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1. Introduction

As is well-known, the Pearson correlation coefficient of the random variables (r.v.’s) X and Y is defined as
Cov(X,Y)
pPXY) = —————,
JVar(X)+/Var(Y)

provided that 0 < Var(X) < oo and 0 < Var(Y) < oo. It assumes values in the interval [—1, 1] and it is a measure of linear
dependence of X and Y. Although p(X, Y) = 0 for independent X and Y, the converse is not true. Gebelein [10] introduced
the maximal correlation coefficient,

R(X,Y) = sup p(g1(X), g2(Y)),

where the supremum is taken over all Borel functions g; : R — Randg, : R — Rwith0 < Varg;(X) < coand 0 <
Vargy(Y) < oo. In contrast to p(X, Y), R(X, Y) is defined whenever both X and Y are non-degenerate, assumes values
in the interval [0, 1] and vanishes if and only if X and Y are independent. The maximal correlation coefficient plays a
fundamental role in various areas of statistics; e.g., it is useful in obtaining optimal transformations for regression, Breiman
and Friedman [5], and it has applications in the convergence theory of Gibbs sampling algorithms, Liu et al. [15].
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However, despite its usefulness, it is often difficult to calculate the maximal correlation coefficient in an explicit form,
except in some rare cases. A well-known exception is the result of Gebelein [10] and Lancaster [ 13] who show that if (X, Y)
is bivariate normal then

RX,Y) = |pX, Y)I. (1)

Another exception is provided by the surprising result of Dembo et al. [9], and its subsequent extensions given by Bryc
et al. [6] and Yu [20]. In its general form the result states that for any independent identically distributed (i.i.d.) non-
degenerater.v.’s Xy, ..., Xy,

—k

m
Jmn =k’
Finally, we mention an important result of Székely and Méri [18], who showed, using Jacobi polynomials, that if (X, Y)
follows a bivariate density of the form

'+ B+y)
f&Y) = ——F———
I@)re)ry)
where the parameters «, 8, y are positive, then

ay
RX,V)=pX,V)= | — " . 3
X,Y) = pX,Y) GraB+y) (3)

Observe that for any integers 1 < i < j < n, the density of the pair of order statistics (U;.n, Uj.n), based on ni.i.d. observations
from the standard uniform distribution, is of the form (2) withe = i,8 = j — i,y = n+ 1 — j. Actually, (3) extends
Terrell's [19] characterization of rectangular distributions through maximal correlation of an ordered pair.

In this article we provide a unified method for obtaining the maximal correlation coefficient when the bivariate
distribution has a particular diagonal structure—see next section. The method is very simple (e.g., it readily applies to verify
(1) and (3)) and it does not require knowledge of particular sets of orthogonal polynomials. Section 3 presents some notable
examples of known characterizations of specific distributions through maximal correlation of ordered data and records.
We consider a splitting model based on i.i.d. observations in Section 4. Applying our method it is shown that the records
among two different branches of the splitting sequence are maximally correlated if and only if the population distribution
is exponential (up to location-scale transformations)—this extends Nevzorov’s [ 17] characterization.

R+ 4 X, Xeg1 + -+ Xp) = IT<k+l=ms=n

Xly—xf11 -y, 0<x<y<1, (2)

2. The maximal correlation coefficient of bivariate distributions having diagonal structure

Let (X, Y) be an arbitrary random vector with distribution function F(x, y) and assume that both X and Y are non-
degenerate. We say that F, similarly the vector (X, Y), has diagonal structure if the following three conditions are satisfied.

A1l. We assume that both X and Y have all their moments finite:
EX|" <oo and E|lY|"<oo forn=1,2,.... (4)

It is known that, under (4), there exists a (unique) orthonormal polynomial system (OPS) {¢, () = pnx"+Pol,_1(X), pn >
0,n=0,1,...}, corresponding to X, and a (unique) OPS {y,,(y¥) = q,y" + Pol,_1(¥), g, > 0,n =0, 1, ...}, corresponding
to Y. Here ¢o(x) = ¥o(y) = 1and Pol,(t) denotes an arbitrary polynomial in t of degree less than or equal to k, which may
change from line to line. The orthonormality of the above OPS’s means, as usual, that

E[n(X)r(X)] = E[Yn (V) V(Y)] = 6kn, k,n=0,1,...,

where §y, is Kronecker’s delta.

Remark 2.1. For arandom variable X we denote by vx + 1 the cardinality of its (minimal closed) support, S(X), unifying the
cases where vy < oo and vy = oo. This convention is necessary because the OPS, corresponding to a non-degenerate r.v. X,
reduces to the finite set {¢, ()()}ZX:0 if (and only if) its support is concentrated on a finite subset of R, with vy + 1 > 2 points.
This singular case, however, appears in some interesting situations—e.g., see Section 3, regarding the finite population case.
In order to fix this problem (and give a unified presentation of the results) we shall proceed as follows. In any case where
the support of X is of form {xo, X1, . . ., X,, }, we shall enlarge the finite set of orthonormal polynomials to {¢,};-,, keeping
{¢n}:X, as above, and defining

Pn(®) = XXX = X)) (X = x1) - (X = Xyy), 1> vy

Each ¢, in the enlarged set is of degree n and has principal coefficient p, > 0. However, since for n > vy, ¢,(X) = 0w.p. 1,
the orthonormality assumption has now been relaxed to

E[¢"(X)¢k(X)] = aan[ngvx}7 k,n=0,1,...,

where 1 stands for the indicator function. The same conventions will be applied to the OPS of Y, by setting {,(y) =
Yy — yo) -+ (¥ — Yuy), whenever n > vy and S(Y) = {yo, ..., ¥, } is finite.
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A2. We assume that the OPS {¢,(x)}5, is complete in [2(X), the Hilbert space of all Borel functions g : R — R with
Varg(X) < oo. Clearly, the enlarged OPS of Remark 2.1 is complete if and only if the ordinary OPS is, noting that two
functions g1, g, are considered as “equal” if P[g1(X) = g2(X)] = 1. Similarly, we assume that the system {y,(y)}32, is
complete in L?(Y).

