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ABSTRACT

This article presents and reviews several basic properties of the Cumula-
tive Ord family of distributions; this family contains all the commonly used
discrete distributions. A complete classification of the Ord family of prob-
ability mass functions is related to the orthogonality of the corresponding
Rodrigues polynomials. Also, for any random variable X of this family and for
any suitable function g in L2(R, X), the article provides useful relationships
between the Fourier coefficients of g (with respect to the orthonormal poly-
nomial system associated to X) and the Fourier coefficients of the forward
difference of g (with respect to another system of polynomials, orthonor-
mal with respect to another distribution of the system). Finally, using these
properties, a class of bounds for the variance of g(X) is obtained, in terms
of the forward differences of g. These bounds unify and improve several
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1. Indroduction

Ord [1] introduced the discrete analogue of Pearson’s system. Ord’s family contains all integer-valued
random variables (rvs) whose probability mass function (pmf), p, satisfies

ApG—1) a—j

_ , |
() @+ bo) + (b1 — D)j+ bojj — 1) (1)

Here, A is the forward difference operator and p(j) is the pmf of the discrete rv X and j takes
values in an integer interval. In the sequel, the term ‘discrete rv’ is customized to mean ‘integer-
valued rv’. Equation (1) is the discrete analogue of Pearson’s differential equation. Ord classified these
distributions according to the values of the parameters a, by, by and by; see [2, Table 2.1, p.87].

The present work is concerned with the Cumulative Ord Family of discrete distributions, defined
as follows.

Definition 1.1 (Cumulative Ord Family): Let X be a discrete rv with finite mean © and pmf
p(j) = P(X =), j € Z. We say that X belongs to the Cumulative Ord family (or that p belongs to
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the Cumulative Ord system) if there exists a quadratic q(j) = 8j* + Bj + y such that

Y (w—Hpk) = q(i)pG) forallj € Z. ()
k<j

If Equation (2) is satisfied, we write X ~ CO(u; q) or p ~ CO(u; q), or more explicitly, X or p ~
CO(w; 8, B,7)-

Let X ~ CO(u;q). Afendras et al. [3] studied the orthogonal polynomials generated by a
Rodrigues-type formula (see Theorem 7.3 below) and based on these polynomials, they prove Stein-
type covariance identities (see [3, Equation(2.7), p.512]). First-order covariance identities, k=1, of
that kind have been studied by Sudheesh and Luisa [4] for the Ord, Katz as well as modified power
series families of distributions. Afendras et al. [3], using Bessel’s inequality (for m € IN = {0, 1, .. .}
such that E|X|?>" < co and Eq[m] X)|A™g(X)| < 00), showed that

m

Var ¢(X) > Z E2q!M (0 Ak g ()
4 = 5
= ek - DEqH(X)

3)

the equality holds iff ¢ coincides with a polynomial of degree at most m in the support of X.
For q[k], H([Sk] and Ak, see Notations 2.1 below. Also, for n € IN such that E|X|*" < oo and
Eql" (X)[A"g(X)]? < 0o, Afendras et al. [5], by applying a discrete Mohr and Noll inequality,
established some Poincaré-type bounds for the variance of g(X), of the form

Eq¥ () [akge0]*

4
ki o) W

(—D)"[Varg(X) — S,] = 0, whereS, = Z(_l)k—l
k=1

the equality holds iff g is identified with a polynomial of degree at most # in the support of X.

We first present a simple example for illustrating the improvement achieved by the results of
the present article. Let X ~ Poisson(A). For m=n=1, Equations (3) and (4) produce the double
inequality

AE*Ag(X) < Var g(X) < AE[Ag(X)]%, (5)

where both equalities hold iff g is a linear polynomial. Applying the results of the present paper (see
Theorem 9.1), we get the strengthened inequality

Var g(X) < %EzAgoo + %E[Agm]z, 6)

in which the equality holds ift g is a polynomial of degree at most two. It is clear that the upper bound
in (6) improves the upper bound in Equation (5) and, in fact, it is strictly better, unless g is linear.
The rest of this paper is organized as follows. In Section 2, we present some elementary properties
of the Cumulative Ord (CO) family of distributions. In Section 3, we give an algorithm (Algorithm 1)
which checks ifa pair (u; q) is admissible, according to Definition 3.2. Also, we provide a detailed clas-
sification of the CO family. It turns out that, up to an (integer-valued) location transformation and/or
multiplication by —1, there are six different types of pmfs, described in Table 1, while Section 4 offers
a comparison between Ord’s Discrete Student distributions and that ones presented in this article.
Section 5 presents the symmetric distributions of the CO family of distributions; moreover, in this
section, we define the noncentrality parameter as well as the degrees of freedom of a discrete Student
distribution. In Section 6, we show that for any p ~ CO(u; q), the pmf p; o< gl!!p belongs to the CO
system, under appropriate moment conditions. Also, using a known covariance identity, we obtain
close-form expressions for Var(X;) (where X; ~ p;) and for Eq[i] (X). Recurrence relations for the



Table 1. Probabilities of the cumulative Ord family.

"V 13 SY4AN3dVY D O 99¢€

Type Notation p() Support S q() Parameters Mean Classification rule
N
1. Poisson-type X ~ P(%) e**jT N A r>0 A §=8=0
2. Binomial-type X ~ Bin(N, p) (’/V)pim —p)N 0,1,...,N p(N —j) “{]j;ﬁ; Np §=0,8=—pe(—1,0)
rl; ; 1— 1-— 1—
3. Negative X ~ NB(r,p) %p’ﬂ —pY N p(r +7) 03,21 ra=p §=0,8= 7P
Binomial-type ! p p p
—r):(— i i N I - _
4a. Negative X ~ NHgeo(N;r, s) (7)M 0,1,...,N w N751;26m ﬂ — 71 <
Hypergeometric- (=r—9s)n r+s - r+s r+s
type
N;i(S)N—j —jHIN—j — N 1
4b., X ~ Hgeo(N;r,s) (’j‘.’)M o1,...n ZDW=D M=t L 5=—— > 0,finiteS
Hypergeometric- (=r—=s)n r+s g r+s T s
type
. I'(p—nI(p—5s) nls); (r+pGs+J)) c rs 1 e e
5.Discrete F-type® X ~ d—F(p;r, LA (r5)eCa s - )
iscrete F-type (p;1,5) T == jio} pRr—— oo max(Oris41) pr—— 8 Pr—— > 0, one-side infinite S
[z1]j(z2]; (z1 + )22 +)) 2wely: 212y — WiW; 1

6. Discrete
Student-typeP<

X ~ d—t(z, w) [y + 1wy + 1

Wi +wy—21—2

w1 +wr>21+2»

> 0, two-side infinite S

wi+wy—21—23

wi+wy—21—23

30 ={(z2): € C~R}U (0,002 U{Upo(—n —1,—n)?}.

b We were not able to find a closed formula for the normalizing constant C of this pmf.

G ={(z2):z€ CNRIU{Upez(nn+ 12
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factorial moments are also given. In Section 7, we study the Rodrigues-type orthogonal polynomials
of a rv that belongs to the CO Family. The main result of this section is that the forward differences
of orthogonal polynomials of a pmf within the CO system are also orthogonal polynomials corre-
sponding to another pmf of the system; see Lemma 7.5 and Theorem 7.6. In Section 8, we present
expressions for the Fourier coefficients of a function g, with respect to the corresponding orthonor-
mal polynomials. One of the important facts is that when the polynomials are dense in L?(R, X),
the expectation lEq["](X)[A"g(X)]2 can be expressed as a series (finite or infinite) in terms of the
Fourier coeflicients of g. This is utilized in Section 9 where, upon applying the series expansion for
Eq["] (X)[A"g(X)]?, we present a wide class of (upper/lower) bounds for Var g(X).

2. Preliminaries

In the present section, we investigate the basic properties of the CO family. In the sequel, we shall
make use of the following notation.

Notation 2.1: (a) S=S(X) ={j € Z: P(X =) > 0} will denote the support of a discrete rv X.
Also, we define S, = S \ {the lower endpoint of S} and S° = S \ {the upper endpoint of S}. Of
course, if S does not have a finite lower (upper) endpoint, then S, = S (§° = S);

(b) For each real function f and k=0,1,..., we define f[k] x)=f(x)---f(x+k—1) and
FlR ) = 1/[f(x = 1) - - - f(x — k)] (provided that f(x — 1) - - - f(x — k) # 0), with f()(x) = 1;

(c) For ze C and k=0,1,..., we define [z]y=2z(z+1)---(z+k—1) and [z]_kr = [(z —
1)---(z—k)]7! (provided that z # 1,..., k), with [z]o = 1;

(d) For z € C and k € Z, we define (2)x = (=D [—z]s, provided that the quantity [—z] is well-
defined. That is, for k =0,1,..., we have (2)y =z(z—1)---(z—k+ 1) and (2)_r = [(z +
1)---(z+k)]~! (provided that z # —1,. .., —k), with (2) = 1;

(e) AF = A(AF1) with A? = I, the kth order forward difference operator;

(f) Foreachd € Randk € IN, I'I([Sk](m) = ]_[j:,:,"_l(l —j8), m € IN, with H([SO] (m) =1;

(g) Let z=(z1,22) and w = (w1, w;) € C2. We denote z = w if (z1,2;) = (w1, wy) or (21,22) =
(W2> Wl)-

Remark 2.2: For every non-degenerate discrete rv X with finite mean u and pmf p, the function
f( = stj(/x — k)p(k), j € Z, is non-negative, unimodal (increases for j < [ ], the integer part of
i, and then decreases) and takes its maximum value at the point j = [u] (if 4 € Z, the maximum
value is attained at the points © — 1 and ).

Definition 2.3: A subset S of Z is called an integer chain if for every ji, j, € S with j; < j,, we have
i,j2lNZCS.

Remark 2.4: An integer chain S of Z can be written as {«, . .., ®}, where « € Z U {—o0} and w €
7, U {0}, in the sense that {«,...,00} = {o, ¢ + 1,...} when @ > —00, {—00,..., 0} ={...,0 —
1, w} when w < oo and {—o0,...,00} = Z.

From Definition 1.1, we can prove the following lemma.
Lemma 2.5: Let X ~ CO(u; q). Then:

(a) The rv X is supported on an integer chain, denoted by S = {«, ..., w}, where « € Z' U {—o0} and
w e ZU{oo}witha < w. Thus, So ={a+1,...,0}and S = {«,...,w — 1}. Note that ifo =
w then S, = §° = @;

(b) q(j) > 0 forallje S
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() Ifw < oo, then q(w) = 0.Ifa = 0, then u = q(0) = y and, in general, ifa > —o0, then q(a) =
©—a;

(d) Foreveryr € Z,thervY =X+r follows CO(uy = n + r;qy(j) = q(j — 1));

(e) Therv W=—X follows CO(uw = —u;qw () = q(—j) —j — 1)

(f) q() > 0forallj € S, where q(j) = q(j) +j—

(g) p(j) =r(G—1p(j—1) forallj e S, where r(j) = 9()/qG + 1),j € S°.

Proof: (a), (b) and (c) are obvious by Equation (2) and Remark 2.2.

(d) The rv Y has mean uy = +r and support S(Y)=r+S={r+j:j€ S} (integer
chain). Observe that Zkgj(ﬂY —kP(Y =k) = Zkfj[,u —k—-nPX=k—1r) = ngj—r(/‘ —
IPX=s)=q(—nNPX=j—1r)=q(—nNPY =)).

() The rv. W has mean uw = —p and support S(W) =—-S={—j:jec S}. Now, write
Yisiiw — OPW =F) = Yy i(—p = HP(X = —k) = — Yy ln — (~RIP(X = —k) =
— Zsz—j(/‘“ —9PX =s)=(—p—HPX = —j) — ZS>7]<(/L —s)P(X =s) and observe that
Soe = IPX =9+ L (1= IP(X =) = 0. Thus, Yyei(w — HP(W = k) = (— =
DPX ==+ ju—9PX =9 =(—pn—-)HPX=—j) +q(-)PX =—j) = [q(—)) —j—
WIP(W = ).

