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Abstract

We investigate conditions in order to decide whether a given sequence of real numbers
represents expected maxima or expected ranges. The main result provides a novel
necessary and sufficient condition, relating an expected maxima sequence to a translation
of a Bernstein function through its Lévy—Khintchine representation.
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1. Introduction

Let X be an integrable random variable (RV) and suppose that X1.; < --- < Xj. are the
order statistics arising from k independent copies of X. Based solely on the expected values of
order statistics,

Wit =EX;. t, i=12,....kk=1,2,...,

Hoeffding (1953) constructed a sequence of RVs X that converge weakly to X, and thus,
characterized the distribution function (DF) F of X through the triangular array u;. . Since
each ;. is a linear function of w;.;, 1 < i < k (see Arnold et al. (1992, p. 112) or David
and Nagaraja (2003, p. 45)), it immediately follows that the sequence {u ]2 of the expected
maxima [y = [k, uniquely determines the DF. Hill and Spruill (1994), using a theorem of
Miintz (1914), improved this result by showing that F' is characterized by any subsequence
{h(i 52, with 3252, 1/k(j) = oo.
Moreover, Hill and Spruill (1994) proved the following continuity result.

Theorem 1.1. Let {X,}°°, be a sequence of integrable RVs, {ux}p2, a sequence of real
numbers, and write (i (X,,) for the expected maxima of k independent and identically distributed
(i.i.d.) copies of X,,. If ux(Xn) — i as n — oo for all k > 1 then the following are
equivalent:

(i) there exists an integrable RV X such that X nXX asn — 00 ( X denotes weak
convergence) and i (X) = py forall k > 1;

(i) g = o(k) and Z’;zl(—l)f(’;)uj = o(k) as k — oo.

To conclude weak convergence based on this result, it is helpful to recognize whether a given
sequence {uux )2 represents the expected maxima of some RV. This question received its own
interest, going back to Kadane (1971), (1974), Mallows (1973), Huang (1998), and Kolodynski
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(2000). In the sequel, a sequence that represents expected maxima of some RV will be called
the expected maxima sequence (EMS). Kadane (1974) proved that a necessary and sufficient
condition for the EMS is that the sequence {jtx+2 — pk+1}5 is the moment sequence of a
finite measure in the open interval (0, 1); i.e. there exists a finite measure t in [0, 1] such that

T((0) = ({1) =0 and ;L,,+2—,u,,+1=/[01]u"dr(u), n=0,1,.... (LD

According to the well known characterization by Hausdorff (1921), this is equivalent to
(=DA% (g2 — k1) 20, 520, k>0,

(see Huang (1998)), where ‘A’ is the forward difference operator (A% = oy, Alay = Aoy, =
1 — 0, ASTL = AAS), plus conditions on the sequence pi that guarantee 7 ({0}) = 7({1}) =
0. Kolodynski (2000) completed Huang’s result, proving that the boundary conditions on the
measure T are equivalent to u; = o(k) and 21;:1(—1)1' (lj‘),u, = o(k) as k — oo. Hence,
another complete characterization of EMSs is as follows (see Kolodynski (2000)).

Theorem 1.2. A sequence {1 }72 | represents the expected maxima of a nondegenerate inte-
grable RV if and only if the following three conditions are satisfied:

Q) (=DM A > Oforalls > 1andk > 1;
(ii) pux = o(k) as k — oo;
(i) 35_ (—1)7 (5)j = o(k) as k — oo.

The aim of this paper is to shed some light on these necessary and sufficient conditions,
noting that it is rather difficult to check either Kadane’s condition (1.1) or Theorem 1.2(i)—(iii)
in practical situations; we thus provide a much easier sufficient condition (of a different nature)
in Corollary 3.3. In Section 2 we present an alternative proof of Theorem 1.2; the interest in
this proof lies in its constructive part (see Remark 2.1(ii)).

Section 3 contains the main results, Theorems 3.1 and 3.2, with illustrative examples
indicating their usefulness. The main result of Theorem 3.1 characterizes the EMSs using
a novel method that relates any such sequence to a translation of a suitable Bernstein function
through its Lévy—Khintchine representation. Finally, in Section 4 we provide similar results
concerning sequences of expected ranges. Several examples are given.

2. A probabilistic proof of Theorem 1.2

For completeness of the presentation, we state a probabilistic proof that only uses the result
from Hill and Spruill (see Theorem 1.1, above) plus the Hoeffding construction; thus, we do
not invoke results from the moment problem.

Proof of Theorem 1.2. Assume first that uy = EXg. = ur(X) for some integrable and
nondegenerate RV X with DF F. Then we have

e = /OO [1(x > 0) — F*(x)]dx

—00

(1 denotes an indicator function), and, thus, (—1)**'AS . = [0 F¥(x)(1 — F(x))* dx > 0.

Also,
1
ﬂ=v/ uk_lF_l(u)du,
k 0
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where F~'(u) = inf{x: F(x) > u}, 0 < u < 1, is the left-continuous inverse of F. Thus, by
dominated convergence, we conclude that limg_, o, tx/k = 0. Similarly,

1
lim | (1 —w)*'"F ') du =0,
k—o00 0

and it is easily seen that fol(l — TP ) du = —(1/k) Z’;zl(—l)f(’;)uj
Conversely, assume that (i)—(iii) are satisfied and define the numbers

b n! % n—i\(=1)/ Lo - on
R T AN A I A

It is easily checked that, foreveryn > 2and 1 <i <n — 1,
n n—i+1 An—i
ﬂi+l,n - lgi,n = <i>(_1) A" i > 0.
Therefore, we can define the sequence of discrete uniform RVs X, by
1 .
P(Xn:ﬂi,n):_a 1 <i<n,
n

noting that the support of X, is the set {815, ..., Bn,n} With 81, < Bon < -+ < Bun. Fix
now k > 1 and set Z,, y = max{Xy 1, ..., Xk}, where X, 1, ..., X, x are 1.i.d. copies of X,.
It is clear that P(Z, ; = Bi.,) = (i/n)* — ((i — 1)/n)*. Thus,

wi(Xp) =EZy i

= [ iy
_Eﬂz,n[(;> _( - ”

n i k i—1 k n! n—i i ( ])J
=§[<;> _< n )}(i—l)!(n—i)!;)< j >I+JM1+1

Substituting s =i + j sothats € {1,...,n}and j = s — i, we obtain
s—i s—1 . .
1k (Xp) = 2() Z( ) ( 1)[1"—(1_1%]
s—1—i s—1 . k .k
—Z() Z( 1) ( i >[(1+1) — ik
k—1

EORE O ()

where the term i"” should be treated as 1 if i =m = 0.
The expression in the curly brackets is a multiple of a Stirling number of the second kind;
see Charalambides (2002, Theorem 8.4 and p. 164). Despite this, we can assign a simple
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probabilistic meaning to the sum, showing that it vanishes whenever 1 < m < s — 1. Indeed,
define

s—1

S(s, m) := Z(_l)s—l—i <S 7 l)l-m’
i=0

and consider m distinct balls and s — 1 distinct cells (s > 2, m > 1). If we put the balls into
the cells at random, then the probability that every cell is occupied by at least one ball is given
by the inclusion-exclusion principle:

s—1 L\ m
(s —1 —1-
p(s, m) := P(every cell contains at least one ball) = E (=1} (s . ) (%) .
l s —
i=0

