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1 Introduction

Karl Pearson (1895), in the context of fitting curves to real data, introduced his famous
family of frequency curves by means of the differential equation

fx) _ pi(x)

fx) pa(x)’

where f is the probability density and p; is a polynomial in x of degree at most i, i = 1,2.
Since then, a vast bibliography has been developed regarding the properties of Pearson
distributions. The original classification given by Pearson contains twelve types (I-XII),
although this numbering system does not have a clear systematic basis; Johnson et al.
(1994), p. 16. Craig (1936) proposed a new exposition and chart for Pearson curves;
however, a more reasonable and convenient classification is included in a review paper by
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Diaconis and Zabell (1991). Extensions to discrete distributions have been introduced by
Ord (1967) and an extensive review can be found in Ord (1972), Chapter 1.

In this paper we present and review a number of properties satisfied by the distributions
of the Pearson family and the associated Rodrigues polynomials, the polynomials that are
produced by a Rodrigues-type formula. Our main focus is on a suitable subset of Pearson
distributions, the Integrated Pearson Family, because this class subsumes all interesting
properties related to the associated orthogonal polynomial systems. For example, it will
be shown in Section 4 that orthogonality of Rodrigues polynomials with respect to an
ordinary Pearson density f results to an equivalent definition of the integrated Pearson
system. This consideration entails an alternative classification of (integrated) Pearson
distributions, which is essentially the one given in Diaconis and Zabell (1991).

In the context of deriving variance bounds for functions of random variables, Afendras
et al. (2007, 2011) and Afendras and Papadatos (2011) have made use of the following
definition, which provides the main framework of the present article.

DEFINITION 1.1 (Integrated Pearson Family). Let X be an absolutely continuous random
variable with density f and finite mean u = [EX. We say that X (or its density) belongs
to the integrated Pearson family (or integrated Pearson system) if there exists a quadratic
polynomial g(x) = 8x> 4 Bx+ v (with 8,8,y € R, |8| + |B| + |7| > 0) such that

/x (1 —1)F(t)dt = q(x) £(x) for all x € R. (L.1)

—o0

This fact will be denoted by X ~ IP(u;q) or f ~ IP(u;q) or, more explicitly, X or f ~
IP(u;6,B,7).

Despite the fact that the integrated Pearson family is quite restricted, compared to the
usual Pearson system — see Proposition 2.1(iii), below — we believe that the reader will
find here some interesting observations that are worth to be highlighted. The integrated
Pearson system satisfies many interesting properties, like recurrences on moments and on
Rodrigues polynomials, covariance identities, closeness of each type under particularly
useful transformations etc.; such properties are by far more complicated (if they are, at
all, true) for distributions outside the Integrated Pearson system. These features should be
combined with the fact that the Rodrigues polynomials form an orthogonal system for the
corresponding Pearson density if and only if the density belongs to the Integrated Pearson
family. In other words, the Rodrigues polynomials and, consequently, the ordinary Pear-
son densities, are useful only if they are considered in the framework of the Integrated
Pearson system. To our knowledge, these facts have not been written explicitly elsewhere.

The paper is organized as follows: In Section 2 we provide a detailed classification of
the integrated Pearson family. It turns out that, up to an affine transformation, there are
six different types of densities, included in Table 2.1. We also provide conditions guar-
anteeing the existence of moments, and we give recurrences as long as these moments
exist. In Section 3, a detailed comparison between the integrated Pearson family and the
ordinary Pearson system is presented. Interestingly enough, there exist a simple algorithm
that enables one to decide whether a given ordinary Pearson density belongs to the in-
tegrated system, or not. In Section 4, exploiting a result of Diaconis and Zabell (1991),
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we show that (under natural moment conditions) the first three Rodrigues polynomials (of
degree 0, 1 and 2) are orthogonal with respect to an ordinary Pearson density if and only
if this density belongs to the integrated Pearson system. Finally, in Section 5/ we provide
recurrences between the orthonormal polynomials and their derivatives; in fact, the deriv-
atives themselves are orthogonal polynomials with respect to other integrating Pearson
densities, having the same quadratic polynomial, up to a scalar multiple. Although we do
not include any specific applications of these results here, we notice that such recurrences
are particularly useful in obtaining Fourier expansions of the derivatives of a function of
a Pearson variate. The main result of Section 5 is given by Corollary 5.4. It provides an
explicit relation (in terms of i and g) between the m-th derivative of an orthonormal poly-
nomial of degree k > m and the corresponding orthonormal polynomial of degree k — m.
That is, it relates the orthonormal polynomial system, associated with some f ~ IP(u;q),
to the corresponding orthonormal polynomial system associated with the ‘target’ density
Jmo<q"f.

In the sequel and elsewhere in this article, X ~ IP(u; 0, B,7) means that X has finite
mean U, and that X admits a density f (w.r.t. Lebesgue measure on R) such that (1.1) is
fulfilled. Define the open (bounded or unbounded) interval

J=J(X) := (essinf(X), esssup(X)). (1.2)

If F is the distribution function of X then J = (o, @r) = (@, ®), say, where o := inf{x:
F(x) > 0}, op := sup{x: F(x) < 1}. Itis clear that (1.1) takes the form 0 = 0 whenever
x = p is a zero of ¢ that lies outside the interval (o, ®); thus, f(p) may assume any value
in this case. However, in order to be specific, we can redefine f(p) = 0 at such points p,
if any, without any loss of generality. Therefore, we shall use this convention through the
whole article without any further reference to it.

2 A complete classification of the Integrated Pearson family

We show in this section that the Integrated Pearson family contains six different types
of distributions. These are classified in terms of the corresponding quadratic polynomial
g(x) = 8x*> + Bx+ ¥ and its discriminant A = 8% — 437 as follows: Type 1 (Normal-
type, 6 = B = 0); type 2 (Gamma-type, 6 = 0, B # 0); type 3 (Beta-type, 6 < 0); type
4 (Student-type, & > 0, A < 0); type 5 (Reciprocal Gamma-type, § > 0, A = 0); type 6
(Snedecor-type, 6 > 0, A > 0). The first three types (with 6 < 0) consist of the well-known
Normal, Gamma and Beta random variables and their linear transformations; the last three
types (with 6 > 0) consist of some less familiar distributions (see Table 2.1, below); they
have finite moments up to order 1+ — & (for any & > 0) while E[X|'*!/® = co. The
proposed classification is very similar to the one given by Diaconis and Zabell (1991),
Table 2 and pp. 294-296.
We start with an easily verified proposition.

PROPOSITION 2.1. Let X ~IP(u;q) and set J = (¢, ) = (essinf(X), esssup(X)). Then,

(i) f(x) is strictly positive for x in J and zero otherwise, i.e., {x: f(x) >0} = J;
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(il) f € C=(J), thatis, f has derivatives of any order in J;
(iii) X is a (usual) Pearson random variable supported in J;

(iv) g(x) = 86x*+Bx+y>0forallx € J;

(v) if @ > —eo then g(o) = 0 and, similarly, if @ < +oo then g(®) = 0;

(vi) for any 6,c € R with 8 # 0, the random variable X := 60X + ¢ ~ IP(fi;g) with
i = 11+ c and G(x) = 6%g((x—c)/0).

Proof. By (1.1), x — g(x)f(x) is continuous. On the other hand, from the definition
of J = (ar,0r) = (a,w) it follows that ¢(x)f(x) must vanish for all x < a (if any)
and for all x > @ (if any). Also, it must be strictly positive for x € J. Indeed, if x €
(1, @) then g(x)f(x) = [7(t —u)f(1)dr > (x —pu)(1 = F(x)) > 0; if x € (o, u) then
g0 f(x) = [5 (1 — 1) f(1)dt > (1 — X)F(x) > 0; finally, q(u) (1) = JEIX — | > 0.
Thus, g(x)f(x) > 0 for all x € (¢, ®). Since ¢ is continuous and has no roots in J it fol-
lows that both ¢(x) and f(x) are strictly positive (and continuous) in J. The vanishing of
qf outside J shows that f(x) = 0 for all x ¢ J, with the possible exception at the points
x ¢ J which are real roots of g. Clearly, if p € R\ (o, ®) is a zero of ¢ we can redefine
f(p) =0, if necessary, so that (i) and (iv) follow. On the other hand, f : (¢, ®) — (0,00)
is C*(J). Indeed, writing p;(x) = 4 —x — ¢’'(x) (a polynomial of degree at most one) we
see from (1.1) that f : J — (0,00) is continuous and thus,

pi(x) f) _p-x—q
400 - 4

This proves (iii). Moreover, (2.1) shows that f’ is continuous in J and, inductively, that
f("+1) : J — R is continuous, since for x € J,

fm+n(w:=ii(ﬁ)f@kx)(pl@j>mﬂ, n=0,1,2,....

=0 \J q(x)

f(x) = f(x) or, equivalently, , xX€J. 2.1

Now (vi) is straightforward and it remains to show (v). To this end, assume that @ < co.
Since g(®) = lim, ~,q(x) and g(x) > 0 for x in a left neighborhood of , it follows that
q(®) > 0. Assume now that g(®) > 0 and define

A= inf {g(x)} >0, Ay:= sup |[u—x—g'(x)| <ee.

xe(p, 0] e[, o)

Then, for all x € [,u

u—t—q(t) |.U—f— /“”H—f—q/(f)’ )
< B g < (00— )= < oo
‘ / u q(t) ( “)M

Setting A := (0 — u)l—2 < o and observing that

In f(x) fj +/‘“*‘ ar, xe[u,0),
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we have

I f()] < [Inf()|+A:=c <o, p<x< 0.

Therefore, there exist constants ¢, ¢, such that 0 < ¢} < f(x) < ¢ < oo forall x € [, ®).
Thus,
1 ()
o) = lim leim—/ t— t)dr =0,
(@) = Jim g(x) = lim Zo [ /)

which contradicts the assumption g(®) > 0. The case & > —oo is reduced to the case
@ < oo if we consider the random variable X = —X with mean L = —u and support
J(X) = (a,0) = (—m,—a). According to (vi), its density f satisfies (1.1) with quadratic
polynomial g(x) = g(—x). Thus, if & > —eo then @ < e and g(&t) = g(—t) = g(®) =
0. [

COROLLARY 2.1. Let X ~IP(u;q) and assume that @ = essinf(X) and @ = esssup(X)
are the lower and upper endpoints of the distribution function of X. Then, the support
of X (or of its density f) S(f) = S(X) := {x: f(x) > 0}, equals to the open interval
J=J(X) = (a0, ). This interval support has the following two properties:

(i) JC ST (g) :={x:¢(x) >0} and

(i) J is a maximal open interval contained in S*(g), i.e., for any open interval J C $*(g)
it is true that either J C Jor JNJ = &.

In other words, the support J of X can be taken to be an open interval that coincides
to some connected component of the open set {x : g(x) > 0}. Since ¢ is a polynomial
of degree at most two, it is clear that the set {x : g(x) > 0} has at most two connected
components. For example, if ¢(x) = x? then either J = (—o0,0) or J = (0,0); if g(x) =
x? — 1 then either J = (—oo, —1) orJ = (1,00); if g(x) = 1 —x* then J = (—1,1); if g(x) = x
then J = (0,00); if g(x) = 1 +x% or g(x) = 1 then J = R. Since, however, EX = p € J,
any particular choice of u € {x: g(x) > 0} characterizes the support J of X. We say that
q(x) = 8x* + Bx + v is admissible if there exists g € R such that u € {x: g(x) > 0};
thus, {x: g(x) > 0} # @ whenever ¢ is admissible. In the sequel we shall show that
for any admissible choice of g and for any u € {x: g(x) > 0} there exists an absolutely
continuous random variable X with density f such that EX = pu and (1.1) is fulfilled.
Moreover, it will become clear that f is characterized by the pair (u;q). Therefore, the
notation X ~ IP(u;q) or, equivalently, f ~ IP(u;q), has a well-defined meaning.

The proposed classification distinguishes between the cases d =0, § < 0 and § > 0,
as follows:

2.1 Thecased =0

We have to further distinguish between the cases f =0 and 8 # 0.
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2.1.1 The subcase 6 =0, =0
Since ¢(x) = y and ¢ is admissible we must have y > 0. Therefore, J(X) = R. Fixing
U € R and solving the differential equation (2.1) we get
1 _ (X—zl;)z c R
/27[’)/6 9 X )

fx) =

ie. X ~N(u,0?) with 62 =7.

2.1.2  The subcase 6 =0, B #0

Assume that g(x) = Bx+ y with B # 0 and fix a number u € {x: g(x) > 0}; that is,
q(u) = Bu+7y> 0. According to Proposition 2.1(vi) we may further assume that § > 0,
Y=0and u > O; otherwise, it suffices to consider the random variable X = % (X+ %) with

g(x) =|Blxand EX = i = %(u + %) = % > 0 since g(p) > 0. Now, since g(x) = Bx
with B > 0 we must have J(X) = (0, ). Fixing u > 0 and solving the differential equation

(2.1) we get
flx)= —(I/B)H/ﬁxﬂ/ﬁfle*x/ﬁ, x> 0.
Ir'(u/B)
Thatis, X ~ I'(a,A) witha=u/B >0and A = 1/B > 0. Hence, a linear non-constant ¢
corresponds to a linear transformation, X = 60X + ¢, 6 # 0, of a Gamma random variable
X, 1.e., to Gamma-type distributions.

2.2 Thecased <0

Since 6 < 0 and {x: g(x) > 0} must contain some interval it follows that the discriminant
B? — 487y of g must be strictly positive. If p; < p, are the real roots of g we can write
q(x) = 8(x — p1)(x — p2) so that the support of X is the finite interval J(X) = (p1,p2)-
Now we show that for any choice of i € (py,p) there exist a (unique) random variable X
with X ~ IP(u;¢q). To this end, it suffices to examine the particular case g(x) = —dx(1 —x)
and 0 < u < 1; the general case is reduced to the particular one if we consider the random
variable X = (X — p;)/(p2 — p1). Fixing p € (0,1), g(x) = —8x(1 — x) and solving the
differential equation (2.1) on J(X) = (0,1) we get
_ ! —u/6-1(1 _ )-(1-p)/5-1
f(x) B(—u/5,—(1—u)/3)x (1—x) , O<x<1,

that is, X ~ B(a,b) with a=u/|6| >0, b= (1 —pu)/|6| > 0. It follows that the case
0 < 0 corresponds to a linear transformation of a Beta random variable, the Beta-type
distributions.

