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JEMA 1. (a) ApodeÐxte ìti an oi mh-arnhtikèc tuqaÐec metablhtèc X kai Y eÐnai

stoqastik� anex�rthtec kai IE(X + Y ) < ∞ tìte IE(XY ) = IE(X)IE(Y ).

(b) D¸ste par�deigma apl¸n mh-arnhtik¸n tuqaÐwn metablht¸nX, Y pou ikanopoioÔn

thn sqèsh IE(XY ) = IE(X)IE(Y ) qwrÐc na eÐnai stoqastik� anex�rthtec.

(g) Upojètoume ìti oi X1, X2, X3 eÐnai anex�rthtec kai isìnomec me peperasmènh di-

aspor�. An oi tuqaÐec metablhtèc Y1 = X1 −X2 kai Y2 = X3 −X1 eÐnai anex�rthtec

na deÐxete ìti up�rqei stajer� α ∈ R tètoia ¸ste IP(X1 = α) = 1.

JEMA 2. JewroÔme mÐa akoloujÐa tuqaÐwn metablht¸n {Xn, n ≥ 1}, orismènh se

ènan q¸ro pijanìthtac (Ω,A, IP).

(a) Ti shmaÐnei ìti h {Xn, n ≥ 1} eÐnai omoiìmorfa oloklhr¸simh? Diatup¸ste

pl rwc to je¸rhma thc omoiìmorfhc oloklhrwsimìthtac (kai to antÐstrofì tou).

(b) ApodeÐxte ìti an uparqei tuqaÐa metablht  |Y | me |Xn| ≤ |Y | (n = 1, 2, . . .) kai

IE |Y | < ∞ tìte h {Xn, n ≥ 1} eÐnai omoiìmorfa oloklhr¸simh.

(g) D¸ste par�deigma mh omoiìmorfa oloklhr¸simhc akoloujÐac {Xn, n ≥ 1} me

IE |Xn| < ∞ gia k�je n, gia thn opoÐa Xn(ω) → 0 gia k�je ω ∈ Ω kai IE(Xn) → 0.

JEMA 3. (a) An oi X1, X2 eÐnai anex�rthtec tuqaÐec metablhtèc kai gnwrÐzoume

ìti h X1 akoloujeÐ kanonik  N(2, 16) kai ìti h Z = X1 − X2 akoloujeÐ kanonik 

N(−2, 25), mporoÔme na sumper�noume poia katanom  akoloujeÐ h X2?

(b) 'Estw X mÐa tuqaÐa metablht  me IP(X = j) = 1/5, j = −2,−1, 0, 1, 2. Exet�ste

an up�rqoun anex�rthtec kai isìnomec tuqaÐec metablhtèc X1, X2 tètoiec ¸ste h

diafor� X1 −X2 na èqei thn Ðdia katanom  me aut n thc X.

(g) ApodeÐxte ìti an oi X1 kai X2 eÐnai anex�rthtec kai h katanom  thc X1 eÐnai

h omoiìmorfh sto di�sthma (−1, 1), tìte, ìpoia kai an eÐnai h katanom  thc X2, h

katanom  thc tuqaÐac metablht cX1+X2 den mporeÐ na eÐnai h tupopoihmènh kanonik ,

N(0, 1).

(d) 'Estw ìti oi X1, X2, X3 eÐnai anex�rthtec kai ìti h katanom  thc X3 eÐnai h

omoiìmorfh sto di�sthma (−1, 1). ApodeÐxte ìti an oi tuqaÐec metablhtèc Y1 = X1 +

X3 kai Y2 = X2 +X3 eÐnai isìnomec tìte kai oi X1, X2 eÐnai isìnomec.

JEMA 4. Gia tic anex�rthtec tuqaÐec metablhtècX1, X2, X3, . . . isqÔei ìti Var(Xj) =

1, IP(Xj = −j) = pj = IP(Xj = j), IP(Xj = 0) = 1 − 2pj, j = 1, 2, . . . . Gia

n = 1, 2, . . . jètoume Sn = X1 + · · ·+Xn.
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(b) DeÐxte ìti h {Xn, n ≥ 1} den ikanopoieÐ oÔte thn sunj kh tou Lyapounov, oÔte

kan thn sunj kh tou Lindeberg.
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Ta jèmata eÐnai isodÔnama. DIARKEIA 3 WRES. KALH EPITUQIA!