(f) Itis obvious thatj € So(X) < —j € §°(—X). Thus, from (b) and (e), we see that for everyj € S.,
q-x(=j) > 0,ie.q() +j—pn > 0.

(g) From (f), it follows that r(j) is well-defined. For each j € S, (2) gives q(j)p(j) = stj(u —
kp(k) = q( — Dp(j — 1) + (i — jp(j), that is, g(Dp(j) = q( — DpGj — D). ]

Now, we present a useful lemma concerning the existence of moments (see [5, p. 176]).

Lemma 2.6: Let X ~ CO(uw; 4, B, y). If S(X) is finite or 8 < 0, then X has finite moments of any order.
Furthermore, if S(X) is infinite and § > 0, then X has finite moments of any order 6 € [0,1 + 1/5),
while B|X|'T1/% = oo,

Remark 2.7: We can find arv X ~ CO(u; 8, B,y) with § > 0 and finite support S (with cardinality
|S| > 3). However, the inequality § < [2(|S| — 2)] ! should be necessarily satisfied in this case; see
Section 3.3.1.

Lemma 2.8: Suppose a discrete rv X is supported on an infinite integer chain S(X), has finite mean
W, and satisfies the relation stj(c —k)pk) = q()p(), j € S(X), where c is a constant and q is a
polynomial of degree at most two. If S(X) is upper (resp., lower) unbounded, then q(j)p(j) — 0 asj —
oo (resp., j — —00).

Proof: If qisalinear polynomial, then the result is obvious because I£|X| < co. We shall examine only
the case where q(j) = ;% + Bj + y with § # 0. If S(X) is upper unbounded, the quantity Y ;. (c —
k)p(k) = lim;j_, o stj(c —k)p(k) is well-defined, since E[X| < co. Thus, limj. p(j)q(j) =
C € R. Observe that limj_ o0 j*p(j) = limjo[i*/q()]1q(j)p(j) = C/8 > 0. Assuming C>0, we
can find an integer jo > 0 such that jp(j) > C/(23j) for all j > jo. Thus, E|X| =3 .., jp(j) =
ijjo C/(28j) = 00, a contradiction. For the lower unbounded case, we can use analogous argu-
ments. u

The result of Lemma 2.8 applies to all rvs of the CO family whose support is infinite. For this
family, the results of the above lemma can be generalized; see Proposition 6.5.

Remark 2.9: In Lemma 2.8, if the support does not have a finite upper bound, then the con-
stant ¢ is necessarily the mean p of X, ie. the rv X belongs to the CO family. However, if the
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support has a finite upper bound, it may happen that ¢ # . For example, let X ~ Poisson(}) =
CO(n = %; q(j) = 1). Then, from Lemma 2.5(e), the rv W = —X ~ CO(uw = —Xx;qw(j) =
—j), ie. Zj:_oo(uw —kpw (k) = qw(§i)pw(j) for all j € Z. Now, consider the truncated w
at the point zero [py (j) = 9pw(j), j = —1,—2,...]. Then, for each j e S(W) ={-1,-2,...},

we have 3 (nw — Kpiy (k) = 9 oo (mw — bpw(k) = dqw(pw() = (=)py (i) and
EW # py (note that this W does not belong to the CO family).

Now we compare the CO system, i.e. the pmfs satisfying Equation (2), with the ordinary Ord
system, i.e. the pmfs satisfying the Ord’s difference Equation (1).

Proposition 2.10: Assume that a discrete rv X has pmf p and finite mean. Then, (a) and (b) are
equivalent, where

(@) X~ CO(u;q);
(b) (1) The supportS of X is an integer chain, S = {«, ...,w} witha < w,a € ZU {—oo},w € Z U
{oo};
(ii) There exist polynomials py (of degree at most one) and q (of degree at most two) such that
[Ap(— DIq(— 1) = p1()p(), forallj € S;
(iii) For the above polynomials, there exists a constant p such that p; (j) + Aq(j — 1) = p — j, for
allj € S. If w < 00, then it is further required that u = EX.

Proof: It is obvious that (a) implies (b). We now prove that (b) implies (a). Note that we do
not assume that p is the mean of X. Combining (i) and (iii), we hgve, after some algebra, that
p(H(n —j) = Alp(j — 1)q(j — 1)]. Fix an integer i with i < j. Then, ]k:ip(k)(,u — k) = p(q(G) —
pi—1)q@i —1). If « > —0o0, we choose i = « and since p(a — 1) = 0, we have Zkfjp(k)(y, —

k) = ]k=<x pk)y(u —k) = p(j)q(j), for all j € S. For « = —o0, since E|X| < oo, the quantity

Yk = R)pll) = limj, o > (i — k)p(k) is well-defined. Thus, lim;, —o p(i — 1)q(i — 1) =
C € R. If q is of degree at most one, then it is obvious that C=0. If q(j) = 8j* + Bj + ¥, § # 0,
we use the same arguments as in the proof of Lemma 2.8 and we conclude that C=0. Thus,
in any case, Zkfj(,u —k)pk) = q()p(j), j € S. Lemma 2.8 and Remark 2.9 then complete the
proof. [

Remark 2.11: All assumptions of Proposition 2.10(b) are necessary for a rv to lie in the CO family:
It is obvious that (ii) is necessary for all j € S. Regarding the assumption (i), consider the rv X with
pmf p(0) = p(2) = 0.5 and observe that (ii) and (iii) are fulfilled for p;(j) =2 —j, q(j) = 1 — j and
u =1 = [EX. But, this rv does not belong to the CO family. Regarding the assumption (iii), consider
the truncated Poisson X ~ p(j) oc M/jl,j = 0,1,..., N. Observe that (i)(iii) are satisfied for p; (j) =
A —Jj,q(j) = A and u = L. However, since A # IEX, this rv does not belong to the CO family; this is
so because S has a finite upper endpoint.

3. A complete classification of the cumulative Ord family

In this section, we classify the distributions of the CO family. The classification is based on the mean
w and the parameters of the quadratic q. The most important role is played by the parameter 8, the
coefficient of the square power of q.

The natural question is to ask whether the mean p and the quadratic g, together, characterize the
distribution. The answer is given in the following proposition.
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Proposition 3.1: Suppose the rv X follows the CO(u; q) distribution. Then:

(a) The support S(X) is uniquely determined by p and g;
(b) The distribution is characterized by the pair (i; q).

Proof: (a) First, we consider the special case when p € Z and g() = 0. From Remark 2.2, it fol-
lows easily that the rv takes the value pu with probability 1. Otherwise, we define N = N(u;q) =
{the firstj € Z N [, 00) such that ¢(N) < 0}.If N = oo, then the support S(X) does not have a finite
upper endpoint, otherwise the value N is the upper endpoint of $(X) and, then, g(N) = 0 (otherwise
the pair (u; q) could not satisfy the relation (2)). Regarding the lower endpoint: The rv —X follows
CO(u—x;q—x) with S(—X) = —=S(X), u—x = —pux and q—x(j) = q(—j) — j — . As before, we can
determine N’ = N(i_x; q—x). If N’ = o0, then the support S(—X) does not have a finite upper end-
point, i.e. the support S(X) does not have a finite lower endpoint. Otherwise, the value N’ is the upper
endpoint of S(—X), i.e. —N' is the lower endpoint of S(X).

(b) Consider the pmf p of X and its support, S(X), which is determined by the pair (u; q). Now, let
p ~ CO(; q). Consider the function r of Lemma 2.5(g) and fix jo € S(X). For every k € Z with j, +
k € S(X), it follows that p(jo + k) = rlk] (o)p(o) and p(jo + k) = rlk] (jo)P(jo)- Consequently, p o p,
and so p = p because p and p are pmfs. |

Definition 3.2: Let « € R and q(j) = 8j* + Bj + y. We say that the pair (i; q) is admissible if there
exists a pmf p in the CO system such that p ~ CO(u; q).

Now, the natural question is ‘How one can check the admissibility of a given pair (u; q)? Also, if
a pair is admissible, how can the corresponding pmf be obtained by this pair? The answer is given in
Algorithm 1.

Algorithm 1 Admissibility of the pair (u; q).

1: Consider the polynomial q(j) of Lemma 2.5(f) and define
a = sup{j € (—oo,u] NZ :g(j) =0}, o=inf{j e [u,00)NZ:q(j) =0},

noting that sup{@} = —oo and inf{@} = co. Next, define S = [, w] N Z. The pair (u; q) is admissible if and only
ifq(j) > 0forallj € S° and q(j) > Oforall j € So. If (1; q) is admissible, go to Step 2, end otherwise.

2: Let p be the corresponding pmf to the pair (i; q) in the CO system. By application of Lemma 2.5(g), we get!:

ifaa > —o0, plo + i) ar[i](a), i=0,1,...,0—a; (7a)
ifa = —ooand w < oo, plw—1i) o™ w), i=0,1,..; (7b)
ifa = —ocoand w = oo, p(j) at (0), jeZ. (7¢)

1 For the pmfs in (7), we observe the following. Since Lemma 2.5(g) holds, as in the analysis presented in [5, Lemma 4.1, pp. 176—
178], one can see that Zjes lilp(j) < oo (so the mean of X is finite), and hence, Zjes p(j) < oo. By construction, these pmfs
satisfy the relation [Ap(j — 1)1g(j — 1) = [=Aq(j — 1) — j + ulp(j).j € S.Asin the proof of Proposition 2.10, we get Zkﬂ-(u -
kpk) = q()p(j) forallj € S.If = oo, then q())p(j) — 0asj — oo; see Lemma 2.8; thus, )", (. — k)p(k) = 0. If w < o0,
then g(w) = 0, see Step 1 of Algorithm 1, and s0 3~ (1t — K)p(k) = >4, (it — K)p(k) = q(w)p(w) = 0.In both cases, w <
oo and w = oo, w is the mean value.

Next, we present a detailed classification of the CO system.

3.1. Thecased =0

We have to further distinguish between the cases § = 0 and 8 # 0.
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3.1.1. Thesubcase B = 0 (Poisson-type distributions)

Then, q(j) = y > 0, € S. The support S does not have a finite upper endpoint, but it must have a
finite lower endpoint (because the quadratic q_x(j) = y —j — u of —X, see Lemma 2.5(e), takes
negative values for large values of j). Without lost of generality, we assume S = IN. Since o = 0,
i1 = y. Observe that the Poisson distribution with parameter A = y follows CO(y;0,0, y). Using
Proposition 3.1, we have X ~ Poisson(y).

3.1.2. Thesubcase B # 0
We have the following sub-subcases.

3.1.2.1. Thesub-subcase 8 > 0 (Negative Binomial-type distributions). The support S does nothave
a finite upper endpoint, but it has a lower one. Again, we may assume that S = IN (of course v >
0). Since « = 0, q(j) = Bj + . Consider the Negative Binomial distribution with parameters r =
B/ >0andp=1/(1+p) € (0,1),ie.
L L) P

P = A =p)s =01
which follows CO(u; 0, B, ). From Proposition 3.1, X ~ NB(r = 8/, p = 1/(1 + B)).
3.1.2.2. The sub-subcase —1 < 8 < 0 (Binomial-type distributions). The support S has a finite
upper endpoint. Also, g_x(j) = —(1 + B)j + y — n where, —(1 + B) < 0. Thus, S has a finite lower
endpoint. Assume that S = {0,1,...,N}and 0 < u < N. Since q(0) = u, q(N) = 0 and g is a linear
polynomial, we get q(j) = (N — j)/N. Consider the Binomial distribution with parameters N and
p=n/N,ie.

. N\ -
0= (J‘)P](l -V, j=01...,N,
which follows CO(p; 0, —p, Np). From Proposition 3.1, we see that X ~ Bin(N, p = u/N).