2.3 Thecased >0

We have to further distinguish between the cases where the discriminant A = 2 — 487 is
positive, zero or negative.
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2.3.1 The subcase 6 >0, A< 0

Since ¢ has no real roots, J(X) = R. Thus, p € R can take any arbitrary value. Also, ¢
has the form g(x) = 8(x—¢)?+6 with § >0, 8 > 0 and ¢ € R. Without loss of generality
we further assume that ¢ = 0; otherwise we can consider the random variable X=X—c.
Fixing i € R, g(x) = 6x*> + 6 and solving (2.1) one finds that

X) = mexp <\/‘L;_9tan_l(x\/5/_9)) , xeR.
The normalizing constant C = Cy, (8, 0) can be calculated explicitly when u = 0:
r(1+1/(28))V861+1/8
F2+1/@8)Va
Therefore, the quadratic polynomial g(x) = 8(x —c¢)?+ 6 with § > 0 and 6 > 0 cor-

responds to Student-type distributions centered at ¢, provided that u = c; otherwise, i.e.,
when U # c, it corresponds to some asymmetric, say skew Student-type, distributions.

Co(0,0) =

2.3.2 The subcase 6 >0, A=0

Since ¢ has a unique real root at p = —f/(28), it follows that g(x) = &(x — p)? and,
therefore, the support J(X) is either (—oo,p) or (p,e0), according to u < p or L > p,
respectively. Without loss of generality we may assume that g(x) = 8x> with § > 0 and
u > 0; otherwise, it suffices to consider the random variable X = ﬁ—:g‘(X —p). Now,
setting J(X) = (0,0), g(x) = 8x* (6 > 0) and u > 0 in eq. (2.1) we get the solution

24
f(x) — mxfaflefl/x,

where A = u/8 >0anda=1+1/8 > 1. Observing that 1/X ~ I"(a,A) it follows that
the case 6 > 0, A = 0 corresponds to Reciprocal Gamma-type distributions.

x>0,

2.3.3 The subcase 6 >0, A>0

Assuming that p; < p, are the roots of ¢ we can write g(x) = d(x — p;)(x — p2) and
the support J(X) has to be either (—eo,p;) or (pz,0), according to < p; or u > p,
respectively. By considering the random variable X = —(X —p1) when u < p; and the
random variable X = X — p, when p > p; it is easily seen that both cases reduce to fi > 0,
J(X) = (0,0) and g(x) = 8x(x+ 6) with § > 0 and & = po — p; > 0. Thus, there is no
loss of generality in assuming p > 0, J(X) = (0,e0) and g(x) = dx(x+ 6) with § > 0 and
0 > 0. Then, (2.1) yields

1

flx)= B(a.b) 0" 1 (x+6) %" x>0,

witha =1+ % >1land b= ;—9 > 0. Equivalently, )% ~ B(a,b). It follows that the case
0 >0, A > 0 corresponds to Snedecor-type distributions.

All the above possibilities are summarized in Table 2.1, below; compare with Table 2,
p. 296, in Diaconis and Zabell (1991).
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TABLE 2.1: Densities of the Integrated Pearson family IP(u; 8, ,7) =IP(u;q).*

type . density f(x) support q(x) parameters mean [ classification
usual notation rule
1. Normal-typ _Gew)?
o“m:m \WMM &2) q,vm\am 207 R o? y=02>0 peER §=B=0
2. Gamma-type 2% ael —dx (0, 4) by 150 a <0 50,840
XZNJAQ“»\V NJAQV.X. e ) N\ Qv y( - ’
3. Beta-type w11y x(1—x) a —1
0,1 ,b>0 0 d= 0
X ~ B(a,b) B(ab) (0.1) atb “b= atb ath "
ptan— ! (r/57)
4. Student-type QQGA N v ’ ’ 6>0
R Ox~+ 6,y>0 eR 2
! (5:24y)17 25 4 4 H B* <4sy
s§=-L>0
5. Reciprocal 29 a1 2 x A B> =44
g 0, +oo >1L,A>0 0 14
Gamma-type r@* ¢ (0, 4) a—1 “ - a1 +~I(a,A)
§=-1>0
6. Snedecor-type 04 b1 b - x(x+6) a>1, b6 B2 > 48y
; Bap* (r+0) Ol = b0>0 =170 e b

* A random variable X belongs to the Integrated Pearson family if and only if there exist constants ¢; # 0 and ¢, € R such that the density of X = c1X + ¢ is contained in the table.

Hmo:_v_msm:mtﬂomsamﬂ 1 Hm%m:k)%:.

n—1

2 C=Cu(8,7) > 0. with Co(8,7) =T (14 35) /875 /T (1 + %) V.

3Forn>0,m>2andifa="2b="260="then X ~ Fy .
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REMARK 2.1. Since

)exp (%ytan“(x\/%/)) ) iexp( tan~ x\/ﬂ)

24yt A Gegys

(1 —x

it follows that [EX = u for the Student-type densities (type 4), while for all other cases it
is evident to check that the mean is as displayed in Table 2.1. Next, it is easily verified
that the densities of Table 2.1 satisfy the assumptions (B) of Proposition 3.3, below, with
u=EX, pa(x) = g(x) and p;(x) = g —x —¢'(x), where p and ¢ are as in the Table.
Hence, according to Proposition 3.3, all these densities are, indeed, integrated Pearson.

COROLLARY 2.2. Assume that X ~ IP(u;6,f,7).
(a) If 6 < 0 then E|X|% < o for any a € [0,).
(b) If § > 0 then E|X|* < oo for any o € [0,1+1/8), while E|X |1/ = co,

Proof. 1f X ~1P(u;8,,7) then we can find constants ¢; # 0 and ¢; € R such that the
density of )g = ciX+c is contained in Table 2.1. Then, according to Proposition 2.1(v1),

X ~1IP([i;8,,7) with § = 8. The assertion follows from the fact that E|X|* < co if and
only if E|c;X + c2|* < eo. O

Next, we shall obtain a recurrence for the moments and the central moments of a
random variable X ~ IP(u;g). To this end we first prove a simple lemma.

LEMMA 2.1. If X ~ IP([.L 0,[,7) has support J(X) = (o, w) and E|X|" < oo for some
n>1 (thatis, § < )then

lim 3*q(x)£(6) = lim x*g(x) () =0, k=0.1.....n—1, (2.2)

and, in general, for any ¢ € R,

lim (x — ¢)fq(x)f(x) = lim (x—¢)*q(x)f(x) =0, k=0,1,...,n—1. (2.3)
x/' @ N\,
Proof. Since x*q(x)f(x) = x* [ (u —1)f(t)dt, & < x < @, the second limit in (2.2) is
trivial whenever o > —oo and the first one is trivial whenever @ < oo. If @ = o= it suffices
to verify the first limit in (2.2) only when k =n —1 and n > 2 (because the case k =0
is obvious); then, since ¢(x)f(x) is eventually decreasing we have that for large enough
x>0,

N - (I’l— 1)2n71
x lq(X)f(x)—CI(x)f(x)ﬁ /2

(n_1>2n71 * n—2
S o1 x/2t q(t)f(t)dt

(n—1)271 e
= on—1_1 /2

2dr

" 2q(t)f(t)dt — 0, asx — oo,
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because deg(q) < 2 and, by assumption, Eg(X)|X |"~2 < oo. The case &t = —oo is translated

to the previous one by considering the random variable X = —X with density f(x) =

f(—=x), quadratic polynomial g(x) = g(—x) and support J X) = (0,0) = (—w,—0) =
(—m, ). Then E|X|" = E|X|" < o and

lim g (x) f(x) = (=1)* lim 2q(—x) f(=x) = (=1)* lim () f(x) = 0

X——o0 X—o0 X—00

for all k € {0,1,...,n—1}. Now it suffices to observe that all limits in (2.3) are linear
combinations of limits in (2.2). Indeed, the first limit in (2.3) is

lim, 7 (x = €)*q(x) F(x) = Lo (§) (=) lim, o ¥ g(x) £ (x) = 0
and, similarly, the second limit in (2.3) is

lime g (x — ¢)¥q(x) £(x) = T o () (—e)*Tlimy o x'g(x) £ (x) = 0. O

LEMMA 2.2. If X ~IP(u;8,,7) and E[X|" < oo for some n > 2 (that is, § < 1) then
for any ¢ € R, the central moments about c satisfy the recurrence

k1 _ (B —ctkq' (€)EX —c)f + kg(c)E(X — )
B 1—k§ ’ (2.4)

FE(X —c)

with initial conditions E(X —¢)° = 1, E(X —¢)! =  — ¢, where g(c) = 8¢ + Bc+7,
q'(c) =28c+ B. In particular,

(1) the usual moments (¢ = 0) satisfy the recurrence

U4 kB)EXK 4 kyEX*!

]EXk+1 _ (
1—ko

Ck=1,2,....n—1, 2.5)

with initial conditions EX? = 1 and EX! = pu;
(i1) the central moments (¢ = u) satisfy the recurrence

/ o k o k—1
w1 _ KOWEX —p) +kqEX - )7 o 26)

with initial conditions E(X — ) = 1 and E(X —u)! =0.
Proof. If J(X) = (o, ) is the support of X and k € {1,2,...,n— 1} then we have
E(X —o)"' =E[((h—c) — (0 —X))(X )]

— (- EX o) — | (x— ) (1 —x)f)dx.

o
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Using (2.3) and the fact that ¢(X) = §(X —¢)? 4+ ¢'(c)(X — ¢) 4+ g(c) we see that

- / “(— o) (-0 f () = - / (0= O (a0 ()

= —(x = 0)q(0) (x| +kEq(X) (X — )
= kSE(X — o) + kg (¢)B(X — c)F + kg(c)E(X —c)*~ 1.

Therefore,

(1—k8)EX — ) = (u—c+kq'(c)) E(X — ) + kg(c) E(XX — ),
k=1,2,....,n—1,

and, since the initial conditions are obvious, (2.4) follows. ]

3 Comparison with the ordinary Pearson system

The ordinary Pearson family consists of absolutely continuous random variables X sup-
ported in some (open) interval (o, @), such that their density f, which is assumed strictly
positive and differentiable in (&, @), satisfies the Pearson differential equation

f'x) _ pix)

fx) pa(x)

where p; is a polynomial of degree at most one and p, is a polynomial of degree at
most two. Since we can multiply the nominator and the denominator of (3.1) by the
same nonzero constant, it is usually assumed, for convenience, that p; is a monic linear
polynomial of degree one, e.g., pj(x) = x+ ap. Although this restriction specifies both
p1 and p, whenever pp is non-constant, it is not satisfactory for our purposes because it
eliminates all rectangular (uniform over some interval) distributions and several B(a,b)
densities (those with a + b = 2) — see Table 2.1, above. Therefore, when we say that a
function f satisfies the Pearson differential equation (3.1) it will be assumed that p; is
any polynomial of degree at most one (the cases p; = 0 and p; = ¢ # 0 are allowed) and
p2 # 0 is any polynomial of degree at most two. Note that common zeros of p; and p;
are allowed inside the interval (o, ®). Also, it may happen that p; and p, have common
zeros outside the interval (o, ®); this is the case of an exponential density.

Clearly, the ordinary Pearson family contains some random variables whose expecta-
tion does not exist, e.g., Cauchy. Sometimes it is asserted that, under finiteness of the first
moment, (1.1) and (3.1)) are equivalent — see, e.g., Korwar (1991), pp. 292-293. However,
this is true only in particular cases, i.e. when we have made the ‘correct’ choice of p; and
provided that a solution f of (3.1) is considered in a maximal subinterval of the support of
P2, {x: p2(x) # 0}. The following algorithmic procedure will always decides correctly if
a given Pearson density belongs to the Integrated Pearson family. The algorithm makes a
correct choice of pj, if it exists, as follows:

, o< x< o, (3.1)



12 G. AFENDRAS, N. PAPADATOS

The Integrated Pearson Algorithm

Step 0. Assume that a Pearson density f with finite (unknown) mean and (known) support
S(f)={x: f(x) >0} = (a, w) satisfies f'/f = p1/p> for given (real) polynomials
P1, p2 (with pp # 0), of degree at most one and two, respectively.

Step 1. Cancel the common factors of p; and py, if any. Then the resulting polynomials,

il B ), have become irreducible — they do not have any common zeros in

say pll and pz1
C. In case p; = 0 it suffices to define ﬁll) =0, ;3(21) =1.

Step 2. If o > —oo and 13421) (o) # 0 then multiply both 13411) and ﬁzl) by x — o and name
~(2) ~2)

the resulting polynomials P12 and 1922 ; otherwise (i.e. if either @ = —co Oor @@ > —o0

and [7{2])(05) = 0) set [7?) = f)ﬁl) and ﬁ{zz) = [7{2]).

Step 3. If @ < oo and 13422) (w) # 0 then multiply both [7{12) and [7{22) by ® — x and name
the resulting polynomials p; and p»; otherwise (i.e. if either @ = oo or @ < o and

13é2)(w) =0) set p; = 13{12) and p, = 13{22).

Step 4. If the resulting polynomials p; and p; satisfy the conditions deg(p;) < 1 and
deg(p2) < 2 then p; is a correct choice and f ~ IP(u;q) with g(x) = Opa(x) for
some 6 # 0; otherwise the given density f does not belong to the Integrated Pearson
system.

It is clear that the above procedure starts with the equation f’/f = p1/p> and, at
Step 3, it produces two new (real) polynomials py, pa, of degree at most three and four,
respectively, such that f//f = p1/p,. Moreover, the polynomial p, satisfies the relations
p2(a) =0if a > —oo, pr(@) =0if ® < e and py(x) # O for all x € (o, ). Furthermore,
because of Step 1, the polynomials p;(z) and py(z) cannot have any common zeros in
C~{o,w}.

