QUOTIENTS OF BANACH SPACES AND SURJECTIVELY
UNIVERSAL SPACES

PANDELIS DODOS

ABSTRACT. We characterize those classes C of separable Banach spaces for
which there exists a separable Banach space Y not containing ¢; and such
that every space in the class C is a quotient of Y.

1. INTRODUCTION

There are two classical universality results in Banach space theory. The first
one, known to Banach [5], asserts that the space C(2V), where 2 stands for the
Cantor set, is isometrically universal for all separable Banach spaces; that is, every
separable Banach space is isometric to a subspace of C'(2"). The second result, also
known to Banach, is “dual” to the previous one and asserts that every separable
Banach space is isometric to a quotient of #;.

By now, it is well understood that there are natural classes of separable Banach
spaces for which one cannot obtain something better from what it is quoted above
(see [1, 8, 16, 31]). For instance, if a separable Banach space Y is universal for
the separable reflexive Banach spaces, then Y must contain an isomorphic copy of
C(2Y), and so, it is universal for all separable Banach spaces. However, there are
non-trivial classes of separable Banach spaces which do admit “smaller” universal
spaces (see [2, 11, 12, 13, 15, 23, 24, 27]).

Recently, in [11], a characterization was obtained of those classes of separable
Banach spaces admitting a universal space which is not universal for all separa-
ble Banach spaces. One of the goals of the present paper is to obtain the corre-
sponding characterization for the “dual” problem concerning quotients instead of
embeddings. To proceed with our discussion it is useful to introduce the following
definition.

Definition 1. We say that a Banach space Y is a surjectively universal space for
a class C of Banach spaces if every space in the class C is a quotient' of Y.

We can now state the main problem addressed in this paper.
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If X and Y are Banach spaces, then we say that X is a quotient of Y if there exists a bounded,

linear and onto operator Q: Y — X.
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(P) Let C be a class of separable Banach space. When can we find a separable
Banach space Y which is surjectively universal for the class C and does not
contain a copy of /17

‘We notice that if a separable Banach space Y does not contain a copy of ¢1, then ¢,
is not a quotient of Y (see [21, Proposition 2.£.7]) and therefore Y is not surjectively
universal for all separable Banach spaces.

To state our results we recall the following (more or less standard) notation
and terminology. By SB we denote the standard Borel space of separable Banach
spaces defined by Bossard [7], by NCy, we denote the subset of SB consisting of all
X € SB not containing an isomorphic copy of ¢; and, finally, by ¢nc,, we denote
Bourgain’s ¢; index [8] (these concepts are properly defined in §2). We show the
following theorem.

Theorem 2. Let C C SB. Then the following are equivalent.

(i) There exists a separable Banach space Y which is surjectively universal for
the class C and does not contain a copy of ¢;.
(ii) We have sup{¢nc,, (X): X € C} < wi.
(iii) There exists an analytic subset A of NCy, with C C A.

We notice that stronger versions of Theorem 2 are valid provided that all spaces
in the class C have some additional property (see §5).

A basic ingredient of the proof of Theorem 2 (an ingredient which is probably
of independent interest) is the construction for every separable Banach space X
of a Banach space Ex with special properties. Specifically we show the following
theorem.

Theorem 3. Let X be a separable Banach space. Then there exists a separable
Banach space Ex such that the following are satisfied.

(i) (Existence of a Schauder basis) The space Ex has a normalized monotone
Schauder basis (eX).
(ii) (Existence of a quotient map) There exists a norm-one linear and onto
operator Qx: Ex — X.
(iii) (Subspace structure) If Y is an infinite-dimensional subspace of Ex and
the operator Qx : Y — X is strictly singular, then' Y contains a copy of cg.
(iv) (Representability of X) For every normalized basic sequence (wg) in X
) of (eX) such that (eX

) is equivalent to

- X
there ewists a subsequence (e;,,
(wg)-

(v) (Uniformity) The set £ C SB x SB defined by
(X,Y) e & <Y isisometric to Ex

s analytic.
(vi) (Preservation of separability of the dual) E% is separable if and only if X*
s separable.
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We notice that there exists a large number of related results found in the litera-
ture; see, for instance, [9, 14, 15, 19, 23, 24, 32]. The novelty in Theorem 3 is that,
beside functional analytic tools, its proof is enriched with descriptive set theory
and the combinatorial machinery developed in [3] and [4].

The paper is organized as follows. In §2 we gather some background material.
In §3 we define the space Ex and we give the proof of Theorem 3. The proof of
Theorem 2 (actually of a more detailed version of it) is given in §4. Finally, in §5
we present some related results and we discuss open problems.

2. BACKGROUND MATERIAL

Our general notation and terminology is standard as can be found, for instance,
n [21] and [20]. By N={0,1,2,...} we denote the natural numbers.

We will frequently need to compute the descriptive set-theoretic complexity of
various sets and relations. To this end, we will use the “Kuratowski—Tarski algo-
rithm”. We will assume that the reader is familiar with this classical method. For
more details we refer to [20, page 353].

2.1. Trees. Let A be a nonempty set. By A<N we denote the set of all finite
sequences in A while by AN we denote the set of all infinite sequences in A (the
empty sequence is denoted by §) and is included in A<VN). We view A<N as a tree
equipped with the (strict) partial order C of extension. Two nodes s,t € A<N are
said to be comparable if either s C t or t C s. Otherwise, s and t are said to be
incomparable. A subset of A<N consisting of pairwise comparable nodes is said to

A<N consisting of pairwise incomparable nodes is said

be a chain, while a subset of
to be an antichain.
A tree T on A is a subset of A<N which is closed under initial segments. By

Tr(A) we denote the set of all trees on A. Hence,
TecTr(A) eVs,tc AN (sCtandteT = seT).

The body of a tree T on A is defined to be the set {o € AN : ojn € T Vn € N}
and is denoted by [T]. A tree T is said to be well-founded if [T] = (). By WF(A)
we denote the set of all well-founded trees on A. For every T € WF(A) we set
T ={seT:3teTwithsC t} € WF(A). By transfinite recursion, we define
the iterated derivatives T¢ (¢ < k1) of T, where x stands for the cardinality of A.
The order o(T) of T is defined to be the least ordinal & such that T¢ = ().

