
PerÐ mh-arnhtikìthtac twn BLUE kai dÔo antiparadeÐgmata
(apì ton NÐko Papad�to)

Ac upojèsoume ìti Z ′ = (Z1, Z2, . . . , Zn) (n ≥ 2) eÐnai èna tuqaÐo di�nusma me
Zi ≥ 0, i = 1, 2, . . . , n. EpÐshc upojètoume ìti

IE[Z] = µ ∈ Rn, ID[Z] = Σ ∈ Rn×n,

ìpou Σ > 0 (positive definite). Ed¸ ta µ kai Σ jewroÔntai gnwst�. ParathroÔme
ìti, anagkastik�, µi = IE[Zi] > 0 (alli¸c ja  tan IP[Zi = 0] = 1, to opoÐo antibaÐnei
sthn upìjesh Σ > 0).

T¸ra jewroÔme ìti up�rqei mÐa �gnwsth par�metroc θ > 0 (scale parameter), kai
ìti ta dedomèna pou parathroÔme perigr�fontai apì to di�nusma

Y = θZ,

apì to opoÐo prospajoÔme na ektim soume thn θ.

Orismìc. H ektim tria L kaleÐtai grammik  an eÐnai thc morf c L = c′Y =∑n
i=1 ciYi, ìpou ta ci eÐnai gnwstèc stajerèc. MÐa grammik  ektim tria L kaleÐ-

tai BLUE an eÐnai amerìlhpth (IE[L] = θ gia k�je θ) kai èqei el�qisth diaspor� (gia
k�je θ), en¸ kaleÐtai BLIE an elaqistopoieÐ to MSE[L] = IE[L− θ]2 (gia k�je θ).

Je¸rhma 1. BLUE =
1

µ′Σ−1µ
· µ′Σ−1Y

d
=

θ

µ′Σ−1µ
· µ′Σ−1Z.

Apìdeixh: EÐnai IE[L] = IE[c′Y ] = θ IE[c′Z] = θ · c′µ. 'Ara IE[L] = θ (gia k�je
θ) an kai mìno an c′µ = 1. T¸ra Var[L] = θ2Var[c′Z] = θ2 · c′Σc, opìte arkeÐ na
elaqistopoihjeÐ h posìthta c′Σc upì ton periorismì c′µ = 1. ParathroÔme ìmwc ìti
gia tuqìn c ∈ Rn, me c′µ = 1, isqÔei h tautìthta

c′Σc =
1

µ′Σ−1µ
+

(
c− 1

µ′Σ−1µ
·Σ−1µ

)′
Σ

(
c− 1

µ′Σ−1µ
·Σ−1µ

)
,

apì thn opoÐa prokÔptei �mesa ìti to c =
1

µ′Σ−1µ
·Σ−1µ eÐnai to (monadikì) di�nusma

pou elaqistopoieÐ thn diaspor� thc amerìlhpthc grammik c ektim triac L. (o.e.d.)

Je¸rhma 2. 'Estw E = IE[ZZ ′] = Σ+ µµ′ o pÐnakac deutèrwn rop¸n tou Z (pou

eÐnai gnwstìc kai positive definite). Tìte BLIE = µ′E−1Y =
µ′Σ−1µ

1 + µ′Σ−1µ
· BLUE.

Apìdeixh: EÐnai

IE[L− θ]2 = IE[c′Y − θ]2 = θ2 IE[c′Z − 1]2 = θ2
{

IE[c′Z]2 − 2c′µ + 1
}

.
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'Omwc IE[c′Z]2 = IE[c′Z(Z ′c)′] = IE[c′ZZ ′c] = c′ IE[ZZ ′]c = c′Ec, opìte h proh-
goÔmenh sqèsh gÐnetai

IE[L− θ]2 = θ2 {c′Ec− 2c′µ + 1} .

