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ABSTRACT. Milman proved in [18] that the product of two strictly singular
operators on Lp[0,1] (1 < p < o0), or on C|0,1] is compact. In this note
we utilize Schreier families S¢ in order to define the class of Sg-strictly sin-
gular operators, and then we refine the technique of Milman to show that
certain products of operators from this class are compact, under the assump-
tion that the underlying Banach space has finitely many equivalence classes
of Schreier-spreading sequences. Finally we define the class of S¢-hereditarily

indecomposable Banach spaces and we examine the operators on them.

1. INTRODUCTION

In this paper we extend work of Milman [18] who showed that the product of two
strictly singular (bounded linear) operators on L,[0,1] (1 < p < o), or on C[0, 1]
is compact. The importance of this fundamental result of Milman lies in the fact
that compact operators are well understood, unlike strictly singular ones.

First, we use the Schreier families S¢ for 1 < £ < wy which were introduced by
Alspach and Argyros [1], and we define the classes of S¢-strictly singular operators
as follows (Definition 2.1 in the main text).

Definition A. If X1, Xy are Banach spaces, T € L(X1,X2) and 1 < § < wy, we
say that T is Se-strictly singular and write T € §S¢(X1, X2) if for every e > 0 and
every basic sequence (x,,) there exist a set F' € S¢ and a vector z € [x;]icr \ {0}
(here, [x;]icr stands for the closed linear span of {x;}icr) such that | Tz| < e||z||.
If X1 = X, then we write T € SS¢(X71).

These classes are increasing in £ (that is, if £ < ¢, then every S¢-strictly singular
operator is an S¢-strictly singular operator). Moreover, they exhaust the class of
strictly singular operators defined on separable Banach spaces. In particular, we
have the following theorem (Theorem 6.5 in the main text).
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Theorem B. Let X be a separable Banach space, let Y be a Banach space and
S e L(X,Y). Then S is strictly singular if and only if S is S¢-strictly singular for
some & < wi.

We also define the notion of Schreier spreading sequence which is closely related
to the well studied notion of spreading model. In fact, every seminormalized basic
sequence has a Schreier spreading subsequence. For 1 < £ < w; we define an
equivalence relation ~¢ on the set of weakly null Schreier spreading sequences of a
Banach space (Definition 3.4). One of the main results of the present paper, which
is a refinement of the above mentioned result of Milman, is our Theorem 4.1. Its
statement is slightly stronger than the following simplified version.

Theorem C. For a Banach space X and an ordinal 1 < & < wy, if the number of
the equivalence classes of the weakly null spreading sequences in X with respect to
the equivalence relation ~¢ is equal to n < oo, then the product of any n+ 1 many

Se-strictly singular operators on X is compact.

We also provide a similar result for products of strictly singular operators. Ap-
plications of this result are made to Tsirelson type spaces, Read’s space [23] and
the invariant subspace problem.

Finally, for 1 < § < w; we define the notion of Sg-hereditarily indecomposable
Banach space as a refinement of the notion of hereditarily indecomposable (HI)
Banach space which was introduced by Gowers and Maurey [13]. If £ < (, then
every Se-HI Banach space is an S¢c-HI space, and if X is a separable HI space,
then it is Sg-HI for some 1 < £ < w; (Theorem 6.5). The study of operators
on complex S¢-HI Banach spaces and their subspaces reveals that the Sg-strictly
singular operators play an analogous role that strictly singular operators play on
the analysis of operators on complex HI spaces. This indicates a potential use of
HI spaces towards the solution of the invariant subspace problem (Corollary 6.14).

1.1. Schreier families. We are about to recall the definition of the Schreier fam-
ilies S¢ (1 < € < wi) which were introduced by Alspach and Argyros [1]. To that
end, we recall some general terminology. Let F be a set of finite subsets of N. We
say that F is hereditary if whenever G C F' € F, then G € F. F is spreading if
whenever {ny,ns,...,npt € F with ny <ng < --- < ng and my < mg < -+ < my
satisfies n; < m; for ¢ < k, then {mq,ma,...,my} € F. F is pointwise closed if F
is closed in the topology of pointwise convergence in 2N. F is called regular if it is
hereditary, spreading and pointwise closed. If A and B are two finite subsets of N,
then by A < B we mean that max A < min B. Similarly, for n € N and A C N,
n < A means n < min A. We assume that ) < F and F' < ) for any nonempty
finite set F' C N. If F and G are regular, then let

FIg) = {UGi|neN, Gr << Gy GieGfori<n, (minGy}, e]—'}.

i=1
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If F is regular and n € N, then we define [F]" by [F]' = F and [F]"*! = F[[F]"].
If F' is a finite set, then #F denotes the cardinality of F. If N is an infinite subset
of N, then [N]<°° denotes the set of all finite subsets of N. For any ordinal number
1 < & < wi, the Schreier families S¢ (C [N]<*°) are defined as follows: set

So={{n} | neN}U{0} and S; = {F CN|#F <minF}.
After defining S¢ for some £ < wy, set
Ser1 = S1[S¢l-

If £ < wy is a limit ordinal and S, has been defined for all a < &, then fix a sequence
&, € and define

S¢ ={F|n<F and F € S, for some n € N}.

If N = {ny,ng,...} is a subsequence of N with n; < ng < --- and F is a set of
finite subsets of N then we define F(N) = {(n;)icr | F € F}. We summarize the
properties of the Schreier families that we will need.

Remark 1.1. The following hold.

(i) Each S is a regular family.
(i) S¢ C Seqq for every &. However, £ < ¢ doesn’t generally imply S¢ C Se.
(iii) Let 1 < £ < ¢ < wq. Then there exists n € N so that if n < F € S, then

Fe S(.

(iv) For n,m € N we have that S,[Sm] = Sntm. This fails for infinite or-
dinals. However, the following is true: for all 1 < «,8 < w; there
exist subsequences M and N of N such that S,[Ss](N) C Sgte and
Spta(M) C Su[Sp]. Also for all 1 < { < wy and n € N there exist subse-
quences M and N of N satisfying [S¢]™(N) C S¢p, and S (M) C [Se]™.

(v) Let 1 <8< a<wiy,e>0and M asubsequence of N. Then there exists
a finite set £ C M and (a;)jer C RT so that F € So(M), >
and if G C F with G € Sg, then )

The proofs can be found in [5].

jerp @ =1

jea @j <E.

2. CLASSES OF STRICTLY SINGULAR OPERATORS

Recall that a bounded operator T' from a Banach space X to a Banach space
Y is called strictly singular if its restriction to any infinite-dimensional subspace is
not an isomorphism. That is, for every infinite dimensional subspace Z of X and
for every € > 0 there exists z € Z such that ||Tz|| < €]|z||. We say that T is finitely
strictly singular if for every € > 0 there exists n € N such that for every subspace
Z of X with dim Z > n there exists z € Z such that ||Tz|| < €||z|. In particular,
for 1 < p < g < oo the inclusion operator i,, from ¢, to ¢, is finitely strictly
singular. We will denote by (X,Y), SS§(X,Y), and FSS(X,Y) the collections of
all compact, strictly singular, and finitely strictly singular operators from X to Y,
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respectively. If X =Y we will write K(X), SS(X), and FSS(X). It is known that
these sets are norm closed operator ideals in £(X), the space of all bounded linear
operators on X, see [18, 26] for more details on these classes of operators. It is well
known that K£(X) C FSS(X) C SS(X). We provide the proof for completeness.
The second inclusion is obvious. To prove the first inclusion, suppose that T is not
finitely strictly singular. Then there exists ¢ > 0 and a sequence (F,,) of subspaces
of X such that dim E,, = n and T satisfies |Tx| > ¢l||z|| for each z € E,. Let
F, =T(E,). It follows that dim F,, = n and, for every n and every y € T'(Sg, ) we
have that ||y|| > &, (where Sg, denotes the unit sphere of E,,). Let z; be in T(Sg, ).
Suppose we have already constructed z1, ..., z; with z; € T(Sg,) fori € {1,...,k}.
Using [17, Lemma 1.a.6] or [11, Lemma of page 2] we can find 211 in T(Sg,,,)
such that dist <2k+17 [zl]le) > 5. Iterating this procedure we produce a sequence
(2:) in T'(Bx) satisfying ||z; — zj|| > § whenever i # j. It follows that T" is not
compact.