Let S and T be trees on two nonempty sets A; and A respectively. A map
¥: S — T is said to be monotone if for every sg,s1 € S with sg C s; we have
¥(sg) C ¥(s1). We notice that if there exists a monotone map ¥: S — T and T is
well-founded, then S is well-founded and o(S) < o(T).

2.2. Dyadic subtrees and related combinatorics. Let 2<N be the Cantor tree;
that is, 2<N is the set of all finite sequences of 0’s and 1’s. For every s,t € 2<N we
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let s At be the C-maximal node w of 2<N with w C s and w C t. If s,t € 2<N are
incomparable with respect to T, then we write s < ¢ provided that (s At)"0 C s
and (s At)"1 C t. We say that a subset D of 2<N is a dyadic subtree of 2<N if D
can be written in the form {d; : t € 2<N} so that for every to,t; € 2<N we have
to C t1 (respectively, tg < t1) if and only if di, T di, (respectively, dy, < dy,). It
is easy to see that such a representation of D as {d; : t € 2<N} is unique. In the
sequel when we write D = {d; : t € 2<N}, where D is a dyadic subtree, we will
assume that this is the canonical representation of D described above.

For every dyadic subtree D of 2<N by [D]chains We denote the set of all infinite
chains of D. Notice that [D]chains is @ Gs, hence Polish, subspace of 225" We will
need the following partition theorem due to Stern (see [30]).

Theorem 4. Let D be a dyadic subtree of 2<N and let X be an analytic subset of
[D]chains- Then there exists a dyadic subtree S of 2<N with S C D and such that
either [S]chains € X or [S]chains N X = 0.

2.3. Separable Banach spaces with non-separable dual. We will need a
structural result concerning separable Banach spaces with non-separable dual. To
state this result and to facilitate future references to it, it is convenient to introduce
the following definition.

Definition 5. Let X be a Banach space and let (x¢)ico<n be a sequence in X
indexed by the Cantor tree. We say that (z+);ea<n is topologically equivalent to the
basis of James tree if the following are satisfied.

(1) The sequence (z¢);ea<n is semi-normalized.

(2) For every infinite antichain A of 2<N the sequence (xt)iea is weakly null.

(3) For every o € 2V the sequence (x,,) is weak* convergent to an element
i € X**\ X. Moreover, if o,7 € 2 with o # T, then x* # x**.

The archetypical example of such a sequence is the standard Schauder basis of
the space JT (see [17]). There are also classical Banach spaces having a natural
Schauder basis which is topologically equivalent to the basis of James tree; the
space C(2N) is an example. We isolate, for future use, the following fact.

Fact 6. Let X be a Banach space and let (z;)ica<v be a sequence in X which is
topologically equivalent to the basis of James tree. Then for every dyadic subtree
D = {d; : t € 2<N} of 2<N the sequence (x4, );co<n is topologically equivalent to the
basis of James tree.

We notice that if a Banach space X contains a sequence (x4);eco<v which is topo-
logically equivalent to the basis of James tree, then X* is not separable. The fol-
lowing theorem establishes the converse for separable Banach spaces not containing
a copy of ¢1 (see [3, Theorem 40] or [4, Theorem 17]).
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Theorem 7. Let X be a separable Banach space not containing a copy of {1 and
with non-separable dual. Then X contains a sequence (y)ico<n which is topologi-
cally equivalent to the basis of James tree.

2.4. Co-analytic ranks. Let (X,Y) be a standard Borel space; that is, X is a set,
¥ is a o-algebra on X and the measurable space (X, ¥) is Borel isomorphic to the
reals. A subset A of X is said to be analytic if there exists a Borel map f: NN — X
with f(NN) = A. A subset of X is said to be co-analytic if its complement is
analytic. Now let B be a co-analytic subset of X. A map ¢: B — w; is said to
be a co-analytic rank on B if there exist relations <y and <y in X x X which are

analytic and co-analytic respectively and are such that for every y € B we have
z € Band ¢(z) <o(y) @ x<sy e a<ny.

For our purposes, the most important property of co-analytic ranks is that they
satisfy boundedness. This means that if ¢: B — w; is a co-analytic rank on a co-
analytic set B and A C B is analytic, then sup{¢(z) : « € A} < w;. For a proof as
well as for a thorough presentation of rank theory we refer to [20, §34].

2.5. The standard Borel space of separable Banach spaces. Let F(C(?N))
denote the set of all closed subsets of C'(2") and let 3 be the Effors-Borel structure
on F(C’(ZN)); that is, 3 is the o-algebra generated by the sets

{FeF(C@2Y): FnU # 0}
where U ranges over all open subsets of C(2V). Consider the set
SB:={X ¢ F(C(QN)) : X is a linear subspace}.

It is easy to see that the set SB equipped with the relative Effors—Borel structure
is a standard Borel space (see [7] for more details). The space SB is referred in the
literature as the standard Borel space of separable Banach spaces. We will need the
following consequence of the Kuratowski-Ryll-Nardzewski selection theorem (see
[20, Theorem 12.13]).

Proposition 8. There exists a sequence S, : SB — C(2Y) (n € N) of Borel maps
such that for every X € SB with X # {0} we have S,(X) € Sx and the sequence
(Sn(X)) is norm dense in Sx where Sx stands for the unit sphere of X.

2.6. The class NCz and Bourgain’s indices. Let Z be a Banach space with

a Schauder basis?

. We fix a normalized Schauder basis (z,) of Z. If Z is one of
the classical sequence spaces ¢y and ¢, (1 < p < 4+00), then by (z,) we denote the

standard unit vector basis. We consider the set

NCz :={X € SB: X does not contain an isomorphic copy of Z}.

2Throughout the paper when we say that a Banach space X has a Schauder basis or the

bounded approximation property, then we implicitly assume that X is infinite-dimensional.



6 PANDELIS DODOS

Let 6 > 1 and let Y be an arbitrary separable Banach space. Following Bourgain
[8], we introduce a tree T(Y, Z, (z,),0) on Y defined by the rule

(yn)ﬁzo e T(Y,Z,(2,),0) & (yn)flzo is d-equivalent to (zn)f,;o.