Hence,
1 — s—1—i[$ -1 -m 1

Since the probability p(s, m) is obviously zero whenever 1 < m < s — 1, we conclude that
S(s,m) =0fors >3andm = 1,...,s — 2. In other words, and since S(s,0) = O for
s > 2, we can write S(s,m) = S(s,m)1(s < m+ 1), m > 0, s > 2. Moreover, since
p(s,s — 1) = (s — D!/(s — 1)*! (for s > 2), and S(1, 0) = 1 by convention, we also have

S,s—1)=(¢—-1)! and S(,0)=1(s=1), s > 1.
Therefore,
S(s,m) =S8, m)l(s <m+1), m>0,s>1.
Using this observation, we see that, for n > k,

n k—1

k )
uk(Xy) = Z(Z (m>S(s, m)l(s < m + 1)) (Z)Z_k

s=1 “m=0
k k—1
k
=22 ()sem) ()5
m S/ n
s=1 ‘m=s—1
since, for s > k, wehave 1(s <m + 1) =0forallm =0, ...,k — 1. Hence,

k k—1

k )
o= (Jsom) ()

s=1 ‘m=s—1

Clearly, lim,, oo (%) pts/n* = 0 for s < k. Thus, only the last term (s = k) survives, yielding

) . k . n\ Kk Mk
Jm e (Xn) = (k B 1)S(k,k — D lim (k)n_k = kS, k= D)= = ti

Since ui(X,) — ur asn — oo for all k > 1 and, by assumption, (ii) ar\}vd (iii) are satisfied, it
follows from Theorem 1.1 that there exists an integrable X such that X, — X and ux(X) = ux
for all k, completing the proof. O

Remark 2.1. (i) The construction used in the proof follows the line of Hoeffding (1953); the
difference here is that the numbers B; , in (2.1) are not assumed to be expectations of (some)
order statistics.
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(i1) The proof shows that, under (i), we can always construct a sequence V)V( » such that yux (X,,) —
i for all k > 1. However, without (ii) and (iii) it is possible that X;,, — Y with ui(Y) # wu;
see the examples given in Kolodynski (2000) and in Hill and Spruill (1994).

Example 2.1. Let uy = k — 1/(k + 1). Then the values my = pg+2 — pg+1 = 1+ 1/((k +
2)(k+3)) correspond to the moments of a finite measure in the interval [0, 1]. More specifically,
one can verify that my = %IEY", where Fy = gF 1+ %Fz with F; being the degenerate DF at 1
(the Dirac measure) and F> is the DF of a beta(2, 2) RV with density f>(y) = 6y(1 — y),
0 < y < 1. Also, a direct calculation using Newton’s formula shows that, fork > O and s > 1,

0 () exm)
JX:;:( )\ T e
s—1 /s —1 s /s 1 i
=o+sZ(—1)J( . )+Z(—1)J(.)/ X dx
= J = il Jo

1
=s1(s = 1)+/ K1 = x)* dx.
0

Using the above calculation, it is seen that

S
k!s!
—1) Ay = 11+<> =1s=1)+——"— >0, k>1,5s>1,
) Ik g() e =1 =D+ o >1, s>

and Z, (= 1)/( Juj = k/(k + 1) — 1(k = 1). Thus, p satisfies (i) and (iii), but it is
not an EMS since it fails to satisfy (ii). After some algebra it can be seen that the numbers
Bin in (2.1) are given by B;, = i/(n + 1) — 1 + nl(i = n) and the sequence of discrete
uniform RVs X, constructed in the proof, converges weakly to a uniform(—1, 0) RV X with
wp(X) = —1/(k 4+ 1); thus, as n — 0o, ur(X,) — uk for all k > 1 (because (i) is satisfied;
see Remark 2.1(ii)), anX and pr(X) # uy for all k. A similar calculation reveals that the
sequence ity = k/(k+1)—1k=1)=1—-1/(k + 1) — 1(k = 1) satisfies

k!s!
(k+s+ DV

1
Z( 1)/(>M,_k T k>1,5>1.

Therefore, (i) and (ii) hold but (iii) fails for ;. Now, the corresponding RVs X Xn are uniformly
dlstrlbuted over {i/(n + 1) —nl(i = 1)}7_, and, as n — oo, ux(X,) — pux forall k > 1,
X5 2, X which is uniform(0, 1) and, of course, ui(X) = k/(k + 1) # 1z only for k = 1; see
the example in Hill and Spruill (1994. Erratum). Note that iz and p are dual sequences in
the sense that if p; were the EMS for some RV X then (i3 would be the EMS for —X and vice
versa; see Kolodynski (2000, p. 297).

D) A T =1k = 1) +

3. Necessary and sufficient conditions via integral forms

Although the problem of characterizing sequences that represent expected maxima is com-
pletely solved by Theorem 1.2 (or (1.1)), it is usually a difficult task to check conditions (i)—(iii)
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(equivalently, to verify the existence of 7 in (1.1)) for a given sequence, e.g. ux = vk or pux =
log k. In this section we seek a different kind of necessary and sufficient condition, involving the
notion of integral forms, according to the following definition (see also Definition 3.2, below).

Definition 3.1. We say that a function g: [1, co) — R admits a generalized integral form if
there exists a finite (positive) measure w in (0, c0), and measurable functions # and s, with
h > 0, such that

/ h(e (1 — ) du(y) < oo,
(0,00)

3.1
g(x)zf(o HOYO) e, xz 1

We shall denote by § the class of all such functions and by §* the subset of § that contains all
nonconstant functions g € §; (3.1) will be denoted by g = G(h; w). In the particular case
where h(y) = ho(y), with

y

ho(y) = 0<y<oo, 3.2)

1 —ey’

we say that g is written in canonical form, and we denote (3.1) by g = Gs() = G (ho; ).
Before proceeding to the main result we present some auxiliary results.

Lemma 3.1. Every g € G can be written in canonical form.

Proof. For g = G4(h; ) € §, we can define the measure v by
V(A) = /Ae*y(l —e NHh(y)du(y), A Borel, A C (0, c0).
By (3.1), v is finite, since f(O,oo) dv(y) = f(O,oo) e V(1 —e )h(y)du(y) < oco. Thus,
gx) = /(o,oo) ho(y)(s(y) —e ) (e (1 — e )h(y)) du(y)

:/ ho(y)(s(y) —e ) dv(y) forallx =1,
(0,00)

yielding g = G(v). 0

Lemma 3.2. Let g1 = Gy, (1) and g2 = Gy, (2) be two functions in §. Then, the following
are equivalent:

(1) gi1(k) — g2(k) =c(constant), k =1,2,...;
(i) g1(x) — g2(x) = c (constant) for all x > 1;
(iii) p1 = po.

Proof. Since the implications (iii) = (i) = (i) are trivial, we show (i) = (iii). Clearly, (i)
implies that g2 (k) — g2(1) = g1 (k) — g1 (1), i.e.