In this article we define and study certain classes of strictly singular operators.
We also refine certain results about strictly singular operators to the classes of
operators that we introduce.

Definition 2.1. If Xy, Xy are Banach spaces, T € L(X1,X32) and 1 < € < wq, we
say that T is Se-strictly singular and write T € SS¢(X1, Xo) if for every e > 0 and
every basic sequence (x,,) there exist a set F' € S¢ and a vector z € [x;)icr \ {0}
([x:)icr stands for the closed linear span of {x;}icr) such that | Tz| < el||z||. If
X1 = Xy then we write T € SS¢(X1).

The main difficulty in checking that an operator is Sg-strictly singular, seems to
be that one has to verify Definition 2.1 for all basic sequences (z,). Notice that
without loss of generality it is enough to check all normalized basic sequences. Also
notice that if X, Xy are Banach spaces then T € §S¢(X1,X>) if and only if for
every normalized basic sequence (z,) and € > 0 there exist a subsequence (z, ),
F eS¢ and w € [x,, |rer \ {0} such that ||Tw| < el|w||. This is easy to see, since
F € S, implies that {ny : k € F'} € S¢. For reflexive Banach spaces with bases, we
can narrow down even more this family of basic sequences, as the following remark
shows.

Remark 2.2. Let T € £(X;,X2) and 1 < € < w;. If X is a reflexive Banach
space with a basis (e,) then T' € SS¢(X1,X2) if and only if for any normalized
block sequence (y,) of (e,) and € > 0 there exists G € S¢ and w € [yn]nec \ {0}
such that ||Tw| < e]|w]|.

Remark 2.2 follows from the following classical fact. Two basic sequences (z;,)
and (y,, ) are called C-equivalent for some C' > 1, denoted by (x,) £ (yn), if for every
(an) € cop we have that |3 anznl & || anyn]. (We write a &b if La < b < Ca.)
Two basic sequences (x,,) and (y,,) are called equivalent, denoted by (x,) = (yn), if
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they are C-equivalent for some C' > 1. Since X is reflexive then every normalized
basic sequence (z,,) in X; is weakly null and therefore by [7] it has a subsequence
(2n, ) which is equivalent to a block sequence (yi) of (e,) and |2, — yk|| — 0.

Remark 2.3. Let (z,,) be a bounded sequence in a Banach space X. Then there
is a subsequence (z,, ) such that one of the following conditions hold.

(i) (zn,) converges.
(ii) (zn,) is equivalent to the unit vector basis of ¢;.
(iii) The difference sequence (dy) defined by dj, = 2y, , — @p,, is a seminor-
malized weakly null basic subsequence. Moreover, if X has a basis then
(dg) is equivalent to a block sequence of the basis.

This is a standard result. Indeed, if (z,,) has no subsequences satisfying (i) or (ii)
then Rosenthal’s ¢; theorem yields a weakly Cauchy subsequence (z,, ). By passing
to a further subsequence we may assume that the sequence (x,,,, — @y, ) is weakly
null and seminormalized. Now (iii) follows by [7].

In view of this Remark 2.3, the requirement “every basic sequence” in Defini-
tion 2.1 is “almost” as general as “every sequence”.

Proposition 2.4. Suppose that X andY are two Banach spaces and 1 < £, < ws.
Then the following hold.
(i) FSS(X,Y) CSS:(X,Y) CSS(X,Y).
(i) If1<E<(<w, then SS¢(X,Y) CSS(X,Y).
(ili) 8S¢(X) is norm-closed.
(iv) If S € 88¢(X) and T € L(X), then T'S and ST belong to SS¢(X).
(v) If S € SS¢(X) and T € §S¢(X), then S+ T € SS¢yc(X). In particular,
if S,T € SS¢(X), then S+ T € SS¢2(X).

Proof. (i) Tt is obvious.

(ii) Indeed, for 1 < £ < ¢ < wy, by part (iii) of Remark 1.1, there exists N € N such
that if SeN[{N, N+1,...}] < c S¢. Now if T € §S¢(X,Y), ¢ is a positive number
and (x,) is a normalized basic sequence in X, then consider the basic sequence (y,,)
where y; = xn4,. There exists F' € S¢ and z € [y;]icr \ {0} such that ||Tz|| < ¢]|z]|.
Since F € S¢ and F C {N,N +1,...} we have that F € S,.

(iii) Let (T,) C SS¢(X), T € L(X) and lim,, T, = T'. Let (x,,) be a seminormalized
basic sequence in X, and £ > 0. Let ng € N such that ||T,,, — T|| < /2. Since
Ty € SS¢(X), there exists F' € S¢ and z € [xi];cr \ {0} such that [|T,,z] < 5z
Thus [Tz < [[(Tng — T)zll + [[Tng 2l < 51121 + 521 = €llz]]-

(iv) Let S € SS¢(X) and T' € L(X). We show that T'S € SS¢(X). Let (z,) be a
basic sequence in X and ¢ > 0. If T = 0, then it is obvious that T'S € SS¢(X).
Suppose that T' # 0, then there exists F' € S¢ and z € [zy]ner \ {0} such that
[1Sz] < ﬁ”z” Thus, | TSz|| < ||T| ||Sz|| < €||z||. The proof that ST € SS¢(X)
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is due to A. Popov [22] who improved our original argument which only worked in
reflexive spaces.

(v) Let (z,,) be a normalized basic sequence and € > 0. By part (iv) of Remark 1.1,
let N = (n;) be a subsequence of N such that S¢[S¢](N) C Seye. We select
Fy € S and wy € [vy,)ier, such that |lwi]| = 1 and [[Sw:|| < g& where C' is
the basis constant of (z,). Since (xy,)i>r is again a basic sequence, we can find
Fy, € S¢ and wy € [2y,]ier, such that Fy < Fy, |lwe| = 1, and [|Sws| < 5.
Proceeding inductively we produce sets Fy < Fy < --- and vectors wy, € [Zn,]icr,
with [Jwg|| = 1 and ||Swg|| < sefzg. Since (wy) is a basic sequence, we find G € S¢
and z € [wi]reg \ {0} such that || T'z|| < §||||. Suppose that G = {k1,...,kn} and
z=y.", ajwy,. Then we can write z = >, bjx,, for some F € S¢[Se]. By the
choice of N, we have z € [(x;);cn] for some H € S¢¢; also, |a;| < 2C||z||. It follows
that [|Sz|| < 327 lail [|Swe, || < 20552l = 5], so that [[(S + T)z]| <ellz]|. O

Of course, if 1 < p < ¢ < oo, then any bounded operator from ¢, to ¢, is
compact. Also every bounded operator from ¢, to ¢, is strictly singular, [17].