In particular, if Z is the space £1, then for every § > 1 and every finite se-
quence (y,)k_, in Y we have (y,)k_, € T(Y,41,(2,),9) if and only if for every
ag,...,ar € R it holds that

1 k k k
LS ol < 3 il €53 e
n=0 n=0 n=0

We notice that Y € NCy if and only if for every § > 1 the tree T(Y, Z, (2,,),0) is
well-founded. We set ¢ne, (V) = wy if Y ¢ NCyz, while if Y € NCyz we define

(1) one, (V) =sup {o(T(Y, Z, (z,),6)) : 6 = 1}.

In [8], Bourgain proved that for every Banach space Z with a Schauder basis and
every Y € SB we have Y € NCy if and only if ¢nc,(Y) < wi. We need the
following refinement of this result (see [7, Theorem 4.4]).

Theorem 9. Let Z be a Banach space with a Schauder basis. Then the set NCy
is co-analytic and the map ¢nc,: NCz — wy is a co-analytic rank on NCz.

We will also need the following quantitative strengthening of the classical fact
that ¢; has the lifting property.

Lemma 10. Let X and Y be separable Banach spaces and assume that X is a
quotient of Y. Then ¢xc,, (X) < ¢ng,, (V).

Proof. Clearly we may assume that Y does not contain a copy of ¢;. We fix a
quotient map @: Y — X. There exists a constant C' > 1 such that

(a) [|Q < C, and

(b) for every x € X there exists y € Y with Q(y) = « and ||y|| < C||z||.
For every z € X we select y,, € Y such that Q(y,) = x and ||y || < C||z||. We define
amap 1: XN — V<N as follows. We set ¢(0) = 0. If s = (x,)k_, € X<N\ {0},
then we set

¥(8) = (Yo, nzo-

We notice that the map 1 is monotone. Denote by (z,) the standard unit vector
basis of ¢;.

Claim 11. For every 6 > 1 if s € T(X, {1, (2n),0), then ¥(s) € T(Y, 41, (zn), C9).

Granting Claim 11, the proof of the lemma is completed. Indeed, by Claim
11, we have that for every § > 1 the map v is a monotone map from the tree
T(X, 41, (2n),9) into the tree T(Y, ¢y, (zy), Cd). Therefore,

O(T(X, glv (Zn)’ 5)) < O(T(K £17 (ZTL)’ C(s))
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The above estimate clearly implies that ¢nc,, (X) < ¢nc,, (V).
It remains to prove Claim 11. To this end let s = (z,,)%_, € T(X, 1, (2),0).
Also let ag,...,ar € R be arbitrary. Notice that

Q(aoYzo + -+ + arYe,) = aoTo + - - - + Ay

Hence, by (a), we obtain that

1 k k k k
@ 5l < Y anrall = [Q( X v )| < O Y anie |
n=0 n=0 n=0 n=0

Observe that ||z, | < 0 for every n € {0,...,k}. Therefore,
k k

k k
(3) H Z anyan < Z |an] - (Y, || = Z lan| - |Qzn)[ < C(SZ |an].
n=0

n=0 n=0 n=0

Since the coefficients ag,...,ar € R were arbitrary, inequalities (2) and (3) imply
that ¥(s) = (yu,)f_o € T(Y, 41, (2,),C6). This completes the proof of Claim 11,
and as we have indicated above, the proof of the lemma is also completed. O

2.7. Separable spaces with the B. A. P. and Lusky’s theorem. By the
results in [18] and [26], a separable Banach space X has the bounded approximation
property (in short B. A. P.) if and only if X is isomorphic to a complemented
subspace of a Banach space Y with a Schauder basis. Lusky found an effective way
to produce the space Y. To state his result we need, first, to recall the definition of
the space Cy due to Johnson. Let (F;,) be a sequence of finite-dimensional spaces
dense in the Banach—Mazur distance in the class of all finite-dimensional spaces.
We set

(4) Co=()_@F.),

and we notice that Cj is hereditarily co (that is, every infinite-dimensional subspace
of Cy contains a copy of ¢p). We can now state Lusky’s theorem (see [22]).

Theorem 12. Let X be a separable Banach space with the bounded approzimation
property. Then X @ Cy has a Schauder basis.

Theorem 12 will be used in the following parameterized form.

Lemma 13. Let Z be a minimal® Banach space not containing a copy of ¢o. Let A
be an analytic subset of NCz NNCy,. Then there exists a (possibly empty) subset
D of NCz NNCy, with the following properties.

(i) The set D is analytic.
(ii) EveryY € D has a Schauder basis.

3We recall that an infinite-dimensional Banach space Z is said to be minimal if every infinite-
dimensional subspace of Z contains an isomorphic copy of Z; e.g., the classical sequence spaces

co and £, (1 < p < +00) are minimal spaces.
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(iii) For every X € A with the bounded approzimation property there exists
Y € D such that X is isomorphic to a complemented subspace of Y.

Proof. The result is essentially known, and so, we will be rather sketchy. First we
consider the set B C SB defined by

X € B < X has the bounded approximation property.

Using the characterization of B. A. P. mentioned above, it is easy to check that the
set B is analytic. Next, consider the set C C SB x SB defined by

(X,Y) eC <Y is isomorphic to X & Cp.

It is also easy to see that C is analytic (see [2] for more details). Define D C SB by
the rule

YeDe3IX [XeAnBand (X,Y) € (]
and notice that D is analytic. By Theorem 12, the set D is as desired. ([

2.8. Amalgamated spaces. A recurrent theme in the proof of various universality
results found in the literature (a theme that goes back to the classical results of
Pelczynski [25]) is the use at a certain point of a “gluing” procedure. A number of
different “gluing” procedures have been proposed by several authors. We will need
the following result (see [2, Theorem 71]).

Theorem 14. Let 1 < p < +o0o and let C be an analytic subset of SB such that
every Y € C has a Schauder basis. Then there exists a Banach space V' with a
Schauder basis that contains a complemented copy of every space in the class C.
Moreover, if W is an infinite-dimensional subspace of V', then either
(i) W contains a copy of £y, or
(i) there exists a finite sequence Yo, ..., Y, in C such that W is isomorphic to
a subspace of Yo @ --- D Y,.

The space V obtained above is called in [2] as the p-amalgamation space of the
class C. The reader can find in [2, §8] an extensive study of its properties.