3.1.2.3. The sub-subcase 8 = —1 (Poisson-type distributions). Here, g_x(j) = y — u (constant).
Thus, this sub-subcase is the negative of the case 3.1.1.

3.1.2.4. The sub-subcase B < —1 (Negative Binomial-type distributions). In this case, g_x(j) =
—(1+B)j+y —u, —(1 4+ B) > 0. This case is the negative of the case 3.1.2.1.

3.2. Thecase § < 0 (Negative Hypergeometric-type distributions)

It is obvious that S is finite. Without loss of generality, assume that S = {0,1,...,N} with 0 <
1 < N. Since qg(N) = 0 and q(0) = pu, it follows that q(j) = §[u/(NS) — jI(N — j). Consider now
the Negative Hypergeometric distribution with parameters N € {1,2,3,...},r = —u/(N§) > 0 and
s=(u— N)/(NS) > 0, ie. with pmf

. N\ (=n)j(=)N—j .
= _ =0,1,...,N.
PO (J) (—=r—9N /

This follows CO(Nr/(r + s); —1/(r + ), (N — r)/(r + s), Nr/(r + s)). From Proposition 3.1, X ~
NHgeo(N;r, s).

3.3. Thecased > 0

We study the following subcases, relating to the support.
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3.3.1. Finite S (Hypergeometric-type distributions)

Set $={0,1,...,N}and 0 < . < N. As in Section 3.2 (§ < 0), it follows that q(j) = §[u/(NS) —
FI(N — ). From Lemma 2.5(b), we get 1t/ (N§) — (N — 1) > 0, or equivalently § < u/[N(N — 1)].
Now, since q(j) = j[6j + (1 — /N — N§)], from Lemma 2.5(f), we have that § + (1 — u/N —
N§) > 0, or equivalently § < (N — p)/[N(N — 1)]. So,

0 <8 < min{u, N — u}/[N(N — 1)].

Note that min{u, N — u}/[N(N — 1)] < 1/[2(N — 1)]. Consider the Hypergeometric distribution
with parameters N € {2,3,...},r = u/(N§) > N — lands = (N — u)/(N§) > N — 1, with pmf

) N\ Mjn—j .
= _— =0,1,...,N.
0 (]) r+on 7

Thus, p ~ CONr/(r+s);1/(r +5),—(r+ N)/(r + ), Nr/(r +5)). From Proposition 3.1, X ~
Hgeo(N;r,s).

3.3.2. One-side infinite S (Generalized Inverse Polya or Discrete F-type distributions)
First, we give an example. Let g(j) = j2 + 1 and w = 1. It follows that q() =j(j+1). Step 1 of
Algorithm 1 gives @ = 0 and @ = 0o, namely, S = IN, and the pair (u; q) = (157 + 1) is admissible.
Using (7a), we find the pmf p ~ CO(1;1,0, 1) which is p(j) = [7/sinh(r)] []—[]_O(k2 + DI/G+
1!, j € IN; this pmf can be written as

x [l

p(j):sinh(n)j!(j—i—l)!’ J=0L. ®)

where 1 is the complex unity.

Let us consider the general case when § = IN and . > 0. Since o = 0, the quadratic q is of the
form q(j) = 8> + Bj + w. Write q(j) = 8(j + z1)(j + z2), where —z;, —z; are the complex roots of g.
Since q(j) > 0 for every j € S, we get (z1,2) € C, C C?, where

C={(z2):ze C~NR}U(0,00)* U {U(_n_ 1,—n)2}.

Observe that g(j) = 8j(j + p), where p = (8 + B + 1)/5. It is also required that g(j) > 0 for all j €
={1,2,...}, thatis, p > —1, or equivalently, 8 > —8 — 1. Under the above restrictions, the pair
(,u; q) is admlss1ble Step 2 of the algorithm then yields

I'(p—z1)I(p — z2) [z1]jlz2];
r'(p)I(p") jlel;

pG) = j=01..., 9)

where p’ = 1 + 1/8. The substitution z; , +> =1 and p +> 2 in Equation (9) yields Equation (8).

3.3.3. Two-side infinite S (Discrete Student-type distributions)

First, we give an example. Let q(j) = /2 + 1 and p = 0. It follows that q() = 7+ j+ 1. Applying
Algorithm 1, Step 1 gives @ = —o0 and w = 00, namely, S = Z, and the pair (u;q) = (0;7* + 1) is
admissible. Applying Equation (7¢), the pmf of CO(0; 1,0, 1) distribution is

[l]][ l]]
[3/2+1/3/2);[3/2 = 1v/3/2);

P(j) x jeZ. (10)

Note that the above choice of (1; g) forces S to be the entire Z.
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For the general case, let i € R, q(j) = §(z1 +j)(z2 +j) and q(j) = §(w1 + j)(w2 + j), where
—z1, —z2 and —wj, —w; are the complex roots of g and 9 respeEtively. Writing z = (z1,22) and

w = (w1, w2), since q(j) > 0and q(j) > 0 forall j € Z, it follows that z,w € Cy, where

ézi{(z,é):zeC\R}U{U(n,n+l)2}.

nez

Note that the pair (w;, w,) is a function of (u;g), i.e. a function of the values u, 8, z; and z;. The
pair (u; q) is admissible; see Step 1 of Algorithm 1. From Step 2, we obtain a formula for the pmf as
follows (cf. [6]):

[z1]j[22];
(w1 + 1]j[wz + 1}

P(j) je7Z. (11)
Substituting z; » +> 1 and wyy > 1/2 & z\/§/2 in (11), we obtain (10).
All the above possibilities (Sections 3.1-3.3) are summarized in Table 1 .

Remark 3.3: It is easy to check that if the cardinality |S| of the support equals 2, then different types
lead to identical distributions (since every such rv is Bernoulli).

4. A comparison with Ord’s discrete student distributions

Here, we offer a comparison between Ord’s Discrete Student distributions and the Discrete Student-
type distributions that are presented in this article.
Ord [6] defined the discrete student distribution as one with pmf

k

) 1 .
P(j) E) Grriaiss j€Z, (12)

where k € IN, a € [0,1] and 0 < b?> < oo are the parameters of the distribution.

We are interested in answering the following questions: (a) Does p in Equation (12) belong to the
CO system? (b) If yes, what is the corresponding pmf in the Table 1? (c) Does Equation (12) describe
the set of Discrete Student-type distributions?

Before our analysis, we state the following relations that arise by the definition of [z];; see Nota-
tions 2.1(c). Let z € C, r € IN* and j € Z. Then, one can easily check that the following identities
hold:

[zl_j = (=1Y/l-z+1]; and [zl = [2)jle +jlr = [2]s[2 + 1]}, (13)

provided that the quantities that appear are well-defined.
Now, set the complex numbers z1, =a=x1b, wip =a+k=xi1b and then z,p = (21,22)
and wy ., = (w1, wa). Obviously, zk 4.0, Wkap € C2 and w; + wy — z1 — 25 = 2k € 2IN. We observe
that ]_[fzo[(j +r+a)?+v] =z + jlk+1[z2 + jlk+1. An application of Equation (13) shows

that ]_[le[(j +r+a)?+ 0] = (211221 W + 1]j[wz + 1];/([z1][22])). Since the quantity
[z1]k+1[22]k+1 is positive and independent of j, the pmf in Equation (12) takes the form

[z1]j[22];
(w1 + 1]j[wz + 1]}

p() jeZ.

If k=0, the pmf p does not belong to the CO system,; this is an expected result because p does not have
expected value due to the divergence of the harmonic series. In this case, p is the pmf of a discrete
Cauchy distribution. If k € IN*, the pmf p belongs to the CO system. In conclusion, let us denote
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the distribution of p in Equation (12) by d°*"—t(k, a, b); then, for each k € IN and 4,b as above,
the pmf p ~ d°®*—t(k, a, b) belongs to the CO system iff k € IN*; in particular, d®**—t(k,a,b) =
d—t(2k,a,0> Wka,b)-

Letk € N*,0 < a < 1 and b > 0, and let us consider p ~ d°*°—t(k, a, b). Then, from the above
analysis, it follows that p ~ d—t(2kq,p Wkap). Observe that zx,p, Wiap € {(2,2) : z € C N R} g
C, with wy +wy — 21 — z5 € 2IN*. In view of Table 1, it is obvious that the class of the discrete
student-type distributions of the CO system is strictly bigger than Ord’s class of the Discrete Student
distributions which have finite mean value. Consequently, Equation (12) cannot describe the whole of
Discrete Student-type distributions of the CO system. Of course, we must note that the Ord’s class of
Discrete Student distributions contains discrete Cauchy distributions (for k = 0); in contrast to Ord’s
system, any pmf of the CO system has finite mean value.

Finally, it is worth noting the relationship between the finite moment-order and the parameter k of
p ~ d°%°—¢(k, a, b). Consider the case k= 0. Then, p(j) o [(j + a)* + b*]~! and it is obvious that p
has finite moment of order 0 iff 0 < 6§ < 1. Suppose now that k € IN*. Based on the previous analysis
and Table 1, p ~ CO(i; 6, B, y) with§ = 1/(2k) > 0.Since 1 + 1/§ = 2k + 1, Lemma 2.6 shows that
p has finite moment of order 6 iff0 < 6 < 2k 4 1. Observe that the rule ‘p has finite moment of order
0 iff 0 < 6 < 2k + 1" holds for every k € IN.

5. The symmetric pmfs of the CO system

In this section, we are interested in characterizing the symmetric pmfs of the CO system. In investi-
gating this aspect, we state and prove the following theorem. First, observe that if X is a symmetric
integer-valued rv with finite mean value, then the expected value of X is an integer or half-integer
number (the set of the half-integer numbers is denoted by Z + 1/2).

Theorem 5.1: Letp ~ CO(u; 8, B, y). The pmfp is symmetric, around its mean value (1, iff L € %Z =
Z.U{Z +1/2} and 46 + 28 = —1.

Proof: Suppose X ~ p. We prove separately the cases © € Zand u € Z + 1/2.
Let 0 € Z and let us consider the rv Y = X — . Then, the rv X, and so the pmf p, is symmetric

iff Y 4 —Y. Using Lemma 2.5(d),(e), it follows that Y ~ CO(uy;qy), where uy = 0 and gy (j) =
872 + 28+ B)j+ Bu? 4+ Bu+y), and =Y ~ CO(u_y;q_y), where u_y =0 and q_y(j) =
87 — 28 + B+ 1)j + (8u* + Bu + y). Applying Proposition 3.1(b), Y L _yif 46u + 28 =
—1.