Example 2.5. If1 < p < ¢ < oo then any bounded operator T € L({,,¢,) belongs
to S81(4p,4y). Indeed, if 1 < p, then we can apply Remark 2.2. Let (z,) be a
normalized block sequence in ¢, and € > 0. If inf;||Tz;[|; = 0, then we are done
(we denote by |||, and ||-||; the norms of ¢, and ¢, respectively), hence assume
that (T'z,) is seminormalized. Since (x,,) is weakly null, (T'z,,) is weakly null. By
standard gliding hump arguments [7], we can pass to a subsequence (T'z,,) such
that for some seminormalized block sequence (y,,) in 44,

|| g a;Txy,
i

Hence, for € > 0 one can choose N € N such that

N N
7 wane )y <l e
i=1 i=1

Next, suppose that p = 1. Let (z,) be a normalized basic sequence in ¢; and

S 2“2 aiyin for every (a;) € coo-
i

»

e > 0. By Rosenthal’s ¢; theorem [25], after passing to a subsequence and relabeling
we can assume that (z,,) is K-equivalent to the unit vector basis of ¢; for some
K < oo. By applying Remark 2.3 to (T'x,,), there exists a subsequence (x,, ) of
() such that the sequence (dj) defined by dy = Txy,, ., — Ty, is either norm
null or satisfies (iii) of Remark 2.3. If (dj) is norm null, then there exists m > 2
such that ||dp, | < 2, so that

||Txn2m+l - Tmn2m|| <e- % < E||xn2m+1 - anm”'

Since {nom,nom+1} € S1 we have T' € §51(¢1,¢,). On the other hand, if (di) is
C-equivalent to a block sequence of the standard basis of £, then for € > 0 one can
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choose N € N such that

N N
HT<Z(JC"2<N+M+1 - x”2<N+k))) H < E”Z(x"2(N+k)+1 - x"2(N+k>)H'
k=1

k=1
Example 2.6. Suppose 1 < p < ¢ < oo with p # ¢. Then it is known (see, e.g.,
(18, 21, 26]) that FSS({,,£Ly) # SS(Lp,ly) = L(Lp,¢y). Therefore, Example 2.5
yields that FSS(€,, €y) # SS1(Lp, Ly)-

Example 2.7. An example of a Banach space X where SS¢(X) # SS¢(X) for
somel < & < ( <wi. Fix 1 < § < wy consider the space T[S, %] which is the
completion of cgg with the norm that satisfies the implicit equation:

k
Jalle = max{ 2], sup 3 NI Eszle}.

i=1

where ||'|| stands for the ¢, norm, and the supremum is taken for all sets
E, < Ey < .-+ < Ej such that {min El-}i-“:1 € S¢. Since {w is a limit ordinal,
without loss of generality we can assume that the sequence of ordinals in the defini-
tion of Sg, starts with &; hence, S¢ C Se,, and s0 T'[Sew, 5] € T[Se, 3]. Consider the
inclusion operator i¢: T[Sew, 3] = T[Se, 3]. Then i¢ € SSew(T[Sew, 2], T[Se, 3])
but on the other hand i¢ ¢ SS¢ (T[Sgw, %],T[SE, %]) Indeed, it is easy to verify
that i¢ & SSe(T[Sew, 3], T[Se, 3]), since for every F € S¢ and scalars (a;)icrp

i (3" aier) | = max{mafal, £ > Jail} = > aie,,
icF ¢ e icF icF

where (e;) denotes the standard basis of T[Se., 5]-
Next we verify that i¢ € SSew(T[Sew, 5], T[Se, 5]). First recall that T[Se.,, 3]
is a reflexive Banach space with a basis [3, Proposition 1.1]. Thus, we can apply

Remark 2.2. Let (2,,) be a normalized block sequence in T'[S¢,, ] and € > 0. If
there exists n € N such that [[i¢z,|le = [|zn]le < €, then we are done. If not,
then we may assume that (igz,) is seminormalized. Let n; = minsupp(z;) (with
respect to (e;)). By [20, Proposition 4.10], we have that (i¢z;) < (en,;) where
C =96 sup;||z;||¢/ inf;||z;|l¢. We have the following claim which uses the idea and
generalizes [3, Proposition 1.5].

Claim 2.8. For every n > 0 there exists F' € S¢, and a conver combination
L= ) o e, such that [zl <.

Once Claim 2.8 is proved, then by setting 7 := 5% it follows that
Hlﬁ(z a"ixi)Hg = ||Zam$i”g < C”fo < % = %Zanini”ﬁw < 5||Za"ixi”§w'
i€l i€l ieF i€F
Thus it only remains to establish Claim 2.8. For this purpose we need to identity

a norming set N of T[S, 5]. We follow [3, page 976]. Let
N§ = {£e’ : n e N} U {0}.
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If N¢ has been defined for some s € NU {0}, then we define

N§+1*N§U{%(f1+~~+fd):fl'ENf (i=1,...,d),

supp(f1) < supp(f2) < --- < supp(fq) and {minsupp(fi)}i_, € 55}-

Finally, set N¢ = U2 N¢; the set N is a norming set for T[S, 1], that is, we have
[z]e = sup,.ene z*(y) for all z € T[S, 3].

Now we prove Claim 2.8. First choose ¢ € N such that 2% < 4. We have the
following claim which follows immediately from part (v) of Remark 1.1.

Claim 2.9. There exists a convex combination x = ZieF Qp,en, Ssuch that
F €841 NSew and Y, ca; < 3 for all G € Sgy.

Let z as in Claim 2.9. In order to estimate ||z|¢ from above, let z* € N¢. Set
L:={keN:|z*(ex)| > 5r}. Then L € Sgs. Therefore,

|27 ()| < [(2"[L)(@)] + ("] Le ) (2 Zak+*<g+”=n.
keL

This finishes the proof of Claim 2.8 and that i¢ € SS¢w(T[Sew, 5], T[Se, 1]).

Remark 2.10. Suppose that X and Y are Banach spaces. Let 1 < & < w; and let
T € 8S¢(X,Y). Let T € L(X®Y) be given by (z,y) — (0, Tz), that is, T = (% 9).
Then T' € SS(X @Y). Conversely, if T € SS:(X @Y) then T € SS¢(X,Y).

The converse is obvious. To see the forward implication, pick a normalized
basic sequence (Zn,y,) in X @Y and € > 0. Since (z,) is bounded, there exists
a subsequence (z,,) of (z;) which satisfies one of the options in Remark 2.3; set
di = Ty, —Tngy,- In case (i), d,, — 0, so we can choose m such that ||d,, | < TSilAl
where C' is the basis constant of (z,,,n). Set b = (Tny, s 1> Ynomis) = (Tnop > Ynow )-
Then we have supp(h) = {nam, nom+1} € S¢ and

~ 9
ITAI =10, T (@ nspm i1 = Tnam D S NT I dmll < & < el

In case (ii), since T' € §S¢(X,Y) and (z,,) is a basic sequence, we can find F' € S
and non-zero scalars (a;);er such that if w =), a;xy,, then ||[Tw| < ellwl[. Set
h =73 crai(Tn,yn,). Then we have

ITh] = [I(0, Tw)|| < eljw]| < e][R]]

where, without loss of generality, we assume that ||(0,y)| = |ly|| for all y € Y.
Finally, in case (iii), suppose that (dj) is a basic seminormalized sequence. Then
there exists G € S¢ and non-zero scalars (ax)req such that [|[Tw| < e||w|| where
w = Zk‘EG apdy. Set

h = Z ag (($7z2k+1ayn2k+1) - (xn2k7y7l2k))'
keG
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Then || Th| = [[(0,Tw)|| < ellw|| < e||h]|. It is left to show that supp(h) € Se.
For a set A C N define AX? = U;c4{2i,2i + 1}. By transfinite induction, it is
easy to see that if A € S, then A*? € S. Thus F = G*? € S. Therefore,
supp(h) = {ni | k € F} € S, since S is spreading by part (i) of Remark 1.1.