3. QUOTIENTS OF BANACH SPACES
3.1. Definitions. We start with the following definition.

Definition 15. Let X be a separable Banach space and let (z,,) be a sequence (with
possible repetitions) in the unit sphere of X which is norm dense in Sx. By Ex
we shall denote the completion of coo(N) under the norm

(5) Izllex = sup{HZz(n)anX :mEN}.
n=0

By (eX) we shall denote the standard Hamel basis of coo(N) regarded as a sequence
in Ex. If X = {0}, then by convention we set Ex = cp.
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The construction of the space Ex is somehow “classical” and the motivation
for the above definition can be traced in the proof of the fact that every separable
Banach space is a quotient of ¢; (see [21, page 108]). A similar construction was
presented by Schechtman in [29] for different, though related, purposes.

We isolate two elementary properties of the space Ex. First, we observe that

the sequence (e2X) defines a normalized monotone Schauder basis of Ex. It is also

X

o — T, € X is extended to a norm-one linear

easy to see that the map Ex > e
operator. This operator will be denoted as follows.

Definition 16. By Qx: Ex — X we shall denote the (unique) bounded linear
operator satisfying Qx (exX ) = x, for everyn € N.

Let us make at this point two comments about the above definitions. Let (y,,)
be a basic sequence in a Banach space Y and assume that the map

span{y, :n €N} 3y, = x, € X

is extended to a bounded linear operator. Then it is easy to see that there exists
a constant C' > 1 such that the sequence (e ) is C-dominated” by the sequence
(yn). In other words, among all basic sequences (y,) with the property that the

map Span{y, : n € N} 3>y, — z,, € X is extended to a bounded linear operator,

X

the sequence (e;,

) is the minimal one with respect to domination.

Also notice that the space Fx depends on the choice of the sequence (). For
our purposes, however, the dependence is not important as can be seen from the
simple following observation. Let (d,,) be another sequence in the unit sphere of X

which is norm dense in Sx and let E% be the completion of ¢oo(N) under the norm

m
2]z, = sup {H Z Z(n)don tm e N}.
n=0

Then it is easy to check that Ex embeds isomorphically into E% and vice versa.
Actually, it is possible to modify the construction to obtain a different space sharing
most of the properties of the space E'x and not depending on the choice of the dense
sequence. We could not find, however, any application of this construction and since
it is involved and conceptually less natural to grasp we prefer not to bother the
reader with it.

The rest of the section is organized as follows. In §3.2 we present some prelimi-
nary tools needed for the proof of Theorem 3. The proof of Theorem 3 is given in
§3.3 while in §3.4 we present some its consequences. Finally, in §3.5 we make some

comments.

4We recall that if (vp) and (yn) are two basic sequences in two Banach spaces V and Y
respectively, then (vy,) is said to be C-dominated by (y») if for every k € N and every ao, ...,a; € R
we have || % _g anvally < Cll g antnlly-
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3.2. Preliminary tools. We start by introducing some pieces of notation that will
be used only in this section. Let F' and G be two nonempty finite subsets of N. We
write F' < G if max(F') < min(G). Let (e,) be a basic sequence in a Banach space
E and let v be a vector in span{e, : n € N}. There exists a (unique) sequence (ay,)
of reals such that v = )y ane,. The support of the vector v, denoted by supp(v),
is defined to be the set {n € N : a,, # 0}. The range of the vector v, denoted by
range(v), is defined to be the minimal interval of N that contains supp(v).

In what follows X will be a separable Banach space and (x,,) will be the sequence
in X which is used to define the space Ex. The following propositions will be basic
tools for the analysis of the space Ex.

Proposition 17. Let (v;) be a semi-normalized block sequence of (eX) and assume
that ||Qx (v)||x < 27 for every k € N. Then the sequence (vi) is equivalent to
the standard unit vector basis of cg.

Proof. We select a constant C > 0 such that ||vg||g, < C for every k € N. Let
F ={ko <--- <kj} be a finite subset of N. We will show that

J

1> v,

=0

5y S2+C.

This will finish the proof. To this end we argue as follows. First we set

(a) G; == supp(vg,) and m; = min(G;) for every i € {0,...,j}.

Let (ay,) be the unique sequence of reals such that
(b) ap=0ifn¢ GoU---UG,, and
(c) vk, = Yoneq, anes for every i € {0,...,j}.

Notice that for every I € {0,...,j} and every m € N with m € range(vy,) we have

m
(6) 1Y anzallx < llowllex < C.

n=mi
We select p € N such that

J

1> v,

=0

p
Ex H Za”x"HX
n=0

and we distinguish the following cases.
CASE 1: p € range(vy, ). Using (6), we see that

J

P
I3ty =1 S vl <

=0 n=my




QUOTIENTS OF BANACH SPACES AND SURJECTIVELY UNIVERSAL SPACES 11

CASE 2: there exists | € {1,...,j} such that p € range(vy,). Using our hypotheses
on the sequence (v;) and inequality (6), we obtain that

-1 P
By = 120D anwnt 3 anan|x

J

H kaz‘

i=0 i=0 neqG, n=m;
-1 P
< D0 D2 ananll+ D2 ananl
=0 neqG; n=my

-1 P
= dol@x)lx + | D anzally <2+C.
=0

n=mi

CASE 3: for every i € {0,...,5} we have that p ¢ range(vg,). In this case we notice
that there exists [ € {0,...,j} such that range(vy,) < {p} for every i € {0,...,1}
while {p} < range(wv,;) otherwise. Using this observation we see that

J

l l
1D vkl = 122 D0 anzally <D ll@x(vr)llx < 2.

=0 i=0 neG; =0

The above cases are exhaustive, and so, the proof is completed. O

Proposition 18. Let (vi) be a bounded block sequence of (eX). If (Qx(vi)) is
weakly null, then (vg) is also weakly null.

For the proof of Proposition 18 we will need the following “unconditional” version
of Mazur’s theorem.

Lemma 19. Let (vg) be a weakly null sequence in a Banach space V.. Then for
every € > 0 there exist kg < --- < kj in N and Xo,...,\; € RT with Zfzo AN=1
and such that

max{\;: 0<i<j} <e

and

max { H Z AiUk;

i€l

:Fg{o,...,j}}ga.

