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Abstract

Let X1,Xz,...,X, be a sample of arbitrary, possibly dependent, random variables, with possibly
different marginal distributions, and denote by Xi., <X5.,< -+ <X, the corresponding order
statistics. Using the notation p; = EX; and ¢? = VarX;, i = 1,2,...,n (assumed finite), it is
proved that for any real constants Aj,4,..., A,

n n 1/2 n 1/2

> 2(EXiw — )< (Z(c,- — Zf) (Z{mi — iy’ +ai} - nVar)?) :

i=1 i-1 i1
where ji=n" Do M J=n"" Yo A X=n"' Yo, Xiand (c1,¢a,...,¢a) is the [*-projection
of the vector (A1, /2,...,4,)" onto the convex cone of componentwise nondecreasing vectors in
R" (in particular, ¢; = 4; for all i if and only if 4; is nondecreasing in 7). A similar lower bound
is also given. The bound is sharp when the X’s are exchangeable; moreover, it provides an
improvement over the known bounds given by (Arnold and Groeneveld, 1979 Ann. Statist. 7,
220-223, Aven, 1985 J. Appl. Probab. 22, 723-728 and Lefevre, 1986 Stochastic Anal. Appl.
4, 351-356). (© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let X1,X5,...,X, be an arbitrary set of random variables (possibly dependent and
with possibly different marginals), with means y;=EX; and finite variances o7 =Var X;,
i=1,2,...,n, and denote their order statistics by X}, <X5., < - - - <X, A pioneer result

* Correspondence address. University of Athens, Department of Mathematics, Section of Statistics and
O.R., Panepistemiopolis, 157 84 Athens, Greece.
E-mail address: npapadat@cc.uoa.gr, npapadat@ucy.ac.cy (N. Papadatos).

0378-3758/01/$ - see front matter (©) 2001 Elsevier Science B.V. All rights reserved.
PII: S0378-3758(00)00167-1



18 N. Papadatos | Journal of Statistical Planning and Inference 93 (2001) 17-27

of Arnold and Groeneveld (1979) states that for any real constants i, 4;,..., 4y,

" _ 12 /., 1/2
zi(Mm—ﬁ)k(;(Ai—A)z) (Z:l{(ui—ﬁ)2+0?}> : (1.1)

n

1

1

where i=n"'Y"" i and A=n"' 30 .

If the covariances 6;; = Cov[X;,X;], i,j=1,2,...,n, of the initial sample are known,
some improvements of (1.1) were shown by Aven (1985) (who considers bounds on
expectations of the extreme observations) and Lefevre (1986) (who treats the general
case), namely,

1/2

n n _ 172 n
S, -] < (D 77) (i, s+ Sw-p2) L a2)
pa = <jsn i=1

where Sf:z:;’:l Var[X; —X;], j=1,2,...,n. However, as pointed out by Lefevre, (1.2)
is not always sharper than (1.1), e.g., for exchangeable X’s with u; = pu, ajz =¢? and
g;; =c, (1.2) improves (1.1) if and only if 2(n — 1)c=(n — 2)a?.

Several applications of the above results are given by these authors: Arnold and
Groeneveld derived sharp bounds for the expectations of the ith-order statistic, of the
trimmed mean, of the difference of two order statistics and of Downton’s (1966) unbi-
ased estimator of the normal standard deviation; Lefévre obtained simple explicit upper
bounds for the mean completion time in Pert networks.

Moreover, Nagaraja (1981) and Arnold and Balakrishnan (1989, Theorem 3.18) pre-
sented a method for obtaining (1.1) by using deterministic bounds involving n real
numbers xy., <xp., < - - - <x,,,. More specifically, Nagaraja derived an improved ver-
sions of (1.1) by using a technique consisting of the following two steps: He first
considered the quantities X =7n~'>"" | X;, the sample mean, and S = (5?)/2, where
§? = S X — X7?, a scalar multiple of the sample standard deviation, showing that

E*S<ES*< Yo7 {(w — @) + ). (1.3)
He then applied expectations in the deterministic inequality
" ) " N2
> 4i(Xion —X)‘ < (Z(ii - )»)2> S, (1.4)
i=1 i=1
yielding
, n N2
3 Ai(ELX;] —ﬁ)‘ < (Z(Ai - A)z) ES. (1.5)
i=1 i=1