Letp € Z 4 1/2,say o = ] + 1/2. Consider thervs Y; = X — [u] and Y, = —Y; + 1. Then,

the rv X, and so the pmf p, is symmetric iff Y; 4 Y,. Again, from Lemma 2.5(d),(e), we get Y7 ~
CO(u13q1), where puy =1/2 and q1(j) = 8% + (28] + B)j + (8L )* + BLi) + ), and Y, ~
CO (23 2), where py = 1/2and g2(j) = 8% — [28(Lu] + 1) + B + L]j + [8L)? + 8 QL) + 1) +
B(lu] + 1) + v + 1/2]. An application of Proposition 3.1(b) implies that Y; 4 Y, ift4du + 28 =
—1. |

Now, we are interested in finding the types of the CO system that contain symmetric pmfs. If
X ~ CO(u; 6, B,y), there exist s € {—1,1} and r € Z such that the pmf of Y =sX+r belongs to
Table 1. It is obvious that X is a symmetric rv iff Y is symmetric. Under this observation and using
Theorem 5.1 and Table 1, we have the following list:

e The Poisson-type distributions do not contain symmetric pmfs, due to non-symmetric support.
Alternatively, since 6 = B = 0, we have that 461 + 28 =0 # —1;

e The Binomial-type distributions contain symmetric pmfs. Since § = 0 and g = —p, 46 + 28 =
—1 is equivalent with p = 1/2 which implies © = N/2 € %Z;
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The Negative Binomial-type of distributions does not contain symmetric pmfs, due to non-
symmetric support. Alternatively,§ =0, 8 = (1 — p)/pandso4éu +28 =2(1 —p)/p > 0;
The Negative Hypergeometric-type distributions contain symmetric pmfs. If p is a symmetric pmf,
its support S = 0, 1,..., N must be symmetric around u; consequently, u = rN/(r +s) = N/2,
equivalently, r =s. Conversely, for r =s, we have that u = N/2,8 = —1/(2r), 8 = (N —1r)/(2r)
andso4du + 28 = —1;

The Hypergeometric-type distributions contain symmetric pmfs. Using the same arguments as in
the Negative Hypergeometric-type distributions, a pmf in this subsystem is symmetric iff r =s;
The discrete F-type distributions do not contain symmetric pmfs, due to non-symmetric support.
Alternatively, setting = p —r —s—1 > 0, we have that u = rs/0,§ = 1/0 and B = (r +5) /6.
Observe that rs> 0 and r + s € R because (r,s) € C,. The relation 46« 4+ 28 = —1 implies that
6% + 2(r + 5)0 + 4rs = 0, which has discriminant A = 4(s — r)2. If r and s are complex conjugate
numbers, 6 € C \ R, a contradiction; therefore, (,s) € (0, 00)% U {U;“;O(—n — 1, —n)?}. Solv-
ing the equation 6% + 2(r + 5)0 + 4rs = 0, we get & = —2r or —2s. Observe that u = —s/2 > 0
(or w = —r/2 > 0) belongs in %Z. Hence, s (or r) is a negative integer, a contradiction;

The discrete student-type distributions contain symmetric pmfs. Consider the vectors z =
(=1/2,—1/2), w=(1/2,1/2) € C5. Then, w1 +wy —z1 — 2, =2, ©u =0, B = —1/2 and so
48 + 2B = —1. Using (11), we find that the corresponding symmetric pmf is p(0) = (272 —
55/3)71, p(j) = (62 — 165)~! when j = %1, and p(j) = (27 — 55/3)71(* — 1/4)72 for j =
£2,43,....

Now, we determine the class of the symmetric discrete-t rvs. Suppose X ~ d—t(z, w), wherez, w €
C, with ™1 = wy +wy, — 21 — 25 > 0. Then, X ~ CO(ux; gx) for an admissible pair (ux; gx),
andthervY = X — | ux] follows CO(uy; qy), see Lemma 2.5(d), and has mean value py € [0, 1).
Since X is a symmetric rv iff Y is symmetric, it is sufficient to find the generator class of the sym-
metric discrete-t distributions for which the mean value is 0 or 1/2. We distinguish the cases 4 = 0
and u = 1/2.

o Case i = 0. In view of Table 1, ux = 8(z122 — wiwa) = 0, qx(j) = 8(z1 +j)(z2 +j) and
px(j) o [Zl]j[ZZ]j/([Wl + 1]j[W2 + 1]j),j € Z. The rv Y =—X has pmf py(j) = px(—j) x
[z1]-j[z2]—j/([w1 + 1]j[w2 + 1]-)), j € Z. Applying (13), py(j) o< [=w1]j[=w2];j/([=21 +
1]j[—2z2 + 1];),j € Z.Lemma 2.5(d) gives that Y follows CO(u1y; qy); moreover, from Table 1,
wy = 8(wiwy — z122) = 0 and qy (j) = §(—w1 + j)(—w2 + j). Obviously, X is a symmetric

rviff X = Y;using Proposition 3.1(b), X is a symmetric rviffw = —zand z; + 2z, < 0 (since
8 > 0). The symmetric discrete-¢ rvs with mean value zero is the set

S(go_}t = [d—t(z, —2):z € C~’2 withz; + 25 < 0};

o Case p =1/2. Again from Table 1 we have that uy =8(z122 — wiwz) =1/2 and
qx(j), px(j) as in the case uw=0. The rv Y =—-X+1 has pmf py(j) = px(—j+
D) o [z1]-j+1lz2]—j1/ (w1 + U —js1lwa + 1]-j41), j € Z. Applying (13), py(j) oc [—wy —
1]j[—w2 — 1]j([=z1]j[=22])), j € Z. Lemma 2.5(d),(e) give that Y follows CO(uy;qy). By
construction, uy = pux = 1/2;furthermore, Table 1 implies gy (j) = 8(—w1 — 1 + j)(—w2 —
1 + j). Since X is a symmetric rv iff X Ly, Proposition 3.1(b) gives that X is a symmetric
rviffw= —z —1andz; + 2z < —1 (since § > 0). The symmetric discrete-t rvs with mean
value half is

Sc{li/f} = {d—t(z, —z—1):ze€Cwithz; +25 < —1} .
The symmetric discrete-t rvs with mean value zero or half is the generator-set of the symmetric
discrete-t rvs,

{0,1/2} _ {0} {1/2}
Saf T =8, VSt
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The set of the symmetric discrete-f rvs is
St =Sz ={x+rxesP, rez).

Finally, we define the noncentrality parameter as well as the degrees of freedom of a discrete-t
distribution. In view of Theorem 5.1 and the fact that the ¢,, distribution has finite absolute moments
of order 6 for each 0 < 6 < v while its vth absolute moment is infinity, cf. Lemma 2.6, we give the
following definition.

Definition 5.2: Let X ~ d—t(z, w) withz, w € C;and 8™ = w; + wy — 21 — 25 > 0,and let us con-
sider the parameters ;& = §(z122 — wiwz) and B = §(z1 + z2). Then, the noncentrality parameter of
X is defined by

& = (£1,&), whereg; = mm [x — | and & = |46u +28 + 1],
xX€5 L7z

and the degrees of freedom of X are defined asdf =1+ 1/6.

6. Moment relations in the cumulative Ord family

This section presents some properties about the moments of a rv of the CO family.
For a discrete rv X ~ CO(u; q) = CO(u; 6, B, y), the following covariance identity holds

Cov[X, g(X)] = Eq(X) Ag(X), (14)
provided that Eq(X)|Ag(X)| < oo; see [7]. Setting g(x) = x, we get
0% = VarX = Eq(X),

provided EX? < oco. Writing q(X) = §(X — u)? + q'(1)(X — i) + q(1) and taking expectations,
we have

o =q(w/1-29), (15)

noting that from Lemma 2.6 and Remarks 2.7 and 3.3, the denominator 1 — § is positive.
Now, we prove a lemma concerning the pmf p*(j) o< g(j)p(j)-

Lemma 6.1: Suppose a non-constant rv X ~ CO(u; q) and E|X|> < oco. Let X* be the rv with pmf
p* o gp. Then, X* is supported on the set S(X*) = S§°(X) (ie. ¢* =, 0" =w — 1) and X* ~
CO(u*;q*), where u* = (u + B+ 8)/(1 — 28) and q*(j) = q(G + 1)/ (1 — 28).

Proof: Lemma 2.6 proves that 1 — 28 > 0 because IE|X|® < o0o; from this and Lemma 2.5(b),(c), it
follows that the function p* is non-negative on Z and takes strictly positive values on the set S(X*) =
S§°(X). Using Alhy(k)ha(k)] = h1(k)Ahy(k) + ha(k+ 1) Ahy(k), we have A[gq(k)q(k — 1)p(k —
D] = q(k)Alg(k — Dp(k — D] + q(k)p(k) Aq(k) = q(k)(n — k)p(k) + q(k)p(k)(28k + 6 + B) =

w40+ B — (1 =28klqgpk). Thus, D, i(u* —k)p* (k) = {3 Alg(k)qk — Dp(k — D1}/
[(1 — 28)[Eq(X)]. Since E|X|*> < 00, using the same arguments as in the proof of Proposmon 2.10, we
obtain that Zk<] [g(k)g(k — Dp(k — )] = q( + Dg(Hp()). So, Zk<] w* = k)p*k) = g*(Hp* ().
It remains to show that the value * is the mean of X*. Of course, E|X*| < 0o because B|X|? < oco.
If S(X*) has a finite upper endpoint w* = w — 1, then g*(0*) = g(w)/(1 — 25) = 0, since w is the
upper endpoint of S(X). If * = w = oo, we use the same arguments as in the proof of Proposi-
tion 2.10. For both cases w < 0o and w = o0, ZkeS(x*)(M* —k)p*(k) = 0,ie. EX* = p*. [ |
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The quadratic q takes non-negative values on the support of X. Therefore, we can create new pmfs
by defining p; oc gllp. But, if the support of X is finite, then for each i greater than or equal to the
cardinality of S(X), the function p; vanishes identically on Z. Thus, it is useful to define the quantity
M = M(X) as follows:

M=MX) =|SX)|—1=w—aci{0l...}U{co)
Proposition 6.2: Let X ~ CO(u; q) = CO(u; 8, B,y) with pmf p and E|X|*" ! < oo for some n €

{0,1,...,M(X)}. For all i =0,1,...,n, we consider the rvs X; with pmfs p; x q[i]p [note that X; =
XF ,i=1,...,n, where Xo = X|, and we define

s+ pitn gt
mE s 0T T
8 (_)_q([—8i2+(,3+1)i+u]/[1—21'8])
= e VO= 1— Qi+ 1)s '

Then:

(a) The rv X; is supported on the set S; = S(X;) = {i, .. ., wi} = {ot, ..., 0 — i};

(b) Xi ~ CO(ui;qi)s

(c) VarX; = ¥ (i) (for i = n, it is additionally required that | X|*"*? < c0);

(d) Ai = Ai(usq) = Bq (X) = 1 ) TT35(0);

(e) The descending factorial moments of X, i) = E(X), and the ascending factorial moments of X,
wir = E[X]y, satisfy the following second-order recurrence relations:

A =r)pe+y ={u+rlB =1+ Qr—=Dl}ue) +rly + = DB+ (r — DS} -1y,
(1 =rO)pupg1 = {n+r[B+2—Q2r— 1) up
+rly —u—(@—=D[B+1——Ds}up-1

with initial conditions ey = pjo) = 1 and pway = up) = W, forallr =1,...,2n;
(f) The factorial moments of X, j(ry and [, satisfy the following recurrence relations:

fad 0]
!

r—1
(A= r)paipin) = [+ (B =8+ Dl +yr1 Y= 5

k=0
r—1

(1 - 7"8)/1,<‘,-+1) = (87’2 + ,Br+ l,L)’LL(r) —+ (y — M)r' Z(_l)r+k+l
k=0

k)
k-

Proof: (a) Observe that 1 —2i§ > O forall i=0,1,...,n (if § <0, it is obvious; if § > 0, the case
of infinity support follows by Lemma 2.6 while the case of finite support by Remark 2.7). Therefore,
Lemma 2.5(b),(c) show that q[i]p is supported on ;.

(b) The proof will be done by induction on i. For i = 1, the result follows from Lemma 6.1. Assum-
ing thatit holds fori — 1 € {0,1,...,n — 1}, we will prove that it is true for i. By assumption, X;_; ~
CO(1ti—1;qi—1)- From E|X|*"T! < oo, it follows that E|X;_;|*> < co. As in Lemma 6.1, we consider
the rv X7 | ~ CO(uj_15q;_ ) with uf | = (i—1 + Bi—1 +8i-1)/(1 — 28;—1) and g | = qi—1(j +
1)/(1 — 28;—1). Hence, after some algebra, we get u; ; = u; and q; | = g;. Finally, observe that
p¥ | o gi1pi—1 and gi—1pi—1 o< g1 p; so, pt | o glflp. By definition, p; oc gl!lp. Hence, we conclude
that p; = p¥ | because p;, p_; are pmfs with support ;.

(c) It is immediate from (b) and Equation (15).
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(d) Using (c), an application of Equation (15) gives (1 — 2j8) ¥ (j) = (1 — 2j8)Eq;j(X)) = Eq(X; +
) = EqV(X)/Eq (X) = Aj41/Aj, j=0,1,...,n — 1, where Ag = 1. By multiplying these rela-
tions for j = 0,1,. ..,k — 1, the result follows.