Proof. Clearly we may assume that V = span{v, : k& € N}, and so, we may also
assume that V is a subspace of C'(2V). Therefore, each v}, is a continuous function
on 2N and the norm of V is the usual || - || norm. By Lebesgue’s dominated
convergence theorem, a sequence (fi) in C(2Y) is weakly null if and only if (f3) is
bounded and pointwise convergent to 0. Hence, setting yy, = |vg| for every k € N,
we see that the sequence (yi) is weakly null. Therefore, using Mazur’s theorem, it
is possible to find kg < --- < k; in N and Xg,...,A; € RT with Zg:o X; =1 and
such that

max{A; :0<i<j} <e
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and || ZLO AiVk; oo < €. Noticing that

J
maX{HZ/\ivki OO:FQ{O,...,j}}<|‘Z)\iy;% o Se
i€F =0
the proof is completed. O

We proceed to the proof of Proposition 18.

Proof of Proposition 18. We will argue by contradiction. So, assume that the se-
quence (Qx(vg)) is weakly null while the sequence (v) is not. We select C' > 1
such that |lvk||g, < C for every k € N. By passing to a subsequence of (vy) if
necessary, we find e* € E% and 6 > 0 such that e*(vy) > 0 for every k € N. This
property implies that

(a) for every vector z € conv{vy : k € N} we have ||z|| g, = 0.

We apply Lemma 19 to the weakly null sequence (Qx (vx)) and € = § - (4C)~! and
we find kg < --+ < kj in N and Xg,...,\; € RT with >°7_/A; = 1 and such that

o d
(7) max{/\i:nggj}gE
and
(8) max{HZAiQX(vk,)|X:Fg{o,...,j}}<i.
i€F 1 4C

Since ||lvg||gx < C for every k € N, inequality (7) implies that
(b) [IAsvk,
We define

By < 0/4 for every i € {0,...,5}.

w = zj: Aivg,; € conv{vy : k € N}.
i=0
We will show that ||w||g, < §/2. This estimate contradicts property (a) above.
To this end we will argue as in the proof of Proposition 17. First set

(¢) G; :=supp(vk,) and m; := min(G;) for every i € {0,...,j}
and let (a,) be the unique sequence of reals such that

(d) a, =0ifn ¢ GoU---UG,, and

() Nivk, =D cq, aneX for every i € {0,...,5}.
Using (b), we see that if I € {0,...,j} and m € N with m € range(vy, ), then

m

1)

(9) H Z ananX < HA[U}CLHEX g Z
n=my
We select p € N such that
P
lwlley =Y anzal|
n=0

and, as in the proof of Proposition 17, we consider the following three cases.
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CASE 1: p € range(vy, ). Using (9), we see that

o 5
||w||EX = H Z anwn”x < 1

n=mgqo

CASE 2: there exists I € {1,...,7} such that p € range(vy,). In this case the
desired estimate will be obtained combining inequalities (8) and (9). Specifically,
let F=4{0,...,1—1} and notice that

-1 p
||wHEX = HZ Z OnTy + Z an-TnHX

i=0 neG; n=m,
P
< D2 D0 anall + 1 D anzally
i€EF neG; n=m;
P
= IDoxnQx)|x + 1 D0 anzal
ieF n=m,
® a © 4§ 5 9
< et X emly < 5+3<3

n=m;

CASE 3: foreveryi € {0, ..., 75} we have that p ¢ range(vy, ). In this case we will use
only inequality (8). Indeed, there exists [ € {0,...,j} such that range(vy,) < {p}
if i € {0,...,1} while {p} < range(vy,) otherwise. Setting H := {0,...,l}, we see
that

: ® 5 5
lwlzs =132 Y2 anally = D MQ@x ()l < 35 < 7

=0 neG; i€H

The above cases are exhaustive, and so, |[w| gy, < /2. As we have already pointed
out, this estimate yields a contradiction. The proof is completed. ([

3.3. Proof of Theorem 3. Let X be a separable Banach space. In what follows
(z,,) will be the sequence in X which is used to define the space Fx.

(i) It is straightforward.

(ii) We have already noticed that ||@x|| = 1. To see that @ x is onto, observe that
the image of the closed unit ball of Fx under the operator (Qx contains the set
{zy, : n € N} and therefore it is dense in the closed unit ball of X.

(iii) Let Y be an infinite-dimensional subspace of Ex and assume that the operator
QRx:Y — X is strictly singular. Using a standard sliding hump argument we find
a block subspace V' of Ex and a subspace Y’ of Y with V' isomorphic to Y’ and
such that the operator Qx: V — X is strictly singular. Hence, we may select a
normalized block sequence (vy) of (exX) with vy € V and [|Qx (vi)||x < 27% for
every k € N. By Proposition 17, the sequence (vg) is equivalent to the standard
unit vector basis of ¢y and the result follows.



14 PANDELIS DODOS

(iv) This part was essentially observed in [29]. We reproduce the argument for
completeness. So, let (wy) be a normalized basic sequence in X. The sequence (z,)
is dense in the unit sphere of X. Therefore it is possible to select an infinite subset
N ={ng <ny < ---} of N such that the subsequence (z,,) of (z,) determined by
N is basic and equivalent to (wy) (see [21]). Let K > 1 be the basis constant of
(Zn,)- Also let (e ) be the subsequence of (e;Y) determined by N. Let j € N and
let ag,...,a; € R be arbitrary, and notice that

J J i J
1D akwnlly <N 3o anei [l = max |3 aran, ||y <KD vl
k=0 k=0 ST k=0 k=0

Therefore, the sequence (z, ) is K-equivalent to the sequence (e;; ) and the result

follows.

(v) First we consider the relation S C C(2Y)N x SB defined by
((yn),Y) € S (Vny, € Y) and span{y, : n € N} =Y.

The relation § is analytic (see [7, Lemma 2.6]). Next, we apply Proposition 8 and
we obtain a sequence S, : SB — C(2Y) (n € N) of Borel maps such that for every
X € SB with X # {0} the sequence (S, (X)) is norm dense in the unit sphere of
X. Now notice that

(X,Y)e€ < I(yn) € C(2Y)N with ((y),Y) € S and either
(X = {0} and Vk € N Vay,...,ar € Q we have

k
1> antnll,, = max Jau|) or
n=

(X#{O} and Vk € N Vag, . .., a, € Q we have

k m
| ;Oanynﬂoo = jmax | %anSH(X)HOO)-

The above formula implies that the set £ is analytic.