More recently, Rychlik (1993a,b, 1994, 1995) obtained the sharp expectation bounds
for Linear Estimators, particularly applicable in the case where the X’s are identi-
cally distributed (possibly dependent); in particular, he considered the />—projection,
(c1,¢2,...,¢y), of the vector (A1, 4s,...,4,), onto the convex cone of nondecreasing
functions x : {1,2,...,n} — R, yielding the correct sharp version of (1.1) in terms of
the coefficients ¢; rather than /;. This projection method was extended by Gajek and
Rychlik (1996, 1998), in order to determine sharper expectation bounds when the X’s
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arise from restricted families of distributions (for a comprehensive review of all the
above results (and more) see Rychlik (1998)).

In the present note we derive two improved versions of (1.1) in terms of the means,
variances and covariances of the X’s (Theorems 2.1 and 2.2). Some applications of the
bounds are discussed in Section 3. It turns out that (2.8) and (2.9) improve (2.2), and
that (2.2) is strictly better than both (1.1) and (1.2). It should be noted, however, that
the result of Theorem 2.1 is, in fact, implied by Nagaraja’s results (1.5) and (1.3) (see
Remark 2.2, below). Nevertheless, it seems that expression (2.2) is very well hidden
into these results, in such a way that many subsequent papers do not use it, although
it provides better bounds. This fact can be clearly seen in the applications of Section
3 (see also the discussion after Eq. (22) in Nagaraja’s paper).

2. Expectation bounds for Linear Estimators in terms of the first tWwo moments
We first prove the following Lemma.

Lemma 2.1. Let X = (X1, X2,...,X,), n=2, be an exchangeable random vector with
EXi=pu, VarX,=0c? (assumed finite) and Cov[X1,Xs1=c. Then, for any real constants
/11’)"2""7/1115

n n 1/2
Ai(E X — M)‘ < (Z(&‘ - /T)Z) ((n = 1)(a® = eN'?, (2.1)
=1 i=1

1

where J=n"" Z?:1 Ai and X1, < X0y < - -+ <X, are the order statistics corresponding
to X. Moreover, bound (2.1) is best possible (for any given values of n, 6> and c),
provided that the finite sequence Ay, Az,..., A, IS monotone.

Proof. First note that —¢?/(n — 1)<c<a?, so that the upper bound in (2.1) is well
defined. Next observe that EX = u, and thus

Z [Ez[)(i:n - ,u] = Z [Ez[)(i:n _X]
i=1 i=1
< E [E[/Yi:n _)2]2

i=1
=EY [X; —XT
i=1

= (n—1)(c* o).

Inequality (2.1) follows immediately from the above inequality and the following one
(see Arnold and Groeneveld, 1979)

2 )vi(ﬂz)(i:n - .u)

ﬁ:l(z,- ~ )EX — u)‘

" SN2 1/2
< <Z(/1, - ))2) <Z [Ez[)(i:n - ,U,]) .
i=1 i=1
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We next study the case of equality. If the A’s are all equal, (2.1) takes the trivial form
0=0. If the 2’s form a nondecreasing sequence with 1; < 4,, then we consider an
arbitrary random variable Z with EZ =y and VarZ = (6> + (n — 1)c)/n, and we set
Y, =Z+A(; —2), j=1,2,...,n, where

1/2
4 (M) |
Ei:l(ﬂvi —A)?

Then, it is easy to check that the random vector
X1, X2, . X)) = (Ya1ys Ya2)s - - o> Yam))'s

where the vector (n(1),7(2),...,7(n)) is stochastically independent of Z and uniformly
distributed over the n! permutations of {1,2,...,n}, satisfies all the conditions of the
lemma and, moreover, attains the equality in (2.1). This shows that (2.1) is optimal.
The case where the 1’s form a nonincreasing sequence can be treated similarly. [

The general case for an arbitrary sample can be derived from this lemma as follows.

