
JEWRIA PIJANOTHTWN (METAPTUQIAKO), SEPTEMBRIOS 2009

JEMA 1. (a) ApodeÐxte ìti an oi aplèc, mh-arnhtikèc, tuqaÐec metablhtèc X, Y eÐnai
stoqastik� anex�rthtec tìte IE(XY ) = IE(X)IE(Y ).
(b) D¸ste par�deigma mh-arnhtik¸n apl¸n tuqaÐwn metablht¸n X,Y pou den eÐnai stoqa-
stik� anex�rthtec, all� epalhjeÔoun thn isìthta IE(XY ) = IE(X)IE(Y ).
(g) Upojètoume ìti oi tuqaÐec metablhtèc X1, X2, X3, X4 eÐnai anex�rthtec kai isìnomec,
kai h f : R2 −→ R eÐnai mÐa Borel-metr simh sun�rthsh. Jètoume Y1 = f(X1, X2) kai
Y2 = f(X3, X4). Na deÐxete ìti oi Y1, Y2 eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc.

JEMA 2. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa tuqaÐwn metablht¸n ston q¸ro pijanìthtac
(Ω,A, IP).
(a) Pìte lème ìti h akoloujÐa {Xn, n ≥ 1} eÐnai omoiìmorfa oloklhr¸simh?
(b) ApodeÐxte ìti an h {Xn, n ≥ 1} eÐnai omoiìmorfa oloklhr¸simh tìte supn IE |Xn| < ∞.
(g) ApodeÐxte ìti an up�rqei stajer� δ > 0 tètoia ¸ste supn IE |Xn|1+δ < ∞ tìte h
akoloujÐa {Xn, n ≥ 1} eÐnai omoiìmorfa oloklhr¸simh.

JEMA 3. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n me Xn ∼
U(−1/n, 1/n), dhl. IP[Xn ≤ x] = (nx + 1)/2, x ∈ [−1/n, 1/n], IP[Xn ≤ x] = 0, x ≤ −1/n,
kai IP[Xn ≤ x] = 1, x ≥ 1/n. Na deÐxete ìti

(a) Xn
a.s.−→ 0 kai (b)

X1 + X2 + · · ·+ Xn

n

a.s.−→ 0.

(g) Jètoume Yn = 2I(Xn > 0)−1, dhl. Yn = 1 an Xn > 0, Yn = −1 diaforetik�. Na deÐxete
ìti

Y1 + Y2 + · · ·+ Yn√
n

d−→ N(0, σ2),

ìpou σ2 > 0 stajer�, thn opoÐa kai na prosdiorÐsete.
(d) Qrhsimopoi¸ntac qarakthristikèc sunart seic sto (g),   ìpwc alli¸c protim�te, na
prosdiorÐsete to ìrio limn→∞(cos(t/

√
n))n, t ∈ R.

JEMA 4. (a) 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n me
Xn ∼ U(−1, 1), dhl. IP[Xn ≤ x] = (x + 1)/2, x ∈ [−1, 1], IP[Xn ≤ x] = 0, x ≤ −1, kai
IP[Xn ≤ x] = 1, x ≥ 1. Na deÐxete ìti

X1 + X2 + · · ·+ Xn√
n

+
X3

1 + X3
2 + · · ·+ X3

n√
n

d−→ N(0, σ2),

ìpou σ2 > 0 stajer�, thn opoÐa kai na prosdiorÐsete.
(b) ApodeÐxte thn ex c beltiwmènh anisìthta Markov gia mÐa tuqaÐa metablht  X ≥ 0: Gia
k�je α > 0 isqÔei h anisìthta IP[X ≥ α] + 2IP[X ≥ 3α] ≤ IE(X)/α.

K�je jèma bajmologeÐtai me 3 mon�dec.
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