(vi) By part (ii), the space X is a quotient of Ex. Therefore, if E% is separable,
then X* is also separable. For the converse implication we argue by contradiction.
So, assume that there exists a Banach space X with separable dual such that E% is
non-separable. Our strategy is to show that there exists a sequence (w¢)sco<n in Ex
which is topologically equivalent to the basis of James tree (see Definition 5) and
is such that its image under the operator Qx has the same property; that is, the
sequence (Qx (w;))iea<n Will also be topologically equivalent to the basis of James
tree. As we have already indicated in §2.3, this implies that X* is non-separable
and yields a contradiction.

To this end we argue as follows. First we notice that the space X does not
contain a copy of ¢1. Therefore, by part (iii), the space Ex does not contain a copy
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of ¢; either. Hence, we may apply Theorem 7 to the space Fx and we obtain a
sequence (e¢);ea<nv in Ex which is topologically equivalent to the basis of James
tree. We need to replace the sequence (e;)sco<n with another sequence having an
additional property. Specifically, let us say that a sequence (vi);co<v in Ex is a
tree-block if for every o € 2" the sequence (v,),,) is a block sequence of (e;y ). Notice
that the notion of a tree-block is hereditary with respect to dyadic subtrees; that
is, if (v;);cq<n is a tree-block and D = {d; : t € 2<N} is a dyadic subtree of 2<N,
then the sequence (vg, )sca<n is also a tree-block.

Claim 20. There ezists a sequence (vy)sco<n in Ex which is topologically equivalent
to the basis of James tree and a tree-block.

Proof of Claim 20. We select C > 1 such that C~! < ||es|| gy < C for all t € 2<N.
Let s € 2<N be arbitrary. There exists an infinite antichain A of 2<N such that
s C t for every t € A. The sequence (e;);co<n is topologically equivalent to the basis
of James tree, and so, the sequence (e;)ica is weakly null. Using this observation,
we may recursively construct a dyadic subtree R = {r; : t € 2<N} of 2<N and a
tree-block sequence (v;);eq<n in Ex such that ||le,, — v||my < (20)7 1+ for every

t € 2<N. Clearly the sequence (v;);co<n is as desired. |

Claim 21. There exist a dyadic subtree Sy of 2<N and a constant © > 1 such that
071 <[|Q@x(ve)|lx < O for every t € S.

Proof of Claim 21. Let K > 1 be such that ||v||g, < K for every t € 2<N. We
will show that there exist so € 2< and @ > 0 such that for every ¢ € 2<N with
so T t we have ||Qx(vi)||x = 0. In such a case, set Sp == {sgt : t € 2<N} and
O := max{#~!, K} and notice that Sy and © satisfy the requirements of the claim.

To find the node sy and the constant 8 we will argue by contradiction. So,
assume that for every s € 2<N and every § > 0 there exists ¢ € 2<Y with s C ¢ and
such that ||Qx (v¢)||x < 6. Hence, we may select a sequence (tz) in 2<N such that
for every k € N we have

(a) tg C tgpt1, and

(b) @x(ve)llx <27*.
By (a) above, the set {t; : k¥ € N} is a chain while, by Claim 20, the sequence
(vt)pea<n is semi-normalized and a tree block. Therefore, the sequence (v, ) is a
semi-normalized block sequence of (e;X). By Proposition 17 and (b) above, we see
that the sequence (v, ) is equivalent to the standard unit vector basis of ¢g, and
so, it is weakly null. By Claim 20, however, the sequence (v¢);ca<n is topologically
equivalent to the basis of James tree. Since the set {t; : k € N} is a chain, the

sequence (v, ) must be non-trivial weak* Cauchy. This yields a contradiction. O

Claim 22. There exists a dyadic subtree S; of 2<N with S1 C Sy and such that for
every infinite chain {to T t; T ---} of Sy the sequence (Qx (vy,,)) is basic.
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Proof of Claim 22. By Claims 20 and 21, we see that for every s € Sy there ex-
ists an infinite antichain A of Sy with s C ¢ for every ¢ € A and such that the
sequence (Qx (vt))ica is semi-normalized and weakly null. Using this observation
and the classical procedure of Mazur for selecting basic sequences (see [21]), the
claim follows. O

Claim 23. There exists a dyadic subtree Sy of 2<N with So C Sy and such that for
every infinite chain {to T t1 T ---} of So the sequence (Qx (vy,)) is weak™ Cauchy.

Proof of Claim 23. Set
X = {c € [S1]chains : the sequence (Qx (v¢))iec is weak™ Cauchy}.

The set X is co-analytic (see [30] for more details). Therefore, by Theorem 4,
there exists a dyadic subtree Sy of 2<N with Sy C S; and such that [So]chains 18
monochromatic. It is enough to show that [S2]chains N X # 0. Recall that the space
X does not contain a copy of ¢1. Therefore, by Rosenthal’s dichotomy [28], we may
find an infinite chain ¢ of S5 such that the sequence (Qx (vt))tec is weak* Cauchy
and the result follows. O

Let Sy be the dyadic subtree of 2< obtained by Claim 23 and let {s; : t € 2<}
be the canonical representation of S;. We are in the position to define the sequence

(wyt)¢ea<n we mentioned in the beginning of the proof. Specifically, set
Wi = Vg,

for every t € 2<N. By Claim 20 and Fact 6, the sequence (w;)sco<n is topologically
equivalent to the basis of James tree and a tree block. The final claim is the

following.

Claim 24. The sequence (Qx (w¢))ieo<n is topologically equivalent to the basis of
James tree.

Proof of Claim 24. By Claim 21, the sequence (Qx (w¢))seo<n is semi-normalized.
Notice also that for every infinite antichain A of 2<V the sequence (Qx (w;))tca is
weakly null.

Let o € 2V, By Claim 23, the sequence (Qx (wg,)) is weak* convergent to an
element z2* € X**. First we notice that z2* # 0. Indeed, the sequence (wg|n) is a

eX

o) which is weak™ convergent to an element

semi-normalized block sequence of (
wy* € B \ Ex. If 23 = 0, then by Proposition 18 we would have that (wg,)
is weakly null. Hence z}* # 0. Next we observe that z}* € X**\ X. Indeed, by
Claim 22, the sequence (Qx (w,|,,)) is basic. Therefore, if the sequence (Qx (wo|n))
was weakly convergent to an element x € X, then necessarily we would have that
x = 0. This possibility, however, is ruled out by the previous reasoning, and so,

air e X\ X.