The algorithm guarantees that we have chosen a correct p; in each case where such a
p> exists. For example, the standard exponential density,

fx)=e" x>0,

satisfies (3.1) when (p1,p2) = (—1,1), when (p1,p2) = (—x,x) and when (py,p2) =
(—x—1,x+ 1); the correct choice is the second one. The standard uniform density,

fx)=1, 0<x<1,

satisfies (3.1) for p; = 0 and for any p;, (with no roots in (0, 1)), and the correct choice is
p2 = x(1 —x). The power density,

flx)=2x, 0<x<1,
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satisfies (3.1) with (py, p2) = (2 —x,x(2 —x)) and the correct choice arises when we mul-
tiply both polynomials by (1 —x)/(2 — x), thatis, (p1,p2) = (1 —x,x(1 —x)). The Pareto

density,
2
= x>0
satisfies (3.1) when (p1,p2) = (=3,x+ 1), when (py,p2) = (—3x,x(x+ 1)) and when
(p1,p2) = (=3(x+1),(x+ 1)?); the correct choice is the second one. The half-Normal

density,

satisfies (3.1) in its interval support (¢, ®) = (0,00), although it does not satisfy (1.1) —
there not exists a correct choice for p;. A more natural example is as follows: Consider
the density

f(x) < 0<x<®
X) = —, x :
V14x2
where C = C(a, ®) > 0 is the normalizing constant. This density satisfies, in any finite
interval (&, @), the Pearson differential equation (3.1) with p; = —x, pp = 1 +x2, while

its integral over unbounded intervals diverges. This density does not fulfill (1.1) and thus,
it does not belong to the Integrated Pearson family — again there does not exist a correct
choice for p;.

The algorithm is justified because of the following propositions.

PROPOSITION 3.1. Let X ~ f and assume that the density f satisfies the assumptions of
Step 0. If X ~ IP(u;q) then the polynomials p; and p, of Step 3 are of degree at most one
and two, respectively, and g(x) = 6 p,(x) for some 6 # 0.

Proof. Since X is Integrated Pearson, Y = AX + ¢ is also Integrated Pearson for all A #
0 and ¢ € R; see Proposition 2.1(vi). Also, its density fy(x) = \71L_| f(*7°) satisfies, by
assumption, the differential equation

fr(x) _ pi(x) ~ cp Y ~ (XTC) 2~ (XTC

L= xe(a,m), withp,(x)=Ap;|—— ), po(x) =A"p> ,

= Ay T€@0 () =), A ,L
where (o, 0) = (A +c,Aw+c¢) or (Aw+c,Aa+c), according to A >0 or A <0,
respectively. It is easily shown that the new polynomials p1, p> (those that the algorithm
produces at Step 3 for f) are related to the corresponding polynomials p{ , pg (those that
the algorithm produces at Step 3 for fy) by the relationships

p{(X)Zlm( - ) pg(X)Zl“pz( - )

for some i € {1,2,3}. Therefore, it suffices to show that deg(p!) < i, i = 1,2, and that
the quadratic polynomial gy (x) = lzq(’%) of Y is related to p} through gy (x) = 0p¥ (x)
for some 6 # 0. Thus, without any loss of generality we may assume that f is one of the
densities given in Table 2.1.
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Now observe that (py, p») is always irreducible for types 1,4,5 (Normal-type, Student-
type, Reciprocal Gamma-type) with deg(p;) = 1 for all types 1,4,5, while deg(p>) =0
for type 1 and deg(p>) = 2 for types 4 and 5. Since the corresponding supports are R, R
and (0,0), respectively, and since in type 5, p>(x) = 6x? for some 0 # 0, it follows that
(p1,p2) = (P1,P2), g = O py for some 6 # 0, and the assertion follows.

For types 2,3 and 6 (Gamma-type, Beta-type and Snedecor-type) the irreducibility of
p1 and py depends on the parameters. Let us see these cases separately.

If f~I(a,A)witha## 1 (a>0,A>0)then p; =0(a—1—Ax) and p, = Ox for some
0 # 0, so that py, p, are irreducible with degree one. It follows that p; = p;, deg(p;) = 1
(i=1,2)and )

x  pax
If f ~T'(1,A) (A > 0) then all possible choices for (p1, p2) are given by p; = —A10(x+c¢)
and py = 0(x+c) for 8 # 0, ¢ € R. Therefore, Step 3 yields (p1, p2) = (—A6x, 6x) and,
thus, deg(p;) =1 (i = 1,2) and

If f is of type 6 and b # 1 then
(p1(x), p2(x)) = (c((b—1) — (a+ 1)x),cx(x+ 6)) for some ¢ # 0;

here the parameters are a,b,0 with a > 1, b > 0 and 6 > 0. It follows that (p1,p2) =
(P1:p2), deg(p:;) =i (i=1,2) and

i+0) p()
a—1 (a—1)c

q(x)

If f is of type 6 with b = 1 then all possible choices for (py, p2) are given by
p1(x) =—c(a+1)(x+7) and py(x) = c(x+ 6)(x+ y) for some c # 0, y € R.

Therefore, Step 3 yields (p1, p2) = (—c(a+ 1)x,cx(x+ 6)) and, thus, deg(p;) =i (i=1,2)

and
_x(x+6) )
qx) = a—1  (a—1)c

Finally, let f be of type 3 (Beta-type), that is, f ~ B(a,b) with a,b > 0. If a # 1 and
b # 1 it is easily shown that

(P1(x), pa(x)) = (6(a — 1= (a+b—2)x),0x(1 —x)) (6 #0)

are irreducible, so that (py, p2) = (p1,p2), deg(p;) =i (i =1,2) and

(x) _ x(l —)C) _ pZ(x)
a+b (a+b)6
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If a =1, b # 1, the most general form of (pi, p») is given by
(p1(x),p2(x)) =(=(b—1)0(x+¢),0(1 —x)(x+¢)), where 8 #0, c € R.

Therefore, Step 3 yields (py,p2) = (—(b—1)6x,0x(1 —x)) and, thus, deg(p;) =i (i=1,2)
and

q(x) _ X(l —X) - pZ(x)

b+1 (b+1)6°
If a # 1, b = 1, the most general form of (py, py) is given by

(p1(x),p2(x)) = ((a—1)0(x+c¢),0x(x+c)), where 8 #0, c € R.

Therefore, Step 3 yields (p1,p2) = ((a—1)0(1 —x),0x(1 — x)) and, thus, deg(p;) =i
(i=1,2)and
x(1—x pa(x
s~ =0 o)
atl  (at1)0
Finally, if @ = b = 1 (standard uniform density, U(0,1) = B(1,1)) then p; = 0 so that
(p1,p2) = (0,x(1 —x)), deg(p1) <0, deg(p2) =2 and

21— _ pae)
2 2

q(x)
This subsumes all cases and completes the proof. ]

PROPOSITION 3.2. Assume that X ~ f where the density f is differentiable with deriv-
ative f” in its (known) interval support (&, ®) and has finite (unknown) mean. Then, the
following are equivalent:

(A) f satisfies (3.1) for some (real) polynomials p; (of degree at most one) and p; # 0
(of degree at most two) with py(a) =0if & > —co, pr(@) = 0if @ < e and py(x) #
0 forall x € (a, ).

(B) X ~1IP(u;q) for some g(x) = x> + Bx+ y with {x: ¢(x) > 0} = (&, ) and some
ue(o,m).

Moreover, if (A) and (B) hold, then there exists a constant 8 # 0 such that g(x) = 0 p(x),
xeR.

Proof. Assume first that (B) holds. Since f ~ IP(u;q), (2.1) shows that f'/f = p1/p»
where p; = 4 —x— ¢’ and p, = g. Putting the polynomials p; = 4 —x—¢' and p, = ¢
in Step 0 of the above algorithm and using Proposition 3.1/ we conclude that the resulting
polynomials p; and p; (of Step 3) satisfy the requirements of (A); also, g(x) = 6 p,(x) for
some 0 # 0.

Assume now that (A) holds. Using a suitable mapping Y = AX +c¢, A #0, c € R, we
can transform the interval (@, ®) into (¢, ®), where (o, @) is one of the intervals (0, 1),
(0,00) or (—eo,00). The polynomials p; and p; are transformed to p{ (x) = Ap;(*3) and
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Ph (x) = A%p2 (%), and the differential equation (3.1) yields f7 (x)/ fr (x) = p¥ (x)/p} (x),
a < x < O, where fy is the density of Y and (&, ®) its support. Moreover, it is easy to
see that p! and pY satisfy the requirements of (A), i.e., p} (@) = 0if & > —oo, p¥ (@) =0
if ® < oo and p}(x) # 0 for all x € (&,®). Clearly, in view of Proposition 2.1(vi), it
suffices to verify that Y is Integrated Pearson. Thus, from now on (and without any loss of
generality) we shall assume that (o, @) is one of the intervals (0, 1), (0,) or R.

If (at,w) = (0,1) then the assumptions (A) show that p,(x) = 6x(1 — x) for some
0 #0. Let p;(x) = ap + ax. Solving (3.1) we get

f(x) = Cx0/8 (1 —x)~(@Fa)/6 o< x <1,
where, necessarily, 1 +ao/6 > 0and 1 — (a9 +a;)/6 > 0. Thus,
(1+aop/0)+ (1 —(ap+ay)/0)= (26 —a;)/6 >0,
so that 20 —a; # 0. It follows that f ~ B(a,b) witha=1+4ap/0,b=1—(ap+a;)/0

and, therefore,
x(1—x x(1—x pa(x
q(X)Z( ) 170 _ pal)
a+b 2—a1/0 20 —a
Assume that (o, ®) = (0,0). Then, assumptions (A) show that the possible forms of

pa are either py = Ox or py = Ox? or py = Ox(x+c) for some 6 # 0 and ¢ > 0. If p, = Ox
set p; = ap + ax and solve (3.1) to obtain

f(x) = Cx“/%exp(a;x/0), x>0,

where, necessarily, ap/0 > —1 and a; /0 < 0; thus, X ~I"(a,A) witha = %0 —1>0and
A = =% > 0. Therefore, a; # 0 and

_al '
If pp = 0x2, set p1 = ap+ arx and solve (3.1) to obtain
flx)= Cx1/® exp(—ap/(0x)), x>0,

where, necessarily, ap/0 > 0 and a; /0 < —2; these conditions are necessary and sufficient
for [ f(x)dx and [;°xf(x)dx to be finite. Therefore, f(x) = Cx“~'e=*/* x > 0, where
a=—1-— % >1and A = %0 > (0. Observe now that f is of Reciprocal Gamma type

(type 5) and ¢(x) = % Since a = —1 — % > 1 it follows that _“‘T_Ze > 0 and, finally,

a1 +26 # 0. Thus,

x2 0x> 2 (x)

q(x) = a—1 - —a;—20 —a;—-26°
Assume now that p, = Ox(x+c¢), 0 #0, ¢ > 0 and let p; = ap + a;x. Solving (3.1) we
obtain

ajc—ap

f(x):Cx(ch(x—i-c) @ x>0,
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where, necessarily, f—g > —1 and %1 < —2; these conditions are necessary and sufficient for
J5 f(x)dx and [§°xf(x)dx to be finite. Now observe that f(x) = Cx*~!(x+¢)747% (x > 0)
is of Snedecor-type (type 6) witha = —% —1> 1 and b =14 g5 > 0. From ¢ < -2 we
get a; + 260 # 0 and, thus, we conclude that (see Table 2.1)

:x(x+c) o x(x+c)  Ox(x+c)  pax)

1) = T = 34 /8 —a—20  —a—26°

Finally, assume that (o, @) = R. In this case assumptions (A) imply that either p, =
0 #0or pp==+(0(x—c)?>+2) with @ >0,4 >0and c € R. Assume first that p) =0 #0
and let p; = ag + ajx. Then, it is easily seen from (3.1) that

f(x) =Cexp (;—éxz—l- %0x> , x€R.

This can represents a density if and only if 55 < 0; in this case it is easily seen that
0

f~N(u,0%) with p = 2, 6 =/~ 2, and thus,

=0"'=——= )
q(x) p—

For the last remaining case it suffices to consider
p2(x) =0(x—c)>+2 and pi(x) =ag+a;(x—c) where ® >0, A >0and ag,a;,c € R.

Also, using the transformation X — X — ¢, the general case is simplified to pr = x> + 1
and p; = ap + a;x. Now, the differential equation (3.1) has the general solution

ao

f(x):C(9x2+7L)%eXp mtanfl(x\/e/l) , xeR.

The necessary and sufficient condition for this f to represent a density with finite mean is
— 55 —1> 0 or, equivalently, a; +26 < 0. Therefore, setting

>0and u=—2 __¢eR

o= — - -
—dai —-20 —aq —-20

— O p—
“a—20- 7

we see that this is a Student-type density (type 4); see Table 2.1. Consequently,

0x%+ A B p2(x)
—a;—20 —a;—26’

g(x) =X +y=

and the proof is complete. [

Eventually, Proposition 3.2/ says that for a particular choice of p, to be correct it is
necessary and sufficient that p, remains nonzero in (¢, ®) and vanishes at all (if any)
finite endpoints of (¢, ).

If the mean u is known, then another simple criterion for an ordinary Pearson variate
to belong to the Integrated Pearson family is provided by the following proposition.



18 G. AFENDRAS, N. PAPADATOS

PROPOSITION 3.3. Let X be a random variable with density f and finite mean p. Assume
that the set {x: f(x) > 0} is the (bounded or unbounded) interval J(X) = (o, ®) and that
f is differentiable in (o, ®) with derivative f’(x), & < x < @. Then the following are
equivalent:

(A) X ~TP(u;q).

(B) The density f satisfies (3.1) and the polynomials p; (p; = 0 is allowed) and p, can
be chosen in such a way that (i) and (ii), below, hold:

(i) there exist a constant 6 # 0 such that p;(x) + p}(x) = (L —x)/6, x € R, and
(i) either limy o p2(x)f(x) =0 or lim, ~ p2(x)f(x) = 0.

If (i) and (ii) are true then the polynomials p, and ¢ are related through ¢(x) = 6ps(x)
where 6 # 0 is as in (i). Moreover, if (3.1) is satisfied in an unbounded interval (@, ®)
then (ii) is unnecessary since it is implied by (i).