A3. We assume that the random vector (X, Y) has the polynomial regression property. That is,

EX"Y) =A,Y" 4+ Pol,_1(Y), n=1,2,...,
E(Y"X) =B,X" +Pol,_{(X), n=1,2,...,
where A, B, € R.
The assumptions A1 and A2 are not very restrictive. For example, they are satisfied whenever both X and Y have finite

moment generating functions in a neighborhood of 0; see, for example, [1,12]. However, this is not the case for assumption
A3, since it applies to very particular distributions, as the following lemma shows.

Lemma 2.1. Using the above notation and assuming A1-A3 we have that foralln, k € {1, 2, ...},

E[¢n (X)Yi(Y)] = Snkpon, (5)
where 8, is Kronecker’s delta and p, := E[¢,(X) ¥, (Y)] € [—1, 1].

Proof. Set v = min{vy, vy} € {1, 2, ...} U {oco} (for the definition of vk, vy see Remark 2.1).If n < v then ¢, (X) and v, (Y)
are standardized r.v.’s, and we have p, = p(¢(X), ¥ (Y)). Therefore, p, € [—1, 1] in this case. If at least one of vy, vy is
finite then for every n > v, ¢,(X)y(Y) = 0w.p. 1, so that p, = 0 forn > v.Thus, p, € [—1, 1] foralln. Now,if 1 <k <n
then A3 yields

E[onX) ¥k (V)] = E{gn X E[Y1 (V) IX]} = E[¢n(X)Pol(X)] = 0,

because ¢, is orthogonal to any polynomial of degree at most n — 1. Similar arguments apply to the case 1 < n < k, and the
proof is complete. O

The bivariate distributions satisfying (5) are sometimes called Lancaster distributions and the correlations p, form a
Lancaster sequence with respect to X and Y; see [11,12,14]. Therefore, by Lemma 2.1 we see that assumption A3 forces
a distribution to be a Lancaster one. Under certain conditions, the density of a Lancaster distribution, if it exists, has the
formal representation (diagonal structure)

Fxy) = ffr ) (1 +y pn(/)n(x)wn(y)),

n=1

where fx and fy are the marginal densities of X and Y.
If the assumptions A1-A3 are satisfied then we can calculate each p,, and this calculation does not require any knowledge
of the polynomial systems {¢, (x)}72, and {y, (¥)};2,. Indeed, we have the following

Lemma 2.2. Let v = min{vx, vy} (See Remark 2.1). Using the above notation and assuming A1-A3 we have that for all n €
{1’ 27 . ~}v

AnBil(<,y = 0, Pn = Sign(An)\/ AnBnlin<,) and |pn| = VABi 1jn<yy. (6)

Proof. Since ¢,,(X) = p,X" + Pol,,_1(X) and ¥,,(Y) = q,Y" + Pol,_(Y) we have
on = E{ynm(Y)E(@.(X)|Y)} = E{y (V) [paEX"Y) + Pol,_1(Y)]}
= PaE[Yn(VEX"|Y)] + 0 = paE{t/n(Y)[A,Y" + Pol,—1(Y)1}
PrAE[Y (Y)Y 4 0 = poAnE{yn(Y)q, ' [¥n(Y) — Poly_1(Y)]}

ﬂAﬂ nAn
P g2y —0 =2

n n

Tn<vy)-

This shows that p, and A, 1{;<,,; have the same sign (in particular, p, = 0 for n > vy). Using the same arguments (condi-

tioning on X) it follows that p, = qgf" T(n<uyy; thus, p, = 0 for n > vx. Therefore, if v is finite then p, = O foralln > v.

Finally, p? = AnBnlin<vy) 1in<vy) = AnBnl{n<y}, and the proof is complete. O

We are now in a position to state and prove our main result.
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Theorem 2.1. If the assumptions A1-A3 are satisfied and v = min{vx, vy} then

R(X, Y) = sup |pn| = sup +/ AanI[nfv)- (7)

n>1 n>1

Moreover, if |pn| < |pgyl| foralln > 1,n # ng, then for any g, € [2(X) with Varg,(X) > 0 and for any g, € L*(Y) with
Var g, (Y) > 0 we have the inequality

PE1(X), 82(Y)) < lpny| = /AngBry

with equality if and only if g;(x) = ap + a1¢n,(x) and g(y) = bg + b1y, (y) for some constants ag, by, a;, by € R with
a;bisign(Ay,) > 0.