ParathroÔme ìti gia tuqìn c ∈ Rn isqÔei h tautìthta
(
c−E−1µ

)′
E

(
c−E−1µ

)
= c′Ec− 2c′µ + µ′E−1µ,

apì thn opoÐa prokÔptei �mesa h ex c èkfrash gia to MSE:

IE[L−θ]2 = θ2 {c′Ec− 2c′µ + 1} = θ2(1−µ′E−1µ)+θ2
(
c−E−1µ

)′
E

(
c−E−1µ

)
.

Epomènwc to MSE elaqistopoieÐtai ìtan kai mìno ìtan c = E−1µ, kai sunep¸c,
BLIE = µ′E−1Y . AfoÔ E = Σ + µµ′ èpetai ìti

E−1 = Σ−1 − 1

1 + µ′Σ−1µ
· (Σ−1µ

) (
Σ−1µ

)′
.

[Gia na apodeÐxoume aut n thn sqèsh eÐnai arketì na ektelèsoume ton pollaplasiasmì
(Σ + µµ′)E−1, me E−1 ìpwc parap�nw, kai ja diapist¸soume ìti to apotèlesma
isoÔtai me ton n × n monadiaÐo pÐnaka In.] Pollaplasi�zontac thn prohgoÔmenh
sqèsh apì arister� me µ′ kai apì dexi� me Y , èqoume

BLIE = µ′E−1Y = µ′
(
Σ−1 − 1

1 + µ′Σ−1µ
·Σ−1µµ′Σ−1

)
Y

= µ′Σ−1Y − µ′Σ−1µ

1 + µ′Σ−1µ
· µ′Σ−1Y

=
1

1 + µ′Σ−1µ
· µ′Σ−1Y

=
µ′Σ−1µ

1 + µ′Σ−1µ
· BLUE,

lìgw tou Jewr matoc 1. (o.e.d.)

Parathr¸ntac ìti θ > 0 kai µ′Σ−1µ > 0, èpetai apì tic prohgoÔmenec ekfr�seic
ìti BLUE ≥ 0 an kai mìno an BLIE ≥ 0 an kai mìno an µ′E−1Z ≥ 0 an kai mìno
an µ′Σ−1Z ≥ 0. Epomènwc, gia aplìthta, mporoÔme na qrhsimopoioÔme to teleutaÐo
krit rio, kai ètsi, h mh-arnhtikìthta tou BLUE isodunameÐ me to ex c:

Er¸thma 1 (dikì mou � perÐ mh arnhtikìthtac tou BLUE tou scale parameter sto
genikeumèno grammikì montèlo me mÐa �gnwsth par�metro, ìtan ta dedomèna proèqo-
ntai apì mh-arnhtikì plhjusmì). An Z ′ = (Z1, Z2, . . . , Zn) (n ≥ 2) eÐnai èna tuqaÐo
di�nusma me Zi ≥ 0, i = 1, 2, . . . , n, IE[Z] = µ kai ID[Z] = Σ > 0 (positive definite),
eÐnai al jeia ìti µ′Σ−1Z ≥ 0?
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To Er¸thma 1 genikeÔei to (mèqri s mera anoiktì) prìblhma pou tèjhke apì ton
Bala, kai to opoÐo isodunameÐ me to ex c:

Er¸thma 2 � EikasÐa tou N. Balakrishnan (1992) perÐ mh-arnhtikìthtac tou BLUE

tou scale parameter sthn genik  location-scale family. 'Estw Z ′ = (Z1, Z2, . . . , Zn)

(n ≥ 2) to tuqaÐo di�nusma twn spacings, dhl. Zi = X(i+1)−X(i) ≥ 0, i = 1, 2, . . . , n,
ìpou X(1) ≤ X(2) ≤ · · · ≤ X(n+1) eÐnai to diatetagmèno deÐgma pou antistoiqeÐ sto
tuqaÐo deÐgma X1, X2, . . . , Xn+1, to opoÐo proèrqetai apì katanom  me mh mhdenik ,
peperasmènh diaspor�. An jèsoume µ = IE[Z] kai Σ = ID[Z], eÐnai al jeia ìti
µ′Σ−1Z ≥ 0?

