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1. INTRODUCTION

The theory of Rosenthal compacta, namely of compact subsets of the first Baire
class on a Polish space X, was initiated with the pioneering work of Rosenthal
[Ro2]. Significant contributions of many researchers coming from divergent areas
have revealed the deep structural properties of this class. Our aim is to study
some aspects of separable Rosenthal compacta, as well as, to present some of their
applications.

The present work consists of three parts. In the first part we determine the
prototypes of separable Rosenthal compacta and we provide a classification theo-
rem. The second part concerns an extension of a theorem of Todorcevié¢ included
in his profound study of Rosenthal compacta [Tol]. The last part is devoted to
applications.

Our results, concerning the first part, are mainly included in Theorems 2 and 3
below. Roughly speaking, we assert that there exist seven separable Rosenthal
compacta such that every K in the same class contains one of them in a very
canonical way. We start with the following definition.
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54D55.
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Definition 1. (a) Let I be a countable set and let X,Y be Polish spaces. Let
{fi}ier and {g;}icr be two pointwise bounded families of real-valued functions on
X and Y respectively, indexed by the set I. We say that {f;}icr and {g;}icr are
equivalent if the natural map f; — g; is extended to a topological homeomorphism
between mfel and @fel'

(b) Let X be a Polish space and let {fi}ico<r be relatively compact in By (X). We
say that { fi };eo<n 1s minimal if for every dyadic subtree S = (st);eo<n of the Cantor
tree 2<N the families {fi}1co<n and {fs, Yico<n are equivalent.

Related to the above notions the following theorem is proved.

Theorem 2. The following hold.

(a) Up to equivalence, there are exactly seven minimal families.

(b) For every family {fi}ico<n relatively compact in B1(X), with X Polish,
there exists a regular dyadic subtree S = (s¢)ico<n of the Cantor tree 2<N
such that {fs, }iea<n is equivalent to one of the seven minimal families.

For any of the seven minimal families the corresponding pointwise closure is a
separable Rosenthal compact containing the family as a discrete set. We denote

them as follows
A@Y), 25, 8, (2%), §_(2), A@2Y), DY) and D(S(2").

The precise description of the families and the corresponding compacta is given
in Subsection 4.3. The first two in the above list are metrizable spaces. The
next two are hereditarily separable, non-metrizable and mutually homeomorphic
(thus, the above defined notion of equivalence of families is stronger than saying
that the corresponding closures are homeomorphic). The space S+(2N), and so
the space S_(ZN) as well, can be realized as a closed subspace of the split interval
S(I). Following [E], we shall denote by A(2Y) the one point compactification of
the Cantor set 2V. The space A(2V) is the standard separable extension of A(2Y)
(see [Po2, Ma]). This is the only not first countable space from the above list. The
space lA)(QN) is the separable extension of the Alexandroff duplicate of the Cantor
set D(2Y) as it was described in [Tol]. Finally, the space ﬁ(S(QN)) can be realized
as a closed subspace of the Helly space. Its accumulation points is the closure of
the standard uncountable discrete subset of the Helly space.

Theorem 2 is essentially a success of the infinite-dimensional Ramsey theory for
trees and perfect sets. There is a long history on the interaction between Ramsey
theory and Rosenthal compacta which can be traced back to Farahat’s proof [F] of
Rosenthal’s ¢; theorem [Rol] and its tree extension due to Stern [Ste]. This interac-
tion was further expanded by Todor¢evié in [Tol] with the use of the parameterized
Ramsey theory for perfect sets.

The new Ramsey theoretic ingredient in the proof of Theorem 2 is a result
concerning partitions of two classes of antichains of the Cantor tree which we call
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increasing and decreasing. We will briefly comment on the proof of Theorem 2
and the critical role of this result. One starts with a family {f;};co<n relatively
compact in B1(X). A first topological reduction shows that in order to understand
the closure of {f;};co<n in R¥X it is enough to determine all subsets of the Cantor
tree for which the corresponding subsequence of {f:};co<n is pointwise convergent.
A second reduction shows that it is enough to determine only a cofinal subset of
convergent subsequences. One is then led to analyze which classes of subsets of
the Cantor tree are Ramsey and cofinal. First we observe that every infinite subset
of 2<N either contains an infinite chain or an infinite antichain. It is well-known,
and goes back to Stern, that chains are Ramsey. On the other hand, the set of all
antichains is not. However, the classes of increasing and decreasing antichains are
Ramsey and, moreover, they are cofinal in the set of all antichains. Using these
properties of chains and of increasing and decreasing antichains, we are able to
have a satisfactory control over the convergent subsequences of {f;};co<n. Finally,
repeated applications of Galvin’s theorem on partitions of doubletons of perfect sets
of reals permit us to fully canonize the topological behavior of {f;}ico<n yielding
the proof of Theorem 2.

A direct consequence of part (b) of Theorem 2 is that for every separable Rosen-
thal compact and for every countable dense subset {f;};co<n of it there exists a
regular dyadic subtree S = (s¢)seco<n such that the pointwise closure of {fs, }1ea<n
is homeomorphic to one of the above described compacta. In general, for a given
countable dense subset {f,} of a separable Rosenthal compact K, we say that one
of the minimal families canonically embeds into K with respect to { f, } if there exists
an increasing injection ¢: 2<% — N such that the family {fy () }ieo<n is equivalent
to it. The next theorem is a supplement of Theorem 2 and shows that the minimal
families characterize certain topological properties of K.

Theorem 3. Let KC be a separable Rosenthal compact and let {f,} be a countable
dense subset of K.

(a) IfK consists of bounded functions in B1(X), is metrizable and non-separable
in the supremum norm, then 2SN canonically embeds into IC with respect to
{fn} such that its image is norm non-separable.

(b) If K is non-metrizable and hereditarily separable, then either Sy (2V) or
S_(2Y) canonically embeds into K with respect to {f,}.

(¢) If K is not hereditarily separable and first countable, then either ﬁ(2N) or
ﬁ(S(2N)) canonically embeds into K with respect to {fn}.

(d) If K is not first countable, then A(2N) canonically embeds into K with

respect to {fn}-

In particular, if K is non-metrizable, then one of the non-metrizable prototypes

canonically embeds into IC with respect to any dense subset of K.
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Part (a) is an extension of the classical result of Stegall [St] which led to the
characterization of the Radon-Nikodym property in dual Banach spaces. We men-
tion that Todoréevié [Tol] has shown that in case (b) above the split interval S(I)
embeds into K. It is an immediate consequence of the above theorem that every
not hereditarily separable K contains an uncountable discrete subspace of the size
of the continuum, a result which is due to Pol [Pol]. The proofs of parts (a), (b)
and (c) use variants of Stegall’s fundamental construction similar in spirit as in the
work of Godefroy and Talagrand [GT]. Part (d) is a consequence of a more general
structural result concerning non-Gs points which we are about to describe. To this
end we start with the following definition.

Definition 4. Let K be a separable Rosenthal compact on a Polish space X and let
C be a closed subspace of K. We say that C is an analytic subspace if there exist a
countable dense subset {f,} of K and an analytic subset A of [N]* such that the
following are satisfied.

(1) For every L € A the accumulation points of the set {f, : n € L} in RX is
a subset of C.
(2) For every g € C which is an accumulation point of K there exists L € A

with g € {fn}ZeL.

Observe that every separable Rosenthal compact I is an analytic subspace of
itself with respect to any countable dense set. Let us point out that while the class
of analytic subspaces is strictly wider than the class of separable ones, it shares all
structural properties of separable Rosenthal compacta. This will become clear in
the sequel.

A natural question raised by the above definition is whether the concept of an
analytic subspace depends on the choice of the countable dense subset of K. We
believe that it is independent. This is supported by the fact that this is indeed
the case for analytic subspaces of separable Rosenthal compacta in By (X) with X
compact metrizable.

To state our results concerning analytic subspaces we need to introduce the
following definition.

Definition 5. Let K be a separable Rosenthal compact, let {f,} be a countable
dense subset of K and let C be a closed subspace of K. We say that one of the
prototypes K; (1 < i < 7) canonically embeds into K with respect to {f,} and C
if there exists a subfamily {fi}ico<v of {fn} which is equivalent to the canonical
dense family of K; and such that all accumulation points of {fi}ico<v are in C.

The following theorem describes the structure of not first countable analytic

subspaces.

Theorem 6. Let KC be a separable Rosenthal compact, let C be an analytic subspace
of K and let {f,} be a countable dense subset of IC witnessing the analyticity of C.
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Also let f € C be a non-Gs point of C. Then 121(2N) canonically embeds into IC with
respect to {fn} and C and such that f is the unique non-Gs point of its image.

Theorem 6 is the last step of a serie of results initiated by a fruitful prob-
lem concerning the character of points in separable Rosenthal compacta posed by
Pol [Pol]. The first decisive step towards the solution of this problem was made by
Krawczyk [Kr]. He proved that a point f € K is non-G; if and only if the set

Le s :={L € [N]* : (fn)ner is pointwise convergent to f}

is co-analytic non-Borel. His analysis revealed a fundamental construction which
we call Krawczyk tree (K-tree) with respect to the given point f and any countable
dense subset f = {f,} of K. He showed that there exists a subfamily {f;};cn<v of
{fn} such that the following are satisfied.

(P1) For every o € NY we have f & {fon) -

(P2) If A C N<N is such that f ¢ {ft}feA, then for every n € N there exist

to,...,tx € N™ such that A is almost included in the set of the successors
of the t;’s.

Using K-trees, the second named author has shown that the set
Le = {L € [N]*® : (fn)ner is pointwise convergent}

is complete co-analytic if there exists a non-Gs point f € K ([Do]). Let us also
point out that the deep effective version of Debs’ theorem [De] yields that for any
separable Rosenthal compact the set L¢ contains a Borel cofinal subset.

There are strong evidences, as Debs’ theorem mentioned above, that separable
Rosenthal compacta are definable objects and, consequently, they are connected to
descriptive set theory (see, also, [ADK1, B, Do]). One of the first results illustrating
this connection was proved in the late 1970s by Godefroy [Go] and asserts that a
separable compact K is Rosenthal if and only if C'((K) is an analytic subset of R?
for every countable dense subset D of K. Related to this, Pol has conjectured that
a separable Rosenthal compact K embeds into By (2V) if and only if C(K) is a Borel
subset of R (see [Ma, Po2]). It is worth mentioning that for a separable K in
B (2Y), for every countable dense subset {f,} of K and every f € K, there exists
a Borel cofinal subset of the corresponding set L¢ s, a property not shared by all
separable Rosenthal compacta.

The last step to the solution of Pol’s problem was made by Todor¢evié [Tol]. He
proved that if f is a non-G4 point of K, then the space A(2") is homeomorphic to
a closed subset of L with f as the unique limit point. His remarkable proof uses
metamathematical arguments (in particular, forcing and absoluteness).

We proceed to discuss the proof of Theorem 6. The first decisive step is the
following theorem concerning the existence of K-trees.
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Theorem 7. Let K, C, {f,} and f € C be as in Theorem 6. Then there exists a
K -tree { fi }1en<nv with respect to the point f and the dense sequence {f,} such that
for every o € NN all accumulation points of the set {fon :n €N} are in C.

The proof of the above result is a rather direct extension of the results of
Krawczyk [Kr] and is based on the key property of bisequentiality established for
separable Rosenthal compacta by Pol [Po3]. We will briefly comment on some fur-
ther properties of the K-tree {f;};cn<v obtained by Theorem 7. To this end, let us
call an antichain {t, } of N<N a fan if there exist s € N<N and a strictly increasing
sequence (my,) in N such that s™m,, C t, for every n € N. We also say that an
antichain {t,,} converges to o € NV if for every k € N the set {t,} is almost con-
tained in the set of the successors of o|k. Property (P2) of K-trees implies that for
every fan {t,} of N<N the sequence (f;, ) must be pointwise convergent to f. This
fact combined with the bisequentiality of separable Rosenthal compacta yields the
following property.

(P3) For every o € NN there exists an antichain {t,} of N<¥ which converges

to o and such that the sequence (f;,) is pointwise convergent to f.

In the second crucial step, we use the infinite dimensional extension of Hindman’s
theorem, due to Milliken [Mill], to select an infinitely splitting subtree T of N<N
such that for every o € [T] the corresponding antichain {t, }, described in property
(P3) above, is found in a canonical way. We should point out that, although
Milliken’s theorem is a result concerning partitions of block sequences, it can be
also considered as a partition theorem for a certain class of infinitely splitting
subtrees of N<N. This fact was first realized by Henson, in his alternative proof of
Stern’s theorem (see [Od]); it is used in the proof of Theorem 6 in a similar spirit.
The proof of Theorem 6 is completed by choosing an appropriate dyadic subtree S
of T and applying the canonization method (Theorem 2) to the family {fs}ses.

The following consequence of Theorem 6 describes the universal property of
A(QN) among all fundamental prototypes.

Corollary 8. Let K be a non-metrizable separable Rosenthal compact and D = {f,}
a countable dense subset of K. Then the space A(?N) canonically embeds into KK —IC
with respect to D — D and with the constant function 0 as the unique non-Gs point.

We notice that the above corollary remains valid within the class of analytic
subspaces.

The embedding of A(QN) in an analytic subspace C of a separable Rosenthal
compact K yields unconditional families of elements of C as follows.

Theorem 9. Let KC be a separable Rosenthal compact on a Polish space X consisting
of bounded functions. Also let C be an analytic subspace of K having the constant
function 0 as a non-Gs point. Then there ezists a family {f, : 0 € 2N} in C which
is 1-unconditional in the supremum morm, pointwise discrete and has 0 as unique

accumulation point.
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The proof of Theorem 9 follows from Theorem 6 and the “perfect uncondition-
ality theorem” form [ADK2].

A second application concerns representable Banach spaces, a class introduced
in [GT] and closely related to separable Rosenthal compacta.

Theorem 10. Let X be a non-separable representable Banach space. Then X*
contains an unconditional family of size | X*|.

We also introduce the concept of spreading and level unconditional tree bases.
This notion is implicitly contained in [ADK2] where their existence was established
in every separable Banach space not containing ¢; and with non-separable dual.
We present some extensions of this result in the framework of separable Rosenthal
compacta.

We proceed to discuss how this work is organized. In Section 2 we set up our
notation concerning trees and we present the Ramsey theoretic preliminaries needed
in the rest of this paper. In the next section we define and study the classes of
increasing and decreasing antichains. The main result in Section 3 is Theorem 10
which establishes the Ramsey properties of these classes. Section 4 is exclusively
devoted to the proof of Theorem 2. It consists of four subsections. In the first
subsection we prove a theorem (Theorem 16 in the main text) which is the first
step towards the proof of Theorem 2. Theorem 16 is a consequence of the Ramsey
and structural properties of chains and of increasing and decreasing antichains.
In Subsection 4.2 we introduce the notion of equivalence of families of functions
and we provide a criterion for establishing it. As we have already mentioned, in
Subsection 4.3 we describe the seven minimal families. The proof of Theorem 2 is
completed in Subsection 4.4.

In Subsection 5.1 we introduce the class of analytic subspaces of separable Rosen-
thal compacta and we present some of their properties, and in Subsection 5.2 we
study separable Rosenthal compacta in By (2Y). In Section 6 we present parts (a),
(b) and (c) of Theorem 3. Actually, Theorem 3 is proved for the wider class of
analytic subspaces and within the context of Definition 5. More precisely, we prove
the following theorem.

Theorem 11. Let K be a separable Rosenthal compact, let C be an analytic subspace
of K and let {f,} be a countable dense subset of K witnessing the analyticity of C.

(a) If C is metrizable in the pointwise topology, consists of bounded functions
and is non-separable in the supremum norm of By (X), then 2SN canonically
embeds into K with respect to {fn} and C such that its image is norm non-
separable.

(b) If C is hereditarily separable and non-metrizable, then either S, (2Y) or
S_(2Y) canonically embeds into K with respect to {f,} and C.

(c) If C is not hereditarily separable and first countable, then either D(2N) or
ﬁ(S(QN)) canonically embeds into IKC with respect to {fn} and C.
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Section 7 is devoted to the study of not first countable analytic subspaces. In
Subsection 7.1 we prove Theorem 7, and in Subsection 7.2 we present the proof of
Theorem 6. The last section is devoted to applications (in particular to the proofs
of Theorems 9 and 10).

We thank Stevo Todorc¢evié for his valuable remarks and comments.

2. RAMSEY PROPERTIES OF PERFECT SETS AND OF SUBTREES OF THE CANTOR
TREE

The aim of this section is to present the Ramsey theoretic preliminaries needed
in the rest of the paper, as well as, to set up our notation concerning trees.

Ramsey theory for trees was initiated with the fundamental Halpern—L&auchli
partition theorem [HL]. The original proof was based on metamathematical ar-
guments. The proof avoiding metamathematics was given in [AFK]. Partition
theorems related to the ones presented in this section can be found in the work of
Milliken [Mil2], Blass [B]], and Louveau, Shelah and Veli¢kovié [LSV].