Proof. If X ~1P(u;q) then we see from (2.1) that (3.1) is satisfied for the polynomials
p1(x) = u—x—¢'(x) and py(x) = g(x). With this choice of p;, pa, Proposition 2.1/ shows
that (i) (with 6 = 1) is valid. Also, (ii) reduces to ps(x)f(x) = q(x)f(x) = 0asx @
or x \, o; this follows by an obvious application of dominated convergence since the
mean exists and, by assumption, p>(x)f(x) = g(x)f(x) = [ (1 —1)f(¢)dt — see (L.1).
Conversely, (3.1) and (i) imply that [6p,(7)f(t)] = (U —1)f(1), ¢ <t < . Integrating
this equation over the interval [x,y] C (o, ®) we get

[ (w=0f@) = 0m0)f ) - Op(0f (), a<x<y<o. G2

Now, let us take into account the first assumption in (i), lim o p2(x)f(x) = 0. Taking
limits in (3.2) and using dominated convergence for the 1.h.s. we conclude that

/y(u —t)f(t)dt =0p2(y) f(y), a<y<w;

o

thatis, X ~IP(u;q) with g(x) = Op,(x). Clearly we get the same conclusion if we use the
second assumption in (ii), limy ~ P2 (y)f(y) =0, and evaluate the limits as y ,/* @ in (3.2);
in this case we get the identity [©(r — ) f(¢)dt = Op2(x)f(x) = q(x)f(x), @ < x < ®,
which is equivalent to (1.1), since [y (1 —1)f(t)dt =0.

It is clear that, in the presence of (i), both assumptions in (ii) are equivalent. In fact,
(3.2) shows that both limits limy, ~, p2(y) () and lim g p2(x) f(x) exist (in R) and are
equal. Indeed,

0p2(y)f(y) = Opa(x —|—/ —1)f(H)dt, a<x<y<o,

and the existence of the first moment implies that, as y /* ®, the r.h.s. has the well-defined
finite limit C(x) = Opy(x) f(x) + [© (1 — 1) f(¢)dt; the Lh.s, however, is independent of x
and, certainly, the same is true for its limit, so that C(x) = C. In other words,

0pa(x C+/ t—u)f(t)dt, a<x< o,
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and since limy o [ (t — ) f(t)dt = [ (t — p) f(¢)dt = O we conclude that

C

)}i\f_‘%cpz(x)f(x) = yli/fré)l?z(y)f()’) =g R

It remains to verify that if (3.1) holds in an unbounded interval (o, ®) and X has finite
first moment then (i) implies (ii). To this end assume that @ = oo so that J(X) = (o, )
with @ € [—eo,0). It follows that f’(x) = p;(x)f(x)/p2(x) does not change sign for large
enough x, and thus, f’(x) < 0 for x > xo. Therefore, for x > max{2x¢,0},

X

240y = 8 8 [ 8 [ .
0 < 2f(x) = 3f(x)/ 1 < 3/x/2tf(t)dt< 3/x/2tf(t)dt 0,

x/2
as x — oo, i.e. f(x) = o(x"2) as x — oo. Thus, ps(x)f(x) — 0 as x — oo. The case & = —oo
is similar and the proof is complete. [

4 Are the Rodrigues-type polynomials orthogonal in the ordinary
Pearson system?

Associated with any Pearson density f is a (unique) sequence of polynomials, defined by a
Rodrigues-type formula. Actually, these polynomials are by-products of the pair (py, p2)
that appears in the nominator and the denominator of the differential equation (3.1); that
is, they have nothing to do either with f or with the interval (o, ).

These considerations will become more clear if we slightly relax the form of differen-
tial equation (3.1) and permit more solutions, as follows:

DEFINITION 4.1. Let @ # (a,®) C R, and consider a pair of real polynomials (p;, p2) =
(ap+aix,bo+b1x+byx?) such that py # 0 (i.e., |bo| + |b1 |+ |b2| > 0). The pair (p1, p2) is
called Pearson-compatible in (@, ®), or simply compatible, if there exists a differentiable
function f: (o, ) — R, f # 0 (f is not assumed nonnegative or integrable), such that the
following generalized Pearson differential equation is fulfilled:

p2(0)f'(x) = p1(0)f(x), a<x<o. 4.1)
In other words, (p1, p2) is compatible if (4.1) has non-trivial solutions for f.

It is easily seen that (py, py) is compatible whenever p; has no roots in (@, ®); in this
case, the general solution f is C*(¢, @) and can be chosen to be strictly positive in (¢, @).
The presence of a zero of p; in (o, @), however, may results in incompatibility; e.g., in
the interval (&, @) = (—2,2) the pair (p1, p2) = (4x,x> — 1) is compatible, in contrast to
the pair (p1, p2) = (x, x> —1).

If (p1,p2) is compatible in (@, ®) then we can find the general solution as follows:
First we solve (4.1) separately in any open subinterval of (¢, ) N {x: p»(x) # 0}; clearly,
there are at most three subintervals and, in the worst case, the three general solutions for
the distinct intervals (J1,J2,J3) = ((a, p1), (p1,p2), (P2, ®)) will be of the form f; = C;eSi
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for some g; € C(J;), i = 1,2,3, with C; being arbitrary constants. Next, we match the
solutions and their first derivatives at the common endpoints of any two J;; any such point
is, necessarily, a zero of p,. The compatibility of (py,p2) guarantees that this procedure
will success in producing some solution f # 0 (in which case, |f| > 0 will be also a
non-trivial solution), but it may happen that f; = 0 in some J;. The following proposition
describes all possible cases for the support of f.

PROPOSITION 4.1. Assume that the function f : (a,®) — R, f #Z 0 (not necessarily
positive or integrable) is differentiable in (o, ®) and satisfies the differentiable equa-
tion (4.1) for some real polynomials p;(x) = ag + ajx and p,(x) = by + b1x + box> with
|bo| +|b1| +|b2| > 0. Then, the support of f, S(f) :={x € (a,w) : f(x) # 0}, is either of
the form (a, ®) C (a, ) with a < @ < ® < @, or of the form (&, p;) U (p2, ®) C (, @)
with @ < o < p; < p2 < @ < , or, finally, of the form (@, p;) U (p1,02) U (P2, ®), with
o < p < p2 < ®. Moreover, the boundary of S(f) is contained in the set {a, 0} U{x €
(a,m) : pa(x) =0}, that is, dS(f) C {a, 0} U{x € (a,w) : p2(x) = 0}. Finally, for any
solution f, f(p) =0 (thatis, p ¢ S(f)) whenever p is a zero of p, which is not a zero of
P1.

COROLLARY 4.1. The differential equation (4.1) has a nontrivial and nonnegative solu-
tion if and only if the pair (py,p>) is compatible in (o, ®). Moreover, assuming that
(p1,p2) is compatible in (o, @), it follows that:

(a) any nonnegative solution is of the form | f| for some solution f;

(b) the support S(f) = {x € (a,®) : f(x) # 0} of any nontrivial solution f of (4.1) is a
union of one, two or three disjoint open intervals of positive length, and the same is
true for any nonnegative and nontrivial solution;

(c) the boundary points of S(f) = S(|f|) of any nontrivial solution f of (4.1) are either
roots of p, or boundary points of (o, ).

We now turn to the corresponding Rodrigues polynomials. It is well-known that
the (generalized) Pearson differential equation (4.1) produces a sequence of polynomi-
als {hy,k =1,2,...}, defined by a Rodrigues-type formula, as follows:

THEOREM 4.1 (Hildebrandt (1931), p. 401; Beale (1941), pp. 99—100; Diaconis and
Zabell (1991), p. 295). Assume that a function f : (@, ®) — R (not necessarily positive
or integrable) does not vanish identically in (o, ) and satisfies the differential equa-
tion (4.1) for some polynomials p;(x) = ag + ajx and pa(x) = by + b1x + byx?, with
|bo| + |b1] + |b2| > 0. Then, the set {x € (¢t,®) : f(x) # 0} contains some interval of
positive length and the function

k
By (x) ::ﬁ%[p’g(x)f(x)], xe(a,o)~{x: f(x)=0}, k=0,1,2,... (4.2
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is a polynomial (more precisely, / is the restriction in (@, @) \ {x: f(x) = 0} of a poly-
nomial A : R — R) with
2%

deg(hy) <k and lead(hy) = H (a1 +jby), k=0,1,2,..., (4.3)
j=k+1

where lead () := limy_ /1 (x) /x* denotes the coefficient of x* in hy(x).

Hildebrandt (1931) actually showed that the relation p, f' = p; f implies that D[p} f] =
Zk f,k=0,1,2,..., where the polynomials Ek (with deg(ﬁk) < k) are defined inductively.
Each polynomial Ek can be viewed as the value of a functional %} that maps any pair
(p1,p2) to areal polynomial of degree at most k. The form of this functional is

(P1,p2) = Za(p1,p2) =i = ZCZIVSZ (p1)"(P2) (p2)!

I’l,j

ai,by
rl]

depends only on k,r,1, j, p1 =aj and p2 = 2b;. On the other hand it is clear that, given an
arbitrary pair (p1, p2) with py # 0, we can fix an interval (¢, ®) containing no roots of p,.
With the help of a positive solution f of the differential equation (4.1) we can determine
hi(x), o < x < @, using the Rodrigues-type formula (4.2). Obviously, this /; extends
uniquely to /.
To give an idea about the nature of the polynomials in (4.2) we expand the first four:
/’lo = 1;
hi = p1+py = (a1 42b2)x+ (a0 +b1);
hy = pi+3piph+ pipa+2paph +2(ph)
= (a1 + 3b2) (611 + 4b2)x + 2(610 + 2b1)(a1 + 3b2)x
+ (ag+by)(ao +2by1) + bo(a +4by);
h3 = pi +6piph +3p1pip2+8p1p2ps + 11p1(Ph)* + TP\ p2ph + 18p2phps +6(ph)
= (a1 +4by)(a; +5by)(a; + 6b2)x +3(ap+3b1)(a; +4b3)(a; + 5b2)x
+3(a; +4by)[(ao+2by)(ag + 3by) + bo(a; + 6b7)]x
+ad 4+ 6agby +ag[1167 + bo(3a; + 16b2)] + by [6b7 -+ bo(Ta; +36b,)].

where the sum ranges over all integers r,i, j > 0 with »+i+2j < k, and the constant C;

Provided that the solution f of (4.1) is a probability density in (&, ®), the polynomials
hy are candidate to form an orthogonal system for f. Indeed, Hildebrandt (1931), pp.
404-405, showed that each Ay satisfies a specific second order differential equation in
(o, ). Using this differential equation Diaconis and Zabell (1991) proved that the A
are eigenfunctions of a particular self-adjoint, second order Sturm-Liouville differential
equation; thus, their orthogonality with respect to the density f is a consequence of the
Sturm-Liouville theory. Specifically, it is shown in Theorem 1 of [9] (see p. 295) that each
polynomial A satisfies the equation

[f(X)p2 () (x)] = k(a1 + (k+ )ba) f(x)h(x), a<x<®, k=0,1,2,.... (4.4)
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An adaption of the Diaconis-Zabell approach to the present general case reveals that the
orthogonality is valid only when a number of regularity conditions is satisfied. It will
be proved here that these regularity conditions consist of an equivalent definition of the
Integrated Pearson system. In fact, it will be shown that the Rodrigues polynomials (4.2)
are orthogonal with respect to the corresponding density f if and only if this f belongs
to Integrated Pearson family, provided that we have chosen a correct p» in the differential
equation (4.1), i.e. provided that p, = ¢/6 for some 6 # 0. We mention here that, even
for Integrated Pearson densities, a wrong choice of p, results in non-orthogonality of the
Rodrigues polynomials; see, e.g., the polynomials sy = sz given in [9], p. 297, for the
Beta-type density f(x) = Cx"V, 0 < x < xo. In light of Proposition 3.2/ (and Table 2.1), a
correct choice for this density is given by pr» = x(xg — x).
In order to discuss the orthogonality of /; we first show the following lemma.

LEMMA 4.1. Let f be a density satisfying (4.1) and for fixed k,m € {0,1,...}, k # m,
consider the polynomials 4 and A,,, given by (4.2). Assume that

(a) The density f process a suitable number of moments so that [y’ [ (£) ()| () dt < o;
(b) ai + (k+m+1)by # 0;

(©) im {20 5) 4 (0 (0)— e (] = T (a0 () 3 0 — e (O, )
Then,

[ (0720 =0,

o

[We shall show that, under (a) and (b), both limits in (c) exist (in R), but it is not guaran-
teed that they are equal; in fact, their difference equals to (k —m)(a; + (k+m+ 1)by) X

J& () () £(2)d2.]

Proof. Multiply both hands of (4.4) by h,,, interchange the roles of k and m and subtract
the resulting equations to get

Al (O)h(0) f(8) = hn () [f () p2 ()1 ()] = (D) [f () p2(O) B, (1)), @ <t <@, (4.5)

where A = (k—m)(a; + (k-++m-+1)by) # 0, by (b). Now, it is easy to verify the Lagrange
identity:

{20 ] (1) = [ O p2 0, ()] (1)} 46)
= b () [f(OP2 (O (D) — (D) [F (1) P20, (1))

Thus, integrating (4.5) over [x,y] C (¢, @), and in view of (4.6), we conclude that

[ (0008 = 5220V O (5) — e 0 )

_ % P2 () £ () [ () () — P () ()
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Therefore, taking limits as x \, @ and y /" @ and using (a) and (c) we get the result.
Working as in the proof of Proposition 3.3 it is easily seen that both limits in (c) exist in
R, whenever (a) and (b) hold. In fact, it is true that under (a),

(k—m) (a1 + (k+m+1)by) /a © () (£) £ (1)
= lim {p2 () F ) B 7) e () = () e ()1} 4.7)
- lim {2 (S O (0) ~ (O]}
The following result is an immediate consequence of Lemma 4.1.

THEOREM 4.2. Let f be a density in (@, ®) which satisfies (4.1). For some (fixed) n €
{1,2,...} consider the set 7%, := {hg,hy,...,h,}, formed by the first n+ 1 polynomials in
(4.2). Then the set .77, is an orthogonal system (containing only non-zero elements) with
respect to f if and only if the following conditions are satisfied:

(i) The density f process 2n — 1 finite moments;
(i) [T}%s(a1+ jb2) #0;
(i) limy s x/po(x) f(x) = limy o X/ pa(x) f(x) for each j € {0,1,...,2n—2}.