/(0 OO e din () = /(0 oI e ). k=23,
> > (3.3)
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Consider the measures v; (i = 1, 2) defined by v; ((0, u]) = wi([—logu,00)), 0 < u < 1.
Changing variables y = —log u in (3.3), and since ho(—logu) = 1/(u(1 — u)), we obtain

/ (1+u+'~+u”)dw(u)=/ I4+u+---+u")dvn(u), n=0,1,....
0,1 O,1)

By induction on n, it follows that the finite measures v and v, have all their moments equal,
and since they have bounded supports, they are identical; see, e.g. Billingsley (1995, p. 388,
Theorem 30.1). Therefore, for every y € (0, 00), t1((0, y]) = vi([e™, 1)) = va([e™, 1)) =
p2((0, y), yielding 1 = po. O

Corollary 3.1. The measure p in the canonical form of g € G is unique. In particular, g(x) =
Gs(w)(x) = 0ifand only if u = 0; any nonvanishing constant function g ¢ 4.

In the following proposition we show that every function g € §* is a translation of a
Bernstein function. Recall that a nonnegative function 8: [0, o0) — [0, 00) is called Bernstein
if it is continuous on [0, co), infinitely differentiable in (0, 00), and its nth order derivative
B satisfies (—1)" 1™ (x) >0 =1,2,...,x > 0); see Schilling et al. (2012, p. 21,
Definition 3.1) (in the sequel, the value 8(0) will be defined by continuity as 8(0+)).

Proposition 3.1. Let g = G(h; n) € §*. Then g is continuous on [1, 00), infinitely differen-
tiable in (1, 00), and its nth order derivative is given by

(=)™ (x) = /(0 Yh(y)e ™ du(y) >0, n=12,..., x> 1. (3.4)
,00)

Proof. Note that the right-hand side of (3.4) is strictly positive for all x > 1, because it
can be written as |, (0.00) Y ho(y)e ™Y dv(y), where v # 0 is the measure in the canonical form
of g; see Lemma 3.1 and Corollary 3.1. Also, the function g is continuous at x = 1 since for
y >0ande € (0,1), 1 —e™® < 1 —e™”. Hence, by (3.1) and dominated convergence,
gl +8) —g() = [ ooy R (1 —e™)du(y) — Oase 0.

Regarding (3.4), we see that

n

ax"

(s —e™) = (=" y'h(e™ (r=1,2,..)

is continuous in x > 1 for every fixed y > 0. Fix § > 1. Then, with6 =§ — 1 > 0,

, y”e’ey
Y'h(y)e™ < h(y)e™ (1 —e™)
1—e™Y
yne—Gy
<h(y)e (1 —e ) sup -, x>36,y>0.
y>0 I —e™
The (positive) function 7 (y) = y"e %" /(1 — e ™) is bounded:
y 1
=< s O =< 19
iy < 1o T e e
Y= ye™®  max{e™?, (n/0)"e"}
< , y>1

1—e ! — 1—e!
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Thus, choosing, e.g. C = max{1, (n/6)"e"}/(1 — e~ 1), we see that
n

aon MO = TN =y "h(e™ < Ch(ye™ (1 —e™),  y>0,x>3.
X

Since the dominant function K(y) = Ch(y)e™ (1 — e™”) is integrable with respect to u, it
is permitted to differentiate (3.1) under the integral sign (see, e.g. Ferguson (1996, p. 124)),
yielding (3.4) for x > § > 1; and since § > 1 is arbitrary, we conclude (3.4). O

From Proposition 3.1, we see that if g € §* then the function B(x) := g(x + 1) — g(1),
x > 0, is Bernstein (of a particular form). It is known that every Bernstein function 8 can be
expressed by its Lévy—Khintchine representation (LKR)

B(x) =ag +ayx + [ (1 —e™)dv(y), x> 0; (3.5)
(0,00)

see Schilling ef al. (2012, p. 21, Theorem 3.2). Of course, it is much simpler to verify
the converse, i.e. every function that is expressed as in (3.5) is Bernstein (see the proof of
Proposition 3.1). The triplet (ap, ar; v) in the LKR is uniquely determined by B, the measure v
satisfies f(o, ) min{l, y}dv(y) < oo, and the constants ag, a; are nonnegative. Comparing
the LKR of B with the canonical form of g = G;() € §*, we see that (see (3.1))

a0 +arx + / (1—e ) du(y) = glx + 1) — g(1)
(0,00)
_ f( LM e ), x 20

That is, ag = a; = 0 and dv(y) = e Y ho(y) du(y) is the LKR of B(x) = g(x + 1) — g(1).
Conversely, if 8* denotes the class of Bernstein functions with LKR triplet (0, 0; v), v # 0, it
is not difficult to show that g(x + 1) — g(1) € 8* implies that g € §*. Hence, g € §* if and
only if B € 8%, and we conclude with the following proposition.

Proposition 3.2. A function g: [1, 00) — R belongs to §* if and only if B(x) := g(x + 1) —
g(1), x = 0, is a Bernstein function that admits an LKR of the form (3.5) with ay = a1 = 0,
v #0.

We are now in a position to state and prove the main result.
Theorem 3.1. For a real sequence {32 | the following are equivalent:

(1) there exists a nondegenerate integrable RV X such that ui(X) = ux fork =1,2,...;

(ii) the sequence {jui}p2, is the restriction to the natural numbers of a function g € §*
(for §*, see Definition 3.1), i.e. yuy = g(k), k =1,2,...;

(iii) there exists a Bernstein function B with LKR triplet (0, 0; v), v # 0 (see (3.5)), such
that uygy = w1+ Bk —1), k=1,2,....

If one of (i), (ii), or (iii) is fulfilled by {uk},fil then the function g € §* in (ii) is unique, and
admits the representation

P —y ~y x
gx) = oo\ ¢ YA —e M) +e? —e |dFy(y), x=1, (3.6)
0,00) + —
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where .. = 1o — b1, Fy is the DF of the RVY = —log F(V), F is the DF of X, and the RVV

has density

fv(x) = %F(x)(l — F(x)), —00 < X < 00;

the Bernstein function B in (iii), which is also unique, is related to g by B(x) = g(x + 1) — 1,
x > 0.

Proof. (il) = (i). Suppose that uy = g(k),k = 1,2, ..., for some g = Gy(h; p) € §*.
It suffices to verify conditions (i)—(iii) of Theorem 1.2 for px. From (3.4), g’(x) > 0 for x > 1.
Hence, by monotone convergence and by continuity of g at 1+,

fl g)ydr = ;i{r(l)/lﬂg (r)dr = ;iir(l)[g(X) —gll+e)] =gk —g), x>1 @37

It should be noted that the differentiability of g in (1, oo) plus continuity at 1 are not sufficient
for concluding (3.7), as the example g(x) = (x — 1) sin(1/(x — 1)) shows. Now, by induction
on s (and by using (3.7) when k = 1), it is easily seen that

31y (S.)gac +J)
j=0 J

k+1 pr+1 ts—1+1
:/ / / g9 dty - dndr,  s=1 k=L
k 1 Is—1

Therefore, since uiy; = gk + j),

(D" A =) (=17 (S.)ch +7)

j=0 J
k+1 i+l
/1; /tl
the last expression verifies condition (i) of Theorem 1.2, because the integrand is strictly positive

(see (3.4)). Condition (ii) of Theorem 1.2 is simply deduced from dominated convergence since
(1-— e’ky)/k <1 —e7” and, obviously, (1 — e*ky)/k — 0 as k — oo. Hence,

t—1+1
: / (1MW) dty - - dipdry;
Is—1

— e_ky

= lim e Yh(y) <1—

. Mk . Mk+1 — M1
Iim — = lim ——— k

d =0.
k—o00 k—o00 k k=00 J(0,00) > w)
Set now v = Z’;zl(—l)j (];)MJ sothat v = —1. It is not difficult to check that vy — vy =
(=D Ay > 0, where ASpy = Y5 _o(=1)""/ (j-)u,/+1- Defining y; := (—=1)’T1ASpu; >
0, we have

k—1

k—1
Ve = —p1 + Z(—I)HIA‘YM =—u + Zh
s=1

s=1
If it can be shown that limg_, o ¢ = O then it will follow that
Y+t Y1

. Vi .
Iim —=lim ———— =0,
k—oo k k— 00 k
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which means that the sequence uy satisfies condition (iii) of Theorem 1.2. Due to (3.1),
k

. k
=y (=/* (J.)g(j +1)

j=0

k
. k : !
= Z(—l)f“(.) / h(Y)(s(y) —e VM) dp(y)
=0 J/ J(0,00)

=[ h(e™ (1 —e ¥ du(y) > 0 ask — oo,
(0,00)

by dominated convergence.