2.1. Notation. Let N = {0,1,2,...} denote the set of natural numbers. By [N]*
we denote the set of all infinite subsets of N, and for every L € [N]* by [L]>* we
denote the set of all infinite subsets of L. If k > 1 and L € [N]>°, then [L]* stands
for the set of all subsets of L of cardinality k.

2.1.1. By 2<N we denote the set of all finite sequences of 0’s and 1’s (the empty
sequence is included). We view 2<N as a tree equipped with the (strict) partial
order C of extension. If ¢ € 2<N_ then the length [t| of  is defined to be the
cardinality of the set {s : s C t}. If s,t € 2<% then by s”t we denote their
concatenation. Two nodes s,t are said to be comparable if either s C t or t C s;
otherwise, they are said to be incomparable. A subset of 2<N consisting of pairwise
comparable nodes is said to be a chain while a subset of 2<N consisting of pairwise
incomparable nodes is said to be an antichain. For every x € 2V and every n > 1
we set zln = (2(0),...,z(n — 1)) € 2<N while 20 = 0. If z,y € (2<N U2") with
x # y, then by x Ay we denote the C-maximal node ¢ of 2<N with ¢t C x and ¢ C y.
Moreover, we write x < y if w™0 C z and w™1 C y where w = 2 A y. The ordering
< restricted on 2V is the usual lexicographical ordering of the Cantor set.

2.1.2. We view every subset of 2<N as a subtree with the induced partial ordering.
A subtree T of 2<V is said to be pruned if for every t € T there exists s € T with
t C s. It is said to be downwards closed if for every t € T' and every s C t we have
s € T. If T is a subtree of 2<V (not necessarily downwards closed), then we set
T :={s:3t e T with s C t}. If T is downwards closed, then the body [T] of T is
the set {z € 2V : z|n € T Vn}.

2.1.3. Let T be a (not necessarily downwards closed) subtree of 2<N. For every
t € T by |t|r we denote the cardinality of the set {s € T : s C t} and for every
n € N weset T(n) = {t € T: |tlr = n}. Moreover, for every t1,to € T by
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t1 A1 to we denote the C-maximal node w of T such that w T ¢; and w T ts.
Notice that t; Ap ta C t1 A te. Given two subtrees S and T of 2<N, we say that S
is a regular subtree of T if S C T and for every n € N there exists m € N such
that S(n) C T(m). For a regular subtree T’ of 2<N the level set Lt of T is the set
{l, : T(n) C 2i»} C N. Notice that for every z € [T] and every m € N we have
that z|m € T if and ounly if m € Ly. Hence, the chains of T' are naturally identified
with the product [T] x [L7]®. A pruned subtree T’ of 2<N is said to be skew if
for every n € N there exists at most one splitting node of T" in T'(n) with exactly
two immediate successors in T it is said to be dyadic if every t € T has exactly
two immediate successors in 7. We observe that a subtree 71" of the Cantor tree
is regular dyadic if there exists a (necessarily unique) bijection ip: 2<N — T such
that the following are satisfied.

(1) For every t1,ta € 2<N we have [t1| = [t2| if and only if |i7(t1)|7 = |ir(t2)| 7

(2) For every t1,ts € 2<N we have t; T to (respectively, t; < t3) if and only if

ir(t1) C i (t2) (respectively, iT(t1) < ir(t2)).

When we write T = (8¢ );co<n, Where T is a regular dyadic subtree of 2<N, we mean
that s; = ip(t) for every ¢t € 2<N. Finally, we notice the following property. If T is
a regular dyadic subtree of 2<N and R is a regular dyadic subtree of 7', then R is
also a regular dyadic subtree of 2<N,

2.2. Partitions of trees. We begin by recalling the following notion from [Ka].

Definition 1. Let T be a skew subtree of 2<N. We define fr: N — {1,2}<N as
follows. For every n € N let {sg < -+ < Sm—1} be the <-increasing enumeration
of T(n). We set fr(n) = (eq,...,em—1) € {1,2}™ where e; denotes the cardinality
of the set of the immediate successors of s; in T for everyi € {0,...,m —1}. The
function fr will be called the code of the tree T. If f: N — {1,2}<N is a function
such that there exists a skew tree T with f = fr, then f will be called a skew tree
code.

For instance, if fr(n) = (1) for every n € N, then the tree T is a chain. On
the other hand, if fr(0) = (2) and fr(n) = (1,1) for all n > 1, then T consists of
two chains. Moreover, observe that if 7" and S are two skew subtrees of 2<N with
fr = fs, then T and S are isomorphic with respect to both < and C. If f is a skew
tree code and T is a regular dyadic subtree of 2<N, then by [T]; we denote the set
of all regular skew subtrees of T' of code f. It is easy to see that the set [T is a
Polish subspace of 27. Also observe that if R is a regular dyadic tree of 7', then
[R]y = [T]; N2f. We will need the following theorem which is a consequence of
[Ka, Theorem 46].

Theorem 2. Let T be a reqular dyadic subtree of 2<N, let f be a skew tree code
and let A be an analytic subset of [T'|y. Then there exists a regular dyadic subtree
R of T such that either [R]; C A or [R]fNA=0.
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For a regular dyadic subtree T of 2<N by [T]pains We denote the set of all infinite
chains of T. Theorem 2 includes the following result due to Stern [Ste], Miller,
Todorcevié¢ [Mi] and Pawlikowski [Pa].

Theorem 3. Let T be a reqular dyadic subtree of 2<N and let A be an analytic
subset of [T)chains- Then there exists a regular dyadic subtree R of T such that
either [R]chains € A or [R]chains N A = 0.

Theorem 2 will be applied to the following classes of skew subtrees.

Definition 4. Let T be a reqular dyadic subtree of 2<N. A subtree S of T will be
called increasing (respectively, decreasing) if the following are satisfied.

(a) The tree S is uniquely rooted, regular, skew and pruned.
(b) For every n € N there exists a splitting node of S in S(n) which is the
=<-mazximum (respectively, <-minimum) node of S(n) and it has two imme-

diate successors in S.

The class of increasing (respectively, decreasing) subtrees of T will be denoted by
[T)iner (respectively, [T)pecr)-

It is easy to see that every increasing (respectively, decreasing) subtree is of fixed
code. Thus Theorem 2 can be applied to yield the following corollary.

Corollary 5. Let T be a reqular dyadic subtree of 2<N and let A be an analytic
subset of [T)mer- Then there exists a reqular dyadic subtree R of T such that either
[Rliner € A or [R]mer N A = 0. Similarly for the case of [T]pecr-

Corollary 5 may be considered as a parameterized version of the Louveau—
Shelah—Velickovié theorem [LSV].

2.3. Partitions of perfect sets. For every subset X of 2V by [X]? we denote
the set of all doubletons of X. We identify [X]? with the set of all (o,7) € X?
with ¢ < 7. We will need the following partition theorem due to Galvin (see, e.g.,
[Ke, Theorem 19.7]).

Theorem 6. Let P be a perfect subset of 2V. If A is a subset of [P]? with the
Buaire property, then there exists a perfect subset Q of P such that either [Q]* C A
or [QI*’NA=0.

3. INCREASING AND DECREASING ANTICHAINS OF A REGULAR DYADIC TREE

In this section we define the increasing and decreasing antichains and we establish
their fundamental Ramsey properties.

As we have already seen in Section 2 the class of infinite chains of the Cantor
tree is Ramsey. On the other hand an analogue of Theorem 3 for infinite antichains
is not valid. For instance, color an antichain (¢,) of 2<N red if ¢y < t;; otherwise
color it blue. It is easy to see that this is an open partition, yet there is no dyadic
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subtree of 2<N all of whose antichains are monochromatic. So, it is necessary, in
order to have a Ramsey result for antichains, to restrict our attention to those
which are monotone with respect to <. Still, however, this is not enough. To see
this, consider the set of all <-increasing antichains and color such an antichain ()
red if |to] < |t1 A ta]; otherwise color it blue. Again, we see that this is an open
partition which is not Ramsey.

The following definition incorporates all the restrictions indicated in the above
discussion and which are, as we shall see, essentially the only obstacles to a Ramsey
result for antichains.

Definition 7. Let T be a regular dyadic subtree of the Cantor tree 2<N. An infinite
antichain (t,) of T will be called increasing if the following conditions are satisfied.

(1) For every n,m € N with n < m we have |tp|7 < |[tm|r-
(2) For every n,m,l € N with n <m <1 we have |tp|7 < [tm AT ti|7-
(3I) For every n,m € N with n < m we have t, < t,.

The set of all increasing antichains of T will be denoted by Incr(T). Similarly,
an infinite antichain (t,) of T will be called decreasing if (1) and (2) above are
satisfied and (31) is replaced by the following.

(3D) For every n,m € N with n < m we have t,, < t,.
The set of all decreasing antichains of T will be denoted by Decr(T).

The classes of increasing and decreasing antichains of T have the following crucial
stability properties.

Lemma 8. Let T be a reqular dyadic subtree of 2<N. Then the following hold.

(1) (Hereditariness) Let (t,) € Incr(T) and let L = {lp < I3 < ---} be an
infinite subset of N. Then (t;,) € Incr(T). Similarly, if (t,) € Decr(T),
then (t;,) € Decr(T).

(2) (Cofinality) Let (t,) be an infinite antichain of T. Then there exists
{lo <ly <---} € [N]*® such that either (t;,) € Incr(T) or (t;,) € Decr(T).

(3) (Coherence) We have Incr(T) = Incr(2<N) N 2T, and similarly for the de-
creasing antichains.

Proof. (1) It is straightforward.

(2) The point is that all three properties in the definition of increasing and de-
creasing antichains are cofinal in the set of all antichains of T'. Indeed, let (t¢,) be
an infinite antichain of T. Clearly, there exists N € [N]* such that the sequence
([tn|T)nen is strictly increasing. Moreover, by Ramsey’s theorem, there exists
M € [N]*° such that the sequence (¢, )ncns is either <-increasing or <-decreasing.
Finally, to see that condition (2) in Definition 7 is cofinal, set

A= {(n,m,1) € [M] : |tn|r < [tm Az til7}
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By Ramsey’s theorem again, there exists L € [M]> such that either [L]> C A or
[L]> N A = (). We claim that [L]*> C A which clearly completes the proof. Assume
not, that is, [L]> N A = (). Set n = min(L) and L' := L\ {n} € [L]*®. Also
set k == |t,|r. Then for every (m,l) € [L']?> we have |t,, At t)|7 < k. The set
{t € T : |t|r < k} is finite. Hence, by another application of Ramsey’s theorem,
there exist s € T with |s|r < k and L” € [L’]* such that for every (m,l) € [L"]?
we have that s = t,,, Ar t;. But this is impossible since the tree T is dyadic.

(3) First we observe the following. As the tree T is regular, for every t,s € T
we have |t|7 < |s|7 (respectively, |t|r = |s|r) if and only if |¢| < |s| (respectively,
t] = [s)).

Now, let (t,) € Incr(T). In order to show that (t,) € Incr(2<N)N27 it is enough
to prove that for every n < m < [ we have |t,| < |t At;|. By the previous remark,
we have |t,,| < |ty A7 t1]. Since t,, Ap t; C ¢, Ay, we are done.

Conversely assume that (t,,) € Incr(2<Y) N 27. Again it is enough to check that
condition (2) in Definition 7 is satisfied. So, let n < m < I. There exist sy,,s € T
with [sp|7 = |si|T = |ta|Ts $Sm E tm and s; T t;. We claim that s, = s;. Indeed, if
not, then |t,, At;| = |sm A si| < |t,| contradicting the fact that the antichain (¢,) is
increasing in 2<N. Tt follows that t,, A7 t; 3 8y, and 80, |Sy|7 = |tn|r < |[tm Arti|T
as desired. The proof for the decreasing antichains is identical. (I

By part (3) of Lemma 8, we obtain the following corollary.

Corollary 9. Let T be a reqular dyadic subtree of 2<N and let R be a reqular dyadic
subtree of T. Then Incr(R) = Incr(T) N 2% and Decr(R) = Decr(T) N 2F.

We notice that for every regular dyadic subtree T' of the Cantor tree 2<N the sets
Incr(T) and Decr(T) are Polish subspaces of 27. The main result in this section is
the following theorem.

Theorem 10. Let T be a reqular dyadic subtree of 2<N and let A be an analytic
subset of Incr(T) (respectively, of Decr(T)). Then there exists a reqular dyadic
subtree R of T such that either Incr(R) C A or Incr(R) N A = 0 (respectively,
either Decr(R) C A or Decr(R)N A =10).

We notice that, after a first draft of the present paper, Todorcevi¢ informed us
that he is also aware of the above result with a proof based on Milliken’s theorem
for strong subtrees ([To2]).

The proof of Theorem 10 is based on Corollary 5. The method is to reduce the
coloring of Incr(7T') in Theorem 10 to a coloring of the class [T]ier of all increasing
regular subtrees of T" introduced in Definition 4. (The case of decreasing antichains
is similar.) To this end, we need the following easy fact concerning the classes
[T)mer and [T)pecr-

Fact 11. Let T be a regular dyadic subtree of 2<N. If S € [T)iner o S € [T|pecr,
then for every n € N we have |S(n)| =n + 1.
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As we have indicated, the crucial fact in the present setting is that there is a
canonical correspondence between [T and Incr(7) (and similarly for the de-
creasing antichains) which we are about to describe. For every S € [2<N]Incr or
S € [2N]peer and every n € N let {s? < --- < s} be the <-increasing enumera-
tion of S(n). Define ®: [2<N],o; — Incr(2<Y) by

®(S) = (sp™).

It is easy to see that & is a well-defined continuous map. Respectively, define
U: 2N peer — Decr(2<Y) by W(S) = (s71!). Again it is easy to see that W is
well-defined and continuous.

Lemma 12. Let T be a reqular dyadic subtree of 2<N. Then @([T]Incr) = Incr(T)
and ¥ ([T]pecr) = Decr(T).

Proof. We shall give the proof only for the case of increasing subtrees. (The
proof of the other case is similar.) First, we notice that for every S € [T]mer
we have ®(S) € Incr(2<Y) N 27, and so, by part (3) of Lemma 8, we obtain that
®([T)iner) € Incr(T). Conversely, let (¢,,) € Incr(T).

Claim 1. For every n < m <l we have t, N t,, = t, A7 t;.

Proof of the claim. Let n < m < l. By condition (2) in Definition 7, there exists
s € T with |s|p = |tn|7 and such that s C t,,, Ar t;. Moreover, observe that ¢, < s
since t,, < t,,. It follows that ¢, At t,, = t, AT s = t, At t;, as claimed. O

For every n € N we set ¢, = t,, Ap tp11.

Claim 2. For every n < m we have ¢, T ¢,,. That is, the sequence (cy) is an
infinite chain of T.

Proof of the claim. Let n < m. By Claim 1, we see that ¢, and ¢,, are compatible
since ¢, = t, Ar t,, and, by definition, ¢,, = ¢, Ar t;4+1. Finally, notice that

‘Cn|T < |tn|T < |tm AT tm+1|T = |Cm|T~ O

For every n > 1 let ¢, denote the unique node of T such that ¢}, C ¢, and
|eh |7 = |tn—1|T. Recursively, we define S € [T|inc, as follows. We set S(0) := {co}

and S(1) = {to,c}}. Assume that S(n) = {s§ < --- < sI'} has been defined so as
n+1

sp_y =typ_1 and sl =¢),. For every i € {0,...,n — 1} we select a node s~ such

that s C st and ] |7 = [t,]r. We set
Sn+1):={sg™ < <spt] <tn <, 1 }.

n—1

It is easy to check that S € [T)ier and ®(S) = (t,). The proof of Lemma 12 is
completed. 0

We are ready to give the proof of Theorem 10.
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Proof of Theorem 10. Let A be an analytic subset of Incr(7T). By Lemma 12, the
set B = ®~1(A)N[T)mer is an analytic subset of [T, By Corollary 5, there exists
a regular dyadic subtree R of T such that either [R]mer € B or [R]mer N B = (0. By
Lemma 12, the first case implies that Incr(R) = @([R]Incr) C ®(B) C A while the
second case yields that Incr(R) N A = @([R]Incr) N A = (). The proof for the case

of decreasing antichains is similar. O

4. CANONIZING SEQUENTIAL COMPACTNESS OF TREES OF FUNCTIONS

The present section consists of four subsections. In the first one, using the
Ramsey properties of chains and of increasing and decreasing antichains, we prove
a strengthening of a result of Stern [Ste]. In the second one, we introduce the notion
of equivalence of families of functions and we provide a criterion for establishing it.
In the third subsection, we define the seven minimal families. The last subsection
is devoted to the proof of the main result of the section, concerning the canonical
embedding in any separable Rosenthal compact of one of the minimal families.

4.1. Sequential compactness of trees of functions. We start with the following
definition.

Definition 13. Let L C 2<N be infinite and o € 2V. We say that L converges to o
if for every k € N the set L is almost included in the set {t € 2<N : |k T t}. The
element o will be called the limit of the set L. We write L — o to denote the fact
that L converges to o.

It is clear that the limit of a subset L of 2<N is unique, if it exists.