Proof. Let g; € L?(X) and denote by Fx the marginal distribution function of X. By the completeness of {pn}n, it follows
that g; admits the representation

£100 = Y a0, wherea, = Bl 000001 = [ £1000,00dF (.
n=0 R

Clearly, if vy is finite and n > vy then o; = 0, because P(¢,(X) = 0) = 1; see Remark 2.1. The constants {«,}:2, are the
Fourier coefficients of g; with respect to the OPS {¢,}52 ;, and the series converges in the [2(X)-sense, i.e.,

2
N
lim E{gl x) - an¢n(X>} =0. (8)
n=0
In particular, ¢y = E[g1(X)], and the above limit is usually written as Parseval’s identity,
(o]
Varg;(X) = Zaﬁ
n=1

(equivalently, Varg;(X) = Z:X:] aﬁ if vy < 00), since it is easily verified that

N 2 N
E{gl X) — Zanasnoo} =Vargi(X) - ) o
n=0 n=1

Therefore, the assumption Var g;(X) > 0 implies that «, # 0 for at least one n > 1. Similarly, for any g, € L2(Y) we have

Varga() = Y. where fo = Blea(¥n(] = [ @:01n0)dF ),

n=1 R
where Fy is the marginal distribution of Y, {8,},2, are the Fourier coefficients of g, with respect to the OPS {y,};2, (B, =
0if vy < coandn > vy) and, as for X,

N

2 N
lilgnE[gz(Y) - z ﬁnwn(y):| = Varg(Y) — lillvn;ﬁ,f =0. 9)

=0
Using the above we can show that

E[g1X)Yn(Y)] = ay0n and E[g(Y)@n(X)] = Baon, n=1,2,.... (10)
Indeed, for any N > n we have

N N
Elg: ()Y ()] = E{ [& *X) - Zamm]wﬂm} + 3 Bl GO YY),
k=0

k=0

Now N > n, ¢o(x) = 1, E[,(Y)] =0, E[wrf(Y)] = Ijn<yy) and E[¢p(X) ¥y (Y)] = Sgnpon for k > 1. Thus, in view of (8) and
by the Cauchy-Schwarz inequality,

2 N 2
0< (m COYn(¥)] —oenpn> = (m{ [gloo - Zak¢k(x>}wn<v>})
k=0

N 2
E[gl(X) - Zamm} E[Y;(Y)] > 0, asN — oo.
k=0

IA
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Therefore, since (E[g (X)¥,(Y)] — anpn)? does not depend on N, we conclude the first identity in (10). The remainder of
(10) follows similarly. From (10) we obtain

N N N
E[(gl PIEDY an¢n(X)) (gzm - ﬂnwmﬂ = Covlg1(X), &2(Y)] = Y _ puctnr.
n=0 n=0 n=1

Thus, squaring the above identity and applying the Cauchy-Schwarz inequality to the resulting squared expectation we
conclude, in view of (8) and (9), that

Covigi(X), &)1 =) puetnfn = Y _ puctnfn. (11)
n=1 n=1

(Recall that v = min{vy, vy}; for the definition of vy, vy see Remark 2.1.) Therefore, combining the above we obtain the
expression

io: Pn0n B XU: PnttnBn
p(g1(X), £2(Y)) = = = : (12)

\/Zaz Sy ly s
n=1 n=1 n=1

Observe that, in view of (11),

anBn

2 .S 2
< (Zw letal |ﬂn|)
(Z(\/mn lletaD (/1 on] |ﬁn|)>
n=1

2
(Cov[g1 X), & (Y)]> =

< (Z'pn'“ )(Zmnmﬁ)
n=1 n=1

< ( sunlnlpn Za2> ((suglpnl) Zﬂﬁ)
nz n=1 nz n=1

- ) (et (2 52).

n=1
The above inequality, combined with (12), shows that
R(X,Y) <sup|os| =R, say.
n>1
On the other hand, for any € > 0 we can find an index ng (with ny < v if v is finite) such that |p,,| > R — €, and thus,
[ 0(ng (X), Yy (Y))| = |pny| > R — €. Therefore,

R(X,Y) = sup p(g1(X), 82(Y))
max{p(¢n0 (X)v 1/fn0 (Y))’ p(_¢n0 (X)5 1/fn0 (Y))}

= max{pny, —Pny} = |Pnyl > R—€.

A%

Since the inequality R(X, Y) > R — € holds for all ¢ > 0 it follows that R(X, Y) > R, and thus, R(X, Y) = R. It is clear that
if the sequence {|o,|}52 ; has a unique maximum, say |on,| > 0, then it is necessary that ng < v if v is finite. Working as
above, it is easily shown that

2
<Cov[g1 (X),gzm]) < o, (Z ai) (Z ﬂ,?) = pp,Varg(X)Varg;(Y),
n=1

n=1

with equality if and only if @, = B, = Oforalln > 1, n # ny. Combining this with the fact that pp, (=p(¢n,(X), ¥ny (Y)))
has the sign of A,,, completes the proof. O
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3. Examples providing known characterizations via maximal correlation

The following known results are immediate applications of Theorem 2.1.