(i) = (ii). Let F be the DF of X, and set « = inf{x: F(x) > 0}, o = sup{x: F(x) < 1}.
By the assumption that X is nondegenerate, it follows that —oo < @ < w < +00, and the open
interval (o, w) has strictly positive (or infinite) length. We define the family of DFs {F”, ¢ > 1},
and denote by X; a generic RV with DF F’, so that X; = X. Since X is integrable, the same
holds for each X;. Indeed, F'(x) < F(x) and 1 — F'(x) < t(1 — F(x)) for all x € R and
t > 1, yielding

0 0
EX,/ =/ F'(x)dx 5/ F(x)dx < oo,
—00 —00

o0

EX = /00(1 — F'(0)dx < rf (1= F(x)) dx < o0,
0 0

where X = max{X, 0} and X~ = max{—X, 0} denote, respectively, the positive and negative
part of any RV X. This enables us to define the function g: [1, co) — R by
oo
g(t) =EX, :/ [1(x > 0) — F'(x)]dx, t>1;
—o0

by definition, g(k) = ur fork =1,2,.... Fort € [1, 00), write

g(®) —g() :/ [F(x) — F'(x)]dx

F(x) — F'(x)
F(x)(1 = F(x))
efé(x) _ efté(x)

e—d(x) (1 _ e—é(x))

= / F(x)(1 = F(x))

w
= / F(x)(1 — F(x)) dx, (3.8)
o

where 6(x) = —log F(x); note that 0 < F(x) < 1 for all x € (a, w), so that §(x) > 0.
Setting A = pr — 1 = g2) — g(l) = f:) F(x)(1 — F(x))dx > 0, we readily see that
fv(x) :== F(x)(1 — F(x))/A defines a probability density on R with support (o, w). Consider
an RV V with density fy. Then (3.8) can be written as

5(V)

g —g) = XE{W(C_MW - e_ts(v))}, t>1,

where §(V) = —log F (V) is a strictly positive RV, because « < V < w with probability 1.
Setting Y := §(V) > 0, we obtain

eY

g(t)—g() = AE{ —~ (ey—e”)} = x/ ho() (™ —e ) dFy(y),  t=>1,
1—e (0,00)
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where ho(y) =e”/(1 —e™”) (see (3.2)) and Fy is the DF of Y. If we introduce the measure u
defined by u(A) = AP(Y € A) for a Borel set A € (0, 00), the above relation takes the form

g(t) — g(1) = / o™ —e M) du(y), 13 1.

(0,00)

Moreover, since hg(y) > 0,

0< /(O )ho(y)e_y(l —e )du(y) =/ )dpc(y) — (0, 00)) = A < o0,

(0,00
Observing that
"1 Ml _
g)=p1 =— du(y) =/ ho(y)(—e Y1 —e y)) du(y),
A J(0,00) (0,00) A
we obtain

gt) =g+ (g(r) — g(1))
= f ho(y)<ﬂe‘y(1 —e ) +e) - e‘”) du(y), r>1,
(0,00) A

proving both (3.1) and (3.6).
Finally, the equivalence of (ii) and (iii) follows from Proposition 3.2, and uniqueness (of g
and p) is evident from Lemma 3.2. O

The following definition provides a helpful tool in verifying whether a given function g
belongs to §*.

Definition 3.2. Let g: [1, c0) — R be an arbitrary function. We say that g admits an integral
form if there exist measurable functions /1: (0, c0) — R and s: (0, c0) — R, with h; > 0,
such that

o0
0< / (e —eY)dy < o (3.9)
0
and

g(x) = /0 MGG - dy, x> L. (3.10)

We shall denote by J the class of all such functions and, provided that h; satisfies (3.9),
representation (3.10) will be denoted by g = I;(hy).

Lemma 3.3. It holds that 4 C §*.
Proof. Assume that g = I;(h1) € J and define the (positive) measure u by

y
u((o,y]>=/0 e (1 —eN)dr, > 0.

By definition, u is absolutely continuous with respect to the Lebesgue measure on (0, 00), with
Radon—Nikodym derivative

du(y)

5 hi(y»)e (1 —e™) foralmostall y > 0.
y
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Clearly, u is finite, and (3.10) can be written as
o
gx) = /0 ho(Y)(s(y) —e ) (h1(y)e™ (1 —e ) dy
= [ ho()(s(y) —e ™) du(y), x>1,
(0,00)

yielding the integral representation in (3.1). Moreover, from (3.9),

0< ‘/(-0 )ho(y)e_y(l —e Ndu(y) = / du(y) = /0 hi(»e (1 —e)dy < oo.

(0,00)
Hence, g = G (u) with u # 0. O

Corollary 3.2. The function h in the integral representation (3.10) of any g = I;(hy) € 4 is
(almost everywhere) unique.

Proof. If we express g = I;(h1) € § in its canonical form as g = G4 (u) (see Lemma 3.1),
then the function /11 (y)/ ho(y) is a Radon—-Nikodym derivative of ;« with respect to the Lebesgue
measure. The result follows from Corollary 3.1 and the fact that the Radon—Nikodym derivative
is almost everywhere unique. g

We can now state the following result which provides a sufficient condition that is useful for
most practical situations.

Corollary 3.3. If a function g: [1,00) — R belongs to d (see Definition 3.2) then the
sequence ur = g(k), k = 1,2, ..., represents the expected maxima sequence of an integrable
nondegenerate random variable.

Proof. This is evident from Theorem 3.1 and Lemma 3.3. g

If ¢ = Gs(n) € 4* (see Definition 3.1) and the measure p has a Radon-Nikodym
derivative h, with respect to the Lebesgue measure, condition (3.1) is equivalent to (3.9)
and (3.10). Indeed, in this case,

g(X)z/(O )ho(y)(S(y)—e_"”)dM(y)=/0 hy(Mho(y)(s(y) —e™™)dy,

and it is sufficient to choose iy = hq - h;,. Hence, g = G;(1) € { if and only if the measure p
in the canonical form of g is (nonzero and) absolutely continuous with respect to the Lebesgue
measure. However, given an arbitrary sequence [k, even if it can be shown that it is an EMS
(using, e.g. Theorem 1.2, Theorem 3.1, Corollary 3.3, or (1.1)), we would like to decide if it
corresponds to an absolutely continuous RV. We note at this point that the condition g € { is
neither necessary nor sufficient for concluding that the EMS {g(k)}? ; corresponds to a density
(see Remark 3.1, below). An interesting exception where this fact can be deduced automatically
is described in the following definition.