Fact 14. Let (t,,) be an increasing (respectively, decreasing) antichain of 2<N. Then
(tn) converges to o where o is the unique element of 2~ determined by the chain
(cn) with ¢p, = t, Atny1 (see the proof of Lemma 12).

We also need to introduce some pieces of notation.

Notation. For every infinite L C 2<N and every o € 2 we write L <* o if the
set L is almost included in the set {t : ¢ < o}. Respectively, we write L <* o if
L is almost included in the set {t : t < ¢} U {o|n : n € N}. The notation ¢ <* L
(respectively, o <* L) has the obvious meaning. We also write L C* ¢ if for all but
finitely many ¢t € L we have ¢t C 0. Finally, we write L 1 o to denote the fact that
the set LN {o|n : n € N} is finite.

The following fact is essentially a consequence of part (2) of Lemma 8.

Fact 15. If L is an infinite subset of 2<N and o € 2V are such that L — o and
L <* o (respectively, o <* L), then every infinite subset of L contains an increasing

(respectively, decreasing) antichain which converges to o.

Our goal in this subsection is to give a proof of the following theorem.
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Theorem 16. Let X be a Polish space and let {fi};co<n be a family relatively
compact in By(X). Then there exist a regular dyadic subtree T of 2<N and a family
{9%, 95,95 : 0 € P}, where P = [T, such that for every o € P the following are
satisfied.
(1) The sequence (fon)ner, converges pointwise to g% (recall that Ly stands
for the level set of T').
(2) For every sequence (o) in P converging to o with o, < o for alln € N, the
sequence (g5) converges pointwise to gf for any choice of &, € {0,4,—}.
If such a sequence (0,) does not exist, then g& = g2.
(3) For every sequence (0,,) in P converging to o with 0 < o, for alln € N, the
sequence (gsm) converges pointwise to g, for any choice of e, € {0,4, —}.
If such a sequence (o,,) does not exist, then g; = g2.
(4) For every infinite subset L of T converging to o with L <* o, the sequence
(fi)ter converges pointwise to g .
(5) For every infinite subset L of T' converging to o with o <* L, the sequence
(ft)ter converges pointwise to g .

Moreover, the functions 0,4+, —: P x X — R defined by

O(Uv .13) = gg(:n), +(07I) = g:(x), _(07 l‘) = g;(m)
are all Borel.

For the proof of Theorem 16 we will need the following simple fact (the proof of
which is left to the reader).

Fact 17. The following hold.

(1) Let Ay = (t}), Ay = (#2) be two increasing (respectively, decreasing) an-
tichains of 2<N converging to the same o € 2. Then there exists an in-
creasing (respectively, decreasing) antichain (t,) of 2<N converging to o
such that to, € Ay and to,11 € Ay for every n € N.

(2) Let (0,) be a sequence in 2N converging to o € 2V, For every n € N let
N,, = (%) be a sequence in 2<N converging to o,. If o, < o (respectively,
on > 0) for every n, then there exist an increasing (respectively, decreasing)
antichain (tn,) and L = {n,, : m € N} € [N]* such that (t,,) converges to
o and ty, € Ny, for every m € N.

We proceed to the proof of Theorem 16.

Proof of Theorem 16. Our hypotheses imply that for every sequence (g,) belong-
ing to the closure of {f;};co<n in R¥ there exists a subsequence of (g,) which is
pointwise convergent. Consider the following subset I of [2<N]Chains defined by

I = {c € [2°Mchains : the sequence (f;):e. is pointwise convergent}.

Then II; is a co-analytic subset of [2<N]cains (see [Ste]). Applying Theorem 3 and
invoking our hypotheses, we obtain a regular dyadic subtree T} of 2<N such that
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[T ]chains C I1;. Now consider the subset IIy of Incr(7}) defined by

I := {(t,) € Incr(T}) : the sequence (ft,) is pointwise convergent }.

Again II, is co-analytic (this can be checked with similar arguments as in [Ste]).
Applying Theorem 10, we obtain a regular dyadic subtree Ty of T such that
Incr(73) C II;. Finally, applying Theorem 10 for the decreasing antichains of
T5 and the color

I3 := {(tn) € Decr(T) : the sequence (fy,) is pointwise convergent},

we obtain a regular dyadic subtree T" of T, such that, setting P = [17], the following
are satisfied.

(i) For every increasing antichain (¢,) of T the sequence (f;,) is pointwise
convergent.

(ii) For every decreasing antichain (¢,) of T the sequence (f:, ) is pointwise
convergent.

(iii) For every o € P the sequence (fo|n)necL, is pointwise convergent to a
function ¢2.

We notice the following. By part (1) of Fact 17, if (L) and (#2) are two increasing
(respectively, decreasing) antichains of 7' converging to the same o, then (f;1) and
(fez ) are both pointwise convergent to the same function. For every o € P we
define g} as follows. If there exists an increasing antichain (¢,) of 7' converging
to o, then we set g} to be the pointwise limit of (f;,). (By the previous remark,
g is independent of the choice of (t,).) Otherwise, we set g+ = ¢%. Similarly, we
define g to be the pointwise limit of (f;,) where (¢,) is a decreasing antichain of
T converging to o, if such an antichain exists. Otherwise, we set g, = ¢2. By Fact
15 and the above discussion, properties (i) and (ii) can be strengthened as follows.

(iv) For every o € P and every infinite L C T converging to o with L <* o, the
sequence (f;)er is pointwise convergent to g .

(v) For every o € P and every infinite L C T converging to o with o <* L, the
sequence (fi)ter is pointwise convergent to g .

We claim that the tree 7' and the family {2, g}, g, : 0 € P} are as desired. First
we check that properties (1)—(5) are satisfied. Clearly we only have to check (2)
and (3). As the argument is symmetric, we will prove only property (2). We argue
by contradiction. So, assume that there exist a sequence (o,) in P, ¢ € P and
en € {0,+, —} such that o,, < 0 and (0,,) converges to o while the sequence (g5 )
does not converge pointwise to gF. Hence, there exist L € [N]* and an open
neighborhood V of g in R¥ such that g5 & V for every n € L. By definition,
for every n € L we may select a sequence (t7) in T such that for every n € L the
following hold.

(a) The sequence N,, = (t}) converges to o,
b) The sequence (fi») converges pointwise to g5~
k On
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(c) For every k € N we have f;» ¢ V.
(d) The sequence (o4, )ner converges to o and o, < 0.

By part (2) of Fact 17, there exist a diagonal increasing antichain (¢,,) converging
to 0. By (c) above, we see that (f;, ) is not pointwise convergent to gF. This leads
to a contradiction by the definition of g}.

We will now show that the maps 0,4+ and — are Borel. Let {lp < I} < ---}
be the increasing enumeration of the level set Ly of T. For every n € N define
hyp: P x X — R by hy(0,2) = fs,(z). Clearly h, is Borel. Since for every
(0,2) € P x X we have

0(c,z) = ¢2(2) = lim h,, (0, z)

the Borelness of 0 is clear. We will only check the Borelness of the function +
(the argument for the map — is identical). For every n € N and every o € P let
l,(0) be the lexicographically minimum of the closed set {7 € P : o|l,, C 7}. The
function P 3 o + 1,,(0) € P is clearly continuous. Invoking the definition of g} and
property (2) in the statement of the theorem, we see that for every (o,2) € P x X
we have
+(0,z) = g (x) = lim glon(g) (z) =1im0(l,(0), ).

Thus + is Borel too, and the proof of the theorem is completed. (Il

Remark 1. We would like to point out that in order to apply the Ramsey theory
for trees in the present setting one has to know that all the colors are sufficiently
definable. This is also the reason why the Borelness of the functions 0,4+ and —
is emphasized in Theorem 16. As a matter of fact, we will need the full strength
of the Ramsey theory for trees and perfect sets in the sense that in certain cases
the color will belong to the o-algebra generated by the analytic sets. It should be
noted that this is in contrast with the classical Silver theorem [Si] for which, most
applications, involve Borel partitions.

4.2. Equivalence of families of functions. We start with the following defini-
tion.

Definition 18. Let I be a countable set and let X,Y be Polish spaces. Also let
{fi}ier and {g;}icr be two pointwise bounded families of real-valued functions on
X and Y respectively, indexed by the set I. We say that {f;}icr is equivalent to
{9i}ier if the map

Jir gi

is extended to a topological homeomorphism between {fi}fej and {g,-}fel.

The equivalence of the families {f;};cr and {g; }ies is stronger than saying that
mfe ; is homeomorphic to @fe ; (an example illustrating this fact will be given
in the next subsection). The crucial point in Definition 18 is that the equivalence
of {fi}ier and {g; }ics gives a natural homeomorphism between their closures.
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The following lemma provides an efficient criterion for checking the equivalence
of families of Borel functions. We mention that in its proof we will often make
use of the Bourgain—Fremlin—Talagrand theorem [BFT] without making an explicit
reference. From the context it will be clear that this is what we use.

Lemma 19. Let I be a countable set and let X,Y be Polish spaces. Let K1 and
K2 be two separable Rosenthal compacta on X andY respectively. Let {f;}icr and
{gi}tier be two dense families of KC1 and Ko respectively. Assume that for everyi € I
the functions f; and g; are isolated in K1 and Ko respectively. Then the following
are equivalent.

(1) The families {fi}icr and {g;}ic1 are equivalent.
(2) For every infinite subset L of I the sequence (f;)icr, converges pointwise if
and only if the sequence (g;)icr, does.

Proof. The direction (1) = (2) is obvious. What remains is to prove the converse.
So assume that (2) holds. For every infinite M C I we set KM = mfe M and
KM = @fe - Notice that {7 and K3 are separable Rosenthal compacta. Our
assumptions imply that the isolated points of KM is precisely the set {f; :i € M},
and similarly for K. Define ®,: KM — K as follows. First, for every i € M
we set ®pr(f;) = gi- If h € KM with h ¢ {f; : i € M}, then there exists an infinite
subset L of M such that h is the pointwise limit of the sequence (f;);cr. Define
®pr(h) to be the pointwise limit of the sequence (g;)icr, (by our assumptions this
limit exists). To simplify notation, we set ® = ;.

Claim. Let M C I be infinite. Then the following hold.

(1) The map @y is well-defined, one-to-one and onto.
(2) We have @|xa = @

Proof of the claim. (1) Fix an infinite subset M of I. To see that @, is well-defined,
notice that for every h € KM with h ¢ {f; : i € M} and every pair Ly, Ly of infinite
subsets of M with h = lim;cr, fi = lim;er, fi we have that lim;er, ¢; = lim;er, g
For if not, we would have that the sequence (f;)ier,urL, converges pointwise while
the sequence (g;)icr,uL, does not, contradicting our assumptions.

We observe the following consequence of our assumptions and the definition of
the map ®,;. For every h € KM the point h is isolated in X} if and only if ®;(h)
is isolated in K)?. Using this we will show that ®j; is one-to-one. Indeed, let
hi,hy € KM with ®57(hy) = ®pr(he). Then, either ®7(hy) is isolated in K37 or
not. In the first case, there exists an ig € M with ®pr(hy) = ¢gi, = Par(he). Thus,
hi = fi; = h2. So assume that ®,/(hy) is not isolated in K%*. Hence, neither
®yr(hg) is. Tt follows that both h; and hy are not isolated points of K. We
select two infinite subsets Lq, Ly of M with hy = lim;er, f; and ho = limer, fi-
Since the sequence (g;)ier,urL, s pointwise convergent to ®ps(hy) = ®pr(hs), our
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assumptions yield that

= = S i =
which proves that ®;; is one-to-one. Finally, to see that ®,; is onto, let w € ICQ/[
with w ¢ {g; : i € M}. Let L C M be infinite with w = lim;er g;. By our
assumptions, the sequence (f;);er converges pointwise to an h € KM and clearly

(2) Using similar arguments as in (1). O

By the above claim, it is enough to show that the map ® is continuous. Notice
that it is enough to show that if (h,,) is a sequence in Ky that converges pointwise
to an h € Ky, then the sequence (®(h,)) converges to ®(h). Assume not. Then
there exist a sequence (h,) in K1, h € K1 and w € Ko such that A = limh,,,
w = im ®(h,,) and w # ®(h). Since the map P is onto, there exists z € Ky such
that z # h and ®(z) = w. We select € X and e > 0 such that |h(z) — z(z)| > .
The sequence (h,,) converges pointwise to h, and so, we may assume that for every
n € N we have |h, () — z(x)| > €. Set

. €
M={iel:|fi(z)—z2(z)] > 5}
Observe that

(01) for every n € N we have h,, € K}, and

(02) z ¢ KM,
By part (2) of the above claim and (O1), we have that ®(h,) = ®p(h,) € K
for every n € N, and so, w € K}, Since ®); is onto, there exists A’ € KM such
that ®p(h') = w. Therefore, by (O2) and invoking the above claim once again,
we see that z # h' while ®/(h') = ®(h') = P(z), contradicting the fact that ® is
one-to-one. The proof of the lemma is completed. O

4.3. Seven families of functions. Our aim in this subsection is to describe seven
families
{di:te2N} (1<ig7)

of functions indexed by the Cantor tree. For every i € {1,...,7} the closure of the
family {di : t € 2<N} in the pointwise topology is a separable Rosenthal compact
IC;. Each one of them is minimal, namely, for every dyadic (not necessarily regular)
subtree S = (s¢)yco<n of 2<N and every i € {1,...,7} the families {d:};co<n and
{di, }1ea<n are equivalent in the sense of Definition 18. Although the families are
mutually non-equivalent, the corresponding compacta might be homeomorphic. In
all cases the family {d! : t € 2<N} will be discrete in its closure. For any of the
corresponding compacta K; (1 < i < 7) by L(K;) we shall denote the set of all
infinite subsets L of 2<N for which the sequence (d:):cr, is pointwise convergent.
We will name the corresponding compacta (all of them are homeomorphic to closed
subspaces of well-known compacta—see [AU, E|) and we will refer to the families



20 SPIROS ARGYROS, PANDELIS DODOS AND VASSILIS KANELLOPOULOS

of functions as the canonical dense sequences of them. We will use the following
pieces of notation.

If o € 2V, then 4, is the Dirac function at o. By x} we denote the characteristic
function of the set {r € 2V : ¢ < 7}, and by x; we denote the characteristic

function of the set {7 € 2V : ¢ < 7}. Notice that if t € 2<N, then t°0> € 2V,

+
£t~ 000
following property of the functions z} and z_ which will justify the notation g

and so, the function x is well-defined. It is useful at this point to isolate the
and g, in Theorem 16. If (0,) is a sequence in 2~ converging to o with o, < o
(respectively, o < 0,) for every n € N, then the sequence (x5") converges pointwise
to xt (respectively, to x) for any choice of &, € {+,—}.

By identifying the Cantor set with a subset of the unit interval, we will identify
every o € 2 with the real-valued function on 2 which is equal everywhere with o.
Notice that for every t € 2<N we have t~0® € 2N, and so, the function t~0% is
well-defined. For every ¢t € 2<N be v; we denote the characteristic function of the
clopen set V; == {0 € 2V : ¢t C o}. By 0 we denote the constant function on 2N
which is equal everywhere with zero. We will also consider real-valued functions
on 2N @ 2V, In this case when we write, for instance, (§,,z}) we mean that this
function is the function &, on the first copy of 2% and it is the function zJ on the
second copy of 2N

We also fix a regular dyadic subtree R = (s;);co<r of 2<N with the following
property.

(Q) For every s,s" € R we have 70 # ¢'70% and s71%° # ¢'~1°°. Therefore,

the set [R] does not contain the eventually constant sequences.
In what follows by P we shall denote the perfect set []:?] By P™ we shall denote
the subset of P consisting of all ¢’s for which there exists an increasing antichain
(sn) of R converging to o in the sense of Definition 13. Respectively, by P~ we
shall denote the subset of P consisting of all ¢’s for which there exists a decreasing

antichain (s,) of R converging to o.

4.3.1. The Alezandroff compactification of the Cantor tree A(2<N). It is the point-

wise closure of the family

1
Sy ite 2<N}.
{ t+1"
Clearly the space A(2<V) is countable compact as the whole family accumulates to 0.

Setting d} = \tlﬁvt for every t € 2<N we see that the family {d} : t € 2<N} is

a dense discrete subset of A(2<N). In this case the description of £(A(2<Y)) is
trivial, since
Le£(A@2Y)) & L ca2<N

4.3.2. The space 2SN, Tt is the pointwise closure of the family

{s70% : s € R}.
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2<N

The accumulation points of is the set

{o:0€ P}

which is clearly homeomorphic to 2Y. Thus, the space 25V is uncountable compact
metrizable. Setting d? := s; 0% for every ¢t € 2<N and invoking property (Q)
above, we see that the family {d? : t € 2<N} is a dense discrete subset of 2SN, The

description of £(2<N) is given by
Le £(25Y) & 3o € 2" with L — 0.