3. SCHREIER-SPREADING SEQUENCES AND SOME EQUIVALENCE RELATIONS

Recall the notion of spreading model. It is shown in [9, 10] that for every semi-
normalized basic sequence (y;) in a Banach space and for every e, N\ 0 there exists
a subsequence (x;) of (y;) and a seminormalized basic sequence (#;) (in another
Banach space) such that for all n € N, (a;)i~; € [-1,1]" and n < k1 < -+ < ky,
one has

&) 13" e = 1 ai|
=1 i=1

The sequence (Z;) is called the spreading model of (x;) and it is a suppression 1-

< €p.

unconditional basic sequence if (y;) is weakly null. We refer the reader to [9, 10]
and [6, I.3. Proposition 2] for more information about spreading models. Spreading
models of weakly null seminormalized basic sequences have been studied in [2],
where for a Banach space X, the set of all spreading models of all seminormalized
weakly null basic sequences of X is denoted by SP,,(X). Also #SP,,(X) denotes the
cardinality of the quotient of SP,,(X) with respect to the equivalence relation ~. In
other words, #SP,,(X) is the largest number of pairwise non-equivalent spreading
models of weakly null seminormalized basic sequences in X ([2]).
We will use the following standard fact whose proof is left to the reader.

Lemma 3.1. Suppose that (z,,) is a seminormalized basic sequence with a spreading
model (Z,,). Then for every € > 0 there exists ng € N such that

n n
- 1+¢
I3 astll &[S @,
i=1 i=1

whenever ng <n <k <--- <k, anday,...,a, €R.

Motivated by the definition of spreading model we now define the notion of a
Schreier spreading sequence.

Definition 3.2. Let X be a Banach space. We say that a seminormalized basic
sequence (x,,) in X is Schreier spreading if there exists 1 < C < oo such that for
every F' = {f1, fa,.. ., fn}, G ={01,92,-- -, 9n} € S1 and scalars (a;)?_; we have

n n
C
H E ;T ¢, =~ || E ;T g,
i=1 i=1

Let SP1,,(X) denote the set of seminormalized weakly null basic sequences in X

which are Schreier spreading (here, the index “1” reminds us of S1, and the index

({2

w” reminds us of weakly null).
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The following lemma follows immediately from the results of Brunel and Suche-
ston [9, 10] and Lemma 3.1.

Remark 3.3. Every seminormalized basic sequence has a Schreier spreading sub-
sequence.

Now for 1 < & < wy we define equivalence relations ~¢ on SP; ,,(X) as follows.

Definition 3.4. Let X be a Banach space and 1 < £ < wy. Define an equivalence
relation ¢ on SPi,(X) as follows. If (z,,) and (yn) are two Schreier spreading
sequences in X, we write (x,,) ~¢ (yn) if there exists 1 < K < oo such that for
every F' € S¢ and scalars (a;)icrp we have that
1> a2 1 auil-
i€F ieF
Proposition 3.5. Suppose that (x,,) is a Schreier spreading seminormalized basic
sequence in X.
(i) If (xn,) is a subsequence of (x,), then (xn,) is Schreier spreading and
(#n) =1 (Tny)-
(ii) If (xn) =1 (yn) for another basic sequence (y,), then (yn) is Schreier
spreading.
(iii) There exists a normalized Schreier spreading sequence (yn) in X such that
(#n) & (yn)-
(iv) If X is a reflexive space with a basis (ey,), then there exists a seminormal-
ized block sequence (yn) of (en) such that (yn) is Schreier spreading and
(n) =1 (Yn)-

Proof. (i) and (ii) are trivial.

(iii) By standard perturbation arguments, one can find ¢y € [inf, ||z, ||, sup,[|z,]/]
and a subsequence (zy, ) of (z,) such that

(o) ~ ()

[ Co

Hence, setting yi = L’”‘”, we see that (yg) is normalized basic Schreier spreading
k

[E

and (yr) ~ (zn,) =1 ().

(iv) Since X is reflexive, (z,) is weakly null. A standard gliding hump argument
yields a subsequence (z,,) of (z;) and a block sequence (yj) of (ex) such that
(n, ) = (yr) which obviously implies the result since (zx) &1 (zn, ). O

Corollary 3.6. For every Banach space X we have
#SP,(X) = #(SPLw(X)/zl) < #(SPLM(X)/%).

Proof. The inequality #(SPljw(X)/zl) < #(SPLw(X)/%) is obvious. To show
that #SP,(X) = #(SP1,w(X)/ ~1) we define a bijection ® from the set of
~-equivalence classes of SP,,(X) to the set of ~1-equivalence classes of SPy ,,(X).
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Suppose that (Z,) € SP,(X) is the spreading model of a weakly null seminor-
malized basic sequence (x,). Then, by Lemma 3.1, there exists ny € N such
that (Zp)nzny € SP1w(X) and (2n)nsn, &1 (Zn)nen. Define ®: ((&,)/~) —
<($n>n>n0 / %1)- Obviously @ is well defined and one-to-one. It follows from Re-
mark 3.3 and part (i) of Proposition 3.5 that ® is onto. O

4. COMPACT PRODUCTS

Milman [18] proved that the product of any two strictly singular operators in
L,[0,1] (1 < p < 00), or C[0, 1] is compact. In this section we extend the techniques
used by Milman to spaces with finite #(SPLM(X) zg).

Theorem 4.1. Let X be a Banach space, 1 < £ < wy; and n € NU{0}. If
#(SP1w(X)/m¢) =n, S € SS(X) and Ty,..., T, € SS¢(X), then the product
T,Th_1---T1S is compact. Moreover, if {1 does not isomorphically embed in X,
then T, T,,_1---T1 is compact.

Furthermore, if #(SP1,,(X)/~) = n and Tt,...,Thy1 € SS(X), then the
product Ty 11Ty, -+ T1 is compact. Moreover, if {1 does not isomorphically embed
i X, then T,,T,,_1---T1 is compact.

Proof. For simplicity, we present the proof in the case n = 2. However, it should
be clear to the reader how to extend the proof to n > 2 or n = 1. The case n =0
will be treated at the end. Thus, for the sake of contradiction, suppose that the
conclusion of the theorem fails, that is, 75775 is not compact or ¢ ¥+ X and 15T}
is not compact.

Claim 4.2. There exists a seminormalized weakly Cauchy sequence (uy,) such that

(ToTyuy,) has no convergent subsequences.

Proof of Claim 4.2. If ¢1 < X and T»T; is not compact, then one can find a
normalized sequence (u,,) in X such that (T577u,) has no convergent subsequences.
By Rosenthal’s theorem [25], we can assume that (u,) is weakly Cauchy.

Suppose now that 75715 is not compact. Again, find a normalized sequence (vy,)
in X such that (7577 Sv,) has no convergent subsequences. Put u,, = Sv,. Note
that (T»T1uy,) has no convergent subsequences, so that (u,) is seminormalized.
Apply Rosenthal’s theorem to (vy,). If (v,) has a weakly Cauchy subsequence,
then, by passing to this subsequence, (u,,) is also weakly Cauchy, and we are done.
Suppose not, and so, by passing to a subsequence and relabeling, we can assume that
(vp) is equivalent to the unit vector basis of ;. Now apply Rosenthal’s theorem to
(up). If (u,) has a subsequence equivalent to the unit vector basis of ¢; then, after
passing to this subsequence and relabeling, we would obtain that the restriction
of S to [v,]52 is equivalent to an isomorphism on ¢;, which contradicts S being
strictly singular. Therefore, (u,) must have a weakly Cauchy subsequence. This
completes the proof of the claim. [
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Since (T»Tiuy) has no convergent subsequences, by passing to a subsequence
and relabeling, we can assume that (T5T7u,) is e-separated for some € > 0. Thus
the sequences (x,), (yn) and (z,) are seminormalized, where x,, = Upt1 — Up,
Yn = Thxy, and z, = ToTi2,. Since (u,) is weakly Cauchy, it follows that (),
(yn), and (z,) are weakly null. By using Corollary 1 of [7] and Remark 3.3, pass
to subsequences and relabel in order to assume that (x,), (y.), and (z,) are basic
and Schreier spreading.