ApodeiknÔetai ìti to Er¸thma 2 epidèqetai jetik  ap�nthsh an kai mìnon an ìlec
oi sunist¸sec tou n-di�statou dianÔsmatoc Σ−1µ eÐnai mh-arnhtikèc. Epomènwc, to
Er¸thma 2 diatup¸netai isodÔnama wc ex c:

Er¸thma 2'. 'Estw Z ′ = (Z1, Z2, . . . , Zn) (n ≥ 2) to tuqaÐo di�nusma twn spacings

apì katanom  me mh mhdenik , peperasmènh diaspor�. An jèsoume µ = IE[Z] kai
Σ = ID[Z], eÐnai al jeia ìti to di�nusma Σ−1µ èqei ìlec tic sunist¸sec tou mh
arnhtikèc?

EÐnai profanèc ìti ta spacings ikanopoioÔn tic upojèseic tou Erwt matoc 1 qwrÐc,
fusik�, na isqÔei to antÐstrofo. Gia par�deigma, mporeÐ na isqÔei ìti o BLUE eÐnai
mh-arnhtikìc akìma kai an to di�nusma Σ−1µ èqei k�poia arnhtik  sunist¸sa:

Par�deigma 0. 'Estw n = 2, kai I1, I2 deÐktriec Bernoulli me I1, I2 ∼ Be(1/2) kai
I1 · I2 ∼ Be(2/5), dhl. IP[I1 = I2 = 1] = IP[I1 = I2 = 0] = 2/5 kai IP[I1 = 1, I2 =

0] = IP[I1 = 0, I2 = 1] = 1/10. Jètoume Z1 = I1 ≥ 0, Z2 = I2 +1 ≥ 0, Z ′ = (Z1, Z2),
opìte ta µ = IE[Z], Σ = ID[Z] kai Σ−1 dÐdontai apì touc tÔpouc

µ =
1

2
·
[

1

3

]
, Σ =

1

20
·
[

5 3

3 5

]
, Σ−1 =

5

4
·
[

5 −3

−3 5

]
.

Molonìti to di�nusma

Σ−1µ =
5

2
·
[ −1

3

]

èqei mÐa arnhtik  sunist¸sa, eÐnai profanèc ìti µ′Σ−1Z = (5/2)(3Z2 − Z1) ≥ 0,
afoÔ 3Z2 = 3(I2 + 1) ≥ 3 > 1 ≥ Z1 = I1. Gia thn istorÐa, o BLUE tou montèlou
autoÔ eÐnai o (bl. Je¸rhma 1)

BLUE =
3Y2 − Y1

4
d
= θ · 3Z2 − Z1

4
≥ θ

2
> 0.

Shmei¸netai ìti den up�rqoun spacings me katanom  ìpwc sto par�deigma
autì, diìti, ìpwc eÔkola diapist¸netai, an ta Z1 kai Z2 eÐnai spacings apì opoia-
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d pote katanom  kai isqÔei ìti IP[Z1 = 0] > 0, tìte ja prèpei kai IP[Z2 = 0] > 0,
pr�gma to opoÐo antibaÐnei sta dedomèna tou paradeÐgmatoc. Fusik�, den gnwrÐzw an
up�rqoun spacings me µ kai Σ ìpwc sto par�deigma (stoiqhmatÐzw ìti den up�rqoun,
all� autì den faÐnetai na eÐnai tìso profanèc). P�ntwc, an up rqan, tìte h ap�nthsh
sthn EikasÐa tou Bala ja  tan arnhtik  (bl. Er¸thma 2, sqìlio pou to akoloujeÐ
kai Er¸thma 2').