4.3.3. The extended split Cantor set S’+ (2M). It is the pointwise closure of the family
{2, :s € R}.

Notice that S (2V) can be realized as a closed subspace of the split interval S(I).
Thus, it is hereditarily separable. For every o € P the function z} belongs to
S, (2V). However, for an element o € P, the function z; belongs to Sy (2V) if and
only if there exists a decreasing antichain (s,,) of R converging to o. Finally observe
that the family {z . : s € R} is a discrete subset of S, (2V) (this is essentially a
consequence of property (Q) above). Therefore, the accumulation points of S’+ (2M)
is the set
{at 0 eP}u{z; :0eP}.

Setting d} = xj}om for every ¢ € 2<N_ we see that the family {d} : t € 2<N} is a
dense discrete subset of §+ (2M). Moreover, we have

L e L£(5:(2V) & 3o € 2¥ with L — o and (either L <* o or o <* L).

4.3.4. The mirror image S_(2Y) of the extended split Cantor set. The space S, (2V)
has a natural “mirror image” S_ (2N which is the pointwise closure of the set

{r 1«5 € R}

The spaces S (2Y) and S_(2V) are homeomorphic. To see this, for every ¢ € 2<N
let £ € 2<N be the finite sequence obtained by reversing 0 with 1 and 1 with 0 in
the finite sequence t. Define ¢: R — R by setting ¢(s;) = s; for every t € 2<N,
Then it is easy to see that the map
S,(2Y) 3 xj:ooo e € 9-(21)

is extended to a topological homeomorphism between S’Jr (2V) and S (2V). However,
the canonical dense sequences in them are not equivalent. Notice that for every
o € P the function z; belongs to S_(2V) while the function 7 belongs to S_ (2V)
if and only if there exists an increasing antichain (s,) of R converging to o. It
follows that the accumulation points of S_(2V) is the set

{z; ;o€ PYU{z) :0€ PT}.
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As before, setting dj = z . _ for every ¢t € 2<N, the family {d} : t € 2<N} is a

s 1
dense discrete subset of £(S_(2")) and, moreover,

Le E(SL(?N)) & 3o € 2V with L — o and (either L <* ¢ or o <* L).

4.3.5. The extended Alexandroff compactification of the Cantor set A(2N). The
space A(QN) is the pointwise closure of the family

{’Ut it e 2<N}.

For every o € 2V the function d, belongs in A(2V), the family {5, : o € 2V} is
discrete and accumulates to 0. The function 0 is the only non-Gs point of A(2N)
and this is witnessed in the most extreme way. The accumulation points of A(2Y)
is the set

{65 :0 €2V} uU {0}
Setting df := v; for every t € 2<N the family {d? : t € 2<N} is a dense discrete
subset of A(2Y) and
Le£(A2Y) & (3o €2V with LC* o) or (Vo €2V L L o).

4.3.6. The extended duplicate of the Cantor set D(2N). The space D(2N) is the
pointwise closure of the family

{(v,t70°°) : t € 2<NY,

This is the separable extension of the space D(2") as it was described in [Tol]. The
accumulation points of ﬁ(QN ) is the set

{(05,0) : 0 € 2YYU{(0,0) : 0 € 2V}

which is homeomorphic to the Alexandroff duplicate of the Cantor set. Todorcevic¢
was the first to realize that this classical construction can be represented as a
compact subset of the first Baire class. The space ﬁ(ZN ) is not only first countable
but it is also pre-metric of degree at most two in the sense of [Tol]. As in the
previous cases, setting d5 = (vs,1°0°°) for every t € 2<N. we see that the family
{d6 : t € 2<V} is a dense discrete subset of D(2V), and

Le L(ﬁ(ZN)) & Jo € 2V with L — o and (either L C* o or L L o).

4.3.7. The extended duplicate of the split Cantor set ﬁ(S(2N)). It is the pointwise
closure of the family

{(vs,xjﬁow) :s € R}.
The space ﬁ(S (2N)) is homeomorphic to a subspace of the Helly space H. To see
this let {(as, b;) : t € 2<N} be a family in [0, 1] such that

(i) ar = a;~g < by~o < ag~y < by~1 = by, and
(ll) bt — Q¢ < ﬁ
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for every t € 2<N. Define h;: [0,1] — [0,1] by

1 ifb <,
hi(w) = % if a; <2 < by,
0 ifz < ay.

It is easy to see that the map

D(S(2N)) 3 (vs,, 27

5”000) — ht eH

is extended to a homeomorphic embedding. It is follows that the space b(S (2N))
is first countable. Notice, however, that it is not pre-metric of degree at most two.

As in all previous cases, we will describe the accumulation points of lA)(S (2M)).
First we observe that if (s,) is a chain of R converging to o € P, then the sequence
((vsys ‘T;:pooo )) is pointwise convergent to (J,,2}). If (s,,) is an increasing antichain
of R converging to o, then the sequence ((vsn , x;AOM )) is pointwise convergent to
(0,x}), and if it is decreasing, then it is pointwise convergent to (0,2 ). Thus, the
accumulation points of D(S(2V)) is the set

{(65,2F):0 € PYU{(0,2}):0 € PT}U{(0,2,):0 € P™}.

Finally, setting d] = (vst,m;’;Aow) for every t € 2<N, we see that the family
{d} : t € 2<N} is a dense discrete subset of ﬁ(S(QN)), and

Le£(D(S2Y)) e 3oe2V with L + o and (L <*gor LC* o or 0 <* L).

We close this subsection by noticing the following minimality property of the
above described families.

Proposition 20. Let {di : t € 2<N} with i € {1,...,7} be one of the seven
families of functions and let S = (St)ieca<n be a dyadic (not necessarily regular)
subtree of 2<N.  Then the family {di : t € 2<N} and the corresponding family
{di, :t € 2<N} determined by the tree S are equivalent.

We also observe that any two of the seven families are not equivalent. Moreover,
beside the case of 5 (2) and S_(2V), the corresponding compacta are not mutually
homeomorphic either.

4.4. Canonization. The following theorem is the main result of this section.

Theorem 21. Let {fi};co<n be a family of real-valued functions on a Polish space
X which is relatively compact in By (X). Also let {di},coen (1 < i < 7) be the
families described in the previous subsection. Then there exist a regqular dyadic
subtree S = (8¢)yeo<n of 2<N and ig € {1,...,7} such that {fs,}rca<n is equivalent
to {d" }rea<n-
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Proof. The family {f:};co<n satisfies the hypotheses of Theorem 16. Thus, there
exist a regular dyadic subtree T of 2<N and a family {¢%,¢9f,95 : 0 € P} of
functions, where P = [T], as described in Theorem 16. Let 0,4 and — denote the
corresponding Borel functions. We recall that for every subset X of 2V we identify
the set [X]? of all doubletons of X with the set of all (¢,7) € X? with o < 7. For

every ¢ € {0,+,—} we set
Ae=A{(o1,02) € [P* 1 g5, # 95, }-
Then A, . is an analytic subset of [P]%. To see this notice that
(01,02) € Ace & 3Jz e X with g} (2) # g5, ()
< Jdr € X with e(o1, ) # (o2, ).

Invoking the Borelness of the functions 0,+,— we see that A.. is analytic, as
desired. Notice that for every perfect subset @ of P and every e € {0, +, —} the set
A.N[Q)? is analytic in [Q]?. Thus, applying Theorem 6 successively three times,
we obtain a perfect subset QQp of P such that for every € € {0,+, —} we have

either [Q0]2 g As,s or AE,& N [Q0]2 = 0

CASE 1: Ag,oN[Qo]*> = 0. In this case we have g2 = g2 for every (o1, 02) € [Qo]*.
Thus, there exists a function g such that g2 = g for every o € Q. By properties (2)
and (3) in Theorem 16 and the homogeneity of Qg, we see that gf =g =gl =g
for every o € Qo. We select a regular dyadic subtree S = (8¢);co<y of T such
that [S] € Qo and f, # g for every s € S. Invoking properties (1), (4) and (5) of
Theorem 16 and part (2) of Lemma 8, we see that for every infinite subset A of S
the sequence (fi):ca accumulates to g. It follows that {fT}ieS = {fs}ses U{g},
and 80, {fs, }sco<n is equivalent to the canonical dense family of A(2<N).

CASE 2: [Qo]? € Ao, Notice that for every (o1,02) € [Qo]* we have ggl + 932.
By passing to a further perfect subset of Qg if necessary, we may also assume that

(P1) g2 # f, for every o € Qo and every t € T.

CASE 2.1: Either Ay 4 N[Qo]*> = 0 or A_ _ N [Qo]> = 0. Assume, first, that
Ay 4 N[Qo)* = 0. In this case, there exists a function g such that gF = g for
every 0 € (9. By property (3) in Theorem 16 and the homogeneity of Qg, we
also have that g, = g for every 0 € Qp. This means that A_ _ N [Qo]* = 0.
Thus, by symmetry, this case is equivalent to saying that A, . N [Qo]?> = 0 and
A_ _N[Qo]* = 0. It follows that there exists a function g such that g7 =g, =g¢
for every 0 € Qy. By passing to a further perfect subset of Q)¢ if necessary, we
may also assume that gl # g for every o € Qq. We select a regular dyadic subtree
S = (8¢)sea<r of T such that [S] C Qo and f, # g for every s € S. This property
and (P1) implies that for every s € S the function f; is isolated in mﬁe g

We claim that {fs, };ea<v is equivalent to the canonical dense family of A(2V).
We will give a detailed exposition of the argument which will serve as a prototype
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for the other cases as well. First, we notice that, by Lemma 19 and the description
of C(A(QN)), it is enough to show that for a subset A of S, the sequence (fs)sca
converges pointwise if and only if either A is almost included in a chain or A does
not contain an infinite chain. For the if part we observe that if A is almost contained
in a chain, then, by property (1) of Theorem 16, the sequence (fs)sc4 is pointwise
convergent. Assume that A does not contain an infinite chain. Since g7 =g, =g
for every o € o, we see that for every increasing and every decreasing antichain
(sn) of S, the sequence (fs, ) converges pointwise to g. Thus, (fs)sca is pointwise
convergent to g. For the only if part we argue by contradiction. If there exist
01 # 0y contained in [S] such that AN {o1|n : n € N} and AN {ogn : n € N}
are both infinite, then the fact that ggl #+ 922 implies that the sequence (fs)sca
is not pointwise convergent. Finally, if A contains an infinite chain and an infinite
antichain, then the fact that ¢2 # g for every o € [S] implies that (fs)sea is not
pointwise convergent either.

CASE 2.2: [Qo]> € Ay 4 and [Qo]?> C A_ _. In this case we have
(P2) g5, # g5, for every (o1,02) € [Qo]? and every € € {0,+,—}.

Moreover, by passing to a further perfect subset of g, we may strengthen (P1) to
(P3) g5 # f: for every o € Qo, every € € {0,+,—} and every t € T'.

Observe that (P3) implies the following. For every regular dyadic subtree S of T'
with [S] C Qo and every s € S the function f, is isolated in the closure of {fs}ses
in RX. Thus, as in Case 2.1, in what follows Lemma 19 will be applicable.

For every e1,e5 € {0,+, —} with €1 # &3 we set

A, ey =A{(01,02) € [Qo]* : g5 #9352}

Notice that A, , is an analytic subset of [Qo]?. Applying Theorem 6 successively
six times, we find a perfect subset Q1 of Qg such that for every 1,65 € {0,+, -}
with €1 # 2 we have

either [Q1]? C A, o, or Ac, ., N[Q1]> = 0.

We claim that for every pair 1, €9 the first alternative must occur. Assume, on the
contrary, that there exist €1, with £1 # &5 such that A, ., N[Q1]*> = 0. Let 7 be
the lexicographical minimum of Q1. Then for every o,0’ € Q1 with 7 < 0 < ¢’ we
have ¢ = g5' = g7 which contradicts (P2). Summing up, by passing to @1, we

have strengthen (P2) to
(P4) g2t # g22 for every (01,02) € [Q1]* and every q,e2 € {0, +, —}.
For every € € {+, —} we define By . C Q1 by

Boe ={0€Q1:gg# 95}

It is easy to see that By . is an analytic subset of @};. Thus, by the classical perfect
set theorem, there exists a perfect subset Q2 of Q1 such that for every € € {+,—}
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we have
either QQ - BO,E or BO,E N Q2 = @

CaSE 2.2.1: By+ NQ2 =0 and By N Q2 = 0. In this case for every o € Q2
there exists a function g, such that g, = ¢ = g+ = g, . Moreover, g,, # g,, for
every o1 # o in Q2 since Q2 C Q1. Invoking properties (2) and (3) in Theorem
16, we see that the set {g, : 0 € @2} is homeomorphic to Q3. We select a regular
dyadic subtree S = (s;)iea<n of T such that [S] € Q2 C Qo. It follows that
mges = {fs}ses U{gs : 0 € [S]}, and so, the family {fs, };co<x is equivalent to
the canonical dense family of 2.

CASE 2.2.2: By 1 NQ2 =0 and Q2 C By,—. This means that g =gf and ¢° # g5
for every o € Q2. Let S = (st)sco<n be a regular dyadic subtree of T' such that
[S] € Q2 € Qo. Invoking (P3) and the remarks following it, the description of
E(§+(2N)), Lemma 19 and arguing precisely as in Case 2.1, we see that {f, };co<n
is equivalent to the canonical dense family of Sy (2V).

CASE 2.2.3: Q2 C By + and By, - NQ2 = (. This means that g0 = g, and g2 # g+
for every o € Q2. As in the previous case, let S = (st);co<v be a regular dyadic
subtree of T such that [S] € Qo € Qo. In this case {fs, }sea<r is equivalent to
canonical dense family of the mirror image S_ (2M) of the extended split Cantor set;
the argument is similar to that in the proof of Case 2.1.

CASE 2.2.4: Q2 € By 4+ and Q2 C By —. In this case we have

(P5) g9 # gt and g5 # g for every o € Qa.
Set
By _={oce€Q:9f#9,}

Again we see that B4 _ is an analytic subset of Q2. Thus, there exists a perfect
subset Q3 of Q2 such that either Q3 C By _ or Q3 N By _ = 0.

CASE 2.2.4.1: Q3N By _ = 0. This means that for every o € Q3 there exists a
function g, such that g, = g/ = g, and g, # g2. Moreover since Q3 C Q2 C Q1,
by property (P4) above, we have g,, # g», and g0 # g9, for every (01, 02) € [Q3].
Let S = (s¢)1e2<n be a regular dyadic subtree of T such that [S] € Q3 € Q. In
this case {fs, }sea<n is equivalent to the canonical dense family of D(2V). The
verification is similar to the previous cases.

CASE 2.2.4.2: Q3 C By _. This means that g # g, for every o € Q3. Combining
this property with (P4) and (P5), we see that gi! # g52 if either €1 # €3 or
o1 # 02. As before, let S = (8);ca<v be a regular dyadic subtree of T' such that
[S] € Qs C Qo. It follows that the family {fs, };eo<r is equivalent to the canonical
dense family of E(S(QN)).

The above cases are exhaustive and the proof of the theorem is completed. [

By Theorem 21 and Proposition 20, we obtain the following corollary.
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Corollary 22. Let X be a Polish space and let {fi}ico<r be a family of functions
relatively compact in By(X). Then for every regular dyadic subtree T of 2<N there
exist a reqular dyadic subtree S of T and ig € {1,...,7} such that for every reqular
dyadic subtree R = (r¢)icqo<n of S the family { fr, }ica<w is equivalent to {d° };eq<n.

5. ANALYTIC SUBSPACES OF SEPARABLE ROSENTHAL COMPACTA

In this section we introduce a class of subspaces of separable Rosenthal compacta
and we present some of their basic properties.

5.1. Definitions and basic properties. Let IC be a separable Rosenthal compact
on a Polish space X. For every subset F of K by Acc(F) we denote the set of
accumulation points of F in RX. We start with the following definition.

Definition 23. Let K be a separable Rosenthal compact on a Polish space X and
let C be a closed subspace of K. We say that C is an analytic subspace of KC if there
exist a countable dense subset {fn} of K and an analytic subset A of [N]*° such
that the following are satisfied.

(1) For every L € A we have Acc({f, :n € L}) CC.
(2) For every g € CN Acc(K) there exists L € A with g € {fn}ZGL.

Let us make some remarks concerning the above notion. First we notice that
the analytic set A witnessing the analyticity of C can always be assumed to be
hereditary. Also observe that an analytic subspace of K is not necessarily separable.
For instance, if K = A(2Y) and C = A(2V), then it is easy to see that C is an
analytic subspace of K. In the following proposition we give some examples of
analytic subspaces.

Proposition 24. Let K be a separable Rosenthal compact. Then the following hold.

(1) K is analytic with respect to any countable dense subset {f,} of K.
(2) Every closed Gs subspace C of K is analytic.
(3) Every closed separable subspace C of K is analytic.

Proof. (1) Take A = [N]*.

(2) Let (Ug) be a sequence of open subsets of K such that Uy, C Uy for every
k € N and with C = (), Ux. Also let {f,} be a countable dense subset of K. For
every k € N set M, = {n € N: f, € Uy}. Notice that the sequence (M) is
decreasing. Let A C [N]* be defined by

Le A& VkeN (L C" M).