The bivariate normal case. Assumptions A1-A3 are easily checked for a bivariate normal. Indeed, if (X, Y) is bivariate normal
with E(X) = u1, E(Y) = o, Var(X) = of > 0,Var(Y) = 0 > 0and p(X,Y) = p € [—1, 1] then it is well-known that
XY =y) ~ N(uq + p%(y — 1a), (1 — p?)o?). It follows that

Xy = J’) M1+/0 (V n2) +o1v/1 = p2Z,

whereZ ~ & (0, 1) and £ denotes equality in distribution. Therefore,

n
n 01 P naln n
EX"Y =y]=FE m+p;(v—uz)+a1 1—p2Z| =p i + Pol,_1(¥).
2 2

That is,

o
EX"|Y) = A,Y" + Pol,_1(Y), whereA, = p" n=12,....

n
1
o)’
Similarly, E(Y"|X) = B,X" 4+ Pol,_1(X), where B, = ”Z—% for all n > 1. Thus, A3 is satisfied, while A1 and A2 are well-

1

known for the normal law (the moment generating function is finite). Since v = oo, it follows from (6) that | o,| = +/AnB, =
[o|", pn = sign(p™)|p|" = p", and, by (7), R(X,Y) = sup,- |on] = Maxs>1|p|" = |pl|. Moreover, in the particular case
where 0 < |p| < 1, the equality in

lo(g1(X), &2(Y))| < |p
is attained if and only if both g1, g, are linear. It is worth noting that (11) takes the simple form (holding for any p € [—1, 1])

o0

Cov[gi(X), &(Y)] = 2" 0O IElg" ()], (13)

n=1

provided that g;, g, € C, g1(X) € [*(X), g,(Y) € I*(Y),and that E|g\"” (X)| < o0 and E|g{" (Y)| < oo for all n, where g™
denotes the n-th derivative of g;, i = 1, 2. Of course, one can apply (13) to the case X = Y. Then, 1 = up; = u,say, p = 1,
and o7 = 0, = 0, say, and (13) yields the generalized Stein identity for the A (i1, %) distribution (see [1]):

Cov[g1(X), &2(X)] = Z © )

n=1

™0 1ELgS” (X)].

Characterization of rectangular distributions via maximal correlation of order statistics. Terrell [ 19], using Legendre polynomials,
proved that if X;., < X5., are the order statistics of two i.i.d. observations from a distribution with finite variance then

1
pXi2,X22) < 7

and the equality characterizes the rectangular (uniform over some non-degenerate interval) distributions. However,
Theorem 2.1 applies immediately here. Indeed, if U(a, b) denotes the uniform distribution over (a, b) and Uy, U, ~ U(0, 1)
then it is obvious that the order statistics of Uy, U,, Uy, < Us.,, satisfy the following:

Uz:2 1
Ur:2|Uz:z ~ U0, Uzp) = E(U?;2|U2:2) = / fnuf
0

dt = ——Ur.,
2:2 n+1 %2

1
1
Up2|Urz ~ UUs, 1) = E(US,|Us) 2/ fnl T dt
U, 1—Un2

1
— (1 + Uy a4 U).
n—l—l( + Uiz +---+Upy)

Thus, A, = Bn = n+l and |p,| = nTl Therefore, max,>1 |on| = |p1] = 5. It follows from Theorem 2.1 that p(g(U;.2),

g(Uyn)) < 2, with equality if and only if g is linear. Since for order statistics X1 2 < Xo., from an arbitrary distribution F

(X1:2, Xa2) = (€(Ur), g(Uz)), where g(u) = infx: F(x) > u}, 0 < u < 1,
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(the above g is usually denoted as F~'), Terrell’s result follows. The above argument can easily be extended to provide the
characterization of Székely and Méri [18], concerning the order statistics X;., < - -- < X;., of a random sample Xy, ..., X;.
They show, using Jacobi polynomials, that for any integers 1 <i <j <n,

in+1—j)

with equality if and only if the random sample arises from a rectangular distribution. Indeed, set g(u) = F~'(u) = inf{x :
F(x) > u},0 < u < 1, where F is the common distribution function of the i.i.d. r.v.s X1, ..., X, and consider the order

statistics Uy, < -+ < Uy, of a random sample Uy, ..., U, from U(0, 1). Then, (Xi.n, Xjn) 4 (g(Uin), &(Uj.n)). Thus,
0 Xiny Xin) = p(g(Uin), £(Ujn)), which is well defined whenever 0 < VarX;., + VarX;, < oo. Since forany s € (0, 1),

(UinlUjn = 5) 4 U,‘;j_1, where Gl-;,,, is the i-th order statistic of a sample with size m from U(0, s), we have
~ d
Uij—1 = sUij—1 = E[UL|Uiy = s] = E[(sUij—1)*] = S’<E(Uil;<j_])-

Now,

1
1 , o
k k 1 i1
]E(Ui:jfl) /.S u mul (1 —uy " du
_ Bk+ij—i)  (k+i—1D!G—1D!

BG,j—i)  (k+j—DWGi—1DV

In addition, forany t € (0, 1) we have (Uj.n|Uin = ) 4 ﬁj,,gn,,', where AU},i;n,i is the (j —i)-th order statistic of a sample with
size n—ifrom U(t, 1). Clearly, if U ~ U(t, 1) thenU < t+(1—t)U where U ~ U(0, 1).50, (Uj|Uin = 1) = t+(1—6)Uj_ion_i

. d d
and since Uj_j.n—i = 1 — Uny1—jin—i, We get (Upn|Upn = t) = 1 — Upy1-jin—i + tUny1-jn—i. Therefore,

k
]E[Uj’;(n|ui:n = t] = E(l - Un-H—j:n—i + tUn+1—j:n—i) = tk]E(Ur,,{+1_j:"_i) + POlk—l(t)
_ (n+k=pln—1i!
 (n+k—i)ln—j!

Thus, A3 is satisfied with A, = [il/[j]x (where [a]y = a(a¢+ 1) - - - (¢ + k— 1)), and By = [n+ 1 —j]/[n + 1 —i];. Clearly,
v = 00, and hence,

t* + Poly_1(t).