Definition 3.3. Denote by ¥ the subclass of absolutely continuous RVs X with interval sup-
ports (o, w) = (ax, wx), —00 < o < w < 400, having a differentiable DF F in (¢, w), and
such that their density f(x) = F’(x) is strictly positive and continuous in (c, w).

Theorem 3.2. For a given sequence {ui}32,, the following statements are equivalent:

(i) the sequence i represents an expected maxima sequence of an integrable RV X € ¥ ;
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(ii) there is an extension g: [1, 00) — R of the sequence i (i.e. up = gk), k=1,2,...),
such that g admits an integral representation of the form (3.10), with hy satisfying (3.9)
and, furthermore, h1 is strictly positive and continuous in (0, 00).

Moreover, if (i) or (ii) holds then the function g is unique, and the continuous version of hi
in the integral representation (3.10) is uniquely determined by

e_y
FF ™)

where f and F~' are, respectively, the density and the inverse DF of the unique RV X € ¥
with expected maxima [L, any other version h is equal to hy almost everywhere in (0, 00).

h(y) = 0<y<+oo, @3.11)

Proof. Assume first that (i) holds, let F be the DF of X, and set (¢, w) = {x: 0 < F(x) < 1}.
Since X € ¥, A := up — p1 > 0. Using (3.6) and the fact that V has density

fr(x) = %F(x)(l — F(x)), 0 <x <o,

the additional assumption X € ¥ implies that ¥ = —log F(V) has a continuous, strictly

positive, density

e V(1 —e)

M (F )

with f and F~! being, respectively, the derivative and the ordinary inverse of the restriction in

(o, w) of F. Substituting dFy(y) = fy(y) dy in (3.6) we obtain (ii) with A as in (3.11).
Assume now that (ii) holds. From (3.10),

Sfr(y) =

0<y< oo,

Mk — [ =g(k)—g(1)=/0 hi()E™ —e ™) dy, k=1,2,.... (3.12)

Also, from Corollary 3.3 we see that the sequence uy = g(k) is an EMS of a unique (nonde-
generate) RV X. It remains to show that X € ¥, i.e. that its DF F belongs to & . To this end,
define the function

1/2 4
cl—/ ;hl(—logt)dt, 0<u<i,
G@u) := u (3.13)

<u<l,

u
1
c1 +/ —h1(—logt)dt,
12t

Nf—

where ¢ is a constant to be specified later. By the assumption on %1, G is strictly increasing
and differentiable in the interval (0, 1). Moreover, G is integrable, since by (3.9) and Tonelli’s
theorem,

1 1/2 1/21 1 u o1
/ |G(u)—cl|du=/ / —hl(—logt)dtdu+/ / —hy(—logt)dr du
0 0 u 1 12012t

1/2 Ly
=/ hl(—logt)dt—i-/ hi(—logt)dt
0 12t

[} log2
_ f] e hi(y)dy + /0 (1—e)hy (y) dy

og2
< 0.
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Let U be auniform(0, 1) RV and definethe RVY := G(U) withDF Fy;ie. G = F;l. Clearly,
E|lY| = E|G(U)| < oo. We can show that Y € ¥. Indeed, setting oy := lim,~ o G () and
wy = lim, »; G(u),weseethat G: (0, 1) — (ay, wy) is strictly increasing and differentiable,
with continuous, strictly positive, derivative G'(#) = hi(—logu)/u. This means that its
inverse, G~1 = Fy: (ay,wy) — (0, 1), has also a continuous, strictly positive, derivative
fr») = Fy(y) = 1/G'(G™'(y)). Observe that Fy(y) = G~!(y) tends to 0 as y approaches
ay from above, so that, by monotone convergence,

y y
/ fr(x)dx = lim Fy(x)dx = I{m [Fy(y) — Fy(a)] = Fy(y), ay <y < wy.
ay aN\ay

aNay Jg

Taking limits as y " wy in the above relation, and using again monotone convergence and the
fact that G~ !(y) tends to 1 as y 7 wy, we see that

wy y
x)dx = lim x)dx = lim F = lim G '(y) =1;
/a fr@de=im | freode= lim Fr() = lim G70)

Y/ oy Jay

hence, Y € F. According to the implication (i) = (ii), the sequence jix := ur(Y) admits an
extension g3 : [1, 00) — R of the form

02(x) = /0 ) (20) —e ) dy, x> 1,

such that &, satisfies (3.9) (with %, in place of /1) and is continuous and strictly positive in
(0, 00). Therefore, we have

Pk — 1 = ga(k) — g2(1) = /0 ha(y)(e™ —e ) dy, k=1,2,.... (3.14)

We can calculate the same quantities directly from G = Fy ! as follows:
1 1
Wk — 1 = / ku*"'G(u) du — / Gu)du
0 0

1/2 1/2 4 172 p1/2 4
= —/ kuk*‘/ —hl(—logt)dtdu—i-/ / —hi(—logt)dr du
0 u t 0 u t

1 uq 1 u o
+/ kuk_l/ —hl(—logt)dtdu—/ / —hy(—logt) dt du.
1/2 121t 12J12 1

Since all integrands in the last four integrals are nonnegative, we can interchange the order of
integration. Thus,

172 12
Wk — 1 :—/ tk_lhl(—logt)dt—i—/ hi(—logt) dt
0 0

g — ¢k L
+ hi(—logt)dr — hi(—logt)dt
1/2 t 1/2 t

oo log?2
= f (—e ™ 4 e ™) (y)dy + / (1 —e™™)y =1 —eNhi(y)dy
log2 0

0
=/ € —e M n(ydy, k=12,.... (3.15)
0
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From (3.12), (3.14), and (3.15), we see that

g(k) — g(1) = wp — 1 = g — 1 = g2(k) — ga(1), k=1,2,....

Therefore, since g and g belong to 4 € §*, it follows from Lemma 3.2 that g(x) — g2(x) =
w1 — 1 (constant), x > 1. Choosing the constant ¢y in (3.13) so that f{; = @1, we obtain
ik = py for all k, which implies that g = go and F = Fy € F

Uniqueness of g and % follows immediately from Theorem 3.1 and Corollary 3.2, respec-
tively. |

Remark 3.1. Assume that g € §*. The additional assumption g € { is neither necessary nor
sufficient for the EMS {g(k)}?2 , to arise from an absolutely continuous RV.

(i) Consider the RV X with density f(x) = 11( 2<x<-1+ 11(1 < x < 2) so that
Ui = up(X) = 2(k/(k+1) 2-%). Hence, w1 =0,A=puy—pu = 6,and from (3.6),
we see that Fy = F1 + 5 Fz, where F7 is the degenerate DF at log 2 and the DF Fz has
density f>(y) = 6e D —e y) y > 0. Since n({log2}) = AP(Y =log2) = 2, he
function g(x) = 2(x/(x + 1) —27%) = G4(u)(x) € § has a non absolutely continuous
canonical measure . Thus, g ¢ J.

@ii) For h1(y) =10 <y < 1) and s(y) = 1, (3.10) yields I;(h1)(x) = g(x) =1 — (1 —
e *)/x, x > 1. Itis easily checked that the particular EMS {g(k)};2, corresponds to
the DF F with inverse F~'(u) = (1 + log u)l(e™' < u < 1). However, this F does not
have a density, since it assigns probability e~ ! at the point 0.