Apì thn parap�nw suz thsh arqÐzei na diafaÐnetai k�poia susqètish thc EikasÐac
tou Bala me èna genikeumèno prìblhma rop¸n (moment problem) twn spacings � p.q.,
mpor¸ na diatup¸sw thn ex c, ìqi kai tìso aj¸a, er¸thsh:

Gia poia zeÔgh (µ,Σ) up�rqoun spacings, Z, me IE[Z] = µ kai ID[Z] = Σ?

QarakthrÐzontac aut� ta zeÔgh Ðswc gÐnei dunatì na apodeiqjeÐ h EikasÐa tou Bala,
afoÔ ja mènei na deiqjeÐ ìti ìlec oi sunist¸sec tou dianÔsmatoc Σ−1µ eÐnai mh-
arnhtikèc.

'Oso gia to (dikì mou) genikeumèno Er¸thma 1 h ap�nthsh eÐnai, dustuq¸c, arnh-
tik . Kai lèw {dustuq¸c} diìti  lpiza ìti to Er¸thma 1 ja eÐqe aploÔsterh apìdeixh
apì to Er¸thma 2, an fusik� Ðsque h jetik  ap�nthsh. Gia tou lìgou to alhjèc ja
anafèrw dÔo antiparadeÐgmata gia to Er¸thma 1 sthn perÐptwsh pou n = 2 (to
deÔtero eÐnai tou Miq�lh MpoÔtsika � thanks Michael!).

Par�deigma 1. 'Estw n = 2, kai I1, I2 deÐktriec Bernoulli me I1, I2 ∼ Be(1/4) kai
I1 · I2 ∼ Be(1/5), dhl. IP[I1 = I2 = 1] = 1/5, IP[I1 = I2 = 0] = 7/10 kai IP[I1 =

1, I2 = 0] = IP[I1 = 0, I2 = 1] = 1/20. Jètoume Z1 = I1 ≥ 0, Z2 = 2I2 + 1 ≥ 0,
Z ′ = (Z1, Z2), opìte ta µ = IE[Z], Σ = ID[Z] kai Σ−1 dÐdontai apì touc tÔpouc

µ =
1

4
·
[

1

6

]
, Σ =

1

80
·
[

15 22

22 60

]
, Σ−1 =

5

26
·
[

60 −22

−22 15

]
.

EÔkola diapist¸noume ìti

Σ−1µ =
5

26
·
[ −18

17

]
, µ′Σ−1µ =

105

26
,

opìte (bl. Je¸rhma 1)

BLUE =
17Y2 − 18Y1

21
d
= θ · 17Z2 − 18Z1

21
=

θ

21
· {17 + 34I2 − 18I1} .

EÐnai safèc ìti

IP[BLUE < 0] = IP[BLUE = −θ/21] = IP[I1 = 1, I2 = 0] = 1/20 > 0.
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Fusik� kai o BLIE paÐrnei arnhtikèc timèc me jetik  pijanìthta sto par�deigma autì,
afoÔ (bl. Je¸rhma 2)

BLIE =
105

131
· BLUE.

Shmei¸netai ìti den up�rqoun spacings me katanom  ìpwc parap�nw, kai
isqÔoun ta Ðdia sqìlia me aut� tou ParadeÐgmatoc 0.

Par�deigma 2 (M. MpoÔtsikac). Ed¸ prokajorÐzoume ta µ kai Σ wc ex c:

µ =

[
1

1

]
, Σ =

[
5 3

3 2

]
, opìte Σ−1 =

[
2 −3

−3 5

]
.

