7.1 is satisfied. This, of course, contradicts our
assumptions. Therefore, part (ii) of Lemma 6.1 is satisfied. The proof of the claim
will be completed once we show that

(a) emt1 =em —Y0(Em,&,7) — Y1(Em,&,7) — Y2(Em, €, 7) and

(b) Opa1 = O A3,
Indeed, the equality in (b) above follows immediately by (7.9). Moreover,

(7.18) Y1 (gm,&,7) (42 (Yo(ems&,7) +70(Em, €, r)2)1/2
T2 (G + 05m) "/ 2% O3m-+1

and

(7.19) volemar) ) (nemer) +mlem, e r)?)
T2 st + 03 1) 2 G

Therefore, by the choice of €,,41 in (7.10) and equalities (7.18) and (7.19), we
conclude that the equality in (a) above is also satisfied. The proof of Claim 7.2 is
thus completed. ([

Claim 7.3. Let Z', w and B be as in Claim 7.2. Then there exist a vector strong
subtree Z" of Z/ with Z" | m = Z' | m and h(Z") = (m+1) + Nz, a subset T of B
with |T'| = (1/bg+1)|B| and po € {0, ...,bay+1—1} such that the pair (G(1), w™Wpp)
18 Omy1-negligible with respect to D for every G € Stra(Z") with G(0) € T.

Proof of Claim 7.3. Now we will rely on Lemma 6.2. To this end notice that

(720) h(Z) = (m+1)+ N = (m 1) + fo(Na)
(7.5) -
> (m+1)—|—Mﬂ(b1,...,b1,...7bd,...’bd|N2’1,b(ng1bi) )

b1 —times by —times
Moreover, by Claim 7.2, we have B C ®Z,,(m) and w € [,z D(z). Therefore, we
may apply Lemma 6.2 for the fixed integer m, “60 = 6,,41”, our given homogeneous
tree W, “Z = 7", “D = D | ®Z'", the set B, the node w and “N = Ny”. The
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first alternative of Lemma 6.2 yields that there exists F € Stro(Z’) such that the
pair (F,w) is strongly 6,,1-correlated with respect to D. Noticing that 0,,11 >
0(b1,...,bq,bay1le) and invoking our hypothesis that part (ii) of Lemma 7.1 is not
satisfied, we see that the second alternative of Lemma 6.2 holds true. This readily
gives the conclusion of the claim. |

We are in the position to define all necessary data for the general step of the
recursive construction. Specifically, let w be as in Claim 7.2 and Z”, pg and T'
be as in Claim 7.3. We set “Z,,01 = Z"7, “wpma1 = w”, “Wpi1 = w™Wpo” and
“T'my1 = I7. Tt is easily seen that with these choices conditions (C1)—(C6) are
satisfied. The recursive selection is thus completed.

Now we are ready to derive a contradiction. Notice first that, by condition (C1),
we have h(Zg) =K+ N > K. Weset S=Zg [ K—land D=T7U---UTlk.
Invoking condition (C1), we see that S [ n = Z,, [ n for every n € {0,..., K — 1}.
Therefore, by condition (C2), for every n € {0,..., K — 1} we have

(721)  [DAESM)| = [Tapa] > (Enss /2biasn)| @ S()] > (c/4basr)|® ()]

Since bg = (b1, ...,bq) and h(S) = K, by the choice of K in (7.1) and Theorem 2.5,
there exist G € Stro(S) and 1 < ny < ng < K such that

(7.22) G(0)eT,, and ®G(1) CT,,.
The inclusion ® G(1) C T',,, implies, in particular, that

(7.23) G € Stry(S,ng — 1) = Stra(Zy,—1,n2 — 1).
Thus, by condition (C6), we have

(7.24) wn, ¢ () D(2).

zE®G(1)

On the other hand, however, by condition (C5), we obtain that

(7.25) wn, € [ DS (] D(2).

zel,, 2€®G(1)

This is clearly a contradiction. The proof of Lemma 7.1 is thus completed.

7.4. Proof of Theorem 1.5. Recall that the constant 6(by,...,bq,bi+1]e) has
been defined in (7.3). Let K, r and f be as in (7.1) and (7.6) respectively. We set
K’ = K [2/r?] and we define

(7.26) StrCor(by, . . ., ba, basle) = fE)(2).

With these choices, Theorem 1.5 follows by Lemma 7.1 via a standard iteration.
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