
JEWRIA PIJANOTHTWN (METAPTUQIAKO), SEPTEMBRIOS 2011

JEMA 1. Oi D,D1,D2 eÐnai mh kenèc kl�seic endeqomènwn enìc q¸rou pijanìthtac
(Ω,A, IP).
(a) Pìte h D kaleÐtai kl�sh Dynkin ston Ω?
(b) D¸ste ton orismì thc el�qisthc kl�shc Dynkin, δ(D), pou par�getai apì thn D.
(g) Pìte oi kl�seic D1,D2 kaloÔntai (stoqastik�) anex�rthtec?
(d) ApodeÐxte ìti an oi kl�seic D1,D2 eÐnai anex�rthtec tìte kai oi kl�seic δ(D1),D2

eÐnai anex�rthtec.

JEMA 2. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n ston
q¸ro pijanìthtac (Ω,A, IP). Jètoume X = supn≥1 Xn kai A = {ω : X(ω) < ∞}.
(a) Na deÐxete ìti IP(A) = 0   IP(A) = 1.
(b) EpÐshc na apodeÐxete ìti IP(A) = 1 an kai mìno an up�rqei k�poio α > 0 tètoio
¸ste h seir�

∑∞
n=1 IP(Xn > α) sugklÐnei.

JEMA 3. (a) 'Estw X mÐa tuqaÐa metablht  me qarakthristik  sun�rthsh φ(t) =

IE(eitX). ApodeÐxte ìti gia k�je α > 0, IP
(|X| ≥ 2

α

) ≤ 1
α

∫ α

−α
(1− φ(t))dt.

(b) An oi X1, X2 eÐnai anex�rthtec tuqaÐec metablhtèc kai gnwrÐzoume ìti h X1 akolou-
jeÐ kanonik  N(−1, 42) kai ìti h Z = X1 +X2 akoloujeÐ kanonik  N(0, 52), mporoÔme
na sumper�noume poia katanom  akoloujeÐ h X2?

JEMA 4. (a) 'Estw ìti oi anex�rthtec tuqaÐec metablhtèc X1, X2, X3, . . . èqoun
puknìthtec (wc proc to mètro Lebesgue)

fXn(x) =
2n/2

√
2π

exp(−2n−1x2), x ∈ R, n = 1, 2, . . . .
[
Dhl. Xn ∼ N

(
0, 2−n

)
.
]

Gia n = 1, 2, . . . jètoume σ2
n = Var(Xn) kai sn =

√
σ2

1 + · · ·+ σ2
n. Na deÐxete ìti

Sn

sn

d−→ N(0, 1) kai Sn
d−→ N(0, 1).

(b) DeÐxte ìti h anex�rthth akoloujÐa {Xn, n ≥ 1} tou erwt matoc (a) den ikanopoieÐ
oÔte thn sunj kh tou Lyapounov, oÔte kan thn sunj kh tou Lindeberg, kai exhg ste
gia poio lìgo autì den antibaÐnei proc to sumpèrasma tou Jewr matoc tou Feller.

Ta jèmata eÐnai isodÔnama.
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WRES. KALH EPITUQIA!