[ile[n + 1 —jlk
Ulln+1—il
This is a strictly decreasing sequence in k, and Theorem 2.1 yields the inequality

im+1-—}j)
Kin, Xip) < +/p2 = | —— =2
P Kin, Xjn) </ 01 P

pr = AxBr =

with equality if and only if g(u) (=F~'(u)) = au + S forsome« > 0and 8 € R,i.e, X ~ U(B, B + ), o > 0.
The same arguments apply to the case where (X, Y) has a density as in (2). Then, it is easily shown that for any fixed x
andyin (0, 1),

XY =y) LyByp and (YIX=x)ZLx+(1—x)Bs, =1—B, s +xB, .
where B;  denotes a Beta r.v. with parameters r > 0 and s > 0. It follows that

EX"Y) = A,Y" and E(Y"|X) = B.X" + Pol,_(X)

with
[a]n [y In
Ap=E(B"',)=———— and B, =E(B" = —.
n= P = G =) = B,
Since pﬁ =AyB, = % is strictly decreasing in n, Theorem 2.1 shows that R(X, Y) = |p1| = p1 = p(X, Y), which

is identical to (3).
Nevzorov's characterization of exponential distribution. Nevzorov [17] proved that for any n, m € {1, 2, ...},

n
PRy, Ryym) < \/ ntm
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where R; is the i-th (upper) record from a continuous distribution F with finite variance. Here R; = X; is the first observed
random variable in the ii.d. sequence {X;}?°,. Moreover, equality characterizes the location-scale family of the standard
exponential distribution.

Theorem 2.1 obtains Nevzorov's result immediately. Indeed, if W; denotes the i-th record from &xp(1) (with density
f(x) =e ™, x > 0) then

d
Wy, Woym) = (Ev+--- +Ep, Er + -+ Eym), nome{l,2,...},

where {E;}{°, is an i.i.d. sequence from £xp(1)—see, e.g., [2]. SettingX = E; +--- +E;and Y = E; + - - - + Epqy, the joint
density of (X, Y) is

1
fry(x,y) = Wan(y -0 eV, 0<x<y< oo,
and the conditional densities are
I'n+m) __ 1 _
Fxy (xly) = WXH 10’ —x)" ]y (@+m ]), x € (0,y),
and
1 1 —y—
froxlx) = %(y—x)"‘ le0™, y e (x, 00).
It follows that
EXHY = y) = k+n—-D!n+m-1! ,
k+n+m—-1ln-1)!
and

1 &k .
k _ _ ok - . k—i
E(Y' X =x)=x + Tm) ;:1 (1) ri+myx—.

Thus, A3 is satisfied with A, = % and B, = 1, so that
_ k+n—D!n+m-—1)! . [n]k

T k+n+m=Dn=1! [n+ml
Since this is a strictly decreasing sequence in k, Theorem 2.1 yields the inequality

PR Rusm) = PE(Wo). g Wain)) <\ = [ ——.

where g(u) = F~1(1 — e™%), u > 0. The equality holds if and only if g is increasing and linear. That is, if and only if F is the
distribution function of oF + 8 wherea > 0, 8 € Rand E ~ &xp(1).

or = ABi

Lépez-Bldazquez and Castafio-Martinez’ result on maximal correlation of order statistics from a finite population. Let Ul(f\,? <
Uz(lfl ) < Uﬁ) be the order statistics corresponding to a simple random sample, Ul(N), e U,SN), taken without replace-

-1
ment from the finite ordered population 7Ty = {1, 2, ..., N}, where2 < n < N. Since IP(UI.(:I:) =k) = (’::11) (Nn:i‘) (';’)
fork € {i,i+ 1,...,N — (n — i)} (and O otherwise), and this defines a probability mass function with support AN~

{i,i+1,...,N — (n — i)}, we conclude the identity o

N 1\ /N —k N )
Z . 7)) = , 1<i<n<N. (14)
= \i—1 n—i n

Setting [a]n = a(@ + 1)--- (@ + m — 1) (with [a]g = 1for all @ € R) we can derive, with the help of (14), a simple
expression for the ascending moments of Uifl:):

[ilm
E{[UN].) =[N+ 1lp———, m=1,2,.... 15
{lUn In} = N + I (15)
We also mention the following obvious relations, holding forall 1 <i <j < n:
d
(Ui(:lr:l)’ U](’r:l)) =(N+1- Ur(ll—\ol—)l—i:n’ N+1- Ur(zll)l—j:n)’ (16)
d | o(s— .. .
U =9 = U], sefij+1,....N—(m—j)} (17)

UMY =) 2 k+U" P, keliit ... ,N—@—0D). (18)

n Jj—in—i’
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Now, applying (15) and (17) we have
[iIm

E{[U InlUfy = s} =[Sl m=1,2,.... (19)
' [ilm
Let (X,Y) = (Ul(lr;'), U]('r\:)) and observe that vx = vy = N — n > 1; see Remark 2.1. Relation (19) shows that
[iIm lilm
]E([X]m|y) = —[Yln = YY" +Polp(Y), m=1,2,...,
[i1m lilm
which implies, using induction on m, that
i
EX™MY) = %Y’” + Pol,—1(Y), m=1,2,.... (20)
m

Similarly,seti =n+1—j,j =n+1—i(sothat1 < i < j < n)and write Uy instead of U,.(,IL), Uy instead of U](,I\,? Now,
applying relations (16) and (19),