Example 3.1. Let u; = k%, 0 < 6 < 1, and define gx) = x?, x> 1. Representation (3.10)
follows from

X0
0 —t -0 —t
= dr = Ydydt = Ydrd
x /0 1= ' —9) / / Y F(l —0) / / Y

where the change in the order of integration is justified by Tonelli’s theorem. Therefore,

OOI_e Xy
m_@)/ A xz0.0<0<1. (3.16)

Thus, (3.10) is satisfied with h1(y) = ﬂgy_l_g, where By = 0/T'(1 —6) > 0, and s(y) = 1.
Note that (3.6) suggests using a different function s, namely,

e_y — e_2y

s(y)y=e + W;

hence, s in the representations (3.10) or (3.1) need not be unique. Since (3.9) is obviously
fulfilled, from Corollary 3.3 we see that the sequence k” is an EMS. More precisely, from

Theorem 3.2 we see that the particular EMS, K, corresponds to the RV X € ¥ with distribution
inverse G given by (3.13) (with 21 (y) = Bgy~' %), i.e.

0 / (—logu)~!-¢ (—logu)~?
dy=—=—"_
) -0

—1 _ _
F (u)—G(u)—F1 + C.

Since u; = fol F~'(u)du = 1, we find that C = 0 and the parent DF admits the explicit
formula F(x) = exp(—Ax /%), x > 0, where A = I'(1 — 0)~1/? > 0; thus, 1/X is Weibull.
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Moreover, it is evident from Theorem 3.2 and (3.16) that {(k + c)(’},fi | is an EMS for every
c € [—1,00) and 6 € (0, 1), and the corresponding functions in the representation (3.10) are
hi(y) = Boe™ /y' ¥ and s (y) = e

Example 3.2. Let yuy = logk and define g(x) = logx, x > 1. To see representation (3.10),
write (for x > 0)

| X 00 9] x X ™Y ey
logx = / —dt = / f e Vdydt = f / e Vdrdy = / —dy,
1 1 1 Jo 0o Ji 0 y

3.17)
yielding 21(y) = 1/y and s(y) = e™”. Again (3.9) is obviously fulfilled and from Corol-
lary 3.3 we see that the sequence log k is an EMS. More precisely, (3.13) yields F~!(u) =
—log(—logu) + C,0 < u < 1. By the substitution y = — log u, we obtain

1 00
m:/ F_l(u)duzC—/ e Vlogydy =C + v,
0 0

where y is Euler’s constant; see, e.g. Lagarias (2013, p. 535). Since u; = logl = 0, it
follows that C = —y and F(x) = exp(—e~**7)) is an extreme value (Gumbel) distribution.
Furthermore, Theorem 3.2 and (3.17) enable us to verify that {log(k+c)};2 , is an EMS for every
¢ € (—1, 00); the corresponding functions in the representation (3.10) are /21 (y) = e~ /y and
s(y) = elc=Dy

Example 3.3. The harmonic number function was defined by Euler as

L R o ey
H(x):/ du:/ — (1 —e ™) dy, x> —1; (3.18)
0 1 0 1—e™V

see Lagarias (2013, p. 532). It satisfies

1 1
H(0) =0, H(n)=1+§+~~+— n=12,..),
n

1
Hx)=H(x—1)+ —, x > 0.
x

From Theorem 3.2, we conclude that, for every ¢ € (—2, 00), the sequence {H (k+¢)}2 | is an
EMS from an absolutely continuous RV; indeed, (3.18) shows that the function g (x) = H(x+c)
satisfies (3.9) and (3.10) with h1(y) = e~ “tDY/(1 —e™) and s(y) = e’. The standard
exponential corresponds to ¢ = 0 and the standard logistic to ¢ = —1; see Example 4.1, below.
The function ¥ (x) = (d/dx)logI'(x) = I'"(x)/ '(x) admits a similar representation due to
Gauss; see Lagarias (2013, p. 557). It follows that {y(k + ¢)}72, is an EMS for ¢ > —1.
However, this fact is evident from the corresponding result for H, due to the relationship
Y(x)+y = H(x —1), x > 0. Finally, the easily verified identity

b peog L 1 /OO yg_le_y(l Mydy 0>0k=12,..)
:= — .. —_— = _e > 9 = b 9.
He 20 KoTO) ), T—e Y

yields that this zx is an EMS for every 6 > 0 (choose 21(y) = I'(0)'y?~le=Y /(1 —e™) and
s(y) = 11in (3.10)).
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Remark 3.2. Itis known that the class of Bernstein functions is closed under composition; see
Schilling et al. (2012, p. 28, Corollary 3.8). Therefore, the connection of EMSs to Bernstein
functions (Theorem 3.1) provides an additional tool in verifying that a given sequence is an
EMS. For instance, Example 3.1 with ¢ = —1 shows that g; (x) := (x = 1)’ (x > 1,0 <0 < 1)
belongs to {; thus, from Lemma 3.3 and Proposition 3.2, Bi(x) := g1(x + 1) — g1(1) = x?
(x > 0) is Bernstein. By the same reasoning, Example 3.2 (with ¢ = 0) shows that By (x) :=
log(x 4+ 1) (x > 0) is Bernstein and, hence, 8(x) := Bj(B2(x)) = (log(x + Y (x > 0)
is also a Bernstein function with LKR as in (3.5). Observing that ¢y = B(0) = 0 and a; =
lim,_, o B(x)/x = 0, we see that the LKR triplet of § is of the form (0, 0; v), v # 0. Hence,
from Proposition 3.2, we see that, for any 6 € (0, 1], the function g(x) := B(x — 1) = (log x)?
(x > 1) belongs to §*, and we conclude, from Theorem 3.1, that (log k)9 is an EMS. Note
that, for any 8 > 0, (logx)'*% ¢ g, since the second derivative changes its sign in the interval
(1, 00); see Proposition 3.1.

4. Sequences of expected ranges

Denote by Ry (X) = Xi: x — X1k = max; X; —min; X; the (sample) range based on £ i.i.d.
copies X1, ..., Xy of an RV X. In this section we consider the similar question concerning
expected ranges. That is, we want to decide whether a given sequence {p¢};2 | represents an
expected ranges sequence (ERS), i.e. whether there exists an integrable RV X with

ER,(X) = pg, k=1,2,....

The following result is the range analogue of Theorem 1.2.

Theorem 4.1. A sequence {pi};2 | is an ERS of a nondegenerate integrable RV if and only if
the following three conditions are satisfied:

Q) (=T Ao > Oforalls > 1 and k > 1;
(ii) pr = o(k) as k — oo;
(iii) px = Y51 (=17 (5)p; for all ke > 1.

Proof. Conditions (i)—(iii) are necessary. Indeed, if py = ERy(X) for some integrable RV X
with DF F, then we have

o0
m=/ (1= F() — (1= Fe)Mldx, k= L.
—00
Therefore, foralls > 1,k > 1,
o0

FW“Nm=f[W@m—me+Wm0—ﬂmﬁm>Q

—0oQ
proving (i). With F~Yu) =inf{x: F(x) > u},0 < u < 1, we can write

ERx (X !
% — % :/ W' — A= "NF 'wdu > 0 ask > oo,
0
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by dominated convergence; this verifies (ii). Finally,

k k 0o K k . .
S =1y ( .)p,- - / Z(—l)f( .)[1 — FI(x) = (1 = F(x))1dx
j=1 / =1 /

_ /oo [ — FYGo) — (1= FooyMldx

—00

= Pk>

which is (iii).

