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1. Maximal correlation and linear regression

Let (X, Y) be a bivariate random vector such that its Pearson correlation coefficient,
Cov(X,Y)

JVarX)/Var(Y)’

is well defined. If W is a non-degenerate random variable then L (W) is defined to be the class of measurable functions
g : R — Rsuchthat 0 < Var[g(W)] < oo. Under the present notation, the maximal correlation coefficient is defined
as [10,11]

RX,Y) = sup p(g1(X), &2(Y)). (2)
S1EL3(X), g2el5(Y)

pX,Y) = (m

Due to results of Sarmanov [21,20], it was believed for some time that if both X and Y have linear regression on each other,
i.e., if for some constants ag, a;, bg, b1,

EX|Y) =a1Y +ao (as.), E(Y|X) =biX+by (as.), (3)
then
RIX,Y) = [pX, Y)I. (4)

* Work partially supported by the University of Athens Research Grant 70/4/5637.
E-mail address: npapadat@math.uoa.gr.
URL: http://users.uoa.gr/~npapadat/.

0047-259X/$ - see front matter © 2014 Published by Elsevier Inc.
http://dx.doi.org/10.1016/j.jmva.2013.12.008


http://dx.doi.org/10.1016/j.jmva.2013.12.008
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmva.2013.12.008&domain=pdf
mailto:npapadat@math.uoa.gr
http://users.uoa.gr/~npapadat/
http://users.uoa.gr/~npapadat/
http://users.uoa.gr/~npapadat/
http://users.uoa.gr/~npapadat/
http://users.uoa.gr/~npapadat/
http://dx.doi.org/10.1016/j.jmva.2013.12.008

N. Papadatos / Journal of Multivariate Analysis 126 (2014) 114-117 115

The implication (3) = (4) was cited in a number of subsequent works related to maximal correlation of order statistics and
records, including Rohatgi and Székely [19], Arnold et al. [2, p. 101], Székely and Gupta [23], David and Nagaraja [6, p. 74],
Ahsanullah [1, p. 23] and Barakat [3]. However, as we shall show below, this implication is not valid even in the case of a
strictly linear regression, a;b; # 0. Note that if R(X, Y) > 0 then the converse implication, (4) = (3), is valid; see [18, p.
447] and [7].
Examples of uncorrelated random variables X, Y with (trivial) linear regression

EX|Y) =EY|X) =0 (as.) (5)
and R(X,Y) > 0 = |p(X, Y)| are known for a long time. For instance, P. Bartfai has calculated R(X, Y) = 1/3 for a uniform
in the interior of the unit disc. This result was extended by P. Csaki and ]. Fischer for the uniform distribution in the domain
|x[P + |yl < 1(p > 0), in which case R(X, Y) = (p + 1)~!; see [18, p. 447] and [5]. Furthermore, Székely and Méri [24]
extended this result to the multivariate case and with different exponents. Moreover, in response to a question asked by
Sid Browne of Columbia University, Dembo et al. [7] constructed a pair (X, Y) satisfying (5) and R(X,Y) = 1. (Observe
that the same is true for the uniform distribution in the four-point domain {(0, +1), (%1, 0)}.) Using characterizations of

Vershik [26] and Eaton [9], they also showed that for any non-Gaussian spherically symmetric random vector (Uy, ..., Uy),
with covariance matrix of rank > 2, there exists a pair of uncorrelated linear forms,

X=aqU + -+ aly, Y = biUy + - - + by,

such that (5) is fulfilled and R(X, Y) > |p(X,Y)| = 0.

However, in the author’s opinion, it is important to definitely know that (3) does not imply (4) even in the non-trivial
linear regression case. Indeed, if this implication were valid in the particular case where a;b; # 0, then several works
concerning characterizations of distributions through maximal correlation of order statistics and records - including the
papers by Terrell [25], Székely and M6ri [24], Nevzorov [16], Lopez-Blazquez and Castafio-Martinez [15], Castafio-Martinez
et al. [4], Papadatos and Xifara [17] - would be reduced to trivial consequences of this implication. The same is true for the
main result in [7], since it is easily checked that for the partial sums S, = X; + - - - + X, based on an i.i.d. sequence with
mean p and finite non-zero variance,

n
E(Sn+mlsn) =S +mp (as.), ]E(Sn|sn+m) = 7Sn+m (@s.).
n+m

The purpose of the present note is to present examples of random vectors (X, Y), with X and Y possessing strictly linear
regression on each other, and such that R(X, Y) > |p(X, Y)| > 0. The proposed examples, contained in the next section, are
as elementary as possible.

2. Counterexamples

Normal marginals. Fixp € (0, 1), a, B € (—1, 1), and define the (symmetric) mixture density

fy) =0 -pfu®.y) +pfpkx.y)., Ky €R? (6)
where f, be the bivariate standard normal density with correlation coefficient p € (-1, 1), that is,

X* —2pxy +y2)>, (x,y) € R

1 1
fox,y) = ————=exp| — - (
? 211 — p? 2(1— p?)
Since both f, and fg have standard normal marginals, the same is true for f. A straightforward calculation shows that for a
random pair (X, Y) with density f,

EX|Y) =[(1—pa+pBlY, EXIX)=I[(1-pa+pBIX. (7)
If (1 —p)a + pB # 0, (7) shows that X and Y have strictly linear regression on each other and, clearly,
p(X,Y) =EXY) = E[YEX|Y)] = (1 — p)a + pB.
Another simple calculation reveals that
EX’Y?) = E[Y’EX?|Y)] = E{Y?[1+ (1 — p)a’ + ppH)(Y* = DI}
Using E(X?) = E(Y?) = 1, E(X*) = E(Y*) = 3, Var(X?) = Var(Y?) = 2, we get
p(X*,¥Y?) = (1-pla® +pp.
Hence, if the parameter vector (p, , 8) € (0, 1) x (—1, 1)? satisfies 0 < |(1 — p)a + pB| < |(1 — p)a? + pB?| then
RX.Y) = [0, Y] = |(1 = p)a® +pp?| > |(1 = P +p| = |p(X. V)| > 0.