E([YInlX =k) = E{[N 4+ 1—UylnlUy =N + 1 —k}
= E{(—1)"[Uy]m + Polm_1(Uy) | Uy =N + 1 —k}
= (=D™E{[Urlm | Uy = N+ 1—k} + Poly_1(N + 1 —k)

= (DN 41— Ky In m—1(k)
U'Im
[{'lm [n+1—jln
I Poly_ (k) = [K]m——————" + Pol,,_ (K
= [klm D]m+ Ol (k) = [<]m[ 1 il + Poly_1(K).
It follows that E([Y]n|X) = Eﬂiﬂm[ Im + Polp_1(X) = {;ﬂ ﬂ’"X'"+Polm 1(X) and, using induction on m,
1—j m
Bmx) = Py b %), m=1.2..... 1)
N+ 1—iln

Clearly, (20) and (21) show that A3 is satisfied for (X, Y). Moreover, we have found that A, = [iln/[jlm and B, =
[n 4+ 1 —jlm/[n + 1 — i]m, both of which do not depend on N. Since A, > 0 and p, = \/AnBmn1{m<n—n) is strictly de-

creasinginm € {1,...,N —n, N — n 4 1}, Theorem 2.1 yields the inequality
) (N) in+1-—j)
U Un _—
p(81Ui), &( P

The equality holds if and only if both g; and g, are (non-constant and) linear and with the same monotonicity. More pre-

cisely, the restriction of g; in the set A,-(z) has to be non-constant and linear and the restriction of g, in the set A;:Nn) has to be
A and A
1 :

non-constant, linear and with the same monotonicity as g;. Note that both sets A;," and A;,
andonly if N > n+ 1.
Lemma 2.1 of Balakrishnan et al. [3] asserts that for the non-decreasing functiong : {1,2,...,N} — {x; <x, <--- <

xy} =TIy withg(i) =x;,i=1,2,...,N,

contain at least two points if

UM, gUM)) £ Kin. Xiw), 1<i<j<n,

where Xi;; < Xp.;p < -+ < Xy, are the order statistics corresponding to a simple random sample drawn (without
replacement) from the finite population I7y. Suppose that p(X.n, X;.;) is well-defined or, equivalently, that the elements

of Iy satisfy x; < Xy_n—i) and X; < Xy_(u—j) (otherwise, at least one of X;., Xj., would be degenerate). Then we conclude

that
[imn+1—j) o
Xin, Xin) < .| ————, 1<i<j<n<N. 22
P Xin ;n)_ in+1—1i J (22)
The equality, for fixed i, j, n, N, characterizes those finite populations F[N for which the sets {x;, Xiy1, ..., XN—@—i} and
{Xj, Xj+1, . . . » XN—(n—j)}» Which may or may not have common points, consist of consecutive terms of two (possibly different)
strictly increasing arithmetic progresses. That is, a population of size N with elements x; < x, < --- < xy satisfying

X; < XN—m—i and X; < Xy_(,—j) attains the equality in (22) if and only if there exist constants a; > 0,b; € R,a, > 0 and
b, € R such that
{a1k+b1, fork=i,i+1,...,N—(n—1i),
Xk =

ak+by, fork=j,j+1,...,N—(n—)),
arbitrary, otherwise.
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Lopez-Blazquez and Castafio-Martinez [16], using Hahn polynomials, have obtained a corresponding inequality for the
correlation ratio, which implies inequality (22). Their arguments, however, apply to populations I7y having N distinct
elements. We also refer to Theorem 2.1 and Corollary 2.1 in [7], noting that the characterization result stated in Corollary
2.1 of this article is incomplete, unless the sets A(N) and A(N) have at least two common points,ie., N >n+ (G —1i) + 1.

4. Records from a splitting model and a Nevzorov-type characterization of the exponential distribution

Assume that in a particular country and for a specific athletic event, the consecutive performances of the athletes are
described by ani.i.d. sequence {X;}?°,. Here and elsewhere in this section, the common distribution of each X; will be assumed
to be continuous, i.e., with no atoms—absolute continuity is not required. As the time goes on, the common practice is that
some data regarding the sequence of national records, i.e., the sequence {R;}{°;, are recorded, in contrast to the original
performances of the athletes, X;, which are usually lost or forgotten. The above considerations give rise to the classical
record model, based on an i.i.d. sequence, which is well-developed in the literature; see [2]. Under this classical model the
observed sequence {R;}{_; of the first n upper national records is defined as Ry = X; and R; = Xr@;,i = 2,...,n, where
T(@) =min{j € {1,2,...} : X; > Ri_1}.

Suppose now that, after the appearance of the n-th national record, the initial country is divided into, say, two new
countries (branches), and assume that the athletes in each country are of the same strength as they were before the division.
Then, the subsequent national records in each branch will take into account the current (common) national record, R,, and

the subsequent sequence of their individual records will be of the form (R, +ny0 R +nz) with ny, ny € {1, 2, ...}. Clearly,

d
R:H—nl = R, and R;:+n2 = Rutn, (23)

where R, is the (n + m)-th record from the initial sequence, but as n; and n, become large, the r.v.'s R/ and R/
should tend towards independence.