Theorem 2.1. For an arbitrary random vector X = (X1,Xa,...,X,) with mean vector
(11, o, ..., )" and variance—covariance matrix (o;;), and for arbitrary real constants
Ay A2y ey An, we have

n

n n 1/2 1/2
> Ai(EXiy — ﬂ)‘ < <Z(i,- - 2)2) <Z{(m — @)Y +o7} - nVarX) ,
i=1 i=1 i=1

(2.2)

where X1, <Xp,, < -+ <X,., are the order statistics corresponding to X, 0'1-2 = 0jj,
. - —1 n 7 —1 n v —1 n
=120 A=n""Y wy A=n""'> Jiand X =n"" Y |  X.

Proof. If n =1 the result is obvious; for n>2, set
(Yla Y27 AR Yf’l)/ = (XTL(I)’XTCQ)a e 5XTE(7!))/3

where (n(1),7(2),...,m(n)) is independent of X and distributed as in Lemma 2.1. It
is easy to check that the Y’s are exchangeable with

_ 12 _
EY, =4, VarY1=ZZ{(M—,U)2+GiZ}’
i=1

and

l n
Cov[Y, 2] = i —1) <2 Y. oy — ;(Hz‘ - ﬁ)2>

1<i<j<n

- 1
= LVarX — ——VarY].
n—1 n—1
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Since the ordered sample of the Y’s coincides with that of the X’s and

(n—1)(VarY; — Cov[Y,Y>])=nVar¥; —nVarX

=>{(w — f)* + o7} —nVarX,
i=1
the desired result follows from (2.1). [

Remark 2.1. Clearly, (2.2) is sharper than (1.1), and the two bounds coincide only in
the trivial case where X is a.s. constant. Moreover, (2.2) is always better than (1.2),
as can be seen from the relation (see (1.2))

n n _
min 57+ 30— mﬂ - [;{(ui Y 40P nVarX

1<j<n

=n min Var[)?—Xj],

1<j<n

which shows that bounds (1.2) and (2.2) coincide only in the trivial case where X -X;
is a.s. constant for some j € {1,2,...,n}.

Remark 2.2. Using Nagaraja’s (1981) results, one can give another proof of (2.2) as
follows: Writing §2 = Y"1, [X; — X]* as

Szzé[)(i—ﬁ]z—n[)?—ﬁ]z

tﬂ:

L -+ le(ul- —EP 42 i(x,» — ) — i) — n[X — .

i
and taking expectations to the last expression, we have
ES* =>{(ui — 1)’ + 0;} —nVar X, (2.3)
i=
which, combined with (1.5) and (1.3), yields (2.2).

The bound (2.1) is attainable only when the A’s form a monotone finite sequence.
Therefore, in order to obtain the sharp result for all sequences, we need the following
considerations due to Rychlik (see, for example, Rychlik, 1998):

For any real constants A;, j = 1,2,...,n, define C(x), 0<x<1, to be the greatest
convex function such that C(0) =0, and C(j/n)< Z{:l i, and set ¢; = C(j/n) —
C((j—1)/n), j=1,2,...,n. Similarly, define D(x), 0<x<1, to be the smallest concave
function satisfying D(0) = 0, and D(j/n)> Z{:l /i, and set d; = D(j/n) — D((j —
1)/n), j=1,2,...,n. By construction, C(1)=D(1)=n/, showing that (using an obvious
notation) ¢ = d = /. 1t can be shown that (c1,¢2,...,¢,) is the lz-projection of the
vector (A1, 42,...,4,)" onto the convex cone of componentwise nondecreasing vectors
in R", while (dy,d>,...,d,) is the corresponding projection onto the convex cone of
componentwise nonincreasing vectors. Thus, the ¢’s form a monotone nondecreasing
finite sequence while the d’s form a nonincreasing one; both ¢’s and d’s are determined
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from the A’s and, finally, the ¢’s (d’s) coincide with the A’s if and only if the finite
sequence of A’s is nondecreasing (nonincreasing).
Using the above notation we can prove the following lemma.

Lemma 2.2. Under the conditions of Lemma 2.1,

n

. 1/2
S A(EXpy — 1)< (Z(c,- - E)Z) ((n— 1)(a* — )", (2.4)
i=1

i=1
and

1/2

" 0 RN
> AE Xy — 1) (;wi - z>2) ((n = 1)(0* ) (25)

Both bounds are best possible.