Proof. Let X ~ f and assume first that (i)—(iii) are satisfied. Condition (ii) shows, in
view of (4.3), that deg(hy) = k for all k € {0,1,...,n}. Fix k,m € {0,1,...,n} with
m # k. Since E|X|**~! < oo by (i), it follows that E|/; (X )h,,(X)| < oo, i.e. the integral
Jot P (%) (x) f(x)dx is (well-defined and) finite. Finally, since h}h, — hih), is a polyno-
mial of degree k+m — 1 (observe that lead (h by, — hihy,) = (k—m)lead (hy)lead (hy,) # 0),
(iii) ensures that assumption (c) of Lemma 4.1 is also fulfilled and, hence,

/a () o () £ () dx = 0.

Conversely, assume that the set 7%, = {ho,h1,...,h,} is orthogonal with respect to
f; that is, Bl (X)hn(X)| = [ |hx(x)hm(x)| £ (x)dx < oo for all k,m € {0,1,...,n} with
m # k, and [ hy(x)hy(x) f(x)dx = 0. It follows that, necessarily, deg(h;) = k for all
k=1,2,...,n; forif k is the smallest integer in {1,2,...,n} for which lead (/) = 0 then
we can write /i (x) = YA~ i ~oCjhj(x) for some constants c;, and this implies that

g | iy (e (01 ()

Subsequently, the inequality

ICE dx<2|c,|/ (33 (x) e < o
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shows that iy, € L}(Ot, ) and, finally,

) k=1 )
J, s @ar=Ee; [ @ @a=0,

by the orthogonality assumption. Since Ay is continuous (a polynomial) and f is positive
in a subinterval of (o, ®) with positive length, it follows that &; = 0, which contradicts
the assumption that %, contains only non-zero elements. Therefore, [T}_,lead (/) # 0,
and (4.3) yields (ii). Obviously, E|h,(X)h,_1(X)| < e is equivalent to E|X|*"~! < o and
(i) follows. Since gi , = M hm — hihy, is a polynomial of degree exactly k+m — 1 (for
k # m), we can form a linearly independent set

{g()’gl’"'?gzn*z} g {gk,m . k7m:O717"'7n7 k#m}7

with deg(g;) = j for each j. Applying (4.7) inductively to go,g1,...,82,—2 We get (iii).
]

EXAMPLE 4.1. It may happen that #; = O for all kK > 1. For instance consider the den-
sity f(x) =C/x, 1 < x < 2; this density satisfies (4.1) with (p1,p2) = (—1,x). Although
| 12 hihf = 0 for m # k, the trivial system 77, = {1,0,...,0} is not considered as orthog-
onal in this case. Condition (ii) of Theorem 4.2/ eliminates such trivial cases.

EXAMPLE 4.2. The density f(x) = 3x2, —1 < x < 1, satisfies (4.1) in (o, ®) = (—1,1).
The choice (p1, p2) = (2,x) leads to constant polynomials, i = (k+2)!/2. A set {hy,hy,}
can never be orthogonal; this explains that condition (b) of Lemma 4.1 is necessary. On the
other hand, the choice (p1, p2) = (2x,x?) yields the polynomials /&y = cxx* with ¢; = (2k+
2)!/(k+2)!. The limits in Lemma4.1(c) are 3cxcm(k —m) and 3cxcm(k —m)(—1)kFm+1;
they are equal if and only if K+ m is odd, in which case A and A, are, obviously, orthog-
onal. Clearly, any set containing three (or more) polynomials cannot be an orthogonal
set.

REMARK 4.1. While the density f of Example 4.2 satisfies the (generalized) Pearson
differential equation (4.1) and has finite moments of any order, the system {hg,h;,hy}
fails to be orthogonal. The same is true for the Pearson density
C
flx)= —0 < A <X <O < 0.

V142
Now (p1,p2) = (—x,1+x%) and {hg,h1,hy} = {1,x,3 +6x>} so that hohy > 3 and the
system {hg,h,hy} cannot be orthogonal (with respect to any measure). Does this happen

because these f lie outside the Integrated Pearson family? In other words, it is natural to
state the following question:

If a density f has finite moments up to order 2n — 1 (for some fixed n > 2) and
satisfies (4.1), and if the system {hg,hy,...,h,} of the first n+ 1 Rodrigues
polynomials is orthogonal with respect to f, does it follow that this f belongs
to the Integrated Pearson family?
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The answer is in the affirmative. In particular, the following result holds.

THEOREM 4.3. Assume that a differentiable density f with S(f) = {x: f(x) > 0} C
(o, ) has finite third moment and satisfies (4.1). Let hg = 1,h,hy be the first three
Rodrigues polynomials given by (4.2), consider the system 7% = {ho, h;,h} and assume
that .77 is non-trivial, i.e., h; Z 0 and &y Z 0. If the system .73 is orthogonal with respect
to f then there exists a subinterval (a’, ®’) C (o, ®), a quadratic polynomial

g(x) = 8x* + Bx+7y, with {x:q(x)>0}=(a, ),

and a number U € (@, ") such that f ~ IP(u;q) =1P(u; 8, B,y). Moreover, there exists
a constant 6 # 0 such that g(x) = Op(x), x € R.

Proof. In view of Theorem 4.2 and the fact that f has finite third moment, the orthogonal-
ity assumption is equivalent to

(a1 +2b2)(611 + 3b2)(a1 —|—4b2) #0 4.8)
and
Lj(OC) :Lj(a)), j:0,1,2, (49)
where
Li(a):= )}{I&x’pz( x)f(x), Lj(®):= Xh/rr(})x’pz( x) f(x). (4.10)

To simplify cases we can apply an affine transformation x — Ax+c (A #0, c € R) to f.
By considering f(x) = il L (*5°) in place of f it is easily seen that (4.1) is satisfied in the

translated interval (@, ®) for pj(x) = Ap;(52) and pa(x) = A?py(375); since a) = a;

and by = by, (4.8) remains unchanged. Obviously f has finite third moment if and only
if f does. Moreover, it is easily seen from (4.2) that the translated polynomials 7 are
related to /i by hy(x) = lkhk(x_c) thus, lead () = lead (h) and, in particular the system

% is non-trivial if and only if the same is true for the system %”2 = {ho,hl,hz} The

orthogonality of the system %”2 with respect to f is equivalent to the orthogonality of the
system 75 with respect to f; indeed,

/hk 7o) dx = M+m/ i (X) () £ (%) .

It remains to verify that (4.9) are equivalent to L; j(@)= Li(@) (j=0,1,2), where L;(a) :=
lim \axfpz( x)f(x), Zj((T)) = lim, g x J o (x)f(x). To this end, it suffices to observe the
relations

e  1228

i=0
J : = i~ .
I\ yitt jeiy oy - J Lj(@), if A >0,
,-go(i)l ¢ "Li{@) { —Lj(a), if A <0.
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Thus, it is easily seen that L;(at) = L;(®) (j = 0,1,2) if and only if L;(&) = L;(®)
(j=0,1,2).

It is clear from the above considerations, and in view of Proposition 2.1(vi), that we can
freely apply any affine transformation, either to the polynomial p; or to the density f and
its support (@, ®@); under such transformations, the conclusions as well as the assumptions
of our theorem remain unchanged.

The rest of the proof is easy but tedious since we just have to examine all possible
non-equivalent cases by solving the differential equation (4.1) in each case. We shall try
to give a somewhat complete approach as follows:

Assume first that deg(p;) = 2 and that its discriminant, A, is strictly negative. Ap-
plying an affine transformation and dividing both p; and p, by lead(p;) # 0 we may
assume that p, = x> + bg for some by > 0. If p; = 0 then, necessarily, (ct,®) is finite
and f ~ U(o,); but in this case, hy(x) = 6x% +4by > 4by > 0 cannot be orthogonal to
ho = 1. If deg(p1) = 0, that is, p; = ap # 0, then the density

f(x) = Cexp <Z—Ztan_l <¢ib_0>)

is bounded away from zero, so that (&, ®) must be again finite. Then, the assumed or-
thogonality of .77 fails because (4.9) shows that & = @. Finally, assume that deg(p;) =1
i.e. p; = ap+ayx with a; # 0. In this case, a; € {—2,—3,—4} because of (4.8). Since

(b)Y exp [ Lrant (2

f(x) =C(x"+bo)? exp <b0 tan <\/%)> )

it follows that either (a, @) is finite or, otherwise, a; < —4 (for the third moment to exists).
If (o, ®) is finite, the assumed orthogonality fails because (4.9) shows that o0 = . If
o > —oo, @ = oo then the assumed orthogonality fails again from (4.9) since Lo(a) > 0,
Ly(e0) = 0. The case @ = —oo, ® < oo is similar to the previous one (we can also make
the transformation x — —x). Therefore, the unique case where 773 is indeed orthogonal is
when (o, ®) = R. Then,

ao

Eh, (X) = (al +2b2),u + (a() —+ 2b1) =0 implies that u = 5

(note that by = 1, b; = 0) and, hence, p; + p} = (—2—a;)(1 —x). In view of Proposition
3.3/ we see that
x>+ by p2(x)

d = = )
—4z—d] an q<x) —2—611 —2—a1

f~1P(usq) with p =

Next, assume that deg(p;) = 2 and A = 0. Applying an affine transformation and
dividing both p; and p; by lead (p,) # 0 we may further assume that p, = ¥ If py =0
then, necessarily, (o, ) is finite and f ~ U(a,®); but in this case, hy(x) = 12x*> > 0
cannot be orthogonal to iy = 1. Let deg(p;) = 0, that is, p; = ap # 0. With the map
x — —x, if necessary, we may further translate the density to have either the form

40
fx)=Ce 7, 0SS <x<m< oo,
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or the form )

_d
Fx) = Cie x, 0<x<m<oo,
0, —o L o <x<0,

where, necessarily, ap > 0 in the second case. In both cases the assumed orthogonality
fails because of (4.9). Finally, assume that deg(p;) = 1 i.e. p; = ap + a1x with a; # 0.
In this case, a; & {—2,—3,—4} because of (4.8). With the map x — —x, if necessary, we
may further translate the density to have either the form

_a
fx)=Cx"e >, 0<o<x< @< oo,

or the form w“
f(x)= Cixfle™>, 0<x< @<,
0, —co L < x<0,

where, necessarily, ap > 0 in the second case. If @ < oo then, due to (4.9), the assumed
orthogonality fails for both cases. If @ = o and o > 0 then we must take a; < —4 for the
finiteness of the third moment (note that in this case, ag € R can be arbitrary since @ > 0),
but the orthogonality fails because of (4.9), since Lo(a) > 0, Ly(eo) = 0. In the last case
where @ < 0 and @ = oo (thus, ag > 0 and a; < —4) the orthogonality is indeed satisfied.
This is so because it is easy to verify both (4.9) and (4.8). On the other hand, since we
have assumed that IE4; (X) = (a; +2b2) 1 + (ap+ b1 ) = 0, it follows that yu = 7““2072 (note
that b, = 1, by = 0) and p; + p5 = (=2 —a;)(1 — x). In view of Proposition 3.3| this
density belongs to the Integrated Pearson system with

p2(x) x?

—2—611 N —2—611'

ap
—apy—2

u= and q(x) =
Moreover, observe that its support, (&', ®) = (0,%) C (@, ®), is different than (@, ®),
whenever o < 0.

Next, assume that deg(p;) = 2 and A > 0. Applying an affine transformation and
dividing both p; and p, by lead(p,) # 0 we may further assume that py = x(1 — x).
Solving the differential equation (4.1) for arbitrary p; and for all x € R~ {0,1} we see
that the general solution has the form

Ci(—x)A(1—x)B, if x <0,
flx) =< CoxA(1—x)B, if 0<x<1,
G (x—1)B, if x> 1,

where A and B are arbitrary parameters and Cy,C,,C3 > 0 are arbitrary constants, not all
zero. The restrictions on A and B depend on the interval (¢, ) that we consider and
the positivity or vanishing of each branch; they have to be chosen in such a way that the
resulting function is differentiable and integrable in (@, ®). For example, if [0, 1] C (o, @)
and C,(C,,C3 > 0 then, in order that f is (continuous and) differentiable at the points 0
and 1, we must take A > 1 and B > 1; but then it is necessary for (@, ®) to be bounded,
since, otherwise, the resulting f could not be integrable. The several possibilities can be
classified according to the number of roots of p; that fall into (@, ®), as follows:
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(1) Let {0,1} N (a,w) = @. Then, either (a,®) C (0,1) or (a,®) C (—e,0) or
(a,®) C (1,00). For the first case we observe that (4.9) fails whenever o > 0 or @ < 1; if
(a,w) =(0,1) then A > —1, B> —1, p; = A — (A+ B)x and the orthogonality assump-
tion yields Eh;(X) = (a1 +2by)u + (ap+b1) = —(A+B+2)u+ (A+1) = 0. Hence,
p1+ph=A+1—(A+B+2)x=(A+B+2)(1—x) and p(x) f(x) =CxA T (1 —x)BF1 -0
as x /" 1; thus, Proposition 3.3/ shows that f ~ IP(u;q) with

A+1 pa(x)
H=agpe MW=
Using the map x — —x for the second case and the map x — x — 1 for the third case it
is seen that both cases are reduced to (o, ®) C (0,00) and translate p; to pp = —x(x+1);
equivalently, we can take p, = x(x+ 1). Moreover, the general solution in this case takes
the form
fE) =P+, 0<a<x< o< e

If ® < ooor a >0 it is easily seen that (4.9) fails. In the remaining case where (o, @) =
(0,00) we must have 8 > —1 (for integrability close to zero) and 6 + A < —4 (for finiteness
of the third moment). Since p; = ag +a1x = 0 + (08 +A)x, py = by + bix +box* = x +x*
and hy = (a; +2b2)x+ (ap+b1) = (0 +A +2)x+ (6 + 1), the assumed orthogonality
yields Ei;(X) = (0 +A+2)u+60+1=0; thus, p; +pb = (0 +A+2)x+(60+1) =
—(0+A +2)(u —x) and Proposition 3.3 shows that

N - 15
f~1P(u;q) with u = 01172 and g(x) = 0412

(2)Let {0,1}N(at,w) ={1} or {0,1} N (a,w) = {0}, thatis, 0 < ¢ < 1 < @ < 0 or
—oo L 0 < 0 < @ < 1. Clearly the map x — 1 —x translates the second case to the first one
and leaves p; unchanged; thus, it suffices to consider only the first case. If 0 < ¢ < 1 <
® < oo it is easily seen that (4.9) fails for all choices of (C2,C3) € {(+,+),(+,0),(0,+)},
where (C;,C3) = (4,0) means C; >0, C3 =0, etc. If ¢ =0 and 1 < ® < oo then (4.9)
fails for all choices of (C2,C3) € {(+,+),(0,+)}, while it is satisfied when C, > 0 and
C3; = 0. Similarly, if 0 < @ < 1 and @ = oo then (4.9) fails for all choices of (C»,C3) €
{(+,4+),(+,0)}, while it is satisfied when C; = 0 and C3 > 0. Finally, if &« =0 and @ = oo
then (4.9) is satisfied for all choices of (C2,C3) € {(0,+),(+,0)}, while C, >0, C3 > 0 is
not a permissible choice because f is not integrable. Therefore, the two distinct situations
where orthogonality can be verified are given by

[ oxf(1-x)B 0<x<1, [0, a<x<l,
fl(x)_{O, 1<x< o, and  fo(x) = CxA(x—1)8, 1 <x< oo,

where C; >0,A> —1,B>1land 1l < @ < oo for fi; C3 >0,B>1, A+ B < —4 and
0< o<1 for f,, Now itis easily seen that both f; and f, belong to the Integrated
Pearson family. Specifically, Proposition 3.3/ shows that f; ~ IP(u;q) with

A+l pa(x)  _ x(1—x)

—_— — d p— p—
H= g MW = s =

4.11)
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while f; ~IP(u;q) with

A+1 ’ B+1 pa(x)  x(x—1)

=g Tt oag s ™= e ST T,

(3) Let {0,1} C (o, w), that is, —o < @ < 0 < 1 < ® < oo. We have to study the
following cases: (3a): o = —oo, @ = o0; (3b): —o < @ < 0, @ = ; (3b'): A = —oo,
I <®<oo;(3c) —o< o0 <0, 1 <@ < oo, Clearly the map x — 1 — x translates the case
(3b’) to (3b) and leaves p, unchanged; thus, it suffices to consider only the cases (3a), (3b)
and (3¢).