Thus, the actual definition of the splitting record sequence is equivalent to the following model: Let {X;, X7, X{, X, Xj,
Xy, ...} be aniid. sequence of r.v.’s. Define the n-th upper record R, as before (based on the X;’s), then set R, = R := R,
and T'(n) = T"(n) .= T(n).Fori =1, 2, ... define the subsequent record times and record values by

T'(n+i) =minf{j € {1,2,...}: X/ > Ri 1}, Ry = Xpgopps

T"(n+1i) =min{j € {1,2,...} : X" > R,; 4}, Ry = Xy

n-+nyq n-+ny

and

Clearly, it is of some interest to study the correlation behavior of the marginal records under this model, since large
correlation among these variables entails good prediction of one branch to the other. It is not surprising that, similarly
to the classic case, the splitting record sequence satisfies several interesting properties. In particular, in what follows we
shall make use of the following lemma.

Lemma4.1. (a) Let {(Wy,,, Wy, )} =1 be the splitting record sequence based on the i.i.d. sequence {E;, E/, E['}2, from the
standard exponential distribution, €xp(1). Then for eachni,n, € {1,2, ...},

(Wn+n1 W);’MZ) 4 (El+"'+En+E;+"'+E,/,1,El+"’+En+E{’+~'+ET’{2)_ (24)

(b) Let {(Ryyp,> Royn,)}ns ny—1 be the splitting record sequence based on the i.i.d. sequence {X;, X;, X;"}2, from a non-atomic

(continuous) dzsmbutzonfunctzonF Then, foreachny, ny € {1,2,...},

Ry, ,~,+nz) = EWyin), 8W, ), (25)
whereg(u) = F~'(1 —e ™), u > 0, with F~1(y) = inf{x : F(x) > y},y € (0, 1).

The proof of Lemma 4.1 is simple and is left to the reader—cf. [2]. With the help of this lemma, Theorem 2.1 yields the
following characterization.

Theorem 4.1. If (R R ,.) are splitting records based on an i.i.d. sequence {X;, X!, X/"}2, from a non-atomic distribution F

n+nq’ “'n+ny
with B(R;,,, )* < oo and E(Ry,, )* < oo then

n—+nq
n

R R’ < -
p( n+nq n+n2) — /;n m /;n ¥ny
The equality holds if and only if F is the distribution function of «E + B for some « > O and B € R, where E ~ &xp(1).

Proof. SetX =Ei+---+E,+Ej +---+E, andY =Ey +--- +E, + Ef +--- + E; with (Ey, ..., E} ) being a vector of
n + n; + ny i.i.d. standard exponential r.v.’s. It can be shown (see the proof of Theorem 4.2) that for all k € {1, 2, ...},

Iy pon vy, YR = —

7k xk 4 pol_q (X
[n + ol g T POk X)-

EXNY) =
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That is, the random vector (X, Y) has the polynomial regression property with Ay = [n];/[n + ny]x and B, = [nlx/[n + n1lk.
Clearly, p? = ([nlx)?/([n + nylk[n + ny]i) is strictly decreasing in k. In view of Lemma 4.1, Theorem 2.1 shows that, with

gw) =F1(1—e™,
PRyny Ritny) = P(8W,pn), 8W, )

2 n
= P(E00.80) =1} = e

where the equality holds if and only if g : (0, c0) — R is linear. This, together with the fact that g is assumed to be strictly
increasing, completes the proof. O

Provided that every component is representative as a sum on independent gamma r.v.’s with the same scale parameter,
say 1/, Theorem 4.1 and Nevzorov’s [ 17] characterization reflect the polynomial regression property of a specific class of
multivariate gamma random vectors. Recall that a random variable X follows a gamma distribution with parameters &« > 0
and A > 0 if its density is given by

)\‘(X
f(x) = —x*le™ x> 0.

This is denoted by X ~ I'(«; 1), while the notation X ~ I"(0; A) (for some A > 0) means that X is degenerate and takes the
value zero w.p. 1. In any case, EX = o//A and VarX = «/A%. Under the above notation one can easily verify the following
result, which contains both Theorem 4.1 and Nevzorov’s characterization as particular cases. In fact, Theorem 4.2 obtains
the maximal correlation of Cherian’s bivariate gamma distribution—see [8], [4, pp. 322-325].

Theorem 4.2. Let X; ~ I'(a;; A) (i = 0, 1, 2) be independent r.v.’s with A > 0,; > 0(i =0,1,2)and g +; > 0 (i =
1, 2). Then the random vector (X,Y) = (Xo + X1, Xo + X2) follows a bivariate distribution with gamma marginals, namely
X~ T(ag+a;A)andY ~ I'(ag + aa; A). Moreover, (X, Y) satisfies the polynomial regression property. More precisely, for
alne {1,2,...},

n — (n\ [l ; n - (”) [aolilaz]n— ;
EX"|Y) = E — Y/, EY"|X) = E ) ——X,
vy = (]) A ey + a]; (71X = \J/ Ao +an;

where [a]p = 1foralla € Rand [a]y = a(e + 1)---(a + k — 1) for k € {1,2,...}. Finally, for any g; € [*(X) with
Vargy(X) > 0and forany g, € [*(Y) with Varg,(Y) > 0 we have the inequality

Qo
X Y .
p(g1(X), &(Y)) < NTETTN e

Provided that oy + a; > 0, the equality holds if and only if either (i) a9 = 0 and g1, g, are arbitrary or (ii) g > 0 and both
g1, & are non-constant, linear and with the same monotonicity.