(e) Write E(X)r+1 = (n — NEX), + EX — ) (X)r = (0 — NEX), + Cov[X, (X),]. Using the
covariance identity (14) and since A(j), = r(j),—1, it follows that Cov[X, (X),] = rEq(X)(X),—1.
Moreover, q(x)(X)r—1 = §(x)r41 + [B + 2r — D8](x) +{y + (r — D[B + (r — 1)§]}(x);—1. Thus,
EqQ)(X)—1 = 841 + LB+ 2r — D8l + {y + (r— DB+ (r — D8]}u—1)- Upon com-
bining the above relations, the result follows.

For the second relation, we consider the rv Y =—-X~ CO(—u;8,—B — 1,y — u); see
Lemma 2.5(e). Observe that u{r) = (—1)" . An application of the first relation, with some algebra,
shows the result.

(f) Using the same arguments as in (e), we write pu[41] = (u + )y + Cov(X, [X],). Uti-
lizing (14) and the fact that A[X], = r[X + 1],_1, we get Cov(X, [X],) = rEqX)[X + 1],—1.
Write q(x)[x + 11,-1 = 8[xl,41 + (8 — r&)[xl, + ¥ b (r — 1,_1_glxle. Then, pprsn) = (u+
Ny + rldppgr) + (B —rd) gy + y(r — 1! ZZ;E ik /k']. Finally, the proof of the recurrence
relation of /4 ()s is similar to that of (e). |

Now, suppose the rv X belongs to the CO family and its support has lower endpoint « = 0. Then,
y = u (see Lemma 2.5(c)) and so the second recurrence relation of Proposition 6.2(f) takes the form
(1 = r8) t(r+1) = q(r) (). Under this observation, the following corollary follows immediately.

Corollary 6.3: Let X ~ CO(w; 38, B,y). If the support of X has lower endpoint o = 0, then for
each positive integer k such that T|X|* < oo, the kth descending factorial moment of X is L =

g™ (0)/m0) = [T 19G)/ (1 — ).
We apply Corollary 6.3 to the distributions of the types 1-5 that are presented in Table 1.

Application 6.4: 1. PoissoN DisTriBUTION: If X ~ P(}) with A > 0, then q(j)/(1 —j6) = A
and so p(x) = Aforallk=0,1,.. .
2. BINOMIAL DISTRIBUTION: If X ~ Bin(N, p) with N = 1,2,... and 0 < p < 1, then g(j)/(1 —
j8) = p(N —j) and so ) = pk(N)k forallk=0,1,..;
3.NEGATIVE BINOMIAL DISTRIBUTION: If X ~ NB(r, p),r>0and 0 < p < 1,thenq(j)/(1 — j§) =
(1 =p)/pl(r +j)and so ugy = [(1 —p)/p]k[r]k forallk =0,1,.. ;
4a. NEGATIVE HYPERGEOMETRIC DISTRIBUTION: If X ~ NHgeo(N;r,s) with N =1,2,... and
r,s >0, then q(j)/(1 — j6) = (r + ))(N —j)/(r + s+ j) and so p(x) = [r]x(N)k/[r + sk for all
k=0,1,...;
4b. HYPERGEOMETRIC DISTRIBUTION: If X ~ NHgeo(N;r,s) with N =1,2,... and r,s > N—1,
then q(j)/(1 —jo) = (r — )(N —j)/(r +s—j) and so pugy = ("k(N)r/(r + s)i for all k=
0,1,..
5. DISCRETE F-TYPE DISTRIBUTION: If X ~ d—F(p; 1, s) with (r,s) € C; and p > max{0,r + s +
1), then q(j)/(1 — j8) = (r+ j)(s +))/(p — r — s — 1 — j) and s0 pgy = [rlelsli/ (o — 7 — s —
) forallk =0,1,...suchthatk < p —r —s.

Next, we generalize the results of Lemma 2.8 in CO family.
Proposition 6.5: Let X ~ CQ(,u; q) = CO(u; 6, B,y) and assume thqt it has an upper (resp. lower)
unbounded support and E|X|*~! < oo for somei € {1,2,...}. Then, *p(j) — 0asj — oo (resp.j —

—00).

Proof: Note that § > 0 since the support is finite if § < 0. For the case § = 0, the result is obvious
since X has finite moments of any order; see Lemma 2.6. When § > 0, then, as in Proposition 6.2,
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consider the rv Xp;_5 ~ CO(12i—2;q2i—2). From Lemma 2.8, it follows that qz, 2(DP2i2(G) —
0 as j — oo (resp. j — —o0) and since imj_, 1o g2i—2()P2i—2(j) o limj—, 400 7'p(j), the proof is
complete.

7. Orthogonal polynomials in the cumulative Ord family

In this section, we present results for the orthogonal polynomials of a probability measure of the CO
family. These polynomials are obtained by a discrete Rodrigues-type formula.

First, we present a brief review. Hildebrandt [8, Chapter IV, pp.419-439] studied the nonzero
solutions u(j) of the Pearson difference equation,

NG

D() —u(j), (16)

Au(j) =
where the numerator N is a polynomial of degree at most one and the denominator D is a polynomial
of degree at most two. He showed that the functions Q,(j), produced by the Rodrigues-type formula

A" DI — myu(j)]

u(j) '
are polynomials of degree at most n; see [8, p. 425]. Note that Hildebrandt makes use of the descending
power notation, D™ (j — 1) = D(j — 1)D(j — 2) - - - D(j — n) = DI"}(j — n). He farther established
several properties of these polynomials. In the sequel of this section, when we say that a function is
the solution of a difference equation, we will always mean a pmf solution.

In Hildebrandt’s results, the orthogonality of the produced polynomials was not an issue. However,
these polynomials are orthogonal only when we make a correct choice of the set on which we seek
a solution, and provided that we used the correct writing of the ratio of the polynomials N and D in
Equation (17). Next, we present some examples to illustrate this issue.

Here, we note that Equations (1) and (16) are equivalent, excluding the case Ap(j) = 0. Specifically,

Ap(j)/p(j) = N(j)/D(j) is equivalent with Ap(j — 1)/p(j) = NG — 1)/[D(j — 1) + N(j — D)].

Qn(]) = (17)

Example 7.1: (a) Consider the difference equation Ap(j)/p(j) = (A —j—1)/(j + 1), where A is a
positive constant. This difference equation is of the form Equation (1) and (16). Of course, in
order to solve a difference equation, we must specify the support set on which we seek the
solution. If this set is IN, then the solution is e *A/ /i, j=10,1,... (Poisson distribution with
parameter A). If the set is {0,1,..., N}, then the solution is CA//jl, j = 0,1,...,N (truncated
Poisson distribution with parameter A). The polynomials obtained by Equation (17) are the Char-
lier polynomials which are orthogonal with respect to the Poisson pmf, but not with respect to
the truncated Poisson pmf.

(b) Consider the pmf of the geometric distribution with parameter p € (0,1), i.e. p(j) = p(1 — pY,
j=0,1,....This pmf satisfies the difference equation Ap(j)/p(j) = —p, which can be rewritten
in the form Equation (16) in many ways. Specifically, Ap(j)/p(j) = —p(bj + a)/(bj + a), where
bj+a is a constant (when b=0), or a linear polynomial without roots on IN. For any choice of a
and b, Hildebrandt’s results are valid. However, the polynomials in Equation (17) are orthog-
onal with respect to the geometric pmf only when we make the choice a = b # 0 (Meixner
polynomials).

(c) Now, consider the difference equation Ap(j)/p(j) = 0 supported on an integer chain. Of course,
if the support is infinite, then it has no pmf solutions; thus, we consider a finite integer chain,
and without loss of generality take S = {1,2, ..., N}. The solutionis p(j) = 1/N,j =1,2,...,N,
i.e. X is uniformly distributed on the support. The equation can be rewritten in the form (16) in
many ways, i.e. N(j) = 0 and D(j) = ¢j? + bj + a any quadratic polynomial without roots on



380 G. AFENDRAS ET AL.

{1,2,...,N — 1}. Again, the polynomials in Equation (17) are orthogonal with respect to pmf p
only when one makes the correct choice D(j) o j(N — j) (Hahn polynomials).

It is true that the denominator in Equation (1), under suitable conditions, generates orthogonal
polynomials with respect to the pmf solution of this equation; see Proposition 2.10 and also the next
theorem.

Remark 7.2: In view of Example 7.1, we observe the following. The Rodrigues-type formula (17) is a
mechanism for producing polynomials, that may have some elegant properties regarding their coefhi-
cients. On the other hand, the specific cases of Example 1 clearly indicate that the relation (1) (or the
equivalent relation (16)) ignores the information about the production of the Rodrigues-orthogonal
polynomials, while the relation (2) provides the whole of the information that is needed.

Independently of Hildebrandt’s results, Afendras et al. [3] studied the orthogonality of the
Rodrigues polynomials in the CO family:

Theorem 7.3 ([3, Lemma 2.3, Theorems 2.1 and 2.2]): Let X ~ CO(u;q) = CO(u; 6, B, y). For each
k=0,1,2,..., define the functions Pi(j), j € S, by the Rodrigues-type formula

P = SO ARG pG— ] = i(—l)k"(k)q[”o —ipG—b. (9)
40 Pi) =5 i

Then:
(a) Each Py is a polynomial of degree at most k, with
lead(Py) = TN (k — 1) = (8) (19)
[in the sense that the function Pi(j), j € S, is the restriction of a real polynomial Gi(x) =
ZLO c(k,i)x', x € R, of degree at most k, such that c(k, k) = lead(Py)];
(b) Provided that EX?" < oo for some n > 1, the polynomials Py, k = 0,1,. .., n, satisfy the orthog-
onality condition

EP(X)Pp(X) = 8k mcr()EGH (X) = S mek (A, km =0,1,...,n, (20)

where 8y, is Kronecker’s delta;
(c) Provided that k > 1 and E|X|**~! < oo, the following ‘Rodrigues inversion formula’ holds:

N - -
9 0p0) = T, ;(I—J— D1 Pe(p(i. 1)

Remark 7.4: (a) In (18) when k> M, we have ]EPi (X) =0, since the polynomial q[k] vanishes
identically on S. Thus, in the sequel, we study the polynomials P; only when k < M.

(b) Provided that EX?* < 0o and k < M, the quantities 1 —j8, j =0,1,...,2k — 2, are strictly
positive. If § < 0, this is obvious. If § > 0 and S is infinite, this follows from Lemma 2.6;
when § is finite, it follows from Remark 2.7. Thus, the quantity H([Sk] (k — 1) is strictly posi-
tive. Also, since the polynomial g!¥! is non-negative on § and P[¢g!*/(X) > 0] > 0, it follows that
0 < EqM(X) < oo.
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For a non-negative integer n such that n < M and EX?" < 0o, Remark 7.4(b) shows that we can
define the standardized Rodrigues polynomials,

o) = [Klex(8) A ™Y2Pr(G), k=0,1,...,n (22)

The set {¢x};_, C L*(R, X) is an orthonormal basis for all polynomials with degree at most 7.
Moreover, Equation (19) shows that the leading coefficient is given by

lead(¢y) = d(1;q) = [cx(8)/(KIAP]Y? >0, k=0,1,...,n (23)

Let X be any rv of the CO family with IE|X|?" < 0o, where 1 is less than the cardinality of the support
of X. It is well known that we can always construct an orthonormal set of real polynomials up to order
n. This construction is based on the first 2n moments of X and is a by-product of the Gram-Schmidt
orthonormalization process, applied to the linearly independent system {1, x, x%, ..., x"} C L*(R, X).
The orthonormal polynomials are then uniquely defined, apart from the fact that we can multiply
each polynomial by £1. It follows that the standardized Rodrigues polynomials ¢y of Equation (22)
are the unique orthonormal polynomials that can be defined for a pmf p ~ CO(u; 6, B, ), provided
that lead(¢x) > 0. Therefore, it is useful to express the L>-norm of each Py in terms of the parameters
8, B,y and . This result is given by Equation (20) and Proposition 6.2(d).