Assume first (3a). If (C1,C2,G3) € {(+,+,+),(+,0,+),(0,+,+)} (where, e.g.,
(C1,C2,C3) = (+,0,+) means C; >0, C, =0, C3 > 0etc.) it follows that A > 1 and B > 1
and, thus, f fails to be integrable (at a neighborhood of +o0). The case (Cy,C,,C3) =
(+,4+,0) is equivalent to (C1,C,,C3) = (0,+,+) (by the map x — 1 —x) and, again, f
fails to be integrable. By the same map, the cases (+,0,0) and (0,0, +) are also equiva-
lent. Assuming, e.g., (C1,C,C3) = (0,0,+) it is easily seen that B > 1, A+ B < —4 are
necessary and sufficient for f being integrable, differentiable at O and 1 and with finite
third moment. In this case both (4.9) and (4.8) are satisfied so that the system {hq,hy,h,}
is indeed orthogonal. Finally, if we assume that (C;,C,,C3) = (0,+,0) then, necessarily,
A > 1, B> 1 (for differentiability of f at 0 and 1) and it follows that the system {hq, i, 5 }
is indeed orthogonal, since both (4.9) and (4.8) are satisfied.

Next, assume (3b). If (C1,C2,C3) € {(+,+,+),(+,0,+),(0,+,+)} it follows that
A > 1and B > 1 and, thus, f fails to be integrable. If (C},C,C3) = (+,+,0) then A > 1,
B > 1 and (4.9) fails. Also, if (C1,C,C3) = (+,0,0) then B > 1 and (4.9) again fails.
Assuming (C1,C,,C3) = (0,0,+) it is easily seen that B > 1, A+ B < —4 are necessary
and sufficient for f being integrable, differentiable at 0 and 1 and with finite third moment.
In this case both (4.9) and (4.8) are satisfied so that the system {hg,h;,hy} is indeed
orthogonal. Finally, if we assume that (Cy,C,C3) = (0,+,0) then, necessarily, A > 1,
B > 1 (for differentiability of f at 0 and 1) and it follows that the system {hg,h;,ho} is
indeed orthogonal, since both (4.9) and (4.8) are satisfied.

Finally, assume (3c). If (Cy,C2,C3) € {(+,+,+),(+,0,+),(0,+,+), (+,+,0) } it fol-
lows that A > 1 and B > 1 and (4.9) fails. By the map x — 1 —x it is easily seen that the
cases (+,0,0) and (0,0,+) are equivalent. Assuming, e.g., (C;,C,C3) = (0,0,+) it is
easily seen that B > 1 is necessary and sufficient for f being integrable, differentiable at
0 and 1 and with finite third moment; but then, (4.9) fails. Finally, if we assume that
(Cy,C2,C3) = (0,+,0) then, necessarily, A > 1, B > 1 (for differentiability of f at 0 and
1) and it follows that the system {hg,h;,hy} is indeed orthogonal, since both (4.9) and
(4.8) are satisfied.

Therefore, the two distinct situations where orthogonality can be verified are given by

(4.12)

0, a<x<0, 0 a<x<l1

_ —x)B = 7 7

fik) =< Cx*(1-x)8 0<x<1, and f(x) { Ci(x—1)B, 1<x< oo,
0, 1<x< o,

where Co >0,A>1,B>1land —cc< 0 <0, 1 < <L oofor f1;C3>0,B>1,A+B<—4
and —eo < @ < 0 for f>. Now it is easily seen that both f| and f; belong to the Integrated
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Pearson family. Specifically, Proposition 3.3/ shows that f] ~ IP(u;q) with u and ¢ as in
(4.11), while f, ~TP(u;q) with u and g as in (4.12).
Next, assume that deg(p,) = 1 and, without loss of generality (by using an affine map)
we shall further assume that p, = x. If p; = ag + ayx, the general solution of (4.1) is
Cix®e™* if x <0,
flx)= { Cox®e* if x>0,
where ag and a; are arbitrary parameters and C1,C; > 0 are arbitrary constants, not both
zero. The restrictions on gy and a; depend on the interval (&, ®) that we consider and
the positivity or vanishing of each branch; they have to be chosen in such a way that the
resulting function is differentiable and integrable in (&, ). Assuming that 0 < ot < @ < oo
we readily see that any values of ag,a; € R are admissible but (4.9) fails. [f0 < ot < @ = o0

then either a; = 0 and a¢g < —3 (for finiteness of the third moment) or a; < 0 and ag € R.
In the first case both (4.9) and (4.8) are violated: the limits are unequal although

/whk(x)hm(x)f(x)dx:0 for k#m, kme {0,1,2},

because 71 = hp = 0. In the second case, (4.9) fails. If @ =0 < @ < oo then a9 > —1
and a; € R; it follows that (4.9) fails. Finally, if @ =0 and @ = oo then ay > —1 and
a; < 0. In this case both (4.9) and (4.8) are satisfied and the system {hg, 1, h,} is, indeed,
orthogonal. Also we see that Eh; (X) = a1 +ao+1=0sothat p; + p) =ajx+ap+1=
—ay(u —x). Now, from Proposition 3.3/it follows that

G+ nd g = = = P (4.13)

—ai —ai —ai

f~1P(u;q) with p =

By the map x — —x we can transform the cases —o < 0@ < @ < 0 to the previous ones,
since p, = x is transformed to py = —x. It remains to investigate the cases —oo < o0 <
0 < @ < oo; then, necessarily, ap > 1. Assuming that —cc < o0 < 0 < @ < oo it is easily
seen that (4.9) fails for all choices of (C1,C,) € {(+,+),(+,0),(0,+)}. Assuming that
o = —oo, @ = oo we see that for f to be integrable it is necessary and sufficient that a; <0
if C; > 0 and a; > 0if C; > 0; therefore, if (C;,C;) = (4, +) then f is not integrable. The
case (C1,C,) = (+,0) is transformed (by x — —x) to (C1,C;) = (0,+). In the last case we
can see that ag > 1 and a; < 0 are necessary and sufficient for f to be differentiable (in
(o, ) = R) and to have finite third moment. As before we can easily check that both (4.9)
and (4.8) are satisfied, that {hg,h,hy} is orthogonal and that f ~ IP(u;q) with u and ¢
as in (4.13). The map x — —x shows that the last two cases, & = —o0, 0 < ® < oo, and
—oo < @ < 0, w = oo, are equivalent. By considering the second one we see that ag > 1
and a; < 0 are necessary and sufficient for f to be differentiable (in (¢, o)) and to have
finite third moment. However, if (C1,C2) € {(+,+),(+,0)} it is easily seen that (4.9) is
violated because the limits as x \, & are nonzero. In the remaining case (C1,C;) = (0,+)
we can easily check, as before, that both (4.9) and (4.8) are satisfied, that {hg,h;,h,} is
orthogonal and that f ~ IP(u;q) with u and g as in (4.13).
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Finally, assume that deg(p;) = 0 or, equivalently, po = 1. Then, if p; = ap + ayx, it

follows that
f(x) = Cexp(apx +aix*/2), a<x< o.

If the support (o, @) is bounded then it is easily seen that (4.9) fails. The cases —oo <
o < ®=o0and —oo = ¢ < ® < oo are, obviously, equivalent (by the map x — —x, which
leaves p; unchanged). Assuming that —co < ¢ < @ = oo we see that either a; =0, ag < 0
or a; <0, ap € R; in the first case both (4.9) and (4.8) fail, while (4.9) fails in the second
one. Finally, in the last remaining case where (&, @) = R we see that, necessarily, a; < 0.
Then, for any value of agp € R we check that both (4.9) and (4.8) are satisfied so that
{ho,h1,hy} is, indeed, orthogonal. Observe that, by assumption, IEh; (X) = ajpt +agp = 0;
thus, p; + p = ap +aix = —a; (U — x). Proposition 3.3/ shows that f ~ IP(u;q) with

:_a_‘(;l and q(x)zp_z—ilxl):_ial; in fact, fNN(ao/(—al),(l/\/—al)z),

This subsumes all possible cases and completes the proof. ]

5 Orthogonality of the Rodrigues-type polynomials and of their deriv-
atives within the Integrated Pearson family

Assume that f is the density of a random variable X ~ IP(u;q) = IP(u;9,8,y) with
support (@, ®). From Theorem 4.1!it follows that the function

(1) &

Pi(x) == — ¢ =0,1,2,... 1
k(x) f(x) dxk[q (x)f(x)], a<x<o, k 07 » <) (5 )
is a polynomial with
2k—2
deg(P) <k and lead(P) = [] (1—/8):=ck(6), k=0,1,2,.... (5.2)
j=k—1

Obviously ¢o(8) := 1, i.e. an empty product should be treated as one.

The polynomials P, are special cases of the polynomials /; defined by (4.2); in fact,
P, = (—1)*n. They are particularly important because under natural moment conditions
they are, indeed, orthogonal with respect to the density f; see, e.g., [9] (pp. 295-296), [14],
[21], [3]. The orthogonality follows immediately from Theorems 4.2 and 4.3. Moreover,
the polynomials P, and their derivatives satisfy a number of useful properties that will be
reviewed here. The first three are

Py(x) =1,
Pi(x) =x—U, (5.3)
Po(x) = (1—8)(1—28)8 —2(1 — 8) ( + B+ 1> + B — (1 -28).

An alternative simple proof of the orthogonality of the polynomials defined by (5.1)

can be derived by means of the following covariance identity, which extends Stein’s iden-
tity for the Normal distribution and has independent interest in itself.
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THEOREM 5.1 ([3], pp. 515-516). Let X ~ IP(u;9,B,7) = IP(u;q) with density f and
support (¢, ®). Assume that X has 2k finite moments for some fixed k € {1,2,...}. Let
g: (o, @) — R be any function such that g € C*~!(a, ®), and assume that the function

(k1) oy . 4!
8 (X) T dxk_lg(x)

is absolutely continuous in (ct, @) with a.s. derivative g®). If Eg¥(X)|g®) (X)| < o then
E|P,(X)g(X)| < oo and the following covariance identity holds:

EP(X)g(X) = E¢*(X)g™ (X). (5.4)

It should be noted that when we claim that /4 : (a,®) — R is an absolutely continuous
function with a.s. derivative /' we mean that there exists a Borel measurable function
I : (a,®) — R such that /' is integrable in every finite subinterval [x,y] of (a, ®) such
that

/yh’(t)dt —h(y)—h(x) forall [x)] C (a,@).

COROLLARY 5.1 ([3], p. 516). Let X ~IP(u;68,B,y) =IP(u;q). Assume that for some
ne{l,2,...}, E|X|?" < oo or, equivalently, § < 2,11—_1 Then

2k—2
E[P(X)Pu(X)] = Sk Eq* (X) JT (1—j8) = 8 mklen(8)Eq(X),
j=k—1 (5.5)
k,me {0,1,...,n},
where & ,, is Kronecker’s delta and where an empty product should be treated as one.

It should be noted that the orthogonality of P, and P,,, k # m, k,m € {0,1,...,n}, re-
mains valid even if § € [5.7, 5-5); in this case, however, P, & L*(R, X) since lead (P,) >
0 and [E|X|?" = 0. On the other hand, in view of Corollary 2.2} the assumption E|X |*" < oo
is equivalent to the condition 6 < 2n+1 Therefore, for each k € {0,1,...,n} and for
all je{k—1,...,2k—2}, 1—jé > 0 because {k—1,...,2k—2} C {0,1,...,2n—2}.
Thus, ¢x(8) > 0. Since P[g(X) > 0] = 1, deg(q) < 2 and E|X|*" < o we conclude that
0 < Eg(X) <ooforallk € {0,1,...,n}. It follows that the set {@o, 91, ..., ¢, } € L*(R,X),
where

(=DF dk ok
() = Pi(x) o= o a4 (%) (%)) =01, 56)
(Ka(@)EG (X)) (HBg ()2, (1 - 5))

is an orthonormal basis of all polynomials with degree at most n. Moreover, (5.2) shows
that the leading coefficient is given by

KEqk (X

_( «(5) 172 _
_(—k!Eqk(X)) >0, k=0,1,...,n.