Proof. Cases o9 = 0 and @y = o, = 0 are simple (X, Y are independent and X = Y w.p. 1, respectively). Both cases
og > 0,01 = 0,5 > 0and g > 0,7 > 0, @y = 0 are similar to Nevzorov's case and can be shown as in Section 3.
Assume now that o; > 0 fori = 0, 1, 2. Then, it is easily shown that the conditional density of X given Y = y (for any fixed
y > 0)is

min{x,y}
fX\Y(X|y) — Ce—kx/ wao—l(x _ w)al—l(y _ w)az—le)»wdw, X > O,
0

where
)\U”F(Olo +0(2)
yeore2= (o) I (aq) T ()

¢ =c(og, a1, 02; A3 y) =

Despite the fact that this conditional density is not given in a closed form, we can calculate E(X"|Y = y) using Tonelli's
theorem. Indeed, consider the nonnegative functions 0(w) = w*~'e* (w > 0) and h(x,y, w) = (x — w)* " 1(y —
w)*2 " "y cmingry) *, ¥, w > 0). Then,

y X oo y
EX"Y =y) = c{/ x”e‘“/ O (w)h(x,y, w)dwdx+/ x”e‘“‘f O(w)h(x,y, w)dwdx}
0 0 y 0

y y y 00
c{ / 6 (w) f x"e *h(x, y, w)dxdw + / 6 (w) / x"e *h(x, y, w)dxdw]
0 w 0 y
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y o0
=c / 0 (w) / x"e h(x, y, w)dxdw
0 w

y 00
c/ wr iy — w)®! {/ (x + w)"e ¥x* 1 1dx L dw.
0 0

Now, expanding (x + w)" according to Newton’s formula and using [~ ¥~ le™**dx = I'(ay +j)/A“H (j=0,1,...,n),
the inner integral is equal to

1 &/n\T j ‘
/ (x + w)"e X1 dx = o > ( > 7(a;j+]) w".
j=0 J

Substituting this expression to the double integral, we obtain

(o I (a1 +J) wotm=H-1 a—1
B "'Y:”:m;(j)/ Dy~ e dw

c{ (n) Fen+9) F@) M@+ n=0) oo
J

Ejzo M T(ag+os+n—j)

_ Mot 2“:(“) '+ ) (a1 +n—))
I(ao) I (1) 4= AT (g + @2 + )

Therefore, X has polynomial regression on Y and, similarly, Y has polynomial regression on X. It follows that (X, Y) satisfies
conditions A1-A3 and, moreover,

. [eto]n
n = An \/Aan = .
pn = sign(n) Vo + ailn/Teo + 21n

Since |p,| = pn is strictly decreasing in n, a final application of Theorem 2.1 completes the proof. O

Theorem 4.2 includes Nevzorov’s [17] characterization because, taking A = 1, ®g = n, 27y = 0, @, = m and g;(u)

g@W) = F7'(1 —e™¥),u > 0, we have that, under the standard record model, (R, Rysm) < EWn), gWpim))
(gX), g(Y)). Here (W,, Wy,) are the corresponding upper records from the standard exponential distribution. Clearly, the
theorem also includes the result on splitting record models of Theorem 4.1—the only difference being that, due to Lemma 4.1,
one has now to put «; = ny (rather than oy = 0) and @, = n; (rather than a; = m).

Provided that g1, g5 € C®(0, 00), g1(X) € L*(X), g2(Y) € L*(Y), and assuming that]E|X”g1(") (X)| < oo and ]E|Y”g§")(Y)|
< oo for all n, where gi(") denotes the n-th derivative of g;,i = 1, 2, it is of some interest to note that (11) yields the
covariance identity

=1l

Covigi(X), &)1 =) ol E(X"gy"” (X)) B(Y"g5" (V). (26)

— nllag + a1lnloo + a21n

Of course one can apply (26) to the case «y = a3 = 0, g > 0.Then, X = Y ~ I'(ap; ) and we reobtain the generalized
Stein-type identity for the I"(«p; 1) distribution (see [1]):

0]

1
Covigi(X), £2(X)] =
ov[g1(X), £2(X)] ;n![ao]n

Similarly, we can apply (26) to the classical record setup from the standard exponential (setting A = 1, ¢p = n,@; = 0 and
o, = m). Then we get

E(X"g" (X))E(X"g" (X)). (27)

o0

Covlgi (Wn), & (Wim)] = Z,, (WEe® (W) E(WE, 8% Wi m)). (28)
=k [n 4+ mli

5. Conclusions

The simplicity of the proposed method depends heavily on the polynomial regression property, A3, which is satisfied by
all bivariate distributions discussed in the present article. Incidentally, in all of our cases we concluded thatR = [p(X, Y)| =
+/A1B1, and some times it is asserted that this is the typical situation whenever A3 is merely satisfied for n = 1 (i.e., when
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both variables have linear regression). However, this is not true, e.g., when (X, Y) is uniformly distributed on the interior of
the unit disc (then A; = B; = p(X, Y) = 0); see, also, [9].

Castafio-Martinez et al. [7] develop a correlation model for partial minima (or maxima) rather than records. Their
Section 3 indicates that many difficulties can enter to the correlation problem when A3 fails. It appears that, in such cases,
one has to calculate the values of pp ; = E[¢,(X)y¥«(Y)] for all n and k. This is not an easy task in general, in contrast to
the present simplified situation, where knowledge of the values A, and B,, in A3 sulffices for the calculation of the maximal
correlation coefficient.
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