QUOTIENTS OF BANACH SPACES AND SURJECTIVELY UNIVERSAL SPACES 17

Finally suppose, towards a contradiction, that there exist o, 7 € 2N with o # 7
and such that z* = z**. In such a case it is possible to select two sequences (s;,)
and (t,) in 2<N such that the following are satisfied.

(a) 8y C Spt+1 C o for every n € N.

(b) tn C tpy1 T 7 for every n € N.

(c) Setting z, = ws, —wy, for every n € N, we have that the sequence (z,) is
a semi-normalized block sequence of (e ).

Our assumption that z** = a** reduces to the fact that the sequence (Qx(zn))

x
is weakly null. By (c) above, we may apply Proposition 18 to infer that the se-
quence (z,) is also weakly null. Therefore, the sequences (w,|,) and (w;|,) are
weak* convergent to the same element of E%*. This contradicts the fact that the
sequence (w;);eo<n is topologically equivalent to the basis of James tree. The proof

is completed. ([

As we have already indicated, Claim 24 yields a contradiction. This completes
the proof of part (vi) of Theorem 3, and so, the entire proof is completed.

3.4. Consequences. We isolate below three corollaries of Theorem 3. The second
one will be of particular importance in the next section.

Corollary 25. Let Z be a minimal Banach space not containing a copy of co. If X
is a separable Banach space not containing a copy of Z, then Ex does not contain

a copy of Z either.
Proof. Follows immediately by part (iii) of Theorem 3. |

Corollary 26. Let Z be a minimal Banach space not containing a copy of co
and let A be an analytic subset of NCz N NCy,. Then there exists a subset B of
NCz NNCy, with the following properties.

(i) The set B is analytic.
(ii) FveryY € B has a Schauder basis.
(iii) For every X € A there exists Y € B such that X is a quotient of Y.

Proof. Let & be the set defined in part (v) of Theorem 3. We define B C SB by the
rule

YeBeiX [XeAdand (X,Y) €€

The set B is clearly analytic. Invoking parts (i) and (ii) of Theorem 3 and Corol-
lary 25, we see that B is as desired. ([l

Corollary 27. There exists a map f: w1 — wy such that for every countable ordinal
¢ and every separable Banach space X with ¢nc,, (X) < & the space X is a quotient
of a Banach space Y with a Schauder basis satisfying ¢nc,, (Y) < f(§).
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Proof. We define the map f: w; — w; as follows. Fix a countable ordinal £ and
consider the set

.Af = {X €SB : ¢NC[1 (X) < g}

By Theorem 9, the map (chél : NCy, — wy is a co-analytic rank on NCy,. Hence,
the set A¢ is analytic (in fact Borel-—see [20]). We apply Corollary 26 to the space
Z = {; and the analytic set A¢ and we obtain an analytic subset B of NC,, such
that for every X € A¢ there exists Y € B with a Schauder basis and having X as
quotient. By boundedness, there exists a countable ordinal  such that

sup{¢nc,, (Y)Y € B} = (.
We define f(£) = (. Clearly the map f is as desired. O

3.5. Comments. By a well-known result due to Davis, Fiegel, Johnson and
Pelezytiski [9], if X is a Banach space with separable dual, then X is a quotient
of a Banach space Vx with a shrinking Schauder basis. By Theorem 3, the space
Ex has a Schauder basis, separable dual and admits X as quotient. We point out,
however, that the natural Schauder basis (eX) of Ey is not shrinking. On the
other hand, the subspace structure of Ex is very well understood. The space Vx
mentioned above is defined using the interpolation techniques developed in [9] and
it is not clear which are the isomorphic types of its subspaces.

We would also like to make some comments about the proof of the separability
of the dual of Ex. As we have already indicated, our strategy was to construct a
sequence (wy);eo<n in Ex which is topologically equivalent to the basis of James
tree and is such that its image under the operator Qx has the same property;
in other words, the operator QQx fixes a copy of this basic object. This kind of
reasoning can be applied to a more general framework. Specifically, let Y and Z be
separable Banach spaces and let T: Y — Z be a bounded linear operator. There
are a number of problems in Functional Analysis which boil down to understand
when the dual operator T of T has non-separable range. Using the combinatorial
tools developed in [3] and an analysis similar to the one in the present paper, it
can be shown that if Y does not contain a copy of ¢1, then the operator T* has
non-separable range if and only if T fixes a copy of a sequence which is topologically
equivalent to the basis of James tree.

4. PROOF OF THE MAIN RESULT

In this section we will give the proof of Theorem 2 stated in the introduction.
The proof will be based on the following, more detailed, result.

Theorem 28. Let Z be a minimal Banach space not containing a copy of ¢y and
let A be an analytic subset of NCz N NCy,. Then there exists a Banach space
V € NCz N NCy, with a Schauder basis which is surjectively universal for the
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class A. Moreover, if X € A has the bounded approzimation property, then X is
isomorphic to a complemented subspace of V.

Let us point out that the assumption on the complexity of the set A in Theorem
28 is optimal. Notice also that if E is any Banach space with a Schauder basis,
then the set of all X € A which are isomorphic to a complemented subspace of F
is contained in the set of all X € A having the bounded approximation property.
Therefore, the “moreover” part of the above result is optimal too.

Proof of Theorem 28. Since Z is minimal, there exists 1 < p < 400 such that Z
does not contain a copy of £,. We fix such a p. We apply Lemma 13 to the space
Z and the analytic set .4 and we obtain a subset D of NCz N NCy, such that the
following are satisfied.

(a) The set D is analytic.

(b) Every Y € D has a Schauder basis.

(¢) For every X € A with the bounded approximation property there exists

Y € D such that X is isomorphic to a complemented subspace of Y.

Next, we apply Corollary 26 to the space Z and the analytic set A and we obtain
a subset B of NCz N NC,, with the following properties.

(d) The set B is analytic.

(e) Every Y € B has a Schauder basis.

(f) For every X € A there exists Y € B such that X is a quotient of Y.