Consider the rvs X; with pmfs p; as defined in Proposition 6.2. From (18), the corresponding
Rodrigues polynomials are given by

._(—l)k AP L
PriG) = -8k a6~ kpiG = 0] (24)

Thus, the standardized Rodrigues polynomials, orthonormal with respect to the pmf of X;, are given
by

i () = [Kler(@) Ak (i g0 *Prii). (25)

Note that for i = 1, the rv X; is denoted by X* (p; = p* etc.). Therefore, we may denote the polynomial
Py by P} and the standardized polynomial ¢ ; by ¢;. An important observation is that the forward
difference of ¢ is scalar multiple of ¢;_,. Specifically, we have the following lemma.

Lemma 7.5: If X ~ CO(u;q) = CO(w;8, B, y) and EX*" < oo for some 1 < n < M, then the poly-
nomials ¢ of (22) and ¢,1 = ¢} of Equation (25) are related through

A¢r() = vk1dp_1()s  k=1,2,...,n,  where vg_y = vi_1 (s q) = {k[1 — (k — 1)8]/A1}'/>.
(26)

Proof: First, we show that for 1 < m < k < n, EA¢(X*) A¢py (X*) = 0. We have
[Adk(D A (DA () = A {dk(D[APm(i — D] — DpGi — D} — dx(pol,, (Dp(),  (27)

where pol,, (j) = [A2¢m(j —DIq() + [A¢m(j — D](n —j) is a polynomial with deg(pol,,) <
m. Summing (27) for all j e {o,...,w}, we observe the following: The lhs of the sum is
E[A¢r(X*) Appm (X*)]Eq(X). The first part of the rhs of the sum is ¢x () [Adm (G — 1)]q(i — 1)p(j —
1)|¢*T! = 0 (for finite & and o, this follows from p(a — 1) = g(w) = 0; for infinite « and w, it fol-
lows from Proposition 6.5). The second part of the rhs of the sum is E¢x(X)pol,,(X) = 0, because
¢k is orthogonal to any polynomial of degree less than k. From the moment conditions, it is obvious
that E[A¢r(X*)]> < oo. Thus, it suffices to show that IE[A¢y(X*)]?> > 0. The polynomial Agy(x),
x € R, is not identically zero, since lead(A¢y) = klead(¢x) > 0, and can not vanish identically on
the support of X*, since deg(A¢y) = k — 1 is less than the cardinality of the support of X*. Finally,
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since deg(A¢y) = deg(¢;_,) =k — 1, k= 1,...,n, the uniqueness of the orthogonal polynomial
system implies that there exist constants vg # 0 such that A¢y = vk_1¢;_,. Equating the lead-
ing coefficients, we obtain lead(A¢x) = vi—1lead(¢]_,), that is, vy = lead(A¢y)/lead(¢}_,) =
Klead(¢y) /lead (¢} ) = k{[(k — D)!ck(8) Ax—1(*; )]/ [Klck—1(8*)Ak]}/%; see Equation (23). More-
over, one can easily see that ¢x(8) = [1 — (k — 1)8](1 — 28)K g1 (8%) and Ap = (1 — 28)F 14,
A1 (w5 9%). Thus, vy = {k[1 — (k — 1)8]/A1}!/2. O

Applying now Lemma 7.5, inductively it is easy to verify the following result.

Theorem 7.6: Let X ~ CO(u;q) = CO(u; 6, B, y) and assume that EX?" < 00 for some integer n
with 1 < n < M. Then,

A" () = v,ETfﬂd%—m,m(i), m=0,1,....,n, k=mm+1,...,n,

() (m) [m] 172
with o™ =" (u3q) = {k!l‘[a (k—1)/[(k — m)!Am]} , (28)
where the polynomials ¢, dx—mm are as given in Equations (22) and (25), respectively.

Proof: The proof follows by induction on m. For m =0, the result is obvious, noting that ¢y = ¢x
and v(o) = 1. For m =1, the result follows by Lemma 7.5, since ¢4,1 = ¢ and v( ) _ = Vk. Assuming

that 1t is true for m — 1 €{0,1,...,n — 1}, we will show that it holds for m By the assump-
tion of induction, A"~y (j) = vk m+1¢k m+1,m—1(j),and v,&mmzl {k'l'[ m=1] (k /[(k—m+

DIA 1132, Applying Lemma 7.5 for X,,—1 ~ CO(Um—1;Gm—1)> A" Px(j) = A[Am_1¢k(j)] =
o™ Y Al i 1] = v D Ve =13 A=) By g1 D) = V8 Ok (15 Q1)

o> where vV v (13 gmr) = (KT (k= 1)/ [k = m+ D Ao K — m +
D[1— (k— m)8m_1]/[A1(um_1,qm_l)]})l/z,see (26). Finally, it is easily shown that A (m—15 gm—1)
=Au/{[1 —2(m—1)8§]A;—1} and 1—(k—m)éyu—1 =[1— (k—2m—2)38]/[1 —2(m — 1)4].

Thus, vimm}:lvk m(Um=15Gm—1) = UIE )m, completing the proof. [ |

8. L2 completeness and expansions

We now study the Fourier coefficients of a function regarding its expansion in the L> Hilbert space.
First, we present the following basic result.

Theorem 8.1 ([3, Theorem 2.2]): Suppose X ~ CO(u;q) and that Ex?* < oo for some k> 1. If g
is a function defined on S with Eq[k] (X)|Akg(X)| < 09, then E|Pr(X)g(X)| < oo and the following
covariance identity holds:

EP(X)g(X) = Eq¥ (X) Akg(X). (29)

Note that if the support S has a finite upper endpoint, w < oo, then Akg(j), j € S, may depend on
some values {g(j),j ¢ S}; however, only the values {j : j € S, j < w — k} are relevant in the covariance
identity. This is so because for j > @ — k, the ascending power q!l(j) includes the factor g(w) = 0.
Thus, assuming any values for g(j) when j lies in the set {w + L,w +2,...},eg. g() =0, j =w +
1, + 2,..., will not affect the covariance identity. For any function g defined on S, the function Afg
has domain the set S; see Proposition 6.2(a). Thus, the values Akg(i), j € S~ Sk (if exist), that appear
in the formula, are immaterial. Note that if § is finite and k > M(X), then both polynomials P and

q[k] are identically zero on S, and the relation (29) takes the trivial form 0=0.
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It is important to note that the identity (29), combined with Equation (22), enables a convenient
calculation of the Fourier coefficient oy = E¢(X)g(X) of a function g. Specifically,

ap = Egp(X)g(X) = [klep (9)Ax] /2 EqM () Akg(X). (30)

The rhs of Equation (30) shows that we do not need to know the polynomial ¢y in order to calculate
Qk.
We now shed some light on the interrelations between the spaces L?(R, X;) and L' (R, X;).

Lemma 8.2: Let the rvs X and X* be as in Lemma 6.1. Assume that the function g is defined on the
support of X. Then,

(@) Age L*’(R,X*) = g e L*(R,X);
(b) AgeLl'(R,X*) = g € L}R,X).

Proof: (a) For |S| < 00, the result is obvious. Thus, assume that |S| = oo and consider a function g
such that Ag € L?(R, X*). It suffices to show that for some m € Z,

Zg (p() <oo whenw = oo, and Zg (p() < oo whena = —o0.
j=m j=—o00

For the first inequality, it suffices to show that Zl(m) = Z]oom [g(j) — g(m)]*p(j) < co. Let m =

w)+1> . Then, Si(m)= Y2, p() AgDI < X2, p()G — m) Y, [Ag(i)]?
S AgDE Y G~ mpl) < Y, [Ag@]E X ,H(J PG Since Y-y — )p() =

q(p(i), we get Ti(m) < 32 [AgDI*q()p() < 3z [AgDIPq()p(i) = EqX)E[A(XH)]* <
00. For the second inequality, we use the same arguments with m = || < pu.

(b) Let Ag € L' (R, X*). Then, Eq(X)|Ag(X)| = Eq(X)E|Ag(X*)| < co. Applying Theorem 8.1
for k=1, and since P;(j) =j— u, it follows that E|P;(X)g(X)| = ZjeZ G — wg(IpG) is
finite. Thus, Zj>LuJ+1 g 1pG) = Zj>[uj+1 1G—mg(lp() < oo and ij[uj—l g lpGh) =
st Lul—1 1G = mg(lp() < oo, completing the proof. |

Corollary 8.3: Let the rvs X and X;,i =0, 1,...,n be as in Proposition 6.2 and consider a function g
defined on the support of X. Then:

(a) Age L*(R, X,) = A’:g € LZ(R,X,-)for everyi=0,1,...,m;
(b) A"g e L}R,X,) = Alg € LY(R,X;) foreveryi=0,1,...,n.

Proof: Follows immediately by an application of Lemma 8.2. [

It is known (due to M. Riesz) that the real polynomials are dense in L (IR, X) whenever the prob-
ability measure of X is determined by its moments; see [9,10]. An even simpler sufficient condition is
when X has a finite moment generating function at a neighborhood of zero, that is, when there exists
to > 0 such that

Mx(t) =EeX <00, te (—tgty); (31)

see [3], cf. [11].

Consider a rv X in the CO family. If the support of X is finite, then (31) holds, and obviously,
the real polynomials are dense in the finite-dimensional space L*(IR, X); in this case, L(R, X) =
span{l,x,x%,...,xM}, and the system of polynomials {¢k}£’[: o is an orthonormal basis of L*(R, X).
When X has infinite support, then there are two possibilities: If § > 0, then X does not have finite
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moments of any order, see Lemma 2.6, and any real polynomial of L (IR, X) is of bounded degree; thus,
only a finite number of orthonormal polynomials exist, and these polynomials cannot be dense in the
infinite-dimensional space L (IR, X). If § < 0, then Equation (31) holds, see Section 3 or Table 1, so
the real polynomials are dense in L?(IR, X) and the system of polynomials {#r};2, is an orthonormal
basis of this space. From the above observations, it is natural to define the following subclass of rvs of
the CO system:

X ={X:X~ CO(u;8,B,y) for some (u;8,8,y), and § < 0 or [S(X)| < o0}.
Remark 8.4: Let X € X. Then:

(a) The set of polynomials {qbk}Q/I: o (M is finite or infinite) is an orthonormal basis of L*(R, X). Thus,
any function g € L*(R, X) can be expanded as

M
8G) ~ Zak¢k(j)) (32)
k=0

where o = E¢i(X)g(X) are the Fourier coefficients of g The series converges in the
norm of L*(R,X); that is, E[g(X) — Y rr, akdr(X)]> =0 (when M < 00) or E[g(X) —
ZQIZO ok (X)]> — 0as N — oo (when M = 00). Parseval’s identity shows that

M

Varg(X) = Zai, g € L*(R, X); (33)
k=1

(b) Foreveryi=0,1,...,M,X; € X (seeProposition 6.2), and the corresponding results of (a) hold
for each X;.

One can apply i times the forward difference operator in the series (32) to get, in view of
Theorem 7.6, the formal expansion

M M
Ag() ~ Y axAlgi() = > ol (s Dendrii (), (34)

k=i k=i

where vk) (s q) and {— ,,(])} ; are given by Equations (28) and (25), respectively. Now, if the
expansion (34) was indeed correct in the L?(RR, X;)-sense, then the completeness of the system
{qbk,,-}kM:io in L2(IR, X;) would lead to the corresponding Parseval identity,

M

Eq () [Ag(X)] i W T2
B0 [ag(x)]” E[ ") | o (35)

Finally, from Equation (28), we have [vk)l(u 9* = k'l'[al] (k — 1)/ (k —i)!Eq l1(X)]. A combina-
tion of the last equation with (35) yields the important identity

% kil —1)

Eq (x) [Alg0)]* =
k=i

This should be correct for all g such that A’ g e L*(R, X)), prov1ded that expansion (32) is valid. We
shall show that this is indeed the case. The L? convergence of Zk o0 %kPk(X) to g(X) implies that
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gX) = 224:0 ak¢r(X) with probability 1, that is, g(j) = 224:0 akgr(j) for all j € S(X). Therefore,

Aig(j) = 3Ly axAlpe() = YL v (s Pkgpi () for all j € S(X;).