Proof. We prove only (2.4), since the other part is similar.
From Eq. (40) in Rychlik (1998), it follows that for any real numbers x.,
X < 0 X,

n n 1/2
; 4i(Xiz — X) < (Z‘T(ci - i_)z> ("2, (2.6)

where ¥ =n"" S0 Ximy 8 = SO0, [xin — X]* (this is the discrete version of a result
of Moriguti (1953); note also that a denominator of 7'/ is missing in the RHS of
Egs. (24) and (40) of Rychlik (1998)). Moreover, equality in (2.6) occurs if and only
if there exists some constant 4 >0, such that

Xinm —X=A(c; — ), i=12,...,n (2.7)

Therefore, with S as in (1.3), we have

n n 1/2

Z ii()(i:n _)?)< (Z(Ci - )-)2) S.

i=1 i=1
Taking expectations in the last expression and using the first inequality in (1.3) and
the fact that ES? = (n — 1)(¢% — ¢) (see (2.3)), we conclude (2.4).

Regarding the case of equality, this is trivial if all the A’s are equal. Also, this
is trivial if 6> = ¢ (which implies that the X’s are all equal a.s.). Observe that if
I Zia= =y, A >y and 02 >¢, then ¢ =c¢; =--- = ¢, = A, and the equal-
ity never holds in (2.4). However, when this is the case, the best possible upper
bound for the LHS of (2.4) is 0; this can be easily seen from the following construc-
tion: Let ¢ > 0 be sufficiently small so that p = n(n + 1)e?/(12(6> — ¢)) < 1, and set
A=12(¢*> = ¢)/(en(n+ 1)) > 0. Define Y; =Z + A(j — (n+ 1)/2)W, j=1,2,...,n,
where Z is a random variable as in Lemma 2.1, and W is a Bernoulli 0—1 random
variable with success probability p, independent of Z. Define X1,X5,...,X, to be a
random permutation of Y7,Y,,...,Y,, and observe that the X’s are exchangeable and
satisfy EX; =u, Var X, =02, Cov[X;,X2]=c, and X;., — X =A(i — (n+1)/2)W for all i;
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thus, EX;., —u=A4A(G — (n+1)/2)p=(i — (n+ 1)/2)¢, which implies that

Zn:)Vi(uEXi:n_.“)‘ =é& Zn:/lz <i_ ngr 1)‘:8[\/[,
i=1 i=1

where M is a positive constant depending only on the A’s. Since ¢ is arbitrary, the
LHS of (2.4) can be arbitrarily close to 0, and hence, (2.4) is optimal. In any other
case we can proceed as in Lemma 2.1, taking Y; =Z + A(c; — Z), j=1,2,...,n, where
Z is as above, and

((n —1)(a? — c)>1/2
A = ﬁ .
Zizl(ci - /1)2

Choosing the X’s to be a random permutation of the Y’s, it is easy to check
that EX, = u, VarX, = 62, Cov[X;,X2] = ¢, Xi., — X = A(¢; — 1) (nonrandom), and
§? = (n — 1)(¢* — ¢) (nonrandom), and thus, (2.4) becomes an equality. [J

Remark 2.3. Since for the finite sequence x;., =¢; — A the equality occurs in (2.6) (see
(2.7)), an application of the ordinary Cauchy—Schwarz inequality yields

i(ci — AP = 2": Jiei — 7)
i=1 i=1

(2 —2) (ci — 2)

. N2 2
< (Z(;Li - )»)2> (Z(Ci - /1)2) ,
= =

showing that S (¢; — )< S0 (A4 — Z)%, and the inequality is strict unless
MLy < - <4, It follows that (2.4) is uniformly better than the upper bound of
(2.1). Similarly, (2.5) is uniformly better than the lower bound (with the — sign) of
(2.1).

-

Il
-

Our most general result is stated in the following theorem. The proof follows the
same arguments as in Theorem 2.1, the only difference being that one has to use
Lemma 2.2 rather than Lemma 2.1; the details are left to the reader.