%-2 (1 s\ 12
(5.7)
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Let X be any random variable with E|X|?" < co and assume that the support of X is not
concentrated on a finite subset of R. It is well known that we can always construct an
orthonormal set of real polynomials up to order n. This construction is based on the first
2n moments of X and is a by-product of the Gram-Schmidt orthonormalization process,
applied to the linearly independent system {1,x,x%,...,x"} C L?(R,X). The orthonormal
polynomials are then uniquely defined, apart from the fact that we can multiply each
polynomial by +£1. It follows that the standardized Rodrigues polynomials ¢y of (5.6) are
the unique orthonormal polynomials that can be defined for a density f ~ IP(u;38,8,7),
provided that lead (@) > 0. Therefore, it is useful to express the L?-norm of each Py in
terms of the parameters 8, 3,7 and u and, in view of (5.5) and (5.6), it remains to obtain
an expression for Eg*(X). To this end, we first recall a definition from [20]; cf. [10].

DEFINITION 5.1. Let X ~ f and assume that X has support J(X) = (a, ®) and belongs to
the integrated Pearson family, that is, f ~ IP(u;q) =1P(u; 8, B,v). Furthermore, assume
that EX? < oo (i.e. § < 1). Then we define X* to be the random variable with density f*
given by

q(x)f(x)

[r(x) = Bg(X)

o <x<. (5.8)

Since P = x — U, setting k = 1 in the covariance identity (5.4) we get (see [7], [20])
E[(X — u)g(X)] = Cov[X,g(X)] = E[g(X)g'(X)]. (5.9)

This identity is valid for all absolutely continuous functions g : (a,®) — R with a.s.
derivative g’ such that Eg(X)|g’(X)| < e. Thus, applying (5.9) to the identity function
g(x) = x it is easily seen that Eg(X) = VarX = 62, so that (cf. [10])

anwngﬂuy@,a<x<m

The following lemma shows that X* is integrated Pearson whenever X is integrated Pear-
son and has finite third moment.

LEMMA 5.1. If X ~IP(u; 8, B,y) = IP(u;q) with support J(X) = (&, ®) and E|X|* < oo
then X* ~ IP(u*;¢*) with the same support J(X*) =J(X) = (o, @),

. M+

iy )
=155 and ¢"(x) oa<x<o. (5.10)

128’
Proof. From Corollary 2.2 it follows that the assumption E|X | < oo is equivalent to § < %
Let X* ~ f*(x) = q(x)f(x)/Eq(X) = q(x) f(x) /02, & < x < @, where o7 is the variance
of X. Then, it follows that

; «_ EXq(X)]
Define P(x) = x — p and P5(x) = (x — p)?> — (x — u)q'(x) — (1 —28)g(x). We have
EP;(X)=0and EPy(X) = 6% — Cov[X,q'(X)] — (1 —28)Eq(X). Applying the covariance
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identity (5.9) to g(x) =x and to g(x) = ¢’ (x) we see that EP,(X) =2862% —E[g(X)q" (X)] =
2862 —28Eq(X) = 0. Also,

EP(X)P(X)] = EX—p)’ ~E[(X —u)’¢'(X)] - (1-28)E[(X — p)q(X)]
= Cov[X, (X —u)’] - Cov[X,(X — u)q'(X)] - (1 -28) Cov[X,q(X)]

and, once again, (5.9) shows that I£[P; (X)P>(X)] = 0. Now observe that

B 1 ,U+[3 /_ /
v= (S as P+ 1)) =, say.

so that
EXq(X) = Eq(X)g' (X) = Cov[X,g(X)] = E(X — p)g(X) = EP(X)g(X)

B 1 u+p

= 38y (1 —28) ERXKIR(X) + 5 BRL(X)
u+p _ B+B

=04 s BX ) = s 0

It follows that u* = E[X¢(X)]/0? = (u+B)/(1—-25).
It remains to show that ¢*(x) = g(x)/(1 —29) is the quadratic polynomial of X*, i.e.
that

/_xoo(,u* —t)f*(t)dt — . _126 q(X)f* (x>’ cR.

Equivalently, it suffices to verify the identity

| Au+ B (1-28)}4(0 (0 = P Wf (), xER 511

Since f(x) =0 for x ¢ (o, ) it follows that the Lh.s. of (5.11) equals to zero for x < o (if
o > —oo). Also, if @ < o and x > ® then the Lh.s. of (5.11) is equal to (1 + B)Eg(X) —
(1-28)EXq(X) = (n+B)o? — (1 —28) 425 52 = 0. Thus, (5.11) takes the form 0 =0
whenever x ¢ (a, ®). For x € (a, ) it is easily seen that

(e~ [ {u+B-(1-28))ql0)s0)ar)

= (q(x) - q(x)f(x))" = {p+B — (1-28)x}q(x)f(x)
= q'(x)q(x)f(x) +q(x) (1 = x) f(x) = g() f(x){ + B — (1 - 28)x}
=q(x)f(x) [q () + (1 —x) = (1 +B) + (1 = 28)x] = q(x) f (x) [¢ (x) —26x— ] =0.

Thus, there exists a constant ¢ € R such that

/_xm{u 1B — (1-28))q()f()dt = 2 () f(X) + ¢, a<x<w. (5.12)

Now observe that lim, ~ [*.{tt + B — (1 —28)t}q(t)f(¢t)dt = limx/wq (x) f(x)

=0.
Indeed, the first limit follows from dominated convergence and the fact that Eg(X) =
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o? and E[X¢(X)] = (u+ B)o?/(1 —28), while the second one is obvious when @ < o
because ¢(w) = 0 and ¢g(x) f(x) — E(u —X) =0 as x / @. Finally, if ® = o« we have
q(x)f(x) = o(x~2) as x — oo because IE|X|? < oo and for large enough x,

2qf(0) =2 [ (= < [ Al-pfe)d -0, as x .
by dominated convergence. This shows that lim, -, ¢*(x) f(x) = 0 in all cases. Therefore,

taking limits as x @ in (5.12) we conclude that ¢ = 0 and (5.11) follows. L]

THEOREM 5.2. Let X be a random variable with density f ~ IP(u;q) = IP(u;98,8,7),
supported in J(X) = (c, ®). Furthermore, assume that E|X > < o (i.e. § < 5-) for
some fixed n € {0, 1,...}. Define the random variable X; with density f; given by

k
_ 4 Wf(x) _
ﬁ“”‘lm%m’ a<x<w, k=01,...n (5.13)
Then, f; ~ IP(y; qx) with (the same) support J(X;) = J(X) = (@, 0),
_ BA+kB _ q») _
o= s and qx) = 1o a<x <o, k=01,...,n. (5.14)

Moreover, Xy = X, X1 = Xj = X", X, = X" and, in general, X; = X" | fork € {1,...,n}.

Proof. For k = 0 the assertion is obvious while for k = 1 (and thus, n > 1) the assertlon
follows from Lemma5.1/since [E|X |* < oo and, by definition, f; = f*, u; = u* and q; =

Assume now that the assertion has been proved for some k € {1,...,n—1}. Then,
Eq*(X)|x|3
E‘XkP: q ( )| | oo,
Eq*(X)

because IE|X|%*+3 < oo since k < n— 1. Therefore, we can apply Lemma 5.1/ to the random

variable X; ~ IP(t: qx) = IP(t; 6, B, %) obtaining X;* ~ 1P q;) = IP(u;5 8, B, 7))
where

= W+ B #Zk%_l—l [;ké B+ (k+1)B e
T 1 13} _
1228 1-2p gy 1-2(k+ 1)
and
*( )_ C]k(x) _ lq(;lzﬁ _ Q(x) _ (X) A<x<®
qx - 1_25k 1_21 gks 1—2(k+1)8 = qk+1 ’ :

k41
On the other hand, since Eq(Xy) = % and X; ~ f;" we get

q(x) ‘@) f(x) k“( )/ (x)

_ sy TS EAX) _ mFx ¢ 0f)
- "EgF(X)

that is, X' = Xiy1 ~ fip1 ~ IP(/.LkH;qu), and the proof is complete. O
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COROLLARY 5.2. If X ~ IP(i;¢) and E|X["*2 < oo (equivalently, if § < 5..) then for
eachk € {0,1,...,n},

pu+kp )

sz = VarX; = E(]k(Xk) = CI( 1-2ko

= (2%k+1)8’ (5.15)

where gi(x) = &x? + Brx+ ¥ and X;, are as in Theorem 5.2, In particular, if § < 1 then

a)
=

Proof. First observe that for any k € {0,1,...,n}, E|X;|? < o (and thus, Eg*(X;) < o)
since O = 7 ‘;ké < 1 because § < 2n1+1 < 2k1 . Note that it suffices to show only (5.16).
Indeed, since X;, ~ IP(uy; gx) it follows from (5 9) (applied to the random variable X; and
to the function g(x) = x) that 67 = VarX; = Eqy(X)). On the other hand, if we manage to

show that VarX = 1( g for any X ~ IP(u;q) with 8 < 1 then, by (5.16) applied to X, we
get

= VarX = Eg(X) = (5.16)

qr ()
X, = .
Var X, 1o,
Since B ) 5
,LH— q(x
— — 1
W= opsr ) = 155 ad &= 55 <1
(5.16) yields the identlty (5.15) as follows:
(M) +kB
Egy(X,) = VarX, = (M) _ = _ q(t) _ ‘1({121{5)
ok T8 -5 1-(2k+ D8 1-(2k+1)5

It remains to verify that VarX = o’ = tll(TMS) whenever X ~ IP(u;¢q) and § < 1. To this end,
write

9(X) = q() +¢' (W) (X — ) +8(X — p)?
and take expectations to get 6> = ¢(u) + 862, which is equivalent to (5.16). O

COROLLARY 5.3. If X ~IP(u;q) and E|[X|*" < oo for some n > 1 (i.e. § < 5-1) then for
eachk € {1,...,n},

Tp(1-2j8) Kl <u+JB>
Ap = Ar(t:q) = Bt (X . 5.17
k= Ak(pig) == BEq(X) = -+ 1) ]H) (5.17)

Proof. Observe that

. Ajr1
(1-2j8)Eq;(X;) = Eq(X;) :#, j=0,1,....n—1,
J

where Ag := 1, go = g, Xo = X. Multiplying these relations for j =0,1,...,k— 1 and using
(5.15) we get (5.17). [l



INTEGRATED PEARSON FAMILY AND RODRIGUES POLYNOMIALS 37

REMARK 5.1. (a) It is important to note that the identity (5.4) enables a convenient calcu-
lation of the Fourier coefficients of any smooth enough function g with Varg(X) < e (i.e.,
g € L*(R,X)). Indeed, if X ~ IP(u;8,B,7) = IP(u;q) and E|X|*" < oo then the Fourier
coefficients ¢, = ¢y (X)g(X) are given by ¢y = [Eg(X) and

Eq*(X)g™ (x)
(klex(8)Ax(ps )1/

where ¢, () and Ag(u;q) are given by (5.2) and (5.17), respectively, provided that g is
smooth enough so that E¢*(X)|g®) (X)| < oo for k € {1,2,...,n}.

(b) Obviously, if X ~IP(u;d,,y) and § <0 (i.e. if X is of Normal, Gamma or Beta-type)
then E|X|" < oo for all n. Moreover, since there exist an € > 0 such that Ee’X < oo for |¢| <
¢ it follows that the corresponding polynomials {¢};_. given by (5.6), form a complete
orthonormal system in LZ(IR;X ); see, e.g., [24], [6], [3]. Therefore, for smooth enough
g with Varg(X) < oo and E¢*(X)|g®) (X)| < oo for all k > 1, the Fourier coefficients are
given by

k=1,2,...n, (5.18)

Ci —

Eq* (x)g™ (x)
(klen(8)Ar(; )1/
and the variance of g can be calculated as (see [3], Theorem 5.1, pp. 522-523)

o =B (X)g(X) = k=0,1,2,..., (5.19)

- oo Ezqk(X)g(k)(X)
Varg(X) = ];1 kler(8)Ar(u;q)

(5.20)

Furthermore, the completeness of the Rodrigues polynomials (when X ~ IP(u;4,p,7)
and 0 < 0) enables one to write ([3], Theorem 5.2, p. 523)

f X)) (0BG (X)) (x)]

5.21
K1ee(8)Ax(1:4) ’ G20

Cov[g1(X

provided that for i = 1,2, g; € L*(R,X) and Eg*(X)|g!" (X)| < oo for all k > 1. The im-
portant thing in (5.20) and (5.21) is that we do not need explicit forms for the polynomials;
in view of (5.2)) and (5.17), everything is calculated from the four numbers (u;d, B, v) and
the derivatives of g or g; (i = 1,2). In particular, for the first three types of Table 2.1, (5.20)
yields the formulae

oo 2k
Varg(X) = ¥ %Ezg(k>(x), if X ~ N(,062), (5.22)
k=1 :
_yv @ oy —_—
Varg(X)—];k!F(a+k)EXg (X), if X ~I(a,A), (5.23)
Varg(X) — i (a+b+2k—1)C(a)(b )F(a+b+k—1)]E2Xk(1_X)kg(k)(X)’ 520

K\I'(a+Db)(a+ k) (b+k)

~
I
_

if X ~ B(a,b).
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Turn now to the orthogonal polynomial system {F;; k=0,1,...,n}, of (5.1), obtained
for a random variable X ~ IP(u;§,,7) with support J(X) = (&, ®) and B|X|*" < e
for some n > 2, i.e. with 6 < Tl—l By Lemma 5.1 the random variable X* = X| ~

IP(ui;q1) = IP(p1; 61, B1, 71 ) with

u+p

=125 2nd q1(x) = 4

1-26

M1

and has support (o, ®). Since & < ﬁ is equivalent to §; = % < ﬁ we conclude

that 5| X ]2”’2 < oo and, in particular, VarX; < oo. Therefore, we can define the orthogonal
polynomial system
{Pk,l; k= O, 1,...,1’1— 1},

by applying (5.1) to the density f; and to the quadratic polynomial ¢; of X1, that is (recall
that fi (x) = g(x) f(x) /Eq(X))

(1t d
f1 ()C) dxk

FERW) = e
e (1—28)kq(x) f(x) dxk ’

a<x<w k=0,1,....n—1.

Pe1(x) := (5.25)

Clearly the system {P; 1; k=0,1,...,n— 1} is orthogonal with respect to X;, but the im-
portant observation is that we can reobtain it by differentiating the polynomials P, (which
are orthogonal with respect to X). In fact, the following lemma holds.