However, the same result can be derived by an alternative technique, similar to the one given in
[12]. In fact, we shall show more, namely, that an initial segment of the Fourier coefficients for the
ith difference of g, suggested by Equation (34), can be derived for any X ~ CO(u;3, B, y) having a
sufficient number of moments. This result holds even if § > 0and |S| = oco. We present this technique
since Lemma 8.6 and Theorem 8.8 may be of interest on their own right.

Lemma 8.5: Consider a non-negative sequence {a;}icz, and assume that there is a positive integer n
such that ) ;- |i|"a; is finite. For each k € {0,1, ..., n}, we define the sequence {bj}jcz, by the relation

bik = D_iz;li — ilkai. Then:

(@) Foreveryk € {1,2,...,n}, Abjx = kbjy1,k—1, where the forward difference is taken with respect to
the index j;
(b) A"bjy = (n)ybjyrn—r foreach r € {1,2,...,n}. In particular, for r = n,

Anbj;n = n!bj+n;0 =n! Z a;.
i>j+n

Proof: (a) Abjy = Zizj+1[j + 1 —ilga; — Zizj[j —ilka; = Zizﬁ-l Alj — ilga; — [0]k. Since [0]k

=0 (k>0)and A[j — ilx = k[j + 1 — i]x—1, the desired result follows.
(b) It follows easily by applying (a) r times inductively. [

Lemma 8.6: Let X ~ CO(u;q) = CO(u;6, B,y) and consider a positive integer k < M. Then, pro-
vided that B|X |1 is finite,

ADPDAPKG) = —2k(8) D Prel(i)p(i) = 1i(8) Y Prli)p(i),

i<j i>j

where A (8) = k[1 — (k — 1)8] and Py is the orthogonal polynomial given by Equation (18). If, in
addition, B|X|* is finite, then for the standardized polynomial ¢y = []EPi (X))~ V2P, we have

AP AGKG) = —2k(8) Y ¢r(Dp(i) = 1x(8) Y dr(D)p(i). (37)

i<j i>j
Proof: Since (x), = (—1)"[—x],, applying Equation (21) (replacing j by j — (k — 1)),

(_l)k—l
(k—1)!

D i —i— k=201 Pr(p(i). (38)

i>j—k+2

g — (k—1)pG— (k—1) =

The lhs of Equation (38) can be written as (1 — 28)k_1q5k71](j —(k—=1)p1(G — (k= 1) Eq(X).
Applying the operator AK~! and using Equation (24), we obtain (—1)K=1(1 — 28)*1p; () Pr_1.1(j)
Eq(X) = (=111 = 28)19()p(j) Px_1.1(j). As in Lemma 7.5, we find that APy(j) = Bx_1Px_1,1
(j), where By_; = lead(APy)/lead(Px_1,1) = klead(Py)/lead(Px—1,1) = kck(8)/ck—1(81) = k[1 —
(k — 1)8](1 — 28)k=1. Therefore, an application of the operator AK~! to the lhs of Equation (38)
produces the quantity (—1)k71)»k71(S)q(j)p(j)APk(j). Applying the operator AK=! to the rhs of
Equation (38) and using Lemma 8.5, we arrive at the quantity (— k-1 Do i Pr(i)p(i), and the result
follows from the fact that the last two quantities must be equal to each other. Finally, since EPx(X) = 0
(because k > 1), we conclude that (—1)%~! > Pr(ip(i) = (—1)k > i Pr(p(i). [ |
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Lemma 8.7: Let the rvs X and X* be as in Lemma 6.1, and assume that for some integer k
with 1 < k < M, E|X|™*2k3) < o0, Then, for any function g with Ag € L*(R, X*), we have the
identity

Ed¢p_; (X)AZX") = vk 1 Egr (X)g(X), (39)

where ¢k, ¢x1=¢; and vi1 = vk_1(;q) are as given in Equations (22), (25) and (26),
respectively.

Proof: By an application of Cauchy-Schwarz inequality, we get ]E2|¢;<‘_1(X*)Ag(X*)| <
IE[(]&,’(“A(X*)]ZIE[Ag(X*)]2 = B[Ag(X*)]? < oo. From Corollary 8.3, it follows that g € L*(R, X),
and similarly, E|¢x(X)g(X)| < co. Since E¢i(X) =0, ¢ must change its sign in the support
of X. Thus, ¢ has real roots, say p; < --- < pp, that lie in the interval [o,w]. Fix now an

integer p €1{lp1l,...,[om]} C S. Then, Eq(X)m;; 1(X*)Ag(x*) =Y AZNap()d;_, () =
v j”al Ag(NaNPG) Adi () = —r(d)v; " D ' A() Yy P (i) + MO v,
X sz Ag(}) le]Jrlp(z)qﬁk(z). Observing that Xk(é)vk_l = vx—1EEq(X), the preceding equation

can be rewritten as

E¢f_; (X*)AGX™) = vp—1(Z2 — X1), where

p—1 j
D1 =) Mg Y plddi(i),  Tr = Z Ag(j) Zp(z)qskm (40)

i=j+1

Now, we wish to change the order of summation to both sums X and ¥». To this end, for X», it
suffices to show that

w—1 w
T3 =3 1ag() Y p@)gr(i)| < oo. (41)

j=p i=j+1

Similarly, for X, it suffices to show that X} = Z |Ag(])| Z _o P ()| < oco. Note that,
obviously, if & > —oo0, then ¥} < co and if w < oo, then 25 < 00. We now proceed to verify
Equation (41) when o = oo, Write X} = X}, + ¥},, where X3, = Z“’m] AR X221 PO i),
and X, = Zj’i[pm]ﬂ |Ag()| Zfij+1p(z)|¢k(z)|. Since E[X|F < oo, Z,=]+1p(z)|¢k(z)| < oo for
each j=p,...,[pm] and thus, X}, < oo, being a finite sum of finite terms. On the other hand,
since the polynomial ¢, does not change its sign in the set {[pu] + 1, [pm] + 2,. ..}, we can define
the constant ¢ = signgi(j) € {—1,1}, j € {[pm] + 1, [om] +2,...}. Then, cor(j) = |¢x(j)| holds
for all j € {[pm] + L, [pm] +2,...} and from (37), we get X3, = ch’i[pm]H [Ag()] Zfij_Hp(i)
$r(i) = A (8) 2,141 1AEDIADPDAGKG) < 4 (8) 3721, 141 1AEDIGDP(IAGLG)| <

PC)) Yo 1AgDIa(DP(NIAGK()| = ve—1hy  (8)Eq(X) Yo 1A (DIP*() = vy LElgr
(X*)Ag(X*)| < oo. Therefore, Equation (41) follows for both cases (w < 0o or w = 00). If

o = —o0, using similar arguments it can be shown that X} < oo. Thus, we can indeed
interchange the order of summation to both sums X¥; and X, of Equation (40). It follows
that X = p(l)d)k(l)Z Y Ag() = g(p) Y1) plidgr() — Y02 g(Dp(Di(i) and X5 =

Z?‘;p+1p<i>¢k(z) Yy AgG) = 10,1 gp()di(i) — g(p) Yo,y pBi(i) = 212, g(Dp(i)
o) — g(p) Z?’:pp(i)cbk(i). Taking into account the fact that ) o p()¢x (i) = E¢r(X) = 0, we get

) — X =Y 0 gp(i)dr(i) — g(p) D e p(Dr(i) = E¢r(X)g(X), which completes the proof of the
lemma. [ |
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Theorem 8.8: Let X ~ CO(u;q) = CO(w; 6, B, y) and fix an integer k with 1 < k < M. Assume that
E[X|**1 < 0o and consider the rvs X;, i = 0,1,...,k, as in Proposition 6.2. Then:

(a) The Fourier coefficients satisfy the relation
Edy—ii(X) A'g(X) = v EgQ0g(X), i=0,1,....k, (42)

where ¢y, i and vk ;= v,?) (s q) are as given in Equations (22), (25) and (28), respectively;

) If, in addition, X € X and A"g e L*(R, X,,) for some fixed integer n with 1 < n < M, then
Equation (36) holds foralli =0,1,...,n

Proof: (a) By Corollary 8.3, Aig € L*(R,X;) foralli =0, 1,...,k. For i=0, Equation (42) is obvi-

ous and for i=1, it follows from Lemma 8.7. Assume that it is true fori — 1 € {0,..., k — 1}, that s,
Er_iv1i1Xi—) A g(Xiy) = vlg:?lEm(X)g(X). Observe that the assumptions of Lemma 8.7

are satisfied for the rv Xj_;, the integer k—i+1 and the function A'~lg. Using Equation (39),
E¢r—ii(X) A'g(Xy) = B¢y i(X) AA™ 1g(X))—vk z(Mz 15 4i- ) Brit1,im1 (Xim) AT g(Xim1).
Thus, we get By (X)) Alg(Xi) = ve—i(i—1; qi-1)vp- ,+1E¢k(X)g(X) Finally, ve—i(i-1; 9i-1) =
{(k =i+ D[ = (k= )8i—1]/A1(i—13 gi- D}/, where Ay (i-15qi—1) = Ai/{[1 — 2(i — 18] A;-1)
and 1 — (k—1i)8i—1 =[1 — (k+i—2)38]/[1 —2(i — 1)8]. Hence, vk—;(i—15gi—1) = {(k — i+ 1)

[1— (k+i—2)8]A;_1/A;}"/? and a straightforward calculation gives v_;(iti—1;qi— 1)Uk 1+1 =
(@)

Vit

(b) Since X € X, we have that X; € X' and the set of polynomials {‘Pk,i}iﬁo (where M; =
M(X;) = M — i) is an orthonormal basis of L?>(RR,X;); see Remark 8.4(b). Moreover, Aig €
L*(R, X;). Thus, by Parseval’s identity, it follows that E[A'g(X;)]? = Ziﬁo a,ii = Zf{w: ; aﬁ_i’i, where
ok = E¢r (X)) A'g(X;) (with ago = ak) is the Fourier coefficient of A'g with respect to ¢x;.
Using Equation (42), ai_i’i = B¢ i (X) Alg(X;) = [v](cili]zEzqﬁk(X)g(X) = [v(l) ]zozk, which ver-
ifies Equation (35) and the proof is complete. |

9. Applications to variance bounds

We now use the results of Section 8 to present a wide class of variance bounds for a function g of a rv
X in the CO family.

Let X be any rv in the CO family and consider two non-negative integers m, n < M such that
EX2 < 00, where £ = max{m, n}. We denote by H™"(X) the class of functions g : S — R (S = S(X)
is the support of X) satisfying the restrictions

Eq"(X) [A"g(X)]* <00 and Eq"(X)|A™g(X)| < oco.

From Corollary 8.3 and the fact that Ezq[i] X)|Alg(X)| < Eq[i] X) - Eq[i] (X)[Alg(X)]? for all i =
0,1,...,n, we conclude the following:

If m <nand ifIEq[”] (X)[A"g(X)]? < oo, then Eq[m] X)|A"g(X)| < oo.

Note that Corollary 8.3 requires IE|X|?**! < oo, but this assumption is needed only for the existence
of the pmf py; thus, for the validity of the above observation, it is sufficient that IEX?¢ < oo. It follows
that HO" = H" = ... = H™" [of course, H**(X) = L*>(R, X)].