Theorem 2.2. Under the assumptions of Theorem 2.1 and the notation of Lemma
2.2,

n n N\V2 s A\ 12
Z )ni(UE)G:n - ﬂ)< (Z(Ci - })2) <Z {(/.ll — /,_1)2 + Ulz} — nVarX) ,
i=1 i=1 i=1

(2.8)

and
n

n n 1/2 1/2
> Ai(EXe, — )= — (Z(di - Z)2> (Z {(wi — @y + o7} — nVarX) )
i=1 i=1 i=1

(2.9)
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It should be also noted that the above result improves the refinement of Lefévre’s
inequality, described in Rychlik (1998, p. 114).

3. Applications

For the purposes of the present section, we consider an arbitrary random vector
X = (X1,X3,...,X,), with means, variances and covariances as in Theorem 2.1, and
we set

n _ 1/2
A :A(M[,O'ij;i,j: 1,2,...,}’1): (Z {(ul —,L_L)Z +012} —nVarX> )
i=1

which, under the homogeneity assumptions y;=u, 6; =062, oij=c (i #Jj), i,j=12,...,n,
simplifies to

Ao = Ao(a%,¢)=/(n — 1)(a? — c)<o/n.
It is useful to note that the inequality 4 <o+/n remains valid in the quasi-homogeneous
case, in which we merely assume that y; =y, 6? = a? (i.e., oj; is allowed to vary with
i, 7).
(a) Bounds for a single-order statistic and for the difference between two-order
statistics. In this case, Theorem 2.2 yields the bounds

n—i i—1
i — Ay SEXp<p+ Ay ——
K ni mSHE nn—i+1)

(which improves Eq. (9) in Gascuel and Caraux (1992)), and for i < J,

n+1—(j—1i
in+1—j)°
which improves Eq. (6) in Arnold and Groeneveld (1979).

(b) Gupta’s simple least-squares estimator for the location parameter of the uni-
form location-scale family. If a random sample of size n follows the uniform U(u —
oV/3, t+ a+/3) model, where u and ¢ > 0 are unknown, then the simple least-squares
estimator of Gupta’s (1952) for ¢ takes the form (see Eq. (6.2.14) in David (1981)):

2V3 (. n+1
=3 (i - Xio
o n<n—1>,-§<1 2 > "
the quantity 6, is a scalar multiple of Gini’s mean difference and of Downton’s
(1966) unbiased estimator of the normal standard deviation (see Arnold and Groen-
eveld (1979)). It is easy to see that, under the homogeneity assumptions, Theorem 2.1
yields the bound

1 1 1
Féy<y| Ay = (14~ ) (02 — ) <oy | 0
n(n—1) n n—1

This shows that 6, does not overestimate ¢ by a large amount, even if the X’s are
not independent, not identically distributed and not even uniformly distributed. The

0 < [E[A/j:n - )(i:n] < A
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only assumption required is p; = p, o7 = ¢* and o;; = c. Furthermore, even in the
quasi-homogeneous case (in which g;; is allowed to vary with i, ), Theorem 2.1 (in
fact, (1.1)) yields the estimate E&,<a((n + 1)/(n — 1)), as in the corresponding
example (c) of Arnold and Groeneveld (1979).

(¢) Lefeévre’s bounds for the mean completion time in Pert networks. Lefévre (1986)
applied (1.2) to obtain bounds on mean completion time for Pert networks. If the
completion times of the arcs (activities) are the independent random variables Y} ;, this
is equivalent to find an expectation bound for the stochastic completion time T = X,.,
of the network, when the random lengths are defined by

)(i: Z Yk’], i=1,2,...,n,

(kD€ pi
where p;, 1 <i<n, are the n network paths leading from the source to the sink (see
Lefévre for more details). Therefore, the means, variances and covariances of X’s can
be calculated from the means my; and the variances S}z{’ ; of Y’s (assumed known),
and thus, one may easily apply the results of the present work. As an example, we
consider the network with the three paths p; = {(1,2),(2,4)}, p» = {(1,3),(3,4)},
p3=1{(1,2),(2,3),(3,4)} and the five arcs (1,2), (1,3), (2,3), (2,4) and (3,4), where
1 is the source and 4 is the sink node of the network, given in Table 1 of Lefevre (in
fact, two networks 4 and B were given, with identical sets of means and different sets
of variances). With the given sets of values (see Lefevre, 1986, p. 355), one finds that

5 221 0 1 128 0 0.64
wa=ug= 121 2Z4= 0 072 036 ), 2= 0 072 036
5 1 036 2 0.64 036 136

If T4 and Ty denote the respective completion times of the systems, Lefevre showed
(with the help of (1.1), (1.2) and a slight variation of (1.2)) that E7,<6.609 and
73 <6.347; however, one can see that (2.2) yields the bounds [F7,<6.364 and
E75<6.093.