Since Ti(zn) = yn for all n and T7 € SS¢(X) we have that (z,) #¢ (Yn)-
Similarly, since T2(yy,) = 2y, for all n and Tp € SS¢(X) we obtain that (y,,) ¢ (zn).
Finally, by part (iv) of Proposition 2.4, we have that TbT) € SS¢(X), so that
(zn) #¢ (2n). Thus, #(SP1,,(X)/~¢) > 3 which is a contradiction.

For the “furthermore” statement, if #(SP1,,,(X)/~) = 2, then we can modify the
above proof to merely assume that 71, Ts € SS(X). Notice that since Ty (x,) = yn
for all n and 77 € SS(X) we have that (z,,) % (y,). Indeed, otherwise T} induces
the restriction operator from [(z,,)] to [(yn)] via > oo @n®y > > ooy anyn. This
restriction is one-to one since (y,,) is a basic sequence, and onto since (z,,) ~ (ypn)-
Hence, the restriction of T' to [z,] would be an isomorphism, contradiction. Simi-
larly, (yn) # (2n) and (@) # (2n). Thus, #(SP1,,(X)/~) > 3 which is a contra-
diction.

The statement as well as the proof of this result for n = 0 should be given
special attention. The assumptions # (SP1 ., (X)/~¢) = 0 or #(SP1,,(X)/~) =0,
combined with Remark 3.3, simply mean that there is no seminormalized weakly
null basic sequence in X. The conclusion of the statement if n = 0 simply means
that K(X) = SS(X). In order to verify the result, if S € SS(X)\K(X), then there
exists a normalized sequence (v,) such that (Sw,) has no convergent subsequence.
By Remark 2.3, there is a subsequence (v, ) such that both (v,,) and (Sv,, ) are
equivalent to the unit vector basis of £;. This contradicts the assumption that
S e SS§(X). O

5. APPLICATIONS OF THEOREM 4.1

In this section we give applications and corollaries of Theorem 4.1.

5.1. The first application was obtained by Milman [18]. By [15], we have that for
2 < p < 00, every weakly null seminormalized sequence in L, [0, 1] has a subsequence
which is equivalent to the unit vector basis of £, or £3. Therefore,

#(SP1,(Lp[0,1]) /=) = 2.

Moreover, ¢1 ¥+ L,[0,1]. Thus, by Theorem 4.1, the product of any two strictly
singular operators on L,[0,1] (2 < p < 00) is compact.

5.2.  An infinite dimensional subspace Y of a Banach space X is said to be partially
complemented if there exists an infinite dimensional subspace Z C X such that
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YNZ =0and Y+ 7 is closed. In general, the adjoint of a strictly singular operator
doesn’t have to be strictly singular. However, Milman proved in [18] that if X* is
separable and every infinite dimensional subspace of X is partially complemented,
then the adjoint of every strictly singular operator defined on X is again strictly
singular. Milman then used this fact to show that the product of any two strictly
singular operators on L,[0,1] (1 < p < 2) is compact. This can be immediately
generalized to the following dual version of Theorem 4.1.

Corollary 5.1. Suppose that X is a Banach space such that X* is separable and
every infinite dimensional subspace of X is partially complemented. Assume that
#(SPl,w(X*)/%) =nand let Ty,...,Thy1 € SS(X). Then Tyi1T, ---T1 is com-
pact. Moreover, if {1 does not isomorphically embed in X* then T,T,_1---T1 is

compact.

5.3. Let X be a reflexive Banach space with a basis (e;) and with the property
that for some 1 < € < w; there exists 0 < § < 1 such that

(2) 1>l =6 il
i=1 i=1

for any finite block sequence (z;)f_; with {minsupp(z;)}7_, € S¢. Fix m € N
and, by part (iv) of Remark 1.1, let N = (n;) be a subsequence of N such that
Sem(N) C [Se]™. Thus, for any block sequence (z,,) in X and any F € Sgp,

(3) 1D @l =67 Y el

icF i€F

Hence if (zy,) is seminormalized, then (z,,) is ~¢p-equivalent to the unit vector
basis of ¢1. Therefore, the proof of part (iv) of Proposition 3.5 yields that if (x,,) is
any Schreier spreading sequence in X, then (z,,) is ~¢n,-equivalent to the unit vector
basis of ¢1. Since ¢; # X, by Theorem 4.1, we obtain that SS¢,,(X) = K(X).

Banach spaces that satisfy (2) are for example Tsirelson type spaces T'[0, Se] or
1

mg’

more general mixed Tsirelson spaces T' [( Sni)i EN] , or similar type of hereditarily

indecomposable Banach spaces constructed and studied in [3].

5.4. Let R be the Banach space constructed by Read in [23]. It is shown in [23]
that R has precisely two symmetric bases, which shall be denoted by (eX ) and (eZ),
up to equivalence.

Proposition 5.2. If (y,) is a Schreier spreading sequence in R (not necessarily
symmetric and not necessarily a basis for the whole space), then either (y,) ~1 (eY),
or (yn) =1 (€2), or (yn) is ~1-equivalent to the unit vector basis of /1.

Proof. In [23, page 38, lines 14 and 17], two norms ||-||y and ||-|| z are constructed on
coo S0 that the standard basis (e,) of coo is symmetric with respect to either norm
[23, page 38, line -2]. Then Y denotes the completion of (cqq, ||-|[y) and Z denotes
the completion of (cgo, ||-||z). It is proved in [23, Lemma 2, page 39] that ¥ and
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Z are isomorphic (and we denote them by R). Thus, if (e)') and (eZ) denotes the

Y

Y) and (e) are normalized

standard basis of ¢gp in Y and Z respectively, then (e

Y

Y and (e?) are not equivalent by the estimates of

symmetric bases for R. Also, (e
[23, page 39, lines 7 and 9]. From page 40, line 13 to the end of section 6 (page 47),

it is shown in [23] that if (y,,) is a symmetric ||-||y-normalized block basic sequence

of (e¥) in R, then (y,) is equivalent to (e)), or (eZ), or the unit vector basis
of /1. (Then since R is not isomorphic to ¢1, it is obtained that R has exactly two
symmetric bases). A closer examination of these pages will reveal that it is actually
shown that if (y,) is any ||-||y-normalized block sequence in R, then one of the

following two cases happens.

Case 1: (yn) has a subsequence (yn,) which is equivalent to the unit vector basis
of 41 (see [23, page 41, lines 5-7]). Thus, if (y,) is Schreier spreading, then (ys;,)
is ~¥1-equivalent to the unit vector basis of ¢;. Moreover, if (y,) is symmetric
([23, page 41, line 9]), then (y,) is equivalent to the unit vector basis of ¢;.

Case 2: The limit lim, oo ||3°; Ajyj+r|ly is equivalent to either |3, Ajel lly or
152, /\jejZHZ for every (A;) € coo. Indeed, [|3°; Ajyj+r|ly is the left hand side of
the displayed formula [23, page 47, line 7] by virtue of the notation [23, page 40,
line -4]. Thus, by (23, page 47, line 7], the limit lim, o [|>~; Ajyj+r[ly is denoted
by |||A]|] in [23, page 47, line 10], or by p(}, B) in [23, section 7]. It is concluded in
23, page 50, line 3] that [|[A]| is equivalent to either |3, Ajel |y or 132, AjeZ| z.