Conversely, assume that (i)—(iii) hold, and consider the sequence u; = %pk. Obviously,
conditions (i)—(iii) of Theorem 1.2 are fulfilled by . Hence, we can find an integra_ble RV X
such that EXy. = %,ok for all k > 1. Since, howeveir, EXi.p=— lef:l(—l)f (];)EXM

(for any integrable X), condition (iii) yields EX . y = —50x; thus, E[ Xy x — X1. ¢] = o, and

the proof is complete. g

Remark 4.1. (i) Condition (iii) implies that p; = O (trivial) and p3 = % p2. Condition (i) shows
that 0 = p1 < pp < ---.

(i) The random variable X, constructed in the sufficiency proof of Theorem 4.1, is sym-
metric, i.e. X 2 _x (where ‘2’ means equality in distribution). To see this, let ¥; = —X;
with X; being i.i.d. copies of X used in the proof. Then EY;. ; = Emax{—Xy, ..., —Xi} =
—Emin{X,..., Xz} = %pk = [EXy.  for all K > 1; thus, by the result of Hoeffding, we see
that X and Y have the same DF. In fact, this is the unique symmetric RV having the given expected
ranges. Indeed, if Y is any symmetric RV with ER(Y) = pi then, since EYy. , = —EY]. ¢
(by symmetry), we should have p = 2EYy.  forall k > 1.

(iii) For any integrable Y, we can find a symmetric integrable X with the same expected ranges.
Indeed, if px = ERy(Y) for arbitrary Y (not necessarily symmetric) then the sequence pi
satisfies conditions (i)—(iii) of Theorem 4.1. Thus, based on these values py, we can construct X
as in the necessity proof, and this X is symmetric. This fact seems to be quite surprising at
first glance. However, we observe that a DF F is symmetric (i.e. it corresponds to a symmetric
RV X) if and only if F~'(u) = —F~'((1 —u)+), 0 < u < 1, where F~!(r4) denotes
the right-hand limit of F~! at the point r € (0, 1). Using this, it is easy to verify that the
left-continuous inverses of the DFs of X and Y are related through

Felw = 3F ') - F' (1 —wH)1, 0<u< 1. 4.1

We conclude that the RV X, whose distribution inverse is defined by (4.1), is the unique
symmetric RV with the same expected ranges as Y.

Example 4.1. It is well known that the order statistics from the exponential distribution have
means
Lo
EYix= ), - 1=<is<k
j=h—i+1/

and, therefore,

1 1
pk:ERk(Y):E[Yk:k_lek]z1+§+"'+m (p1 = 0).
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From Theorem 4.1 and Remark 4.1, we know that there exists a unique symmetric RV X with
expected ranges pi. Since F~lu) =— log(1 — u), (4.1) shows that

1
F;I(M)ZEIOg(%>, 0O<u< 1,

which corresponds to a logistic RV with mean 0 and variance 772/12. This is in accordance with
the recurrence relation px41 = 1/k + ug, satisfied by the expected maxima of the standard
logistic distribution (with mean 0 and variance 72 /3), first obtained by Shah (1970); see also
Arnold et al. (1992, p. 83).

Example 4.2. The expected ranges of a Bernoulli(p) RV are 1 — p* — (1 — p)*. The same
expected ranges are obtained from a three-valued RV, assigning (equal) probabilities min{p, 1 —
p}at :I:%, and the remaining mass 1 — 2min{p, 1 — p} at 0.

Remark 4.2. If Y is symmetric around its mean u then, obviously, the symmetric RV with
the same expected ranges is X = Y — u. In particular, if Y is uniform(a, b) then X is
uniform(—%(b —a), %(b —a)); if Y is N(u, 02) then X is N(0, 02). However, it should be
noted that there exist nonnormal (nonuniform) RVs with expected ranges like normal (uniform);
see Arnold et al. (1992, pp. 145-146). To highlight the situation, assume that X is N (0, 1)
with density ¢, and let @ be its DF with inverse & ! Let 0 < ¢ < +/27 and define h(u) =
@ '(u) + u(1 — u)e. Then, h € L'(0, 1) and #'(u) = 1/¢(®~ ' (u)) + (1 — 2u)e > 0 for all
u € (0, 1). The fact that h'(u) > 0 is obvious for 0 < u < % and it remains to verify that

£ < ! , =
Qu — (P~ (w)) 2

<u<l.

This is indeed satisfied because

1 1
inf = V2
1/213u<1{ 2u — DG(®(u)) } SUP 2n 1 12— D@ T} = ¥

since

1/2Sl<1114)<1{(2u — 1)(1’(('1)71(14))} = ili%{(%b(x) — Do)} < ili%d,(x) — ﬁ

Defining the RV Y = h(U), where U is uniform(0, 1), we see that FY_1 = h; thus, Y is
nonnormal, and

1 1
]ERk(Y)zkf (u*1 —(l—u)k_l)CD_l(u)du—i—ke/ @ =1 = Hu = u) du
0 0

1
=k/ @ —wHo ') du
0
=ERy(X) forallk > 1.

Similar examples can be found for most RVs. For example, a uniform (0, 1) RV X has the same
expected ranges as a beta(%, 1) RV Y with density fy(y) = (Eﬁ)_ll(O <y<l).

From Remark 4.2, itis clear that, in contrast to the expected maxima sequences, the sequences
of expected ranges are far from characterizing the location family of the distribution.
We summarize these facts in the following theorem.
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Theorem 4.2. (i) A sequence {pi}2 | represents the expected ranges of an integrable RV if and
only if it represents the expected maxima of a symmetric (around 0) integrable RV.

(ii) For every integrable Y, there exists a unique symmetric integrable X with the same expected
ranges as Y; X and Y are related through (4.1).

(iii) The integrable RVs X and Y have the same expected ranges if and only if the (generalized)
inverses F;l and FY_1 of their DFs satisfy

Folw) — Flaw) = Fg' (A —wH) - Fy (A —w+), 0<u <1, 4.2)
i.e. if and only if the function h(u) = F;l (n) — Fy_l (u) is symmetric around %for almost all
ue 0,1).

Proof. (i) and (ii) are discussed in Remark 4.1; note that the symmetric RV X whose expected
maxima are the expected ranges of Y is given by (see (4.1))

Flw)y = F ') - Fp (0 —w+),  0<u <.

To prove (iii), assume first that & := Fy - Fy ! is almost everywhere symmetric around %
Then

1
ERy(X) — ERy(Y) = k/ ' — 1 —w* @) du=0 forallk > 1,
0

because the integrand, g(u) = [ — 1 = w* W), is antisymmetric around % (i.e.
g(1 —u) = —g(u) for almost all u).
Conversely, ER,(X) = ERy(Y) for all k¥ implies that

1 1
f[uk—l—(1_u>k—11[F;‘(u)—F;1<u>]du=/ Wlg)du=0 forallk =1,
0 0

where g(u) = [Fy ') — Fy ' ()] — [Fy '(1 —u) — F; '(1 — w)]. Since g € L'(0,1) and
fol u"gw)du =0forn =0,1,..., it follows that g = 0 almost everywhere in (0, 1). This
means that, for almost all u € (0, 1),

Fel) — Fyluw) = F'(—w) — Fy (L —w),
which, taking left limits to both sides, yields (4.2). Il

Therefore, every ERS is just a translation of an EMS from a symmetric RV (around its mean),
and we can apply Theorem 3.1 to obtain the following characterization.