(d) Papathanasiouw’s bound on the covariance of an ordered pair. Papathanasiou
(1990) obtained an upper bound for the covariance of X, and X;.,, when X; and X, are
independent identically distributed with (common) variance 62, namely Cov[X}., X55]
<0?/3. Balakrishnan and Balasubramanian (1993) obtained a generalization of this
bound, namely

Cov[Xi2,X20] = (EXzp — p)* + ¢ (3.1)
<o’ +c, (3.2)
provided that X; and X, are identically distributed (possibly dependent) with EX; = p,

Var X; = ¢ and Cov[X;,X;] = c. Since (3.1) holds in the most general homogeneous
case, Theorem 2.2 yields

¢ <Cov[Xi2, X22] <(0” + ©)/2, (3.3)
and the upper bound in (3.3) is the one half of that in (3.2). Moreover, we observe that

in the uncorrelated case (¢ = 0), ¢%/3 is simply replaced by ¢2/2 in Papathanasiou’s
bound, if neither independent nor identical distributions can be assumed for X; and X;.
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(e) A criterion for infinite nonexchangeability. Consider a set of n>2 exchangeable
random variables X|,X>,...,X,, with EX; = u, VarX, = ¢ and Cov[X],X;] =c. It is
well known that if ¢ < 0, then the X’s cannot be extended to an infinite sequence of
exchangeable random variables (this happens because VarX = (6> + (n — 1)c)/n has
to be nonnegative for all n). If ¢>0, however, the problem of extendibility (or not)
becomes nontrivial. Our results can give a negative answer in some particular cases
where ¢>0. Indeed, from Lemma 2.1 we have the inequality

n—1
N

On the other hand, if we assume that the X’s can be extended to an infinite exchange-
able sequence, then de Finetti theorem (see, for example, Galambos, 1978, Theorem
3.6.1, or Arnold et al., 1992, Eq. (9.7.1)) asserts that there exists a random variable V
such that for all xi,x2,...,x,,

2

EX,n <u—+ g’ —c. (3.4)

PLX, <x1,X <. Xy <o | V1= [ PIX <, | V] as, (3.5)
i=1

that is, given ¥, the X’s are independent and identically distributed. Therefore, the
classical Hartley—David—Gumbel bound (see, for example, David, 1981, Chapter 4)
yields

n—1

E[ X | VISEX | V] 4+ ———=+/Var[X; | V] as.
Taking expectations in the last expression with respect to V/, and using the concavity
of the square root and the fact that EVar[X; | V] = ¢?> — VarE[X; | V] = ¢ — ¢, we
obtain

EXpm <t + —— 1 /o2 (3.6)

o < ——/o?—c. .
T =1

The upper bound in (3.4) is strictly larger than that of (3.6), because for the latter
we assumed infinite exchangeability; therefore, all the constructions attaining equalities
in Lemmas 2.1 and 2.2 lead to exchangeable random vectors that are not infinitely
exchangeable. In other words, if EX,., is greater than the upper bound in (3.6), then
the X’s cannot be infinitely exchangeable; this provides a very simple criterion. As an
example, consider the random variables X, Y and Z supported in {0, 1} with probability
function

1/4 if x+ y+zis odd,
PX =x,Y=y,Z=z]= x, y,z € {0,1}.
0 if x4+ y+z is even,

It is easy to see that X, Y and Z are exchangeable and, moreover, X and Y are indepen-
dent Bernoulli with p=1. Thus, p=1, =1 and ¢=0. The bound (3.4) is 1 +1/V/3,
while (3.6) is 1 + 1/v/5. Since Emax{X,¥,Z} =1 and { + 1/V5 <1< +1/V3, it
follows that the X, Y and Z are not infinitely exchangeable.
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