Thus, in Case 2, if (y,,) is Schreier spreading, then (y,,) ~1 (eX), or (y,) =1 (eZ).
Moreover, if (y,) is symmetric [23, page 47, line 9], then (y,,) is equivalent to (eY)
or (eZ). O

By combining Proposition 5.2 and Theorem 4.1, we obtain that the product of
any three operators in SS1(R) is compact.

5.5. Theorem 4.1 may also be used to provide invariant subspaces of operators.
A well known theorem of Lomonosov [19] asserts that if T is an operator on a
Banach space such that T commutes with a non-zero compact operator, then 7" has
a (proper non-trivial) invariant subspace. Moreover, if the Banach space is over
complex scalars and T is not a multiple of the identity, then there exists a proper
non-trivial subspace which is hyperinvariant for 7. When the Banach space is over
real scalars, one can find a hyperinvariant subspace for T if T' doesn’t satisfy an
irreducible quadratic equation (see [14, 27]).

Proposition 5.3. Suppose that X is a Banach space and 1 < & < wy.

(i) If #(SP1,w(X) /%) is finite, then every operator S € 8S¢(X)\ {0} has a
non-trivial hyperinvariant subspace.

(i) If #(SP1,w(X)/=) is finite, then every operator S € SS(X) \ {0} has a
non-trivial hyperinvariant subspace.
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Proof. Suppose that either #(SP1,,(X)/~) is finite and S € 8S¢(X) \ {0}, or
#(SP1,,(X)/=) is finite and S € SS(X) \ {0}. If S has eigenvalues, then every
eigenspace is a hyperinvariant subspace and we are done. Suppose S has no eigen-
values. So we can assume that S is quasinilpotent with trivial kernel. It follows
that S doesn’t satisfy any real-irreducible quadratic equation. Theorem 4.1 implies
that S™ is compact for some m. Also, S™ is non-zero as otherwise zero would be
an eigenvalue of S. Since S commutes with S™, it follows that S has a non-trivial
hyperinvariant subspace. (I

A similar reasoning shows that if, under the hypotheses of Proposition 5.3, T
commutes with S, then T commutes with the compact operator S™. Therefore, if
S™ 2 (0 and either X is a complex Banach space or X is real and T" doesn’t satisfy
any irreducible quadratic equation, then T has a hyperinvariant subspace.

Note that Read [24] constructed an example of a strictly singular operator with
no invariant subspaces. A further application of Proposition 5.3 is Corollary 6.14.

6. HEREDITARILY INDECOMPOSABLE BANACH SPACES

In [13], an infinite dimensional Banach space was defined to be hereditarily in-
decomposable (HI) if for every two infinite dimensional subspaces Y and Z of X
with Y N Z = {0} the projection from Y + Z to Y defined by y+ 2z —y (fory € Y
and z € Z) is not bounded. It is is observed in [13] that this is equivalent to the
fact that for every two infinite dimensional subspaces Y and Z of X and for every
€ > 0 there exists a unit vector y € Y such that dist (y, Z) < e. This motivates us
to introduce the following definition.

Definition 6.1. Let 1 <& < wi. We say that a Banach space X is Sg-hereditary
indecomposable (HI;) if for every € > 0, infinite-dimensional subspace Y C X and
basic sequence (xy) in X there exist an index set F € S¢ and a unit vector y € Y
such that the dist (y, [l‘i]iep) <e.

It is obvious that if 1 < £ < w; and X is Hlg, then X is HI. Similarly to part
(ii) of Proposition 2.4, if X is HI; and & < ¢, then X is HI.

Remark 6.2. Let X be a Banach space and 1 < & < w;.

(i) X is HI if and only if for every € > 0, infinite-dimensional subspace Y C X
and normalized basic sequence (z,) in X there exist a subsequence (x, ),
F € 8¢ and unit vector y € Y such that dist(y, [zn,Jrer) < e.

(ii) If X is a reflexive Banach space with a basis (e,), then X is HI, if and
only if for every € > 0, infinite-dimensional block subspace ¥ C X and
normalized block sequence (y,,) of (e,,), there exists G € S¢ and unit vector
y € Y such that dist(y, [yilicc) <e.

The proof of (i) is trivial. For the proof of (ii) notice that if X is a reflexive
Banach space with a basis (e,,), Y is an infinite dimensional subspace of X and



16 G. ANDROULAKIS, P. DODOS, G. SIROTKIN AND V. G. TROITSKY

(x,) is a basic sequence in X, then (m) is weakly null thus, by passing to a
subsequence and relabeling, we can assume that (H H) is “near” a block sequence
of (en) ([7]). Similarly, Y contains an infinite dimensional block subspace. The

details are left to the reader.

Example 6.3. The HI space constructed by Gowers and Maurey [13], which will
be denoted by GM, is an Hlz space. Indeed, we outline the proof from [13] that
GM is HI and we indicate that the proof actually shows that GM is HI3. An
important building block of the proof is the notion of rapidly increasing sequence
vectors (denoted by RIS vectors). Before defining the RIS vectors, we need to back
up and define the (7, average with constant 1+¢ (forn € Nand € > 0). Let n € N
and € > 0. We say that a vector y € GM is an {7, average with constant 1 + ¢ if
lyll = 1 and y can be written as y = @1 + -+ + @, where z1 < -+ < &, x;’s are
non-zero, and [|z;]| < (1 +¢)n~?! for every i. It is shown in [13, Lemma 3] that if
U is any infinite dimensional block subspace of GM, ¢ > 0 and n € N, then there
exists y € U which is an 7, average with constant 1 + €. In fact, the proof shows
that if (u,) is a block basis of U, then there exists F' € &1 and y € [uy|ner which
is an /7, average with constant 1 + €.

For N € Nand € > 0, a vector z € GM is called an RIS vector of length N
and constant 1 + ¢ if z can be written as z = (y1 + - + y~n)/||ly1 + -+ + yn|
where y; < --- < yn and each yj is an £}’ average with constant 1 + ¢ and the
positive integerb (n)N_, are defined inductively to satisfy n; > 4(1 4 £)2N/<" /¢’
where ¢’ = min(e, 1), and \/log,(n11 + 1) = 2# supp(yx)/e’ (here, supp(y) stands
for the support of the vector y relative to the standard basis of GM). Thus, if
N € N, € > 0 and U is an infinite dimensional block subspace of GM spanned by
a block sequence (uy,), then there exists G € Sy and z € [u,]nyeg which is an RIS
vector of length V and constant 1 + €.

The idea of the proof that GM is HI is then the following ([13, page 868]): given
any k € N and two block subspaces Y and Z of GM, spanned by block sequences
(yn) and (zy,) respectively, let 1 € Y be an RIS of length M; := joi and constant
41/40 (the sequence (j,,) is an increasing sequence of integers which is used at the
definition of the space GM [13, pages 862 and 863]). The vector x; determines
then a positive integer Ms. Then a vector x5 is chosen in Z such that 1 < x4
and x5 is an RIS vector of length My and constant 41/40. The vectors z; and
o determine a positive integer M3. Then a vector xs is chosen in Y such that
x9 < xz and x3 is an RIS vector of length M3 and constant 41/40. Continue
similarly choosing total of k block vectors x; alternatingly from Y and Z. Let
y=> xo—1/|ID> x2i—1]| €Y and z = > x9;/||>_ xa2i]| € Z. Then it is shown that
ly+2|| > (1/3)\/logy(k + 1)||ly—z||. Since k is arbitrary, this shows that GM is HI.
By the remarks about the support of an RIS vector, one can make sure that there
exist Hy, Hy € S3 such that y € [yn]nen, and z € [2,]nen,. This proves that GM
is an HI3 space. Proposition 6.13 implies that if GM is considered as a complex
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Banach space, then every operator on GM can be written in the form A\ +.5 where
A€eCand S e SS3(GM).