We set C := BUD and we notice that C C NCz NNCy,. By (a) and (d), the set C is
analytic while, by (b) and (e), every Y € C has a Schauder basis. The desired space
V' is the p-amalgamation space of the class C obtained by Theorem 14. It remain
to check that V' has the desired properties. Notice, first, that V has a Schauder
basis.

Claim 29. The space V is surjectively universal for the class A.

Proof of Claim 29. Let X € A arbitrary. By (f), there exists a space Y € B such
that X is a quotient of Y. We fix a quotient map @Q: Y — X. Next we observe
that the space V contains a complemented copy of Y. Therefore, it is possible to
find a subspace F of V', a projection P: V — E and an isomorphism 7: F — Y.
Let Q': V — X be the operator defined by Q' = Q o T o P and notice that Q' is
onto. Hence, X is a quotient of V' and the result follows. ([

Claim 30. We have V € NCz N NCy, .

Proof of Claim 30. We will show that V' does not contain a copy of Z (the proof
of the fact that V' does not contain a copy of ¢; is identical). We will argue by
contradiction. So, assume that there exists a subspace W of V which is isomorphic
to Z. By the choice of p, we see that W does not contain a copy of £,. Therefore, by
Theorem 14, there exists a finite sequence Yy, ..., Y, in C such that W is isomorphic
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to a subspace of Yy @ - - @ Y,,. There exist an infinite-dimensional subspace W' of
W and ig € {0,...,n} such that W’ is isomorphic to a subspace of Y;,. Since Z is
minimal, we obtain that Y;, must contain a copy of Z. This contradicts the fact
that C € NCg, and so, the claim is proved. O

Finally, we notice that if X € 4 has the bounded approximation property,
then, by (c) above and Theorem 14, the space X is isomorphic to a complemented
subspace of V. This shows that the space V has the desired properties. The proof
of Theorem 28 is completed. (I

We proceed to the proof of Theorem 2.

Proof of Theorem 2. Let C C SB.

(i)=(ii) Assume that there exists a separable Banach space Y not containing a
copy of ¢1 which is surjectively universal for the class C. The space Y does not
contain a copy of 1, and so, ¢nc,, (Y) < wi. Moreover, every space in the class C
is a quotient of Y. Therefore, by Lemma 10, we obtain that

SU.p{(ﬁNCZ1 (X) : X e C} < ¢chl (Y) < wz.

(ii)=(iii) Let £ be a countable ordinal such that sup{¢nc, (X): X € C} = . By
Theorem 9, the map ¢nc,, : NGy, — wy is a co-analytic rank on the set NCy,. It
follows that the set

A={VeSB: (;51\1(321 (V) <&}
is a Borel subset of NCy, (see [20]) and clearly C C A.

(iii)=-(i) Assume that there exists an analytic subset A of NCy, with C C A. We
apply Theorem 28 for Z = ¢; and the class A and we obtain a Banach space V with
a Schauder basis which does not contain a copy of ¢; and is surjectively universal
for the class A. A fortiori, the space V is surjectively universal for the class C and
the result follows. O

5. A RELATED RESULT AND OPEN PROBLEMS

Let us recall the following notion (see [2, Definition 90]).

Definition 31. A class C C SB is said to be strongly bounded if for every analytic
subset A of C there exists Y € C which is universal for the class A.

This is a quite strong structural property. It turned out, however, that many
natural classes of separable Banach spaces are strongly bounded.

Part of the research in this paper grew out from our attempt to find natural
instances of the “dual” phenomenon. The “dual” phenomenon is described in ab-
stract form in the following definition.
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Definition 32. A class C C SB is said to be surjectively strongly bounded if for
every analytic subset A of C there exists Y € C which is surjectively universal for
the class A.

So, according to Definition 32, Theorem 28 has the following consequence.

Corollary 33. Let Z be a minimal Banach space not containing a copy of co. Then
the class NCy, N NCyz is surjectively strongly bounded.

The following proposition provides two more natural examples.

Proposition 34. The class REFL of separable reflexive Banach spaces and the
class SD of Banach spaces with separable dual are surjectively strongly bounded.

Proposition 34 follows combining a number of results already existing in the
literature, and so instead of giving a formal proof we will only give a guideline.
To see that the class REFL is surjectively strongly bounded, let A be an analytic
subset of REFL and consider the dual class A* of A defined by

Y € A* & 3X € A with Y isomorphic to X*.

The set A* is analytic (see [10]) and .A* C REFL. Since the class REFL is strongly
bounded (see [12]), there exists a separable reflexive Banach space Z which is
universal for the class A*. Therefore, every space X in A is a quotient of Z*. The
referee suggested that, alternatively, one can use the universality results obtained
in [24].

The argument for the class SD is somewhat different and uses the parameterized
version of the Davis—Fiegel-Johnson-Pelczynski construction due to Bossard, as
well as, an idea already employed in the proof of Theorem 28. Specifically, let A
be an analytic subset of SD. By the results in [9] and [6], there exists an analytic
subset B of Banach spaces with a shrinking Schauder basis such that for every
X € A there exists Y € B having X as quotient. It is then possible to apply the
machinery developed in [2] to obtain a Banach space E with a shrinking Schauder
basis that contains a complemented copy of every space in the class B. By the
choice of B, we see that the space E is surjectively universal for the class A.

Although, by Theorem 2, we know that the class NCy, is surjectively strongly
bounded, we should point out that it is not known whether the class NCy, is strongly

bounded. We close this section by mentioning the following related problems.

Problem 1. Is it true that every separable Banach space X not containing a copy
of {1 embeds into a space Y with a Schauder basis and not containing a copy of 1%

Problem 2. Does there exist a map g: w1 — wy such that for every countable
ordinal & and every separable Banach space X with ¢NCZI(X) < € the space X
embeds into a Banach space Y with a Schauder basis satisfying ¢nc,, (Y) < g(§)?

Problem 3. Is the class NCy, strongly bounded?
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We notice that an affirmative answer to Problem 2 can be used to provide an
affirmative answer to Problem 3 (to see this combine Theorem 9 and Theorem 14
stated in §2).

It seems reasonable to conjecture that the above problems have an affirmative
answer. Our optimism is based on the following facts. Firstly, Problem 3 is known
to be true within the category of Banach spaces with a Schauder basis (see [2]).
Secondly, it is known that for every minimal Banach space Z not containing a copy
£; the class NCy is strongly bounded (see [11]).
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