Clearly, the set A is Borel. It is easy to see that A satisfies condition (1) of
Definition 23 for C. To see that condition (2) is also satisfied let g € C N Acc(K).
By the Bourgain—Fremlin-Talagrand theorem [BFT], there exists an infinite subset
L on N such that g is the pointwise limit of the sequence (f,)ner. Since g € Uy
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for every k € N, we see that L C* M, for every k. Therefore, the set A witness the
analyticity of C.

(3) Let Dy be a countable dense subset of X and D5 a countable dense subset of C.
Let {f.} be an enumeration of the set D; U Dy and set L :={n € N : f, € Ds}.
Also set M ={k € L : fr € Acc(K)}, and for every k € M we select Ly € [N]*®
such that the function fj, is the pointwise limit of the sequence (f,)ner,. We define
A= [L]* U (Upen[Lr]*®). The countable dense subset {f,} of K and the set A
verify the analyticity of C. O

To proceed with our discussion on the properties of analytic subspaces we need
to introduce some pieces of notation. Let I be a separable Rosenthal compact and
let £ = {f,} be a countable dense subset of K. We set

L¢ = {L € [N]*®: (fn)ner is pointwise convergent}.
Moreover, for every accumulation point f of K we set
Le s :={L € [N]*°: (fn)ner is pointwise convergent to f}.

We notice that both Ly and L¢ y are co-analytic. The first result relating the
topological behavior of a point f in K with the descriptive set-theoretic properties
of the set L f is the result of Krawczyk from [Kr] asserting that a point f € K is
G if and only if the set L¢ ¢ is Borel. Another important structural property is the
following consequence of the effective version of the Bourgain—Fremlin—Talagrand
theorem proved by Debs in [De].

Theorem 25. Let K be a separable Rosenthal compact. Then for every countable
dense subset £ = {f,} of K there is a Borel, hereditary and cofinal subset C' of L¢.

We refer the reader to [Do] for an explanation of how Debs’ theorem yields the
above result.
Let K and f = {f,} be as above. For every A C L¢ we set

Kag={9geK:3L € Awithg= ligzl,f”}'
n

We have the following characterization of analytic subspaces which is essentially a
consequence of Theorem 25.

Proposition 26. Let K be a separable Rosenthal compact and C a closed subspace
of K. Then C is analytic if and only if there exist a countable dense subset £ = {f,}
of K and a hereditary and analytic subset A" of L¢ such that K¢ = C N Ace(K).

Proof. The direction (<) is immediate. Conversely, assume that C is analytic
and let f = {f,} and A C [N]* verifying its analyticity. As we have already
remarked, we may assume that A is hereditary. By Theorem 25, there exists a
Borel, hereditary and cofinal subset C of Lg. We set A’ := ANC. We claim that A’
is the desired set. Clearly A’ is a hereditary and analytic subset of L¢. Also observe
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that, by condition (1) in Definition 23, for every L € A’ the sequence (f,)necr, must
be pointwise convergent to a function g € C. Therefore, Ka ¢ C C N Acc(K).
Conversely, let g € C N Ace(K). There exists M € A with g € {TTL}ZeM‘ By the
Bourgain-Fremlin-Talagrand theorem, there exists N € [M]* such that g is the
pointwise limit of the sequence (fy)nen. Clearly we have N € L¢. Since C is
cofinal in L¢, there exists L € [N]*® with L € C. As A is hereditary, we see that
Le AnC = A’. The proof is completed. O

5.2. Separable Rosenthal compacta in B;(2"). Let K be separable Rosenthal
compact on a Polish space X and let f = {f,} be a countable dense subset of K.
By Theorem 25, there exists a Borel cofinal subset of L¢. The following proposition
shows that if X is compact metrizable, then this global property of L¢ (namely, that
it contains a Borel cofinal set) is also valid locally. We notice that in the argument
below we make use of the Arsenin—Kunugui theorem in a spirit similar as in [Po2].

Proposition 27. Let X be a compact metrizable space, K a separable Rosenthal
compact on X and f = {f,} a countable dense subset of K. Then for every f € K
there exists an analytic hereditary subset B of Le y which is cofinal in Lg 5.

Proof. We apply Theorem 25 and we obtain a hereditary, Borel and cofinal subset
C of L¢. Consider the function ®: C x X — R defined by ®(L, ) = fr(z) where by
fr we denote the pointwise limit of the sequence (fy,)ncr. Notice that ® is Borel.
Indeed, for every n € N let ®,,: C x X — R be defined by ®,,(L,x) = f;,, (z) where
I, is the n-th element of the increasing enumeration of L. Clearly the function ®,,
is Borel. Since ®(L,z) = lim ®,,(L, z) for every (L,z) € C x X, the Borelness of ®
follows. For every m € N define P, C C x X by
(L)€ P & |fel@)—f@)]> ——

1 1
m+ 1) - (m +1’
Clearly, P, is Borel. For every L € C the function x — |fr(z) — f(x)| is Baire-1.
Hence, for every L € C the section (P,)r = {zr € X : (L,z) € P} of P,,, at L is
F,, and since X is compact metrizable, it is K,. By the Arsenin—-Kunugui theorem
(see, e.g., [Ke, Theorem 35.46]), the set

& (c,z) €@ ((—o0,— +00)).

Gm = prOjCPm

is Borel. It follows that the set G = |J,, Gy is a Borel subset of C. We set
D = C\ G. Now observe that for every L € C' we have that L € L¢ s if and only
if L ¢ G. Hence, the set D is a Borel subset of L¢ f, and as C is cofinal, we see
that D is cofinal in L¢ ;. Therefore, setting B to be the hereditary closure of D,
we conclude that B is as desired. O

Remark 2. (1) We notice that Proposition 27 is not valid for an arbitrary separable
Rosenthal compact. A counterexample, taken from [Po2] (see also [Ma]), is the
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following. Let A be an analytic non-Borel subset of 2V and denote by K4 the
separable Rosenthal compact obtained by restrict every function of A(?N) on A.
Clearly, the function 0|4 belongs to K4 and is a non-Gs point of K 4. It is easy to
check that, in this case, there does not exist a Borel cofinal subset of Lg|, .

(2) We should point out that the hereditary and cofinal subset B of L ; obtained
by Proposition 27, can be chosen to be Borel. To see this, start with an analytic
and cofinal subset Ay of L¢ ;. Using Souslin’s separation theorem, we construct
two sequences (B,,) and (C),) such that B,, is Borel, C,, is the hereditary closure of
B,, and Ay C B, C C, C By41 C Lg g for every n € N. Setting B := |J,, Bn, we
see that B is as desired.

The argument in the proof of Proposition 27 can be used to derive certain prop-
erties of analytic subspaces of separable Rosenthal compacta. To state these prop-
erties we need to introduce some pieces of notation. If K is a separable Rosenthal
compact K on a Polish space X, f = {f,} is a countable dense subset of K and C
is a closed subspace of K, then we set

Lec:={Le[N]:3ge€C with g = lierri falt

Clearly L¢c is a subset of L¢. Also notice that if C = {f} for some f € K, then
Lec=Le .

Part (1) of the following proposition extends Proposition 27 for analytic sub-
spaces. The second part shows that the notion of an analytic subspace of K is
independent of the choice of the dense sequence for every separable Rosenthal com-
pact K in By (2V).

Proposition 28. Let X be a compact metrizable space, K a separable Rosenthal
compact on X and C and analytic subspace of K. Let £ = {f,} be a countable
dense subset of K and let A C [N]*® be analytic witnessing the analyticity of C.
Then the following hold.

(1) There exists an analytic cofinal subset Ay of Lec.
(2) For every countable dense subset g = {gn} of K there exists an analytic
subset Ay of Lg such that Ka, g =C N Acc(K).

Proof. (1) By Proposition 26, there exists a hereditary and analytic subset A of L¢
such that K4/ ¢ = CNAce(K). Applying Theorem 25, we obtain a Borel, hereditary
and cofinal subset C of L¢. As in Proposition 27, for every L € C by fr we denote
the pointwise limit of the sequence (f,)ner. We set A” .= A’ N C. Clearly A" is
analytic and hereditary. Moreover, it is easy to see that K4 ¢ = C N Ace(K) (that
is, the set A” codes all function in Ace(K)NC). Consider the following equivalence
relation ~ on C' defined by the rule

LoMe fr=fuevVreX fulz)= fu(z).
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We claim that ~ is Borel. To see this notice that the map
CxCxX>3(L,Mx)—|fr(x)— fu(z))

is Borel (this can be easily checked arguing as in the proof of Proposition 27).
Moreover, for every (L, M) € C' x C the map z — |fr(z) — fam(z)| is Baire-1.
Observe that

(L~ M) 3z e X Je>0with | fo(z) — fu(z)] > e

By the fact that X is compact metrizable and the Arsenin—Kunugui theorem, we
see that ~ is Borel. We set A; to be the ~ saturation of A”, that is,

Ay ={M € C:3L e A" with M ~ L}.

Since A” is analytic and ~ is Borel, we see that A; is analytic. As C is cofinal, it
is easy to check that A; is cofinal in L¢ . Thus, the set A; is the desired one.

(2) Let C7 and Cy be two hereditary, Borel and cofinal subsets of L¢ and Lg
respectively. By part (1), there exists a hereditary and analytic subset A; of Lg
which is cofinal in L¢c. We set A} = A; N Cy. Consider the following subset S of
C1 x C5 defined by setting

(L,M) e S« fr=g9gu Vo eX fr(z)=gu(z)

where f denotes the pointwise limit of the sequence (fy,)ner and gas denotes the
pointwise limit of the sequence (gn)nen- Since X is compact metrizable, arguing
as in part (1), it is easy to see that S is Borel. We set

Ay :={M € Cy : 3L € A} with (L, M) € S}.
The set As is as desired. O

We close this subsection with the following proposition which provides further
examples of analytic subspaces.

Proposition 29. Let K be a separable Rosenthal compact on a Polish space X .
Also let F be a K, subset of X. Then the subspace Cr :={f € K: flp =0} of K
is analytic with respect to any countable dense subset £ = {f,} of K.

Proof. Let C be a hereditary, Borel and cofinal subset of L¢. Let Z be the subset
of C' x X defined by

(L,x) € Z & (x € F) and (Je > 0 with |fr(x)] > &).

The set Z is Borel. Since F is K,, we see that for every L € C' the section
Zp ={r € X : (L,x) € Z} of Z at L is K,. Thus, setting A := C \ projoZ
and invoking the Arsenin-Kunugui theorem, we see that the set A witnesses the
analyticity of Cr with respect to {f,}. a
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Related to the concept of an analytic subspace of K and the above propositions,
the following questions are open to us.

Problem 1. Is it true that the concept of an analytic subspace is independent of
the choice of the countable dense subset of K7 More precisely, if C is an analytic
subspace of a separable Rosenthal compact K on a Polish space X and f = {f,} is
an arbitrary countable dense subset of I, then does there exists A C L¢ analytic
with ICa ¢ =C N Ace(K)?

Problem 2. Let K be a separable Rosenthal compact on a Polish space X and let
B C X be Borel. Is the subspace Cp == {f € K : f|p = 0} analytic?

6. CANONICAL EMBEDDINGS IN ANALYTIC SUBSPACES

This section is devoted to the canonical embedding of the most representative
prototype, among the seven minimal families, into a given analytic subspace of a
separable Rosenthal compact. The section is divided into two subsections. The first
subsection concerns metrizable Rosenthal compacta, and the second subsection the
non-metrizable ones. We start with the following definitions.

Definition 30. An injection ¢: 2<N — N is said to be canonical provided that
@(s) < &(t) if either |s| < |t|, or|s| = |t| and s < t. By ¢9 we denote the unique
canonical bijection between 2<N and N.

Definition 31. Let K be a separable Rosenthal compact, {f,} a countable dense
subset of K and C a closed subspace of K. Also let {di};co<n (1 < i < 7) be the
canonical families described in Subsection 4.3 and let K; (1 < i < 7) be the cor-
responding separable Rosenthal compacta. For every i € {1,...,7} we say that K;
canonically embeds into K with respect to { f,,} and C if there exists a canonical in-
jection ¢: 2<N — N such that the families {d}}ico<n and { fs@) }rea<n are equivalent,
that is, if the map
K> d; — f¢(t) ek
is extended to a homeomorphism between K; and {f¢(t)}];€2<N and, moreover,
Acc({fyny : t€2<N}) CC.
If C = K, then we simply say that K; canonical embeds into K with respect to {f,}.

6.1. Metrizable Rosenthal compacta. We have the following theorem.

Theorem 32. Let K be a separable Rosenthal compact on a Polish space X consist-
ing of bounded functions. Also let {f,} be a countable dense subset of K. Assume
that IC is metrizable in the pointwise topology and non-separable in the supremum
norm of B1(X). Then there exists a canonical embedding of 25N into KC with respect
to {fn} whose accumulation points are e-separated in the supremum norm for some

e > 0. In particular, its image is non-separable in the supremum norm.
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Proof. Fix a compatible metric p for the pointwise topology of K. Our assumptions
on K yield that there exist ¢ > 0 and a family I' = {f¢ : { < w1} C K such that
I' is e-separated in the supremum norm and each f¢ is a condensation point of the
family T' in the pointwise topology.

By recursion on the length of finite sequences in 2<V, we shall construct

(C1) a family (By)sco<r of open subsets of /C,

(C2) a family (x4)seo<n in X,

(C3) two families (r¢);co<v and (gt);eo<n of reals, and

(C4) a canonical injection ¢: 2<N — N
such that for every t € 2<N the following are satisfied.

(P1) We have By~ N By~ =0, By~gU B~ C By and p — diam(B;) < ﬁ

(P2) We have |B; NT| =N;.

(P3) We have r; < ¢; and ¢; — 1 > €.

(P4) If f € By~q, then f(z¢) < r¢, and if f € By~q, then f(x4) > q;.

(P5) We have fq) € B;.
We set By = K and ¢(f)) = 0. We select f,g € T and we fix v € X and r,q € R
such that f(z) <r <g<g(z) and ¢ —r > ¢e. We set xy := x, rp =1 and ¢p = q.
We select B(g), B(1) open subsets of IC such that f € By C {h € RX : h(xg) < 79},
g € Bay C {h € RY : h(zy) > gy}, p — diam(Bp)) < % and p — diam(B(y)) < 3.
Observe that xg,7y,qp, By and By satisfy properties (P1)-(P4) above. Also
notice that By, B(1) are uncountable, hence, they intersect the dense set {f,} at
an infinite set. Therefore, we may select ¢() < ¢((0)) < ¢((1)) satisfying (P5).
The general inductive step proceeds similarly assuming that

(a) 4,7 and g; have been selected for every t € 2<N with |t| < n — 1, and
(b) B; and ¢(t) have been selected for every t € 2<N with [t| < n

so that (P1)—(P5) are satisfied. This completes the recursive construction.

Now notice that for every o € 2V we have that (), By, = {f,} and the map
2N 5 6 — f, € K is a homeomorphic embedding. Moreover, for every o € 2N
the sequence (fy(s|n)) is pointwise convergent to f,. Also observe the following
consequence of properties (P3) and (P4). If o < 7 € 2V, then, setting t = o A T,
we have that f,(z:) < re < ¢ < fr(z¢), and so, || fo — fr|lco > €. Since there are
at most countable many o € 2V with f, € {f,}, by passing to a regular dyadic
subtree of 2<N if necessary, we may assume that for every ¢ € 2<N the function
fow is isolated in {fy(t)},open- This easily yields that the family {fy}ieo<n is
equivalent to the canonical dense family of 2SN, The proof is completed. (I

6.2. Non-metrizable separable Rosenthal compacta. This subsection is de-
voted to the proofs of the following theorems.

Theorem 33. Let K be a separable Rosenthal compact on a Polish space X and
let C be an analytic subspace of K. Also let {f,} be a countable dense subset of
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K and let A C [N]*® be analytic witnessing the analyticity of C. Assume that C is
not hereditarily separable. Then either A(2Y), or D(2Y), or ﬁ(S(QN)) canonically
embeds into K with respect to {f,} and C.

In particular, if IC is first countable and not hereditarily separable, then either
D2 or ﬁ(S(QN)) canonically embeds into K with respect to every countable dense
subset {fn} of K.

As it is shown in Corollary 45, if IC is not first countable, then A(ZN) canonically
embeds into /.

Theorem 34. Let K be a separable Rosenthal compact on a Polish space X and
let {fn} be a countable dense subset of K. Assume that KC is hereditarily separable
and non-metrizable. Then either S, (2Y) or S_(2V) canonically embeds into K with

respect to {fn}.
6.2.1. Proof of Theorem 33. The main goal is to prove the following proposition.

Proposition 35. Let K, C and {f,} be as in Theorem 33. Then there exists a
canonical injection : 2<N — N such that, setting

Ko = {Fooim} \ {fseon}

for every o € 2V, there exists an open subset V, of RX with K, C V, NC and such
that Ky NV, =0 for every T € 2V with 7 # o.