Ta µ kai Σ epilèqjhkan ètsi ¸ste oi pÐnakec Σ−1, Σ1/2 kai Σ−1/2 na eÐnai sqetik�
aploÐ kai to di�nusma Σ−1µ na èqei mÐa arnhtik  sunist¸sa. Pr�gmati,

Σ−1µ =

[ −1

2

]
, µ′Σ−1µ = 1, Σ1/2 =

[
2 1

1 1

]
kai Σ−1/2 =

[
1 −1

−1 2

]
,

opìte (bl. Je¸rhma 1)
BLUE

d
= θ · {2Z2 − Z1} ,

kai mac endiafèrei an mporeÐ na p�rei arnhtikèc timèc h tuqaÐa metablht  T = 2Z2−Z1,
ìtan Z ′ = (Z1, Z2) me Z1 ≥ 0, Z2 ≥ 0, IE[Z] = µ kai ID[Z] = Σ, ìpwc parap�nw.

Gia na aplopoihjoÔn oi logariasmoÐ jètoume X ′ = (X1, X2) me

X = Σ−1/2(Z − µ) =

[
1 −1

−1 2

] [
Z1 − 1

Z2 − 1

]
=

[
Z1 − Z2

2Z2 − Z1 − 1

]
,

kai sunep¸c, IE[X] = 0 kai ID[X] = I2, apì kataskeu . EpÐshc,

Z = Σ1/2X + µ =

[
2 1

1 1

] [
X1

X2

]
+

[
1

1

]
=

[
2X1 + X2 + 1

X1 + X2 + 1

]
,

opìte oi periorismoÐ mh-arnhtikìthtac gia ta Zi antistoiqoÔn stic anisìthtec 2X1 +

X2 ≥ −1 kai X1 + X2 ≥ −1. Tèloc, o BLUE eÐnai jetikì pollapl�sio thc T =

2Z2 − Z1 = 2(X1 + X2 + 1) − (2X1 + X2 + 1) = X2 + 1, epomènwc ja mporeÐ na
p�rei arnhtikèc timèc an kai mìno an h X2 mporeÐ na p�rei timèc mikrìterec tou −1.
SunoyÐzontac, anazhtoÔme X ′ = (X1, X2) tètoio ¸ste na isqÔoun tautìqrona oi ex c
treic sunj kec:

(1) IE[X] = 0 kai ID[X] = I2,

(2) 2X1 + X2 ≥ −1 kai X1 + X2 ≥ −1 (me pij. 1), kai

(3) X2 < −1 me jetik  pijanìthta.

Apì tic (2) kai (3) proèkuye to sq ma pou sac èdwsa. Proc stigm n pÐsteya ìti
den eÐnai efiktèc oi parap�nw sunj kec, all� o MpoÔtsikac me dièyeuse me to ex c
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aplì par�deigma:

IP[X1 = −1/2, X2 = 0] =
4

5
, IP[X1 = 2, X2 = −

√
5] = IP[X1 = 2, X2 =

√
5] =

1

10
,

pou ikanopoieÐ tic (1)�(3) me IP[X2 < −1] = 1/10. Autì to par�deigma antistoiqeÐ
stic mh-arnhtikèc Z1, Z2 me

IP[Z1 = 5−
√

5, Z2 = 3−
√

5] = IP[Z1 = 5 +
√

5, Z2 = 3 +
√

5] =
1

10
,

IP[Z1 = 0, Z2 = 1/2] =
4

5
,

gia tic opoÐec isqÔei ìti IE[Z] = µ, ID[Z] = Σ kai

IP[BLUE < 0] = IP[2Z2 − Z1 < 0] = IP[2Z2 − Z1 = −(
√

5− 1)] =
1

10
.

AxÐzei na shmeiwjeÐ ìti h tuqaÐa metablht  T = BLUE/θ = 2Z2−Z1 èqei summetrik 
katanom  gÔrw apì thn IE[T ] = 1, afoÔ paÐrnei tic timèc 1 − √5, 1 kai 1 +

√
5 me

antÐstoiqec pijanìthtec 1/10, 4/5 kai 1/10. P�ntwc, to sugkekrimèno di�nusma Z

den mporeÐ na proèljei apì spacings, ìpwc kai sta prohgoÔmena paradeÐgmata.
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