Furthermore, when M = 0o and X has finite moments of any order (that is, § < 0), we shall
denote by H°"(X) and H*(X) the classes N7 H™"(X) = N5_, . H™"(X) and M52 yH"(X),
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respectively. That is,
HOOM(X) = {g . Eq™ (X)[A"g(X)]? < 00 and Eq™ (X)|A™g(X)| < 00 Vm > n},
H®(X) = {g L Eq™ (X)[A"g(X)]? < 0o Vn e 1N} .
Note that, by definition, 7™ (X) = N7 ;H™" = H*°(X) for arbitrary fixed m.

From Corollary 8.3, we conclude that the (finite or infinite) sequence H"""(X) is decreasing in
both m and . In particular, if all moments of X exist, then

L2(R, X) = H*(X)

@]

HYO(X) 2 HM(X)
9] 1]

HO(X) 2 H*1(X) 2 HZA(X)
v IV v
U U U

HMO(X) 2 HM(X) D HM2(X) 2 - D HMM(X).

Equations (29) and (36) are almost identical with those given in [13, eq’s (2.3) and (2.2)], for the
continuous case. Therefore, using similar arguments, the next theorem holds; cf. [13, Theorem 2.1].

Theorem 9.1: Let X € X, and fix two non-negative integers m,n with 1 < m + n < M. Assume that
the function g € H"™"(X). Consider the quantity

Sun(@) = Y kB2 00 Ag(0) + 0 (— 1) g 00 [Alg0 TP, (43)

i=1 i=1
where

m\ 1 [1] . n
(i)n5 (m+1) and v; = (1) .
(m + n)inal (m)

Kj = -
C 4 i = 1yl omyEgl (X)

are strictly positive constants (depending only on m,n and X), and an empty sum (when m=0or n = 0)
should be treated as zero. Then, the following inequality holds:

(=D [Var g(X) — Sma(g®)] = 0.

Moreover, Sy, (g) becomes equal to Var g(X) if and only if g is identically equal to a polynomial of degree
at most m~+-n on the support of X, that is, if and only if there exists a polynomial H,,, of degree at most
m~+n such that P[g(X) = Hyyn(X)] = 1.

Proof: Let ay = E¢r(X)g(X) be the Fourier coefficients of g. From Equations (36) and (29), we get,
asin [13], that (—1)"[Varg(X) — Su,n(2)] = Rm,n(g), where

M M [n]
k—m—1),00 k
Rm,ﬂ(g) = E rk;m,n(g)a]% = E ( e ) ‘[Sn](m + )Ol}% (44)
k=m-+n+1 kemint1 (M4 )Tl (m)

Ifé§ <0, I'I([;"](m + k) > 0and Hg”] (m) > Obecause 1 — j6 > 1forallj € IN, whileif § > 0, the same
follows by Remark 2.7. Therefore, the residual Ry, ,(g) in Equation (44) is non-negative, and it is
equal to zero if and only if oy = 0 for all k > m+-n, i.e. if and only if the function g : S(X) — Risa
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polynomial of degree at most m+n. Note that if m+n = M (in the case where M is finite), the sum in
Equation (44) is empty and it is treated as zero. |

Example 9.2: Suppose X ~ Poisson(A) and consider a function g : N — R. Theorem 9.1 produces
the inequality (—1)"[Varg(X) — Sy,n(g)] > 0, where

m i (" )
Smn(g) = Z .—%EZAzg(X)

= ()
()

" A . )
—1 _
+;(—1)’ E(m;rn)E[A’g(X)] , nnm=0,1,..., n+m>0,

provided IE[A“g(X)]2 < o0 and E|A"g(X)| < oo (of course, if m < n, the second restriction is
implied by the first one). The equality holds if and only if g : IN — R is a polynomial of degree at
most n+m. For n=m =1, we get Equation (6).

Remark 9.3: (a) For fixed n and for any function g € H™"(X), where i1 can be finite or infinite, the
variance bounds {S,,,, (g)}ﬂ:0 are of the same kind, i.e. upper bounds when 7 is odd and lower
bounds when # is even;

(b) The bounds {S;,.(g)},_, require the same condition on g, i.e. g € H™"(X).

Remark 9.4: (a) When m =0, the bounds Sy, (g) are the bounds S, given by Afendras et al. [5,
Theorem 4.1, pp.179-180], see Equation (4);

(b) The results of Theorem 9.1 also apply to the special case when n =0 (note that the second sum
is empty and is treated as zero). In this case, the lower bound S,,0(g) is reduced to the one given
by Afendras et al. [3, Theorem 4.1, pp.518-519], see Equation (3).

Remark 9.5: Regarding the conditions of Theorem 9.1 imposed on the function g, we note that g €
pmaximnhn—1(xy \ pymax{mnlnxy implies that the bound S, ,(g) is trivial, i.e. +-00 when 7 is odd
and —oo when 7 is even. Of course, such a g exists only when the support is infinite (with § = 0).

When M < oo and m+n=M, then R, ,(g) = 0 and the variance bound S, ,(g) is equal to
Var g(X) for any g. In any other case, it is of some interest to find an upper bound for the residual

Rinn(8)-

Proposition 9.6: Assume the conditions of Theorem 9.1, with m + n < M, and, further, suppose that
g € HPT(X) for some T € {n,...,m+ n+ 1}. Then, the residual Ry, ,(g), given by Equation (44), is
bounded above by

w B (X) (ATg(0), t=mn+1,..,T, (45)
where tty = th e (X) = TV @m A+ 1+ D /(™) m 4 n + D (m)).
Proof: Using Equation (36), we write the quantity (45) in the form Zf(\ir Tt ai. Next, consider the

sequence {Wx,r = Tkir/Tkumn (8)};(\4: g1 where the numbers ry.,, ,(8) are given by Equation (44),
and observe that this sequence is increasing in k, with w4 n41,; = L. |

In general, the upper bounds (when there are at least two) of the residual R, ,(g), given by
Equation (45), are not comparable.
Next, for # fixed, we investigate the bounds S, ,(g) as m increases.
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Theorem 9.7: Suppose X € X and fix a positive integer n and a function g € H™"(X), where in (with
m > n) can be finite or infinite. Then, for each my, my such that 0 < m; < my < min{m, M}, the
following inequality holds:

Var g(X) = Sy n (@] = Cmyman (159 [Var g(X) — Sy n(9)] (46)
where Cmy myn (s @) = Cmy,mo,n 1S given by
(112 + m)u (M — my — 1)1 (m) T (my + M) M| < oo
b2 | M =y = DI ) T (s 4 M) @)
my,ma,n — [n]
(my + n)nn(g (my2)
0 T2 M| = oo.
(my + n), Il (my)
For both cases, |[M| < 00 and |M| = oo,
Cmyman > (my + n)n/(ml + 1n)y. (48)

The equality in Equation (46) holds if and only if the function g:S — R is identically equal to a
polynomial of degree at most n + m;.

Proof: Note that if n 4+ my = M, then S, ,(g) = Varg(X) for every function g and Equation (46)
holds in a trivial way. Otherwise, we consider the finite or infinite positive sequence

8 k — my — 1), T (my) 1l 0"
g = Tksmy,n(6) _ (ma + n)y( nmy In s (m3) s (my + k)

Tl ®) (my + m)(k — my — DI ) oy + 00 |

Claim: The sequence {{i} is strictly decreasing in k.

M

k=my+n+1
Proof: Since {rk;ml,n(8)/rk+1;m1,n(3)}/{rk;mz,n(8)/rk+1;m2,n(8)} = ;k/;k—i—l) k=my+n+1,...,
M — 1, it is sufficient to show that the function h(m) = 7y, (8) /it 1,mn(8) = (k —m — n)[1 —
(m~+k)sl/{tk—m)[1—(m+n+k)sl}, 0 <m<M—mn—1, is strictly decreasing. After some
algebra, h'(m) = —n[1 — 2m + n)8](1 — 2k8) /{(k — m)*[1 — (m + n + k)8]*}. If § < 0, then it is
obvious that h'(m) < 0; if § > 0, then it is necessary that M < oo and, using Remark 2.7, again it
follows that &' (m) < 0 and the claim is proved. [ |

If M < 00, then the Claim shows that minge{m,+n+1,.. .Mk} = Cm = Cmymon- If M = 00, then
observe that

(my + m)u 11" (1my)
(my + m), 11" (my)
Moreover, observing that 1, ,(8) > 0 and i, ,(8) = 0forallk =n+m; +1,...,n+ my, (46)

follows.
If §=0 and M = oo, then (48) is obvious. For § <0 and M < oo, we observe that

v > (mp + n)nl"l([g"] (mz)/[(ml + n)nl'I([;"](ml)], see (49), and (48) follows. Now, assume § >

0 (M < 00). Since Hg’H_M—k](ml + k) > HETH_M_k](mZ + k) > 0, it is sufficient to show that

(M —my — 1,11 (my) = (M = my — 1), im1) > 0.Observing that (M — my — 1),115" (my) /
(M = my — 1,115 m)} = T2y (M = n+j — m)a[1— (my + )81/ (M — n+j — ma),[1
(m1 + j)8]), and putting nj > M —n+j and &+ 1 —js, it is sufficient to show that [(n; —
m1)(§j —mp)]/[(nj — mp)(§j — m1)] > 1 for all j=0,...,n — 1. This is equivalent to & — n;6 >

Ck ™\

= Cmymyn> a8k — 00. (49)
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0, that is, § < (M —n+2j)~! for all j=0,...,n— 1. Observe that for each j=0,...,n—
L M—n+2)7'>M-—n+2—D]'=M+n—-2)"1 >0 2M-2)" =[2(S| - 2)] ! >
8; see Remark 2.7. Thus, Equation (47) holds in any case. Finally, writing [Var g(X) — Sy,.»(©)| —
CmymynIVArg(X) — S, n (@) = ZQ/I:” S Gkoc,%, we observe that 6 > 0 for all k. Thus, the equality
in Equation (46) holds if and only if g is identified with a polynomial of degree at most n +m;. W

Remark 9.8: Assume the conditions of Theorem 9.7.

(a) Inview of Remark 9.3(a), the bounds {S,, , (g)}ﬂ:0 are of the same kind. From Equation (46), it
follows that the bound Sy, ,(g) is better than the bound S, ,(g). Thus, writing n =2r (when n
is even) and n =2r+1 (when n is odd), we have

So2r(g) < S127(9) <--- <Varg(X) <--- < S12741(9) < So,2r+1(9);
(b) For the case m = M = o0, from Equations (33), (43) and (a), it follows that

Smn(g)/Var g(X) or  Smu(@\Varg(X), as m—>oo.
[when n is even] [when n is odd]

Now, we compare the existing variance bound Sy ,(g), see Remark 9.4(a), with the best proposed
bound shown in this section, requiring the same conditions on g, i.e. with the bound S,,,,(g), see
Remark 9.3(b).

Corollary 9.9: The variance bounds Sy ,(g) and So,(g) are of the same kind and require the same
assumptions on g. Moreover, the new bound S, ,(g) is better than the existing (see Remark 9.4) bound

So,1(g). Specifically,
‘Varg(X) - SO,n(g)‘ = Conn ’Varg(X) - Sn,n(g)’ >

with Lopnn > (zn"). The equality holds only in the trivial case when Var g(X) = Sy,1(g) = So,.(2), i.e.
the function g : S — R is identified with a polynomial of degree at most n.

Remark 9.10: Assume that X,...,X, is a random sample from the geometric distribution with
parameter 6 € (0,1), i.e. with pmf p(j) = 0(1 —0),j=0,1,..., and let X = X; + - - - + X,, be the
complete sufficient statistic. The uniformly minimum variance unbiased estimator of — log(0) is T\, =
T,(X) = Z]”:VX ~1'1/j. Variance bounds of the kind of Theorem 9.1 have been used for constructing
bounds of Var(T)); see [5, Section 5] and [3, Application 5.1]. In the similar and easy manner, we can
use the results of Theorems 9.1 and 9.7 in regard to the approximation of Var(T,) and its accuracy.
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