Theorem 4.3. Let X5 be the class of nondegenerate, integrable RVs that are symmetric around
their means. A sequence {jui )i, is an EMS froman RV X € X if and only if it can be extended
to a function g = Gs() € G* and, furthermore, the (unique) measure (i in the canonical form
of g satisfies

p((0, y) = pn([—log(l —e™),00)), 0<y <oo. (4.3)

If such an extension g exists, it is unique (and it is given by (3.6)).



1164 N. PAPADATOS

Proof. Let ur = ur(X) be the EMS of an RV X € X;. By Theorem 3.1, y; admits
an extension g = Gs(u) € $*. Also, X — u; is symmetric around 0 and, according to
Theorem 4.2(i), px = px — w1 is an ERS. In particular, px = px — w1 satisfies condition
(>iii) of Theoretp 4.1,1e. (U — n1) = lef:l(—l){ (];)(Mj — /%1), k=1,2,.... Subst.ituting
wj— w1 =g —g) = [ig o ho(E™ —e¥)du(y) (j = 1,2, ..., k), we obtain

/ ho((e™ — e ) du(y)
(0,00)

k
Mk .
=Z<—1)-'<.> / ho(y)(e™ —e ) du(y)
=l J/ J(0,00)
=/ hoG)(1 — e — (1 —e My du(y),  k=1.2.....  (44)
(0,00)

Consider the measure v defined by v((0, y]) = u([—log(l —e™7), 00)),0 < y < oo. Clearly,
v # Oisfinite. Changing variables y = — log(1—e™")in (4.4), and since ho(— log(1—e™")) =
ho(w), 0 < w < oo (see (3.2)), we obtain

/ ho(y)(e™ —e  ™ydu(y) = / ho(w)(e™ — e ) dv(w), k=1,2,....
(0,00) (0,00)

4.5)
Setting so(y) = e™”, we see that the function g» = Gy (v) € 4%, and (4.5) shows that
g(k) — go(k) = w1 (constant) for k = 1,2...; hence, u = v (see Lemma 3.2). Therefore,
for all y € (0, 00), u((0, y]) = v((0, y]) = u([—log(l —e™),0)),0 < y < 00, and (4.3)
follows.

Conversely, assume that there exists an extension g = G4(u) € 6* of pi with p satisfy-
ing (4.3). From Theorem 3.1, we see that u, is an EMS and, thus, pr = wr — w1 is also an
EMS. This means that the sequence pi satisfies conditions (i) and (ii) of Theorem 4.1 (or of
Theorem 1.2). Moreover,

k k k k .
Z(—D-’( .)pj = Z(—l)’( >/ ho(y)(e™ —e™/Y)du(y)
i J = J/ J0,00)
= f ho)(1 —e™ — (1 —e ) duy), k=1,2,....
(0,00)

Substituting y = —log(1 — e~ ") in the last integral, and in view of (4.3), it is easily seen that
this integral is equal to pi, and we conclude that condition (iii) of Theorem 4.1 is also satisfied
by pk. Thus, p is an ERS and, therefore, it is an EMS from a (unique) symmetric (around 0)
RV Y (see Theorem 4.2(1)); i.e. wx = w1 + pr is the EMS of X = uj + Y, which is symmetric
around its mean p1.

Uniqueness follows from Lemma 3.2. 0

Corollary 4.1. A sequence {p}72 , is an ERS of a nondegenerate RV if and only if p1 = 0 and
there exists an extension g = Gs(u) € $* of px such that the measure | satisfies (4.3).
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Corollary 4.2. Assume that the function g admits an integral representation of the form (3.10)
with hy satisfying (3.9); i.e. g = I;(h1) € {. Then:

(1) the sequence i = g(k) is an EMS of a symmetric (around its mean) nondegenerate RV
if and only if

hi(—log(l —e™)) = (¢’ — Dhi(y) foralmostall y € (0, c0); (4.6)

(ii) the sequence py = g(k) is an ERS of a nondegenerate RV if and only if p1 = 0 and (4.6)
is satisfied.

Proof. The assumption on g implies that g € 4 € §* and, thus, g = G(w) for a unique
u # 0 (see Lemmas 3.1 and 3.3 and Corollary 3.1). From (3.9), we see that u is absolutely
continuous with respect to the Lebesgue measure on (0, co), with Radon—Nikodym derivative
hy = h1/ho (where ho(y) =¢e¥/(1 —e™?); see (3.2)). Moreover, if v is the measure defined
by v((0, y]) = u([—log(1—e™), >0)),0 < y < o0, then v is also absolutely continuous with
respect to the Lebesgue measure, since

o0
v((0, y]) = u([—log(1 —e™Y),00)) = / hy(x)dx, 0<y<oo.
—log(l—e™Y)

From this expression, it follows that a Radon—Nikodym derivative of v is given by

dv(y) e’ —y
=% :1_—Whﬂ(—log(l—e M, 0<y<oo.
Since u = v if and only if &, = k), almost everywhere (a.e.) in (0, 00), we conclude that (4.3)
is equivalent to (4.6). The result follows from Theorems 4.3 and 4.2(i). O

Example 4.3. If H is the harmonic number function then g(x) := H(x 4+ ¢) = I;(h1)(x)
(c > —2), where h1(y) = e~ “tDy/(1 —e™) and s(y) = e%; see (3.18). It is easily seen
that (4.6) reduces to (¥ — 1)“t! = 1 a.e., and, thus, it is satisfied if and only if ¢ = —1. This
shows that the only symmetric RV in this family is the logistic, completing both Examples 3.3
and 4.1.

Example 4.4. For g(x) := log(x +c¢) = I;(h)(x) (c > —1), hi(y) = e Y /y,and s(y) =
e(=Dy; see (3.17). Hence, (4.6) is written as (e” — 1)1 = —log(l —e™¥)/y a.e. and,
obviously, this identity cannot be fulfilled (by any value of ¢ > —1). Hence, all EMSs of
Example 3.2 correspond to asymmetric RVs.

Example 4.5. For g(x) := (x +¢)? = I;(h1)(x) (c = —1,0 € (0, 1)), h1(y) = Boe~ < /y'H?
and s(y) = e, where By > 0 is a constant; see (3.16). Therefore, (4.6) is now reduced to the
identity (¢ — 1)~ = (—log(1 —e™)/y)'*? a.e. Obviously, this is impossible (for all values
ofc > —1and 8 € (0, 1)). Hence, all EMSs of Example 3.1 correspond to asymmetric RVs.

Example 4.6. For g(x) :=1—1/(x +¢) = I;(h))(x) (¢ > —1), h1(y) = e < and s(y) =
e~ DY Therefore, (4.6) is now reduced to the identity (¢ — 1)°~! = 1 a.e. Obviously, this
identity is satisfied if and only if ¢ = 1 (which corresponds to a standard uniform RV). Hence,
{g(k) },fi] is an EMS forevery ¢ > —1 (Theorem 3.2), but the corresponding RV is asymmetric,
unless ¢ = 1. Using (3.13), it is recognized that ¢ = 0 corresponds to the RV 1 — Y, with ¥
being a standard exponential.
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