Example 6.4. The HI space constructed by Argyros and Deliyanni [3], which will
be denoted by AD, is an Hl,3 space. This can be done similarly to the Example 6.3
by closely examining the proof of [3] showing that AD is an HI space.

Next we use descriptive set theory in order to prove the following result which
signifies the importance of separable S¢-HI Banach spaces and Sg-strictly singular
operators defined on separable Banach spaces.

Theorem 6.5. Let X be a separable Banach space, let Y be a Banach space and
let Se€ L(X,Y). Then the following hold.

(a) X is HI if and only if X is HI; for some { < wy.

(b) S is strictly singular if and only if S is S¢-strictly singular for some § < wy.

For the proof of Theorem 6.5 we need some results from descriptive set theory
which we briefly recall.

Trees. Let N<N by the set of all finite sequences of natural numbers. By [N]<N we
denote the subset of N<N consisting of all strictly increasing finite sequences. We
view N<N as a tree equipped with the (strict) partial order C of extension. A tree
T on N is a downwards closed subset of N<N. By Tr we denote the set of all trees
on N. Thus,

TeTreVs,te NN (sCtandteT=secT).

Notice that [N]<N belongs to Tr.

By identifying every T' € Tr with its characteristic function (that is, an element
of 2N<N), it is easy to see that the set Tr becomes a closed subset of 2N For every
o € NV and every n € N we set o|n = (0(1),...,0(n)) € NN A tree T € Tr is
said to be well-founded if for every o € NN there exists n € N such that o|n ¢ T.
By WF we denote the subset of Tr consisting of all well-founded trees.

Forevery T € Tr weset T" = {s € T | 3t € T with s C t}. Observe that T’ € Tr.
By transfinite recursion, for every 7' € Tr we define (7®)¢,,, as follows. We set
TO =7, 7 = (T©)" and T = N, T if A is limit. Notice that T € WF
if and only if the sequence (T(¢))¢.,,, is eventually empty. For every T € WF the
order o(T) of T is defined to be the least countable ordinal ¢ such that T = (.
We will need the following boundedness principle for WF (see [16, Theorem 31.2]).

Theorem 6.6. If A is an analytic subset of WF, then sup{o(T) | T € A} < w;.

If S,T € Tr, then a map ¢: S — T is said to be monotone if for every s1,s5 € S
with 1 C s we have ¢(s1) C ¢(s2). Notice that if S, T are well-founded trees and
there exists a monotone map ¢: S — T, then o(S) < o(T). Also observe that for
every £ < w; the Schreier family S is a well-founded tree and o(S¢) > €.
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Standard Borel spaces. Let (X, X)) be a measurable space, that is, X is a set and X
is a o-algebra on X. The pair (X, X) is said to be a standard Borel space if there
exists a Polish topology 7 on X such that the Borel o-algebra of (X, 7) coincides
with . Invoking the classical fact that for every Borel subset B of a Polish space
(X, 7) there exists a finer Polish topology 7/ on X making B clopen and having
the same Borel set as (X, 7) (see [16, Theorem 13.1]), we see that if (X,X) is a
standard Borel space and B € ¥, then B equipped with the relative o-algebra is a
standard Borel space too.

Let X be a Polish space and denote by F'(X) the set of all closed subsets of X.
We endow F(X) with the o-algebra ¥ generated by the sets

{(FeEF(X)|FNU#0}

where U ranges over all nonempty open subsets of X. The measurable space
(F(X),X) is called the Effros—Borel space of X. It is well-known that the Effros—
Borel space is a standard Borel space (see [16, Theorem 12.6]).

Now let X be a separable Banach space. Denote by Subs(X) the set of all
infinite-dimensional subspaces of X. The set Subs(X) is a Borel subset of F(X),
and so a standard Borel space on its own right. To see this, notice that by [16, page
79, line +6] the set A of all closed linear subspaces (finite or infinite dimensional)
of X is Borel in F(X). Moreover, by [16, Exercise 12.20], the set F of all finite-
dimensional subspaces of X is also a Borel subset of F(X). As Subs(X) = A\ F,
we conclude that Subs(X) is Borel. We will need the following fact which was
isolated explicitly in [4]. Its proof follows by a straightforward application of the
Kuratowski-Ryll-Nardzewski selection theorem (see [16, Theorem 12.13]).

Proposition 6.7. Let X be a separable Banach space. There exists a sequence
Sp: Subs(X) — X (I € N) of Borel maps such that for every subspace Y of X the
sequence (SZ(Y)) is in the sphere Sy of Y and, moreover, it is norm dense in Sy .

For more background material on Subs(X) we refer to [4, 8, 16]. We are ready
to proceed to the proof of Theorem 6.5.

Proof of Theorem 6.5. (a) Clearly we only need to show that if X is HI, then X is
HI¢ for some £ < wy. So, fix a separable HI Banach space X. Let

B ={(zn) € XN (z,,) is a normalized basic sequence in X}

We claim that B is F,, in XV, the later equipped with the product topology. To see
this, for every k € N let By be the set of all normalized basic sequences (z,,) with
basis constant less or equal than k. It is easy to see that By, is closed in XN. Since
B is the union over all k € N of By, this shows that B is F,;. Since X is separable,
XN is Polish. Thus, B is a standard Borel space.

Let S;: Subs(X) — X (I € N) be the sequence of Borel maps obtained by
Proposition 6.7. For every m € N, every (x,,) € B and every Y € Subs(X) we define
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the tree T = T'(m, (2,,),Y) € Tr to be the set of all t = (I; < --- < I}) € [N]<N
such that

for any aq,...,a; in Q and any [/ in N.

HSl Y) - zk: a;
i=1

E

1
For every m € N consider the map ®@,,,: B x Subs(X) — Tr defined by
(Dm((xn),Y) = T(m, (Tn), Y).

Claim 6.8. The following hold.

(i) For every m € N the map ®,, is Borel.
(ii) For every m € N, every (z,) € B and every Y € Subs(X) the tree
T(m, (zn), Y) s well-founded.
(i) Let ( < w1 and assume that X is not HI.. Then there exist m € N,
(zn) € B and Y € Subs(X) such that o(T(m, (z,),Y)) = (.

Proof of Claim 6.8. (i) For those readers familiar with descriptive set theoretic
computations, this part of the claim is a straightforward consequence of the defi-
nition of the tree T(m, (zn), Y). However, for the convenience of the readers not
familiar with these computations, we shall describe a more detailed argument.

Fix m € N. For every t € NN let U; = {T € Tr | t € T}. As the topology on
Tr is the pointwise one, we see that the family {U; | t € N<N} forms a sub-basis of
the topology on Tr. Thus, it is enough to show that for every ¢t € N<N the set

oYU, = {((In),y) € B x Subs(X) | t € T(m, (), Y)}

is Borel. So, let t € N<N. If ¢ ¢ [N]<N, then ®_!(U;) = (. Hence, we may assume
that ¢t = (I3 <--- <lg) € [N]<N.

For every j € N the map 7;: B x Subs(X) — X defined by wj((xn),Y) =z
is clearly Borel. For every a = (ai)f”':l € QF and every I € N consider the map
H,;: B x Subs(X) — R defined by

Hat((22),Y) = HS;(Y) _ iami - HS;(Y) _ iaimi (), Y) H
=1 i=1

Invoking the above remarks, the Borelness of the map S; and the continuity of the
norm, we see that the map Hj,; is Borel. Thus, setting

Aa,l,’rn = H_l ([%7 +OO))7

a,l

we obtain that A, ., is a Borel subset of B x Subs(X) for every a € QF, every
l € N and every m € N. It follows from

oMU = () () Aatm
acQk leN

that ®;1(U,) is a Borel subset of B x Subs(X) as desired.
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(ii) Assume, towards a contradiction, that there exist m € N, (z,) € B and
Y € Subs(X) such that the tree T'(m, (z,,),Y) is not well-founded. Thus, there
exists o € N¥ such that o|k € T(m, (z,,),Y) for all k € N. Set nj, = o(k). Notice
that ny < ng4q for every k € N. Let Z = [2,,,]. As the sequence (Sl(Y)) is norm
dense in Sy, we see that dist(y, Z) > % for every y € Sy. Thus X is not HI, a

contradiction.