For example, the particular choice (p, o, 8) = (1/2, —1/4,3/4) leads to E(X|Y) = Y/4 (as.), E(Y|X) = X/4 (as.),
o(X,Y) =1/4andR(X,Y) > p(X?, Y?) =5/16.
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Arbitrary marginals with bounded supports. Let f; and f, be two univariate probability densities (with respect to Lebesgue
measure on R) with bounded supports, supp(f;) < [ai, wi], —00 < @; < w; < 0o (i = 1, 2). Since f; has finite moments of
any order, it is well known that there exists an orthonormal polynomial system {¢,(x)}32,, corresponding to f;. That is,

/ Gn(X)Pm (X)f1 (X)dX = 8nm,

where 6, , is Kronecker’s delta. Clearly, the support of f; contains infinitely many points and, therefore, each ¢, is of degree
n. By the same reasoning, there exists an orthonormal polynomial system {y,(y)}5, corresponding to f,. Since every
polynomial is uniformly bounded in any finite interval, we can find constants c;, d, such that

1< sup |¢po(x)| =cp < o0, 1< sup |Yu(y)|=dy<o0, n=1,2,....

o] =X=w1 ay<y=wp

Consider an arbitrary real sequence {po,};2; such that

o
D lonlcadn <1, (8)
n=1

e.g.,on = 6(’n’c,dy) ' (n=1,2,..)0rp, = An(n=1,...,N)and p, = 0, otherwise, where 0 < A < (}"_, ncydy) .
Then, the function

o0
f&xy)=h (X)fz@)(l + antbn(an(y)), (*,y) € o1, w1] X [0, w2], 9
n=1

and f := 0 outside o1, w1] X [, w,], is a bivariate probability density with marginal densities f1, f>; this is so because,
due to (8), the series in (9) converges, for each (x, y) in the domain of definition, to a value greater than or equal to —1.
(Actually, the series converges uniformly and absolutely in [ctq, w1] X [a2, w2].) Therefore, f (x, ¥) is nonnegative. Next, it is
easily checked that its integral over R? equals 1, due to the orthonormality of the polynomials. Finally, it is obvious that the
marginal densities of f are f1, f>.

Assume now that the random vector (X, Y) has density f. Then X has density f; and Y has density f,. Moreover, versions
of the conditional densities are given by

Sy &ly) = fi (x)<1 + men(x)wn(v)), a1 <X < w (foreachy € supp(f)),

n=1

Srixlx) =fz(y)<1 + ancﬁn(x)wn(v)), ay <y < w; (for each x € supp(f1)).
n=1

Due to the orthonormality of the polynomials it follows that foralln > 1,

E@nOIY) = pa¥n(Y) (as),  E@(Y)IX) = pndn(X) (as.). (10)
Clearly, if p; # 0, (10) with n = 1 shows that X and Y have strictly linear regression on each other. From (10) we conclude
that o(¢n(X), ¥ (Y)) = p, for alln > 1 and, therefore, p(X, Y) = p(¢1(X), ¥1(Y)) = p1 and R(X, Y) > sup,-; |pxl. Since
the choice of {p,};2; is quite arbitrary (see (8)), it follows that

RX,Y) > [p(X,Y)| = |p1] > 0 whenever0 < [p1] < sup|pnl.

n>2

3. Concluding remarks

(a) Kingman [12] proved that there exist random vectors (X, Y) with E(X|Y) = a1Y, E(Y|X) = b;X and —1 < a1b; < 0;
of course, in such cases, E(X?> + Y?) = oo so that p(X, Y) is not defined. An open question is to find examples of L?
random vectors (X, Y) with non-zero linear regressions, whose marginal densities have one sided unbounded supports,
andR(X,Y) > |p(X,Y)| > 0.The question about exponential marginals was posed by Milan Stehlik of Johannes Kepler
University.

(b) It is obvious that the construction (9) can be adapted to the discrete (lattice) case where (X, Y) € {1, ..., N}?, covering
the characterizations (for finite populations) treated by Lopez-Blazquez and Castafio-Martinez [15] and Castafio-
Martinez et al. [4].

(c) Distributions with densities of the form (9) are known as Lancaster distributions; Lancaster [ 14], Koudou [13], Diaconis
and Griffiths [8]. They can be viewed as extensions of the Sarmanov-type distribution (o, = 0forn > 2)which, assuming
standard uniform marginals, generalizes the so called Farlie-Gumbel-Morgenstern family.

(d) It is of some interest to observe that the mixture density (6) admits a series representation of the form (9). Indeed, let
{ha}:2, be the orthonormal system of (standardized) Hermite polynomials corresponding to the (univariate) standard
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normal density ¢ (t) = et/ /+/27m. Sarmanov [22] showed that the series

gy =W |1+ D pha®m®) |, *.y) € R,

n=1

represents a bivariate density if and only if p, = EU", n = 1, 2, ..., where U is arandom variable with P(JU| < 1) = 1.
The special choice of a two-valued U with P(U = 8) = p = 1 — P(U = «) leads to p, = EU" = (1 — p)a"™ + pB".
Substituting these values of p, in the series representation of g, above, and in view of Mehler’s identity (tetrachoric
series) of the bivariate normal density,

frxy) =@M | 1+ )Y p"a®h@) ], xy)eR’, —1<p<1,
n=1
we conclude that g = (1 — p)fy + pfs, asin (6).
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