Granting Proposition 35, we complete the proof as follows. Let ¢ be the canonical
injection obtained by the above proposition, and define f; = fy ) for every ¢t € <N,
We apply Theorem 21 and we obtain a regular dyadic subtree S = (s;);co<n of 2<N
and ig € {1,...,7} such that {fs, };ca<n is equivalent to {di®},co<v. By Proposition
35, we see that the closure of {fs,};co<n in RX contains an uncountable discrete
set. Thus, {fs, }teo<n is equivalent to the canonical dense family of either A(2V),
or D(2V), or 15(5(2N)). Setting ¢ = 1 o ig, we see that ¢ is an injection imposing
a canonical embedding of either A(2V), or D(2V), or ﬁ(S(QN)) into K with respect
to {fn} and C.

We proceed to the proof of Proposition 35. By enlarging the topology on X if
necessary (see, e.g., [Ke]), we may assume that the functions {f,} are continuous.
We may also assume that the set A is hereditary. By condition (2) of Definition 23
and the Bourgain—Fremlin—Talagrand theorem, for every g € C N Acc(K) there
exists L € A such that g is the pointwise limit of the sequence (fp)ner. We fix a
continuous map ®: NN — [N]* with ®(NY) = A.

We need to introduce some pieces of notation. For every m € N, every
y=(21,...,&m) € X™, every A= (A1,...,A\pn) € R™ and every € > 0 we set

Vg, he) ={geR¥ : \j —e < g(zi) < \i+eVi=1,...,m}.

By V(y, )\, €), we denote the closure of V(y, \, &) in RX.
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Using the fact that C is not hereditarily separable, by recursion on countable
ordinals, we select
(1) me N, A= (Aq,..., A\n) € Q™ and positive rationals € and 4,
(2) a family I' = {ye = (28,...,25,) € <w } C X™,
(3) afamily {f¢: { <wi} CC,
(4) a family {M¢ : £ < w1} C [N]*°, and
(5) a family {b¢ : € <w;} C NN
such that for every £ < w; the following are satisfied.
(i) We have fe € Ace(K).
(ii) We have fe € V(ye, A, €), while for every ¢ < & we have fe ¢ V(ye, A\, e +9).

(ili) ye is a condensation point of I' in X™.

(iv) We have ®(b¢) = M¢ and fe is the pointwise limit of the sequence (fy,)nens, -
Next, by induction on the length of the finite sequences in 2<V, we shall construct

(C1) a canonical injection : 2<N — N,

(C2) a family (Bt);co<n of open balls in X™ taken with respect to a compatible

complete metric p of X™, and

(C3) a family (A);eo<n of uncountable subsets of w.

The construction is done so that for every t € 2<N the following are satisfied.

(P1) If t # 0, then fy) € V(y, A, €) for every y € B;.

(P2) For every t',t € 2<N with [¢/| = |¢| and ¢’ # t we have fyu) & V(y,\,e+0)

for every y € By.

(P3) We have By~ N By~ =0, By~ U By~ C By and p — diam(B;) < It\%

(P4) We haVe At"O n At’\l = @ and At’\o U At"l g At.

(P5) We have diam ({b¢ : & € As}) < 5.

(P6) We have {ys : £ € Ay} C By.

(P7) If t # 0, then () € M for every & € A,.

Assume that the construction has been carried out. We set y, = ), B, and
Vo =V (Ys, Ay + g) for every o € 2N, Using (P1) and (P2), it is easy to see that
Ko €V, and K, NV, =0 if 0 # 7. We only need to check that K, C C for every
o € 2N, So, let o € 2V be arbitrary. We set M = {+(c|n) : n > 1} € [N]*. It is
enough to show that M € A. For every k > 1 we select {x € A, ;. By properties
(P4), (P5) and (P7), the sequence (bg, )r>1 converges to a unique b € NV and,
moreover, ¢(o|n) € Me, = ®(be,) for every 1 < n < k. By the continuity of ®, we
see that M, — ®(b), and so M C ®(b). Since A is hereditary, we conclude that
M € A as desired.

We proceed to the construction. We set () := 0, By == X™ and Ay = wy.
Assume that for some n > 1 and for every ¢ € 2<" the values ¢(¢t) € N, the open
balls B; and the sets A; have been constructed. Refining if necessary, we may
assume that for every ¢ € 2<" and every { € A, the point ye¢ is a condensation
point of the set {y. : ( € A}
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Let {tg < -+ < tgn—1_;} be the <-increasing enumeration of 2"~1. For every
j€40,...,2" — 1} we select an open ball Bj_1 in X™ and an uncountable subset
A;l of wy such that p — diam(B;l) < %ﬂ, {ye : € € A;l} - B;l and, moreover,
diam{be : £ € A;l} < 2% The selection is done so that for j even we have that

BB, =0, B;'UB, C By, and A7 UAZ C A,
m_q = max{y(t) : t € 2<"}.
By recursion on k € {0,...,2"—1}, we will select a family {Bjk :j=0,...,2"—1}

of open balls of X™, a family {A;C :7=0,...,2" — 1} of uncountable subsets of w;

/2 2 Also we set

and a positive integer my, such that for every k € {0,...,2" — 1} the following are
satisfied.

(a) For every j € {0,...,2™ — 1} we have that B;-C_l 2 B, A?‘l 2 A and
{ye : £ € Af} C B]’-“. Moreover, for every j and every & € A? the point ye
is a condensation point of {y. : { € Af}

(b) We have my_1 < my.

(c) For every y € BF we have f,,, € V(y,\,¢), and for every j € {0,...,2"—1}
with j # k and every y € B]’-C we have f,, ¢ V(y,\,e+96).

(d) We have my, € M for every & € AF.

The first step of the recursive selection is identical to the general one, and so
we may assume that the selection has been carried out for every k' < k where
k€ {0,...,2" — 1}. Fix a countable base B of open balls of X™. We first observe
that for every € € A’;_l and every j € {0,...,2" — 1} there exist

(e) a basic open ball Bf’g - B]’-C_l, and

(f) a positive integer me € M with mp_1 < mg
such that the following holds.

(g) For every y € B’kf’5 we have f,,,, € V(y,\,¢), and for every j # k and every
y € Bf’g we have fr, & V(y,\ e +9).

To see that such choices are possible, fix £ € A’z*l. We select distinct countable
ordinals &g, ..., &on_1 such that

(h) for every j € {0,...,2" — 1} we have ; € Af‘l, and

(k) € =& =min{¢ :j€{0,...,2" — 1}}.
By (ii) and (k) above, we have that fe, € V(ye,,\,e) while fe, ¢ V(ye,, A\ e+ 9)
for every j # k. By (iv), we can select m¢ € M¢ with my_1 < mg (thus, condition
(f) above is satisfied) and such that fn, € V(ye, A €) while fn, & V(ye,, A e+ 0)
for every j # k. Since f,, is continuous, for every j € {0,...,2" — 1} there exists
a basic open ball BJI?’E in X™ containing ye, such that conditions (e) and (g) above
are satisfied.

By cardinality arguments, we see that there exist an uncountable subset Aﬁ of

Az_l, a positive integer my and for every j a ball lev€ such that m¢ = my and
Bk& = Bj’-c for every £ € Af. Setting A? ={€:y € Bf} N Af‘l, we see that the

J
recursive selection, described in (a)—(d) above, is completed.
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Now let {tp < -+ < ton_1} be the <-increasing enumeration of 2. We set
Y(ty) = mg, By, = Bin_l and Ay = Ain_l for every k € {0,...,2™ — 1}.
It is easy to check that (P1)—(P7) are satisfied. This completes the construction
described in (C1), (C2) and (C3). As we have already indicated, having completed
the proof of Proposition 35, the proof of Theorem 33 is also completed.

6.2.2. Proof of Theorem 34. As in the proof of Theorem 33, the main goal is to
prove the following proposition.

Proposition 36. Let {f,} be a family of continuous functions relatively compact in
B1(X). If the closure K of {f.} in RX is non-metrizable, then there exist canonical
injections ¥y : 2<N — N and 1o : 2<N — N such that following holds. Setting

KL = oo P Moo} and K2 = Fpmom P \fostoim}

for every o € 2N, there exists an open subset V, of R with (KL —K2) C V, and
such that (KX —K2)NV, =0 for every 7 € 2% with T # 0.

Granting Proposition 36, we complete the proof of Theorem 34 as follows. Let
{fn} be the countable dense subset of K. As we have already remarked, we may
assume that the functions {f,} are continuous. We apply Proposition 36 to the
family {f,} and we obtain two canonical injections 1 : 2<N — N and v5: 2<N — N
as described above. We define g; = fy, ;) and hy = fy,() for every t € 2<N,
Applying Corollary 22 successively two times, we obtain a regular dyadic subtree
S = (5¢)¢ca<n of 2<N such that the families {gs, };co<r and {hs, };co<n are canonized.
The fact that IC is hereditarily separable implies that each of the above families must
be equivalent to the canonical dense family of either A(2<V), or 2SN, or §+(2N), or
S_(2V). By Proposition 36, we see that it cannot be the case that both {gs, }f€2<N
and {hst}fam are metrizable. Thus, at least one of them is equivalent to either
S, (2Y) or §_(2V). Clearly, this implies Theorem 34.

We proceed to the proof of Proposition 36 which is similar to the proof of Propo-
sition 35. It relies on the fact that K is metrizable if and only if there exists D C X
countable such that the map Acc(K) > f + f|p € RP is one-to-one. Thus, by our

assumptions and by transfinite recursion on countable ordinals, we obtain

(1) two rationals p < g,
(2) aset T ={z¢: { <wi} C X, and
(3) two families {ge : £ <wi} and {he 1 € <wi} in Ace(K)
such that for every £ < w; the following are satisfied.
(i) We have ge(x¢) = he(xc) for every ¢ < €.
(ii) We have g¢(z¢) < p < g < he(ze).
(ili) x¢ is a condensation point of T'.
By recursion on the length of the finite sequences in 2<V, we shall construct

(C1) two canonical injections 1 : 2<N — N and v5: 2<N — N, and
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(C2) a family (By)sco<n of open balls in X taken with respect to a compatible
complete metric p of X.

The construction is done so that for every t € 2<N the following are satisfied.

(P1) If t # 0, then fy, 1) (z) <p < q < fy,@ (x) for every x € By,

(P2) For every t,t' € 2<N with |¢/| = |t| and ¥ # t and every 2/ € By we have
[ fon (&) = Fpaoy (@) < ez

(P3) We have By~ N Bj~ =0, By~gU B~y C By and p — diam(B;) < iy

(P4) We have |B, NT| = N;.

Assuming that the construction has been carried out, setting z, =), B, and
Vo ={we RX : lw(zs)| > (¢ —p)/2}

for every o € 2N, it is easy to see that v, 1o and {V, : o € 2V} satisfy the
requirements of Proposition 36.

We proceed to the construction. We set 1(0) = 0, 12(@) := 0 and By = X.
Assume that for some n > 1 and for every ¢ € 2<™ the values 11 (t),¥2(t) € N
and the open balls B; have been constructed. As in Proposition 35, in order to
determine 1 (t), ¥2(t) and By for every t € 2™ we will follow a finite selection.

Let {to < -++ < tyn-1_1} be the <-increasing enumeration of 2"~1. For every
j€40,...,2"—1} we select an open ball B;l in X such that p—diam(B{l) < n%rl

and |Bj_1 NT| = Xy. Moreover, the selection is done so that for j even we have

Bj_1 N Bj_+11 = and Bj_1 U Bjjrll C By,,,- Weset m_y = max{t1(t) : t € 2<"}
and [_; == max{¢q(t) : t € 2<"}.

By recursionon k € {0,...,2"—1}, we will select a family {Bjk :j=0,...,2"—1}
of open balls of X and a pair my, l;, € N such that for every k € {0,...,2" — 1} the

following are satisfied.

(a) For every j € {0,...,2" — 1} we have Bf_l 2 B).

(b) We have my_1 < my and 1 < lk.

(c) For every x € BY we have f,,, (z) < p < q¢ < fi,(z); on the other hand,
for every j € {0,...,2" — 1} with j # k and every 2’ € B;? we have
e (@) — fu ()] < 1.

(d) For every j € {0,...,2" — 1} we have |Bj"“‘ NT| =Ry

We omit this recursive selection since it is similar to the selection in the proof of
Proposition 35. We only notice that condition (k) is replaced by

(k) & =max{&; :j€{0,...,2" —1}}.
Let {tp < -+ < tan_1} be the <-increasing enumeration of 2”. We set ¢ (tx) = my,
Po(ty) =l and By, == B2 ~! for every k € {0,...,2" —1}. Tt is easy to check that
with these choices properties (P1)—(P4) are satisfied. The proof of Proposition 36
is completed.
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Remark 3. We notice that Theorem 32 (respectively, Theorem 34) is valid for an
analytic and metrizable (respectively, hereditarily separable) subspace C of K. In
particular, we have the following theorem.

Theorem 37. Let K be a separable Rosenthal compact and let C be an analytic
subspace of K. Let {fn,} be a countable dense subset of K and let A C [N]> be
analytic witnessing the analyticity of C.

If C is metrizable in the pointwise topology, consists of bounded functions and
it is norm non-separable, then 2SN canonically embeds into K with respect to {f,}
and C such that its image is norm non-separable.

Respectively, if C is hereditarily separable and not metrizable, then either S’+ (2M)
or S_(2Y) canonically embeds into K with respect to {f,} and C.

The additional information provided by Theorem 37 is that the canonical em-
bedding of the corresponding prototype is found with respect to the dense subset
{fn} of K witnessing the analyticity of C which is not necessarily a subset of C. The
proof of Theorem 37 follows the lines of Theorems 32 and 34 using the arguments
of the proof of Proposition 35.

7. NON-G s POINTS IN ANALYTIC SUBSPACES

This section is devoted to the study of the structure of not first countable analytic
subspaces. The first subsection is devoted to the presentation of an extension of a
result of Krawczyk [Kr|. The proof follows the same lines as in [Kr]. In the second
subsection we show that A(2Y) canonically embeds into any not first countable
analytic subspace C of a separable Rosenthal compact I and with respect to any
countable subset D of I witnessing the analyticity of C.

7.1. Krawczyk trees. We begin by introducing some pieces of notation and
recalling some standard terminology. By ¥ we denote the set of all nonempty
strictly increasing finite sequences of N. We view ¥ as a tree equipped with the
(strict) partial order C of extension. We view, however, every ¢t € 3 not only as a
finite increasing sequence but also as a finite subset of N. Thus, for every t,s € X
with max(s) < min(¢) we will frequently denote by s Ut the concatenation of s and
t. By [X] we denote the branches of 3, that is, the set {¢ € NV : gln € ¥ Vn > 1}.
For every t € ¥ by X; we denote the set {s € ¥ : ¢t C s}.

For every A, B € [N]*>° we write A C* B if the set A\ B is finite. If A C [N]*°, then
we set A* :={N\ A: A e A}. For a pair A, B C [N]* we say that A is B-generated
if for every A € A there exist By,..., By € B such that A C ByU---U B,. We say
that A is countably B-generated if there exists a sequence (B,) is B such that A
is {B,, : n € N}-gencrated. An ideal Z on N is said to be bisequential if for every
p € BN with Z C p* the family 7 is countably p*-generated. Finally, for every family
F of subsets of N and every A C N let F[A] .= {LNA: L € F} denote the trace of
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F on A. Observe that if F is hereditary, then F[A] = FNP(A)={L € F: L C A}.
The following lemma is essentially Lemma 1 from [Kr].

Lemma 38. Let T be a bisequential ideal. Also let F CZ and A € [N]*°. Assume
that F[A] is not countably T-generated. Then there exists a sequence (A,) of pair-
wise disjoint infinite subsets of A such that, setting A = {A, : n € N}, we have
that Z[A] is A-generated, while F[A,] is not countably T-generated for everyn € N.

Proof. (Sketch) It suffices to prove the lemma for A = N. We set
J ={C C N: F[C] is countably Z — generated}.

Then J is an ideal, N ¢ 7 and Z C J. We select p € N with J C p*. By the
bisequentiality of Z, there exists a sequence (D,,) in p* such that Z is {D,, : n € N}-
generated. Since p* is an ideal, we may assume that D, N D,, = 0 if n # m. Define
M ={neN: D, € J}. By the fact that Z is {D,, : n € N}-generated and F C Z,
we see that F is {D,, : n € N}-generated. This observation and the fact that (D))
are pairwise disjoint yield that the set D = (J, o, D»n belongs to J. Moreover, the
set N\ M is infinite (for if not, we would obtain that N € p*). Let {ko < k1 < ---}
be the increasing enumeration of N\ M and define Ay := D U Dy, and A,, := Dy,
for n > 1. Tt is easy to see that the sequence (A,,) is as desired. O

The main result of this subsection is the following theorem which corresponds
to Lemma 2 in [Kr]. We notice that it is one of the basic ingredients in the proof
of the embedding of A(ZN) in not first countable separable Rosenthal compacta.

Theorem 39. LetZ be a bisequential ideal and let F C T be analytic and hereditary.
Assume that F is not countably T-generated. Then there exists a one-to-one map
k: ¥ — N such that, setting Jr = {k (L) : L€ F} and J == {x (M) : M € T},
the following are satisfied.
(1) For every o € [3] we have {oln:n > 1} € Jr.
(2) (Domination property) For every B € J and every n > 1 there exist
to,...,tx € X with [to| = -+ = [tg| = n such that B C* Xy, U--- U, .