(ili) Let ¢ < wp such that X is not HI;. By definition, there exist ¢ > 0,
(xn,) € B and Y € Subs(X) such that for every y € Sy and every F € S
we have dist(y, [2n]ner) > 6. Let m € N with L < e It follows that for
every F = {l; < --+ < I3} € 8 we have F € T(m,(z,),Y). Hence, the
identity map Id: S¢ — T(m7 (xn),Y) is a well-defined monotone map, and so

o(T(m, (z),Y)) = 0o(S¢) = ¢. The claim is proved. O
We set

A= | ®n(B x Subs(X)) = {T(m, (@), Y) |meN, (2,) € B,Y € subs(X)}.
meN

By part (i) of Claim 6.8, we see that A is an analytic subset of Tr. By part (ii)
of Claim 6.8, we obtain that A C WF. Hence, by Theorem 6.6, there exists a
countable ordinal & such that

sup{o(T) : T € A} < &.
Finally, by part (iii) of Claim 6.8, we conclude that X is HI as desired.
(b) The proof is similar to that of part (a). Again it is enough to show that if X is a
separable Banach space, Y is a Banach space and S € £(X,Y) is strictly singular,
then S is Sg-strictly singular for some { < wi. As in the previous part, let B be
the F,, subset of XV consisting of all normalized basic sequences in X. For every

m € N and every (z,,) € B we define the tree T = T'(m, (x,)) € Tr to be the set of
allt = (I; < --- < li) € [N<N such that

k k
HS(Z aixli)H > %HZ aixliH for any aq,...,a; in Q.
i=1 i=1
For every m € N consider the map V,,,: B — Tr defined by

\I'm((mn)) = T(m, (a:n))

We have the following analogue of Claim 6.8. The proof is identical and it is left
to the reader.

Claim 6.9. The following hold.
(i) For every m € N the map V,, is Borel.
(ii) For every m € N and every (z,,) € B the tree T'(m, (xy,)) is well-founded.

(ili) Let ¢ < wi and assume that S is not S¢-strictly singular. Then there exist
m € N and (z,) € B such that o(T(m, (z,,))) > ¢.
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By parts (i) and (ii) of Claim 6.9 and Theorem 6.6, there exists a countable
ordinal £ such that

sup{o(T(m, (zn))) | m € N and (z,) € B} <&

Hence, by part (iii) of Claim 6.9, we conclude that S is S¢-strictly singular. The
proof is completed. O

Remark 6.10. We notice that part (b) of Theorem 6.5 is not valid if both X and
Y are non-separable. To see this, for every £ < w; let X¢, Y, be separable Banach
spaces and let Ty € L£(X¢, Yz) be a strictly singular operator which is not Sg-strictly
singular and with ||T¢|| = 1. We set

X = ( Z EBXg)Z1 and Y = ( Z €BY§>£2.
E<wy

E<w

One can easily “glue” the sequence (T¢)¢<., to produce a strictly singular operator
T € L£(X,Y) which is not Sg-strictly singular for any § < w;.

In their celebrated paper [13], Gowers and Maurey showed that if X is a complex
HI Banach space, then every operator T' € £(X) can be written as a strictly singular
perturbation of a scalar operator. The proof is based on the definition of the infinite
singular values of an operator and an important fact that is proved about them.
We recall the definition. Let X be a complex Banach space and T' € L(X). We say
that T is infinitely singular if no restriction of T" to a subspace of finite codimension
is an isomorphism.

Lemma 6.11 ([13)). If X is an infinite dimensional Banach space over C and
T € L(X), then there exists A € C such that T — X is infinitely singular.

Using this fact Gowers and Maurey proved the following theorem.

Theorem 6.12 ([13]). Every operator on a complex HI space is of the form \I +S
where A € C and S is strictly singular.

We use Lemma 6.11 in the proof of the following result which is analogous to
Theorem 6.12.

Proposition 6.13. If 1 < £ < wy and X is a complex Hle space, then every
T € L(X) can be written as T = X\ + S where A € C and S € SS¢(X).

Proof. Let X be a complex HI¢ space and T' € £(X). Assume that T' is not a scalar
multiple of the identity, else there is nothing to prove. By Lemma 6.11, there exists
A € C such that S =T — A is infinitely singular. We will show that S € SS¢(X).
Let (z,,) be a normalized basic sequence in X and ¢ > 0. Proposition 2.c.4 of [17]
asserts that there is an infinite dimensional subspace Y of X such that [|S)y || < §.
Since X is HI, there exists F' € S¢, a unit vector y € Y and a vector & € [Z,]ner
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such that ||y — z| < 38Te- 1t can then be easily checked that ||ﬁ — || < 31T
Hence,
ISl < ISyl + 1S - + |1 = =) |
] [ ]
€ € x
< g +ISlgrgg ISHle = ol <<
Since qo7 € [Zn]ner, we obtain that S € SS¢(X) which finishes the proof. O

Propositions 6.13 and 5.3 yield the following result.

Corollary 6.14. If X is an infinite dimensional complex Hlz Banach space for
some 1 < & < wi, such that #(SP1,,(X)/~¢) < oo, then every operator T € L(X)

which is not a multiple of the identity has a non-trivial hyperinvariant subspace.

Question. Does there exist any Banach space which satisfies the assumptions of
Corollary 6.147

Finally we examine operators originating from a subspace of an HI. Banach
space X and taking values in X. The next result will be important in their study.

Theorem 6.15. If 1 < ¢ < w; and X is an Hlg Banach space, then we have
S§S:(X,Y) =S8S(X,Y) for every Banach space Y.

Proof. Tt follows from part (i) of Proposition 2.4 that SS¢(X,Y) C SS(X,Y). Let
T € §§(X,Y), (x,) a basic sequence in X, and 0 < £ < 1. Choose ¢ > 0 such
that 5(1%”;”) < e. By Proposition 2.c.4 of [17], there is an infinite dimensional
subspace Z C X such that ||Tjz|| < d. Since X is Hlg, there exists ' € S; and
vectors € [zy]ner and z € Z such that ||z]| = 1 and ||z — z|| < §. It follows that
lz]] > 1—¢ and

Tzl < T2l + [T |z = 2]l < 6(1+ | T]) < ellz]-
The proof is completed. O

We now extend the following result of Ferenczi (which in turn is a generalization
of Theorem 6.12).

Theorem 6.16 ([12]). If X is a complex HI Banach space, Y is an infinite dimen-
sional subspace of X and T € L(Y, X), then there exists A € C and S € SS(Y, X)
such that T' = iy, x + S where iy,x: Y — X is the inclusion map.

Corollary 6.17. If X is a complex Hl¢ Banach space for some 1 < & < wy, Y is
an infinite dimensional subspace of X and T € L(Y,X), then there exists A € C
and S € §S¢(Y, X) such that T = Aiy,x + S.

Proof. It follows from Theorem 6.16 that T" = Aiy,x + S for some A € C and
some S € SS(Y,X). Since a subspace of an Hlg-space is again an HIg-space,
Theorem 6.15 yields that S € SS¢(Y, X). O
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