LEMMA 5.2. If X ~ IP(u;q) and E|X|** < o for some n > 1 then the polynomials Py of
(5.1) and Py ; of (5.25) are related through

Plé—i—l(x) :Ck(S)Pk,l(x>7 kZO,l,...,l’l— 17

where Ci(8) := (k-+1)(1 —k8)(1—28)~. (5.26)

Proof. First we show that the polynomials P} 1 are orthogonal with respect to X;. Indeed,
deg(P; ) =k (fork=0,1,...,n—1) and for k,m € {0,1,...,n— 1} with k < m we have

EFLACO)Ph (%) = =5 [ Pt (0P (g7 ()

o

_ %{Pmﬂ(x)P,QH(X)CI(X)f(X)

-/ ”’Pmﬂ(x)[P,s+1<x>q<x>f<x>]’dx}-

Now observe that, in view of Lemma 2.1

()

Py 1 ()P (0)g(x) f(x) | =0,
because B, 1P, 1 isapolynomial of degree m+k+1<2n—2 and EX |2” < oo, Moreover,

[Pii1 (X)q(x)f ()] = Py, (x)q(x) f(x) + Py (0) (= x) f (x) = Hiee1 (0) f(x),
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where Hyyi(x) = P, ;(x)q(x) + (u —x)P,,,(x) is a polynomial in x of degree at most
k+1 < m+ 1. Therefore,

1
EP,  (X1)P . (X1) = _EEPerl(X)HIH—I(X) =0,

since P, is orthogonal (with respect to X) to any polynomial of degree lower than m + 1.
Note that the same orthogonality conditions are also valid for {P | }Z;é, that is,

EPe 1 (X1)Py,1(X1) =0 for k,m e {0,1,...,n—1} with k #m.

Since deg(P, ) = deg(P,1) =k, k=0,1,...,n— 1, the uniqueness of the orthogonal
polynomial system implies that there exist constants Cy, # 0 such that P | (x) = CyPy 1 (x).
Equating the leading coefficients we obtain lead (P, ;) = Cilead (P, ), that is (see (5.2)),

Clead(P) (k4 1)lead(Porr) (k4 1)exr(8) (K DITEL(1—6)

o lead (P 1) N lead (P 1) B cr(0r) B HZk_z (1—jé1)

j=k—1
2% (1 _aS\kTT2k (1
_ (DB =58) (e DU 291 TBL00) _ sy o ©
Hj:kfl(l_.]m) Hj:k+1(1—]5)

k

REMARK 5.2. We note that the recurrence (5.26)) is contained in Beale (1937), eq. (2), p.
207. Actually, Beale’s recurrence (which is stated in a much different notation) is valid
for the polynomials Ay of (4.2) and for all k£ > 0; thus, orthogonality is not, at all, needed
for deriving it. Specifically, if p; = agp+ aix, po = bo+ b1x + byx2, and if hy are the
polynomials in (4.2) and / ; are the polynomials given by

L&
P2 () F () ek P2

then, with Beale’s notation, /1 (x) = Pey1(k+ 1,x) and y 1 (x) = B(k+1,x); see also
[12], p. 401. Therefore, Beale’s identity is equivalent to (cf. [4], eq. (2), p. 207)

hi 1 (x) = (0)f ()],

My (x) = (k+1)[a) + (k+2)ba)hy 1 (x). (5.27)

On the other hand, the current definition of P and Py | can be translated to Beale’s notation
as follows: Since X ~ IP(u; 8, B,y) =IP(u;q) we have from Proposition 2.1 that f//f =
p1/p2 with pp =g and p;y = 4 —x—¢/, thatis, ap = 4 — B, a; = —(1+268), bp = ¥,
by = B and by = 6. Furthermore,

VK1 gkl VK1 gkl
P = S T 0 = S e A W] = (1 e (9
and

vk gk 1k gk k(y 1k
Pa) = 0 (0] = = | 00| = e o)
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Thus, 1 = (= 1) Py, iy = (—=1)*(1 = 28)%P, 1 and (5.27) yields
(DR = (e 1)[—(14+28) + (k+2)8](— 1) (1 —28) Py ;.

Thatis, P}, | = (k+1)[(1+28) — (k+2)8](1 —28)*Pe1 = (k+1)(1—k8)(1—28)* P 1,
which shows that (5.26) holds for all k € {0,1,...}.

Applying Lemma 5.2 inductively it is easy to verify the following result.

THEOREM 5.3. If X ~ IP(u;§,,7) with support J(X) = (o, ®) and E|X|?" < oo for
somen>1(ie. 6 < 2,11—_1) then

P (x) = C(8)Pim(x), m=1,2,...,n, k=0,1,....n—m, (5.28)
where
(k + I’I’I) ! k+2m—2 '
cm(8) = - (1-2md) T (- o). (5.29)
: Jj=k+m—1
Here, Py are the polynomials given by (5.1) associated with f, and P ,, are the corre-
sponding Rodrigues polynomials of (5.1), associated with the density f,(x) = %,
o < x < o, of the random variable X,,, ~ IP(L,; ¢y ) of Theorem 5.2, i.e.,
(=DFd* (=D* A im
P = — = —
k,M(x) fm(x) dock [(]m(X)fm(X)] (1 _ 2m3)kqm(x)f(x) dock [q (X)f(X)], (530)

a<x<wo k=01,....,n—m.
Proof. Apply first Lemma 5.2/ to get
Piim= P(/k+m—1)+] = (k+m)(1—(k+m—1)8)(1—28)"" " Peym11.

Now, since Py,,—1,1 are the Rodrigues polynomials of f; we can apply again Lemma 5.2

to X with 6; = % It follows that

Plom—11= Plym aysrg = (k+m—=1)(1 = (k+m—2)8)(1-28)"" Py 2.
Combining the above equations we see that
Pl = (ktm)(1 = (k+m—1)8)(1-28)" 1A,

= (k+m)(k+m—1)(1—(k+m—1)8)(1— (k+m—2)8)
x (1—=28)m=1(1 =28 )" 2P a0

By the same argument it follows that for any j € {0,1,...,m— 1},

Plomjj = Plpmjyng = ktm—j) (1= (ktm—j—1)8;)(1 = 28" Peyj1 j1s



INTEGRATED PEARSON FAMILY AND RODRIGUES POLYNOMIALS 41

where §; = 6 /(1 —28). Thus, we can easily show, using (finite) induction on s, that for
any s € {1,2,...,m},

s—1 s—1 s—1
Pk(i)m = { (H(k+m_j)> (H(l - (k+m_j_ 1)5J)> (H(l _26j)k+m_j_1) }Pk+m—s,s-

j=0 j=0 Jj=0

Setting s = m it follows that (5.28)) is satisfied with

m—1 m—1 m—1
cm(8) = <H(k+m—j)) (H(l—(k+m—j—1)5j)> (H(1—26j)k+m—f—‘).
j=0 Jj=0 Jj=0
Now it suffices to observe that [T, (k+m — j) = (k+m) , that
m—1 m—1 S
1—(k+m—j—1)0;) = <1—k—|—m—'—1 . )
I (= (ebmet j—1)8) T2 (1 8)
"o (1-28) o (1-2j8)
and that
m—1 _ m—1 s k+m—j—1  m— %) k+m—j—1
- | k+m_‘]_1 — — = ;—i_)
oot =M1 (2%) = T1(5%5")
;nol(l —2(j+1))ktmi-t B (1 —2j8)ktm=i
1}1:01(1 . 2j5)k+m—j—l 1}1;11(1 . 2j5>k+m—j—l
m:l 1_25 k-+m—j
= (1—2m5)k I;Injll( J Z 1
j=1 (1—2j8)ktm=i=
m—1
= (1—2m8) [T (1-2j8). O

=1
REMARK 5.3. (a) An alternative calculation of the constant Cr= C,Em) (0) can be given as

follows. Lemma 5.2/ guarantees that Pk(f'i—?n (x) = CiPy m(x) for some constant Cy. Arguing
as in the proof of Lemma 5.2 we see that Cy can be derived from the corresponding leading

coefficients. Indeed, since lead (Pk(f:zn) = Cilead (P ), we get, in view of (5.2), that

lead(B"))  Emlead(p.,,) Sl (5)  EEETEER (1 )8)

C, = — — k! —
“ Tead (P lead (P x(8) H;l; 2 (1— jby)
ST (- j8) (1 - 2m8) TTET (1 j8)
H?ikzl(l _]%) Hikti’gmzl( _16)
(k + I’I’L) ! k+2m—2

0 (1-2md)* ] @1-jé).

Jj=k+m—1
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(b) We note that the recurrence (5.28) is contained in Beale (1937), eq. (4), p. 207, al-
though it is stated in a quite different notation there. Specifically, if p; = ag + aix,
p2=bo+bix+ byx2, and if hy, are the polynomials in (4.2) and hy ,, are the polynomials
given by

1 dk k+m

B (x) := dek [Py (%) f(x)],

then, with Beale’s notation, A, (x) = Piym(k+m,x) and hy , (x) = Py(k+m,x). There-
fore, putting g — m, k —k+m,n—k+m—1, N — —(1+28) and D" — 25 in eq. (4)
of [4], we get

W™ (x) = (nﬁ(k-l—m —i)((k+m+i—1)8— 1)) B (x)
i=0
(5.31)

_(ymlkEm)! (Hﬁz (1 —j6)> him(x),  k=0,1,2,... .

k! J=k+m—1
On the other hand it is easy to see that Py_,(x) = (—1)¥""h;_,,(x) and, with p, = g,

(—D* d¢ (=Dt dk{ p5(x) (= 1)*hg g (x)
Sin(x) dxt Py (0 f(x) ok [ (1-2m8)F (1—2md)*

Thus, fgsm = (=)™ Py i = (—1)5(1 = 2m8)* P 1, and (5.31) becomes

P (x) = [ (%) fon ()] = Py (x)f(x)| =

k+ ‘ k+2m 2 .
( 1)k+mP]¢(+3n ( 1)’”%( H (1—]5) (—1)k(1_2m5)kpk_‘m; k:(),l,,
: Jj=k+m—1

equivalently, Pk(+l)11 =& +k'!")! (1—2md)* (Hlf,%ffmz (1= j5)> Py m, which shows that (5.28)

holds for all k € {0,1,...}.

(c) Krall [16], [17] characterizes the Pearson system from the fact that the derivatives of
orthogonal polynomials are orthogonal polynomials.

We can now adapt the preceding results to the corresponding orthonormal polynomial
systems. Notice that the following corollary contains the main interest regarding Fourier
expansions within the Pearson family and, to our knowledge, it is not stated elsewhere in
the present simple, unified, explicit form.

COROLLARY 5.4. LetX ~IP(u;d8,B,y) =1P(u;q) with support (o, @), and assume that
E[X|?" < oo for some fixed n > 1 (equivalently, § < 5-15). Let { ¢4 }_, be the orthonormal
polynomials associated with X (with lead (¢ ) > O for all k; see (5.6), (5.7)), fix a number
m € {0,1,...,n}, and consider the corresponding orthonormal polynomials { ¢, }; (',
with lead(¢k7m) > 0, associated with

q"(x)f (x)

, a<x< .
Eq™(X) *

X ~ fm(x) =
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Then there exist constants v,gm) = v,gm) (1;q) > 0 such that

o) (1) =V Gem(x), a<x<o, k=0,1,...,n—m. (5.32)
(m)

Specifically, the constants v,” have the explicit form

1/2

, o1 (1=76)
Al q)

() _ ) (1 g = , (5.33)

where A, (U;q) = Eq™(X) is given by (5.17). In particular, setting 6> = VarX we have

s —8)(1—kS
01 () = LI ")m,l(x):\/(k“)“q(u))“ @

(pk,l(x)a k:O’ 1,--.,]’1—1.
(5.34)
Proof. Observe that

P,
k+m (x) an
E[Peym(X)[?

where Py, and P ,, are as in Theorem 5.3. Since

Pkm(x)
d X) = ’ , A <x<,

Otct-m (X) =

P (x) = " (8)Pem(x), a<x<o,

we conclude that there exists a constant v,Em) such that q),ﬁfm( )= vk q)k m(x). Hence,

(k+m)!  lead(Piyp)

V(m) _ lead(fP;gil,)n) _ (k+m) lead(¢k+m) _ k! \/E‘Pk+m(x)‘2
k lead (@ ) 1ead(¢k7m) lead (Pn)
]E|Pk,m(Xm)|2
_ (k+m)! lead(Pk—i-m) E|Pk,m(Xm)|2 _ (k+m)' Ck+m( ) E|Pkm(Xm)|2
k! lead (P ) /| Petm (X) 2 k! i (8m) VEPmX)?
where, by (5.2), cx1m(8) = H?Sﬁ%—j (1—j6) and
Zf_[Z 2k— 2 S
ck(Om) = (1—jm) )
k1 ik 1 1—2m5
IS (1= 2m+ )8) TS5, (1 78)
B (1—2mé)k  (1-2md)k

From (5.5) we see that B|P.,,,(X)|> = (k+m)!crym(8)Eg " (X) and

ke (5 )qur(n(X)qm(X) . k!ck(ﬁm)Eqk"‘m(X)
' Eq"(X)  (1—2md)Eqm(X)’

]E|Pk,m(Xm)’2 = k!ck(5m)]qu,;1(Xm) =
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Combining the preceding relations we obtain

klcg(m) Eg -t (X)

) _ (Rt m)! ein(8) v/ EPn(Xn)P <"+’">’Ck+m<5>\/m
' kb ci(8n) v E| P (X)) k! ci(8) v/ (k+m)cem(8)Eq¢-m(X)
_ (k+m)! ciym(8) V/Kle(8n)Eg" ™ (X)
k! ci(8m) v/ (k+m)lckm(8)Eq(X) (1 — 2m8))FEq™ (X)

_ \/(k+m)!ck+m(6) _ (k+m)! Ckm(0)
Ve (8,)(1—2m8)FEqm(X) | K'Eq™(X) \| cx(8n)(1 —2md)*
] (k+m) Em3(0-8) | (k+m)! k+ﬁ—2 (- 5)
- m 2%t2m—2 (1 _ Al Y)Y - )
K'Eq™(X) Hjj{f”znl;k ) o)t KEG™(X) i
and the proof is complete. []
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