It is easy to see that property (2) in Theorem 39 is equivalent to saying that B
is contained in a finitely splitting subtree of X.

Proof. We fix a continuous map ¢: NN — [N]* with ¢(NV) = F. Recursively, we
shall construct

(C1) a family (As)sen<n of infinite subsets of N,
(C2) a family (as)sen<n of finite subsets of N, and
(C3) a family (Us),en<n of basic clopen subsets of NN

The construction is done so that the following are satisfied.

(P1) We have that A; C A; ift C s, and AsNA; = (0 if s and ¢ are incomparable.
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(P2) For every s € NN we have |a,s| = |s| and max(a,) € A, for every s € N<N
with s # (). Moreover, a, C a; if and only if s C t.

(P3) We have Us C Uy if t C s and diam(Uy) < ﬁ Moreover, U; N U; = () if s
and t are incomparable.

(P4) For every s € N<N we have that ¢(U)[A] is not countably Z-generated.

(P5) For every s € NN and every 7 € U, we have as C ¢(7).

(P6) For every s € N<N we have that Z[J,, Ay~,] is {As~, : n € N}-generated.

Assuming that the construction has been carried out, we complete the proof as
follows. We define A\: NN\ {f)} — N by A\(s) = max(a,). By (P1) and (P2) above,
we see that A is one-to-one. Let o € NY. We claim that {\(o|n) : n > 1} =
U, @ojn € F. To see this, by (P3), let 7 be the unique element of (), U,|,,. Then,
by (P5), we have that a,,, C ¢(7) for every n € N. Thus, |, asn C &(7) € F.
Since the family F is hereditary, our claim is proved. Now let B C N<N\ {()} be
such that {\(¢) : t € B} € Z. We claim that B must be dominated, that is, for every
n = 1 there exist sg,...,sr € N” such that B is almost included in the set of the
successors of the s;’s in N<N. If not, then we may find a subset {t,} of B, a node
s of N<N and a subset {m,, : n € N} of N such that s~m,, C t, for every n € N.
Notice that {\(t,) : n € N} € Z since 7 is hereditary. Moreover, by the definition
of X\ and properties (P1) and (P2) above, we see that A(t,) € Ag~,,, for every
n € N. Therefore, {A(t,) : n € N} € Z[UJ,, As~,]. This leads to a contradiction by
properties (P1) and (P6) above. We set k := A|x. Clearly & is as desired.

We proceed to the construction. We set Ag = N, ay = () and Uy = NV, Assume
that Ag, as and U, have been constructed for some s € N<N. We set F, = d(Us).
By property (P4) above and Lemma 38, there exists a sequence (A,,) of pairwise
disjoint infinite subsets of Ag such that Fs[A,] is not countably Z-generated for
every n € N, while Z[A,] is {A,, : n € N}-generated. Recursively, we select a subset
{7 : n € N} in Uy such that for every n € N the following are satisfied.

(i) The set ¢(7,) N A, is infinite.
(ii) The family ¢(V, |x)[An] is not countably Z-generated for every k € N where
Ve ={ceN:rn,|kCo}.

This can be easily done since ¢(Us)[A,] = Fs[Ay] is not countably Z-generated for
every n € N. We select L = {lp <3 < ---} € [N]* and a sequence (k,,) in N such
that, setting o,, :== 7, for every n, the following are satisfied.

(iii) We have V, 1. NV, =0 if n # m.

(iv) For every n € N we have V,, . C Us.

nl mlkm

(v) For every n € N we have diam(V,, ) < 517
Using the continuity of the map ¢, for every n € N we may also select k/,,7,, € N
such that the following are satisfied.
(vi) We have i,, € ¢(0,) N Ay,
(vii) We have max(as) < iy, and k,, < kJ,.
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(viii) For every 7 € V, |, we have i, € ¢().
For every n € N we set a4~y == as U{in}, Ag~p = A, and U~y = Vo oo . It is
easy to verify that properties (P1)—(P6) are satisfied. The proof of the theorem is
thus completed. ([l

7.2. The embedding of A(ZN) in analytic subspaces. The main result in this
subsection is the following theorem.

Theorem 40. Let K be a separable Rosenthal compact and let C be an analytic
subspace of K. Let {fn} be a countable dense subset of K and let A C [N]*° be
analytic witnessing the analyticity of C. Also let f € C be a non-Gg point of C.
Then there exists a canonical homeomorphic embedding of A(ZN) into IC with respect
to {fn} and C which sends 0 to f.

For the proof we need to do some preparatory work. Let K, C, {f,} and f € C
be as in Theorem 40. We may assume that f,, # f for every n € N. We set

Iy ={L e N : f ¢ {Flner)-
Then Zy is an analytic ideal on N (see [Kr]). A fundamental property of Z; is that
it is bisequential. This is due to Pol [Po3]. We notice that the bisequentiality of Z
can be also derived by the non-effective proof of the Bourgain—Fremlin—Talagrand
theorem due to Debs (see [De] or [AGR]).
Next, let A C [N]* be as in Theorem 40. As we have already pointed out, we
may assume that A is hereditary. We set

]-'::AﬁIf.

Clearly F is an analytic and hereditary subset of Zy. The assumption that f is
a non-Gs point of C yields (and, in fact, is equivalent to saying) that F is not
countably Z-generated, that is, there does exist a sequence (M) in Zy such that
for every L € F there exists k € N with L C My U ---U Mj. To see this, assume
on the contrary that such a sequence (My) existed. We set Ny := My U - - U M,
for every k € N. Since Z; is an ideal, we see that N, € Iy for every k. We set
F = mﬁem U{fx}. The fact that Ny € Z; implies that f ¢ F}, for every k € N.
Let g € CNAce(K) with g # f. By condition (2) of Definition 23, there exists L € A
with g € { fn}ie .- Hence, there exists M € [L]* such that g is the pointwise limit
of the sequence (fy,)nenr. Since A is hereditary, we see that M € F, and so, there
exists ko € N with M C Ni,. This implies that g € F,. It follows by the above
discussion that {f} =, (C \ Fi), that is, the point f is G5 in C, a contradiction.

Summarizing, we see that Z; is bi-sequential, 7 C Zy is analytic, hereditary and

not countably Zy-generated. Thus, we may apply Theorem 39 and we obtain the
one-to-one map k: X — N as described above. Setting f; = f() for every t € ¥
and invoking condition (1) of Definition 23, we obtain the following corollary.

Corollary 41. There is a sub-family { fi }1ex of {fn} with the following properties.
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(1) For every o € [X] we have f ¢ {f[,.|n}p and Acc({f,n : n € N}) CC.
(2) Forevery B C X with f ¢ {ft}feB and everyn > 1 there exist tg, ..., tp €2
with |to] = -+ = |tx| = n such that B C* Ly U--- U Xy, .

We call the family {f;}:ex obtained by Corollary 41 as the Krawczyk tree of f
with respect to {f,} and C. The following property of the Krawczyk tree {f; }iex
will be needed later on.

(P) Let i € ¥ and let (b,) be a sequence in ¥ such that max(i) < min(by,)
and max(b,) < min(b,4+1) for every n € N. Then, setting s, = ¢ U b,
for every n € N| the sequence (fs, ) is pointwise convergent to f. Indeed,
by property (2) in Corollary 41, every subsequence of the sequence (fs,)
accumulates to f. Hence, the sequence (f;, ) is pointwise convergent to f.

We will also need the following well-known consequence of the bisequentiality of Z;.
For the sake of completeness we include a proof.

Lemma 42. Let (A;) be a sequence in [N]*™ such that lim,ca, fr, = f for every
I € N. Then there exists D € [N]> with lim,ep fr, = f and D C |J, A;, and such
that DN Ay # 0 for infinitely many [ € N.

Proof. For every k € N we set By, := J;5, Ai. Then (By) is a decreasing sequence
of infinite subsets of N. We may select p € SN such that p—lim f,, = f and By € p
for every k € N. By the bisequentiality of Zy, there exists a sequence (Cp,) of
elements of p converging to f. We select a strictly increasing sequence (I) in N
such that I, € By NCyN---NCy for every k € N, and we set D = {l : k € N}. It
is easy to see that D is as desired. O

In the sequel we will apply Milliken’s theorem [Mill]. To this end we need to
recall some pieces of notation. Given b,/ € ¥ we write b < b provided that
max(b) < min(d’). By B we denote the subset of ¥ consisting of all sequences (by,)
which are increasing, that is, b, < b,41 for every n € N. It is easy to see that B
is a closed subspace of ¥ where X is equipped with the discrete topology and XN
with the product topology. For every b = (b,) € B we set

(b) == { U b, : F C N is nonempty ﬁnite} and [b] = {(cn) € B: ¢, € (b) Vn}.
ner

Notice that for every block sequence b the set (b) corresponds to an infinitely
branching subtree of ¥ denoted by 7y. Also observe that the chains of Ty, are in
one-to-one correspondence with the set [b] of all block subsequences of b. More
precisely, if (¢,) is a chain of Ty, then (to,t1 \ to,...,tns1 \ tn,...) is the block
subsequence of b which corresponds to the chain (¢,). This observation was used
by Henson to derive an alternative proof of Stern’s theorem (see, e.g., [Od]). If
B = (bg,...,bg) with by < --- < by and d € B, then we set

[8,d] = {(cn) € B:¢y, =by Vn <k and ¢, € (d) Yn > k}.
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We will use the following consequence of Milliken’s theorem.

Theorem 43. For every b € B and every analytic subset A of B there exists
c € [b] such that either [c] C A or [c]NA=0.

For every b = (b,) € B and every n € N we set i, := by U---Ub,. We define
C:B—XNand A: B— XN by

C((bn)) = (io, NN ,in, N ) and A((bn)) = (ZO U bg, ‘e ,ign U b3n+2, ‘e )

Note that for every b € B the sequence C(b) is a chain of X, while A(b) is an
antichain of ¥ converging, in the sense of Definition 13, to o = J,, in € [X]. Also
observe that the functions C' and A are continuous.

Lemma 44. Let {f:}iex be a Krawczyk tree of f with respect to {f,} and C. Then
there exists a block sequence b = (b,) such that for every c € [b] the sequence
(ft)tec(e) is pointwise convergent to a function which belongs to C and is different
from f, while the sequence (fi)ica(c) is pointwise convergent to f.

Proof. Let
C1 = {c € B : the sequence (f)icc(c) is pointwise convergent}.

It is easy to see that C; is a co-analytic subset of B. By Theorem 43 and the
sequential compactness of K, there exists d € B such that [d] is a subset of C;. As
we have already remarked, for every block sequence c the sequence C(c) is a chain
of 3. Hence, by part (1) of Corollary 41, we see that for every c € [d] the sequence
(ft)tec(e) must be pointwise convergent to a function which belongs to C and is
different from f.

Now let

Cs == {c € [d] : the sequence (f;):ca(c) is pointwise convergent to f}.

Again by Milliken’s theorem, there exists b = (b,) € [d] such that either [b] C Cs
or [b]NCy = 0. We claim that [b] is subset of Co. It is enough to show that
[b] N Cy # 0. To this end we argue as follows. Recall that for every I € N we have
that 4 = bg U --- U b;. Set

A ={iyyUby, :m>1+1} CX.

Since the sequence (by,) is block, by property (P) above, we see that the sequence
(ft)tca, is pointwise convergent to f. By Lemma 42, there exists D C |J; A; such
that the sequence (f;):ep is pointwise convergent to f and DN A; # @ for infinitely
many . We may select L = {lp <y <---},M = {mg < my < ---} € [N]*° such
that I, + 1 < my, < lpy1 and 4;, U by, € D for every n € N. Next we define
c = (c,) € [b] as follows. We set ¢o =4y, ¢1 = bjg41 U+ Ubpy—1 and g = byy-
For every n € N with n > 1 let I,, = [mp—1 + 1,1,,] and J,, = [I,,m,, — 1], and set

C3n = U bi, Cant1 = U b; and c3pq2 = by, -
icln i€Tn
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It is easy to see that ¢ € [b] and A(c) = (i;, Uby, ) € D. Hence, the sequence
(ft)tea(e) is pointwise convergent to f. It follows that [b] N Cy # () and the proof
is completed. O

We are ready to proceed to the proof of Theorem 40.

Proof of Theorem 40. Let b = (b,,) be the block sequence obtained by Lemma 44.
If 8= (bngs---5bn,) with ngp < -+ < ny is a nonempty finite subsequence of b,
then we set UB = by, U---Ub,, € X. Recursively, we will select a family (8s)sca<n
such that the following are satisfied.

(C1) For every s € 2<N we have that 3 is a finite subsequence of b.
(C2) For every s,s’ € 2<N we have s C s if and only if 8s C By
(C3) For every s € 2<N and every ¢ € [B5~¢, b] we have UB,~; € A(c).

We set 8y := ) and we proceed as follows. For every M = {mo <m; <---} € [N]*®
let bas = (b, ) be the subsequence of b determined by M. Assume that for some
s € 2<N the finite sequence 3, has been defined. Let M = M, € [N]* be such that
Bs C bas. The set A(bys) converges to the unique branch of ¥ determined by the
infinite chain C(bys). Therefore, we may select a finite subsequence 5,~1 such that
Bs C Be~1 and UBy~1 € A(bys). The function A: [b] — ¥V is continuous, and so,
there exists a finite subsequence S~ of b with 8,~g C by such that condition (C3)
above is satisfied. Finally, notice that 8,~¢ and B,~; are incomparable with respect
to the partial order C of extension.

One can also explicitly define a family (f),ecq<n satisfying conditions (C1)—(C3).
Specifically, set 3y :== 0, By == (bo,b1,b2) and By = (bo, b2). Assume that 3, has
been defined for some s € 2<N and set ns == max{n : b, € B}. If s ends with 0,
then we set

Bs~0 = B5 (bn,+1,bn,+2,bn,+3) and Be~y = B (bn 41,00 +3)-

On the other hand, if s ends with 1, then we set

Bs~0 = B (bn,+1,bn,+2,0n,+3,bn,+4) and Be~1 = B (bn,+1,bn,+2,bn, +4)-
It is easy to see that, with the above choices, conditions (C1)—(C3) are satisfied.
Having defined the family (8;)sco<n, for every s € 2<N we set

ts =UBs € X and hg = fi_.

Clearly, the family {hs},co<n is a dyadic subtree of the Krawczyk tree {f;}ies of
f with respect to {f,} and C. The basic properties of the family {hs},co<n are

summarized in the following claim.

Claim 1. The following hold.

(1) For every o € 2V the sequence (hyy,) is pointwise convergent to a function
9o € C with g, # f.
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(2) For every perfect subset P of 2V the function f belongs to the closure of
the family {g, : 0 € P}.

Proof of the claim. (1) Let o € 2V and set b, = |, Bojn € [b]. It is easy to see
that the sequence (t,,) is a subsequence of the sequence C(b,). Therefore, the
result follows by Lemma 44.

(2) Assume not. Then there exist a perfect subset P of 2N and a neighborhood
V of f in RX such that g, ¢ V for every o € P. By part (1), for every o € P
there exists n, € N such that h,|,, ¢ V for every n > n,. For every n € N
let P, = {0 € P:n, < n}. Then each P, is a closed subset of P and, clearly,
P =|J,, P,. Thus, there exist ng € N and a perfect subset @ of 2N with Q C P,,. It
follows that h,|, ¢ V for every o € Q and every n > ng. Let 7 be the lexicographical
minimum of (). We may select a sequence (o) in @ such that, setting sy = 7 A oy,
for every k € N, we have o), = 7, 7 < 0}, and |si| > ng. Notice that s;/0 C 7,
while 5,71 T oy, and |s; 1| > ng. Hence, by our assumptions on the set @ and the
definition of {hs}sco<y, we obtain that

(1) hs,:l =fi ., ¢ V for every k € N.
“k

We are ready to derive the contradiction. Set b, = J,, 8- € [b]. Since 3.~ C b,
k

by property (C3) in the above construction, we see that tyoy = Uﬁs@ € A(b,) for

every k € N. By Lemma 44, the sequence (ft)ica(b,) is pointwise convergent to the

function f. It follows that the sequence ( ft»“l) is also pointwise convergent to f

k
and this clearly contradicts (1) above. The proof of the clam is completed. O

We apply Theorem 21 to the family {hs},co<v and we obtain a regular dyadic
subtree T = (s¢);co<r of 2<N such that the family {hg, };co<v is canonized. The
main claim is the following.

Claim 2. {hy, };co<n is equivalent to the canonical dense family of A(2V).

Proof of the claim. In order to prove the claim we will isolate a property of the
whole family {hs}sco<n (property (Q) below). Let S be an arbitrary regular dyadic
subtree of 2<N. Notice that g, € {hs}ies for every o € [S]. By part (2) of Claim 1,

we see that the function f belongs to the pointwise closure of {h;}scs in R¥. By the

Bourgain-Fremlin—-Talagrand theorem, there exists an infinite subset A of S such
that the sequence (hs)sca is pointwise convergent to f. By part (1) of Claim 1, we
see that A can be chosen to be an antichain converging to some o € [5’] Since all
these facts hold for every regular dyadic subtree S of 2<V, we obtain the following

property of the family {hs}sco<n.

(Q) For every regular dyadic subtree S of 2<N there exist two antichains A, Ay
of S and 01,09 € [3] with o7 # o9 such that A; converges to o1, A con-
verges to oz and the sequences (hs)sca, and (hs)sca, are both pointwise

convergent to f.
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Now let T' = (s¢);co<n be the regular dyadic subtree of 2<N such that the family
{hs, }1ea<n is canonized. Invoking property (Q) above and referring to the descrip-
tion of the families {di : t € 2<N} (1 < i < 7) in Subsection 4.3, we see that
{hs, }1ca<n must be equivalent either to the canonical dense family of A(2<Y) or
the canonical dense family of A(2V). By part (1) of Claim 1, the first case is impos-
sible. It follows that {hs, };co<nv must be equivalent to the canonical dense family
of A(2V) and the claim is proved. O

Let T = (8¢)1e2<v and {hs, },e0<n be as above. Observe that for every t € 2<N
there exists a unique n; € N with hs, = f,,,. Thus, by passing to dyadic subtree of
T if necessary and invoking the minimality of the canonical dense family of A(QN ),
we see that the function 2<% 3 ¢ + n; € N is a canonical injection and, moreover,
the map

ANy s v = fo, €K

is extended to homeomorphism ® between A(?N) and Wf@@,. The fact that
this homeomorphism sends 0 to f is an immediate consequence of property (Q) in
Claim 2 above. Moreover, by part (1) of Claim 1, we see that ®(d,) € C for every
o € 2N. The proof of the theorem is completed. ([l

By Theorem 40 and part (1) of Proposition 24, we obtain the following corollary.

Corollary 45. Let K be a separable Rosenthal compact on a Polish space X, let
{fn} be a countable dense subset of K and let f € K. If f is a non-Gg point of K,
then there exists a canonical homeomorphic embedding of A(QN) into KC with respect
to {fn} which sends 0 to f.

After a first draft of the present paper, Todor¢evié¢ informed us ([To3]) that he
is aware of the above corollary with a proof based on his approach in [Tol].

We notice that if K is a non-metrizable separable Rosenthal compact on a Polish
space X, then the constant function 0 is a non-Gg point of K — K. Indeed, since
K is non-metrizable, for every D C X countable there exist f,g € K with f # ¢
and such that f|p = g|p. This easily yields that 0 is a non-Gs point of K — K.
By Corollary 45, we see that there exists a homeomorphic embedding of A(ZN) into
K — K with 0 as the unique non-Gs point of its image. This fact can be lifted to
the class of analytic subspaces as follows.

Corollary 46. Let K be a separable Rosenthal compact and C an analytic subspace
of K which is non-metrizable. Also let D = {f,} be a countable dense subset of
K witnessing the analyticity of C. Then there exists a family {f:}ico<n € D — D
which is equivalent to the canonical dense family of A(2N). Moreover, we have
Acc(ft 1t e 2<N}) C C —C and the constant function 0 is the unique non-Gs point

of {ft}f;e%N :
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Proof. Let {g,} be an enumeration of the set D — D which is dense in I — K. It
is easy to see that C — C is analytic subspace of K — K and this is witnessed by
the family {g,}. Moreover, by the fact that C is non-metrizable, we see that the
constant function 0 belongs to C —C and is a non-G point of C—C. By Theorem 40,
the result follows. O

8. CONNECTIONS WITH BANACH SPACE THEORY

This section is devoted to applications, motivated by the results obtained in
[ADK2], of the embedding of A(QN) in analytic subspaces of separable Rosenthal
compacta containing 0 as a non-Gs point. The first application concerns the exis-
tence of unconditional families. The second deals with spreading and level uncon-
ditional tree bases.

8.1. Existence of unconditional families. We recall that a family (z;)ier in a
Banach space X is said to be 1-unconditional if for every FF C G C I and every

1> asaal] < || 3 aiwa]|
i€F i€G
We will need the following reformulation of Theorem 4 in [ADK2] where we also

(ai)icc € RY we have

refer the reader for a proof.

Theorem 47. Let X be a Polish space and let {f, : 0 € 2N} be a bounded family
of real-valued functions on X which is pointwise discrete and having the constant
function 0 as the unique accumulation point in RX. Assume, moreover, that the
map ®: 2N x X — R defined by ®(o,z) = f,(x) is Borel. Then there erists a
perfect subset P of 2V such that the family {f, : o € P} is 1-unconditional in the
supremum norm.

In [ADKZ2] it is shown that if X is a separable Banach space not containing ¢;
and with non-separable dual, then X** contains an l-unconditional family of the
size of the continuum. This result can be lifted to the setting of separable Rosenthal

compacta as follows.

Theorem 48. Let I be a separable Rosenthal compact on a Polish space X. Also
let C be an analytic subspace of IC consisting of bounded functions.

(a) If C contains the function 0 as a non-Ggs point, then there exists a fam-
ily {f, : 0 € 2V} in C which is 1-unconditional in the supremum norm,
pointwise discrete and having 0 as unique accumulation point.

(b) If C is non-metrizable, then there exists a family {f, — 9o : o € 2V}, where
forGs € C for every o € 2N, which is 1-unconditional in the supremum

norm.

Proof. (a) Let D = {f,} be a countable dense subset of K witnessing the analyticity
of C. As0is anon-Gs point of C, by Theorem 40, there exists a family {f; };co<x C D
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equivalent to the canonical dense family of A(2Y) with Acc({f, : t € 2<N}) C C
and such that the constant function 0 is the unique non-Gs point of mf@@;. For
every o € 2V let f, be the pointwise limit of the sequence ( foin)- Clearly the family
{fs : 0 € 2V} is pointwise discrete and has 0 as the unique accumulation point.
Moreover, it is easy to see that the map ®: 2V x X — R defined by ®(o, z) = f,(x)
is Borel. By Theorem 47, the result follows.

(b) Tt follows by Corollary 46 and Theorem 47. O

Actually, we can strengthen the properties of the family {f, : ¢ € 2V} obtained
by part (a) of Theorem 48 as follows.

Theorem 49. Let K be a separable Rosenthal compact on a Polish space X and
let C be an analytic subspace of K consisting of bounded functions. Assume that C
contains the function 0 as a non-Gs point. Then there exist a family {(95,%s) :
o €2V} CCx X and e > 0 satisfying |go(zo)| > ¢ and g,(v,) =0 if 0 # 7, and
such that the family {g, : o € 2V} is 1-unconditional in the supremum norm and

has 0 as the unique accumulating point.

Proof. Let {f, : 0 € 2N} C C be the family obtained by part (a) of Theorem 48.
Notice that, by the proof of Theorem 48, we have that the map ®: 28 x X — R
defined by ®(0,2) = f,(z) is Borel. Using this fact and by passing to a perfect
subset of 2 if necessary, we may select ¢ > 0 such that || f, || > ¢ for every o € 2.
Define N C 2¥ x X by the rule

(0,2) €N & |fs(2)] > e.

The set N is Borel since the map @ is Borel. Moreover, by the choice of €, we have
that for every o € 2 the section N, = {z: (5,2) € N} of N at o is nonempty. By
the Yankov—von Neumann uniformization theorem (see, e.g., [Ke, Theorem 18.1]),
there exists a map
N> ze € X

which is measurable with respect to the o-algebra generated by the analytic sets
and such that (o, 2,) € N for every o € 2V, Invoking the classical fact that analytic
sets have the Baire property, by [Ke, Theorem 8.38] and by passing to a further
perfect subset of 2V if necessary, we may assume that the map o — z, is continuous.

For every m € N define A,, C 2V x 2V by setting

1
m+1
Notice that the set A,, is Borel. Since the family {f, : o € 2V} accumulates to 0,
for every o € 2N the section (4,,)s = {7 : (0,7) € A} of A, at o is finite, and

(0,7) € A & |f2(25)] >

so, it is meager in 2Y. By the Kuratowski-Ulam theorem (see [Ke, Theorem 8.41]),
we see that the set A,, is meager in 2V x 2. Hence, so is the set

A= UAm.

meN
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By a result of Mycielski (see, e.g., [Ke, Theorem 19.1]), there exists a perfect
subset P of 2N such that for every o, 7 € P with o # 7 we have that (o,7) ¢ A and
(r,0) ¢ A. This implies that f;(z,) =0 and f,(z;) = 0. We fix a homeomorphism
h: 2N — P and we set g, = In(o) and x5 = zj (5 for every o € 2N Clearly the
family {(g,, 7o) : 0 € 2} is as desired. O

The proof of the corresponding result in [ADK?2] is based on Ramsey and Banach
space tools, avoiding the embedding of A(2Y) into (Bx««,w*).

We recall that a Banach space X is said to be representable if X isomorphic to
a subspace of o (N) which is analytic in the weak* topology (see [GT, GL, AGR)).
We close this subsection with the following theorem.

Theorem 50. Let X be a mon-separable representable Banach space. Then X*

contains an unconditional family of size | X*|.

Proof. Identify X with its isomorphic copy in ¢ (N). Then By is an analytic
subset of (By_,w*). Let f: NY¥ — Bx be an onto continuous map. Let {z,} be a
norm dense subset of /1 (N). Viewing ¢; as a subspace of £%_, we define f,,: NN — R
by setting f,, = 2, o f. Then {f,} is a uniformly bounded sequence of continuous
real-valued functions on NY. Notice that {fT}p = {z* o f : 2* € Bx~} which can
be naturally identified with {z*|p, : * € Bx~}. By the non-effective version of
Debs’ theorem (see, e.g., [AGR]), one of the following cases must occur.

CASE 1: There erist an increasing sequence (ng), a continuous map ¢: 28 — NN
and real numbers a < b such that for every o € 2V and every k € N if o(k) = 0
then fn, (¢(c)) < a, while if o(k) = 1, then fn, (¢(c)) > b. In this case for every
p € BN we set

gp =p—limfp,.

Then g, = z;|py for some x; € X*. We claim that the family {z}; : p € SN} is
equivalent to the natural basis of £1(2°). To see this observe that g,(¢(c)) < a if
and only if {k : o(k) = 0} € p, and g,(é(c)) > b if and only if {k: o(k) = 1} € p.
Setting A, = [g, < a] and B, = [g, > b] for every p € BN, we see that the
family (Ap, Bp)pepn is an independent family of disjoint pairs. By Rosenthal’s
criterion, the family {g, : p € SN} is equivalent to ¢1(2°). Thus, so is the family
{z : p € BN}.

CASE 2: The sequence {f} is relatively compact in B1(NY). In this case since X is

non-separable, we see that 0 € {fn}p is a non-Gy point. By part (a) of Theorem 48,
there exists an 1-unconditional family in X* of the size of the continuum. O

It can also be shown that every representable Banach space has a separable
quotient (see [ADK2, Theorem 15]). For further applications of the existence of
unconditional families we refer the reader to [ADK2].
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8.2. Spreading and level unconditional tree bases. We start with the follow-
ing definition.

Definition 51. Let X be a Banach space.

(1) A tree basis is a bounded family {x:}ico<v in X which is a basic sequence
when enumerated according to the canonical bijection ¢y between 2<N and N.

(2) A tree basis {xi}ieo<n s said to be spreading if there exists a sequence
(en) \¢ 0 such that for every n,m € N with n < m, every 0 < d < 2" and
every pair {s;}%_o C 2" and {t;}%_, C 2™ with s; C t; for alli € {0,...,d},
we have ||T|| - || T < 1+ &, where

T:span{z,, :i=0,...,d} = span{z, : 1 =0,...,d}

18 the natural one-to-one and onto linear operator.

(3) A tree basis {xt}ieo<n is said to be level unconditional if there exists a
sequence (g,) \¢ 0 such that for every n € N the family {x; : t € 2™} is
(1 + ,)-unconditional.

In [ADK2] the existence of spreading and level unconditional tree bases was
established for every separable Banach space X not containing ¢; and with non-
separable dual. This result can be extended in the context of separable Rosenthal
compacta as follows.

Theorem 52. Let K be a uniformly bounded separable Rosenthal compact on a
compact metrizable space X and having a countable dense subset D of continuous
functions. Also let (g,,) be a decreasing sequence of positive reals with lime, = 0.
Assume that the constant function 0 is a non-Gs point of K. Then there exists a
family {ut}ico<n C conv(D) which is equivalent to the canonical dense family of
/1(2N) and such that, setting g, = limug,, for every o € 2N the following hold.
(1) The function 0 is the unique non-Gs point ofmfez@;.
(2) The family {ut}ieo<n is a tree basis with respect to the supremum norm.
(3) The family {g, : o € 2V} is a subset of K and 1-unconditional.
(4) For every n € N if {to < -+ < tan_1} is the <-increasing enumeration
of 2™, then for every collection {og,...,0on_1} C 2V with t; T o; for all
i €40,...,2"—1} we have that (g,,)2 5" is (1+¢&,)-equivalent to (us, )2 g
The proof of the above result is a slight modification of [ADK2, Theorem 17]
where we also refer the reader for more information.

We close this subsection with the following result whose proof is based on Ste-
gall’s construction [St].

Theorem 53. Let X be a Banach space such that X* is separable and X** 1is
non-separable. Also let e > 0. Then there exists a family {us}ico<n C Bx such that
the following are satisfied.

(i) The family {us},co<n is equivalent to the canonical dense family of 2SN,
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(i) For every o € 28 if y* is the weak* limit of the sequence (uy),), then there
exists Yy € X with ||yr**|| < 14 ¢ and such that y2** (yi*) =1, while

[ea

Y (yr*) =0 for every T # o.
(iii) For every n € N if {tog < -+ < tan_1} is the <-increasing enumeration
of 2", then for every collection {0g,...,09n_1} C 2V with t; T o; for all

1 €{0,...,2" =1} we have that (y;f)fio_l 18 (1+%)—equivalent to (uti)?lal.

Proof. Since X* is separable, the space (Bx+~,w*) is compact metrizable. We fix
a compatible metric p for (Bx««,w*). Using Stegall’s construction [St], we obtain

(C1) a family {z]}ico<n € X*, and
(C2) a family {B;};co<n of open subsets of (Bxs«,w*)

such that for every t € 2<N the following properties are satisfied.

(P1) We have 1 < ||lzf]| < 1+e.

(P2) We have By~g N By~y = 0, By~g U By~1 € B; and p — diam(B;) < t\lﬂ'
(P3) For every x** € B; we have |z**(z}) — 1| < \tlﬁ

(P4) For every t’' # t with |¢| = || and every ** € By we have |z**(z})| < 7\t|{-1'

By property (P2), we see that ), By, = {z}*} for every o € 2V and the map
2N 5 g s 2 € (Bx+-,w*) is a homeomorphic embedding. By Goldstine’s theo-
rem, for every t € 2<N we may select x; € B, N X. Notice that w* — lim Toln = Ty

for every o € 2. For every o € 2V we select z3** € (0, {x;‘k k> n}w*. By prop-

Kotk
o

erty (P3), we see that «**(z%*) = 1 while, by property (P4), we have z2**(z**) =0

g

for every 7 # 0. Moreover,
sup{|Xi| :i=0,...,n} < (1 +¢) H Z)WIZTH
i=0

for every n € N, every {oq,...,0,} C 2N and every (\;)", € R**1. Arguing as in
the proof of [ADK2, Theorem 17], we select a family {u;};co<n C conv{z; : t € 2<N}
and a regular dyadic subtree S = (s¢);co<v of 2<N such that the following are
satisfied.

EES

»* where

(1) For every o € 2" the sequence (ug,,) is weak* convergent to y

Yo = limx,

oln

(2) Foreveryn € Nif {tg < -+ < tan_1} is the <-increasing enumeration of 2™,
then for every {0o,...,00n_1} C 2N with t; C o; for all i € {0,...,2" — 1}
we have that (y;*)f;al is (1 + 1)-equivalent to (uti)?:gl.

For every o € 2V let 7 = U, 50n € 2N Setting yi** = x%** for every o € 2N
we see that properties (ii) and (iii) in the statement of the theorem are satisfied.
Finally, by passing to a regular dyadic subtree if necessary, we may also assume
that the family {u;};cq<n is equivalent to the canonical dense family of 2SN that

is, property (i) is satisfied. The proof is completed. O
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Remark 4. (1) We do not know if the family {u;};co<v obtained by Theorem
53 can be chosen to be basic or an FDD. Also note that it seems to be unknown
whether for every Banach space X with X* separable and X** non-separable, there
exists a subspace Y of X with a Schauder basis such that Y** is non-separable.

(2) The family {y** : o € 2} obtained by Theorem 53 cannot be chosen to be un-
conditional as the examples of non-separable HI spaces show (see [AAT, AT]). How-
ever, all these second duals, non-separable HI spaces have quotients with separable
kernel which contain unconditional families of the cardinality of the continuum.
The following problem is motivated by the previous observation.

Problem. Let X be a separable Banach space with X** non-separable. Does there
exist a quotient Y of X** containing an unconditional family of size | X**|?
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